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These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 1A

2, gy3
44 B _ 9y + 4x?
2x
2,3 6.,3
45 (2x2y) _ 8x%3 _ x5y?
8xy 8xy
-3 243 6
-2y-3 _ (24} 7 _ (PI)y _ b2
46 (2ab™4)™ = (bz) - (Za) "~ 8ad

10° 0°
47a D=—son*=—
n D

106 1000
Thenn = [—=—
d VD

100

b Ifn=2thenD=T=250000

103
V104
1000

48a Whenn=5T, =1000 =k, x53s0k, = = =8

¢ IfD=10%thenn =

= 10 so $10 million should be spent.

Whenn =5, Ty = 1000 = kg X 52 so kg = 1220 = 40

Ta _ kATl3 _ ka

Tp anz kB

¢ Method B will be faster at factorising a 10 digit number.

The answer to part b shows that the ratio of times is proportional to n. Since the times
are equal for n = 5, it follows that method B is faster for n > 5 and method A is faster

forn < 5.
4910+ 2x2* =18
2xX+1 — g — 23
x =2
50 9% = 3x+5
32% — 3x+5

2x=x+5s0x=5
5] 5%*1 = 25 x 52X

5x+1 — 52 X 52x — 52+2x

x+1=2+2xso0x=-1
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52 8¥=2x4%
(23)% = 2 x (22)2%
23% — p4x+1
3x=4x+1sox=-1
53 252%+4 = 125 x 5*71

(52)2x+4 =53 x 5x—1

54x+8 — 5x+2
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4x+8=x+2
3x =—6s0x =—2
54a P =0.8T and R = 5P?
Then R =5 % (0.8T)? = 5 X 0.64T2 = 3.2T?

b Rearranging: T = ’3%

When R = 2 X 105 then T = /2“05 = /1—05 = /1—06 =19 _ 9500k
3.2 1.6 16 4

Distance _ 3

55a Timet =

Speed Y
b Fuelused = 0.5v? x t = 0.5v% X % =1.5v

¢ Ifit uses the full tank of fuel, 1.5v = 60 so v = 40.

The maximum constant speed for the journey is 40 km h™1

56
8%2Y =1 (1)
4_x
> =32 )
(D:(23)*x2Y =1
23x+y — 90
3x+y=0 3)

@) =32

22x-y _ 95
2x—y =5 4)
(3)+ (4):5x =5s0x =1andtheny = -3
57 *=81x2*

2% x 3% = 3% x 2%

3¥=3%s0x =4

.I) DYNAMIC  pathematics for the IB Diploma: Analysis and approaches 2
LEARNING gpayl Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019



58 32 + 2% 1 =2%
32+ 2% 1=2x2%1
32 =2%1
25=2%1s0x=6
59 (x —2)* =1

So either

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

(@x+5=0or

b)x—-2=1or

(c)x—2=—1and x + 5is even

Then the solutions are (a) x = =5or(b)x =3 or(c)x =1
60 27 = 128 and 53 = 125

So 27 > 53, so it follows that (27)1000 > (53)1000

27000 > 53000‘

61 Any integer ending in 6 will have all positive integer powers also ending in 6, and any
integer ending in 1 will have all positive integer powers also ending in 1.

It follows that 316% + 631? will terminate in 7 for any positive integers a and b.

Exercise 1B
14
axb=(4x10% x (5x1073)
= (4x5)x (10° x 1073)

=20 x 103
=2x10*

15

cxd=(14x%x103) x (5% 10®)
= (1.4 x 5) x (103 x 108)
=7x 1041

16

% — (4% 10%) + (5 x 1073)
=(4+5)x(10° = 1073)
= 0.8 x 10°
=8x 108

17
cxd=(14x%x10%) = (2x10%)
= (1.4 +2) x (103 +10%)
=0.7%x10"5
=7x10"°
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18

a—b=(47x10% — (7.1 x 10°)
= (4.7 x 10%) — (0.71 x 109)
=3.99 x 10°

19

d—c=(42x10")—(3.98 x 1013)
= (4.2 x 10™) — (0.398 x 10'%)
= 3.802 x 10
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20a p=122x108
b

§= (12.2 x 107) + (3.05 x 10°)

= (12.2 +3.05) x (107 = 10%)
= 4 x 10?2
=400

¢ 2=4x10?
q

6x1023
1080

12 g
6.02x1023

23a 15x107 5 m=15x10"“m
b

21 = 6x10757

~199%x107%3¢g

1
V= gn(l.S x 10714)3

= %n x 3.375 x 10742
=177 x 1072 m3
24a (3.04 x10%3) =+ (1.02 x 10*3) = (3.04 =+ 1.02) x (103 = 10'3) = 2.98
b 741 x 10° = 7.41 x 108
¢ Europe:

Population per m? = (7.41 x 108) + (1.02 x 1013)
= (7.41 + 1.02) x (108 + 1013)
=7.26x%x107°

Africa:

Population per m? = (1.2 x 10%) + (3.04 x 1013)
= (1.2 = 3.04) x (10° = 10'3)
= 0.395 x 1074
=3.95x%x107°

Europe has more population per square metre.
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25

¢ x10% = (3 x10%) x (5 x 10?)
= (3 x5) x (102 x 10?)

=15 x 10%+b
— 1.5X10a+b+1
a c=15
b d=a+b+1

26

¢ x10% = (2 x 10%) = (5 x 10?)
= (2+ 5) x (10% = 10?)

=0.4x 10%7b
=4 x 104701
a c=4
b d=a-b-1
27
cx10" =xy

= (a x 107) x (b x 109)
= (a x b) x (107 x 109)
= ab x 10P*4

If4<a<b<9then16 <ab<81s01.6< % < 8.1 which would be the required form

for the value to be in standard form.
ab
x 1 r=(_>x1 p+q+1
c 0 10 0

Thenr=p+q+1

Exercise 1C

37
1+ 2logigx=9
210g10x = 8
10g10x = 4‘

x = 10* = 10000
38

log,(3x +4) =3
3x +4 =103 = 1000
x =332

39 In(e®e?) = In(e?*?) =a +b
40

10* =5
x = log,,(5) = 0.699
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41
3 x10* =20
10% = 20
K
20
x = logqg (?) = 0.824
42
2x10%+6 =20
2x10* =14
10* =7
x = log,,(7) = 0.845
43

5x 20 =8 x2*
5% (2x10)* =8x2*
5x%x2*¥x10*¥ =8 x 2%

5x10* =8
8
10*==-=1.6
5
x =log19 1.6

44a pH= —log(2.5x 1078) = 7.60
b 1.9 = —log[H"]
[H*] = 10719 = 0.0126 moles per litre.
45a Whent=0,R=10x¢e% =10
b WhenR =5,5=10x e %1t

5
- — e—O.lt
10
E =2 = e().lt
5

0.1t =1In2

t=10xIn2 = 6.93
46a i Whent=0,B = 1000 x e® = 1000
ii  Whent=2 B=1000xe% =1221
b When B = 3000, 3000 = 1000 x e%1¢
eO.1t =3
t =10In3 = 11.0 hours
47 Require 200 x e%1t = 100 x e0-25¢

@015t — o

1
— In2~462
t=o" 6
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48 a

L =101og(10'2 x 5 x 10~7)
= 101log(5 x 10°)
=57.0db

L = 1010g(10'2 x 5 x 1076)
= 101log(5 x 10°)
=67.0db

¢ Increasing I by a factor of 10 Increases the noise level by 10 db
d 90 = 10log(10*21)

log(10%21) =9
1021 = 10°
[=10"3Wm™2

49a 20 =eln20
b 20¥ =7

(eln zo)x = eln7

eXIn20 _ oln7

xIn20=1In7
‘= In7
In 20
50
log(xy) = 3 €Y)
log (¥) = 1 2)
(1):xy =103 3)
(2):§ = 10! 4)
(3) X (4):x? = 10* sox = +10% = +100
The solutions are: x = 100,y = 10 or x = =100,y = —10
51

Tip: You can solve this question very quickly if you know the rule of logarithms that

loga —logb = log (ﬁ)
b
Then log(10x) — log(x) = log(10) = 1.
Without this information, the question can still be solved, but it is more time-consuming.

One approach is shown below. If you generalise this, you can prove the rule of logarithms
above.

Suppose log(10x) — logx = ¢
Then
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10¢ = 1010g(10x)—10gx
— lolog(lox) - 1010gx
=10x +x
=10
=10*

Soc=1
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Mixed Practice

1 a

Perimeter = 2 X (2680 cm + 1970 cm)
= 9300 cm
=9.3x 103 cm

Area = (2680 cm X 1970 cm)
= 5279600 cm?
~ 5280000 cm?

(3xy2)2 3 9x2y4-
(xy)® — x3y3
9y

4 a k=PR=4000000

b WhenR=4,P=§=1oooooo

¢ R=kP 'sowhenP =250000,R =16

5
8x = 2xt6
(23)* = 2% x 26
2%% = 2% x 26
22x — 26
2x=6s0x =3
1 DYNAMIC yathematics for the 1B Diploma: Analysis and approaches 8
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ab = (3 x 108) x (4 x 10%)
= (3x4)x (108 x 10%)
=12 x 1012
=1.2x 1013

% — (1%x10%) = (5 x 10°%)
=(1+5)x(10°+107%)
=02 x 1013
=2 x 1012

a—b=(5x%x10% —(3x10%
= (5x 10%) — (0.3 x 10°)
=47 x 10°

distance

speed
=(15%x10"m) - (3 x108ms™1)
=(1.5+3) x (10t - 108) s
=0.5x%x103%s
=500s

Time =

10

log(x +1) =2
x+1=10%=100
x =99

11

In(2x) = 3
2x = 3
x = 0.5e3

12e* =
x=1In2 =0.693 (to 3 s.f)

135x10* =17
10* =34
x =log3.4 = 0.531 (to 3 s.f.)
145e*—-1=y
Se*=y+1
_y+1
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15a 2m=8=23som=3

2"=16=2%*son =4

82x+1 — 162x—3

(23)2%+1 = (24)2x-3
26x+3 — 28x—12
6x+3=8x—12
2x =15

x=175
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16
(7 x 10%) x (4 x 10?) = ¢ x 104
(7 x 4) x (104 x 10?) = ¢ x 104
28 x 10%*0 = ¢ x 10¢
2.8 x 104+b+1 = ¢ x 104
a c=2.8
b d=a+b+1
17
(6 x 10%) + (5 x 107) = ¢ x 104
(6 +5) x (10¢ + 10?) = ¢ x 104
1.2 x 10472 = ¢ x 10¢

a c=12
b d=a-b»b
— [HCO3]
18 pH = 6.1 + log ([Hzcog])
Rearranging:
[HCO3] _ 4 ypH-61
[H2CO3]
HCO3
[H,CO3] = 1[0p1-[—?:s.]1

When pH = 7.35 and [HCO3] = 0.579, [H,CO5] = 0.0326
When pH = 7.45 and [HCO3] = 0.579, [H,C05] = 0.0259

So the range of carbonic acid concentrations is 0.0259 to 0.0326
19 v = 1350(1 — 70:007¢)
a Whent=1,v=1350x (1 —e79907) =942 ms~?
b Att = 600, the model predicts v = 1350 X (1 — e *2) = 1330 ms™?!
Yes, he would be expected to break the speed of sound.

Ordinarily, air resistance would prevent such high speeds being reached so soon during a
free fall, but by jumping from the edge of the atmosphere, the effect of air resistance was
reduced during the initial period of the fall.
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20a When A =1000,S =1og1000 = 3

b A =104
S =1log 104
S = log 10 + log A
S=1+S

When 4 increases by a factor of 10, S increases by one unit.
¢ A=105sowhenS =9.5,4=10% ym=103>m =3162m
213 x20% = 2*+1
3x20%=2x2*¥

3

2
x = log (—) ~ —0.176
3
22

x
2_y=16

32x+y — 30
{22x—y — 24

2x+y =0 (1)
&x—y=4 (2)

MD+2)4x=4s0x=1y=-2
23

{9x><3y=1

log(xy) =0

1 (x2> 3
og|l— | =
&\

xy=1 @9
ﬁ =103 (2)
=

(1) x (2):x3 =103 s0ox = 10,y = 0.1
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These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 2A

2Mu, =7,d=11
a Upg :u1+19d = 216
b S, =§(2u1+d(n—1))

20
S20 =7(2x7+11>< 19) = 2230

u=3u,=7=u,+d
a d=4
b ug=u; +7d =31
¢ Sp=2(2u; +dn-1)

15
515=7(2x3+4><14)=465

23d=5u, =13 =u; +d
a u; =8

b S, = g(Zul +d(n-1))

10
510=7(2x8+5><9):305

24 u; = —8,uq4 = 67 = uy + 15d
a 15d =67 —u; =75s0d =5
b uys =uy +24d =112
25a 4% of £300 is £300 x 0.04 = £12
Simple interest: The same interest sum is earned each year.
At the end of the first year, Sam has £300 + 1 X £12 = £312.
b At the end of the tenth year, Sam has £300 + 10 X £12 = £420.
26 On his 21st birthday, the grandparents have paid in 20 supplementary £10 amounts.
The balance is £100 4+ 20 X £10 = £300
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27 The nth stair is u, cm off the ground.
Then u; = 10 and d = 20.

U, =u +dn—1)
10+ 20(n—1) =270
260
===
n=14

n-— 13

28u; =1L, u, =75=u; +d(n—1)
a 1fd=8then8(n—1)+11=75son—1=68—4=8;n=9

n 9
S‘n =E(u1 +un) =§(11+75) = 387

b Ifd=4then4(n—1)+11=7550n—1=(;—4=16;n=17

n 17
Sn =E(u1 +un) =7(11 + 75) =731

Tip: Be careful not to assume that halving the difference for a sequence with a fixed start and
end point either doubles the number of terms (it doubles n — 1 instead!) or doubles the total
sum. Neither is valid.

29 uy9 =26 =uy +9d (@))
Uzg =83 =uy +29d (2)
(2) —(1):20d =57
Usg = Uy +49d = uzy + 20d = 140

Tip: Be alert to simple approaches. At no point in this problem did you need to calculate 1,
ord.

30a uy=8d=3,u,=68=u; +dn—-1)
Then 3(n — 1) = 60 so,
n—1=20
n=21
b Sy =>(2u +dn-1)

521=22—1(2><8+3x20)=798
3la u;, =35=u; +6d (1
Ujg =112 = u, + 17d (2)
(2)-QQ):11d =77
Sod =7,and thenu; = u;, —6d = =7
b S, =§(2u1+d(n—1))

18
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32a uy=16=u; +9d @))
Uzo = 156 = uy + 29d (2)
(2) —(1):20d = 140
Usg = Uy +49d = uzy + 20d = 296
b d=7sou; =16 —9d = —47

S, = %(Zul +d(n-1))

20
520 = = (2% (=47) +7 x 19) = 390

33 Letu, =5n—3
Thenu; =2andd =5

Sy = g(Zul +dn-1))

16

34 There must be a common difference between the terms.

So:
2x+1)—-Bx+1)=0Ux-5-2x+1)
—x=2x—6
3x=6
x =2
35 ug = 2uy,u, = 28
Then Uuq +4d = 2(u1 + d) (1)
and u, + 6d = 28 2)

(1D:uy, =2d
Substituting into (2): 8d = 28 s02d =7
Uy = Uy +4d =28+2%X7 =42
36 uy +uy +uz = uqg,uy; = 27
Uy + (g +d)+ (ug +2d) =uy +9d D
u, + 6d =27 2
(1):3uy +3d = uy +9d so 2u; = 6d
Substituting into (2):3u; = 27 sou; = 9 andthend = 3
Then uy, = uy + 11d = 42

37 Arithmetic sequence with common difference d = 4

Sn =5 (2 + d(n = 1)

20
SZO=7(2X10+4X19)=960
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38a u, =7,d, =12
If the sequence has N terms, uy = 139
uy=u; +dy,(N-1)=7+12(N—-1) =139
12N —5 =139
N =12
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N 12

b v = 7, dv =6
If the sequence has M terms, vy, = 139.

vy =v; +d,(M —1)
=7+6(M-1)=139
6M +1 =139
M =23

M 23
¢c wy=7d,=6N=12

N 12
SN=E(2wl+dW(N—1))=7(2x7+6><11) =480

39 Estimating u; = 53,us =211 =u; +4d sod = % = 39.5

Then U9 = Ug + 9d = 4085
40 Estimatingu; = 3,u, =33 =u; +3dsod = ? =10

Then ug = uqy +5d =53

Au =1
U, =a=u +d (D
uz; =3a+5=u; +2d (2)

21) - (2):iuy =—a—5
Soa —5 =1 and thereforea = —6sod = —7

Then Uy = Uq + 3d =-20

Tip: Alternatively, use the fact that u,, + 1 = 2u,, — u,_, for any n in an arithmetic sequence.
Sou; = 2u, —uy so3a+5 = 2a—1 from whicha = —6
Then uy = 2u; —u, = 5a + 10 = —20 directly, without calculating d at all.
42 Let u,, be the number of minutes of screentime on day n.
u, = 200 and d = —5 in the arithmetic progression.
a He gives gets to zero minutes on day N where uy = 0

uy =u; +d(N—1) =200 —5(N —1) =0so N = 41
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Sy = g (2u; +d(N — 1))

41
=T (2%x200—5x%x41) = 7995 minutes total

43 Let u,, be the number of steps taken on day n.
u; = 1000,d = 500 in an arithmetic sequence.
a Require least N such that uy = 10000

uN=u1+(N_1)d
10000 = 1000 + 500(N — 1)

1v—1+9000—19
N 500

On the 19th day he takes 10 000 steps.
b Require M such that Sy, = 540 000

Sy = %(2111 +dM-1))

M
540000 = —-(2 x 1000 + 500(M — 1))

1080000 = 2000M + 500M? — 500M
2160 = M? + 3M
M?+3M —2160 =0
(M +48)(M—-45)=0

M = —48 (reject) or M = 45
It takes 45 days.
44

Comment: Three methods are shown here; the first method takes the formula given for the sum
and compares it to the standard general formula to find u; and d.

The second method is uses the fact that u; = S; and that the difference in sequential sums is a
single term: Sy — Sy_1 = uy; from this we can find both u; and d indirectly, if needed.

The third uses again that Sy — Sy_1 = uy to find the formula for the general term wuy. For this
question, this is unnecessarily laborious but is potentially useful in more complicated situations,
or when only this is required, as in question 25 below.

Method 1: Compare formulae to find parameter values
a S, = %(Zul +d(n — 1)) = 2n? + n for all n for this sequence
n(2u, —d + dn) = 4n? + 2n
dn? + Qu; —d)n = 4n? + 2n
Comparing coefficients, d = 4 and 2u; —d = 2 s0 2u; = 6 andsou; = 3
Thenuy; = 3,u, =7

b usp =u; +49d =3 +49 x 4 = 199
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Method 2: Use given formula directly
a S,=2n*+nsoS; =3andS$, = 10.
u1 = Sl = 3

u2=52=51=7

Usp = S50 — Sa9
= (2 x50% +50) — (2 x 492 + 49)
= 5050 — 4851 = 199

Method 3: Use given sum formula to find the formula for the general term.
Sn = Sn-1 = Un

U, =2n?+n) - (2n—- 1%+ (n—-1))
=2n2+n-02n?-4n+2+n-1)
=4n—-1

a uy;=4%x1-1=3
U, =4x2-1=7
b ugg=4x%x50-1=199
458, — S =u,

U, = (% +4n) — ((n—1)? + 4(n—1))
=n’+4n—-n*-2n+1+4n—4)
=2n+3

46 Ug = 5u3
Then u; + 8d = 4(uy + 2d)

u1=0
477 x 15 =105
7 x 143 = 1001

The multiples of 7 form an arithmetic sequence with common difference d = 7.

Letu; =105,d =7 andn = 143 — 15 =128

Sy = §(2u1 +d(n-1))

128
Si28 = T(Z x 105+ 7 x 127) = 70336
48 Multiples of 5 (not including 0 which does not change the sum): u; = 5,d = 5,u;, = 100
20
520=7(2X5+5X19)=1050
Multiples of 15 (not including 0): v; = 15,d = 15,ug = 90
6
SG=§(2><15+15><5)=315
Then the sum of multiples of 5 which are not also multiples of 3 will be 1050 — 315 = 735
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49 U9 = 3u1 and 510 =400 cm

S10= %(ul + uy9) = 20u; = 400 cm so u; = 20 cm

50u; =4
u,=a=4+d (D
u;=b=4+2d 2)
u,=a—b=4+3d 3)

B)—2)—(1): —2b=—-4sob=2.Thend = —1soug =u; +5d = -1
51a

Uy —Up_1 = (@+nd) — (a+ (n—1)d)
=d

The difference between consecutive terms is shown to be constant d.
b

Uy —Up_q = (@an® + bn) — (a(n — 1)?> + b(n — 1)
= (an? + bn) — (an® —2an+a + bn — b)
=2an+a—b
=A+nD

where A=a—band D = 2a

Using part a, this is the formula for an arithmetic sequence with constant difference D =
2a.

52 a The first 9 positive integers are single digits, for a total of 9 digits written
The next 10 integers (10 to 19) are double-digit numbers, so contain a total of 20 digits.
In all, she has written 29 digits.
b The values up to 99 will contain a total of
9 digits (single digit values 1 to 9)
180 digits (double digit values 10 to 99)

If she has written a total of 342 digits then the remaining 153 digits are from triple-digit
numbers.

153 + 3 = 51 so she has written 51 triple-digit values
100 is the first, so 150 is the 51st.

Alessia has written values up to 150.

Exercise 2B

16a u, =128,r=10.5

ug=u; Xr’ =1

1
—_r8 1-——

b Sg=u; X I~ 128 x —256 = 255
1-r 1-5
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17uy =3, uy =6=rxu
ar=2

b ug=u; Xr®>=96

rio—1 1024-1
¢ Sio=u X — =3X P = 3069
18u, =24=uy Xr (1)
us =81 =uy xr* 2
()3 =B o2 (3
a (2)+@:r _24-_8_(2)

r=1.5
b u, =uSx7r?=81x2=182.25

19

Tip: Rather than use n to count the number of days, it can be simpler to use n to count the
number of complete periods of doubling. You then need less work for calculating terms of the
sequence, but must take care when interpreting what day corresponds to what value of n.

As is always the case in problems like this, if the question does not define the terms of a
sequence, you should give a definition in your answer, but are free to do this however seems
most convenient.

Let u,, be the area of algal cover on day 8n — 7 (the start of the nth 8-day period).
u; = 15,7 = 2 in a geometric sequence.
The start of week 9 is day 57 which corresponds ton = 8
Uug =uy Xr’ =15x 27 = 1920 cm?
20 Let u,, be the concentration on day 2n — 1.

1 .
u; =12andr = 3 for a geometric sequence.

After 12 days, n = 6.
Ug =u; X1r°> =1.2x0.5°=0.0375 mg ml~?

21u; =8, uy+tu, =12sou, =4 =uy Xr

r=05

s 1_r5—8x1_%—155

e e S Ul
2

22 Let u,, be the time taken on the nth attempt
u; = 5,7 = 0.8 in a geometric sequence.

Uo = u; X r° = 0.671 seconds
23

Tip: As in several questions towards the end of this exercise, the question describes a situation
and defining a sequence should be the first step of a formal answer.

Let u,, be the volume of water at the start of day n of the drought.
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a u; = 5000,r = 0.92 in a geometric sequence
Ug = uy; X r* = 3580 m3
b Require N such that uy < 2000

Then u; x rV=1 < 2000
2000
u
(N —-1)logr <log0.4
—0.036(N — 1) < —0.398

rN-1 < 0.4

Ne1> 0.398
0.036
N > 11.99
At the start of day 12, the reservoir holds less than 2000 m3, so it takes 11 days to use
up 3000 m3.
24 Us = Uy XT4 (1)
Uy =Uy XT 2)

But us = 8u, so r3 = 8, from which r = 2

Sg _ r®-1 _ 256-1
u;  r-1 1

= 255

25 Let u,, be the number of grains on the nth square; {u,} is a geometric sequence with r = 2.

a Ug, =u X718 =20=922x10!8

64_
b 564=%=264—1=1.84x1019
¢ Mass of Sissa’s reward: sgq X 0.1 g = 1.84 X 1018 g

This would take 1.84 x 108 + (7.5 x 101*) ~ 2450 years.

Un

26 r=

Un-1

1

3 _ x "yt _ . . .
2= yx~1 and Y —x 1y so the sequence is consistent, and no relation between x and
xy? y3

y can be determined.

u, = uy X v 1 so the general term u,, = xy? x (x 1y)" 1 = x2 nyn+l

27 Geometric sequence with u; = 3 and r = 2.

10_ 10_
Sio = u "= = 35 2071 3501023 = 3069
r—1 2-1
2
28r=ﬁ=xandalsor=ﬁ=2xi=2x+1
Uuq Uy X
Sox=2x+1
x=-1
u10:u1XT9=—1

29 Sum of a geometric sequence with u; = 3 and r = 3.

rio—1 3101

510=u1?—3>< 31 = 88572
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30 Let u,, be the height reached on the nth bounce, in metres.
u; = 0.6 and r = 0.8 in a geometric sequence.
a ug = u; X r* = 0.246 so the height of the 5th bounce is 0.246 m.
b From the top of the 1% bounce to the top of the 5th bounce would be distance

uy +2(uy + ug +uy) +us = 0.6 + 2(0.48 + 0.384 + 0.3072) + 0.24576
~ 3.19m
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¢ The bounce height and value of r are only given to 1 significant figure, so even if a
geometric model were precise for the loss of energy from a bouncing system, the
accuracy of the output would be poor for high powers of r.

In any case, at the level of detail predicted by the model at the 20th bounce, we would
expect that measurement error and imperfections in the ground surface and ball surface
and composition would swamp the prediction.

Exercise 2C
16 £800 x 1.03% = £900.41
17 £10 000 x 1.057 = £14 071

18 4% annual rate is equivalent to 1 + % = 1.00333 monthly multiplier

$8000 x 1.003333° = $8 839.90

19 5.8% annual rate is equivalent to 1 + % = 1.00483 monthly multiplier.

€15000 x 1.00483'8 = €16 360.02

20 £20 000 X 0.85°> = £8870 (to 3 s.f.)

21 a The return will be better when interest is applied monthly, due to the effect of
compounding.

After 1 year at 6% compounded annually, the account stands at
£1000 x 1.06 = £1060

After 1 year at 6% compounded monthly, the account stands at

0.06\ 2
£1000 x (1 + F) — £1061.68

b After 10 years at 6% compounded annually, the account stands at
£1000 x 1.06'° = £1790.85

After 10 years at 6% compounded monthly, the account stands at

120

£1000 x (1 + 7) = £1819.40

The difference is £28.55
22 20% depreciation and 2.5% interest rate: After the first year the value is
£15000 x 0.775 = £11 625
10% depreciation and 2.5% interest rate for 4 years: £11 625 X 0.875* = £6814.36
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23
Year Start-year Depreciation End-year
value ($) expense ($) value($)
1 20000 6 000 14 000
2 14 000 4200 9 800
3 9 800 2940 6 860
4 6 860 2058 4802
5 4802 1441 3361
6 3361 1008 2353
7 2353 706 1647
8 1647 147 1500

24 The annual real terms percentage changeisr = ¢ —i = 6.2% — 3.2% = 3%

So over 5 years, the real terms percentage increase is 1.03°> — 1 = 15.9%
25 12% annual interest: 1% monthly interest

Monthly interest of 1% gives (1 + 0.01)'2 — 1 = 12.7% annual equivalent rate (AER)
Tip: Be careful to distinguish between ‘annual interest rate” which is 12 X monthly interest and

“Annual Equivalent Rate” (AER), which is the effective rate over a year, after consideration of
compounding.

AER is often published in financial offers because it allows easy comparison between products
applying compound interest at different intervals.

For example:

Account A compounds monthly at an annual rate of 12% so would have a monthly rate of 1%
for an AER of 12.68% (as in this question)

Account B compounds quarterly at an annual rate of 12.1% so would have a quarterly rate of
3.025% for an AER of 12.66%. Although account B has a higher annual rate, account A
actually has a slightly higher AER.

c
. T 1.05
26 a Real terms percentage increase r = —%2 — 1 = Toss — 1= 2.44%

100

b Over the course of 5 years, this would produce a 1.0244° — 1 = 12.8% increase in real
terms.

27a 250 X (1 + 10%) = 250 x 10° marks (250 billion marks)

c
. . AT 1.2
b Using the exact formula for adjustment: r = —%¢ = TI0°
T+—
100

So at year end, 2 X 10° marks would have a real terms value of

1.2
2 X 10° x (1—09) =2.4% 1073 = 0.0024 marks
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c
_ 4s 115

¢ = 1+F"0 T 14100
So at year end, 25 X 10° marks after application of interest would have a real terms
value of 25 x 10° x (352) ~ 29 x 1073 = 0.029 marks

Mixed Practice

)
c
9o
whd
=
o
o
o
)
R~
S
=

1 a 4.5% nominal annual rate is equivalent to 1 + %:5 = 1.00375 monthly multiplier

$5000 x 1.003757%12 = $6847.26

b Currentvalue = 7000, Future value = 14 000, n = 10, payments/year = 1.
Calculator gives 1% = 7.18
Carla requires at least 7.18% annual rate to achieve her aim.

2 a i {d}is an arithmetic sequence, with common difference —0.05

. . . . .3
ii {b} is a geometric sequence, with common ratio >
. .. -3 _ 1

b i Common ratio is =3

o 1
i e =-6r= 3

3 a d=ug—ug=2
b ug=u;+7d=u;+14=10sou; = —4
¢ S, = %(Zul +d(n-1))
S0 S30 =2 (2 X (—4) + 2 X 19) = 300
4 a uyy=2andu, =8=u; Xrsor=4%

b us =u Xrt=2x4*=512

8 _
=2 =4
Sg =2 — = 43690

5 Let u, be net profit in year n, in thousand dollars.
u; = —100 and {u} follows an arithmetic progression with common difference d = 15
Least N such that uy > 0:
uy=u; +(N—1)d >0
—-100+15(N—-1) >0

15(N —1) > 100

N>1+100—76
15

The company is first profitable in the 8th year.

.‘ DYNAMIC  \athematics for the IB Diploma: Analysis and approaches 12
! LEARNING gpayl Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019



6 Let u, be the value at the start of the nth year, in thousand dollars.
u; = 25 and {u} follows an arithmetic progression with common difference d = —1.5
Least N such that uy < 10:

uy=u; +(N—-1)d <10
25—15(N—-1)< 10
1.5(N—-1) > 15

N >11
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At the start of the 11th year, the car has value $10 000 so it takes 10 years to fall to that
value.

7 Let u, be the height of the sunflower n weeks after being planted, in cm.
u; = 20 and {u} follows a geometric progression with common ratio r = 1.25
a ug =u Xr*=20x1.25*=488cm
b Least N such that uy > 100:

uy =uy XVt

20 x 1.257¥"1 > 100
1.25VN-1>75

Tip: If you are comfortable using logarithms with base other than 10 or e then you can calculate
the solution directly as N — 1 > log; 55 5. Otherwise, use a change of base method or simply let
the calculator solve this directly using an equation solver or graph solver.

N-1>72
N > 8.2

It takes 9 weeks for the plant to exceed 100 cm.
8 a Currentvalue = 500, n = 16, payments/year = 4, 1% = 3.
Calculator gives Future value = 563.50
After 4 years, Kunal has a balance of 563.50 euros.
b Currentvalue = 500, payments/year = 4, [% = 3, Future value = 600
Calculator gives n = 24.4
It will take 25 quarters (six and a quarter years) for Kunal to earn 100 euros of interest.

9 Let u, be the population at the end of year 2000 + n

Ug = 7.7 X 10° and {u} follows a geometric progression with r = 1.011.
a uzz = u18 X T4 = 804 X 109

According to the model, at the end of 2022 the world’s population will be approximately
8.0 billion.
b Least N such that uy > 9 x 10%:
Uy = Uqg X TN_18
7.7 x 1.011V"1 > 9
N > 323

According to the model, the world’s population will exceed 9 billion during 2033.
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90-30 _

10a i u,=30;us=90=u,+3dsod = 20

i u;=u,—d=10
b Let {v} be the geometric sequence.
vy =u =10;v, =u, =30;v3 =ug; =90
So the common ratio r = 3
v, =v; Xr® =10 x 3% =7290
11 a  Substituting for n in the formula of S,;:
i S5=6+1=7
ii S;,=124+4=16
b u,=5-5=16-7=9
¢ S; =u; =7andu, =9 so common difference d = u, —u; =2
d yyo=u; +9d=7+18=25
e Least N such that uy > 1000:

uN=u1+d(N_1)
7 +2(N — 1) > 1000

993
N>1 +T = 4975

The first term which exceeds 1000 is uygg
f S,=1512 = 6n + n?

Solving the quadratic: n = 36 (reject solution n = —42)

12u1=x
U, =u +d=2x+4 sod=x+4 (1)
us; =uy +2d = 5x sod = 2x 2)

(D&2):x+4=2xsox =4
13 a The difference between consecutive terms in the sequence are
d, =10,d, =12,d3 =9,d, = 9.
Mean difference is 10 and all the observed differences are close to this value.
b ug=u; +5d
Taking the value d = 10, this predicts ug = 74 audience members.

14 Sum of a geometric sequence withu; = 2 and r = 2.

12 _ 12 _
S, =u ——=2x2"1=8190

r—1 2-1

15 Let u, be the number of widgets sold in the nth month.

u; = 100 and {u} follows an arithmetic progression with common difference d = 20.
n
Sy = E(2u1 +dn—-1))
Require least N such that S, > 4000
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N
5 (200 + 20(N — 1)) > 4000
10N? + 90N — 4000 > 0
From calculator, this has solution N > 16
It takes 16 months to sell a total of 4000 widgets.
= a2p? _w_ah g
16uy =ab andr—ul—asz—a b
u, = uy X" = a?h? x (azb_l)n_1 = a?b? x (a®2p'™™)
w = aZTLb3—n
n
17 Let u,, be the cost of the nth metre in thousand dollars.

u, = 10 and {u} follows an arithmetic progression with common difference d = 0.5.

S, = g(Zul +d(n-1))
S200 = 100(20 4+ 0.5 x 199) = 11 950
A 200 m tunnel will cost $11.95 million.
18 Let u,, be the amount deposited on Elsa’s (n — 1)th birthday, in dollars.

u; = 100 and {u} follows an arithmetic progression with common difference d = 50

n
Sy = E(2u1 +d(n-1))
S19 = 9.5(200 + 50 x 18) = $10 450

Tip: Note that this working used S;4 because the standard formula for S, gives >.*_; u,.. This
requires defining u,, so that the first value is given as u;. The 18th birthday gift was therefore
Uqg.
An alternative approach would be to define v,, as the amount deposited on the nth birthday, so
v; = 150.
Then the total up to and including the 18th birthday gift would be

18 18
100+Zvr = 100+7(2 x 150 + 50 x 17) = 100 + 1 350 = 1 450

r=1
The answer is of course the same, and the method is entirely for the mathematician to choose;
just make sure you define the terms in your sequence clearly, for both your own and your
readers’ benefit.

1+c¢% _ 1.058

— = =1.028
1+i%  1.0292

19 The annual real terms change multiplier is 1 + r% =

So over 3 years, the real terms percentage increase is 1.028% — 1 = 8.63%

0.9

20 The annual real terms change multiplier is 1 + r% = 1:5:? =To" 0.882

So after 4 years, the real terms value is $2000 x 0.883% = $1212.27
21 Under scheme A, his balance after n years is $(1000 + 25n)

Under scheme B, his balance after n years is $(1000 x 1.02™)

By calculator, A > B forn < 22.7

So, for the first 22 years, A is better than B.
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di a,=4+2n

223 a1=6 2
bi a,=8 -%
i a; =10 o

¢c d=2 g

4

[

(]

=

If the final (Nth) pumpkin has a, = 48 (distance to the pumpkin and back to the start
line) then N = 22.

i S, =>(2a; +d(n-1D)
Sy, =11(12 4+ 2 x 21) = 594
Sirma ran a total of 594 m.
e Sm=7(12+2(m~1)) = 940
m? + 5m = 940
By calculator, m = 28.3
So Peter has completed 28 runs and has collected 28 pumpkins.
f S, =14(12+2x27) =924
The 29th pumpkin is a9 = 62 m away from the start line.

Peter has run 940 — 924 = 16 m of the way through the 29th collection, so he has not
reached the pumpkin and is still on the outward journey, 16 m away from the start line.

23 Let the arithmetic sequence be {u} with common difference d and the geometric sequence
be {v} with common ratio 7.

Thenu, =a+d(n—1)and v, = v, xr*1

u; =v, =a+6d D

Uz =v, =a+2d =v,r 2)

U = v3 =a=uvr? 3)
. ... _a+2d

@) = ():r =22 @
. . — a

@)+ @ir=—2 )

at2d _ a

Equating (4) and (5): —ed " arad

(a +2d)? = a(a + 6d)
a®? + 4ad + 4d? = a? + 6ad
2ad = 4d?

Then a = 2d as required.

b vl=u7=3=a+6d:4asoa:%andd=§

1

Thenr = ==
a+2d 2
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n n(3 3 6n% 4+ 9n
Zur—§(2a+d(n—1))—z<z §(n_1)>_—16

r=1

6n%+9n
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Require the least n such that >200+6 (1 - zin)

From the calculator, n = 31.7 so the least such n is 32.
24 a  Under program A, she runs a,, = 10 + 2(m — 1) km on day m.
Under program B, she runs b, = 10 X 1.15"~! km on day n.
If a,, > 42 then m > 17; she first reaches 42 km on day 17.
If b, > 42 then n > 11.3; she first reaches 42 km on day 12.

b) {a} follows an arithmetic progression with a; = 10 and d = 2

> @y =7 (2a; +dim - 1) = 2 (20 + 20m — 1) = m* + 9m

r=1
m? + 9m > 90 for m > 6 so under program A she completes 90 km on day 6.

{b} follows a geometric progression with b; = 10 and r = 1.15

n

Zb — b r”—1_101.15"—1
T 0.15

1.15™-1
0.15

10 = 90 for m = 6.1 so under program B she completes 90 km on day 7.

25 a Let u, be the salary in year n, in thousand pounds.
{u} follows an arithmetic progression with u; = 25 and common difference d = 1.5
U, =uy +d(n—1) sougy =25+ 1.5 x 29 = 68.5
Final year salary is £68 500
b S, =7(2u +dn-1)
S30 = 15(50 + 1.5 x 29) = £1 402 500

68 500
1.01530

= 43800

In terms of the value at the beginning of the 30 year career, the final year salary has real
value £43 800.

26 u10 = Uuq + 9d
Ifuyg = 2uy then ug + 9d = 2uy + 6d

Rearranging: u; = 3d so % =3
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27 If the common difference of the sequence is k then
b=a+k
c=a+2k
d=a+ 3k
Then

2(b —¢)? = 2(=k)? = 2k?
bc —ad = (a+ k)(a + 2k) — a(a + 3k)
= a® + 3ak + 2k? — (a® + 3ak)
= 2k?

)
c
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Putting these together: 2(b — ¢)? = bc — ad as required.
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These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 3A
26a g(—2)=4(-2)-5

=-13
b 4x—-5=7so0x=3
27
x—5_12
=
x—5=36
x =41
28a wv(1.5) = 3.8(1.5)
=57ms !

b It is unlikely that a car can accelerate uniformly at that level for 30 seconds (resistive
forces that relate to speed would become significant before that time); the model would
predict a speed of 114 m s™! at 30 seconds, which is unrealistic for a car (over
400 km per hour!)

29 a Require that the denominator not equal zero: The largest domain of f(x) is x # 5

3
SRNCEDE
3
3
1
3
30a
(3)=3()
M"2)=°\2
4
5
T4

b The function is in completed square form, so has minimum value —2.

The range is q(x) > —2
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31a

32a
33a

34 a

35a

36a

3x2 -2 =46

3x%2 =48
x? =16
x =4

N(5) = 2.3e4° + 1.2 = 4.95
The model predicts 4.95 billion smartphones in 5 years

Market saturation (population that can afford a smartphone having sufficient, not buying
additional without discarding/recycling one) might slow the exponential growth.
Smartphones may get replaced by a newer technology within a 5 year period.

f(x) = 1.3x

f~1(x) would return the amount in pounds equal to $x
f~1(6) =1

f(x) = x + 2 has solution x = 2

Require that the square root has a non-negative argument.

2x — 5 > 0 so the largest possible domain is x > ; = 2.5

If the argument of the square root takes any value greater than or equal to zero then the
range of the function is f(x) > 0.
V2x—-5=3
2x—5=9
2x = 14
x=7

Att =0, N =150 —-90 x 1 = 60 fish

N(15) = 150 — 90e~1*
= 130 fish (rounding to the nearest whole number)

The model is continuous (it predicts non-integer values). Such a model is an acceptable
approximation for populations numbering in the millions (such as microbial populations
in a culture) but the inaccuracy becomes more relevant for a small population such as
seen here.

f(18) = % +5
=14

X
> +5=7

X 2

5=

x =4
DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 2
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37 a The graph of the inverse function is the original graph after a reflection through y = x.

& /
3

=g(t) /

N

2 4 6 8

38 a Require that the logarithm takes a positive argument so the largest possible domain of g
isx > 0.

b
g(81) = log; 81
= log; 3*
=4
¢ logzx=-2
x =372
1
9

39 Require that the logarithm has a positive argument.
3x — 15 > 0 so the largest domain of n(x) isx > 5
40 a Require that the logarithm has a positive argument.

7 — 3x > 0 so the largest domain of h(x) is x < %

b log(7 —3x) =2

7 —3x = 10?
3x =7-—100
x = —-31
41a f(-3)=10-3(-3)
=19

b The domain is x < 2 so the range is f(x) > 10 — 3(2)
f(x) > 4
¢ The value 1 lies outside the range of the function.
42a f(4)=9
b f1(4) =25
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¢ The graph of the inverse function is the original graph after a reflection through y = x. g
O
y 5
[} / r
10 = =
v @) y¥z o
/ X
8 S
/ =
J 1/
4 ,."/

43 a

N(7) = 3e728
= 0.182

b 3e7 04t =21
t= ! In0.7 = 0.892
= 0.4 nvu./ = u.

44 a Require that the denominator is non-zero, so 4 —vx — 1 # 0
x—1+#16
Also require that the argument of the square root is non-negative sox — 1 > 0
Then the largest domainis x > 1,x # 17
b From calculator (or by considering the two cases 4 —vx — 1 > 0 and 4 —Vx — 1 < 0),
the range is f(x) > % orf(x) <0
45 a Using GDC
b The graph of the inverse function is the original graph after a reflection through y = x.
Y

i
Y=

f~1(z)

y

—8
K y=1F)
.I) DYNAMIC pathematics for the IB Diploma: Analysis and approaches 4
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¢ Either from GDC or by noting that where f(x) = f~1(x) the curves meet the line y = x
as well.

Thus f(x) = x at the solution.
Then x3 + x — 8 = x so x3 = 8, which gives solution x = 2.

Tip: It is tempting to hope that this always works to solve f(x) = f~1(x) but this is not the case
for every function; you should always consider the graphs of f and f~1. Consider the function
f(x) = 1 — x. Since f~1(x) = 1 — x as well (the function is “self-inverse”), you can see that

f(x) = f~1(x) for all values of x, even though the only solution on the line y = x is x = %

See if you can describe a condition on the graph of a function h(x) for there to be solutions to
h(x) = h™!(x) which do not lie on y = x.

Exercise 3B

19

1.61

(—1.5,1.01)

v
8

From GDC: Vertex is at (—1.5,1.01)
20

—1.69

/

Asymptote y = 7; axis intercepts (—1.69, 0) and (0, 4)
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21 a Require denominator to be non-zero.

Largest domain is x # 2

|
b=
W=

T =-2

Asymptotes are y = 3 and x = —2

22 For example, y = 1 + 2e*

23 From GDC, the intersectionof y =5 —x and y = %ex is (1.84,3.16)

24 From GDC, maximum point is (—1, 2.5)
(Analytically, complete the square of the denominator and reason that since the denominator
is always positive, the maximum will occur at the minimum value of the denominator, at
x =—1.
10
Y=z a4
(x+1)32+4

25 From GDC, maximum value P occurs when g = 235

26 From GDC or completing the square to y = the line of symmetry is x = —1

1
(x+1)2+2’
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27 (1)
c
y S
' 5
©
(7]
©
()
=
[
2
T €T
1
4
Vertical asymptotes are x = —2 and x = 2, horizontal asymptote is y = 0.
28
y
A
- T
3x+3
(Example: y = x—1)
29
N
'y
80
40
)
1 30 45
.I) DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 7
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30 2
v S
e
-
2 =
(/2]
S
()
4
[
o
15 =
10
0.5 g ¢
31
y4
A
600
350
o
120 180 400
—200

32 From GDC: x = 0.755

33 From GDC: x = —2.20,—1.71 0r 1.91
34 From GDC: x = —2.41,0.414, 2

35 From GDC: x = £1.41

Solving exactly: |4 — x?| = x?

4 — x?2 = 4x?
4 = 0 (reject) or 4 = 2x2
x=+V2=4141
36 From the calculator, maximum value is f(2.5) = 0.920

Tip: If you study calculus, you will learn to show algebraically that the maximum value occurs
atx = 2.5)
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37

z=2

(6.32,0.232)
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38 From GDC: x > 2
Algebraically: In |x — 1| = |In(x — 1) |.
LHS equals a modulus function so must be non-negative. In|x — 1| > 0 so x > 2
Butforx > 2,In|]x — 1| =In(x — 1) andIn(x — 1) > 0soln|x — 1| = In(x — 1)
So for x > 2, the two sides are always equivalent, with no further restriction.

Therefore the full solution is just x > 2.

Mixed Practice
1

a
G
3

(20, 104)

b G(45) =78.6
So the total cost is 45 X G(45) = $3 538.09 = $3 540
2 From GDC: x = 1.86 or 4.54
3 a Require that the argument of the square root is non-negative so require x > —5
b From GDC, x = —2.38
4 From GDC, intersection points are (—1.68,0.399) and (0.361, 2.87)

.I) DYNAMIC pathematics for the IB Diploma: Analysis and approaches 9
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(2,9)

|
-
o 4

L

b Domain: x # 3
Range: f(x) # 3
7 a v(1.5) =18x1.5e7%3 ~20.0ms™?!
b From GDC: Att =0.630sandt =17.1s
¢ Maximum speed occursatt =5 s
8 a 1(0)=8-6=2
v,(00=2+0—-0=2
v;1(0) = v,(0) so the two runners have the same initial speed.
b From GDC, v,(t) = v,(t) whent = 1.30 s
9 a T(0) =100. Boiling point at sea level is 100 °C
b T(1370) = 100 — 0.0034 x 1370 = 95.3°C

30 _8820m =8.82km

0.0034

¢ 70=100-0.0034hsoh =

10a f(x) =1.8x + 32
b f~1(x) gives the temperature in Celsius equivalent to x °F
11a p=f1)=3-5=-2
3g—5=7s0q=4
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b i Require that the denominator is non-zero, so the denominator is x # 2 g
ii  The horizontal asymptote is y = 0 so the range of the function is g(x) > 0 %
iii The vertical asymptote is x = 2 é
12a f(7) = 20 and the function increases so the range is f(x) > 20 =
b 3x—1=235 g
3x =36 =

x =12

13 From GDC: x = —5.24 or 3.24
Algebraically:
2x—1={@l—-x)(4+x)
=16 —x%and x # —4
x2+2x—17=0and x # —4
x=-1+3V2
14 From GDC: x = 1 or 2.41
Algebraically:
x—2= i%andx >0 (since%> 0)
x2—2x+1=0andx >0
(x—1)?=0o0or(x—1+Vv2)(x—1—-+v2)=0andx >0
x=lorx=1++2
15 Require denominator is non-zero so domain is x # +3

From GDC (or symmetry), maximum point is at x = 0 so local max in the =2 < x < 2
interval is h(0) = —2.

For x < —2 and x > 2, h(x) > 0 with an asymptote of y = 0.

Hence the range is h(x) < —2 or h(x) > 0

Y
3

z=-3 B=4d
.‘ DYNAMIC pathematics for the IB Diploma: Analysis and approaches 1
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16 From GDC, function has single stationary point at minimum f(3.5) = —9.25
The (unincluded) endpoints of the curve are (0,3) and (6, —3)
The range is therefore —9.25 < f(x) < 3
17 a From GDC, the minimum is f(In 0.8) = 4.89
b f~1(x) =2sox =f(2) =5e? -8~ 289
18 a  Function has maximum at f(0) = 8.
The (unincluded) endpoints of the curve are (—3,—19) and (2, —4)
The range is therefore —19 < f(x) < 8
b g(x)=8-3x2=5

3x2 =3
x=1x=-1

¢ —20 is outside the defined range of g(x).
19

y=5-2x(3)"

(Example: y = 5 — 2 X 0.4%)
20

90 ¢

(Example: T = 20 + 70e~%)
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21

-

N = 2000
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600 §

(Example: N = 2000 — 1400e™¢)
22 a From GDC, maximum is v(1) = 1.10 ms~?!

b The model predicts an insignificant speed at t = 20. Realistically in a physical system,
the car would have halted before that time, when resistances become significant when
compared to the model’s predicted behaviour.

23 From the GDC, solutions are x = —2.50,—1.51, 0.440
24 a

b i x-intercept is at (12,0)
ii Asymptotesare x = £2,y = +1
25 From GDC, solutions are x = 2.27 or 4.47

26 From GDC, the minimum value is f(1.16) = —1.34
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27 a Require the denominator is non-zero so the domain is x # 0,4 2
(o]
b =
>
Y ©
3 (72}
©
()
X
[
=10 é
(—1.03,3.40)
= T
(0.680, —5.15)
=10 =4

Range is f(x) < —5.15 or f(x) > 3.40

28 a Require denominator to be non-zero, so x # ™3
Also require argument of logarithm to be positive, so x > 0
So the largest possible domain of g(x) isx > 0,x # e™3
b From GDC:

As x - 0, g(x) - 0 (from below)

As x - e”3 from below, g(x) » —

As x - e~3 from above, g(x) - o

Asx - o, g(x) - o

The curve has a single minimum at £(0.135) = 0.271

Tip: If you study further differentiation, see if you can show that the minimum has exact value
f(e™2) = 2e™2. For this exercise though, the decimal approximation from your calculator is the
faster approach, and is what the question requires.

29 a Require the argument of the logarithm to be positive, so the domain is x > 2

For x > 2, g(x) has range R.

4 >

¢ From GDC, g(x) = g71(x) atx = 2.12

.I) DYNAMIC pathematics for the IB Diploma: Analysis and approaches 14
! LEARNING gpayl Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019



4 Core: Coordinate geometry
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These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 4A

34 a
. V2 — V1
Gradient =
radient myp X, — 1
0—(=7)
 5-1
_ 7
4
b Perpendicular gradient m = — L =2
map 7
Yy —yc =mx — x¢)
4
y-3=--(-8
_ 4 4 53
y=T7rTy
35 a Using the axis intercepts (0,12) and (9,0) to determine gradient:
Gradientm = Yo~ N
X2 — X1
_ 0-—-12
S 9-0
4
-3
b y-—y =mx—x)
4
y—12=—-=(x-0)
3
4x +3y =36
36a Liney= —gx + % has gradient —;
b Wheny=0.x=%
.’2 DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 1
LEARNING gpgy Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019



37 a
Gradientm =u
X — X1
_ 3—1
S 7-(-3)
_1
5

b y—y; =m(x—x)

1
y—1 =§(x—(—3))
5y—-5=x+3
x—5y=-8
38 a Rearranging: [;: y = 21 —%x

. 7
Gradient m; = — 3

b Substituting x = 8,y = —5:
7x+ 2y =56 —4 =52 # 42

P does not lie on the line.

. 1 2
¢ Gradient m, = - =3
1

y—y1=mx—x)
2
y— (-5 =(x—8)
2 51
y=7r77
39 Rise = 8800
Tread = 12 000 (half the cone diameter)

Rise __ 8800
Tread 12000

Gradient m = =0.733

40a Q:(8,11)
b k=8
¢ QR is the vertical linex = 8

d Area=%bh=%x8x14=56

41 a y=—§x—6

. -2-1 1
b Gradientm, = —= —-
7—5 4

y—y; =mx —x)
1
y—(=2)= —Z(x—7)

dy+8=—-x+7
x+4y=-1

¢ From GDC, the lines intersect at ( —4.6, 0.9)
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42 If the pivot point is the origin, then the end of the plank is at (x,y) where % = 0.7 and
y=3.5

Sox=2<=5
0.7
Then the plank length is V52 + 3.5%2 = 6.10 m
43a V =01+ 0.5t

b WhenV =5,0.5t =4.9
t=9.8
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It would take 9.8 seconds to pop the balloon.

44 a Newtons per metre (N/m)

b F=03x
If x = 0.06 then F = 0.018
Require 0.018 N
¢ A stiffer spring will require more force for the same stretch; k will be greater.
F
d x= E

So when F = 0.14 and k = 0.3, the stretch is % =0.467 m = 46.7 cm

45a C;=5+0.01m
b C;(180) = 6.8
The cost is $6.80 per month
¢ New model: €, = 0.02m
Intersection: 0.02m =5 + 0.01m
m = 500

The first contract will be better if Joanna expects to talk more than 500 minutes per
month (6 hours 20 minutes).

46 a For n items sold in a single month, the monthly profits are
P; = 10n — 2000
b P =1500=10n- 2000
n = 350

P, = 10n — (1200 + 2n)
= 8n — 1200

.‘ DYNAMIC pathematics for the IB Diploma: Analysis and approaches 3
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d Intersection: 10n — 2000 = 8n — 1200
2n = 800
n = 400

Beyond this point, the first model predicts greater profits (steeper slope/no marginal
costs).
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For P = 1500, which is lower than the intersection point of the two models, the
company will need to sell fewer items under the second model.

47 a Gradient of AB is myp = % = g

-11-(-1) _ -10 _ 5

-9-5 -14 7

Gradient of CD is mcp =

So lines AB and CD are parallel, since they have the same gradient
b However, AB and CD are different lengths, so the shape ABCD is not a parallelogram.

48 Considering the path as the hypotenuse of a right-angled triangle, the rise must be 400 m

rise

andm = 0.3
So tread = % =1333m

Then the length of the path is V4002 4+ 13332 = 1390 m

Exercise 4B

10 a (“‘2”,%,9;—2) - (;%%) = (1.5,0.5,5.5)

b

AB =\/(7—(—4))2+(0—1)2+(2—9)2
—VI21+1+49
= V171

11 B: (by, by, b,) where (5,1,-3) = (%'byz__l’bzz_“)

So B is (6,3,—8)

12 (—4+b,a_+1 1+8) — (8,2,C)

2 2’ 2

3+2 —-18-2 8+11\ _
22,22 B = (25,-10,9.5)

13 Midpoint M has coordinates (

Distance OM = /2.52 + (—10)2 + 9.52 = v/196.5

14 Distance travelled d = V142 + 32 + 6.72 = 1/249.89

total distance d —
Average speed = ————— = — =4.52ms™!
time taken 3.5

.‘ DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 4
I LEARNING @ paul Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019



15 k2(12 + 22 + 52) = 30 2
(®)

_ 30 _ . .. =

k= N /30 (selecting positive root for k) %
16 /(k =12 + (k + )2 + (—3k)% = V36 =
Q

11k?2 +2 =46 %‘,
k? =4 2

k=42

17 a2(22 + 12 + 52) = 2,/(—4)2 + 12 + 72

a= 2% = 2.97
18 2 (3a+12+5—b’2a+2b+3) — (4,-5)
3a—-b+6=38 €Y
2a+b+3=-10 2)

D+ @2):5a+9=-2s0a=-2.2
(2):b=-13—2a =-8.6
b So P:(—5.6,—4.4) and Q: (13.6,—5.6)
Y2a—M1
X2 — X1
_ —5.6 — (—4.4)

"~ 13.6 — (—5.6)
-1.2

~ 192

!

16
y—yi=mx—x;)

1
y+5=—(x-4)

Gradientm =

19 a Rearranging: y = gx -5

. 4
Gradient m; = >

b Perpendicular gradient m, = —Z

y =y =m(x —x)

7
y—2=—z(x—(—4))
4y —8=—-7x—28

7x + 4y = —-20
¢ li:4x -7y =35 (D)
l,:7x + 4y = =20 (2)
4(1)+7(2):65x =0sox =0,y = =5
P:(0,-5)
1 DYNAMIC pathematics for the IB Diploma: Analysis and approaches 5
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20a 1.8m
b Midpoint of BC is G: (3,1, 0)

d Shortest distance will be perpendicular to [; and so equals NP. 2
(®)

NP = J(o — (—4))* + (-5 - 2)? 5

o

— n
NG C

= 8.06 2

[

O

=

GE =+/(3-0.2)2+ (1 -1)2 + (0 — 1.8)2
=+/11.08
=3.33m

21 a Midpoint M: (3,7)
b From A to M: 2 units right and 3 units down

So from M to B will be the same translation, but rotated 90°: 2 units down and 3 units

left
B:(6,5)
Then M is the midpoint of BD, since it is the centre of the square
D:(0,9)
. 8-1
22 a Gradient my, = P 1
So Gradient mpp = —1

The centre of the rhombus is M, the midpoint of AC
M has coordinates (4.5, 4.5)

So line BD has equation y — 4.5 = —(x — 4.5)
y=9—xory+x=9

b myp = % so line AB has equationy — 1 = %(x -1)

_ 4 1
y=3%"3
B is the intersection of these lines. Substituting:
4 1
9 —x= §X - §
7 28
3¥°3

x = 4 soy = 5. B has coordinates (4,5)

Since M is the midpoint of BD, it follows that D has coordinates (5,4)

¢ AB=,/(4-1)2+(5-1)2=5
23 a Diagonal of the cuboid has length V32 + 42 + 52 = /50 = 7.07 m
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b Considering the net of the room, the shortest distance for the spider would be the
diagonal of the rectangle formed by any two sides of the cuboid.

The options are:
Diagonal of a 3 by (4 + 5): V32 + 92 = /90
Diagonal of a 4 by (3 + 5): V42 + 82 = /80
Diagonal of a 5 by (3 +4): V52 + 72 = /74 ~ 8.60 m

Mixed Practice 4

1 a i M:(?,%):(Z,—Z)

P . -5-1 3
ii Gradient Mpg = ey = >

. .2
iii Perpendicular gradient is — 3

b Line has equationy — y; = m(x — x;)

2
y+2=—§(x—2)

Substitutingx = O,y =k:k+2 =§SOk = _§

2 a M: (2,3):(5‘2 8”)

2’ 2

Sos=6,t=-2

b Gradient of AB is myp = t8 M2
-2-s -8 4
So the perpendicular gradient is m, = — 2

5

Line has equation y —y; = m(x — x;)

4
y—3=—§(x—2)

5y —-15=—-4x+8
4x + 5y =23

3 a Whenx=6,y=0,2y—-3x=0-18=-18 # 11

Since 2y — 3x # 11 at point A, it follows that A does not lie on L,
b Rearranging: y = % x + %

Gradient of L, is ;
¢ Perpendicular gradient m,; = —%
d Line has equationy — y; = m(x — x;)

2
y-0=-3(-06)

2
y=—5x+4

3
c=4
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__(10-6) _

4 a mAB —_— —1-3 _1

b Perpendicular gradientm; =1
Line has equation y —y; = m(x — x;)

y—6=1(x—3)
y=x+3

¢ P has coordinates (0,3) and Q has coordinates (3,0)

Area OPQ =>X3X3 =45

5 a M: (ﬂ ﬂ) = (2.5,-1)

2 ' 2

PQ = J(s ~ (1) + (=4 - 2)?

=85
=9.22

. . -4-2 6
¢ Gradient of PQ is mpy = — ="

Perpendicular gradient m; = %
Line has equation y —y; = m(x — x;)

7
y= (=D =c(x-25
747

PQ = \/(6 — (1)’ + (=4 —2)2 + (3—5)2

=89
=943

7 a  Whenx =0,y =3and wheny = 0, x = 6 so P has coordinates (0,3) and Q has
coordinates (6,0).

b PQ =32+ 62 =45 =35

¢ Substituting y = x into the equation for [;: 3x = 6 so x = 2, and the intersection is (2,2)

. . . 7 d
8 a Rearranging the line equation: y = — Xty
. 7
Gradient myy = — "
k—(=5) k+5

b Gradient muyn = 13 = -

Equating with the answer to part a: k = 2
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¢ Line through N(—1,2) with gradient myy = — Z has equation

(-2 =~ (x~ (-1)

7 1
YT
Equating with the answer to parta: d = 1
o & Mup = 2:5(—83) - _g
_(6-9 3
e = T8~ 8
So AB || DC
9-8
Myp = _4_—(_3) =-1
6—5
Mg =75 = -1
So AD || BC

The quadrilateral has two pairs of parallel sides, so is a parallelogram

b Since myp X myg # —1, the angle at A is not a right-angle, so the shape is not a

rectangle.
10 If the three vertices are A(—2,5), B(1,3) and C(5,9)
_3-5 2
s =T (2= 3
9-5 4
Mac =5 ()77
9-3 3
Mpc = 5=7=3

Then myp X Mge = —1 so AB 1 BC and therefore the triangle has a right angle at B.

11/(—=4)? + a2 + (3a)2 = V416
16 + 10a? = 416

a? = 400

a=12120

122 Midpoint M: (22,222 249) = (—2,3, —5)

p=1q=-18
b A:(2,1,8),B:(—6,5,—18)

AB = J(z —(=6))" + (1 -5)2 + (8 — (-18))’

=756
=275

B3m=2%=15
4
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14 Taking the equations simultaneously: %x —-3=2- gx 2
(®)
.g
-x=05 =
6 7
=30 -8 o
X = 7 SOy = 7 g
30 6 o
-9
7 7 =
Distance OP = 2/302 + 62 = 2V26 = 4.37
. 0-3 1
15 a Gradient of AB myp = - "3

The perpendicular gradient is m, 45 = 3 so line y = 3x is perpendicular to AB.

. 7-3 1
b Gradient of AC my, = eyl
The perpendicular gradient is m, 40 = —2

Midpoint of AC M = (0,5)
Line equation y —y; = m(x — x;)
y—5=-2(x—-0)
l, has equationy = —2x + 5
¢ Intersection of y = 3x andy = —2x + 5:
3x =—-2x+5
5x =5

x = 10 S has coordinates (1,3)

SA = \/(1 —(-9)*+(3-3)2=5

SB=,(1-4)2+@B-7)2=5

SC=(1-52+(3-02=5
So point S is equidistant from the three points.

Tip: S is called the “circumcentre” of the triangle, and lies at the common intersection of all
three side perpendicular bisectors. Because it is equidistant from all three vertices, a circle
drawn with centre at the circumcentre through one of the vertices will also pass through the
others as well, so that the triangle is inscribed exactly in a circle. You may like to investigate
properties of the other major triangle “centre points” called orthocentre, centroid and incentre,
and their relationships.
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17 a (7))
c
U (@)
1 -
5 =)
o o
T :
THT Mgy 3
gosgs Ny 5
I~
- ’gl Py
-
A ’0 ~
ol 5 LS 5
-~

A5
A
o}o
X

B ””
b M (22,22 2 = (25,25,2)
C

AB =/(0-5)2+(3—-2)%+ (4—0)2
= Va2
= 6.48

8-2

82 _1
5-(=7) 2

18 a Gradient myp =

5-7 2+8

b M (555,57) = (-1.9)
¢ Perpendicular gradient m; = —2
Equation of [;:

y =y =mlx —x)
y—5= —Z(x—(—l))
2x+y =3

d Substituting x = 1,y = 1 into the equation of [;:
2x+y=2+1=3s0N does lieon 4

e Then the distance from N to line AB is the distance MN

MN=J(l—(—l))2+(1—5)2=\/4+16=\/2_0=2\/§=4.47

19a Whenx =0,y = —6 so A: (0,6) is the y-axis intercept
When y = 0,x = 14 so B: (14,0) is the x-axis intercept

So triangle AOB has area 7 X 6 X 14 = 42

AB

V62 + 142
V232
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¢ Since the area can be calculated using any base side, and AB = V232, it follows that the
42

distance from AB to the vertex O is 2 X i A 5.51
20 When y = 0 on [; then x = 10 so P: (10, 0)
— =2 (2
Wheny = 0 on [, then x = 2soQ.(Z,O)

Intersecting the lines: [;:x = 10 — 2y and [,: x = %y +§

3 9
10-2y=>y+

2
7 11
27T
11
Y=

So R has y-coordinate % which is the altitude of triangle PQR , since the base lies along the

X-axis.
Area PQR =+ x 2 x2 =432
2 7 2

21 a Midpoint M of AC, which is the midpoint of the square, is M: (SZLZ, %) =(5,2)

w
Juy

1

Gradient of AC is my; = —=-3

(o]

So the perpendicular gradient m, 4o = mgp = 3
Then the equation of the other diagonal is y — 2 = 3(x — 5)
BD has equation y = 3x — 13

b From M to A is translation 3 right and 1 down, so from M to B will be a rotation 90° of
this: 3 up and 1 right, so B is (6, 5) and then since M is the midpoint of BD, D has
coordinates (4, —1)

22 Midpoint of AC is My¢ = (=, 222) = (3,0)

Midpoint of BDis Mgy = (£2,2E2) = (3,0)

So the two diagonals have a common midpoint.

Gradient of AC is myp = 2zl
9—3 3
. . -3-3
Gradient of BD is mgp = 2 = 3
myc X mgp = —1 so the two diagonals are perpendicular.

Since only a rhombus has bisecting diagonals which are perpendicular, it follows that ABCD
is a thombus.

Tip: There are several alternatives here — pick a set of defining properties of a rhombus and
show that they are true; an alternative would be to show that AB || CD and AD || BC (so that it is
shown to be a parallelogram) and then also show that AB = AD.

As another option, ignore gradients altogether, and show that AB = BC = CD = AD

.‘ DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 12
LEARNING @ paul Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019

(72)
c
9o
=
=
o
(7]
©
()
=
[
2




23 Gradient 0.15 = —=¢
Tread
So the horizontal distance is Tread = Rise _ 20 _ 133.3 m
015  0.15

Then the distance travelled (the hypotenuse of the triangle with vertical distance 20 and
horizontal distance 133.3 is V202 + 133.32 = 135 m

24 If the vertical distance of each section is 6 m and the gradient is 0.75 then the horizontal

distance (when elevated) is % =8m.

The length of each section is therefore V62 + 82 = 10 m

Then by elevating the bridge section, the ends each move 2 m from the midpoint of the
bridge, for a total 4 m separation.
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5 Core: Geometry and trigonometry
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These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 5A
16

Surface Area = 4mr?
= 41 % (7.5)? cm?

= 2251 cm?
= 707 cm?
17
Curved Surface Area = 2mr?
= 21 % (3.2)2
Circle Face Area = nr?
=m x (3.2)2
Total Surface Area = 31 x (3.2)2
= 96.5 cm?
18
Base Area = mr?
=71 x (1.6)?

1
Volume = 3 X Base Area X height

1
=3 X 2.56m X 3.1

=8.31m3
19

Volume = —nr
128

=—7
=134 cm3
20

4
Volume = §nr3

4
= §7I X (915)3
=3210cm?
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21 Converting all measurements to cm.
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Cylinder:

Curved Surface Area = 2nrl
=2XmTX5%x100
= 1000w

Base Surface Area = mr?

=1 x 5?2
= 257
Volume = mr?l
=1 x5%x%x100
= 25007
Cone:

Curved Surface Area = niry/r2 + h?2
=1 X5xV125
= 251V5

1
Volume = §m‘2h
1
= §Tl’ X 52 X 10
_ 250

Total Surface Area = 1'[(1000 + 25+ 25\/5)

= 3400 cm?

250
Total Volume = (2500 + T)
= 8120 cm?
22 Cylinder height is 59 cm

Cylinder Volume = nr?h
=7 X 14? X 59
=11564n

Hemisphere Volume = §71'T3

_ 5488
-3

T

5 488
Total Volume = (11 564 + )n
=42100cm3 = 4.21 x 10* cm3

23a r=+V172-122=12.0cm
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b
Curved Surface Area = mrl
= Xx120x%x 17
= 643
Base Surface Area = mr?
= 1457w
= 456
Total Surface Area = 643 + 456
= 1100 cm?
24 a V =nr?h

503.7 = r? x 12

_ 503.7

"= 12m
=3.61cm

b 3xX123=36.9cm

Tip: Remember that a tapered solid has one third the volume of a prism the same height and
base area, so a tapered solid with the same volume and base area would be three times the

height.
25 a

b Viphere =371 = 192

3 3
= [192 X —
r 41

=3.58cm
26 a Height of cone heope = 35—23 =12 cm

Radiusr = 9 cm

Slant height [ = /92 + 122

=15cm
b Curved SA of cone Scope = ™ X 9 X 15 = 1357 cm?
Side SA of cylinder S¢y; = 2m X 9 X 23 = 4141 cm?®
Base area of cylinder Sg,e = m X 92 = 811 cm?
Total SA = 6307 cm? = 1980 cm?

27a A side face is isosceles with base 12 cm and perpendicular distance

V152 — 62 = 3321 cm

1
Side face area = > X 12 X 3v/21 = 82.5 cm?
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b Basearea = 12 X 12 = 144 cm?
Total surface area = 4 X 18V21 + 144 = 474 cm?

¢ Diagonal of the base has length 12v2 cm so half the diagonal is 6v/2 cm
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Pyramid height h = |152 — (6vZ)" = V153 cm

1
V=§><144xv153
=594 cm3

28 For the complete cone:
1
V=§7't><22><6=87tcm3
After the hole is bored, the volume removed is gn x 13 = %7‘[

So the end volume is (8 — g) m=22cm3

Slant length [ = V22 + 62 = v/40 cm
Cone curved SA = 7 X 2 X V40
Hemisphere curved SA = 2r X 12 = 21 cm?
Base ring area = m(2%2 — 12) = 3w cm?

Total SA = (5 + ZM)E cm?
= 55.4 cm?

29

2
Total volume = §1r(83 +10%)
= 3170 mm?3

Curved area = 2m(82% + 10?)
= 3287 mm?

Ring area = m(10? — 82) = 36w mm?

Total SA = 3647 mm?

= 1140 mm?
30 Main cone:
1
v =—nr?h
3
1
= §T[ x 82 x 30
= 6407 mm?3

Curved SA = nrl

=1 X 8 X /82 + 30?2

= 248.4m mm?
.‘ DYNAMIC pathematics for the IB Diploma: Analysis and approaches 4
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Removed cone:

12
r=8X—=32mm

30
1
V=§n><3.22><12
= 40.96r mm?3
Curved SA = X 3.2 X +/3.22 + 122
= 39.77 mm?2

Frustum V = 640 — 40.96m
= 1880 mm?3

Frustum SA = (248.4m — 39.7m) + m(82 + 3.22)
= 889 mm?

31 a Letx be the length of one side of the base, so that the base area is x?

1
V=§x2h
2_3V_3><1352_169
YT T T s T
x =13 cm

b Let [ be the altitude of one of the isosceles triangle faces.

l =/ h? +0.25x2
=+/24% + 6.52

= 24.86 cm
Then the area of one of the triangles A is given by

1
A= Elx = 162 cm?
So the total surface area is 44 + x2 = 815 cm?

32 V= §m”3 =354

3
r =

35

I

N

X =4.39

N

3V
SA = 4nr? = —= 242 m?

33 a Cylinder:

Curved SA = 2nrh
=2 X2X8
= 327 mm?
V =nr’h
=mTx2?°%x8
= 327 mm?
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Hemispheres:

Curved SA = 4nr?
=41 x 22

= 167 mm?

v 4
=—nr
37

4
=-mrx23

377.'

32

= —mmm
3

3
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3

Total:
SA = 487 mm? = 151 mm?

128
V =——mnmm? = 134 mm3

b Requirer = 1.8 mmandV = 0.9 X 134 = 121 mm?3

4r
V =nr? <h +—)

3
Rearranging:
V. 4r
w2 3
= 9.45 mm

So the total length of the new tablet is 9.45 + 2(1.8) = 13.1 mm
34 a Converting all lengths to cm for consistency of calculation:

Cylinder height h, = 180

Spike height hy = 10

Cylinder: V = nr?h,
=1 X 4% x 180
= 28807 cm?

: 1,
Spike: V =3 hy
_1 X 4% x 10

_ 1607
3

2
Hemisphere: V = §T[T

3

cm

3

2
=—mx43

377.'
128

3
Total: V = 2976m cm?3

= 9349 cm3

3

cm

For a thousand posts, the volume of metal required would be 9 349 000 cm3® = 9.35 m?3

.I) DYNAMIC pathematics for the IB Diploma: Analysis and approaches 6
LEARNING gpayl Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019



b Paint volume needed could be calculated by multiplying the surface area of the entire
shape by 0.44 mm:

Unpainted Spike: slope length [ = V10?2 + 42 = 10.8 cm
So unpainted spike SA = wrrl = 4w X 10.8 = 135.3 cm?
Unpainted cylinder SA = 2nrh = 27 X 4 X 180 = 4523.9 cm?
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Unpainted hemisphere SA = 2rr? = 21 X 4% = 100.5 cm?
Total unpainted SA = 4759.8 cm?
Then approximate volume of paint is 4759.8 X 0.04 = 190 cm?

This method is imprecise as it takes no account of how the paint accommodates to
angles surfaces, but given the shape concerned, this is immaterial.

Alternatively, we can estimate the volume of paint as the increase in volume when the
original calculations use r = 4.04 instead of 4 and spike length 10.04 instead of 10.

Total shape volume, from part a, is given by
2 1 2 2 3 3
Vunpainted =nrch, + §7TT hs + §7TT' =9349 cm

Using r = 4.04, h, = 180 and h; = 10.04, this gives

|74

paintea = 9539.4

The difference is accounted for by the paint, so the approximate volume of paint is
190 cm3

For 1000 posts, the total paint needed is 190000 cm® = 0.190 m3

Exercise 5B

34
350 X 20
Yy
—
4 cm z
4
y= tan 35°
x +4 = ytan55°
4tan 55°
tan 35°
=4.16 cm
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35 e
k)
e
=
y %
©
7]
9 o =
u 20 o
4 cm 3 cm ;
y = 7tan 20°
1 (Y
_ 1(2
6 = tan (4)
_ tan-1 <7tan 20°)
= tan 2
= 32.5°

36a (0,3)and (—6,0)
-1 E — o
b tan (6) = 26.6

37 a

fs
-\
=

b tan~1(3) = 71.6°
38 Cosine Rule:

a? =112 + 122 — 2(11)(12) cos 35°
= 48.7

a =+v48.7 = 6.98 cm

39
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Sine Rule:
sin x _ sin 43°

5 4

x =sin™?! (
= 58.5°
Third angle = 180° — 58.5° — 43° = 78.5°

5sin 43°)
4
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40 Cosine Rule:

92 4+ 162 — 182>

CAB = cos‘1< 209(16)

= 87.4°

41 a Cosine Rule:

0 = cos-t 10 +20% — 112
- €08 2(10)(20)

= 18.6°

b Sine Rule for area:

1
Area = 3 (10)(20) sin 18.6°
= 32.0

42 Sine Rule for area:

1
Area = 5 (AB)(27)sin70° = 241

AB = 482 = 19.0
© 27sin70° 7
43
B A
-J 250
10 em )
D T
3.5 cm
C
BD = 10sin 25° = 4.226 ...
AB = 10cos 25° =9.063 ...
x =+/(BA)% + (BC)?
=9.06..2 +7.72..2
=11.8cm
AB
0 = cos™?! (—) - 25
X
= 15.5°
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44 y-intercept is 8, crosses x-axis at 10

Angle with the x-axis is tan™1 (%) = 38.7°

45 a Intersection: 2x — 8 = %x -1

T =7
i

x=4

)
c
9o
whd
=
o
o
o
)
R~
S
=

The lines intersect at (4,0)
b Angle between the lines:
Angle of y = 2x — 8 is tan™1(2) = 63.4°
Angle of y = %x —1listan™?! (i) = 14.0°
Angle between the lines is therefore 63.4 — 14.0 = 49.4°
46 Line 2x — 5y = 7 has gradient % and angle to the horizontal tan™1 @) =21.8°

Line 4x + y = 8 has gradient —4 and angle to the horizontal tan~1(—4) = —76.0°
Angle between the lines is therefore 21.8— 76.0 = 97.8°
Acute angle is 82.2°

47 Sine Rule:

b _ 12
sin60°  sin 40°
_ 12 sin 60° 162
~ sin40° om

48 Cosine Rule:

a= \/52 + 82 — 2(5)(8) cos 45°
= 5.69 cm

49 Cosine Rule:

N _1<62+82—42>
O {2000

= 29.0°

50 Sine Rule:

sinY _ sin 66°

8 10

I (8 sin 66°)
Yy = sin 10
= 47.0°
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52 A =180 —-32 — 64 = 84° g
Sine Rule: g
=
a 3 o
= 0
sin84° sin32° o]
7]
3 sin 84° x
sin 32°
= 5.63 cm =
53
A
10 9 13
70°
B D c
Sine Rule in ABD
ABD ) (9 sin 70°) &7 70
=sin" " |——— ) = 57.
S 10
Sine Rule in ACD
A 9sin110°
ACD = sin™! (T) = 40.6°

Then BAC = 180 — 57.7 — 40.6 = 81.7°
Cosine Rule in ABC

BC = /102 + 132 — 2(10)(13) cos 81.7°
=15.2

54 Sine Rule for area:

1
Area = 5(6)(11) sinf = 26

52
0 = sin~! <£) =52.0°

Cosine Rule:

AB = /62 + 112 — 2(6)(11) cos 6
= 8.70
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55

B
Sine Rule in ABD:

~ 9 sin 40°

B =sin™? (—) = 46.3°

8

C =90 — 46.3 = 43.7°

Sine Rule in ACD:
95sin 50°
x =——5—=9.98
sinC

56 Let the base length be b.
Then h = btan40° and d + h = b tan 50°
h =btan50°—d
tan 50° —d

" tan 40°

Rearranging:
tan 50°
h (tan 40° 1) =d
d tan 40°

"~ tan 50° — tan 40°
_ 4-h
tan30°’Y ~ tan10°

57a x=

b Sincex+y =28

Y LS. IO
tan30° tan 10° tan10°
4

8 — 10
tan 10 — 373

h =

(tan130° N tan110°)
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Exercise 5C

20 h =40tan55°=57.1m
21a HB =+5%2+12%2+92 =158
b BD =+122+92 =15

~ BD
HBD = cos™! (—) = 18.4°

HB
22 a
E
10 cm 10 cm
A 7v2 cm c
b Let X be the centre of the base, midpoint of AC.
7V2
A=

The pyramid height EX = VEA2 — AX2 = Y100 — 24.5 = 8.69 cm

¢ Cosine Rule:

2
" 10% + 102 — (7V2)
AEC = cos™! =59.3°
cos ( 2(10)(10)
23 Radius = 6
6=t n‘l(g)—563°
= ta ) = 56

24 a

120 m
56°

e

Tent

b RT =120co0s56°=67.1m
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25 a

0.8 km

e

)
c
9o
whd
=
o
o
o
)
R~
S
=

1.2 km

b Distance east of the port is 0.8 sin 37° = 0.481 km
Distance north of the port is 1.2 4+ 0.8 cos 37° = 1.84 km

Total distance from port is V1.22 + 0.4812 = 1.90 km
26 BT = 1.6 + 6.5tan62° = 13.8 m
27d =9tan78° = 42.3 m
28 If the initial distance from the statue is x and the height of the statue is h

xtan17.7°=h D

(x+5)tan12.0°=h 2)

():x = tan17.7°
tan 12.0°

(2:h (1 " tan17.7°

5tan12.0°

()

29 If the height of the lighthouse is h and the distance of the first buoy from the lighthouse is x
then

) =5tan12.0°

=3.18m

h = xtan 42.5° (€))
h =+x2 + 182 tan 41.3° 2
(D:x = tan 42.5°
h 2 h 2
(2): (tan 41.3°) - (tan 42.5°) + 324
324
2 _
e U
tan? 41.3° tan?42.5°
h = 324 = 55.6 = 56
= 1 T 20bxoem

tan? 41.3° tan? 42.5°
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30a AG=+V7?+42+9%2=121cm

b AC =+v42+92=985cm

A 9.85
= -1 (== = °
CAG = cos (12.1) 35.4
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¢ BAG = cos™?! (%) =41.9°

31a

AG = JAB? + AD? + AE?
AC? = AB? + AD? = 132
AF? = AB? + AE? = 72
CF% = AH? = AD? + AE? = 112
339

1
AB? + AD? + AE? = E(ACZ + AF? + CF?) = >

339

b
CAG = -1 (AC)
= COS G
» (13@)
= COS g
V339
= 3.11°
32
E
3 cm

A 6 cm B

a AG=CE =+V32+4+62+42=781cm

b The two lines cross in the centre of the cuboid at point X, so CGX is an isosceles, with
sides 3.91 and base 3.

3.912% + 3912 — 32>

' ol -1
CXG = cos ( 2(3.91)(3.91)

= 45.2°
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The dog runs from lighthouse L to A and then from A4 to B.
LAB = 42° + (180 — 166)° = 56°
Cosine Rule in LAB:

LB = /2202 + 1802 — 2(220)(180) cos 56° = 191 m

Sine Rule:

180 sin 56°
191

The bearing from L to B is 51.3 + 42 = 93.3°

ALB = sin_1< ) =51.3°

So the bearing for the return journey from B to L is 273°

34 If the lighthouse is at L, the port at P and the island at I then
g L

TI
LPI =130 — 35 = 95°

Cosine Rule:

LI = \/2.52 + 1.32 — 2(2.5)(1.3) cos 95° = 2.92 km
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Sine Rule:

2.5sin95°
2.92

The bearing from I to L is (58.64 + 130 — 180) = 8.64°

LiP = sin‘l( ) = 58.64°
35 If the apex is at A, centre of base at X and the centre of one side Q
QX =115m
AQX = 42°
So height of pyramid AX = 115tan 42° = 104 m

(72)
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o
(7]
©
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36a BT =19.5tan26° =9.51m

b d=—2=109m

tan41°

¢ Cosine Rule:

19.52 + 10.9%2 — 14.72
2(19.5)(10.9)

RBM = cos™? ( ) = 48.3 ~ 48°

37 Let the distance of the base of the painting from the floor be x and the height of the painting
be h.

x = 2.4tan 55°
x+h=24tan72°
So h = 2.4(tan 72° — tan 55°) = 3.96 m

38 a Volume of a square based pyramid is given by V = %bzh where bis the length of the
sides of the base and h is the pyramid’s vertical height.

Therefore, the volume of the Louvre pyramid is V = %(342)(2 1.6) = 8323.2..m3.

We require one unit per 1000m3
Hence, 9 units are required.

b Note that we only have to consider the heat loss through the four glass sides exposed to
the outside air.

The surface area of the pyramid through which heat is lost is given by

_ a? 5 _ 342 5 _ 2
SA = 2a ” + h2 = 2(34) T+ 21.64 = 1869.14...m

And the power required to offset this heat loss is simply
192 x 1869.14 ... = 359000 W = 359 KW

¢ Consider the triangle formed by the base of the pyramid, the vertical to the pyramid’s
peak, and the side of the pyramid.

We can apply trig. to this triangle to find the elevation, 6.
21.6

Hence, the elevation is 51.9 and therefore scaffolding is required.
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39 a We have a maximum height h when h = %tan 35°=245m
b The area of the face of the prism is given by A = % (7)(2.45) = 8.58 m?

And so, the volume of the roof space is V = % (7)(2.45)(5) = 42.9m3

)
c
9o
whd
=
o
o
o
)
R~
S
=

0.6 mt

Tm

Using proportion: If the maximum height is 2.45 m then the proportion of the width

0.6

whichis over 0.6 mis 1 — (2—45) = 75.5%

d The non-usable volume will be contained in the two identical triangular prisms at the
edge of the roof. Each has height 0.6 m and width (1 — 0.755) X 3.5 = 0.857 m so has
cross-sectional area 0.6 X 0.857 = 0.514 m?

The proportion of the volume that is unusable is therefore 08.571: =5.99%

The proportion of the volume that is usable is 94.0%

(Alternatively, it can be seen that the non-usable triangles together form an isosceles
similar to the overall triangle; since scale factor from whole triangle to unused part is
24.5%, it follows that the proportion of the cross-sectional area not used, and hence the
proportion of the prism volume not used, will be (24.5%)? = 5.99%. Again, the
proportion of the volume that is usable is 94.0%.)

40 BE =72 4+ 92 =+/130
BG =42 + 72 =65
EG = /42 + 92 =+/97

Cosine Rule:

BECG -1 (130 +97 — 65) 43.8°
=cos ' | ———| = 43.
2v130v97

Sine Rule for area:

1
Area BEG = E\/lBO@ sin 43.8° = 38.9 cm?

41 ABYV is isosceles with equal sides 23 cm and base 20 cm. Its altitude MV = V232 — 102 =
20.7 cm

Since the pyramid has a square base, NV = MV and MNV is isosceles.

MN =+v200 cm

Cosine Rule:

20.7% + 20.7%> — 200
= 39.9°

(7 — -1
MVN = cos ( 2(20.7)(20.7)
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250°

D
If Amy starts at A, then travels to B, C and finally D:

ABC =70+ 180 — 150 = 100°
Cosine Rule in ABC:

AC = JABZ + BC? — 2(AB)(BC) cos ABC
= /1202 + 902 — 2(120)(90) cos 100°

=162 m
Sine Rule in ABC:
ACB = sin-1 (120 sin 100°) _ 6.8
=si 162 = 46.

Then ACD = 360 — 250 — 30 — 46.8 = 33.2°
Cosine Rule in ACD:

AD = /1102 + 1622 — 2(110)(162) cos 33.2° = 92.3 m

Mixed Practice
1 h=50tan35°=35.0m

2 a AC =16V2=22.6cm
AG = 16V3 = 27.7 cm

27.7 cm 16 cm

A 22.6 cm C
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¢ CAG =tan™?! (%) = tan~! (%) = 35.3° g

3 a AC=23V2=325cm 5
b If X is the centre of the base, then AX = 0.5AC = 16.3 cm 2
XE = 16.3tan 56° = 24.1 cm k-

c = C;:':Go =29.1cm ;O

4 0 =2tan? (1—52) = 45.2°

5 a (06)

b Gradient = 251 —-0.5
8-2 2

¢ 6 =tan"1(0.5) = 26.6°
6 a Sine Rulein ABC:
B 10sin 100°

"~ sin50°

b Cosine Rule in ADC:

=129cm

ABC = 1 72 +12%2 —12.92 — g0.5°
= cos 200D = 80.
7 Sine Rule:
_ 10 sin 70° — 123
~ sin50° om

8 Cosine Rule:

a =+/8%2 + 102 — 2(8)(10) cos 15° = 3.07 cm

9 Cosine Rule:

52 4 72 _ 32
A=cos7!|————]=218°

2(5)(7)
10 Sine Rule:
Y =sin™?! (M) = 32.4°
15

11 Sine Rule:
) 45sin120°
Q =sin™?! (—) = 22.6°
9
SoR =180 —-120—22.6 =37.4°
12A=180—-32-72=76°
Sine Rule:

_ 10 sin 76°

= .
sin32° 8.3 cm
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13 If the initial distance from the base of the tower is x then g
xtan47.7°=h (1) :%

(x +20)tan38.2°=h (2) é

2

Wix = o277 x

(@)

=

Substituting into (2):
( tan 38.2°
tan47.7°

20 tan 38.2°

(-&w7)

) = 20tan 38.2°

=554m

14

23.5°

41 m

wall d pillar

The distance between wall and pillar is d

g 41
" tan(37.7°)
The height of the pillar is h so the difference in height between wall and pillaris d — h

=53.0m

d—h=>53.0tan23.5°=23.1m
So the height of the pillaris 41 — 23.1 = 17.9 = 18 m
15 a

10
5

ol )

- 10
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by1:10—x,y2=§x+5 =
&

Intersection where 10 — x = %x +5 E

@

—x=5 o

3" 2
B 3.75 S

x - 4 - . ;

Point is (3.75,6.25)

¢ Angle between y; and the x-axis is tan~! (%) = 18.4°

Angle between y, and the x-axis is tan~1(—1) = —45°
Angle between the two lines is 18.4— 45 = 63.4°
16 If the apex of the pyramid is E, and the base is ABCD with centre X

AE = 26 cm
AEX = 35° and AXE = 90°
AX = 26tan35° = 18.2cm
AB = 18.2V2 = 25.7 cm
1
3
= %(25.72)(26) = 5740 cm3

17a AM =62 + 32 =+/45 = 3+/5

Vol = —base X height

_ 15
AME = tan™t (\/E) = tan"(V/5) = 65.9°

b HME is isosceles with sides EM = V152 + 45 = /270 and base 6

Cosine Rule:

HilE ) <270 +270 — 62> . <504) 21.0°
= CO0S = _— ] = .
2v/2704270 540

18 Cosine Rule:
(x +4)? = x? + (2x)? — 2(x)(2x) cos 60°
x% +8x + 16 = x? + 4x? — 2x?
2x>—8x—16=0
x> —4x—-8=0
x=2+V12

In context, x > 0 so the only solutionis x = 2 + V12 = 2 + 24/3 = 5.46
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19 Sine Rule for area:

1
84=§x(x—5) sin 150°
84-—1 ( 5
—4x x —5)

x> —5x—336=0
(x—-21D)(x+16)=0
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In context, x > 5 so the only solution is x = 21

20

30 m

tower T tree

Let x be the distance between the tree and the tower on the ground.
x =30tan40° = 25.2 m
Let A be the height of the tree.
h=xtan35°=17.6 m
212 Vygu =3m(3.15)% = 131 cm?

b Vepe = m(3.2)% x 26 = 836 cm3
chbe - 4‘Vball = 313 cm3

22a AB =+9.52 —82 =+/26.25 =5.12cm
b EF = AD = AB

1
FM = EEF = 2.56 cm

BM = +/BF2 + FM2 = vV96.8125 = 9.84 cm
¢ AM =+AF? + FM? =+/70.5625 = 8.40 cm

_ 1 AM 1 8.40
AMB = cos (W) = cos (@) = 31.4°

23 Part A
a XM =5cm

b VM =vVXM? +VX?2 =+/52 + 82 =+/89 = 9.43 cm

¢ VMX =cos™! (%) = cos™?! (%) = 58.0°

.I) DYNAMIC pathematics for the IB Diploma: Analysis and approaches 23
! LEARNING gpayl Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019



Part B

a Cosine Rule:

d = /2902 + 5502 — 2(290)(550) cos 115° = 722 m ~ 720 m

b Sine Rule for area:
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1
Area = > (290)(550) sin 115° = 72 300 m?

¢ Sine Rule

180 sin 53°
230

Then ACB = 180 — 53 — 38.7 = 88.3°
24a i 225m

ABC = sin—1< ) = 38.7°

ii

(&
b If the centre of ABCD is X then the height of the pyramid is VX.
VXC =90°
VX =22.5sin53.1° = 18.0 m
¢ CX=225c0s53.1°=135m
AC =2CX =27 m

— AC _
d BC—ﬁ—19.1m

e AP =126—-18.0=108m
Volume of cuboid = AP X AB%? = 108 x 19.12 = 39 421 m?

1 1
Volume of pyramid = §AB2 X VX = 3% 19.1%2 X 18.0 = 2187 m3

Total volume = 39 421 4+ 2 187 = 41 600 m3
f 90% volume = 41 600 X 0.9 = 37 500 m3
Mass of 37 500 m3 air = 37 500 X 1.2 = 44 900 kg
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Tip: If you know how to find areas using vectors this is a much easier problem to approach.

If we just use the techniques of this chapter and some basic linear algebra, we can find the
intersection points, two side lengths and then find the angle between two lines, then apply the
sine rule for area.

Intersection points of y; = 8 — x,y, = 2x — 10 and y; = 12.5 — 5.5x
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V3 & y,:

12.5—-55x=2x—-10
7.5x = 22.5

x = 3 so intersection is at A(3, —4)

V1 & ys:
8—x=125-55x
45x = 4.5

x = 1 so intersection is at B(1,7)

V1 &y
8—x=2x—-10
3x =18

X = 6 so intersection is at C(6,2)
AB =22 +112 =5V5
AC =+32+62=3V5
Angle made by y, and the x-axis is tan~1(2) = 63.4°
Angle made by y; and the x-axis is tan~1(—5.5) = —79.7°
Angle between v, and y; is 63.4 — (=79.7) = 143° = BAC

1 "
Area ABC = 5 (AB)(AC) sinBAC

1
=X 5v5 x 3v/5 sin 143°
75

=—x0.6
2
=225
.I) DYNAMIC pathematics for the IB Diploma: Analysis and approaches 25
! LEARNING gpayl Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019



These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 6A

5 a
b

All households in Germany
Convenience sampling
Households in the city may have fewer pets than in the countryside

There may be a link between pet ownership and having a child at Anke’s school, such as
affluence or catchment area of the school (different regions of a city have different sizes
of garden or access to parks, for example).

There may even be a link between pet ownership rates and having children in the
household (and since she is enquiring only from households with children, this would
introduce a bias)

The number or proportion of pupils in each year group.
Quota sampling
i Keep — this is potentially a valid result, even if it is an outlier.

ii Discard — this cannot be a true result (misrecorded, question misunderstood or
answer deliberately mischievous)

Convenience sampling
All residents of his village

His sample is tied to bus-stop users and may not be representative of the village as a
whole, since preferred mode of transportation is relevant to environmental attitudes.

He would need access to all residents, and a means of requiring responses from the
randomly selected individuals.

8 The observation is not necessarily correct; this feature of the sample could have occurred by
chance, even with correct sampling technique.

9 a
b

10 a

Dl

Continuous

Testing the population would require running all the lightbulbs under test conditions
until they failed, which would mean none would be sold.

Listing the serial numbers in order, select every twentieth bulb.
Quota sampling

A stratified sample would be more representative of the scarves sold; this might be
significant if colour selection were linked to gender of customer.

DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 1

LEARNING gpgy Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019

(72)
c
9o
=
=
o
(7]
©
()
=
[
2




11 a

Applying the percentages to the sample size 40:

30% of 40: 12 red scarves

30% of 40: 12 green scarves

25% of 40: 10 blue scarves

15% of 40: 6 white scarves

Quota sampling

The sample will be more representative of the population she believes to be in the park.

It would be difficult to compile a list of all the animals in the park and then specifically
catch and test those animals predetermined for the sample.

Continuous

The basketball team are unlikely to be representative of the students as a whole, since
height is a relevant characteristic associated with membership of a basketball team

Systematic sampling

To be a random sample, every sample of the same size must have equal probability of
being taken. However, with the sampling described, it would not be possible to select
two people who are adjacent on the list; in fact, for a ‘one every ten names’ system, there
would only be 10 possible lists, determined entirely by which student in the list Shakir
began his sample at.

13 The proportions in the table are
Cat 27%, Dog 43% and Fish 30%.

Applying these proportions to the sample size, we would take 5 cats, 9 dogs and 6 fish

14 a

15 a

16 a

The total number in the table is 200, so applying the same proportions to a total of 20
gives

Gender/age 12 13 14

Boys 4 5 5

Girls 0 4 2

His sample might be representative of his school but there is no basis to believe it to be
representative of the country.

(For example, if he is correct about gender and age being relevant, the fact that his
sample proportions will not reflect that of the country, where 12 year old girls exist, will
be a problem!)

Discrete
Not reasonably
Convenience sampling

Different species or genetic family lines might be clustered in different parts of the field,
and if she were generalising to the country as a whole, the field itself might not be
representative.

i Possible, if her sample is representative.

ii Not necessarily; the school may not reflect the distribution seen nationally
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iii Possible; the school might follow the national pattern and she happened to select
taller students by chance.

b iand ii would have the same answer.

iii would look less likely, since her sample is now larger and less likely to be extreme by
random chance.
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¢ —32is clearly an error, since negative height is impossible. Check the original data and
if the value is clearly recorded as —32, discard it.

155 cm is very tall for a primary school student, but is theoretically possible, so should
be checked and then if truly recorded as 155, the value should be retained.

17a You would expect 20 to have taken the ‘say yes’ and 20 to have taken ‘say no’, so of the
subjects who had a free choice, 4 of 20 answered ‘yes’. This implies a 20% ‘yes’ answer
from the sample who had a free choice.

b i Out of 120 students, you would expect 20 to be answering statement 1 and 100 to be
answering statement 2.

Assuming they respond honestly to the statements as instructed, we would expect 4
cheaters to be answering statement 1 and 20 cheaters to be answering statement 2.

Then 4 + 80 = 84 would answer ‘True’
ii Let the proportion who have cheated be p.
Then the number saying ‘True’ would equal 20p + 100(1 — p) = 48

Rearranging:
100 — 80p = 48
80p =52
p = 65%

18 a  Of the recaptured fish, 20 were labelled.
40 000

If this is a representative sample, then the proportion of labelled fish in the Sea would be

20 50000
40000 ~ 100 000 000

So we would estimate 100 million cod in the North Sea

b We would have to assume that all 50 000 labelled fish were still available when the
sample was taken — that is that none had died (natural death or removed by predation or
fishing)

We would also have to assume that there was thorough mixing of the cod population so
that the sample was representative of the cod stocks as a whole. Given fish behaviour
typically involves grouping in schools, this is questionable, unless the sampling was very
extensive and avoided sampling largely from only a few groups.
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Exercise 6B

19 a  Sum of frequencies is 48

b 84+11=19

¢ From GDC: X = 6.17 min, o = 1.31 min
20a 12+4+19=31

b 14<m<16

¢ 134kg
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21 a Sum of frequencies = 28
b 155<t< 175
¢ From GDC: t = 17.3 sec

This is an estimate because the actual times are not known, so the data are assumed to lie
at the midpoints of their groups.

22 From GDC:
a Median = 4.25 min
b IQR=15

¢ The second artist has songs which are longer on average and more consistent (less
spread).

23 From GDC:
a Median = 4
b IQR=3

¢ Q; = 3 and IQR = 3 so any value below 3 — 1.5(3) = —1.5 mins would be an outlier,
but there are no such values.

Qs = 6 and IQR = 3 so any value above 6 + 1.5(3) = 10.5 is an outlier. 11 is an
outlier.

24 a  Sum of frequencies = 67
b 23 cm
¢ From GDC: mean length = 24.7 cm
d

20.5<1 <235 23.5<1<26.5 26.5<1<29.5
23 30 14

e 30+14 =44
f No. The modal group is 23.5 < I < 26.5 but the modal value is 23.
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25a Total valueis 10 + 6a = 17 X 5

10 + 6a = 85
6a =75
a=12.5

b From GDC, o = 13.4
26 a Total valueis 12x — 3 =10.5%X 6
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12x —3 =63
12x = 66
x =55
b var =309
27 Total mark for first group: 67.5x 12 =810
Total mark for the second group: 59.3 x 10 =593
Total marks over both groups: 810 + 593 = 1403
Mean mark over both groups: % =63.8

28 Total marks required for average 60 marks: 5 X 60 = 300
Total marks in the first four papers: 238
She needs 300 — 238 = 62 marks in the final paper.

_ 2X5+5Xx8+7x13+14a+10(a+2) _ 161+24a

29 a Mean
5+8+13+14+10 50
b l61+24a _ 8.02
50
161 + 24a = 401
24a = 240
a=10
30 a

45X4+5%x12+65x8+7X 4+ 2x
4+12+8+4+2

Mean shoe size =

158 + 2x
30
=59
158 + 2x =177
2x =19
x =95

b n = 30 so the median is midway between the 15th and 16th value, Q; is the 8th value
and Q5 is the 23rd value.

Q;=50,=503=65
¢ SoIQR =1.5

Values above 1.5IQR above Q3 would be considered outliers; 6.5 + 1.5IQR = 8.75 so
x = 9.5 is an outlier value.
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31a From GDC: x = £440, 0 = £268

b Median would seem better, since there is one value substantially larger than the others
which distorts the mean.

¢ Both will scale with the conversion:
X = $(440 x 1.31) = $576
o= $(268 x 1.31) = $351
32a FromGDC:x =4,0 =294
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b The new data values are the original values x under transformation f(x) = 3x + 2000
The mean will rise to f (%) and the standard deviation will rise to 3o
The new mean is f(4) = 2012

The new standard deviation is 3 X 2.94 = 8.83

33 The mean is 251 - :ﬂ =10.6°C

The standard deviation is g 3.6=2°C

34 The mean is 5.7 X 1.61 = 9.18 km
The variance is 4.5 X 1.612 = 11.9 km?
35 New median is —3 X 25 = =75
New IQRis |—3 x 14| = 42

36 a n = 11 so the median is the 6th mark, Q; is the 3rd mark and Q5 is the 9th mark, in an
ordered list.

Since m > 46, that means Q, = 42,Q, = 37 and Q3 = 45
Median is 42 and IQR is 8
b Outliers exist for values above Q3 + 1.5IQR, which equals 45 + 12 = 57.
So any value of m greater than 57 would represent an outlier.
The smallest such m is 58.

37 Suppose each test is scored out of K marks.

Total marks for the first four tests: 0.68K x 4 = 2.72K
Total marks required for all six tests: 0.7K x 6 = 4.2K
Total required in the final tests: 4.2K — 2.72K = 1.48K
Average required in each of the final two tests: LK = 749%
38 a
M q 3x1+4x8+5x15+6p+7x4
ean grade = 1+9+14+p+4
138 + 6p
=———=05.25
28+p
138 + 6p = 5.25(28 + p)
138 + 6p = 147 + 5.25p
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0.75p =9
p=12

b From GDC: Withp = 12,0 = 0.968
39 Total frequency:
54+410+13+114+p+q =50
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ptq=11 ey
Mean:
3x5+4x104+5x%x13+6x 11+ 7p + 8q
=0 =5.34
186 + 7p + 8q = 267
7p +8q =81 (2)
2)-7(1):q=4
Then (1):p = 7.
40 Median is the central value: b = 26 D
Range is 11 so a=c—11 2)
Meanis25s0 (a+b+c¢)=3x%x25=75 3)
Substituting (1) and (2) into (3):
2c+15=75

c =30

41 Median is the central value, so a, b > 3 since either being less than 3 would decrease the
median.

Meanis4soa+b+6=4%x5=20
Thena + b = 14

The largest possible range occurs when one equals 3 (the lowest possible) and the other is
11.

Largest possible range is therefore 10.

42 The median of 8 values is midway between the 4th and 5th values.

Meanis 7s01+3+44+10+10+16+x+y=8%x7 =56
Thenx +y =12
The values are all integers.

We could choose x = y = 6, which would give a median of 6 and x +y = 12 as required;
however, this would contradict the requirement that x < y.

Choosing x = 5,y = 7 would again maintain a median of 6 and also satisfy the condition
x + vy =12. As would the case x = 4,y = 8.

Atx =3,y = 9, x becomes the (2nd or) 3rd value, with 4 being the 4th and y the 5th,
hence the median will no longer be 6.

The only possible values for (x,y) are (5,7) and (4, 8).
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Exercise 6C
10 a

20
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15

10

o+ s 12 16 20 !
b Linear estimate: one quarter of the 12 < [ < 16 group and all the 16 < [ < 20 group:
5420=25
11a 105

b

40

30

20

10

0=20 100 120 140 160 150 = “

¢ Linear estimate: half of the 100 < m < 120 group , all the 120 < m < 140 group and half
of the 140 < m < 160 group:

7+25+16 =48

This is fTi; x 100% = 46% of the apples sampled.

.I) DYNAMIC pathematics for the IB Diploma: Analysis and approaches 8
LEARNING gpayl Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019



12 a
cf

350 4

300 /
250

200 /
150 :

100 /

(72)
c
9o
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o
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50
U T 1 20 30 L
b i 17°C
ii Q,~13°C,Q;~20°CsoIQR ~7°C
13a 45

b Linear approximation: zof the group 20 < t < 25 and all the group 25 < t < 30
6 + 4 = 10 pupils.

This represents g X 100% = 22%

Time (min)

5t
<10

10t
<15

15t
<20

20t
<25

25t
<30

Freq

15

10

d Using midpoints of groups to estimate the mean:

7X75+9x%x125+15x17.5+10x 225+ 4 x 275

Mean =

14 a

=

/

45
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25 30

35 40 45

=

= 16.9 min




b Median = 31 cm
Q1 = 26.5cm,Q; = 35.5cm so IQR = 9 cm

C
20 26.5 |31  35.5 45
)
20 25 30 35 40 45
15a
cf
'y
140 /.”"
/
120 Va
100 /’
80
60 /
40 /
20 ’
0 ‘/ > 7

0 20 40 60 80 100
b 40
Median = 45
Q1 = 31, Q3 = 63 s0IQR = 32

a1 3T 1251 e 110
— i
e i

0 20 40 60 80 100 120

(<]

The distribution of number of candidates for Mathematics SL has a greater central value
but is less widely spread than the distribution of number of candidates for History SL.

(¢

16 Using midpoints of groups to estimate the mean:

" 35X 145 + 60 X 155 + 55 X 165 +20 x 175 _
can = 35+ 60 + 55 + 20 - o

17a 160

b Number scoring at least 55: approximately 270 so percentage passing is approximately
90%.

¢ 60th centile is the score exceeded by 120 students: 75 marks
d Median = 72
1 = 62, Q; =80s0IQR = 18

40 62 | 70 || &0 100
— T

& 7

40 60 80 100
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e The first school has a lower central score but is less widely spread (more consistent) in 2
the scores achieved by its students, and has fewer failing the examination. o
e
18 From GDC: =
n
a Median,Q, = 2 o
Q
Q=10;=3 5
b IQR =2 =
¢ Q3 = 3 and IQR = 2 so any value above 3 + 1.5(2) = 6 would be an outlier, so 7 is an
outlier.
d
0 1 2 3 4 6
—— x
e 7
0 4 8
19a IQR=8

Outliers are values greater than 1.5IQR from the central 50% of the data.
Q1 — 1.5 X 8 = 850 7 is an outlier.

Q3 + 1.5 X 8 = 40 so there are no outliers at the high end of the data.

AT 20 2528 38

H

60

40_=

20

0 > T

0 20 40 60 80 100

b Using midpoints of groups to estimate the mean, and assuming the lowest possible mark
is O:
Midpoint 10 30 50 70 90

Frequency 6 39 80 71 51
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6x10+39%x204+80x50+71x70+51x%x90
Mean = 247 =599

21 A2, B3, Cl

Exercise 6D

14 a,d

Y

T &

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

70 [ ] g,

65 |—e & {/
o |
0 1 ® s ]

I

55 o
145 150 155 160 165 170 175

b The scatter growth shows a weak positive correlation
¢ Mean height = 156.7 cm

Mean arm length = 64 cm
e 61.5cm

f i With reservations, since the data is from 15-year olds, but it reasonable to predict
arm length for a 16-year old from this data.

ii 192 cm is outside the range of the data taken, and extrapolating beyond the data
would be unreliable.

iii The data is from adolescents and it would not be suitable to use the best fit line to

estimate the arm length for a 72-year old.

15a,d

Y
3

250

200
.
@ \

150 e
0 3 10

b There is a fairly strong negative correlation between distance from the nearest train
station and average house price; as distance increases, average house price tends to fall.
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¢ Mean distance = 3.6 km
Mean price = $192 000

e Using the line to estimate: A village 6.7 km from its nearest train station would be
predicted to have an average house price approximately = $161 000

16 A) Strong positive correlation: Graph 1

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

B) Weak negative correlation: Graph 2
C) Strong negative correlation: Graph 3
D) Weak positive correlation: Graph 4
17a r =0.688
b From GDC: y = 0.418x + 18.1
¢ The model predicts a second test score of 46.5

d The statement is not appropriate, as it infers causation from the correlation. There is no
reason to believe that math score drives chemistry score (or vice versa), the correlation
merely indicates that they are linked.

18a r =0.745
b Greater spending on advertising tends to yield a greater profit.
¢ From GDC:y = 10.8x + 188
d i $1270
ii $2350

e The estimate for $100 is within the values of the data, and is therefore more reliable than
the estimate for $200, for which we have to extrapolate from the graph.

19a r=-0.0619
b y=51.6-0.0370x

¢ It would not be reasonable to use a mark in History to predict marks in a French test. The
correlation is very low, far lower than the critical value, so the data does not indicate a
significant link between the two data sets.

d As for part ¢, the correlation value is so low that no link is established between the two
data sets. Neither is seen to predict the other, so a French test result could also not
reliably be used to predict score in a History test.
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20 a (7))
c
v S
1 whd
4 =)
()
7
3 ! . =
X
[
. (@)
5 =
L]
1 L]
L
0 > T
0 2 4 6 & 10 12
b r=-0.695

¢ The calculated correlation coefficient has an absolute value greater than the critical
value, so we conclude that there is statistically significant negative correlation between
age and value; as age increases, value tends to decrease.

21 a

60

50

40 ..

30 [ ] [ ]

20 - T
0 5 10

b Weak, negative correlation
¢ r=-0.480

d The absolute value of the correlation coefficient is less than the critical value. The data
does not show a significant correlation.

22 a There is a moderate positive correlation between head circumference and arm length in
the sample.

b This head circumference is within the values of the data set and there is a moderate
correlation, so the estimate can be considered reliable.

¢ Substituting x = 51.7 into the regression line equation: y = 40.8.
An arm length of 40.8 cm is predicted.
23a r=0.828
There is a moderate positive correlation between time spent practising and test mark.

b m = 0.631t + 5.30
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¢ The intercept value suggests that if no time is spent revising, Theo would expect to score
5.3 on a test.

The gradient suggests that for every minute spent studying, he increases his expected test
score by 0.631 marks.

24 a The moderate positive correlation suggests that as advertising budget increases, so too
does profit.

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

b No. The correlation shows a linkage, it does not show causation.

¢ i The slope 3.25 suggests that for every thousand Euros spent in advertising, the
profits are expected to rise by 3 250 Euros, within the interval of the advertising
budget investigated.

ii The intercept 138 suggests that with no advertising at all, there would be a profit of
138 000 Euros.

25a

50 ®
o
40 ‘—J e
’
L ]

30

20

10 e &

0 = T

0 10 20 30 40

b The two regions represent sales in cold weather (perhaps winter) and sales in warm
weather (summer).

¢ For the winter temperatures, there appears to be no significant correlation between
temperature and sales.

For the summer temperatures, there appears to be a strong positive correlation between
temperature and sales.

d Excluding the lower population (temperatures below 20 °C), the regression line is
calculated as

y =297+ 1.30x
This predicts that for a temperature of 28 °C, the sales would be approximately 39.5.
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26 a

70

60

50
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=
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40

30

20 T
10 - T

110 120 130 140 150 160 170 180

b The children and the adults have height to mass relationships, but each subpopulation
shows a (different) positive linear correlation.

Y

[
70

60
P
50 i

40

30 '/

20

10 > T
110 120 130 140 150 160 170 180

children (126, 24.3), adults (162,56.8)

d The regression line for the childrens’ data (heights less than 140 ¢m) in the data has
equation

m = 0.835h — 81.1
This predicts a mass of 19.0 kg for a child with height 120 cm.
27 a Forx:
Q. =12,Q; = 24.
Fory,
Q. =11,0; =19
b Outliers are values more than 1.5I1QR above Q5 or below Q.

For x, IQR = 12 and all the data values lie within (12 — 1.5(12),24 + 1.5(12)) =
(—6,42)

For y, IQR = 8 and all the data values lie within (11 —1.5(8),19 + 1.5(8)) = (-1,31)

There are no outliers in either data set.
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30

25

(72)
c
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=
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20

15 )/
10 ’(/

0 5] 10 15 20 25 30

Mixed Practice

1 a i Systematic sampling

ii Students might have a weekly borrowing pattern, so would either be sampled every
time or not at all.

Even without such a regular pattern, some days of the week might be busier than
others, and picking the same day every week would then not be representative.

b i Each possible ten day selection has an equal chance of being picked for the sample.
ii The sample is more likely to be representative of all the days in the investigation.
¢ From GDC:
i Range =11
ii x=174
iii 0 =3.17

40

35 ®

30

25 @

20

10 15 20 25 30 35 40
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b There is a strong positive correlation; as temperature increases, sale of cold drinks also
tends to increase.

¢ From GDC:n = 1.56T — 10.9

d 26 °C is within the range of data values for a high correlation line, so we can confidently
estimate using the regression equation.

When T = 26,n = 30.0

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

3 a Using midpoints of groups to estimate the mean:

4x14+10x18+8x22+16%x26+12x3.0
Mean = =0 = 2.38kg

b

cf
f

. T

. /

20
10 ’/
0 // - w

0 1 2 3 4
¢ From the graph:
Median = 2.5 kg
Q; =19kg, Q; = 2.8kgso IQR = 0.9 kg
d
L:2 2.550013.2
1.9 2.8
-
0 1 2 3 4
4 a Discrete
b Mode =0
¢ From GDC:
i X = 1.47 passengers
ii Median = 1.5 passengers
iii ¢ = 1.25 passengers
.I) DYNAMIC pathematics for the IB Diploma: Analysis and approaches 18
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5 a Median =4
b
4 8
1]
0 1 2 3 4 5 6 7 8 9 10
Number of books read
¢ 40 X 25% = 10 students
6 a From GD:r = 0.996
b From GDC:y = 3.15x — 15.4
¢ High correlation and value within the data range allows confident approximation from
the regression equation.
When x = 26,y = 66.5
7 a
cf
)
50 /
40 /
/(
30 /
20 /
10 /
g 7 4 6 § 10 12!
b From the graph:
i Median = 6.9 mins
ii Q; = 5.0 mins, Q3 = 7.9 mins so IQR = 1.9 mins
iii 90th centile is at cf = 43.2, which corresponds to approximately 9.3 mins
c

Time Freq
0?2 4
2<t<4 5
4<t<6 7
6<t<8 11
810 8
10 <12 3
DYNAMIC Mathematics for the IB Diploma: Analysis and approaches
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d Using midpoints of groups to estimate the mean:

4x1+5%Xx34+7Xx5+21x7+8x9+3x11 ]
Mean = 13 = 6.375 mins

8 a From GDC:
Median = 46
Q1 = 33.5,0; =56 s0IQR =225

(72)
c
9o
=
=
o
(7]
©
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=
[
2

b Outliers are values more than 1.5I1QR above Q3 or below Q.

The lower boundary for outliers is 33.5 — 1.5(22.5) = —0.25 so there are no outliers at
the lower end of the data.

The upper boundary for outliers is 56 + 1.5(22.5) = 89.75 so 93 is an outlier.

26 46/ 61 93

33.5 56

|

0 10 20 30 40 50 60 70 80 90 100
9 a From GDC:

Mean = 121 cm
Var = 22.9 cm?
b Adding a constant changes the mean but not the variance.
For the new data,
Mean = 156 cm
Var = 22.9 cm?
10 Let X be the distance travelled, in kilometres.
x=11.6,0, =12.5
Let Y be the cost of his travels, in $
Y =154 345X
Then y = 15 + 3.45x = $55.02
And o), = 3.450, = $43.13

11
5Xx0+6x1+8x2+3x
Mean =
19 + x
_2+3x_ o
T 194x
22+ 3x =304+ 1.6x
1.4x = 8.4
x=6
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150

100 - w
5 6 7 8 9 10

b From GDC:w = 19.1s 4+ 99.0
¢ From GDC: r = 0.994

This indicates a strong positive correlation between shell length and mass; as shell length
increases, mass reliably increases as well.

d 8 cm is within the range of data values, and the correlation is high, so an estimate from
the regression equation is reliable.

The model predicts a mass of 252 g
e The model would predict a mass of between 137 gand 175 g.

This prediction is not reliable, since these masses are outside the data gathered, and
cannot reliably be estimated by extrapolating the linear model for adult crabs.

13 a i A positive y-intercept of 2 could be interpreted as a fixed increase in performance of
2 miles for all athletes, irrespective of their previous fitness levels.

ii The positive gradient of 1.2 could be interpreted as a variable 20% increase in
performance levels for all athletes.

b The new mean would be 1.2(8) + 2 = 11.6 miles
¢ i The correlation is unchanged by a linear transformation on the data. It remains 0.84
ii The equation of the regression line becomes
Y =1.6y
=1.6(1.2x + 2)

= 16(1'2X+2)
— 1.6

=12X+3.2

Since both axes undergo the same linear transformation, the gradient remains
unchanged but the intercept is adjusted (what was an intercept of 2 miles is now
3.2 km).
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These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 7A

26

16 a Estimate P(negative side effect) = 0= % ~ 0.0743

b Expected number with side effects = 900 x % = 66.9
17P(2) = g = %

1
Expected number of twos after 30 rolls = 30 X i 7.5

18 P(not a diamond) = 2

3
Expected number not diamonds = 20 X 1 15

19P(1) =~
S0 if400 X P(1) = 50 thenn = 8

20 P(0dd) + P(Even) = 1 because ‘Odd’ and ‘Even’ are complementary events.
P(0dd) = 3P(Even) so 4P(Even) = 1

1 3
P(Even) = Z, P(Odd) = Z

21 P(accident) = % = 0.062

If the policy price is $A4, the company wants the expected payout to be 0.8$4 in order to
make a 20% profit on policies sold.

The expected payout per policy is 0.062 x $15 000 = $930
0.84=930s0A4 =$1162.50

22a X=15
0.4
b =4
1-p
p=4—4p
5p=4
p=0.8

23 Let r be the number of red balls.
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Then there are 37 green balls and 127 blue balls, for a total of 167 balls.
P(Red ball) = —— = —
(Red ball) = 727 = 15

24 The area of the square is 1 and the area of the circle, which has radius %, is %

The probability of any point falling into the circle is therefore %.

)
c
(©)
=
=
o
)
g
)
x
[
=

. . . . . 78 _w
The relative frequency in the simulation gives 100~ 2

Som~22=312
25

Exercise 7B

40 a
First die
12|34 |5]|6
11|23 |4]s5
2| 2| 4] 6|8]|10]12
33|69 |12|15]|18
S| 4| 4|8 |12|16]20]24
25 |5 [10]15]20]25]30
&6 |6 |12]|18]24]30] 36
b P(x>20)=38—6=1“—8
Expected number of twenties in 180 trials = 180 x 118 =40
41
First die
12 (3] 4
1|2 |3 |4]5
2 3| 4/|5]| 6
3 (4|5 |6]7
4|5 |6 |7]| 8
5|67 [8]09
S 16| 7|8 |9]10
El7]8]9 10|11
2|89 |10|11] 12
P(X <10) = 26 = B
32 16
DY PTG taromtcstorne i o unayss and aporoscies 2



42 a

)
c
(©)
=
=
o
)
g
)
x
[
=

li ,_ﬂ_z
b P(D nL)_180_9

’ 40 1
¢ P(LID) = =3
43P(G,Y):;_§XE_£

29 145
pv Gy = LB, 12 _ 36
77730729 145
So P(different colours) = % ~ 0.496
44a i P(late|rain) = 2 =1
40 8

ii P(late|notrain) = > = =
48 8
b Since P(late|rain) = P(late|not rain), rain and late are independent events.

45 a

7
b P(G)=—

5
7

Q0

a 130 — (50 + 45 — 12) = 47

¢ P(T|6) =

46

47

83
b —
130
33 _ E
38+33 71
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47 There are 4 teams higher in the league and 13 teams lower in the league.

4 13
P(wm) = ﬁ X 20% + ﬁ X 70% = 58.2%

48 P(working) = % x 0.8 + % x 0.7 = 0.75

49

Travel Lateness

a P(BnL):li5

nN_ 47 4 9 132 _ 22
b P(L)_150+15+30 150 25 0.88

50 There are 63 = 216 possible throws (using ordered dice)
Means of throwing a total of 5:
1,1,3 1,2,2 1,31 | 21,2 221 | 311

Total of 6 ways, so the probability of a score 5 is % = %

. 77 77 7
51a i Plue)=———=-"L=2L
77+59+51 187 17

i P(blond) =

iii P(blue N blond) = 2>

187
52
P(B) =P(AuUB) — (P(4) —P(AnB))
=0.9— (0.6 —0.2)
=0.5
53

P(AnB) = (P(A) +P(B)) —P(AUB)
= (0.7+0.7) - 0.9
=0.5
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54 a g
P(A N B) = P(4) x P(B|4) 2
_2X1 %
572 1z
_1 ®
"5 <
O
b <
P(B) =P(AUB) — (P(A) —P(ANB))
_3 (2 1)
4 \5 5
11
20
39 13
55a P(Rlel) = 5 = E
b
P(R, NR —40x39
(Rq z)—70 %9
_ 52
~ 161
[
P(G nG)—30><29
1R 7907 69
29
161

52429 81 _ 1

161 161~ 2

Then the probability of same colours is

It is more likely to get the same colours than to get different colours.
56 a Let R, be the event of rain on day n

P(R, UR,) =1 —P(R, NRY)
=1 - (0.882)
= 0.2256

P(R; "R, NR3) =0.123
= 0.00173
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57 a

29

b P(SNG'NM') =22 =021

100
¢
nMnS)
P(M|S) = )
11
~ 40
58 a

0

b The total in all the regions of the diagram must equal 30.
x+(11 -0+l -x)+x+x—-4)+10—-x)+(x—6) =30

x+22=30
¢c x=8
P(WnPnT)—S—4
30 15
d
n(PNT")
P(PIT") = ———
(PITY) ==
15
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nWnTnP)

P(W NT|2it =
( 12 items) n(2 items)

59 a There are 3 options for older and younger: (B, G), (G, B) and (B, B). In the absence of
other information, each is equally likely.
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1
P(B,B) =7

b There are now only two options for older and younger: BG or BB. In the absence of
other information, each is equally likely.

1
P(B,B) =3

Mixed Practice

1 650X % = 416 participants

2
boy girl total
apples 16 21 37
bananas 32 14 46
strawberries 11 21 32
total 59 56 115

: 56
a P(girl) = s

b P(girl n apples) = 12T15

¢ P(banana|boy) = g
21

d P(girl|strawberry) = =

Sport Score

[X[§]
X
o=
I
Ble

Pxi=3
1=
ixi-4
a P(FNY) =§x§=f—5
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1,2,4,7,8,11,13,14, 16, 17,19

. 4 1
bl P(F):Z—OZE

ii P(F|IT) = %

P(FNG) =P(F)+ P(G)— P(FUG)
=04+06—(1-0.2)
=02

P(GNF'
P(GIF) =S5

04
T 06

wl N

P(ANB) =P(A) + P(B) —P(AUB)
=0.6+0.3—0.72
=0.18

b Since P(A N B) = P(A) X P(B), A and B are independent events.
7 P(AUB) =P(A) +P(B) —P(ANB)
If A and B are independent then P(A N B) = P(A) X P(B)

So P(A U B) = P(4) + P(B) — P(4) x P(B)
=0.6+0.8—0.6x0.8

=14-048
=092
8 a
A B
0.1
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b P(A|B) =£=%=0.75
¢ P(B|A) =%=§= 0.667

9 a i

P(1) = P(1|H) x P(H) + P(1|T) x P(T)
_1X1+1x2
673 473
1 . 3

18 18

)
c
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g
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1
9
ii
P(6) = P(6|H) x P(H) + P(6|T) x P(T)
—1><1+0x2
63 3
1

T 18

P(3U6) =P(3U6|H) xP(H) + P(3U6|T) x P(T)
_1X1+1X2
373 473
2 N 3
18 18
5
18
10 Let S be the event that the number is a multiple of 7 and N be the event that the number is a

multiple of 9.

a @ = 1429
143
P(S) = ——
) =To00
—0.143
b % -~ 111.19
by = 111
~ 1000
=0.111
N 1900 _ 159

63

P(SUN) =P(S)+P(N) —P(SNN)
=0.142 +0.111 — 0.015

= 0.238
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11 a g
Toss 1l Toss 2 Toss 3 g
1 H =
1 1 1 1_1 (o]
=X =X == =
o 2 oA g g B prd
o
il 1 1 _ 1
EABEW T E o
)
T dssi 1
ZXRRH T g =
T dssi 1
ZXRRH T g
1.1.1_ 1
PR RN
1.,1.,1_ 1
3 5737 3§
1.,1.1_1
5 575373
1.1.1_1
X3 X35 T§

b P(T,T,T) =§

¢ P(atleastone H) =1—-P(T,T,T) = g
d P(2H +1T) = P(H, H,T) + P(H, T, H) + P(T, H,H) = >

12 For Asher:

8 6 6 8
P(WBUBW):EXTB'FﬁXl—B

48
T 91
For Elsa:
8 6 6 8
P(WB U BW) =ﬁxﬁ+ﬁxﬁ
48 24
T 98 49
Asher has a higher chance of selecting one of each colour.
13

P(RRUWWUBB)—8><7+6><5+5><4
"~ 19718 19718 19 18

106
342
53
171
~ 0.310
14 a
PR 1By = o
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! LEARNING gpgy Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019



. 2
(@)
P(R{ UR,) = P(Ry) + P(R,) —P(R{ NRy) 5
8 8 8 7 3
= — — — — X — Z
24 24 24 23 o
13 g
== x
3 1 ;o
15a PR)===1
2 7 7
b P(GiB;) =5 X 5=
c
P(G,G, U R,R, UB,B —2><1+3><2+7><6
(G1G2 URR; 12)_12 11 12711 127 11
25
"~ 66
16 a
U
M C
E
b 16

¢c i 22-19=3

ii Total in the diagram studying at least one of the subjects:
11+54+64+74+104+2+3 =44

Total who study none of these subjects: 100 — 44 = 56

22

di PE)=—=

11
Fri 0.22

ii P(MnCnE')=%=2—10=O.05

62

' "N _ 31 _
iii P(M'nE") = 00 =" =0 = 0.62
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iv g
by < P N ED 2
= 7 S
P(E") S
_0.62 (7]
~ 078 9
31 %‘
39 =
10 9
17 P(R]_RZ) = Totn X on
P(YV,Y,) = — x 2 — 1
227 10+n " 940
P(Same colour) = P(R,R,) + P(\;13)
_ 90+n*-n
T (10+n)9+n)
_ 1
2
Rearranging:

290 +n%—n) = (10+n)(9 +n)
180 + 2n? — 2n = 90 4+ 19n + n?
n®—-21n+90=0

b Factorising:
n—15)(n—-6)=0
n=15o0rn =16
18a P(F US) = 100% since all students have to learn at least one of the languages.

P(FNS)=P(F)+P(S)—P(FUS)
= 40% + 75% — 100%

=15%
b
P(SNF") =P(S)—P(FNS)
= 75% — 15%
= 60%
cC 1

P(G N S) = P(S|G) x P(G)
= 85% X 52%
= 0.442 = 44.2%

i P(GNS)=44.2% and P(G) X P(S) = 52% X 75% = 39%
Since P(G N S) # P(G) X P(S), the two events are not independent.
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7.8% 44.2% ) 30.8%

17.2%

P(SNG’
PESIG) = 5

_ 30.8%

T 489%
= 0.642 = 64.2%

19aandb
7

Mango Banana.

Kiwi Fruit 8

¢c x+7+2x+18+15+12+x+8 =100

4x + 60 =100
x =10

d i n(Mango) =50

ii nm(Mango U Banana) = 82

. 1 ! I_i_i_
i P(M'nB nK)_loo_ZS—O.OS

o

ii P(M’nBnK)+P(MnB’nK)+P(ManK’)=%=0.37

iii P(M NBNKIMNB) = =0682

)

P(both dislike all) = % X % = % = 0.566%
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These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Tip: All the values calculated here are given exactly or to 3 significant figures.

Wherever a previously calculated value has to be used in a subsequent part of the question, the
calculated value has been retained in the calculator and reused. If you consistently get a slightly
different answer, you may be using rounded values in subsequent calculations, and are
experiencing the effects of cumulative rounding errors.

As a rule of thumb, if your final answer is to be accurate to 3 s. f., you need to keep at least 4
and preferably 5 s.f. for all preliminary calculated values, or store results in your calculator for
future use in the same question.

Exercise 8A
13a Require ) P(X=x) =1

02+01+03+k=1
k=04

b P(X>3)=03+k=0.7

E(X) = Ex P(X = x)
=(1x02)+(2x01)+ (3 x0.3) + 4k
=29

14a Require P(Y=y)=1

01+03+k+2k=1
3k =0.6
k=02

b P(Y<6)=01+03=04

E(Y) = Zy P(Y =y)
= (1x0.1) + (3x0.3) + 6k + 10(2k)
= 6.2

8 7 4

15a P(R,R)=EXE=E
8 6 24
PRY) =3 X3=5
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8 24

6.8 _ 0
P(Y,R) = 1213 o1 g
6 5 15 =

x 0 1 2 g

P(X = x) 4 48 15 g

13 91 91 o

=

E(X) = Zx P(X = x)

—O+(1><48)+(2><15)
B 91 91

—78 0.857
To91
13 12 1
16 a P(H,H)=§X§=E
~ 1339 13
’ 39 13 13
, N 3938 19
h 0 1 2
PE=m | 1 | B | 1
34 34 17

E(H) = ZhP(H .

—0+(1><13)+(2>< 1)
- 34 17
17

T34
=05

17 Two outcomes:
Heads: Olivia has a loss of £2
Tails: Olivia has a gain of £3

Olivia’s expected gain is % X (—£2) + % X £3 = 50 pence

Since Olivia has an expectation greater than zero, the game is biased in her favour, so is not
fair.

18 Two outcomes:
Diamond: Shinji has a loss of £3
Not diamonds: Shinji has a gain of £n

Shinji’s expected gain is % x (—£3) + % x £n = (75n — 75) pence

The game is ‘fair’ (Shinji’s expected gain is zero) if n = 1
(This is a zero-sum game, so if fair for Shinji then it is also fair for Maria)

.‘ DYNAMIC pathematics for the IB Diploma: Analysis and approaches 2
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19 Let X be the number or tails and therefore the number of dollars paid out. g
x 0 1 2 3 =
S
P(X =x) 1 3 3 1 =
a a a a n
8 8 8 8 -
<
B(X) = ) xP(X =) 5
o4 (1x3) 4 (2x2) 4 (3x2) =
B 8 8 8
12
-8
=15

So the stall should charge $1.50 to make the game fair.
20 a

Toss 1  Toss 2 Toss 3

u xixi=i
bxixi=t
ixixi=}
bxixi=1
ixixi-}
sxixi=i
pxixi=}
Bxixi=}

b
Let X be the number of heads.
3
PX=2)==
xX=2=¢
c
x 0 1 2 3
Pk=x | 1| 3|31
8 8 8 8
d
B(X) = ) xP(X =)
—0+(1x3)+(2x3)+(3x1)
B 8 8 8
_12
-8
=1.5
.I) E'_EY;%‘!LTJ_E Mathematics for the IB Diploma: Analysis and approaches 3
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21 a
First die
1 2 3 4
1 2 3 4 5
%)
a 2 3 4 5 6
= 3| 4 5 6 7
S
= 4 5 6 7 8
x 2 3 5 6 7 8
P(X = x) 1 1 1 3 1 1
16 8 16 4 16 8 16
d
E(X)=ZxP(X=x)
—(Zx1)+(3x1>+(4x3)+(5x1)+(6x3>+(7x1
B 16 8 16 4 16 8
=5
1 2
22a PX=3)=—(6)=:=04
b
E(X)=ZxP(X=x)
—(1x4)+<2><5)+<3><6)
N 15 15 15
—32—213
15 7
23a RequireYP(y=y)=1
k(3+4+5)=1
k_1
T 12
b
P(Y>=5)=P(Y =5)+P(Y =6)
= 4k + 5k
—3—0%
=;=0.

E(Y) = ZyP(Y =y)

= (+x35) + (s 33) + (x5
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24a Require)PX=x)=1

(7))
o
1 1 S
T4-4-4-)=1 =
C( +2+3+4) =
25 _ (7]
12°7 k>
12 ~
C=g=0.4‘8 é
b
x 1 2 3 4
P(X = x) 12 12 12 12
25 50 75 100
88
<3)=—0
P(X=3) =155

() _2¢_ 3
(%)_88_11

SoP(X =2|X<3)=

E(X) = Zx P(X = x)
—(1x12)+(2x12)+(3x12)+(4x 12)
- 25 50 75 100
=1.92
25 Require  P(X =x) =1
a+02+03+bh=1
a+b=05 D

E(X)=ZxP(X=x)
—(Axa)+(2%02)+(3x03)+ (4xb)

=a+4b+13
=24
a+4b =11 ()

(2)=(1):3b=0.6
Sob=0.2,a=03

Exercise 8B

1
19a X~ B(lO,g)
b From GDC: P(X = 2) = 0.291
¢ From GDC:

PX>2)=1-P(X <?2)
=1-0.775
=0.225

.I) DYNAMIC pathematics for the IB Diploma: Analysis and approaches 5
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20 a

21 a

d

22 Let X be the number of correct answers. X ~ B(25,0.2)

a

23 a

Let X be the number of times scored in 12 shots. 2
X ~ (12,0.85) %
From GDC: P(X = 10) = 0.292 é
From GDC E
X
P(X>10)=1-P(X <9) o
=1-0.264 =
=0.736
E(X) = 12 x 0.85 = 10.2
From GDC: P(Y = 11) = 0.160
From GDC
PX>9)=1-P(X<K9)
=1-0.128
=0.872
From GDC
P(7€<X<10)=PX<9)—-PX<K6)
= 0.128 — 0.006
=0.121
Var(X) =20 x 0.6 X 0.4 = 4.8

P(X < 10) = P(X < 9)
= 0.983

E(X) =25%x02=5

P(X>5)=1-PX K5)
=1-0.617
= 0.383

Assume independent events and constant probability:

Each employee gets a cold with the same probability.

One employee having a cold has no impact on the probability of another employee
catching a cold.

For an infectious condition, independence is questionable; if one employee has a cold,
one would imagine the probability of others getting a cold would be significantly
increased.

Let X be the number of employees suffering from a cold. X ~ B(80,0.012).
From GDC: P(X = 3) = 0.0560

P(X>3)=1-P(X <3)
=1-0.9841
= 0.0159
DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 6
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24 Let X be the number of sixes rolled in 20 rolls. X ~ B (20, %)

20
E(X) =— =333

P(X >3.33)=1—-P(X <3)
=1-0.567
= 0.433

25 a Let X be the number of eggs broken in one box. X ~ B(6,0.06).

PX>1)=1-PX=0)
=1-0.690
=0.310

b Let Y be the number of boxes out of ten which will be returned. Y ~ B(10, 0.310).

Tip: Always clearly define your variables and use different letters for different variables. This is
very important for making your working clear in questions like this where one variable has
parameters calculated from the distribution of another.

PY>1)=1-P(Y =0)
=1-0.0245
= 0.976

P(Y>2)=1-P(Y <2)
=1-0.3565...
= 0.643

26 Let X be the number of hits out of 10 shots. X ~ B(10,0.7).

Assume constant probability and independence between shots.

a
PX>7)=1-P(X <6)
=1-0.350
= 0.650
b LetY be the number of rounds in which the archer hits at least seven times. Y ~
B(5,0.650).
PY>3)=1-P(Y <2)
=1-0.235
= 0.765

27 Let X be the number of sixes rolled in ten rolls. X ~ B(10, p).
Empirical data suggests that E(X) = 2.7 = 10p so estimate p = 0.27
X ~ B(10,0.27)
From GDC:

P(X>4)=1-PX < 4)
=1-0.896
=0.104

.‘ DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 7
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28 E(X) =np =36 (1)
Var(X) =np(1 —p) =32=9 0

9 1

2)+1):1-p) =%=1

Then p =%andn=48

X ~ B(48,0.75)
From GDC: P(X = 36) = 0.132
29 a Let X be the number of defective components in a pack of ten. X ~ B(10,0.003)

PX=21)=1-PX=0)
=1-0.9704
= 0.0296

b A batch is rejected if both of two selected packs contain at least one defective
component.

The probability of rejecting a batch is therefore 0.0296% = 0.000876

¢ In a manufacturing situation, defective components may arise due to a faulty
manufacturing machine or lower quality materials, either of which might be expected to
affect multiple components.

Exercise 8C

13 No; the data suggest the distribution is not symmetrical

14 a

5 10

b Let X be tree height in metres. X ~ N(8.7,2.32).
From GDC: P(5 < X < 10) = 0.660
15 Let X be phone battery life in hours. X ~ N(56, 82).
a From GDC: P(50 < X < 60) = 0.465
b From GDC: P(X > 72) = 0.0228
16 Let X be tree height in metres. X ~ N(17.2, 6.32).
a From GDC: P(15 < X < 20) = 0.308

b From GDC: P(X > 20) = 0.328
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17 Let X be the time Charlotte runs a 400 m race, in seconds. X ~ N(62.3,4.52).
a From GDC: P(X > 65) = 0.274
b LetY be the number of races out of 38 in which she ran over 65 seconds.

Y ~ B(38,0.274)
E(Y) =38x0.274 = 10.4

¢ From GDC: P(X < 59.7) = 0.282
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18 Let X be the time (in minutes) taken to complete a puzzle. X ~ N(4.5, 1.52).
a From GDC: P(X > 7) = 0.0478
b Require x such that P(X < x) = 0.9
From GDC: x = 6.42 minutes
19 Let X be the time (in hours) of screen time. X ~ N(4.2,1.32).
a From GDC: P(X > 6) = 0.0831
b Require T such that P(X < T) = 0.95
From GDC: T = 6.34 hours
¢ From GDC: P(X < 3) =0.178

Let Y be the number of teenagers in a group of 350 who get less than 3 hours of screen
time per day.

Y ~ B(350,0.178)
E(Y) = 350 X 0.178 = 62.3

20 Let X be the distance (in metres) achieved in long jump for this group. X ~ N(5.2,0.6).
a From GDC: P(X > 6) = 0.151
Let Y be the number of competitors out of 30 who jump further than 6 m.
E(Y) =30 x 0.151 = 4.53
b Require x such that P(X < x) = 0.95

From GDC: x = 6.47 m
21 Let T be the time (in seconds) taken to run 100 m for this group. T ~ N(14.3, 2.2).
Require t such that P(t < tq) = 0.15 where t,is the greatest possible qualifying time.

Now, when P(z < Z,) = 0.15, we have that Z, = 1.03624.

143—tg

V22
Hence, tg = 12.763 = 12.8s
22 X ~ N(12,5)
a Require x such that P(X < x) = 0.75
From GDC: x = 15.4 s
b Require x;; such that P(X < x;;) = 0.75 and x;, such that P(X < x;) = 0.25
From GDC: x; = 15.4 s and x; = 8.63 s
SolQR=xy —x;, =6.74s

= 1.03624

Le. Zg =
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23 X ~ N(3.6,1.2)
Require x such that P(X < x) = 0.8
From GDC: x = 4.61
24 X~N(17,3.2%)
From GDC: P(X > 15) = 0.734
Require k such that P(X > k) = 0.734 — 0.62
From GDC: k = 20.9
25 Y~N(13.2,5.12)
From GDC: P(X < 17.3) = 0.789
Require ¢ such that P(X < ¢) = 0.789 — 0.14
From GDC: k = 15.2

26 For a Normal distribution to apply, require a symmetrical unimodal distribution with
approximately 95% of the distribution within 2 standard deviations from the mean.

The test data show that the minimum mark (0%) is only 1.75 standard deviations below the
mean, which would mean the distribution cannot have that Normal bell-shape.

(An alternative way of looking at it would be that if the distribution were X ~ N(35,202)
then there would be a predicted probability of P(X < 0) = 0.04 = 4% that a member of the
population scores less than 0%.)

27 a The distribution appears symmetrical, with the central 50% occupying an interval
equivalent to between half and two thirds of each of the 25% tails of the distribution.

b Let X be the weights of children; X ~ N(36,8.52)
Require xy such that P(X < x) = 0.75 and x; such that P(X < x;) = 0.25
From GDC: x;; = 41.7 and x; = 30.3
This gives IQR = 11.7.

Given there are no outliers, we understand the minimum to be no less than x; —
1.5 X IQR = 12.8 and the maximum to be no greater than x;; + 1.51QR = 59.2

13 30 36 |42 59
| :':IF |
0'.:

/
10 20 30 40 50 6

Student mass (kg)

Tip: If you are only considering the Normal model aspect of the question, you might consider
that the correct upper and lower boundaries would be more like u + 30 but then — by the
definition of outliers in a box plot — the minimum and maximum values you plot for the of the
population would be outliers, which the question explicitly excludes.

28 Let X be the sprinter’s reaction time, in seconds. X ~ N(0.2,0.12).
a From GDC: P(X < 0) = 0.0228.

If the reaction time is recorded as negative, that means the sprinter anticipated the start
signal (left the blocks before the signal was given).
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b From GDC: P(X < 0.1) = 0.159.

¢ Let Y be the number of races out of ten in which the sprinter gets a false start.
Y ~ B(10,0.159)
PY>1)=1-P(Y 1)
=1-0.513
= 0.488
d It is assumed that the sprinter’s probability of a false start is constant and that false starts
are independent, so that Y can be modelled by a binomial distribution. Since repeat
offences might lead to disqualification or being barred from future events, it is likely that
after one false start, the sprinter would adjust behaviour; this might be expected to equate
to raising the mean reaction time above 0.2 s, for example, and would mean that the set
of 10 races would not have a constant probability of a false start, and would not be
independent of each other.

29 Let X be the mass of an egg. X ~ N(60, 52).
P(X < 53) = 0.0808
P(53 < X < 63) = 0.645
P(X > 63) = 0.274

Let Y be the income from an egg, in cents
y 0 12 16

P(Y=y) | 0.0808 0.645 0.274

B() = ) yP(Y =)
= (0 x 0.0808) + (12 x 0.645) + (16 x 0.274)
=121

So the expected value of each egg is 12.1 ¢
Then the expected value of 6000 eggs is 6000 X 12.1 ¢ = $728 (to 3 s.f.)

Mixed Practice

1 a Require,;)P(X=x)=1

024+02+01+k=1
k=05

b P(X>3)=01+k=06
C
E(X) =ZxP(X=x)

=(1x02)+(2x%02)+ (3x0.1) + 4k
=29

2 Let X be the number of sixes rolled in twelve rolls. X ~ B (12, é)

a From GDC:
P(X =2) =0.296
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b From GDC:
PX>2)=1-P(X<?2)
=1-0.677
= 0.323

3 Let X be film length, in minutes. X ~ N(96, 122).
a From GDC: P(100 < X < 120) = 0.347
b From GDC: P(X > 105) = 0.227
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4 Let X be a score on the test. X ~ N.
Require x such that P(X < x) = 0.985
From GDC: x = 215
5 Let X be the number of defective plates in a random sample of twenty. X ~ B(20,0.021)
From GDC
PX>1)=1-PX=0)

=1-0.654
= 0.346
6 a
X $1 —$0.50 | —$1.50
P¥=x | 1 | 1 [ 1
2 3 6

b Expected value of each play for Alessia is

B0 = ) xP(X =)
—(1x1)+( 05><1)+( 15><1)
Bl 2 T3 T 76
1
12
The game is not fair; Alessia expects to lose $% on each play.
7 Let X be the profit a player makes on the game.
x -2 0 3 N-3
P(X =x)

Ul =
ul] =
=y
o

N| =

For the game to be fair, require E(X) = 0

E(X) = Zx P(X = x)

—( 2><1)+(0x1)+<3><1)+N_3
B 2 5 5 10
_N—3 2

10 5

Therefore N — 3 = 4 from which N =7
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8 X ~N(20,3%)
a From GDC: P(X < 24.5) = 0.933
b i

1
20 k

ii From GDC: k = 23.1

9 X ~B(30,p)

a

b

C

10 a

11 a

E(X)=10=30PsoP =

1
3
From GDC: P(X = 10) = 0.153

From GDC:
P(X>15)=1-P(X <14)
=1-0.9565
= 0.0435

Let X be the mass of an apple. X ~ N(110,12.22).
From GDC: P(X < 100) = 0.206
Let Y be the number of apples in a bag of six with mass less than 100 g.

Assuming independence and constant probability from part a:

From GDC:
P(Y>15)=1-P(Y 1)
=1-0.640
= 0.360

Let X be the mass of an egg. X ~ N(63, 6.82).

P(X > 73) = 0.0707
Let Y be the number of very large eggs in a box of six eggs.
Assuming independence and a constant probability, Y, ~ B(6,0.0707).

P(Y >1)=1—P(Y =0)
=1—0.644
= 0.356

Let Y5, be the number of very large eggs in a box of twelve. Assuming the same

independence and constant probability of a very large egg: Y;, ~ B(12,0.0707).

From GDC: P(Y, = 1) = 0.294
From GDC: P(Y;, = 2) = 0.158

It is more likely that a box of six contains a single very large egg.
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12 Let X be jump length in metres. X ~ N(7.35, 0.82).
a From GDC: P(X > 7.65) = 0.354
b LetY be the number of jumps in three attempts which exceed 7.65 m. Y ~ B(3,0.354).

From GDC:

PY>1)=1-P(Y =0)
=1-0.2695...
= 0.730

13 Let X be the 100 m time of a club runner in seconds. X ~ N(15.2, 1.62)
From GDC: P(X < 13.8) = 0.191
Let Y be the number of racers (out of the other seven) who have a time less than 13.8 s.
Y ~ B(7,0.191)
Heidi wins the race when Y = 0.
From GDC: P(Y = 0) = 0.227
14 Let X be the amount of paracetamol in a tablet, in milligrams. X ~ N(500, 802).
From GDC: P(X < 380) = 0.0668

Let Y be the number of participants in a trial of twenty five who get a dose less than

380 mg.
Y ~ B(25,0.0668)
From GDC:
P(Y>2)=1-P(Y <0)
=1-0.768
=0.232

15a

E(X) = Ex P(X = x)
= (1% 0.15) + (2 x 0.25) + (3 x 0.08) + (4 x 0.17) + (5 x 0.15) + (6 x 0.20)
= 3.52

b Rolls are independent, so
P(5,6) = 0.15 x 0.2 = 0.03
P(6,5) = 0.2 x 0.15 = 0.03
So the probability of rolling a five and a six (in either order) is 0.06.
¢ Let X be the number of times in ten rolls that a one is rolled. X ~ B(10, 0.15).
From GDC:

PX>2)=1-P(Y1)
=1-0.544
= 0.456
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16 Require  P(X =x) =1 i
(®)
1 1 —
—+-+a+b=1 5
3 4 =
7 n
b=-—-a
12 E
Let X be the gain in a single game. S
X -2 -1 0 1 =
P(X =x) 1 1 a 7 a
3 4 12

E(X) = Ex P(X = x)

—( z><1)+( 1><1)+ 7

- 3 1) T2 ¢
4

BV

Expected gain per game is —%
So—~—q=—=
3 2
1

a=g

17 Let X be the height of a pupil at the school in cm. X ~ N(148, 82).

a Require xy such that P(X < x;;) = 0.75 and x;, such that P(X < x;) = 0.25
From GDC: x;; = 153.4 cm and x; = 142.6 cm
So IQR = 153.4 — 142.6 = 10.8 cm

b Outliers are more than 1.5 IQR outside the quartile marks.
From GDC:

P(X < x;, —1.5%x10.8) = 0.00349

By symmetry, there is the same probability of a value above x;; + 1.5 IQR
Total probability of outlier: 0.00698 or 0.698% of the pupils.

18 For a Normal distribution to apply, require a symmetrical unimodal distribution with
approximately 95% of the distribution within 2 standard deviations from the mean.

The context shows that the minimum time (0 minutes, which is clearly unrealistic anyway)
is only 2 standard deviations below the mean, which would mean the distribution cannot
have that Normal bell-shape.

(An alternative way of looking at it would be that if the distribution were X ~ N(10, 5%)
then there would be a predicted probability of P(X < 0) = 0.0228 that a member of the
population finishes the test before starting it!)
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19 Let X be the volume of water in a bottle (in millilitres). X ~ N(330, 52).
Require x such that P(X < x) = 0.025.
From GDC: x = 320.2
The bottle should be labelled 320 ml.

20
First die

1 2 3 4 5 6

1 2 3 4 5 6 7

2 3 4 5 6 7 8

3 4 5 6 7 8 9

-é’ 4 5 6 7 8 9 10

e 5 6 7 8 9 10 | 11

(;)8» 6 7 8 9 10 11 12

a PX=5)=—==

1

b LetY be the number of prizes won in eight attempts. Y ~ B (8, 3)

P(Y = 3) = 0.0426
21 a Let X be the time to complete a task. X ~ N(20, 1.252).
From GDC: P(X < 21.8) = 0.925
b Require x such that P(X < x) = 0.925 — 0.3 = 0.625
From GDC: x = 20.4
22a W ~ N(1000,42)
From GDC: P(990 < W < 1004) = 0.835
b Require k such that P(W < k) = 0.95
From GDC: k = 1006.58

Tip: Given the context of the question, you clearly don’t want to give an answer to 3s.f. here!
Quick judgement suggests that the values should be 3 s.f. detail for their difference from 1000 g

¢ Interval symmetrical about the distribution mean, so we require 5% above the interval
and 5% below the interval. Then a = k — 1000 = 6.58

23X~B(5,§)
a i E(X)=5x§=1

ii From GDC:
PX>3)=1-P(X<2)

=1-0.9421

= 0.0579
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b i RequireP(Y=y)=1 ®
0.67 4+ 0.05 + (a + 2b) + (a — b) + (2a + b) + 0.04 = 1 =
4a +2b = 0.24 %
X w
11 b o]
()
<
E(Y)=ZyP(Y=y) o
= (0x0.67) + (1 x0.05) +2(a+2b) +3(a—>b) + 4(2a + b) =
+ (5 x0.04)
=0.25+13a + 5b

=1
Simultaneous equations:
4a +2b = 0.24 €))
13a 4+ 5b =0.75 (2)
2(2) —5(1):6a =10.3
Soa = 0.05and b = 0.02
¢ P(Y>3)=(a—b)+ (2a+b)+0.04=0.19 > 0.0579
Bill is more likely to pass the test.
24 Let X be the distance thrown in metres. X ~ N(40, 52).
By symmetry, P(X < 40) = 0.5
From GDC: P(40 < X < 46) = 0.385
Then P(X > 46) = 0.115

Let Y be the number of points achieved in a single throw.

y 0 1 4

P(Y=y) 0.5 | 0385 | 0.115

a i

B0N = ) yP( =)
=0+ (1 x0.385) + (4 x 0.115)
= (0.845 points
ii If she throws twice, the expected value is 2 X 0.845 = 1.69 points.

b It is assumed that the probabilities stay the same between throws, so that each attempt
follows the same distribution and that attempts are independent. However, Josie may be
expected to improve as she warms up, or perhaps get worse in the later attempts as she
tires. Success may lift her ability to achieve, and failure to score may make her tense up
and perform worse. At any rate, we may anticipate that subsequent throws do not follow
the same normal distribution, and depend on previous throws.
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25 Let X be the number of sixes rolled in n throws. X ~ B (n, %)

ThenP(X =0)=(1—p)"

n

(5) = 0.194
6 - .

From GDC: n =9
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26 Let X be the number of heads when a fair coin is tossed n times. X ~ (n, 0.5).
Require n such that P(X = 0) < 0.001
P(X =0) =0.5"
S0 0.5" < 0.001
Then 2™ > 1000
The least such n is 10, since 21° = 1024

27 Let X, be the number of tails from ten tosses of the biased coin. X;, ~ B(10, 0.57).

a From GDC:
P(Xlo = 4) =1- P(Xlo < 3)
=1-0.0806
= 0.919
b For the fourth tail on the tenth toss, require three tails in the first nine tosses and then a
tail.

Let X be the number of tails from nine tosses. Xg ~ B(9,0.57)
From GDC: P(Xq = 3) = 0.0983
So the required probability is 0.0983 x 0.57 = 0.0561

28

Tip: This may not look immediately like anything you have studied so far. Try to reframe the
question in terms of something you do know. Many probability problems can be considered
from different perspectives, to make them solvable by known methods.

For each day of the year, the number of people with that birthday will follow a X ~
B (100, %) distribution, assuming independence between the people.

The probability for each day that no person has a birthday that day is P(X = 0) = 0.760

Although in this scenario, days are not truly independent (in that, each time you find a
day with no birthdays, the probability of birthdays on subsequent assessed days changes
slightly) the number of possible days is large enough to disregard this issue.

The total number of days expected to have no birthdays is therefore 365 X 0.760 = 277
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29 a Assuming the responses from invited guests to be independent:

Let X be the number of invited guests who attend when he invites 5: X ~ B(5, 0.5)

x 0 1 2 3 4 5
1 10 10 1
P(X =x) — > — — kS —
32 32 32 32 32 32
Let Y be the profit made, in pounds:
X 0 1 2 3 4 5
y 0 50 100 150 200 100
1 5 10 10 5 1
PY=y) | = = — m— = =
32 32 32 32 32 32
E(Y) = Zy P(Y =y)
—(Ox 1)+(50>< 5)+(100><10)+(150><10)+<200x >
B 32 32 32
1
1 J—
+ ( 00 x 32)

=120.3

Expected profit from 5 invitations is £120
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b For four invitations sent out: 2
x 0 1 2 3 4 5 =
y 0 50 100 150 200 100 §
E(Y) =100 ;O
For six invitations sent out:
x 0 1 2 3 4 5 6
y 0 50 100 150 200 100 0
E(Y) = 131.25
For seven invitations sent out:
x 0 1 2 3 4 5 6 7
y 0 50 100 150 200 100 0 —100
P(¥r=y) 1;8 128 12218 13258 13258 12218 1;8 1;8
E(Y) = 1305

On the basis solely of maximum profit for a single evening, the best number of
invitations to send is 6. Inviting 8 or more people leads to an expected number of guests
of 4 or more, so expected profit will decrease, since each additional attendee has a
negative profit effect.

In context, getting a reputation for turning invited guests away may not — in the long
term — be good for business, and might start to reduce the proportion of people who

attend.
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These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.
Exercise 9A
272 L=v+1
dt
b When V = 4, the equation in part a gives :ii—: = 5.
28
sin x?2
X 7TX \ 2
(180)
10 32.33
5 55.49
1 57.29
0.1 57.30
The limit appears to be 57.3.
29
Inx
x
x—1
0.5 1.38629
0.9 1.05361
0.99 1.00503
0.999 1.00050
The limit appears to equal 1
) 2
30 a Gradient = Change,mx =X eyt 1forx 1
changeiny x—1
b As the value of X tends towards 1, the gradient of the chord tends towards 2. The
significance of this is that the gradient of the tangent at X = 1 must be 2.
.' DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 1
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31
In x
X x—1
10 2.6491
100 2.9563
1000 2.9955
10000 2.9996

The limit appears

dy

2 3oL

dy_ dx

When x = 2, the

Exercise 9B

to be 3 as x tends to oo.

1
3x

o1
gradient is -

19 For example, y = e*, which has derivative i—z =e*

Yy

e | "

1

@]

20 For example, y = 4 — e™*, which increases towards y = 4 as x tends to oo, and has

. ... d _ . d
derivative % = e™*, which decreases towards d—z = 0 as x tends to co.

______ ? A —
L y=4—e""

Mathematics for the IB Diploma: Analysis and approaches
© Paul Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019

(72)
c
9o
=
=
o
(7]
©
()
=
[
2




21 a The curve decreases (negative gradient) to a minimum at x = 0 and then rises (positive
gradient) so the derivative graph should pass through the origin, from negative to
positive.

b The gradient curve is non-negative throughout: it decreases to zero at x = 0 and then
rises again, so there is a stationary point of inflexion at x = 0 in the graph of f (x), with
the rest of the graph increasing; the gradient is steeper further from x = 0.

[
—

22 a The curve decreases (negative gradient) to a minimum (zero gradient), rises (positive
gradient) to a maximum (zero gradient) and decreases again (negative gradient).

Y
4

v L
Z |
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b The gradient curve begins at zero, is increasingly negative then returns to zero at the
origin, continues to increase and then falls back to zero, so there is a stationary point at
x = 0 on the graph of f(x) and also at the two ends of the curve:
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¢ The gradient describes the shape of a curve but not its position vertically; any vertical
translation of the graph in part b would have the same gradient curve.

2

23a y=x*—x

b f(x)>0forx <—1 andforx >1

¢ The graph is decreasing for x < —\/2—5 = —0.707 and for 0 < x < g = 0.707

This can either be found using technology or by differentiating the curve and finding
stationary points, using the methods from Section C.

fx) =x*—x%s0f'(x) =4x3 — 2x

When f'(x) = 0, 2x(2x? — 1) = 0 so turning points are at x = 0, ig.

Inspecting the curve in part a shows clearly which regions are decreasing.
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24 A increases to a stationary point at positive x then has a shallow negative gradient; its
derivative graph is shown in E.

A E

Vi Fa
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B oscillates regularly with a positive gradient at x = 0; its gradient is shown in D.

B D

ana A

VAVEVA:

F increases to a stationary point at x = 0 and then decreases; its gradient is shown in C

F C

Va Vi

"
]
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25 A increases through the origin to a maximum point for some x > 0, falls to a minimum and
then increases with increasing gradient. Its derivative graph is given in C.

A C

_F.il. Vi

et
.

D has a minimum for some x < 0, then rises to a maximum at some x > 0 and falls to a
further minimum value before rising steeply. Its derivative graph is given in E.

D E

.F‘- _:F.‘l.

F increases to a maximum for some x < 0, falls to a minimum at x = 0 and rises to a
further maximum for some x > 0 before falling increasingly steeply. Its derivative graph is
given in B.

F B

-

Vi ¥4

¥
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Exercise 9C

31 d=6t—4t1

dd . 4
—=6+4t2=6+—
t
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dt
32 g=m+2mt
dg 2
—=1-2 —2=1__
dm mn m2
33 E=§kT
dE 3
dr =~ 2

34 Let f(x) = x2 — x
Thenf'(x) =2x —1
f(x) is increasing when f'(x) > 0
2x—1>0s0ox > %

35Letf(x) =x2+bx+c
Thenf'(x) =2x+ b
f(x) is increasing when f'(x) > 0
2x+b>Osox>—g

36 x+y=8so0y=8-—x
Then%= -1

37x3+y=xsoy=x—x3

Then & = 1 — 3x2
dx

38V =kr1
a Force =% = —jr~2
dr
b Rearranging the original formula, r~1 = % Substituting into the answer from part a:
V\? V2
Force = —k (E) = -

¢ Let the distance to Alpha be d; then the distance to Omega is 2d.

Using the formula from part a,

Forceon Alpha _  —kd™2
Force on Omega  —k(2d)2

Va A=2+ql+ql’s0St=q+2qL

b In the context, one would expect that the reading age rating of a book would increase
with longer sentences. Since the function is only defined for positive values of L, the
function is increasing as long as g > 0.
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40 f(x) = 4x3 +7x -2
So f'(x) = 12x% + 7 > 0 for all x, since square numbers can never be negative.

Since f'(x) > 0 for all x, the function f(x) is increasing for all x.

Exercise 9D

— % — x50 = 443 —
28a y=x X 80— 4x 1
—n Y _ 3 _
b Whenx—O,dx—4(O) —-1=-1

¢ Then the gradient of the normal at x = 0 is 1.

y(0) = 0 so the normal passes through the origin and has gradient 1 so has equation y =
X.

29a f(x) =x3+x"1sof'(x) =3x%—x"2
b f'(1) = 3 —1 = 2 so the gradient of the tangent at x = 1 is 2.
c f(D=1+1=2

The tangent passes through (1,2) and has gradient 2 so has equationy — 2 = 2(x — 1)
which rearranges to y = 2x, and so the tangent passes through the origin.

30 Let f(x) = xvx + 1.
From the GDC: f'(3) = d% (xvx + 1)| = %
xX=

f(3) = 6 so0 the tangent line passes through (3,6) with gradient %.

9

The tangent equationis y — 6 = % (x — 3) which rearranges to y = %x — 7

31 Let f(x) = —.

From the GDC: f'(-2) = i(L)LC:_Z =_1

dx \x+4 4

f(=2)= % so the tangent line passes through (—2, %) with gradient — %.

Then the normal line passes through (—2, %) with gradient 4.

17

The normal equation is y — % = 4(x + 2) which rearranges to y = 4x — <

32 Let f(x) = x2e*.
From the GDC: f(0) = = (xzex)| =0
dx x=0
f(0) = 0 so the tangent line passes through the origin with gradient 0.

The normal is therefore the y-axis, with equation x = 0.

33y=xzsody=2x.

dx

The gradient at x = 1 is 2, and the curve passes through (1,1).
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The normal has gradient — % and passes through (1,1) so has equationy — 1 = — % (x—1)

. 3 1
which rearranges to y = 35X

Substituting back into the original curve equation:

3 1
2 2%

2x24+x—-3=0

x? =
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One intersection is already known: (1,1), so (x — 1) is a factor of the quadratic.

(x—1D2x+3)=0

. . 39
The other intersection is at (— > Z)'
-1y 2
3y =x""so wo X

The gradient at x = 2 is — %, and the curve passes through (2,%).

The normal has gradient 4 and passes through (2, %) so has equation y — % =4(x—2)

15

which rearranges to y = 4x — PX

Substituting back into the original curve equation:
1 15

—=4x — —

X 2
8x?—-15-2=0
One intersection is already known: (2, %), so (x — 2) is a factor of the quadratic.
(x—=2)B8x+1)=0
. .. 1
The other intersection is at (— 3 —8).

— 2o _
ISy=x sodx—Zx.
Require the tangent to have gradient —2 so 2x = —2 from which x = —1.
Atx = —1, y = 1 so the tangent passes through (—1, 1) and has gradient —2.

The equation is y — 1 = —2(x + 1) which rearrangestoy = —2x —lory + 2x = —1.

36y=x2+2xs03—z=2x+2.

Require the normal to have gradient % so the tangent has gradient —4 so 2x + 2 = —4 from

which x = =3.

At x = —3, y = 3 so the normal passes through (—3, 3) and has gradient i.

The equationisy — 3 = i(x + 3) which rearranges to y = %x + 1:5.

_ 3. _ a2
37Ty=x sodx—3x.

Require the tangent to have gradient 3 so 3x? = 3 from which x = +1.

At x = —1, y = —1 so the normal passes through (—1, —1) and has gradient — g
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The equationisy + 1 = — é (x + 1) which rearranges to y = — %x - g. =
(®)

Atx =1,y = 1 so the normal passes through (1, 1) and has gradient — g E
o

. 1 . 1 4 n

The equationisy =1 = —= (x — 1) which rearranges to y = — 3Xt5 °
o

. 1 4 =

The two normals have equations y = — 3% + e ;o

38y=x3—xsoj—§=3x2—1.
Require the tangent to have gradient 11 so 3x%2 — 1 = 11 from which x = +2.
At x = —2, y = —6 so one such tangent passes through (—2,—6).

At x = 2, y = 6 so the other such tangent passes through (2, 6).
39y=x2+4x+1s03—z=2x+4.
Require the tangent to have gradient equal to the y-coordinate.

Substituting: 2x + 4 = x2 +4x + 1
x2+2x—-3=0
x+3)x—1)=0
Sox=-3orl
When x = —3,y = —2 and when x = 1, y = 6 so the points are (—3, —2) and (1,6).

d

1 Yy -2

SO = —Xx“.
dx

40y =x"
Let point P on the curve have x-coordinate p so P is (p, %)

Then the tangent at P has gradient — piz, so the tangent equation is y — % =— p_12 (x —p).

Given this passes through (4,0), substitute x = 4,y = 0 into the tangent equation to find p:

——=—-—=@l-p
p p? P
4 2
p> p
p=2

So point P has coordinates (2, %)

Tip: When faced with a question of this sort, where you have a condition you cannot

immediately apply (in this case that the tangent line passes through (4,0)), it is almost always
best to assign an unknown value to the independent variable and calculate everything in terms
of that unknown. You will end with an equation into which you can substitute your condition

and then solve for the unknown.
A1 g2
41 y =4x""so T 4x™°.

Let point P on the curve have x-coordinate p so P is (p, %).

Then the tangent at P has gradient — z;iz’ so the tangent equation is y — % =——=(x—p).
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Given this passes through (1,3), substitute x = 1,y = 3 into the tangent equation to find p: @
4 4 =
—S=-S-p) 5

p o

4 8 7

o +3= o

p> p 2

[

O

=

Bp-2)(p—-2)=0

Sop=§or2.

24y
42y =x sodx—Zx.

Let point P on the curve have x-coordinate p so P is (p, p?).
Then the tangent at P has gradient 2p, so the tangent equation is y — p? = 2p(x — p).

Given this passes through (2,3), substitute x = 2,y = 3 into the tangent equation to find p:
3-p?=2p(2-p)
p?—4p+3=0
P-D@E-3)=0
p = 1 or 3 so the coordinates of P are (1,1) or (3,9).

d _
lgoX = —x-2,

43y =x" ix

Let A be the point with coordinates (a, %)

Then the tangent at A has gradient — a—lz, so the tangent equation is y — i = - % (x —a).

1

. . . 11
This tangent intersects the x-axis when y = 0: — S =T Xs0X = 2a.

Then Q has coordinates (2a, 0).

1

The tangent intersects the y-axis when x = 0: y — % =_soy= 2

Then P has coordinates (O, 2)

The area of right-angled triangle OPQ is % X 0P x 0Q = % X 5 X 2a = 2, which is
independent of a as required.

— dy -2
y = ax 1 —_— = - .
44 SO d ax

Point P has coordinates (2, %), so the gradient at P is — %.
The normal at P therefore has gradient S which must equal %
The gradient of line y = %x - 2.
2=ls0a=20.
a 5
3 vy _ 2.2
45y =x +x+1soa—3x + 1.
Let point P have x-coordinate k so P is given by (k, k3 + k + 1).

.‘ DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 11
I LEARNING @ paul Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019



Then the tangent at P has gradient 3k? + 1 so the equation of the tangent is
y—((k3+k+1)=0Ck*+1)(x—k)

To find where this tangent intersects the curve, substitute back into the original equation:
B2+ Dx—k)+k3+k+1=x3+x+1

By construction, this equation must have solution x = k as a repeated root (the tangent
touches the curve at x = k), so (x — k)? is a factor of the equation.

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

—2k3+3k*x+x+1=x34+x+1
x3 —=3k?x+2k3=0

By construction, this equation must have solution x = k as a repeated root (the tangent
touches the curve at x = k), so (x — k)? is a factor of the equation.

(x—k)(x®? +kx—2k*) =0
x—kx-kx+2k)=0

So the tangent touches the curve at x = k and intersects it at x = —2k.

Mixed Practice

1 a y=4x®—x

dy _
a—Bx 1

b Require 8x —1 =15s0x = 2.
When x = 2,y = 14 so the point is (2, 14).

2 a flx)=x%?—x

b f(x)=x?—xsof'(x)=2x—-1
The curve is increasing when f'(x) > 0so2x —1 >0

. . 1
The curve is increasing for x > .
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¢ f'(x)=2x-1
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3 a f(x)=2x3+5x2+4x+3
So f'(x) = 6x% + 10x + 4
b Thenf'(-1) =6—-10+4=0

¢ The tangent is horizontal at (—1,2) so has equation y = 2.

4
X In(1 -I;Zx) x
1 —0.38605
0.5 —0.37814
0.1 —0.46898
0.01 —0.49669
0.0001 —0.49997

The limit appears to equal —0.5.

— 3 _ dy _ 5.2
5 y=x 4sodx—3x.

When y = 23, x3 = 27 sox = 3.

At (3,23), the gradient is 3(3%) = 27 so the tangent has equation y — 23 = 27(x — 3).
This rearranges to y = 27x — 58.

¥ _ 12+ 10t
dt

6 a V=50+12t+5t%so0
b V(6)=302,(;—‘;(6)=72

After 6 minutes, there is 302 m? of water in the tank, and the volume of water in the
tank is increasing at a rate of 72 m? per minute.

c i—: (10) = 112, so the volume is increasing faster after 10 minutes than after 6 minutes.
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dA
E—Z—Zt

b i A(5)=0.75

7 a A=2t—t?so

. da _
ii 5(0.5)—1
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o
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2

. : dA
¢ A isincreasing when e 0
2 —2t > 0 fort < 1 so the accuracy is increasing for 0 < t < 1.

Tip: Be careful to check the context and question wording for the domain of the function; here
A is only defined for 0 < t < 2 so it would be incorrect to say that accuracy is increasing for
t<1.

8 f(x)= %xz —8x Lx#0
a f(-2)=6
b f'(x) =x+ 8x~2
¢ fl(-2)=-2+2=0
d T is a line passing through (—2,6) with gradient 0 so has equation y = 6.

e, f

Y

'Y
g = gt

P(4,6)
=% ram
= T
O 16%

g From GDC: the tangent intersects the graph again at P(4, 6).

9 y=2x3—8x+3s0 =6x2—8,
Require that the gradient is —2 so 6x2 — 8 = —2.
6x% = 6s0x = +1.

When x = —1, y = 9 and when x = 1, y = —3 so the two points are (—1,9) and (1, —3).

10a y=x3—6x2 soj—z= 3x% — 12x.
Gradient is zero where 3x% — 12x = 0.
3x(x—4)=0sox=0o0rx = 4.

When x = 0, y = 0 and when x = 4, y = —32 so the points are (0,0) and (4, —32).
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b The line passing through the origin and (4, —32) is y = —8x.

11a y=3x2+6xsoi—z=6x+6.
y = 3x(x + 2) hasroots x = 0 and x = —2.

Whenx =0,y = 0and j—z = 6 so the tangent has equation y = 6x.

When x = -2,y =0 and j—z = —6 so the tangent has the equation:

y=—-6(x+2)=—-6x—12
b Substituting to find the intersection:

6x = —6x — 12 so 12x = —12, and then x = —1. The two lines intersect at (—1, —6).

12y=2x2+csoj—z:4x.
If the gradient at (p,5) is —8 then 4p = —8 sop = —2.
Substituting (—2,5) into the curve equation: 5 =8 + c so ¢ = —3.

13a P(t) =15t> —1t3 so:l—}: = 30t — 3t2.

b S2(6) =72and S (12) = =72
¢ The profit is increasing by $72 per month after 6 months, but is falling at a rate of $72
per month after 12 months.
14a i f(x)=2x+1sof'(x)=2.
i gix)=x%2+3x—4s0g'(x) =2x+ 3.
b If the two graphs have the same gradient for a value of x then 2x + 3 =2sox = — %

¢ The tangent line is parallel to the line y = f(x).

Y
4

=N
N
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15a i The graph is decreasing for 0 < x < g
ii f(x) has stationary points at x = 0 and x = g, so these are the roots fo f'(x). The
graph is increasing for x < 0 and x > g, so f'(x) is positive in these regions, and

. 4
negative in 0 < x < T

Y

b i f(x) is decreasing when f'(x) < 0 whichis forx < 0and 0 < x < 2.
ii Stationary points occur when f'(x) = 0: atx = 0 and x = 2.
x = 0 will be a horizontal inflexion point, with negative gradient either side.

x = 2 will be a minimum point, with the gradient changing from negative to positive.

Y
[}

4-(=2) _
1-(-1)

3.

16 a Line connecting (—1,—2) and (1, 4): Gradient =

b f(x)=x?—x+2sof'(x)=2x—1.
¢ Require that 2x — 1 =3 so x = 2.
f(2) = 4 so at point (2,4), the curve y = f(x) is parallel to line L.
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d Require that 2x — 1 = —% SO X = %

f G) = % so at point (%.%), the curve y = f(x) is perpendicular to line [.

e f(3) = 5 so the gradient at (3,8) is 5.
The tangent has equation y — 8 = 5(x — 3) which rearranges to y = 5x — 7.
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f The vertex occurs when f'(x) = 0.

2x—1=0sox=%.

f G) = Z so the vertex is at G,Z), and the gradient is zero at this point.
17a f(x)=x*>+x—-5s0f'(x) =2x+ 1.
b Substituting: 2x + 1 =x2+x—5
x> —x—-6=0
(x=3)x+2)=0

x=3o0rx =-2
— a2 dy _
18y =ax +bxsoa—2ax+b.
Substituting x = 2,y = —2 into the curve equation:
—2=4a+2b (1)

e d . . .
Substituting x = 2,% = 3 into the gradient equation:

3=4a+b @
(1)-(@):-5=b
Sob=-5a=2

19y=ax2+bxsoj—i=2ax+b.

Substituting x = 1,y = 5 into the curve equation:
5=a+b (1

If the normal gradient is g then the curve gradient is —3.

Substituting x = 1,% = —3 into the gradient equation:
-3=2a+b @)
2)-(1):—8=a

Soa=-8,b=13
20y = 5x% — 450 2 = 10x.
When x = 1, y = 1 and the gradient is 10.

The equation of the tangent at (1,1) is y — 1 = 10(x — 1) which rearranges to
y=10x -9

When x = 2, y = 16 and the gradient is 20.
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The equation of the tangent at (2,16) is y — 16 = 20(x — 2) which rearranges to 2

y =20x — 24 Ke)

e

At the intersection of these lines, 10x — 9 = 20x — 24 %

7}

10x =15sox = ;,y = 6. The two tangents intersect at (;, 6) g

X

[

21 f(x) = 22 2

From the GDC: f'(0.25) = 16 so the tangent at P(0.25,0) isy = 16 (x — %) =16x — 4

. . . 1
This is perpendicular to the tangent at Q so the tangent at Q has gradient — e

The graph of f(x) increases to a maximum at x = 0.68 and then decreases, with gradient
decreasing towards zero.

From the GDC: f'(5) < — % so the only point within the domain where the tangent is

. 1 . :
perpendicular to the tangent at x = , must be close to the stationary point.

x 1
C

0.8 3.92

0.75 5.70
0.7 16.54
0.71 11.50
0.705 13.53
0.703 14.58
0.702 15.17
0.701 15.83
0.7005 16.17

The x-coordinate of Q must lie between 0.7 and 0.7005, so to 3DP, the x-coordinate is 0.7.
Q has coordinates (0.7,1.47).

[}

T
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10 Core: Integration

(72)
c
9o
=)
=
o
(7]
©
(&)
=
[
=

These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 10A

23
4 2 4
———dt=[=t72-2¢t75dt
f3t2 t5 f3
4 2
3 +4 +c
4 1
— __+1 _+—4
gttt e
24

y=f3x2—4dx

_3x3 4x
—3 71 7°¢
=x3—4x+c
Whenx =1,y = 4 so,
4=1-4+c¢

So,c =7andtheny = x3 —4x + 7
25

y=f4x‘2—3x2 dx

4x~1  3x3
= ——+c
-1 3
= ———x%+c
X

When x = 2,y = 0 so,

0=—2-2t4

So,c =10 and theny = —%—x3+10
26
f(Bx—Z)(xZ+1)dx=f3x3—2x2+3x—2 dx

_3x4 2x3  3x?

———+—=-2x+c
4 3 2
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z* 72
=Z+7+C
28

fx5—2x _fxz 2x‘2d
3x3 YT 3773
_x3 2x‘1+

3 c

2L,

T9 T3¢

dm

29a Whent = Z’EZ 0.5500.5=2k+0.1
k=02
b Take m(0) = O since initially the mass is negligible.
m= fkt +0.1 dt
1
= Ekt2 +0.1t+c¢

Substituting k = 0.2 and m(0) = 0soc = 0:
m(t) = 0.1t2 + 0.1t
Then m(5) = 0.1 x 25+ 0.1 X5 = 3 kg
30 a Let the volume of water in the bath be given by V.

dv 80
dt 2
V(1) =0:
V=f80t‘2 dt
=-80t"1+¢
V(1) =0:
0=-80+c=>c=80
1
v=so(1-2)
t

Whent =2,V =401
b WhenV=60,60=80(1—1)
t
11

t 4
t = 4; after 4 minutes, the bath holds 60 1.
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¢ A graph of the curve shows that it has an asymptote at V = 80 and it will never exceed
this value, so the bath will never overflow.

Exercise 10B

5 From GDC:

(72)
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©
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=
[
2

5
1
f 2x +—dx =213 (to 3s.f.)
2 X
6 From GDC:
2
f (x —1)3dx = 0.25
1
7 From GDC:
4
f x%2 +3dx =30
1
8 From GDC:
2
f 4 —x2%2dx =45
0

.5

9 From GDC plot, intercepts between x-axis and the graph are at (2,0) and (6,0)
Then from GDC, the area is

6 32
f—x2+8x—12dx = —
2 3

10 From GDC:
3
f 9—x%dx =18
0
11 a From GDC, the two graphs intersect at the origin and at (2.5, 6.25)

b Shaded area = f02'5(5x - x?) — 5%dx = 2.60

12 Whent =2,5+kt>=9
54+44k=9s0k=1

Total filtered in the first two minutes is

2 38
f5+t2 dt = —1
0 3

13 Let p(t) be the amount of paint sprayed in grams per second at time t seconds.
p = kt where k is the constant of proportionality in the system.

p(10) =20s0k =2

60 60
f p dt =J 2t dt
0 0

=3600g
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14 a  Let v(t) be the rate of sand falling at time t seconds.
v =100t"3

Amount of sand after 5 seconds is given by

5

5
fvdt=10+f 100t~3 dt
0 1

(72)
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=58¢g

b From the calculator, the amount which will eventually fall is
10 +f 100t3 dt=60g
1
¢ The model suggests that it takes infinitely long for all 60 g to fall through the timer, and

yet is always falling; this in turn suggests that sand is infinitely divisible.

The model also suggests that at the start, the rate at which the sand falls is infinite.
15 f'(x) = x? so

flx) = fxz dx

1
=—-x3+
3x (o

Given f(0) = 4, ¢ = 4.

3 31
f f(x) dx=f —x3 +4 dx
0 03
= 18.75
16 [f(x) dx =43 +x"2+4¢)
Then

d
flx) = a(4(x3 +x72+0¢)
=12x%—8x73

17 This is the same as the area enclosed by the curve y = v/x, the x-axis and the line x = 4, by
symmetry.

4 4

f\/dezf x2 dx

0 0
16

3
18 Since the graph of f~1(x) is the reflection of f(x) in the line y = x,
a f(a)
ff(x) dx + f fY(x) dx = af (a)
0 0
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x

a fla)

where af (a) is the area of the rectangle bordering the limits of the integral area, which
would have vertices at the origin, (0, f (a)), (a,0) and (a, f (a)).

Then
f(@)
f f1(x) dx=af(a) — A
0

Mixed Practice 10

4
1 [x3—3x2 dx=%+3x‘1+c

2 [4x?-3x+5 dx=§x3—%x2+5x+c

3 [72x7* dx = 0.661
4 y=[3x?2—8x dx=x3—-4x%+c
y(1)=3=1-4(1)+c¢
c=6
y=x3—-4x2+6
5 1=['2-2dx=9
From GDC:
Whena = 5,1 = 3.6
Whena =7,1 =7.14
Whena =8, =9

a=28
Tip: If you learn further integration methods, you will find how to calculate this algebraically.
6 1=[9x—x2—8dx =427

From GDC:

When b = 5,1 = 34.7

When b = 6, = 45.8

When b = 5.5,1 = 40.5
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When b =5.7,1 = 42.71
When b = 5.65,1 = 42.2

So the value of b for which I = 42.7 is between 5.65 and 5.7, so to 1 decimal place, b =
5.7

7 a From calculator, solutions to —x3 + 9x% — 24x +20 =0 are x = 2,5
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So P has coordinates (2,0) and Q has coordinates (5, 0)

b From calculator,

2
f —x3 +9x%2 — 24x + 20dx = 6.75
2

_ 20 W _
8 a y=0.2x“so dx—0.4x
Onthe curve,atx = 4,y = 0.2 x 42 = 3.2 andg—z =16

So the tangent has gradient 1.6 and passes through (4, 3.2)
Tangent equation is y — 3.2 = 1.6(x — 4)
y =1.6x—3.2

b Substituting x = 2 into the tangent equation gives y = 3.2 — 3.2 = 0 so the x-intercept
is at (2,0).

4 4

0.2x%dx — J 1.6x — 3.2dx

Shaded area = J
2

0
= 1.07

- d _
250 X=_2x3
dx

9 a y=x
_ — dy _ _
Whenx—l,y—landdx— 2
Then the normal at (1, 1) has gradient %

Normal has equationy — 1 = %(x -1)

I
y=3*73

Whenx = -1,y = — % + % = 0 so the x-axis intercept of the normal is at (—1, 0).

1 1 1 2
Shadedarea=f —x+—dx—f x 2dx
12 2 1

=15
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10 If the gradient of the normal is always x? then f'(x) = — % =—x"2 g
f(x) =J—x‘2 dx E
(o]
=x1+c¢ %
f()=2=1+csoc=1 <
1 O
y=1+ o =
Then f(2) =1+3=>=15
11 Let V(t) be the volume of water in the container at time t, measured in cm3.
Y _ 20t
dt
V= f 20t dt
=10t2 +¢
IfV(0) =0then0=04+csoc=0
V(t) = 10t?

Then V(10) = 1000 cm3
12 Let M (t) be the mass of the puppy at A months, measured in kg.

M(6) = 2.3
av _ A
Thena—20+c
Whend =10 —15=24¢s0c=1
dA 2
dM_A+1
dA 20
Then for A > 6,
18A
M(A)=M(6)+j 24144
¢ 20

=21.5kg
13 f'(x) =3x2+k

f(x)=f3x2+k dx

=x3+kx+c
Substituting:
f()=13=1+k+c (1)
fF(2)=24=8+2k+c )

Q)-W:k+7=11
So k = 4 and therefore ¢ = 8
Then f(3) =33 +4x3+8=47
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14 a The measurement is of temperature increase in the water, but this is assumed equal to the
energy output of the nut — that is, there is an assumption that no energy is lost from the
system into the surroundings.

b Let E(t) be the amount of energy (in calories) absorbed by the water by time t seconds.

dE—kf t>1
ac 2"

E(1) =10 and E(2) = 85

(72)
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2

2
E(2) = E(1) + f kt-? dt
1

=10+ 0.5k
=85

Then 0.5k = 75 so k = 150

Total energy after an indefinite burn is

[ee)

E(1) +j kt2 dt=10+k
1
= 160 calories

dy _, 2

15dx—kx
y=ka2 dx
=§x3+c

Substitutingx =0,y =3 andx =1,y = %:
3=0k+csoc=3

Y lk+3s0k=5
3 3

Theny = §x3 +3
16 f'(x) = 3x — x?

f(x)=j3x—x2 dx
3 1
_2.2_21.3

2x 3x +c

Substituting x = 4,y = 0:

3 1 _ﬁ_ __E
0—5(16)—5(64)+CS0C—3 24 = 3

4 43 1 8
fof(x) dx:-fo Ex2_§x3_§ dx

=0
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17

f(x) =%<Jf(x) dx)

d
= a(3x2 —2x14¢)
= 6x + 2x 2
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18a y=x?sowheny =9 forx > 0,x = 3.
B has coordinates (3, 0).

b Shaded area is the rectangle area less the area under the curve.

3

Shaded area = 27 — f x? dx
0

=18
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Core Review Exercise
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1 a
u1=7
u3=15=u1+2d
2d =8
d=4

b u20=u1+19d=83

n
Sp = E(ul + un)

20
S20 =~ (7 +83) = 900

2x—-12 _ 2
2 a y=T=§x—4

Gradient of L is g

b k=y(9)=2(9)-4=2

¢ M has gradient — %, passes through (9, 2).
M has equation y — 2 = —%(x -9)

2y —4=-3x+27
3x+2y =31

3 a From GDC:

(_17 e)

b Horizontal asymptote y = 0
¢ f(x) e
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The domain is x > 2.5

b Rangeis f(x) >0

f(x) = /x—;

5
f~1(x) = x? +2

37
f1(4) == =185

C

5 a Using cosine rule:

AC? + BC? — AB?

ACB = =0.778
cos 2(AC)(BO)
ACB = 38.9°
b
1 .
Area = > (AC)(CB)sinACB
= 95.5 cm?
6 X~N(26,20.25)
a 0=v20.25=45

b From GDC, P(21.0 < x < 25.3) = 0.305
¢ From GDC, a = 28.2

7 a y=(2—-x)(2+ x)e™* has roots at A(—2,0) and B(2,0)
b From GDC:

2
Shaded area = f (4 —x?)e ™ dx = 15.6
-2

8 a From GDC: Median is 4.5
b Lower quartile: 3
Upper quartile: 5
IQR=5-3=2
¢ n=10

Number of students scoring at least 4: 7

7
P(X>4)=E
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1
Volume = 3 (Base area) X height

1
=3 3.22x28
=9.56 cm?
b Mass =9.3x956=889g
¢ Considering triangle ABC:
AC? = AB? + BC? = 2 x 3.22

So 407 =2
2
Considering triangle AOV:

AV =/A0? + 0V?

- PE e
= |- +2

= 3.6 cm
d Using cosine rule in triangle BV C:

BUC < BV? +V(C? - BC? 0605
COSEVE =" mnwe

BVC =52.8°

e FEach triangular side has area
1 N
A Area = 3 (BV)(VC) sin(BVC) = 5.16 cm?

Base area = 3.22 = 10.2 cm?

Total surface area = 4(5.16) + 10.2 = 30.9 cm?
10 a Root at root of numerator: x = —%
y-intercept at x = 0: (O, %)
Vertical asymptote at root of denominator: x = —4

Horizontal asymptote is value as x — +oo:y = 2

b x=-4
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d (—2.85078,—2.35078) or (0.35078,0.85078)

e 1

f L has gradient —1 and passes through (—2,—3)
L has equation y + 3 = —(x + 2)

y=—-x-5
11
y(=2) =-2+3(-2)2=10
dy
a =1+ 6x
dy
a(—z) =-11

Normal at (—2,10) has gradient ﬁ

Normal has equation y — 10 = 1—11 (x+2)
11y — 110 = x + 2
x—11y+112=0
12a log;ox =3sox =103 =1000
b log,;0.01 = -2
13 a The question has been corrected to: Expand and simplify (2x2)3(x — 3x7>)
(2x2)3(x — 3x75) = 8x%(x — 3x7°%) = 8x7 — 24x72

b %(2x2)3(x —3x7%) = 56x° + 48x73

14a u,=18r3

From GDC: r = —1.05 or 0.315

Try computing the sum using r=-1.05, and you will find that the only valid solution is
r=0.315
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15 Assuming monthly compounded interest
Using GDC:
n =18
1% =7
PV =200
PMT = 0
FV = -211
P/Y =12
c/Y =12
Solving for I%: I% = 3.57
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He needs an annual interest rate of 3.6% (to 1 d.p.)

16 Require that

ZP(X=x)=1
1 1 1 205
k@+z+5+ﬂﬁ=5a
144
=205

E(X) = pr(x — %)

1 2 3 4
=k(ptptaty)

17 Let X be the number of brown eggs in a box.
X~B(240,0.05)
a E(X) =240x0.05=12
b P(X =15) =0.0733

PX>10)=1-P(X<9)

=1-0.236
= 0.764
. 1-(-1)
18 a Gradient CD = =-2
-2—(-1)
b GradientAD = =D —2_1
3-(-1) 4 2
Since —2 (%) = —1, the two lines are perpendicular
.I) DYNAMIC  pathematics for the IB Diploma: Analysis and approaches 5
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¢ (D has gradient —2 and passes through D(—1, —1)
CD has equationy + 1 = —2(x + 1)
y=-2x—3 D

d AB has equationx + 3y =6 2)
Finding the intersection point:

(1) —2(2): =5y =—-15
y=3sox=6—-3y=-3

The intersection point is E(—3, 3)

e AD = J(s — (D)’ +(1-(-1)*=v20
f Since AD L ED:
Area ADE = %(AD)(ED) = %\/2_0\/2_0 =10

19a i

Volume = ntr?h
— 77(3.25)% X 39
= 1294.14 cm?

ii The diameter is 6.5 cm so the maximum number of balls is the rounded down value
39
OfE =6
iii I Total volume occupied by the balls:

4
Ball volume = 6 X §nr3

= 8m(3.25)3
= 862.76 cm?

Then the volume of air is 1294.14 — 862.76 = 431.38 cm?3
II This is equal to 431.38 X 107 = 4.31 x 10™* m?
b i I BTL+BLT+TBL =180°s0BTL =180 —80 — 26.5 = 73.5°

II  Using the sine rule:

BL -
T = ———XsinBLT
sinBTL
=558m
ii TG = BTsin80°=55.0m
iii Using cosine rule in triangle BTM:

TM? = BM? + BT? — 2(BM)(BT) cos TBM
= 2002 + 55.82 — 2(200)(55.8) cos 100°
= 46997

TM = 217 m
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20a i r=0.985

ii This is a strong positive correlation; as number of bicycles increases, production cost
reliably increases in a mostly linear pattern.

b From GDC:
y = 260x + 699
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¢ Using the regression equation, y(13) = $4 079

d The total income for those 13 bicycles is 13 X 304 = $3 952 which is less than the
estimated cost of production given in part c.

e i Saleprice(x) = 304x

ii Profit = 304x — (260x + 699) = 44x — 699

iii For positive profit, require 44x > 699

x> 15.8
For positive profit, the factory must produce at least 16 bicycles per day.
21 Let X be the time taken (in minutes) to complete a test paper.

X~N(52,7?%)

a From GDC: P(X < 45) = 0.159

b LetY be the number of students, in a group of 20, who complete the test in less than 45
minutes.

Y~B(20,0.159)
i P(Y=1)=0.119
ii
P(Y>3)=1-P(Y <3)

=1-0.606
= 0.394

22 If x study all three subjects (and every student studies at least one):
7 — x study French and Biology but not History
4 — x study French and History but not Biology
Then the number studying French only mustbe 15— (7 —x +4 —x+x) =4+ x

Working similarly:

TN
(XN

H
0
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The total number of students displayed in the diagram is
4+x+7—x+4—-x+x+4+x+3—-x+1+x=23+x=126
Sox =3
! /] _l
P(FNnB nH)_26

P(B'nF 8
p(/|F) =220 = 2

A total of 8 students study History, so 18 do not.
The probability that neither of two randomly selected students study History is

P(H' H') = 18 » 17 153
7726725 325
Then the probability that at least one studies history is the complement of this:
153 172

P(atleastone H) =1 — 325 = 38
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These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 11A

1 Expanding and comparing coefficients: x2 + 8x + 23 = x2 + 2ax +a? + b

x2:1=1
xl:
x%23=a%+b=16+bsob=7

a=4;,b=7

8=2aso0a=4

2 Expanding and comparing coefficients: x? — 12x — 1 = x? — 2ax + a®> — b
x% 1=1
x:—12=-2asoa=6
x° —1=a?—-b=36+bsob =37
a=6;b=37
3 Expanding: 4x? — 25 = px? — ¢*
Comparing coefficients:
x2:
x: 0=0
x%: =25 =—-q%soq =45
p=4q=15

4=psop=4

4 Expanding the left side:

m—1D?*+n*+(m+1D)?*=0?*-2n+ D +n*+(n*+2n+1)

=3n%+42

3x—2 2x-3 2(3x-2) 3(2x-3)

3 2 T 6 6
=(6x—4)—(6x—9)
- 6

1
o v
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6 e
7x+6 3x+5_ 5(7x+6) 6(3x+5) 2
12 10 -~ 60 60 =
_ (35x +30) — (18x + 30) ®
= 60 2
_17x =<
=760 s
7 a Showthatl+l=E
2 4 4
Consider the LHS:
1+1—1><1+1—2><1+1
2 4 72 4 272 4
_2 1_3
T4 4 4
Which is equal to the RHS as required.
b
1 1 2 1
n 2n 2n 2n
3
T 2n

. .. 1,1_3
In the instance n = 1, this gives sti=a

8 a Isan identity, true for all values of x. (Difference of Two Squares)

b Is not an identity; for example, when x = 1 the statement is false. In fact, the equation
can be solved to show it is only valid when x = 0.

¢ Is an identity, true for all values of x.
9 Expanding:
x3 —5x2+3x+9 =x3+ x%(a — 2b) + x(b? — 2ab) + ab?

Comparing coefficients:

x3: 1=1
x?:—=5=a—2b (1D
x': 3=b%-2ab 2
x% 9 = qab? 3
(1): a=2b-5

Substituting into (2):3 = b? — 2b(2b — 5) = —3b? + 10b
3b2—10b+3=0
Bb-1DB-3)=0
b =§ or 3, from which (1) gives a = —13—3andb = %ora =1,b=3

Checking in (3), only the second solution is valid.

a=1;b=3
.‘ DYNAMIC pathematics for the IB Diploma: Analysis and approaches 2
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10 Expanding:
x3—2x% +5x—10 = x3 — qx? + px — pq

Comparing coefficients:
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x3: 1=1
x%:-2=—-qsoq=2
x: 5=p
x%:—10 = —pq which is consistent with the above
pP=5q=2
11
1 1 x+3 x—2

x — 2 x+ 3E(x—2)(x+3)_(x—2)(x+3)
_G+3)-(x-2)

x24+ x — 6
5

“x2+ x — 6

12 a

1 1 n+1 n—1
n-1 n+l1 m-Dn+1) m-Dn+1
_(m+D-n-1)

n—-1DMn+1)
2
Tn2-1
. .1 12
Taking n = 4 this gives - — - = —

b As shown above.
13a Ifx =2,y =1then
LHS:x3—-y3=8-1=7
RHS: (x —y)(x2+y?)=2-1)4+1)=5
Since 7 # 5, the equation is shown not be an identity.

b Expanding and comparing:

x—y3=x3+x%y(a—1)+xy?’(1—a) —y3
x3: 1=1
x’y:a—1=0soa=1
xy%:1 — a = 0 is consistent with this
y3: —1=-1

So if a = 1, the equivalence is valid.
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14 Any value k which can be expressed as k = 2m for some m € Z is an integer
Cn+1D)?-0Cn+1D)=Un’+4n+1D)-02n+1)
= 4n? + 2n
=2(02n%+n)

Since 2n? + n is an integer, for integer n, it follows that (2n + 1)? — (2n + 1) must be
even.
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15 Any value k which can be expressed as k = 8m for some m € Z is a multiple of 8.
Cn+1)?-Cn-12=Un’+4n+1)—-(U4n* —4n+1)
= 8n
So for integer any n, (2n + 1)2 — (2n — 1)? is a multiple of 8.
16 Two consecutive integers can be expressed as n and n + 1.
The difference in squares between the two values is given by
nm+1)2-n?=n?+2n+1-n*=2n+1

Since any value given by 2n + 1 for an integer n is by definition an odd number, this shows
that the difference between consecutive squares is always an odd number.

17 Two consecutive odd numbers can be expressed as 2n — 1 and 2n + 1.
The sum of the squares of two such values is given by

Cn—-1D?+Cn+1D)?=UAn’—-4n+1)+@n*>+4n+1)
=8n? +2
=4(2n%) +2
Since this value cannot be expressed in the form 4m for some integer m (there is always a
remainder of 2), it is proved that the sum of squares of two consecutive odd numbers is even
but never a multiple of 4.

Mixed Practice

1 a Isnot an identity; for example, if x = 1 then it is not valid, since 33 =27 # 9 =13+ 8

b Is an identity, as an example of the identity x3 + y3 = (x + y)(x? — xy + y?) with y =
4.

¢ Is an identity, true for all values of x. (Difference of Two Squares)
2 a Ifx =1then
LHS:x2+5=12+5=6
RHS: (x+1D)(x+5)=2x6=12

Since 6 # 12, the equation is shown not be an identity.
b Expanding and comparing coefficients:
x>+ kx+5=x*+6x+5
The identity is valid for k = 6.
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a Ifx =1 then

LHS: x* +4x+9=124+4x14+9 =14

RHS: (x+3)2=(1+3)*>=16

Since 4 # 16, the equation is shown not be an identity.
b Expanding and comparing coefficients:

x2+4x+9=x%+2px+p*+q

x: 1=1
xl: 4=2psop =2
x0: 9=p2+q=4+qsoq=5

The identity is valid forp = 2,q = 5.
Expanding and comparing coefficients: x? — 8x = x2 — 2ax + a®? — b

x%: 1=1

x1:—8=—-2as0a=4
x% 0=a?—-b=16—bsob =16
a=4b=16

x—2 x—3=3(x—2)_2(x—3)

2 3 6 6
_(3x—6)—(2x—6)
B 6
=X
6
Expanding and comparing coefficients: Ax + 24 + 2Bx — B = 5x
x:A+2B =5 (@))
x%2A—-B=0 (2)

2(1) - (2):5B=10s0B=2;A=1
Any value k which can be expressed as k = 12m for some m € Z is a multiple of 12.

2n+3)2-2n—-3)2=0Un?+12n+9) — (4n®>—12n+9)
= 24n
=12(2n)

So for any integer value n, (2n + 3)2 — (2n — 3)? is a multiple of 12.
Consider m,n € Z
Then (2m + 1) and (2n + 1) are both odd numbers.

Without loss of generality, let the difference between these two odd numbers be given by
d=02m+1)—-(2n+1)

d=2m+1-2n—-1=2m-2n=2(m—n)

Hence d is divisible by 2 for all values of m, n i.e. the difference is even.
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9 Two consecutive integers can be expressed as n and n + 1.

Then the product of the two values added to the larger is givenbyn(n+ 1) + (n+ 1) =
(n + 1)? which is a square number.
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10
X 1 _ X x—2
(x—2)2 x—-2 (x—2)2 (x-2)2
_ X xX—2
T (x-22? (x—-2)?
2
~(x-2)?

11 Any value k which can be expressed as k = 12m for some m € Z is a multiple of 12.
Three consecutive odd numbers can be expressed as 2n — 1, 2n + 1 and 2n + 3.
The sum of squares of these values is then given by

Cn—-12+2n+ 1% + (2n + 3)?
=Un?—4n+1)+U@n%+4n+ 1)+ (4n®> +12n+9)
=12n® +12n+ 11
=12(n%?+n) + 11

Since n? + n is an integer, it follows that 12(n? + n) + 11 is 11 more than a multiple of
12.

12 a Expanding and comparing coefficients:
x3—8=x3+x%(a—-2)+x(b—2a)—2b
x3 1=1
x: 0=a—2soa=2
x': 0=b—-2a=b—4sob=4
x9: — 8 = —2b is consistent with the above.
a=2;b=4

b Byparta,n®—8=(n—2)(n?+2n+4)

If n is an integer greater than 3 thenn — 2 > 2 and n? + 2n + 4 > 28 so n® — 8 is the
product of two values greater than or equal to 2.

Any integer factorisation of a prime number must be 1 and the prime number.

Therefore n3 — 8 cannot be prime.
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12 Analysis and approaches:

Exponents and logarithms
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These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 12A

14
_4 _4
873=(2%73
= 2_4’
1
T4
_ 1
" 16
15
1 _1
2 _1
(z) -
— 21
=2
16
3 3
4\2 2\%\2
(5) =G
2 3
=(3)
_ 8
T 27
17
2 1
x2 X Vx = x3 x x%
8 3
= xﬁ+ﬁ
11
= xl_

1 1
18%+ 2% = 3x 73 + 2x2

1 3
==X 2

193\/x_3 3
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3
20 x2 = 273 2
o
3 2 2 1 g
=(2" 3 =274 =— —
x=0277)3=2 2 o
(72}
21 x 2== g
=
o
2\72  /5\% 25 =
@) -6 =%
5 2 4
22
3
xVx X2
3> 1
Vo o3
31
= xf_g
7
= xg
23
x  xt
2 ~— 5
x2\x 3
5
= xl_f
3
=x 2
24
37— 2 4\?
(xx¥x)" = (x3)
8
= x3
25
) -G+
2vx)  \2
! 2
==X
8
26
1
x?++x  x%+x2
- 3
xVx =
1
=x2+x7 !
27
(x + Vx)(x — Vx) _x?—x
- 1
Vx 3
3 1
= x2 — x2
1 _3
28 3xVx §x 2
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Exercise 12B

34a

log;(ab*) = logs a + logs(b*)
=logz;a+4log; b
=x+4y

a’b 5 s
logs )= logs(a®) + log; b —logs(c>)

= 2logza +1logz; b —5logz ¢
=2x+y—>5z
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log3(27a?b3) = logz 27 + logz(a?) + logs ()
=3+ 2logza+3logs b
=3+2x+ 3y

35a
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1
logs(25va) = logs 25 + logs (af)

1
=2+-=1
20g561

b
log: <¥) = logs b — logs 5 — logs(c®)
=logs b —1—5logs c
=y—-1-5z

36

2lna+ 6Inb = In(a?) + In(b®)
= In(a?b®)

37

1 1 .
glnx —Elny =In(Vx) — ln(\/;)
e,
Jy
38 a

log, (%) = log, (2_%)
1

2

b log, 27 =-3
x3=27=33

W] =

X =

39 log,(x +3) =3
x+3=23
x=8-3=5
40 logz(2x —3) =4
2x —3=3%
_3*+3
2

X 42
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41a 5 =10 i
x =logs 10 = 1.43 .%

. E

b 2x3*=14 S
3% =7 2

=

x =log3 7 =177 o

=

4211x =2
3

20
x =logq1 (?) =199

43 log,(2°) =5
25 — x5
x=2
44 log,(2%) =3
26 =x3
x=22=4
45a 5x6¥=12x3*

_12_24
=z =2

b x =log,(2.4) =1.26
46 a

2x

| _lne
08x € = In x
1

=1nx

b 16Ilnx = L
Inx

1
Inx)?=—
(Inx) 16

1 +1
nx==+-
4

1 1

X =eto0re 4

47

(23)3x+1 — (22)x—3
29x+3 — 22x-6
Ix+3=2x—-6
7x =-9

9

x=—7
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48 52x+3 = gx—5
Taking natural logarithms:

ln(52x+3) — 1n(9x—5) — ln(32x—10)
(2x+3)In5=((2x—10)In3
x(2In5—-2In3) =—-10In3 — 3In5
10In3 +3In5

¥ 2m3—2mn5
Note thatIn9 = In3* = 21In3
49a Whent=0,R =10
b WhenR = 5,09 = 0.5
t =logyq0.5 = 6.58 days
50a i Whent=0,B = 1000
ii Whent=2,B=1000x 1.12 = 1210
b When B = 2000, 1.1t = 2
t =logy 12 = 7.27 hours
51 Require 200 x 1.1t = 100 x 1.2¢

(1.2)t _,

1.1

t =log122 =7.97 years
12

It will take approximately 8 years for the populations to equal.

52 log, x = 6log, 8

mx_ems
In4  Inx

(Inx)2=In4x6In8=2In2%x18In2 = (61n2)? = (In64)?
Inx = +In64

x = 64 or —
64
53 25-3x — 32x-1
Taking logarithms:

(5-3x)In2=(2x—-1)In3
x(2In3+3In2)=5In2+1n3
x(In9+1In8) =In32+1n3

xIn72 =1n96
_1n96
x_ln72
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54 Let X be the density of transistors. X = k X 2%5¢ for some constant k. g
Require 2%5¢ = 10 %
0.5¢ = log, 10 o
t = 2log, 10 years E
55a log,(x?)=b ;3

Then x? = a?

So x = +a®%

x; = a%?, x, = —a®? so x;x, = —a®

b (log,x)>=b
Then log, x = +Vb
+/b

X =a—-

X1 = a‘/E, X, = a=VP 5o X%y =1

Mixed Practice
1 a

2 In4+2In3=1n4+1n9=1In36
3 3%2=27=33

xX=5
4 1.05%*=2

5 100*+1 = 103
102x+2 — 103x

2x+ 2 =3x
x =2
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6 logzs(5x+1)=2
5x +1 =32

=2-16
XT3
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3lInx+2=2(nx—-1)
Inx3+2=Inx*>-2
Inx3 —Inx? = —4
Inx = -4

x=e*

8 a

logz(x?y) = logz x* +logs ¥
= 2logz x + logz y
=2a+b

x
logs (}?) = logz x — logs y — logs z°3

= log; x —log; y —3log; z
=a—b—-3c

logs (\/ zx3) = logs (z%) + log; (x%)

1 3
= Elog3z +Elog3 x
_c+3a
S22

=)
o

loge(6%) = 2
b logg 4 +logs 9 = loge 36 = 2

logg 2 —logg 12 = log, (%) =-1

(]

10 a

a 1
log, <ﬁ> = log, a + log, (b_f)

1
=log,a — Elogz b

_ 1

aZ
logz<§5§> = log,(a?) —log, 8 —log,(b?)

= 2log,a—3—3log, b
=2x—-3-3y
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11a In10=In(2x5)=In2+In5=x+y
b In50 =In(2x52)=In2+2In5=x+2y

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

2
¢ In0.08 =ln(E) =In2-2In5=x—-2y
12
3+ 2log5 —2log2 =1log103 + log 5% — log 22
103 x 52
Sloe\ T
= log 6250
13

3lnx+1In8=5
In(x3) + In8 = In(e®)

In(x3) =In (68—5>

14 Using change of base:
logx 4log3
log3  logx
(logx)? = 4(log 3)?
logx = +2log 3 = log(3*?)

=9or=
X OI'9

15
43x+5 — 8x—1
26x+10 — 93x-3

6x+10=3x—3
13

X=——

3
16 log,x +logzy =5 (1)

log, x —2logz;y = —1 (2)

(1) = (2):3logzy = 6
logzy =2
(1):log,x =5—logzy =3
y=32=9
x=23=8

17 log, 8 =16
x6=8

x =12

.I) DYNAMIC pathematics for the IB Diploma: Analysis and approaches 9
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18 3%2% = 2¢*

Since 3 = e!"3 and 2 = eln2

e2xIn3 _ qx+In2

2xIn3=x+1In2
x(2In3—-1)=1In2
_ In2
“2In3-1

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

X

19 52x+1 = 7x-3

Taking logarithms:

(2x +1)log5 = (x —3)log7
x(21log5 —1log7) = —3log7 —log5
x(log7 — 2log5) = 3log7 + log5

_ (3log7 +log5)
~ log7 —2log5
20
122x =4 x 3x+1
24% % 32X — P2 ¢ 3x+1
24—x—2 — 31—x
Taking logarithms:

(4x —2)log2 =(1—x)log3
x(4log2 +log3) =log3 + 2log2
xlog(2* x 3) = log(3 x 22)
_log12
¥ T log48
21la Att=0,N =150
b Att =3, N =150 x 312 = 3397

¢ When N = 1000,

al.04t _ 1000
150
f= (1000)—182h
7104 150/ T Toeous

22u; =15,r=1.2

U, = uy Xl =231

231
12m 1 ="
15

231

—1Inl1l2=1 (—)

(n—1)In n T
n= 1+—ln(%) =16
In1.2

231 is the 16th term.
23 a log, 40 —log, 5 =log, (4—50) =log,8=3

b 8log25 — (23)10g25 — (Zlogz 5)3 =53 =125
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24 a log,32 =1log,(2%) =5
b log, ("%x) = log,(2%%) —log,(2%Y) = 5x — 3y
p=54g=-3
25a logzp? =2logsp =12

b log; (g) =logzp —logzq = —1

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

¢ logz(9p) =log;9+logzp=2+6=38
26
8x—1 — 63x
(23)*1 = (2* x 3%)3

2—3 — 33x
271 =3x

—In2=xIn3

In2

In 3

27

3*+1 =3* 4+ 18
3x3*=3*¥+18
2x3*=18

3*=9
x =2

Inva _1lna _ x

Inb  2lnb 2y

28 log, Va =
29 a

a2
logy, <ﬁ> = logy,(a®) — log, (b*)

= 2logya—3
=2x-3

30

Inx+Inx?+Inx3+-+mx?**=1+2+3+--4+20)Inx
=210Inx

Using the formula };7 a = @

31

(cancelling fractions throughout the bracketed expression)
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13 Analysis and approaches:

Exponents and logarithms

)
c
9o
wd
=
o
o
o
)
R~
[
=

These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Tip: It is standard to use r as the common ratio of a geometric sequence. For this reason, sums
which have used r as the dummy variable, such as

[0¢]
1
27
r=0
have been recast throughout this exercise with k as dummy variable instead. Be ready to do an

equivalent in any question you encounter; you are strongly advised to avoid using the same
letter for two different purposes within any question

Exercise 13A

Mu =37r=-

==y
4
12 ul — 5,7‘ - - =
Uy 5
S = —_— e— 4-
C 1-r 1
1+ Z
13 Geometric series:
5 1
Uy =2,1r=—=
! 3
u 2 3
S =1 ;=173
1+ 3
14 u]_ = 8
U
S — —
C 1-r
8=6(1-r1)
1
r=—=
3
.’2 DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 1
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15 U1:3
S°°_1—r_
3=4(1-71)
_1
"=
16r=1=
3
Sm—l_r—3

1
3(1—§)=u1=2

2 2
Then uy = 2,u, = Eandu3 =3

17uy, =wr =2

Soo—l_r—9
2
u, =91-r)=-—
r
9-9r)r=2
92 —-9r+4+2=0
_9i\/81—72_2 1
"= 18 —3°"3

18 a Changing the dummy variable to k and reserving r for use as the common ratio:

k=0

k=0u =1

k=1 2

=Lu,=¢

4

k=2:u3—ﬁ
R

20 a Geometric series withu; =3 andr = — g.

. . X
Convergence criterion: |r| < 1 so |—;| <1

[x] <9
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21a u; =5,7r=(x—3)
Convergence criterion: |r| < 1
Solx—3|<1
2<x<4

b S =-t=—"

_ s
1-r  1-(x-3)  4-x

)
c
9o
whd
=
o
o
o
)
R~
S
=

22a uy =2,r=2x

Convergence criterion: |r| < 1

|2x|<1so|x|<§

b S, =2Lt=_2
®1-r  1-2x
23
6
Uy = Uy T = z
S°°_1—r_5
6
=5(1-r)=——
Uy ( ) 5r
5r(5—-5r) = -6
25r2 —25r—6=0
25+ V625 + 600
r= 0 =1.20r—0.2

The series converges so r = 1.2 is not a valid solution, since |r| < 1 for convergence.
r=-02sou;, =51 -r)=6
24 a Geometric series: u; = x,7 = 4x?

For convergence, |[r| < 1s04x? < 1

2l < =
=3

Since x > 0 from the question, the range of possible values is 0 < x < %

b S, =— d

1-r  1-4x2
k+1 k k
o X __ oo X _ foe) X
B8 TG = iox (5) =x270(3)

The series converges to 3
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Rearranging:
3 3x
¥=2Ta
5x 3
> =
_ 6
75

b The series only converges if |§| < 1, thatis |x| < 2.

26

Uq
=27
1—7r

U tu,+us; =19 =u,(1+r+r? (1D

Rearranging the first equation:
u =271—-r)

Substituting into (1):
271 +r+7r?)(1—-r) =19

19
1—r3=—
=97
8

3_ 9
Y
2
"=3

Thenu; =27(1-2) =9

Exercise 13B

26

(10 — 3%)* = 10* + 4(10)3(=3x)! + 6(10)2(=3%)% + 4(10)1(=3x)3 + (—3x)*
=10 000 — 12 000x + 5400x2 — 1080x3 + 81x*

27

2x —1)° = (2x)° + 5(2x)*(=1) + 10(2x)3(=1)% + 10(2x)?(-=1)3 + 5(2x)* (—-1)*
+(-1)°
= 32x° — 80x* + 80x3 — 40x% + 10x — 1

28 General term: 'C,(5)"(3x)7™"
Require 7 —r =5sor =2
Term is
7C,(5)2(3x)° = 21(5)2(3x)° = 127575x°>
Coefficient is 127 575
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29 General term: 2C,(3x)" (=2)12""

Requirer = 8

Term is

1204(3x)8(—2)* = 495(3x)8(—2)* = 51963120x8

Coefficient is 51 963 120

30

B nn—1)n-2)(n—-3) B

N 1X2x3x%X4
nn—1)(n—-2)(n—3) =495 x 24 = 11880

n

495

Using GDC to solve the quartic: n = 12

31a

32a

33a

34 a

(243010 = (21 +10(2)°(3x) + 45(2)8(3x)? + - + (3x)1°
First three terms: 1024, 15360x, 103680x?
Substituting x = 0.001:

(2 4 3x)10 = 2.00310
~ 1024 + 15.360x + 0.10368
~ 1039

(3—2x)° = (3)° + 9(3)8(—2x) + 36(3)7(—2x)? + 84(3)° (—2x)% + -
=19 683 — 118 098x + 314 928x? — 489 888x% + ---

Substituting x = 0.01:

(3—2x)? =2.98°
~ 19683 — 1180.98 + 31.4928 — 0.489888
~ 18 533.0

24+x)7=2)7+7(2)°%(x) +21(2)5(x)2 + -
= 128 + 448x + 672x% + ---

2+ x)"(3—x) = (128 + 448x + 672x*> + - )(3 —x)
= 3 x 128 + x(3 X 448 — 128) + x%(3 X 672 — 448) + ---
=384 + 1216x + 1568x2% + -

(2-3x)° = (2)° + 5(2)*(—3x) + 10(2)3(=3x)% + -
= 32 — 240x + 720x2 + -+

x? term in the expansion of (2 — 3x)>(1 + 2x) is x%(720 — 2 X 240) = 240x?
So coefficient is 240

DYNAMIC Mathematics for the IB Diploma: Analysis and approaches
LEARNING @ paul Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019

(72)
c
9o
=
=
o
(7]
©
()
=
[
2




35
2=x)5=(2)>+52)*(=x) +10(2)3(=x)? + -
=32 —80x + 80x2 + -

(1+42x)% =1+ 6(2x) + 15(2x)2 + ---
=1+ 12x + 60x% + -

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

x2 term in the expansion of (2 — x)>(1 + 2x) is x?2
(32x60—80x12+80x 1) =1040x?
Coefficient is 1040.
36a

2+x0)*=2)* +42)32 )" +6(2)*(x)* + 4(2)' (x)* + (x)*
=16 + 32x + 24x?% + 8x3 + x*

Substituting —x instead of x gives
(2 —x)* =16 — 32x + 24x? — 8x3 + x*
Therefore (2 + x)* — (2 — x)* = 16x3 + 64x
b When x = 0.01, this gives
2.01* — 1.99* = 0.64 + 0.000016 = 0.640016
37 General term is "C,.(x)"(2)"""
If the index of x is ¥ = n — 3 then the term is "C,,_3(x)"3(2)3

8(n><(n—1)><(n—2))_
1x2x3 = 1760

nCn_3 X 23 =
n(n—1)(n—2) = 1320
Using calculator to solve this cubic: n = 12

38 Term in x* has coefficient "C,(3)"—* = 2= DW-D@=3) _ 15349
1X2X3X4

nn—1)(n—2)(n—3) x 3" = 297 606 960

Using calculator to solve this equation: n = 10

39
e+ 2x D =x* +40)3Qx DT+ 6(x)2(2x )2 + 4(x)*(2x~1)3 + (2x~H)*
. 32 16
=x*+ 8x +24+—2+—4
x2  x
40
(x? +3x)°> = (x2)> + 5(x2)*(3x)* + 10(x2)3(3x)? + 10(x?)?(3x)3 + 5(x?)*(3x)*

+ (3x)°
= x10 + 15x° + 90x8 + 270x7 + 405x° + 243x°

41 General term is *°C, (x2)" (3x)1°" = 15C, x15+7(3)n~"
Require that 154+ 7 =27 sor = 12
Coefficient is then *°C;, x 33 = 12 285
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42 General term is 1°C,.(2x2)" (=3x~1)10-7 = 10C_x37-10 x 27 x (=3)10-7
Require that 3r —10 =5sor =5
Coefficient is then 1°Cg x 25 x (=3)% = —1 959 552

43

Tip: Always be alert for a shortcut — notice the difference of two squares in the question to

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

answer without any need for binomial expansion!
—-1D"(x+1)7 =x*-1)

All powers of x in the expansion must be even, so the coefficient of x? is zero.

Mixed Practice
1

R+20)*=@2)*+42)2) +6(2)%(x)? + 4(2)1(x)3 + x*
=16 + 32x + 24x?% + 8x3 + x*

2u1=§,r=§
U, 1
Soo= = —
1-r 2
3u1—7,r——g
Uy 9
500: = -
1-r 2
4 r=%
u
Soo = 7= =12
u1=12x1=3

5 General term in the expansion of (1 + x)™is "C,.(x)" (1)

Require thatr = 6

n(n-1)(n-2)(n-3)(n—-4)(n-5)
1X2X3X4X5%X6

nn—1)n-2)(n-3)(n—4)(n—-5) =2162160

Coefficient is then "Cg = 3003 =

Solving this polynomial with calculator: n = 14
6 a General term in the expansion of (3x — 2)2 is *2C,.(3x)"(=2)"""
Require that v = 5 for the x° term.
Coefficient is then *?C5(3)%(=2)7
p=5q=7r=5
Note that (3x — 2) = (—2 + 3x)
Therefore, we may also write the general term as

26, (=2)" (3x)"
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For the term in x> we then haver =7 (p = 5,9 = 7).
Indeed, 12C5 = 12C7;
and, "C, = "C,_, in general.

b Coefficient is *2C5(3)%(=2)7 = —24 634 368

7 a There will be eleven terms (x° to x1?)

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

b General term in the expansion of (x + 3)1%is 10C,.(x)"(3)""
Require that 7 = 3 for the x3 term.

Term is then 1°C5(3)7x3 = 120 x 2187x3 = 262 440x3

(1+2x)1° = (1D +10(1)°(2x)! + 45(1)8(2x)? + ---
=1+ 20x + 180x2 + -+

b When x = 0.001, this approximation gives

1.0021° ~ 1 + 0.02 + 0.00018
~ 1.02018

9 a ywu=2-3x=r
Convergence when |r| < 1
So|2—-3x|<1

1<|3x] <3
1< <1
3<%

Uy

S°°=1—r
_2—3x
T 3x—1

IfS, = %then

3x —1=2(2—-3x)

9x =5

_ 5

=9
¢ IfS, = —2then ——% = 2
3 1-(2-3x) 3

32—-3x)=-2(3Bx-1)

6—9x =2—6x
3x =4
_4
*=3

. . : 4 .
But this is a value outside the convergence requirement; for x = p the series would be a

sum of powers of (—2), which would not converge to — g
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11 General term in the expansion of (2 — x)° is 1°C,.(2)" (—x)*"
Require that 7 = 6 for the x* term.
Coefficient is then 1°C4(2)6(—=1)* = 210 X 64 = 13 440
12 a Expansion of (3 + x)™is 3™ + n(3)" 1(x) + -
Comparing first term: 3" = 81 son = 4
b Then the second term gives k = 4 x 33 = 108
13a "C;=n
b i Expansion of (x +2)" is

nn—1)

x*+n() T2 + 5

O 2(2)2 4+ =x"+18x™ 1+ bx" 2 -

Comparing terms:
x™: 1=1
x"1: 2n=18son=9
i x"2 ZEx4=h
b =144
14 General term in the expansion of (2x + p)® is °C,.(2x)"(p)"™"

Require that 7 = 4 for the x* term.

Termis then °C,(2x)*(p)? = 60x*

15 x 24p? = 60
1

2 _ =

P =3
P==3

15 Geometric sequence with first term u, and common ratio 7:

U +u; +uzs =u;(1+7r+71r2) =62755 (1)

U
S = = 440
1—r
u;, =440(1 —r)
.I) DYNAMIC pathematics for the IB Diploma: Analysis and approaches 9
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Substituting into (1):
440(1 —r3) = 62.755
62.755

440
19

3 = = 0.857375

r

16

17a Y7 ,(e™®)¥ is a geometric series with common ratior = e™

Convergence criterion is |[r] < 1

Since e™* < 1 for all positive x, the series will converge for all positive x.

18 Geometric series with first term u, and common ratio 7.

U +u, tus=u(1+r+1r2%) =26
Ug
S = =27
1—r7
u, =27(1-r)
Substituting into (1):
27(1—13) = 26
3 26 _ 1
T T T
_ 1
73

€y
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19 Expansion of(l + %x)n is1+n (%x)l 4.

2 \" 2n 2
(1+ §x) (3 + nx)? =(1 +?x+--~)(9+6nx+n2x )

2n
=9+x(9x?+6n)+---

=9+ 84x + -

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

Comparing coefficient of x:

12n = 84
n=7

20 (x—1)3=x3-3x2+3x—-1

(x71+2x)% = x~%(1 + 2x?)°
=x"%(1 +6(2x*) +15(2x%)% + 20(2x?)3 + )
=x"04+12x7* + 60x7% + 160 + -

The coefficient of x =2 is (12 X (—3) + 60 x (—=1)) = —96
21la i up=a+Mn—-1)d
So, v, = 2! = 2% x 24(n=1)

Upyr | 20x 20"

= = 2d
v, 2% x2dn-1)

Then

i v; =2°
iii v, = 29(2%9)"" = 20+d(n-1)
b i {v,}isa geometric sequence with common ratio r = 2¢ and first term v; = 2%, from
part a.
v (@=rm o 1=20n 202nd 1)
Co1-r 1-2¢4 24-1

Sn
ii Convergence criterion: |r| < 1
|2¢] <1

Require that d < 0

ves _ V1 _ 24
iii S, = = 1a

iv
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¢ w, =pq"!

Zp =In(pg" ) =Inp+ (n—-1)Ing
n
z;= ) (Inp+(i—1)Ingq)

n

i=1 i=1
n

=nlnp+ lan(i -1)
i=1

n(n — 1)l
2 n
n(n-1)
=In [pnq 2 ]

(72)
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=nlnp + q

n(n-1)
k=p"q 2
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14 Analysis and approaches:

Functions

(72)
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o
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These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 14A
15a

(fo®)(x) = f(g(x))
=3gx) -1
=3(4—-3x)—1
=11-9x

(goD(x) = g(f(x))
=4 — 3f(x)
=4-303Bx—-1)
=7—-9x =4

So 9x = 3 from which x = é

16 a

£(f(0) = (F())” + 1
=(*+1)*+1
=x*+2x2+2

f(g() = (g(0))* +1
=(x-1)2?+1
=x2—2x+2

g(f(n) =) -1

=x2

Iff(g(x)) = g(f(x)) thenx2 —2x + 2 =x%sox =1

17
3
f(f(x)) = Z(f(x))
= 2(2x3%)3
= 16x°
.’2 DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 1
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18 Domain of f(x) is x > 4 so require range of g(x) restricted to g(x) > 4
gx) =3x+10>4sox > -2
The largest possible domain for (fe g)(x) is x > —2.

b
(fog)(x) = f(g(x))
—V3x + 10 — 4
=+vV3x+6

If\/3x+6=5then3x+6=25sox=§

19a fg(8)=In(8—-5)=1In3

gf(8) =In8—-5
b fg(x) =In(x—-5) =8
Sox=e8+5
20a i
(fo2)(3) =1f(g(3))
= f(4)
=2

ii

(g0 H(4) = g(f(4))

=g(2)
=1
b f(g(x)) =1=1(5)s0g(x) =5
Then x = 4.
21a i
(fe2)(3) = f(g(3))
= f(7)
=1

ii

(g9 =g(f(9)
=g(9)
=1

b f(g(x)) =5=1f(5)sog(x) =5
Then x = 1.
22 a  Domain of f(x) is x > 0 so require range of g(x) restricted to g(x) > 0
g(x) = x — 3 > 0 so require x > 3
The largest possible domain for (f o g)(x) is x > 3.
b (feg)(x) =In(x—3)=1sox=e+3
c (gofH(x)=Inx—3=1sox =¢e*
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In(x —3) =lnx -3
Inx —In(x—-3) =3

1n(xf3)=
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x—3 °
x=e3(x—-23)
x(1—e3) = -3¢
_ 3é
*Te

23 a

(Fo)(0) = £(=—)

_ 1
=
~—3 7T 2
Multiplying numerator and denominator by (x — 3):
x—3
fo -
(Feo)® = 5a =3
_x—=3
T 2x—5

b Domain of f(x) is x # —2 so require range of g(x) restricted to g(x) # —2
g(x) = —2when x = ; so require x # g

Largest possible domain of g(x) is x # 3
The largest possible domain for (f o g)(x) is x # 2.5,3.

x—3 _

2x —5
x—3=202x—-5)
3x=7

X=§

24

e —2(2) -2

4
(fog)(x) =2_x2 =2

So (g H(x) = 16(fe g)(x)
k=16

25 a Largest possible domain of f(x) is x # —%

f(x) = —%whenx = —g
7

The largest possible domain for (fo f)(x) is x # — g, —=
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b Range of (f o f)(x) for this largest domain is (f o f)(x) # O,%

¢ (fof)(x) =1 so (using GDC) x = —g

Exercise 14B

Tip: When finding an inverse, always remember to check the range of the original, since that
will be the domain of your inverse, and should be stated with your answer for a complete
definition of the function.
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18 Lety =f(x) = é (range f(x) # 0)
Then3—x=§sof‘1(y) =x= 3—§=%(d0mainy¢0)

a f71(3) =

w wlun

b f(x) = 2= (domain x # 0)
19 Let y = f(x) = 3e°* (range f(x) > 0)
“1(y) = x = 21n (%
Then f~*(y) =x = 5ln (3)
. . -1 1 X .
Changing variables: f~(x) = n (E)’ domain x > 0

20 a

T

b Lety =f(x) = %x3 — 3 (range f(x) € R)

Then f~1(y) = x = 3/5(y + 3)

Changing variables: f~1(x) = /5x + 15
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21 a

|
|
|
|
|
I

=iy =

1
b Letx = f(y) = e2” — 1 (range f(y) > —1)
1
Then x + 1 = e2”
1
In(x +1) = 2y

y=2In(x+1)
l(x) = f_l(f(y)) =y=2In(x+1)

The domain of {1 (x) is the range of f(x), in this instance {—1 < x}.

2
22a Letx =f(y) = izj (domain y > 2 so range f(y) > 1)
Rearranging:
Y+l
=7

yix—4x=y* +1
yix—y* =4x+1
y2(x—1)=4x+1

2_4x+1 _ 4x+1
y=_—Sey= /x—1 (as2<y)

'@ =) =y = 75

= {x:1 < x}
b Range of f~1(x) is the domain of f(x): f~1(x) > 2
23 (g7 tof™H(x) =450
x = (fog)(4)
= f(g(4))
1

C4+\2x4+1
1

7
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24 a

b

25 a

26 a

From GDC, the intersection of y = f(x) and y = f~1(x) is also the intersection
withy = x.

x
e2+x—-5=x

x
ez2=5
x=2In5

Since f(x) = f(—x), f(x) is one-to-one for x < 0 so the largest possible value is a = 0
f(x) = x? + 3 for x < 0 has range f(x) > 3
Lety =f(x)sof 1(y) =x=—/y—3fory>3

Changing variables: f~1(x) = —vVx — 3 forx > 3

Since g(5 + x) = g(5 — x), g(x) is one-to-one for x < 5 so the largest possible value
isk =5.

g(x) = 9(x — 5)? for x < 5 has range g(x) > 0

Letyzg(x)sog‘l(y)=x=5—gfory>0

Changing variables: g~(x) = 5 — g forx > 0.

27 f(x) = % has domain x # 4

If f(x) = f~1(x) then (fo f)(x) = x.

D

(Fo D) 5=
- ax+3
-4
x—4

Multiplying numerator and denominator by (x — 4) to simplify:

alax +3) +3(x —4)

D) = -2 =9

x(a?+3)+3a—-12
 (a—-4)x+19

x(@®>+3)+3a—-12=x%(a—4) + 19x

X
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Comparing coefficients: If a = 4 then the x? term disappears, as is necessary, and the
equivalence is met:

19x + 0 = 0x? + 19x
So for (x) = f1(x),a =4

Tip: An alternative solution involves finding f~1(x) in terms of a and then requiring the two
function expressions to be equivalent
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Mixed Practice
1 a Lety=f(x)=3x—-1

Theny +1 = 3x

Sox=f1() =z +1)

Changing variables: f~1(x) = %

(Fo D) (x) = f(f1(x))
= f<% (x + 1))

=3(%(x+1))—1

=X

2 a Square root must take non-negative arguments, so the greatest possible domain of h(x)
isx < 5.

a =5.

3 e =4so0x =§1n4 = 0.462

4 a
(foH(2) = f(f(2))
= f(0)
=3
b f1(4)=1
5
(8o D) = g(f(x)
— e2(x+3) =1
2c+3)=In1=0
= —36.
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! LEARNING gpgy Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019



6 a Inx takes only positive arguments for range in R so the domain of g(x) is restricted
tox > 2
b Lety = g(x) = 3In(x — 2) with domain x > 2 and range R
% =1In(x —2)
Yy
x =g 1(y) = 2 + e3 with domain
Changing variables: g=1(x) = 2 + €3 with domain R and range g~1(x) > 2.
7 By inspection, g~ 1(x) = Vx and f1(x) = xT_l
(fog)™ ()= (g7 o f D)
_3x—1
] 3
8 a
(fo)(x) = f(g(x))
=2(x3)+3
=2x3+3
b 2x3+3=0s0x = 3f—§= —1.14 (to 3s.f.)
9 a From the graph:
i f(—-3)=-1
i f1(1)=0
b The domain of f~1 is the range of f: [—3,3]
¢ The graph of f~1 is the graph of f under a reflection through the line y = x
Y
[ | =
5
y = f(z)
/ = T
—5 Ve 5
y; g / (=)
/s
y=xz /
7
—5
i

D
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10 a
(feg)(x) = f(g(x))

=(xi1)_2
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_1—2(x—1)
B x—1
_3—2x

T x—1

The domain of g(x) is x # 1 and the domain of f(x) is unrestricted so the domain of
(fog)(x)isx # 1.

b Lety=(fog)(x)=x—i1—2

1
Theny+2—;

1

Taking reciprocals on both sides:x — 1 = e

— (fo o)1(v) = 1
Then x = (fo g) (y)—1+erZ

Changing variables: (fo g)~1(x) =1+ =

x+2
By inspection, f~1(x) = x + 2and g7 1(x) = 1 +%
(5 900 = g (1 ()
1
=1+

x+2
This demonstrates that (fo g)~1(x) = (g7 o 1) (x)

11 Lety = f(x) = % , which has domain x # —4 and range f(x) # 3

y(x+4)=3x-1
xy—3x=—-4y—1
x3—-y)=4y+1

=) =2

3—-y

43x+1 with domain x # 3 and range f~!(x) # —4

—-X

Changing variables: f~1(x) =

.I) DYNAMIC pathematics for the IB Diploma: Analysis and approaches 9
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The graph shows that g(x) is one-to-one (for no value k are there two distinct values x;
and x, such that g(x;) = g(x,) = k; this is seen in the graph as the quality that any
horizontal line crosses the curve in at most one place). Therefore g~ (x) exists. Since
the range of g(x) is R, the inverse function has domain R.

b g7l(x) =2sox=g(2)=2+e?=9.39

13 a
6 ()

N =

I
aQ
)
N—
I
SN—
N—————

I
w 0q

b (flog)(x) =

(@ )
= log, (3 z)

~ g, (o-(0)

14a h(x) =1In(x —2) forx > 2soh™1(x) = 2 + e* with range h™*(x) > 2
b (goh)(x) =e"*=2 = x -2

15 a The graph is symmetrical about x = —% so the graph is one-to-one for x < —%
1
a=-—=
2

b Lety=f(x) = (2x + 1)2
Then x = f~1(y) =

i
negative side of x = E)

(selectmg the negative root since the domain of f is to the

—x-1
2

Changing variables: f~1(x) =

.I, DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 10
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16a f(5)=52+3=28
b gf(x) =12— (x?+3) =9 —«x2
¢ i The graphs of y = f(x) and y = f~1(x) are reflections through the line y = x.
ii Lety=1f(x)=x?+3
Rearranging gives x = f1(y) = [y — 3
Changing variables gives f~1(x) = vx — 3
iii. The domain of f(x) is x > 1 and so the range of f~1(x) is f~1(x) > 1
17a i f(7)=3(7) +1 =22

ii
(fog)(x) = f(g(x))
3(x + 4)
=1

x—1
_(3x+12)+(x—1)

x—1
_4x+11

x—1
iii (fef)(x) =3@x+1)+1=9x+4

b The domain of f is R and f is a linear transformation, so f has range R.

Since the domain of g requires x # 1, (g o f)(x) is not well-defined across the whole

domain of f.
c i

ifi+4

(g°g)(x)=W

-1

x—1
_xt+4+4x-1)
T ox44—-(x-1)
_5x
5
=x

Since (g o g)(x) = x, it follows that g(x) = g~ (x)

ii Since g(x) is self-inverse, the range and domain are the same, so the range of g(x) is

glx) # 1.
18a  f(x)=vVx—5s0f1(x) =x2+5
f~1(2) =9
b
(feg™@3) =f(g™'(3))
= f(30)
=v30-5
=5
.‘ DYNAMIC pathematics for the IB Diploma: Analysis and approaches 1
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19a Lety=f(x) =3x—-2 @
(o]
Then f~1(y) =x=yT+2 5
()
Changing variables: f71(x) = % g
@
b =
(]
(g H) = g(f*(0) =
5
T 3f-1(x)
_ 5
Tx+2

c i Whenx=0,h(x)=g=2.5

ii

e

.
|
]

d i Whenh~1(x) =0, x = h(0) = g =25

ii The horizontal asymptote of y = h(x) is y = 0 so the vertical asymptote of y =
h™l(x)isx=0
-1 — — -5 _
e h (a)—350a—h(3)—3+2—1

20

(fog)(x) = e2(n(x-2))
— eln((x—z)z)

=(x—-2)?
Lety = (fog)(x) = (x — 2)?
Thenx = (feg) 2 (y) =2+.fy
Changing variables: (fo g)™1(x) = 2 + vVx
g lx)=2+e*and f1(x) = %lnx = In(Vx)
g1 (f () =2+ enVx = 2 4 \x
So (feg)™(x) = g (f*(x))
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21 f71(g71(x)) = 9 so, i
)

x = g(f(9) =

! 5

= +7 w
1++9 o

_29 8

== ;3

22a f(x) =2+ x — x3 has local maximum at x = 0.577 (GDC) so f(x) is one-to-one
for x > 0.577

b The graph of y = f(x) is the reflection of the graph of y = f~1(x) in the line y = x.
¢ By b, the intersection of y = f(x) and y = f71(x) lieson y = x so f(x) = x
Substituting: 2 + x —x3 = x
x =32
23a i
(goHlx) = g(fix))

- 2x + 3
Domain of g(x) is x # 0 so require f(x) # 0: x # —%
ii
(fog)(x) = f(g(x))
2
=243
x

Domain of f(x) is R so the only restriction is the domain of g(x): x # 0.

b Iff(x) = (g7" o fog)(x) then (go H)(x) = (Fo g)(x)
1 2+ 3x
2x+3 - -
Rearranging: x = (2x + 3)(2 + 3x)

2
—+
X

6x>+12x+6=0
x> +2x+1=0
(x+1)?=0
x=-1

Substituting into y = f(x) gives point of intersection (—1, 1).
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These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 15A

38 a y-intercept c = —24
b y=(x-8)(x+3)
Rootsata = —3 and b = 8
39a Rootsat—2and3sop=2,q=3
b y-intercept —apq = 18 soa = —3
c

y=-3(x+2)(x—-3)
= —-3x?>+3x+18

40 a
5\° 5
x2—5x+1=(x—§) +1—(—)

2
_ ( 5)2 21
“\*72) 7%

2

b Line of symmetry is x = 2

41 a y-intercept is at (0,23)

y = 2x% + 12x + 23
=2(x? + 6x) + 23
=2[(x+3)2—-9]+23
=2(x+3)2+5

¢ Vertex is at (—3,5).
42 a Vertexisat (h, k) = (2,7)
Soh=2k=7
b y-intercept —13 = ah?’+k =4a+7soa= -5

y=-5(x—-2)2+7
= —5x% + 20x — 13
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43 a

3x2+6x—2=3x%+2x) -2
=3[(x+1?>-1]-2
=3(x+1)?*-5

b Minimum value is —5

44 a
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562 —10x+3 =5(x%—-2x)+3
=5[(x-1)?-1]+3
=5(x—-1?%-2

b Positive quadratic with minimum at (1, —2)

Range is f(x) > —2

Exercise 15B

292 x2—x—-12=(x—4)(x +3)
b x—4)(x+3)=0
Sox—4=0o0rx+3=0
x =4or—-3
30 a

x>’ —6x—2=(x—-3)>2—-9-2
=(x-3)2-11

(x—3)2-11=0

x=3++V11
31a x>+ 10x =(x+5)2-25

(x+5)?%-25=7
x=—5+\/§

32

x> —6x+5<0
(x—-1Dx-5)<0

Positive quadratic is less than zero between the roots
1<x<5
33

x2-b2=0
(x+b)(x—b)=0

Positive quadratic is greater than zero outside the roots
x<—borx>b
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34 0
5

x2—4x—-21=0 =
(x—=7x+3)=0 =

7

x=7o0rx =-3 o]
S

35A=x%and P = 4x =
=

Require x? > 4x and (in context) x > 0
Since x is positive, dividing by x will not change the solution set.
x> 4.

Tip: Ordinarily, cancelling an equation by an expression in x can only be done if you also allow
the possibility that the expression equals zero (so cancelling a factor of (x — a) on both sides of
an equation should only be done if you note the possible solution x = a). In this case, by stating
x > 0 we can then cancel the factor x and avoid solving the quadratic inequality altogether.

36
3x2 —4x—1=
3<x2—ix)—1=
3
2\%2 4
3(("‘5) _§>_1=°
2% 7
3(x-3) =3
217
*=73
37

x% — 2xp + p? > ¢*

(x=p)?-q*>0
x-p-x-p+q)>0
Positive quadratic is greater than zero outside the roots
x<p—qorx>p+q

38 a The two numbers are x and x + 3.
If their product is 40 then x(x + 3) = 40
x2+3x—40=0
b (x+8)(x—-5)=0

x = —8 (and the larger number is —5) or x = 5 (and the larger number is 8).

39 a  If the width is x then the length is x + 5

Area = x(x +5) = 24
x> +5x—24=0

b (x+8)(x—-3)=0
x = —8 (reject due to context) or x = 3

The perimeter is 2x + 2(x + 5) = 22 cm
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40 Substituting: x + 2 = x2 — 4
x> —x—6=0
(x=3)x+2)=0
x=3o0r—2
Coordinates of intersection are (—2,0) and (3, 5)

41
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x2—6x+9<0
(x—3)<o0

A square is only non-positive when it is zero. The inequality has solution x = 3.
42 a
10t —5t> =0
5t(2—-t)=0
The ball is at ground level at t = 0 (when it is hit) and t = 2 (when it lands).
The ball lands 2 seconds after being hit.

h = —=5(t% — 2t)
=-5(t-1*-1)
=-5(t—-1)%?+5

Maximum height is 5m at t = 1 second

h>1

—5(t—-1)2+5>1

—-5(t—-1)? > —4

4

t—1)?2 <=

( ) 3
_1)2=4% - 2
Roots of (t — 1) —Saret—li\/g

Positive quadratic is less than zero between the roots

. 2 2
The ball is > 1m0ffthegr0undf0r1—ﬁ< t< 1+ﬁ’

4 45
so for NG seconds = -~ 1.79 seconds.

43 Substituting:
x*2+(x—3) =16
2x2—6x+9—-16=0
2(x2=3x)—-7=0

2( 3)2 23 _
*72) T2 7
3 V23
Xx=>t—
27 2

3+;/ﬁ —3+x/ﬁ) ’ (3—\/ﬁ —3—@).

Coordinates are therefore( T > T S
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44

6 =3x+4
x—1 X

Bx+4)(x—1)=6
3x2+x—-10=0
Bx—-5x+2)=0
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=~ or—2
X 301’

454 < x?>and x? < 9, so
(x<—=2orx>2)and (-3 <x<3)
The coincident regions of the two requirements are —3 < x < —2o0r2 <x < 3
46 x> —3x <0andx?—5x+4<0
x(x—3)<0and(x—1D(x—4)<0
Positive quadratics are less than zero between the roots.
0<x<<3andl<x<4

The coincident region of the two requirements is 1 < x < 3

47
y2—=3xy+2x2=0
-0 -2x)=0
y =xor2x
48
x2—x—-2kx+k+k*=0
(x—k)?—(x—-k)=0
x—-kKkx-k—1)=0
x=kork+1
49

x> +y*—-2y+1<0
r-—1?<-—x?

Since —x2 < 0 and (y — 1)? > 0, the only possible solution is at x = 0,y = 1.

Exercise 15C
10 a Repeated root when A = 0

82 —-4(3)(k) =0
12k = 64
16

k =
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11 Repeated root when A = 0

k?—4(5)(20) =0
k? = 400
k=120
12 Distinct real roots when A > 0

(-3)2-4k)(2)>0
9-8k>0

)
c
9o
whd
=
o
o
o
)
R~
S
=

k<9
8

13 No real roots when A < 0

(-5)?2-43)2k) <0
25—-24k <0
k> 25
24
14 a Repeated root when A = 0

k?—4(2)(k—-2)=0
k? —8k+16=0

(k—9?=0
k=4

15a Repeated root when A = 0

(k+3)?—-4k)(-1 =0
k?+10k+9=0

k+1Dk+9 =0
k=—-1or—-9
16 Distinct real roots when A > 0

k* —4(2)(2) >0
k*—16 >0

k<—-4ork >4

17 At least one real root when A > 0

a’?-4(a)(3) >0
a’?—-12a >0
a(a—12)>0

Positive quadratic is greater than zero outside the roots

a<g<Oora>12
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18 Repeated root when A = 0

a’?—-4(1)9) =0
a’ =36
a==6

19 No real roots when A < 0

(-3)2-42)(c) <0
9—-8c<0

9
38

20 No real roots when A < 0

b? — 4(1)(2b) <0
b2 -8b <0
b(b—8)<0

Positive quadratic is less than zero between the roots
0<b<8
21 Distinct real roots when A > 0

(a+1)2-43)@) >0
(a+1)% > 48

a+1<—V48ora+1>48
a<-1—4V3ora>—-1+4V3
22 No real roots when A < 0

B-k)?-4k)Kk) <0
B-k)?-2k?<0
3-3k)3+k)<0

Negative quadratic is less than zero outside the roots
k<—-3ork>1
23 x = 0 is not a solution, so we can multiply by x.
x2=3x+a=0
Real roots when A > 0
(-3 —4(D)(a) >0

9
a<Z

24 For the graph to be always positive, the quadratic must be positive with no real roots.

No real roots when A < 0

a’?-4(1)4) <0
a?-16<0
(a+4)(a—-4)<0

Positive quadratic is less than zero between the roots
—-4<a<4
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25 For the graph to lie entirely below the x-axis, the quadratic must be negative with no real
roots.

Negative quadratic: a < 0 (1)
No real roots when A < 0

42 —4(a)(a—3) <0
4a®> —12a—-16>0
4(a*—-3a—-4)<0
(a+1)@-4)<0

Positive quadratic is less than zero between the roots
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-1<a<4 2
Taking these two conditions together —1 < a < 0
26

Tip: This could be answered using calculus and gradients, but it is elegant to solve by
considering the number of intersection points.

If the line is tangent to the curve then there will be a single (repeated) point of intersection.

x+k=x2+7
x2—x+7-k=0

Single repeated root when A = 0

(-1D?-4)(@7-k) =0
1
7—k=7

_27

4
27 Intersection occurs when x% + (2x + k)> =5
5x% +4kx+k*—-5=0

Real roots when A > 0. When A = 0 the line would be tangent to the circle (non properly
intersecting), so restrict to A > 0 for intersections.

(4k)? —4(5)(k? =5) >0
—4k?>+100>0
k? <25
-5<k<5

28 Distinct real roots when A > 0
A=(a+2)?-43)(-2)=(a+2)*+24

This must be greater than zero for all real a, and hence there must always be two real roots
to the original quadratic.

29 For x% 4+ bx + 9 = 0 to have no solutions, the quadratic y = x? + bx + 9 must lie entirely
above the x-axis; that is, it has no real roots. Let the discriminant of this quadratic be A;.

No real roots when A < 0
A =b%—4(1)(9) =b?>-36<0
Therefore —6 < b < 6

.‘ DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 8
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Let the discriminant of y = x2 + 9x + b be A,
A, =(9)2 —4(1)(b) =81 —4b
Given the values of b found above,

57 < A, < 105

Therefore A, > 0 and hence the second quadratic always has two distinct real roots.

Mixed Practice

1 a x?+7x—18=(x+9)(x—2)
b (—9,0) and (2,0)

2
4x2 -9 =0
(2x+3)2x—-3)=0
X=*3
. 2
Coordinates of the roots are (i 3 O).
3 a

—2x2+8x—3=-2(x*—4x) -3
= 2((x—2)%—4) -3
=-2(x—2)*+5

b Vertexis (2,5).

4 a Positive quadratic with negative y-intercept: Graph 3.
b Positive quadratic with positive y-intercept: Graph 1.
¢ Negative quadratic: Graph 2.

5 a Vertexisat(3,—2)soa=3,b =2

(x—3)2=2
x=3++2
Coordinates of the roots are (3 +v/2,0)
6 a y=(x—-5)(x+3)
Roots are at (—3,0) and (5, 0)
b y=(x-1)*-16
Line of symmetryis x = 1
¢ Minimum value is —16, the y-coordinate of the vertex.
7 a

2x>—x—-5=0
A= (—1)2 — 4(2)(=5) = 41

b A > 0 so there are two distinct real roots.
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8 No real roots when A < 0
42 —4(k)(5) <0

(72)
c
2
5
4 =
k> g 8
o
9 a Axis of symmetry is vertical through the vertex: x = 2 I
S
b =
Y
A(0,6)
B(1,0) D =
C(2,-2)

¢ By symmetry, if one root is 1 unit to the left of the axis, the other must be one unit to the
right, so D has x-coordinate 3.

10 a

3x2 —6x+10 =3(x? —2x) + 10
=3((x—1)%-1)+10
=3(x—1)2+7

b Positive quadratic with vertex at (1, 7) has range f(x) > 7
11 a

—x?—4x+3=—(x*>+4x)+3
=—((x+2)*-4)+3
=—(x+2)?+7

b Negative quadratic with vertex at (—2, 7) has range f(x) < 7

12 Equal roots when A = 0

(—(k+2))" —4(2)(3) = 0
(k+2)? =24
k=-2+V24=-2+2V6

13 a Let the length be y.
Then2x +2y =12s0y =6 —x

Then the area is given by A = xy = x(6 — x) = 6x — x?
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A= —(x?—-6x)
=—((x—-3)*-9)
=9 —(x—3)2

So the maximum area is 9 cm?

(72)
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14 At least one real root when A > 0

(—k)*—4(3)(6) =0
k?>72
—6V2 <k <6V2

15a i Completing the square:

f(x) = 2<x2 +§x> +4

K\ k2
=2<<x+z) —E>+4

k\?> 32 —k?
=2<x+z> +

8
. k 32-k2 k
Vertex is at (——,—) so——=1.25
4’ 8 4
k=-5
. . . 32— 7
ii The y-coordinate is =3
b
Y
4
¥
%! g)
» T
.I) DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 11
! LEARNING gpgy Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019



16

240
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—4 &

a f(x) =—-10(x+4)(x — 6)
b Expanding and then completing the square:
f(x) = —10(x? — 2x — 24)
= —10(x? — 2x) + 240
=—10((x — 1)2 — 1) + 240
= —10(x — 1)%2 + 250

¢ Expanding fully:

f(x) = —10(x? — 2x — 24)
= —10(x? — 2x) + 240
= —10x2 + 20x + 240

17 a

5
A= (10-p)* = 4() (£ -5)
=100 — 20p + p? — 5p% + 20p
= 100 — 4p?

b Equal roots when A = 0

4p? =100
p=25

18 a
x—6x>+15=(x—-3)>—-9+15
=(x—-3)2+6

b This function has minimum value 6, so its reciprocal has maximum value -

1 . 1

Then ———— has maximum value =
x—6x°+15 2

19 When the line is tangent, the intersection of line and circle will have only one root.
Substituting for intersection: x? + (2x + ¢)? =3 =0

5x2 +4cx+c*—-3=0
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Single root when A = 0

(4c)> —4(55)(c*=3)=0

—4c*4+60=0
c? =15
c=+V15

(72)
c
9o
=
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o
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©
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2

20 Multiplying through by x # 0 and rearranging:
ax?—-2x+1=0
No real roots when A < 0

(=22 —4(@@®) <0
4a > 4
a>1

21y = 2x? — 4kx + 3k? is a positive quadratic.

A= (—4k)? — 4(2)(3k?)
= 16k? — 24k?
= —8k* < Oforall k
Since A < 0, it follows that there are no real roots to the quadratic, and therefore it lies
entirely above the x-axis.
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16 Analysis and approaches: Graphs
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These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 16A

29 a f(x — 2) is f(x) with a translation ((2))

3

SR EaFaE S,
/

-4 -2 / e{ ¢

-2

—4

—6

b 2f(x) is f(x) after a vertical stretch with scale factor 2:

1

=)

L—o—0
w
8

-

c y=f (% x) — 1is f(x) after a horizontal stretch with scale factor 2 and a

translation (_01):

P &~ D Co

8 —6 -4 -2 7 0
: N
—4
.’2 DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 1
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30y, = 3x?% — 4x
=3\ .
Translation ( 0 ) Replace x with (x + 3)

y, = 3(x +3)? — 4(x + 3)
= 3x?% + 14x + 15

Vertical stretch scale factor 4: y; = 4y,
ys = 12x? + 56x + 60
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31y, =e*
. 2 .
Translation ( O): Replace x with (x — 2)
y, = eX7?
Vertical stretch scale factor 3: y; = 3y,
y3 = 3e*7?
32a x2-10x+11=(x—5)*>—-14
by, =x*
(5 . '
Translation ( 0). Replace x with (x — 5):
y2 = (x = 5)?
. 0. _ _
Translation (_ 1 4). V3 =y, — 14
y3 =(x—5)*—14

A translation (_5 ) transforms y = x% toy = x2 — 10x + 11

14
33a 5x2+430x +54=5x2%+6x+9)=5(x+3)?

2

b y;=x
Translation (_0 ): Replace x with (x + 3):
y2 = (x +3)?
Vertical stretch with scale factor 5: y; = 5y,
y3 = 5(x +3)?

0
toy = 5x2 + 30x + 45.

34a y; =x%=1f(x)
Vertical stretch with scale factor 9: y, = 9y,

2

A translation ( ) and a vertical stretch with scale factor 5 transforms y = x

Y, = 9x?
b y, = (£3x)? = f(+3x)
From y; to y,: Replace x with 3x: Horizontal stretch with scale factor%

So to reverse the transformation would require a horizontal stretch with scale factor 3.
. . 1 .
Tip: A stretch with scale factor — 3 would cause x to be replaced by —3x as an alternative

solution, but this would normally be interpreted as a stretch and a reflection through the y-axis.
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35a y; =2x3 = f(x)
Vertical stretch with scale factor 8: y, = 8y,
y, = 16x3
by, =2(2x)% = f(2x)

Replace x with 2x: Horizontal stretch with scale factor%
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36y, = 2x3 — 5x?
Reflection through x-axis: y, = —y,
y, = —2x3 + 5x?
Reflection through y-axis: Replace x with —x
y; = 2x3 + 5x?
37a y, =f(x)
Vertical stretch with scale factor 5: y, = 5y,
y2 = 5f(x)
Translation ((3)) V3 =y, +3
ys = 5f(x) +3
b ys=5(f() +3)

0 6) followed by a vertical stretch with scale factor 5.

38 A stretch from the line y = 1 is equivalent to

Translation ( 0

. 0
Translation (_ 1)
Stretch from the line y = 0

Translation ((1))

y1=f()
After (1):
y2 =fx)—1
After (2):
y3=2(f(x) -1 =2f(x) -2
After (3):
ya=Q2fx)-2)+1=2f(x) -1
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Exercise 16B

5 a Asymptotesy =0andx =0
Yy

(72)
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b Translation ((2))

¢ Asymptotes: y =2 andx =0
Y

|
b=

6 a Asymptotesy =0andx =0

b Replace x with (x — 3): Translation (g)

¢ Asymptotes y = 0 and x = 3

7 a Replace x with (x + 2): Translation (_02)
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8 a Whenx =0,y = —% so the y-intercept is —%
When x = —3,y = 0 so the x-intercept is —3
Axis intercepts are (—3,0) and (0, — g)

b Vertical asymptote is root of denominator: x = 2

Horizontal asymptote is end behaviour as x — foo:y =1

c
Yy
y=1
- T
9 a Vertical asymptote is root of denominator: x = —1
Horizontal asymptote is end behaviour as x — Foo: y = 2
3 . .3
b Whenx = — >y = 0 so the x-intercept is — 5
.I) DYNAMIC pathematics for the IB Diploma: Analysis and approaches 5
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10 Vertical asymptote is root of denominator: x = —%

Horizontal asymptote is end behaviour as x — Fo00: y = %

When x = g, y = 0 so the x-intercept is%

(72)
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S

Whenx =0,y = — § so the y-intercept is _é

/

|
cal|
ol

11 Vertical asymptote is root of denominator: x = %
Horizontal asymptote is end behaviour as x — Foo: y = g
When x = —%, y = 0 so the x-intercept is —%

When x = 0,y = —3 so the y-intercept is —3

)
A

Yy=3
3 -7
4
_3T T = %
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12 a

Horizontal stretch with scale factor 5: Replace x with g

5

y1=;

Translation (g) Yo=Yy +2

=2+ >
Y2 = X
This is one possible solution, but this sort of question often has many valid solutions.

Note that we could have answered that the first transformation was a vertical stretch:
Then y, = >
eny, =-

We should expect horizontal and vertical stretches to have the same effect on y = % since

the graph has the line of symmetry y = x

c y= ihas asymptotes x = 0 and y = 0.
Applying the same transformations to these, the asymptotes to the curve y = ZxTH are
x=0andy =2
13 a
2x—5_(2x—6)+1
x—3 x—3
_2x—6 4 1
x—3 x-—3
=2+——
-3
b y=-
.3\ .
Translation ( 0). Replace x with (x — 3)
1
Y1 = x—3
(0. 4 =
Translation (2) Vo, =y, +2
=2+ !
Y2 = x—3
. . _1 _2x-5. . 3
The transformation mapping y = Jtoy=-—risa translation (2)
.‘ DYNAMIC pathematics for the IB Diploma: Analysis and approaches 7
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c y= ihas asymptotes x = 0 and y = 0.
Applying the same transformations to these, the asymptotes to the curve y = % are
x=2andy =3

. .5
When x = g, y = 0 so the x-intercept is 3
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5 . .5
When x = 0,y = = so the y-intercept is =
Yy =3 y ptisz

Y
A

3
R -
2
z=3
14a o552
X X
1
b y = ;
Reflection through the line y = 0: Replace x with —x
1
V1= X

Translation ((5)) Vv, =y, +5

V2 = X

Tip: Several alternatives exist, for example

0

B 5) followed by a reflection through y = 0

e atranslation (

e areflection through x = 0 followed by a translation ((5))
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c y= ihas asymptotes x = 0 and y = 0.
Applying the same transformations to these, the asymptotes to the curve y = ? are
x=0andy =5

When x = %, y = 0 so the x-intercept isg
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Y

> T

Ot

15a

x*+2x  x(x+2)

x2—4 (x—=2)(x+2)
X
= _2 X+ —2

b Vertical asymptote is root of denominator: x = 2

Horizontal asymptote is end behaviour as x — +oo: y =1
When x = 0,y = 0 so the curve passes through the origin.

There is a hole at x = —2, where the equation has no defined value.

Y
i
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16 Vertical asymptote is root of denominator: x = b
Horizontal asymptote is end behaviour as x —» +oo:y =1

When x = a,y = 0 so the x-intercept is at (a, 0).

Whenx =0,y = % so the y-intercept is at (O,%).
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a 0<a<b

Ll

o-\nj
=
|
p—t

b 0<b<a

Y
A
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Exercise 16C

13 Since 2 < e, the steeper positive exponential will be e*

i y = 2%1is Graph B.
ii y = e*is Graph A.
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iii y = 0.5* (negative exponential for base < 1) is Graph C.
14

8
Il
o

a
b
y=1 "'--___

T

15

16

<
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17

The two graphs are reflections through the line y = x.
18 The higher lines (for x > 1) will relate to lower bases; 2 < e < 5
i vy =Inx is Graph B.
ii y =log, x is Graph C.
iii y = logs x is Graph A.
19 Using log, x™t = —log, x:
i y =log, x is Graph B.
ii y =logysx is Graph A.
iii y = logg, x is Graph C.

20
Y
:c=0“ T=2
y=lhz
T 3 *
y=lIn(z—2)

21a y=a+ be* hasasymptotey = a = 2
b The y-interceptata +b =5sob = 3
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22 y = e* has y-intercept at (0,1) and asymptote y = 0
After translation (g) and vertical stretch scale factor 2

a new y-intercept is at (0, 8)

b new asymptote is at y = 6.
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23 y = In x has vertical asymptote x = 0 and x intercept at (1,0)

0

a vertical asymptote x = —5

After a translation ( ), the graph will have

b axis intercept (—4,0) and new y-axis intercept (0,1n 5).

Y
b

y=In(z+5)

/

W anil .

s ,

24 y = Ca* has y-intercept C = 3
And passes through (2, Ca?) = (2,48)

Soa? = 4?8 =16
Since this is a positive exponential, a = 4
25a y = ek —chas y-intercept1 —c = —1soc =2
b y(1) =ek—2=0.340
So, k =1In2.340 = 0.850
26 a

5.2% = (eln 5.2)x — exln5.2
k=In5.2 =1.65

b Replace x with kx: Horizontal stretch with scale factor% = 0.607

27 a Horizontal asymptote is y = —2, and the graph lies above the line.
Range is f(x) > —2
b The domain of f~1(x) is the range of f(x).
If y = f(x) then y + 2 = 3e*

Y20 =)

x=ln(

So f~1(x) = In (%) with domain x > —2
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28 a Horizontal stretch with scale factor %; Replace x with 3x

New equation is y = In 3x

b Sincey =In3x =1In3 + Inx, this can transformation also be achieved by a translation

(1ns)

29 a y, = 5y;: Vertical stretch with scale factor 5

b 5e* = eln5 x ¥ = gXx+In5

Replace x with (x + In5): Translation (_ lon 5)

Mixed Practice

1 a Replace x with (x — 3): Translation (g)

y, = 2y;: Vertical stretch with scale factor 2

\
b |

(8,4)

@ o
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b Replace x with (2x): Horizontal stretch with scale factor%

¥> = —Y1: Reflection through y = 0

A
z=-1
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(2.5,2)

¢ Replace x with (g) Horizontal stretch with scale factor 3

Yy, =y, — 2: Translation (_02)

Y
3

T=-6

2 y=x3-2x

g): Replace x with (x — 3)

y1=(x—-3)3-2(x-3)
=x3—9x% 4+ 25x — 21

Vertical stretch scale factor 2: y, = 2y,
y, = 2x3 — 18x2% + 50x — 42
3 a x24+4x+9=(x+2)?*+5

Translation (

b y, =x?
. . -2
Replace x with (x + 2): Translation ( 0 )
y2 = (x +2)?

Y3 =y, + 5: Translation ((5))

The two transformations are both translations, equivalent to (_2)

5
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1
4 a yl = ; g
- . =
Translation ( 0 ) Replace x with (x + 2) =
7}
Y2 = x+2 %
Vertical stretch with scale factor 3: y; = 3y, 2
3
Y3 = x+2

b y= ihas asymptotes y = 0 and x = 0

After the transformations listed in part a, the new graph has asymptotes y = 0 and x =
—2.
3 . 3
Whenx =0,y = 5 S0 the graph has y-intercept (O, E)
Y

]
z=-2

[S1Y

5 a
1 2(x—5)+1
2 =
+x—5 x—5
_2x—10+1
B x—5
_2x—9
T x-=5
1
b =73

Replace x with (x — 5): Translation (g)

1
yz_x—S

_ . . 0
Y3 =y, + 2: Translation (2)
=2+ !
Y3 = Y

The two transformations are both translations, equivalent to (g)
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c y= ihas asymptotes x = 0andy = 0
After the translations described in part b, the asymptotes to the new graph are x = 5 and
y=2.
6 a y = Inx hasasymptote x = 0 and x-intercept at (1, 0).

y
A

)
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z=0

b The graph of y = 3 In(x — 2) is the graph of y = In x after a translation (g) and a
vertical stretch with scale factor 3.

It has asymptote x = 2 and x-intercept (3, 0).

Y
3

¢ The graph of y = 5 — In(3x) is the graph of y = In x after a reflection through the y-

. . . . 1
axis, a translation (g) and a horizontal stretch with scale factor e

5
It has asymptote x = 0 and x-intercept (e?, O).

Y
les-—\‘ e
z=0
.I) DYNAMIC pathematics for the IB Diploma: Analysis and approaches 17
LEARNING gpayl Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019



7 y1=ax+b
3 .
Translation ( 0). Replace x with (x — 3)

yo=alx—3)+b
=ax—3a+b

Vertical stretch with scale factor 7: y; = 7y,

(72)
c
9
Fr=)
=
o
(V2]
©
()
=
[
S

y3 =7ax —21la+7b
Reflection in the x-axis: y, = —y3

Yo =—7ax +21la—7b
=35 - 21x

Comparing coefficients:

xl:=7a=-21=>a=3

x%2la—7b=35=>b=4
8 y; =9(x - 3)?

Replace x with (x + 5): Translation (_05)
¥z = 9(x + 2)?

1 . . 1
Y3 =32 Vertical stretch with scale factor 3

y3 = 3(x +2)?

The two transformations (in either order) are a horizontal translation of —5 units and a
. . 1

vertical stretch with scale factor 3

9 y; =Inx

(2)): Replace x with (x — 2)

y, =In(x —2)

Translation (

Translation (g) V3 =Y, +3

y3 =3+ In(x — 2)
Vertical stretch with scale factor 2: y, = 2y3

ys =6+ 2In(x —2)
=1Ine® + In((x — 2)?)
=In(e®(x — 2)?)

10 a Vertical asymptote is root of denominator: x = —%
Horizontal asymptote is end behaviour as x = Foo: y = 2
b Whenx =0,y = —; so y-intercept is —%

3 . . 3
When x = Y= 0 so x-intercept is "
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Bl

~leo

T——
==g

11 a Vertical asymptote is root of denominator: x = —5
Horizontal asymptote is end behaviour as x — +oo: y = 3
b Domain of f(x) is x # —5
Range of f(x) is f(x) # 3

12 a Replace x with (x + 3): Translation (_03)

y =In(x? + 6x +9)
=In((x + 3)?)
= 2In(x + 3)

over the domain x > —3

Y

R | i z = In(z? + 6z + 9)

13 a Completing the square:
f) =p— (x* = qx)

2
The maximum of this negative quadratic is at (%, p+ q:) = (3,5)
2

Soq=6andp=5—q:=—4
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b f(x) = —4 + 6x — x? is transformed to f5(x)
Translation (g) Replace x with (x — 3)

f,(x) = —4+6(x—3)— (x—3)2
=—446x—18—x%>+6x—9
=—31+4 12x — x?

(72)
c
9
Fr=)
=
o
(V2]
©
()
=
[
S

14 a f(x)=p+%forx¢q

Vertical asymptote is root of denominator: x = q = 3

9
f(0)=p+_—q=4

4+ 2 7
p = —_——=
q
¢ Horizontal asymptote is end behaviour as x — F+oo:y =7
15 a
N(0) =840 =40+a
a =800
b
N(4) =90 =800 X b™* + 40
450 1
© 800 16
b=2

¢ The horizontal asymptote of the graph of N(t) in this model is N = 40, below which the
curve will not pass.

The minimum number of fish the model predicts is N = 40

16 f(x) = Inx

:(3)): Replace x with (x — 3)

f,(x) = In(x — 3)

Translation (

Translation (_02): f3(x) =f,(x) —2

f3(x) =In(x —3) — 2
=In(x — 3) — In(e?)

x—3
- ln( e? )
Reflection through x-axis: f,(x) = —f5(x)

f,(x) =—1In (xe_z 3)

_l ez
= x—3

17 Vertical asymptote is root of denominator: x = 5

Horizontal asymptote is end behaviour as x — foo: y = 2
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b
f(x)=2x—105+1
1
=2+T5
a=2,6=1
c y=§

Replace x with (x — 5): Translation (g)

1
x—5

Y3 =y, + 2: Translation (g)

1
ys=2+_———=1fx)

dIfy:f(x)=2+x—fE

ThenL=y—2

xX—5
= 1
X _y—2
=5+ ! =f"1(y)
X = y—2_ y
1
f1(x) =5+ ——
xX—2
_5x—9
T ox=2

The inverse has domain equivalent to the range of the original function: x # 2

e The graph of f(x) is mapped to the graph of f~1(x) by a reflection through the

line y = x.
18
y =4
— 22x

Transforming y = 22¥ to y = 2*
Replace x with g: Horizontal stretch with scale factor 2

19 Using change of base rule:

_1 _ Inx
y = Ogle_lnlO

. 1 . 1
Transforming y = Inx toy = (ﬁ) In x: Vertical stretch, scale factor o
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20
log(x? — 8x + 16) = log((x — 4)?)
= 2log|x — 4|

The graph of y = log(x — 4) is the graph of y = log x, translated (g) and stretched

vertically with scale factor 2.

)
c
9
whd
=
o
)
o
Q
R~
S
=

The graph of y = 2log|x — 4] is the same graph, together with its reflection through x = 4.

Y

21 The graph of y = f(x) has roots at —1,0 and 1
The graph of y = xf(x) will have a single root at —1 and 1, and a double root at 0.
fx) <O0forx<—-land0<x<1

xf(x) < 0 for—1 < x < 0and 0 < x < 1 (ie opposite sign for negative x, same sign for
positive x)

End behaviour:
Asx > —oo, f(x) » —o0 so xf(x) —» o

As x — oo, f(x) — o0 s0 xf(x) > o

Y
A

Tip: Strictly speaking, the graph of f(x) shows roots at —1, 0 and 1 with odd multiplicity, not
necessarily 1, so it would be more accurate to say that xf(x) has roots at +1 with odd
multiplicity and a root at 0 with even multiplicity, but the end interpretation is equivalent, for
the purposes of a sketch.
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22 To reflect in the line y = 1:
0Y.. _ _
Translate (_ 1). vy, =f(x) — 1
Reflect in the x-axis: y3 = =y, = 1 — f(x)

Translate ((1)) ya=1+y;=2—f(x)

(72)
c
9
Fr=)
=
o
(V2]
©
()
=
[
S

The new graph has equation y = 2 — f(x)
23 If f(x?) = x2f(x) for all x in the domain of f then

f(x) = f(;:—:)forx =0
_ o) @) _ g

(-a)? a2

For any value a # 0 in the domain of f, f(—a)

If f(a) = f(—a) for any a # 0 in the domain of f then the graph of f(x) is symmetrical
across the y-axis.
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17 Analysis and approaches:

Equations

(72)
c
9o
=)
=
o
(7]
©
(&)
=
[
=

These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 17A

19
x3—=5x=0
x(x>—=5)=0
x=0o0rx*?=5
X = Oori\/g
20
S5xInx =8Inx
(5x—8)Ilnx=0
5x—8=0orlnx =0
x=§ orl
21
(x?)2 —10x2+24=0
x?-4)(x?-6)=0
x> =4o0rx*=6
x =22 ori\/g
22
(Inx)?=2lnx—8=0
(Inx—4)(Inx+2)=0
Inx =4or—2
x =e*ore?
23
(e¥)?2—-10e*+21=0
(e*=3)(e*—7)=0
e*=3o0r7
x=In3 orln7
24

e*(e*+3)(e*=3)=0
e¥=0o0or+3

Since e* > 0 for all real x, only e* = 3 produces a real solution

x=1In3
.’2 DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 1
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25

(e*+3)(e*-2)=0
e¥=-3o0r2

Since e* > 0 for all real x, only e* = 2 produces a real solution
x=1In2
26

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

(312 -3*-72=0
(3* —9)(3*+8) =0
3*=90r—38

Since 3* > 0 for all real x, only 3* = 9 produces a real solution

x =2
27
1\? 1
(x3> —2x3—-3=0
1 1
<x3—3><x3+1>=0
1
x3=3o0or—1
x=27o0r—1
28

3*(2*—-8)=0
3*=00r2*=8

Since 3* > 0 for all real x, only 2* = 8 produces a real solution
x=2
29
x(Vx—1-3)=0
x=0o0rvx—1=3

x=0o0orx =10
But if x = 0 is not within the domain of real function vx — 1 so is not a valid solution.

x = 10 is the only valid solution.

30

e(x—3)ln(x—1) =1
(x=3)Inx—1)=0
x—3=0orln(x—1)=0
x=3o0orx=2

_logz2 1

31 Using change of base, log,, 2

- log, x - log, x
(log, x)?> —2log,x —3 =0
(log, x —3)(og, x+1) =0
log, x =3 o0or—1
x=230r27t

8 1
x=38o0rz
2
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32

4*(3—-2x3%)=0
4* =0or2x3*=3

4* > 0 for all real x so only 2 X 3* = 3 produces a real solution

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

x=1-—1logz 2 = 0.369

33
(x = 7)* 716 =0
x—7=1or(x—7=—-1andx? — 16iseven) orx> —16 =0
x=28,60r t4

Exercise 17B

9 Graphing y; = e* and y, = 4x — x3 and seeking intersections:

Y

j =" yo = 4z — 23

| -
—2102 1.12
a4.379

Solutions are x = —2.02,0.379,1.12
10 Graphing y = x — 5In(x — 2) and seeking roots:

&=12

Solutions are x = 4.42,11.0
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11 a Graphingy, = e *andy, = 2 — x?

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

b There are two intersections to the two graphs, so two solutions to the equation e™ =

2 — x?
12 Graphing y; = e* and y, = x + 2 and seeking intersections:

Y
A

yp=x+2

1.15

Solutions are x = —1.84,1.15
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13 a Graphingy; =In(x —2) and y, = ﬁ
The graph of y; is the graph of In x after a translation (g)

The graph of y, is the graph of % after a translation ((3))

v
)

=2 =3

b There are two intersections to the two graphs, so two solutions to the equation

In(x —2) = ﬁ
14 Graphing y; = 31In(x? + 2) and y, = x + 2 and seeking intersections:
Y
[

” 0.09p2 13.8
0.642

Solutions are x = 0.0922,0.642,13.8

.I) DYNAMIC Mathematics for the IB Diploma: Analysis and approaches
! NING @ paul Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019

(72)
c
9o
=
=
o
(7]
©
()
=
[
2




15 Graphing y = x3 — 4x: @
A =
(o]
(—1.15,3.08) n
T
o
X
[
O
y=a3—4z =
= T
(1.15, —3.08)

The local maximum is at (—1.15, 3.08) and the local minimum is at (1.15, —3.08).

The curve will have three intersections with y = k for —3.08 < k < 3.08

2e¥43x

e*X+1
Since e* + 1 > 0 for all real x, multiplying both sides by e* + 1 neither loses nor
introduces solutions.

16

2e* +3x =2e*+2

3x =2
—2—0667
x—3— .

17 ke ™* +3x =2

Rearranging:
(2-3x)e* =k
Graphing y = (2 — 3x)e”*
Y
A
(—3,215)

/\y=(2—3m)e*’” .

The maximum is at (— %, 2.15) so the equation (2 — 3x)e* = k has no real roots

for k > 2.15
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18 Graphing y; = Inx3 = 3Inx and line y, = kx. For there to be only one point of
intersection, the line y, must be tangent to the curve y;.

y
)

Yo = kx

y1 = lnz?

a Inx*=4In|x|
Since the graph of y = In x* is the graph of y = In x3 after a vertical stretch with scale
factor g, together with its reflection through the y-axis, it follows that the line y = kx

will intersect the graph in three places (twice for x > 0 and once for —1 < x < 0), so
there will be three roots to the equation In x* = kx.

b Invx = %lnx = %lnx3

Since the graph of y = In+/x is the graph of y = In x3 after a vertical stretch with scale
factor %, it follows that the line y = kx will pass entirely above the curve of y = In+/x,

so there will be no roots to the equation Invx = kx

Exercise 17C

1 Graphing h = 3.6 + 5.2t — 4.9t2 to find the positive root:

h
A h=36+52t—49¢

1.54

The ball reaches the ground at t = 1.54 seconds
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t
2 Graphing P = % to find when P = 150:

P
4

P — 180e*4200

(72)
c
(®)
=
=
o
(7]
©
()
6714 =<
2

2.6
t = 2.6 months

15(1-e7?t)

Tr3e—t (O find when v = 10:

3 Graphing v =

v

2.2

t = 2.20 seconds
4 N =1500—1000e7997t = 1200
1 ( 300 ) —172h
0.07 "\1000/) = ~/° WS

5 Volume of a cube with side length x is x3

t =

Surface area of the cube is A = 6x?

Total edge length is [ = 12x

If12x = x3 then x(x? —12) = 0

Rejecting x < 0 from context, the only valid solution is x = V12

So A =72cm?
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5
6 Aread = 2 cm?

Perimeter P = 5 + x + Vx2 + 25

5x
5+x+\/x2+2 =7
3
2 5=x2+25

2
3x —10 = +/4x2%2 + 100
(3x —10)% = 4x% + 100
9x2 — 60x + 100 = 4x2 + 100
5x% = 60x
x =12

7 Let the series have first term u; and common ratio .

Thenuz = uyr2 =1

u
S, =—0t =12

T 1-r

Thenu; =12 —12r

Substituting: 12r2(1 —7) = 1
Graphing y = 12r3 — 12r? + 1 and looking for roots:
Y

y=12r3-12r2 41

—0.257 0.361 0.896

r =—0.257,0.361,0.896
Require that |r| < 1 for the sum to infinity to converge, so all these are valid solutions.

Tip: Even though the check does not eliminate any of the possible values, you should

ALWAYS make a check on solution validity and write the results explicitly in your answer.

8 a C(n)=600x1.03"
b Require that 600 x 1.03™ = 750
1.03" = 1.25

In1.25
In1.03

n =logy 93 1.25 = using the logarithm change of base formula.
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9 Let A(n) be the amount in Asher’s account at the end of year n
Let E(n) be the amount in Elsa’s account at the end of year n.
A(n) = 200 x 1.026™
E(n) =300+ 10n
Graphing A(n) and E (n):

)
c
9o
whd
=
o
o
o
)
R~
S
=

A
A(n) = 300+ 10n

AN

E(n) = 200 x 1.026™

57.5

The two graphs intersect at n = 57.5

After 58 years, Asher will have more money than Elsa.
10 a Let d(v) be the stopping distance of a car travelling at v km per hour as described.
d(30)=12m

v
b Letu—g

2
Then d(w) = u+“? =36

u?+6u—216=0
(u—12)(u+18)=0
u=12o0r—18

Rejecting the negative solution as being invalid for the context, u = 12
so v = 60 km per hour.

C
p2 v
—t——— =101
25 1 6.250,000
4
2 =101
“+To000 ~ 1°

u* +10000u? — 1010000 = 0
(u? —100)(u? + 10100) = 0
u? = 100 or — 10100

Rejecting the negative root, u? = 100 so u = +10.

Again rejecting the negative root, u = 10 so v = 50 km per hour
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11 a
e*+e*=4
(e¥)2—4e*+1=0
L4t/ —aDD)
= 2D =243
x = ln(2 + \/§) or ln(Z - \/§)
b

In(2++v3)+In(2-+v3) =1n ((2 +v3)(2 - \/5))
=1n(4 - 3)
=0

Since the sum of the two solutions is zero, it follows that their mean is zero.

12 Let u4 be the first term of the geometric series and r be the common ratio

u, = =3 =urd ¢y
Uy

=20
1-—r

Seo =

Substituting u; = 20(1 — r) into (1):

20r3(1—1)=-3
20r*—20r3-3=0

b From calculator, the solutions to this quartic are r = —0.468 or 1.110

For the series sum to converge, || < 1 so reject the positive root.
3
(D:u, = — 3= 29.4

13a Y7 e CkHDx = o=X(] y e 2% p ™4 4 ...) = §

Geometric series sum, first term u; = e~ and common ratio r = e~ 2%
Uy 2
Seo = 1—-r 3
e ™™ 2
1—e2x 3

3e ¥ =2—2e %
2e7X £ 3e* —-2=0

Multiplying through by €2* and changing signs:
2e** —3e*—2=0
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(e™*-1)(e™*+2)=0

(72)
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X =2 or —2
e 5 or
Since e™* > 0 for all real x, reject the negative solution.
1
e ¥ =—
2
x=1n2

Mixed Practice
1 x(In(x+1)-5)=0
x=0orln(x+1)=5

x=0orx=¢e%—1
2 Graphing y; = xIn(x + 2) and y, = 3 and seeking intersections:

y
)

v1 F zln(z + 2)

Il
w

Y2

I
—1.81 2.12

Solutions are x = —1.81,2.12

02t

3 a Graphingc = 10 and seeking the maximum:

2403t

€
[

(4.62,42)

2.476.93 30
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b From GDC, ¢ = 40 when t = 2.47 or 6.93 hours
¢ From GDC, ¢ < 5 fort > 30.0

It takes 30 hours for the concentration to fall below 5 units.

x*—2x2-63=0
x?2=-9)x%?+7)=0
(x+3)(x-3)x*+7)=0

)
c
9o
whd
=
o
o
o
)
R~
S
=

Real solutions: x = +3

wn

a Height is zero when the projectile is launched and lands.

t(1 — 5t) = 0 has roots t = 0 (launch) and t = 0.2 (landing)
b h=t(1-5t)+In(t+ 1)

From GDC, this has roots at t = 0 and t = 0.370

The projectile is in the air 0.17 seconds longer.

z=0

b From the graph, there is only one intersection point and so there is only one solution to the
equation x2 + Inx = 4

7 a Let P be the population of big cats in Africa, and t be the number of years since 2004.

P =10000 x 1.05¢
P(1) = 10500

b P(6) =13400

c
10 000 x 1.05* > 50 000
1.05¢ > 5
t > logy 5(5)
t > 32.99
It takes 33 years for the population to exceed 50 000
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8 Graphing y; = e* and y, = 11 In x and seeking intersections: g
f =
O
(7]
o
(&)
=
S
yg=11lnz é

==

——

1 =
/ 1.51 2.1

Solutions are x = 1.51,2.10

9
(V% - 1)(VE-5) = 0
Vx=1or5
x =1or25
10
(e*-2)(e*=5)=0
e¥=2o0r5
x=1In2 orln5
11

logs x + logs(x + 6) = log; 27
log;(x? + 6x) = logs 27
x2+6x—27=0
x=3)x+9) =0

x=30r—9

But the domain of logs x is restricted to x > 0 so the only valid solution is x = 3

12 Graphing y; = In(x — 1) and y, = 1 — x? and seeking intersections:

Yy
A

y2:1—932

y1 =In(z —1)
: '
There is a single solution.
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50e2%

2+43e3%’
c

13 Graphing y =

(7))
[
o
i
3
%
0.0959,10.1
( ,10.1) o
()
4
[
2

From GDC, the maximum point is at (0.0959,10.1) and y = 0 is an asymptote for x —
too.

2x
Therefore there will be two real solutions to % =kfor0 <k <10.1

14 a Two solutions
b Two solutions
¢ Zero solutions

15 Graphing y = 2x3 — 5x + 4

y
)

—1.89

y=2z3 -5z +4

The cubic has a single root at x = —1.89, and is positive for x > —1.89
Therefore In(2x3 — 5x + 4) has vertical asymptote x = —1.89 and has domain x > —1.89
16 Vertical asymptotes are at roots of the denominator.

e3;vc — QX = ex(er _ 9)
=e*(e* +3)(e* —3)

Since e* > 0 for all real x, the only root to e3¥ — 9e* = 0ise* = 3

The vertical asymptote is x = In 3
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17 a Let r be the common ratio of the geometric sequence. g
(®)

u;, =u, Xr® =108 (1) =

ug =u, xr’ =36 (2) é

1 ks

R)+):r== X

3 =

O

_ 108 =

b (D:uy = —=78732

_.k
¢ sk=%=118096

Rearranging:
1—r
rk = 1—118096( )
Uy
1-7
k =log,[1—-118096 " =10
1

18

4% =4 x 2¥ + 32
(2¥)2 —4x2¥—32=0
(2* —8)(2* +4) = 0
2* =8or—4

Since 2* > 0 for all real x, the only valid solution is 2* = 8, so x = 3
19
4* +32 =12 x 2%
(2%)2 -12(2%)+32=0
2*-4)2*-8)=0
2* =4o0r8
x=2o0r3
20 e?* —2ke*+1=0
Quadratic in e*, solve using the completed square:
(e*—k)2=k?*-1

eX=k+Vkz2-1

Since 0 < Vk?% — 1 < k for k > 1, both these solutions are positive and so are both valid.

x=ln(ki k2—1)

21 Let the first geometric sequence be {u} and the second be {v}

a
we=7—=76 (1)
k=1
a
zvkzl—r3:36 @
k=1

(D:a=76(1-1)
(2):a=36(1-13%
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Then 76(1 —1) =36(1 —13)

76(1—r)=36(1+r+7r)(1—71)
(9r24+9r—-10)(1—-7r)=0
Br+5@Br-2)1-r)=0

__ 5.2
r= 301'301'

. . . .. 2
But since the series converge, || < 1 so the only valid solution is r = 3

22 Let f(x) = x3 — x + 4, so that f(x) = 0 has solution —1.796
a f(x — 1) has the graph of f(x) after a translation one unit to the right.
f(x — 1) = 0 for x = —0.796
b f(2x) has the graph of f(x) after a horizontal stretch with scale factor%

f(2x) = 0 for x = —0.898

23 If e* = kx has only one solution then y = kx is tangent to y = e*, with point of tangency
for some value x > 0.

¥
\ y=kx

«
Il
@
&
v
8

a e? > e* for x > 0 so will lie entirely above the line y = kx.

There are no solutions to e?* = kx

b y = —kx is the reflection of y = kx through either axis, so will intersect y = e* for
some x < 0.
There is one solution to e* = —kx

24 Let the three sides have lengths x — 1, x and x + 1 where X is an integer.
By Pythagoras Theorem, (x + 1)? = (x — 1)? + x?

x24+2x+1=x%2—-2x+1+x?
x2—4x=0
x(x—4)=0
x=0orx=4
The only solution in context is x = 4.

The 3,4, 5 triangle is the only right-angled triangle whose sides are consecutive integers.
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25 Let the a be the length of the hypotenuse.
Let the shortest side have length ka for some k such that 0 < k < 1.

Then the other side has length \/ a? — (ka)? = aV1 — k2

. . . a 1
The ratio of the hypotenuse to the perimeter is e T

1
Let y(k) = mforo <l<k
Graphing this function:
Y
4
= 1k
V= thrvi=ee
T T > L
a1 1
V2
1
(k) =
Y 1+k+V1—k2

y(k) has a maximum at k = % (ie for the isosceles right-angled triangle)

1
+v2

Tip: You could alternatively express the ratio in terms of one of the angles, and calculate the
maximum using trigonometry, without a calculator.

=v2-1

Maximum ratio is

Hyp _ 1
Opp+Adj+Hyp " sin@+cosH+1

If the right-angled triangle has one angle 6 then the ratio

Looking at the denominator:

14sin6+cosf =1++v2cos (9 - %) which within 0 < 8 << has maximum value 1+ V2

atf ==
4

) .1
Then the maximum value of the ratio is e V2 -1
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These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 18A
25 Perimeter = r6 + 2r = 20.8 cm

Area = %rze = 19.2 cm?
26 Perimeter = r6 + 2r = 27.9 cm

Area = %rze = 48.05 cm? = 48.1 cm? to 3.s.f.
27 Arclength =r8 = 1.2r = 12.3

r= % =10.25cm = 10.3 cm to 3.s.f.

28a Arclength=r0 =56 =7

0= % = 1.4 radians
b Area = %rze = 17.5 cm?

29 Area = %rze = %(23)29 = 185

2% 185
T 232
30 Area = %rze = %(2.7)7’2 =326

= 0.699 radians

2 X326

57 = 15.5cm

r =

31a Area= %rze =132 =873

T2

_ 2><87.3_116
r= 13— 1l6cm

b Perimeter = rf + 2r = 38.2 cm
32 Sector Area = %(0.9)(72) = 22.05 cm?

Rectangle Area = 7 X 5 = 35 cm?
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Total Area = 57.05 cm?

Arclength =09 X7 = 6.3 cm

Straight perimeter =2 X5+ 2 X 7 =28 cm
Total perimeter = 34.3 cm

33 Perimeter =16 + 2r = 3.8r = 26 cm

= 26 = 6.84
T I
34 Perimeter = 16 + 2r = (2+ 6)r = 30 cm D
Area = %TZB = 18 cm? 2
30
(1):0="—-2
r

Substituting into (2):

30
r? (— - 2) =36
T
2r2—=30r+36=0
r2—15r+18=0
_15+./(~15)2 — 4(1)(18)
T 2(D)
=1.32cmor13.7 cm

Corresponding values of 6 would be 8 = % —2=20.80r0.192

In context, 6 < 2m so reject the first solution.

r = 13.7 cm is the only valid solution.
35 Each of the sides is a 60° (% radian) arc centred at the opposite vertex.
T
Perimeter = 3 X 3 X 12 =12m cm

36 Arclength =16 =09x8 =7.2cm

Cosine Rule:

PQ = /82 + 82 — 2(8)(8) cos 0.9 = 6.96 cm
Difference in lengths is 7.2 — 6.96 = 0.241 cm
37 Area:

1 1
Sector area = Erzé? = 5(12)2(0.6) = 43.2 cm?
Sine Rule for area:
1
Triangle OAB area = 5 (12)(12) sin 0.6 = 40.7 cm?

Shaded region = 43.2 — 40.7 = 2.55 cm?
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Perimeter:

Arc length: r6 = 12 X 0.6 = %

Let O denote the origin
Let X be the midpoint of AB, let the distance AX = x
/BOA =06 -~ £X0B = 0.3

(72)
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Using trig. sin(0.3) = %
x = 12sin (0.3)
Now, the shaded perimeter: 2x + % = 24sin(0.3) + 3—56 = 14.292 ...
Perimeter: 14.3cm
38a Sectorarea = %rze =860
Sine Rule for area:
Triangle OPQ area = %(4) (4)sin® = 8sin8
Shaded area = 8(8 —sinf) = 6
6 —sinf =§= 0.75
8

b From GDC, § = 1.74 radians

¢ Perimeter of shaded region = r + V212 — 2r2cos§ = 13.1 cm

39 The shaded region is the difference between two sector areas:

1.2
Shaded area = 7((15 + x)? — 15?)

0.6(x? + 30x) = 59.4
x>4+30x—99=0
(x—3)(x+33)=0

x = 3 is the only positive solution
40 Radius r of the sector becomes the slant length of the cone

r=4/222482 =234cm

Arclength of the sector becomes the circumference of the cone base

r0 =2 X8

16w
0 = — = 2.15 radians

.‘ DYNAMIC pathematics for the IB Diploma: Analysis and approaches 3
LEARNING gpayl Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019



41 If the two circle intersections are P and Q then PC; C, is equilateral, since each side is a
radius of one circle.

Then PC,Q = %’T radians

The shaded region is the sum of two identical segments.

2
r
Segment area = 5 (6 — sin9)

21 2 27 V3
Shaded area = r%(0 — sin6) = 82 (— — sin —) =82 ———) =78.6cm?
3 3 3 2
32w
Perimeter = 210 = N =33.5cm

Exercise 18B

25 sinx + sin(2mr — x) = sinx —sinx = 0

26 sin 60° cos 30° + cos 60° sin 30° = ? x§+%x§= 1 = sin90°

27(tan(g)—1)2=(\/§—1)2=3—2\/§+1=4—2\/§

28
tan(€)+cos (%) =\/i§+\/7§
V3 A3
_5?+7
=>43

29 cos x + cos (x + g) + cos(x + ) + cos (x + 3771) + cos(x + 2m)

= CcOSXx —sSinx — cosx + sinx + cosx
= CcOoS X

30 Cosine Rule:

BC = JABZ + AC2 — 2(AB)(AC) cos ABC

1
=\/81+16—72X§

=61 cm

31 Sine Rule for area

1
35 =5 (8)(11)sin 6°

35
sSin —44

0, =52.7,0, = 180 — 0, = 127
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32 Cosine Rule:

5.32 = 7.52 + AC? — 2(7.5)(AC) cos 44°
AC? —2(7.5)(AC) cos44°+ 7.5 =532 =0

AC = 7.5 cos 44° + /(7.5 cos 44°)2 + (5.32 — 7.52)
= 4.42 cmor 6.37 cm
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33 Sine Rule:

12 sin 55°
15

There is no second possibility; KL < LM so KML < MKL, since side lengths are ranked in
the same order as opposite angles.

KLM = 180 — 55 — 40.9 = 84.1°

KML = sin™?! ( ) = 40.9°

Sine Rule:

KM = 15sin 84.1°
" sin55°

34 Cosine Rule:

=18.2cm

¢ =+/22 + 52 — 2(2)(5) cos 120°

=j4+25_20(_§)
=+/39

35 If angle is 30° then the gradient is tan 30° = %

The equation is x — yvV3 =0ory = %

rise

36 a Gradient =

tread
If the angle is @ then for a tread of dx, rise = tan 8 &x

.. éxtan®
So the gradient is % =tan@

Hence the line equation is y = x tan 0

b The line making an angle of 180° + 8 with the x-axis is the same line, so has the same
gradient.

Since the gradient is given as tan 6, it follows that tan 8 = tan(180° + 6)

¢ tan@ X tan(90° + ) is the product of gradients of two perpendicular lines, one at an
angle 6 to the x-axis and one at right angles to it.

The product of two perpendicular gradients is always —1.

tan @ X tan(90° + 9) = —1
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Exercise 18C
15a Form <60 <2m,sinf <0

sin@ = —/1 — cos2 6
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sin20 = 2sin @ cos 8

-2(3)(-%5)

421
5

16 a Forg<x<n,cosx<0

cosx = —/1 —sin%x

N 49

17 a
cos26 =1 —2sin%?0

Cq_> <16>
- 81

49

81
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18 3sin?x + 7(1 —sin?x) = 7 — 4sin’x
19 4 cos?x —5(1 —cos?x) =9cos?x —5
20

sin? x

1+ tan? 6 5
cos? x

cos? x + sin? x

cos? x
1

cos? x
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21 (sinx + cos x)? + (sin x — cos x)?

= (sin? x + 2 sinx cos x + cos? x) + (sin? x — 2 sinx cos x + cos? x)
= 2(sin® x + cos? x)

=2
22 Let x = 15°
V3
cos 2x = cos 30° = >
But cos2x = 2cos?x — 1
1+ cos2x
Socosx = |——
2
_[2+43
B 4
23 a cosE=£
4 2
b Letx ==

8

cos2x =1 —2sin%x

Sosinx =
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24If0<x<§thencosx>0

cos2x = 2cos’x —1

1+ cos2x
So cosx =
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O\|§] w|w r—xlr—k
o w N =
N‘

25 If0<x<§thensinx>0
cos2x =1 —2sin®x

. 1 — cos 2x
So sinx =

w|é| Wl = T

26

cos4x = 2cos?2x —1
=22cos?’x—-1)?-1

27a cos2x =1-—2sin%x
b cos2x =2cos?x—1
cosdx = 2cos?2x —1
=2(1-2sin’?x)? -1
=2 —8sin®x + 4sin*x -1
=1—8sin?x + 4sin*x

28
1 11 cos? A
sin?A tan?A " sin?A sinZA4
_1—cos*4A
sin? A
_sin®A
" sin?A
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29 7))
c
. 5 S
1—cos260 _2sin“0 ,g
14 cos26 ~ 2cos?0 r
= tan? 6 n
2
30 X
o
sin 2x . cosx =
= 2sinxcosx X —
tanx sin x
= 2cos? x
31
0 1 —cos?8
—cosf = ——
cos @ cos 6
_sin®0
" cos@
=sinftanf
32
2sin4x = 4sin2x cos 2x = 3sin 2x
. 3
Then sin 2x = 0 or cos 2x = "
There are no solutions for sin2x = 0 for0 < x < %
2 3
cos2x =2cos“x—1 ZZ
7
2. _
CoS“ x = —
8
cosx>0for0<x<g
V7 V14
COSX = —=——
V8 4
33a sins—n = 24+v2
8 4
3
cosx > 0for0 <x<§socos£>0
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Exercise 18D

13

&
[
]

e

14 sin x has period 27 so 3 sin 4x has period%

15 Range of cos 2x is —1 < cos2x < 1
So range of g(x) = 10cos2x —7is —10 -7 < g(x) <10—7
Minimum value is —17 and maximum value is 3.

16 Range of cosmt is —1 < cosmt < 1
So range of h = 0.8 — 0.6 cosmt is 0.8 — 0.6 < h < 0.8 + 0.6

Maximum height is 1.4 m

17 a Range of sin (;T—;) is —1 < sin (;T—;) <1

Sorangeofd=5+1.6sin(7lr—;) is5—-16<d<5+1.6

High tide is 6.6 m.
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b sin(T) =1 when = ==
12 12 2

t=6
High tide occurs at 6 a. m.

18 a Period of cos (%t) is (ZTﬂ) = 8 minutes
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b Maximum heightis 6.2 + 4.8 = 11 m
2 21
¢ Whent =2 ¥ h =6.2—-4.8cos (?) = 8.6 m above ground.
19 Maximum value is 5 and minimum value is =5 soa = 5
360

Periodis 180°sob =— =2
180

20Periodis£sob=%=3
3 T

)

21 a

y = 3sin(z)

/..
Y ALY,

y = cos(2z)

b The graphs intersect in two places in that interval so there are two solutions.

¢ The smallest common period is 27 so in three periods there will be three times
as many: 6

22a Maximumhis14+0.2=1.6m

b Period isz—n
15
‘ 21T _ 45
"15 2m

There are 7 complete oscillations.

7.2

C
1.4 — 0.2 cos(15t) = 1.5
cos15t = — =
2
15t = 21
3
t =27 _ 0,279 second
=—=0. seconds
45
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23 sin 2x has period 7.
sin 6x has period g

The lowest common multiple of the two (where periods values are equal after integer
multiplication) is 7, so the period of any composite function of the two will be .

24 a Vertical asymptotes appear when the denominator is zero.

Since 3 sin 2x has range —3 < 3 sin 2x < 3, this cannot happen, so there are no vertical

asymptotes.

b Since the denominator is always positive, the maximum value of f(x) will occur when
the denominator is minimum.

Require sin 2x = —1
) _37‘[
*=3

_3n
XT3
(3n)_3
f 4) 4

Exercise 18E

33 From GDC, solutions x = 0.702,4.41

1

34 sinx =
2
x = 30°,150°
35tanx = +1

x = +45° +135°
36 cos(x — 10°) = —%

x — 10° = 120°,240°
x = 130°,250°

37a cos2x=2cos?x—1
So 2cos’x—1=cosx—1
2cos?x—cosx =0

b cosx(2cosx—1)=0

cosx = 0orcosx =E

x = 90°0r 270° or 60° or 360°
38 sinx = cosx
tanx =1

x = 45°,225°

.I) DYNAMIC Mathematics for the IB Diploma: Analysis and approaches
LEARNING gpayl Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019

12

(72)
c
9o
=
=
o
(7]
©
()
=
[
2




39

sin2x = 2sinx cos x
2sinxcosx = sinx
sinx(2cosx—1)=0

sinx = 0 orcos x ZE

T
x=00rn0r§

40

cos?6 =1 —sin%0
2(1 —sin?0) —sinf—1=0
2sin?6 +sinf—-1=0
(2sinf —1)(sinf +1) =0

ing = L 1
sinf = > or
6 = 30° or 150° or 270°

41

cos?x + 3 cosx = 3(1 — cos? x)
4cos’?x+3cosx—3=0

—3+4+./32+4(4)(3) 3 /57
COS X = 8 =—§iT

Since V57 > 7, the negative root will be less than —1 and so outside the range of cos x.
—-3+V57
8

The only valid solution is cos x =

42

cos2x = 2cos?x —1
2cos?x—1=cosx
2cos?x —cosx—1=0
(2cosx+ 1)(cosx—1) =0

CoOS X = 201'
=+Z or0
X =T 3 or
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43 Rearranging:
1+ sinx
k e ——————]
sin? x 9()
Plotting the graph of g(x):

Y
[ )

1 ﬂﬂﬂ('x

The graph has range g(x) < 0
Therefore there are solutions for k < 0

Tip: If you had to solve this algebraically without a calculator:

—1 —sinx
k=—cs—
sin? x
Numerator has range —2 < —1 — sin x < 0 with the zero value when x = 1.57

2

Denominator has range 0 < sin“ x < 1 with the zero value when x = nm forn € Z

Since the numerator and denominator do not have common roots, the function, where defined,
is never positive but can equal zero.

Allowing the denominator to get close to zero will make the overall value arbitrarily small (and
negative). The range is therefore k < 0

Mixed Practice

1 a Amplitudeis 1.3 m

b Period = 2Z=251m

25
2
(T[) ) (TI) V31
cos|\—)—tan|—-)=———
6 6/ 2 3
_ 3 2
2V3 243
_ 1
2V3
V3
6
s (5)
=—tan|(—-
6 3
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. V3
3 sinx = —

x = 60°,120°

4 Sine Rule:

6 sin 38°
4.5

6 = 55.2° or 125°

5 From calculator, solutions are 0.695, 2.45, 3.54, 5.88

sinf =
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6
T 1
cos(2x+—)=5
2x + m 5m 7m 11m 13w
XT37373773°73 "3
5 _04n2 10w
X 135 Tl‘-lgln’
_027'[ 5n2
x_I3IT[131n

7 Obtuse angle: 90° < A < 180°
a Obtuse angle: 90° < 4 < 180°

cos A < 0 for angle in this interval.

’ 25 12

= — —gjin2 4 = — —_—

cos A v 1 —sin 1 169 13
5

sin A
b tanA = = —=
COs A 12
. . 120
¢ Ssin24 =2sinAcosd = ~Teo

8 a i 14m
ii 26m

b Complete rotation takes 40 seconds, so the seat is at A after 10 seconds and at B after

30 seconds.
C
h(t)
3
26
14
2 ®
> |
10 20 30 40
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d i Amplitude a = 12

2r _2m _ T

period T 40 20

ii Frequency b =

iii Central value ¢ = 14

e i

i Angle § = 90° + sin™" () = 120°

iii

br =22
3
_21r_40
3 3

T = 13.3 seconds

a %<x<nsocosx<0

/ 9 V7
cosx = —/1 —sin?x = _Rzr

b
cos2x =1 —2sin®x
. 18
B 16
_ 1
T8
) 1
anx = +—
V3
_ T +5T[
3
sin@ cos® cos?6 +sin® 6
cos@ sinf  sinfcosH
1
~ sinfcos@
_ 2
" sin 26
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12 Cosine Rule:

152 = 10% + x% — 2(10)x cos 120°
225 =100 + x? + 10x
x> —10x—115=0

_ —10 +./(10)2 — 4(D)(=125)
- 2(D)
= -5 V150

Since x > 0 there is only one solution

X = 5(\/6 — 1) cm
13 Sine Rule:
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. 10 sin 40°
SinACB = —

ACB = 66.7 or 113°
BAC =180 — 40 — ACB = 73.3° or 26.7°
Sine Rule for area:
1 .
Area ABC = 5 (AB)(AC) sinBAC
= 33.5 cm? or 15.7 cm?

The difference in area of the two possible triangles is 33.5 — 15.7 = 17.8 cm?

14 a
sin 2x
tan2x =
cos 2x
_ 2sinxcosx
"~ cos?x —sin?x
Dividing numerator and denominator by cos? x:
tan 2 2tanx
an2x = ———
1 —tan2x
b
2tanx
tan 2x + tanx = — 7 ttanx
1—tan®x
_ 2tanx + tanx — tan®x
- 1 —tan?x
_ tanx (3 —tan®x)
- 1 —tan? x
Iftan 2x + tanx = 0 then tanx (3 —tan?x) = 0
tanx = 0 ortanx = +V3
0 T 21
x =0ormor—- or—
3 3
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1 N 1 _ (1 =cosx) +(1+cosx)
1+cosx 1—cosx  (1+cosx)(1—cosx)
2
T 1—rcosZx
2
" sinZx
16
y(0) =3 =atanc (1)
y(%)=0=atan(%ﬂ+c) 2)
T
2):c=—
(@):c=7
(1):3=a
Y . Y
17a f(5)=sin(3)+k=1+k=6
k=5

b Minimum valueisk —1 =4
T
¢C p= _Z'q =5
18
2cos?x—5x+2=0
(2cosx —1)(cosx—2)=0
=—or?2
cos x > or
Reject the value 2 as it lies outside the range of cos x for real x.

. 5
For 0 < x < 2m, cosx = 0.5 has solutlonsg or?TI

19 If the two endpoints of the circle arc are PQ and it is assumed that the centre O of the circle
from which the sector is taken lies at the midpoint of the right side of the rectangle then the
height of the rectangle is the length of chord PQ and the width of the rectangle equals the
radius of the circle.

Sect Lol
ecorarea—zr —27" =

r=+v14 =3.74 cm = 37 mm
Cosine Rule on triangle OPQ

PQ = \/OPZ +0Q2 — 2(0P)(0Q) cos POQ

=Jr2+712—-2r2cos1
= 3.59cm = 36 mm

Challenge to student: Find the height and width of the rectangle with least area which can
contain this sector.
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20a 0C=4= 0B,BC=3
Cosine Rule:
42 + 42 — 32
2(H)4)

b Segment BC is the area of sector OBC less the area of triangle OBC. The shaded region
is double that.

Shaded area = r?(6 — sin 9)
= 42(0.769 — sin 0.769)

BOC = cos™? < ) = 44.0° (0.769 radians)

(72)
c
9o
=
=
o
(7]
©
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=
[
2

= 1.18 cm?
21
sin4x = 2 sin 2x cos 2x
= 2(2sinx cos x)(cos? x — sin? x)
= 4sinx cos® x — 4 sin® x cos x
22

Tip: Remember that when establishing an identity, it is usually best to start at the more
convoluted expression and simplify towards the other. In this case, showing the identity is more
intuitive when starting from the right side.

tan x sin x

2 sin? x
1+ tan®x cosx(1+ 2 )
cos? x

sinx cos x

cos? x + sin? x
sinx cos x

1
2 sin x cos x

2
sin 2x

2

23 sin (g) has period 4.

cos (%) has period 10m.
)

The lowest common multiple of the two (where periods values are equal after integer
multiplication) is 207, so the period of any composite function of the two will be 7.

24 f(x) = (4 cos(x — m) — 1)?
Let g(x) = 4 cos(x — m) — 1 so that f(x) = (g(x))2
g(x) has range —5 < g(x) < 3
So f(x) has range 0 < f(x) < 25
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25
I(t) = asinbt

1
I(1) = asinb =0.2 =z

(72)
c
9o
=
=
o
(7]
©
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=
[
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1
(2) = asin T
Now,
asin2b = 2asinbcosb
Therefore, we have 2asinb cosb = — 1—10
2 i - _
cos b (asinb) 0
) b (1) _ 1
©0sP\5) = 10
1
cosb = ——
4
Using sin® x + cos?x = 1

sinb =

[y
&
o
%‘ﬁ
| ul

1 4

. 1
asinb == .. wenow know thata— ==-=>a = —
5 5 5v15

K

I(t) = asin bt will have a maximum of |a| = % = 0.2065 ... = 0.207 amps

26 In the double period, there will be four solutions.
If k = arcsin x then the other three solutions are m — k, 2w + k,3m — k

The sum of these four solutionsisk + (m — k) + Qn+ k) + Bnr — k) = 67

. . 1
27 a Positive quadratic, roots at 0 and 1, vertex at x = >

Y

= I
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b

28 a

If sin? x — sinx = k then there are only solutions for —1 < sinx < 1

The range of the function in part a for domain restricted to [—1,1] is [—0.25,2] as shown
in the diagram.

So there for solutions to the equation sin? x — sinx = k, k must lie in the interval
-025<kg?2

AB must be perpendicular to both 0; A and 0, B, since the line segment AB is tangent to
the circles.

Then 0,0,BA is a trapezium, with parallel side lengths 6 and 10, perpendicular base and
oblique side length 30.

Ol OZ
0

X

B

A

Considering the trapezium as a right-angled triangle 0, X0, atop a rectangle O,XAB, the
side lengths of the right triangle are 0:X = 4,0,0, = 30

So angle X0, 0, = cos™ () = 82.3° = 1.44 radians

Considering the same triangle, 0,X = V302 — 42 = /884 = AB = CD

Then the bicycle chain consists of the large arc AD, the small arc BC and twice the
length of the line segment AB

Since AB0,0; is a trapezium with 0,4 || 0,B, B0,0, = m — A0,0, = 1.70

arcAD = 2m — 2 x1.44) x 10 = 34.1 cm
arcBC = 2nr—2x1.70) X6 =17.2 cm

Total bike chain length = 34.1 + 17.2 + 2v884 = 111 cm

. 2
29 sinx + cos x =3

Squaring:
5 2 : 4
sin“ x + cos“x + 2sinx cosx = 5
4
14+ 2sinxcosx = 3
) 5
2sinxcosx = )
But 2 sin x cos x = sin 2x
sin2x = — 5
cos4x =1 — 2sin? 2x
X
1-2(-]
50
s
31
81
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These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 19A
5 a x=155-0.0620y
b 15.5—0.0620(205) = 2.8 km

¢ 72 = 0.789 so the correlation is reasonable.
The estimate value lies within the interval of the data values.
The estimate is reliable.
6 Predicting number from temperature: Use x = 12.5y + 68.2
12.5(23.6) + 68.2 = 363 visitors estimated
7 a Regression line: arm length = 0.376(height) + 5.07
If height = 161 then estimate arm length = 65.6 cm
b Regression line: height = 0.984(arm length) + 93.7
If arm length = 56 then estimate height = 149 cm
8 Paper 1 score is x, paper 2 score is y.
Regression line: x = —0.756 + 1.30y
Predicted value: —0.756 + 1.30(64) = 76 marks estimate in paper 1.

9 a When predicting the x value from a known y value, you should use the x-on-y
regression line, with y as the predictor variable and x as the response variable.

b Regression line: x = 26.6 + 0.835y
Predicted value: 26.6 + 0.835(55) = 75

¢ No. 72 lies outside the data value interval for chemistry scores; extrapolating beyond the
known data is not reliable.

10 a When y = 2.5, the x-on-y regression line predicts profit 1.01(2.5) + 1.32 = 3.845
Estimate a profit of $3845 the following month.
b The two regression lines cross at the mean point (X, )
From GDC, the intersection of the two lines is at (4.15, 2.80).

So the mean monthly profit is $4150 and the mean advertising spend is $280.
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11 a Since r? = 1, it follows that r = +1 @
Since the slope of the regression line is negative, r = —1 %

b The regression lines are the same. Rearranging: é
y=-05x+4 =

— X
—2y=x—8 5
x=—-2y+8 <

12 a The gradient of the y-on-t line is 6, which indicates that on the best fit linear model, the

snail travels at approximately 6 cm min~1,

This is only an estimate; the regression equation does not cross the origin (intercept is 5)
and the 72 values is only 0.6, indicating that the linear model may not be ideal, and that
the snail is not showing a constant speed.

b
Y Lt
Y‘loo’T_eo
y _6t+5

100~ 100
_ 36t +30
T 600

Y = 3.6T + 0.05

¢ Correlation coefficient is unaffected by a change of scale so the correlation coefficient
between Y and T is also 0.6.

Exercise 19B

_P@nB) _ 1
16 a P(A|B) = TORRE
_PUnB) _1
b P(B|A) = P 1
17 a
P(A N B) = P(4) x P(B|A)
=0.3x0.5=0.15
b
P(ANB)
_ 0.15 03
05
18 a

P(ANB) =P(A) + P(B) —P(AUB)
=05+04—08=0.1

b P(4A) xP(B) =05%x04=0.2+*P(ANB)

Therefore A and B are not independent events
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c n
5
P(A N B) 2
P(A|B) = ———— >
B =" E
_ 0.1 — 025 »n
04 .
19 a P(A|B) = P(A), so the result of B does not affect the probability of A. That is, A is o
independent of B. =
b
P(A n B) = P(A) x P(B) for independent events
=0.3x0.5=0.15
c

P(AUB) = P(4) + P(B) —P(AN B)
=0.3+0.5—0.15 = 0.65

20

P(pet) = 0.28 +0.12 = 0.4
P(sibling) = 0.28 + 0.42 = 0.7
P(pet N sibling) = 0.28 = 0.4 x 0.7 = P(pet) x P(sibling)

The two events are independent.
21 Sum of all probabilities in the event space is 1, so x +y = 0.53
A and B are independent, so P(A N B) = P(A) X P(B)

x=(x+0.21)(x + 0.26)
x? + 0.47x + 0.0546 = x
x% —0.53x + 0.0546 = 0

From GDC, x = 0.14 or 0.39
So the solutions are (x,y) = (0.14,0.39) or (0.39,0.14)

2
P(B|A) = —P(s(z)B )
_ P(AIB) x P(B)
P(A)
_ P(4|B) x (P(B|A") x P(A") + P(B|A)P(4))
P(4)
P(A|B) x (P(B|A') x (1—P(4)) + P(BlA)P(A))
B P(A)

Tip: You may find this easier to keep track of by drawing a probability tree. Label the branch
for B|A as having probability x, and therefore B'|A as 1 — x.

Label all other branches, then equate the expression for P(A|B) with the information in the
question.
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If P(B|A) = x then

&) (®6)++6)
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9 —
117~ 55
8
=P(B|4) =—
x=P(BIA) =
23
P(1 N Red)
P(1|R =—
(1IRed) = —522h
_ P(1)P(Red|1)
~ P(1)P(Red|1) + P(2)P(Red|2)
1\ /4
B GIO)
1 (4 5\ 7
56+ &) (w)
_ 40
40+ 315
_ 8
71
24
P(ANB)
P(A|B) = BION
_ P(A)P(B|A)
~ P(B)
_0.6x0.5
04
= 0.75
25
LetP(ANB) =x
1 X
P(A|B) = 7 = P(B) soP(B)=4x=PA'NnB)+P(ANB)=PA' NB) +x
P(A'NB) = 3x
1
P(4) =§=P(AnB)+P(AnB’)=x+P(AnB’)
1
P(ANB') = 3~ X
H
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P(AUB) =P(B) +P(ANB")

— gtk
= 4X 3 X
RSP
T3TTY
S
T2
5
* =36
P(B) = 4 _>
= x_9

26 If A and B are mutually exclusive then P(AN B) =0
Butif P(A) # 0 and P(B) # 0 then P(A)P(B) % 0
So P(A)P(B) # P(A N B), which means A and B are not independent.
27
A and B are independent < P(A N B) = P(A)P(B)
& P(4) + P(B) —P(AN B) = P(4) + P(B) — P(A)P(B)
& P(AUB)=(1-PA)PMB) - +1
& 1-P(ANBY)=1-(1-P(4))(1-P(B))
& P(A' NnB)=(1-PA)(1-P(B))
< P(A'nB") =P(A")P(B")
< A’ and B’ are independent
28

P(AUB)—P(ANB)=P(ANB)+P(BNA"
= P(4)P(B’|A) + P(B)P(4'|B)
= P(4)(1-P(BlA)) + P(B)(1— P(A|B))

Exercise 19C

21 X~N(u, 02)
Plu+o<X<u+150) =P <Z<1.5)=0.0918
22 X is the diameter of a bolt. X~N(u, 0.0652)
P(X >2.5) =0.12

P(Z > z;) = 0.12
_ 1175 = 22K
A= A2 =70 065

u=2.5-0.065x%x1.175 =242 cm
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23 X~N(21.4,0?) @
(@)
20 —21.4 =
P(X<20)=P (z < —) = 0.065 = P(Z < —1.514) 5
()
_ 1.4 0925 »n
%1514 E
24 X~N(36,02) S
30 — 36 =
P(X < 30) = P (z < ) = 0.15 = P(Z < —1.036)

6
o =1036 " 5.79

25 X~N(25, 62)

P(10<X<25)=P(X<25 —-PX<10)
=0.5-P(X <10) =0.48

10 — 25
P(X<10)=P( >=0.02=P(Z<—2.05)
_ > 943
9=%05  ~

26 Let X be the mass of an apple. X~N(130, 52)
P(110 < X < 140) = P(X < 150) — P(X < 110)

150 — 130 110 — 130
(<010 110130
g g
20 -20
_p(z<2)p(z< )
g g

20
=1-2P (Z < —?) by symmetry of Z

20
P (Z < —?> = 0.005 = P(Z < —2.576)

27 Let X be the score on a test. X~N(u, 52)
5—pu

3
P(Z < 35) = P(Z < ) = 0.07 =P(Z < —1.476)

0—p

7
P(Z < 70) = P (z < ) = 0.95 = P(Z < 1.645)

{35 —u=-14766 (1)
70 — u = 1.6450 ()
(2) — (1):35 = 3.1210

=112
(1): 1 = 35 + 1.4760 = 51.6

variance g% = 126
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28 Let X be the wingspan of a pigeon from the species. X~N(60, 02)
P(55 <X <65) =P(X <65)—P(X <55)

65 — 60 55 — 60
=p(z< )-r(z< )
o g

(r<d)-rlo<

5
=1-2P (Z < _E) by symmetry of Z
=0.6

5
P (Z < _E> =0.2 =P(Z < —-0.8416)

= 5.94 cm

7= 08416
50 — 60
5.94

29 Centring the distribution at the mean, for X~N(u, 62)

P(X < 50) =P (z < ) = 4.62%

Plu—30c<X<u+30)=P(—-3<Z<3)=99.7%

30 Let X~N(u, 02)

Since the distribution is symmetric about u, the lower quartile and upper quartile are equal
distance from the mean. Let Q3 be the upper quartile. Then IQR = 2(Q; — n) = 12.8

Qs —p =64
P(X < Q) =P <z < @) = 0.75 = P(Z < 0.6745)
6.4
2 0.6745
g
64
7= 0.6745
_ 2_( 6.4 )2_900
variance o- = 0674-5 = .

Mixed Practice

1 a r=0949
b Let x be mark in the first test and y the mark in the second test.
x-on-y regression line is x = 1.13 y — 5.04
Then when y = 53, predict x = 1.13(53) — 5.04 = 55
¢ The correlation coefficient is very high so there is strong correlation.

The value y = 53 lies within the interval of the data so the estimate is an interpolation
not extrapolation.

The estimate is reliable.
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2 a Low correlation, so the line fit is not an accurate model of the data.

b The correlation line given is y-on-x, so is not suitable for predicting a value of x from a
given value of y.

¢ The value y = 23 lies outside the data interval; extrapolation is not reliable.

P(ANB) = P(4) x P(B|4)
2.3 1

><3
3 20 10

4 a G is the event of green eyes, B is the event of brown hair.

P(G)+P(B)=P(GUB)+P(GNB)
=1-P(G'nB")+P(GNB)

06+04=1-02+P(GnNB)
P(GNB)=0.2
b P(G)xP(B) =0.6x0.4=024+P(GNB)
So the two events are not independent.

5 Let X be arace time. X~N(u, 0?)

a
P(X < 262) = P (z < 26%“) — 0.88 = P(Z < 1.175)
20271 _ 475
4+ 11750 = 26.2 )
b

225 —
P(X < 22.5) = P (z < T") = 0.05 = P(Z < —1.645)

22571 _ a5

i —1.645¢ = 22.5 )
(1) — (2):2.8200 = 3.7

37
~2.820

(1): u = 26.2—1.1750 = 24.7 seconds

o = 1.31 seconds
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6 a 2
P(AN B) = P(B) x P(4|B) 2
11 2 1 =
=— X — = — O
20711 10 »
©
b S
[
P(AUB) =P(A) + P(B) —P(ANn B) ;°
_2, 11
520 10
17
T 20
C

11 2 11
P(A)XP(B)=%X§=%¢P(AHB)

A and B are not independent.
7 a y=10.7x + 121

b 1 The gradient indicates the estimated additional cost per box.
ii The y-intercept indicates fixed costs.

¢ y(60) =121+ 10.7(60) = $760

d Revenue = 19.99x
Profit = Revenue — Costs = 9.29x — 121
For profit to be positive, find least integer x such that profit > 0
9.29x > 121

S 12l 004
X~29297

Least number of boxes needed for profit is 13.

e i x = 5000 is well outside the interval of the data values, so this estimate would be an
extrapolation, and unreliable.

ii Estimating x from y = 540 would require the x-on-y regression line, not the y-on-x
regression line given in part a.

P(ANB) = P(A) + P(B) — P(AU B)
=0.6+0.4—0.76
=0.24
= P(A) x P(B)

Since P(A N B) = P(A) x P(B), the events are independent.
9 Converting all units to cm:
X~N(g 1.72)

(4.5 —p)
1.7
u=45+4+0967 x1.7 =6.14 cm

P(X <45)=P <Z < ) = % =P(Z < -0.967)
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10 X~N(u, 02)

1
P(X<12)=P(Z<
12 —u

P(X<25)=P(Z<
25—u

2) - (1):? =232

13

=337 5.61

g

2—p

25—u
o

=104 (2)

) =0.1=P(Z < -1.28)

=-128 (1)

) =0.85 = P(Z < 1.04)

(D:u =12+ 1.280 = 19.2

11 Let X be the mass of a dog.

P(X<24) = P(Z <
24—u

P(X <10.7) =P (Z <

24—

X~N(u,0?)

) =03 = P(Z < —0.5244)

=-05244 (1)

10.7 —
Tﬂ) = 0.83 = P(Z < 1.48)

10.7 —
TR g4 @
8.3
2) — (1): 2= = 2.00
o
0=——=415kg

= 2.00

(1): 1t = 2.4 + 0.52440 = 4.58 kg

P(X>8)=P(Z>

12 Let X~N(u, 02)

8 —4.58
4.15

) = 0.205 = 20.5%

Since the distribution is symmetric about u, the lower quartile and upper quartile are equal

distance from the mean. Let Q3 be the upper quartile. Then IQR = 2(Q3 — ) = 17

Q3 —u=285
P(X < Q3) =P <z < @) = 0.75 = P(Z < 0.6745)
8.5
— = 0.6745
_ 85
"~ 0.6745
. 2_( 8.5 )2_159
variance o~ = 06745 =
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13 Let X be the time (in minutes) to complete a test. X~N(45,102)

50—45
10

a P(X>50)=P(Z> )=0.309

b

P(X>60|X>50)—P(X>60nX>50)
N X > 50

_ P(X > 60)
X >50
_ 0.0668

©0.309
=0.217

14 a Let X be the mass (in grams) of an apple. X~N(126, 122)

150 — 126
P(X > 150) = P(Z > T) = 2.28%
b
P(X > 160|X > 150) = P(X > 160nXx > 150)
B X > 150
_ (X > 160)
~\X>150
_ 0.0023
©0.0228
=10.1%
15 Let X be a mark in the test. X~N(100, 6?)
124 — 100
P(X < 124) = P (z < —) = 0.68 = P(Z < 0.4677)
24
—=0.4677
o
2
2 = =
7= (0.4677) 2630
16 Let X be the duration of a flight in minutes. X~N(u, 62)

0—u

78
P(X <13x60) =P (Z < ) = 0.92 = P(Z < 1.405)

780 —
L1405

5-pu

75
P(X <755) =P (Z < ) =0.12 =P(Z < —-1.175)

755 —
Lo 1175 @

1 - (2):? = 2.580

25 ]
o= 5580 9.69 =~ 10 minutes

(1): u = 780 — 1.4050 = 766 minutes
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17 a Let X be the number of defective lamps in a sample of 30.

PX>0)=1-PX=0)

(7))
[
=]
5
=1-0.953 @
=0.785 "
T
b S
o
P(X<2NnX>0) =
< =
P(X <2|X > 0) POCS 0)
_PX=1uUX=2)
- P(X > 0)
_30(0.05)(0.95)%°+3°(,(0.05)2(0.95)°
- 0.785
0598
~0.785
=0.761
18

P(B N ) = P(AU B) — P(A) = ¢

1
PANB) g 1

PAIB) ==y =) 2
1
P(B) ==
®) =3
19 a
P(BNA P(BNA 3
LI BnA) 3
P(4) P(BNA)+P(B'NnA4) 5
3
P(BNA) = = (P(BN A) +P(B'n4))
2 3 1
—-P(BNA)==-P(B'NA)=-
SP(BNA)=ZP(B NA) =
1
P(BNA) ==
BnA) =
b
A B
Hl.
12
, 1 , 11 1 1 1
P(AnB)_§’P(BnA)_E’P(AUB)_ESOP(BOA)_E_g_E E
1 1 1 1 7
P =3+3=PB =3 =12
1
P(BNA) = > # P(A) X P(B)
So events A and B are not independent.
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20 Let X be the length of a wire cut by the machine (in cm). X~N(30, 2.5). g
(@)
P(34 < X <35) =
P(X > 34|X < 35) = P(X < 35) %
_ P(X < 35) — P(X < 34) g
- P(X < 35) Q
35—30 34 — 30 =
_P<Tg)-r(r<) S
- 35—30
P(2<>757)
_ 0.97725 — 0.9452
- 0.97725
=0.0328

Let Y be the number of wires in a box of ten with length greater than 34 cm.

P(Y>0)=1—-P(Y =0)
=1-(1-0.0328)"°
= 0.284

21a nrg, =—0.0209
b 7.2, =0.983
¢ y=207x?-152
22 L~N(50,0%)
a P(50—0<L<50+20)=P(-1<2Z<2)=P(Z<2)-P(Z<-1)=0.819
b

53.92 — 50
P(L < 53.92) = P (z < —) = 0.975 = P(Z < 1.96)
3.92
272 _ 196
o
392
9% 196 VT

0
) = 0.25 = P(Z < —0.6745)

t
P(L <t) —P(Z< 500

t—50
= —0.6745

t =50 —2(0.6745) = 48.7 mm
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i
P(t < L <50.1)
P(L < 50.1|L >t) = PLS D
_ P(L <50.1)-0.25

0.75

50.1 — 50
2.00
0.75

P(z<

= 0.360

ii LetY be the number of large nails shorter than 50.1 mm in a sample of ten large
nails.

P(Y=>2)=1-P(Y¥=0)—-P(¥r=1)
=1—(1-0.360)1° —10(1 — 0.360)°(0-360)
=1-0.01154 — 0.06491
= 0.924

) ~0.25
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These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 20A

16 y' =cosxsoy’ (g) =1

2

17
h =10t%% + 20¢t7°°
dh
— =5t79° - 10t
de
dh
E(l) =5—-10=—-5ms™!
Negative value means that h is decreasing when t = 1; the falcon is diving.
18
y'=5—-¢e*=4
e*=1
x=0

The point on the curve is (0,1)
19

y =e*+3
y'(In2) =5

20 Line 2y + 3x + 3 = 0 can be written as y = —1.5x — 1.5, so has gradient —1.5

y =3cosx
y' =—=3sinx = —-1.5

sinx = 0.5
T
*T%
Then the point of tangency is (%, 3 cos (g)) = (g, %)

. 3V3 3 T
Tangent equation is y — ) (x - E)

_ 3x+n+3\/§
YETo YT
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21 y = —x + 4 has gradient —1, so the perpendicular has gradient 1.
y =e¥—2=1sox=1n3
Point of tangency is (In3,3 — 21n 3)
Tangent equationisy —3 + 2In3 = (x —In 3)
y=x+3-3In3
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22 Tangent gradient is %

y=x%soy =0.5x7%% = %
1
-05 _ =
X 3
x=9
Point of tangency is (9,3)
23 a y=2x—e*soy' =2—¢*

y'(In2.5) =2—-25=-05

The gradient of the normal at this point is 2.

Point of intersection of the normal is (In 2.5,21n 2.5 — 2.5)
Equation of the normal is y + 2.5 — 2In 2.5 = 2(x — In 2.5)

b Intersections of the normal and the curve:

2x —e* =2x—2.5

e* =25
This has only a single solution, at x = In 2.5, so the normal only intersects the curve at
one point.
24a N(0)=1
b
2
(1+Vt) =9
1+vVt=3
t = 4 hours
c

N=1+2t"+t

dN
- = t—O.S 1
dt *
dN
’r (4) = 1.5 million bacteria per hour

d The model assumes growth without restriction, imposing no upper limit on the
population, which would after a short time exceed the space available on the agar dish.
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25y=Inx—2xsoy ' =x"1-2
This is a decreasing function when y’ < 0

x1-2<0
x> 0.5
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26 y; = x%° soy; = 0.5x7%5

Tangent at x = k has gradient 0.5k 0>
y, = x %% s0y;, = —0.5x"15
Tangent at x = k has gradient —0.5k 1>

If the two tangents are perpendicular then 0.5k =% x (—0.5 k=1%) = —1

—0.25k72 = -1
k2=4
k=05

27a cosx =0 forx = i%

y' = —sinx so the gradients at these points are +1

By symmetry, the tangents meet at the y-axis
P: (—%,0),@: (%,0),12: (0,%)

2
Triangle PQR has base length 7 and perpendicular height % so has area %

b Since the graph of y = sin x is a translation of the graph of y = cos x, the area of ABC
2
will also be HT

28y =x%%s0y’ = 0.5x705

. o1
The tangent at point (a?, a) has gradient Py

It has equation y — a = i(x —a?)
_ 1 +a
Y=24%72

If this passes through (0,1) then a = 2

The point on the curve is therefore (4, 2)

29

—_— 1 1
y =sinx -2

y' =cosx

Let P have coordinates (p, sinp — %)

ﬂ

If the tangent is y = ?x — 137; then the gradient at P is y'(p) = 73

cosp = ? has solutions p = + % + 2nm
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Substituting into the tangent equation:
T V3 my 13 m -13+1
nr+—)=—(2nr+—-)-—=— —_—
y( nrt_6) z(nn_6) 43 \/§(3n+ 4 )

Substituting p = + % + 2nm into the curve equation:

y(2n1ri%)=+l—1

If these two values are to be equal, both must equal zero, since the second cannot be any
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non-zero rational multiple of %
Sop =2r + %
P has coordinates (13—”, O)

6

30 y; = —3x + 9 has gradient —3.

y, =x%—2Inx
yy =2x —2x71
Require that 2x — 2x~1 = -3
2x2+3x—-2=0
Qx—1Dx+2)=0

=—or—2
X 201‘

Reject the negative solution as outside the domain of In x.

x = % is the only solution.

Exercise 20B
15

f(x) =e™™*
f'(x) = —e™*
16
y = e** + 5x
y' =2e?* +5
y'(In3) =2(3)? +5 =23
17

y = (x2 +9)05
y' = 0.5(2x)(x% +9)7%> =
4 4

y'(4) == 5

y(4) =V25 =5

X

Vx2+9

Tangentisy — 5 = g(x —4)

4x — 5y =-9
_4x+9
Y=7%5 75
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18 g
y =1In(2x - 5) 5
y,=2x—5= 2

Sox =3 g
y(3)=In(1) =0 ;o

Tangent at (3,0).
19
y = cos(x™1)
y' = (=x"H)(=sin(x™1)
=x"2sin(x™1)

()T @)%

(F)-0
Y\7)~

2 . 72 2
Tangent at — 0) has equation y = (x - —)

4 T

_nzx
Y=

ST

20 Gradient of y = —3x + 2 is —3 so the perpendicular has gradient%

y =1In(x — 2)
. 1 _1
Y = x—273
x=5

Tangent at (5,1n 3) has equationy —In3 = %(x —5)

_X 5 m3
y=37zTh

d , . .
21 a E(sz x) = 2sinxcosx

. . 3
b 2sinx cosx = 0 has solutions x = g,n andfforo <x<2m

So the points on the curve with zero gradient are (g, 1) , (1, 0) and (37“, 1)

22 a

(cos x + sinx)? = cos? x + 2 sin x cos x + cos? x
= (cos? x + sin® x) + 2 sin x cos x
=1+ sin2x

b Using the chain rule:

d
a(cosx + sinx)? = 2(—sinx + cosx)(cos x + sin x)

= 2(cos? x — sin? x)
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But using the identity in part a:
d d
— (cosx + sinx)? = — (1 + sin 2x)
dx dx
= 2 cos 2x

Equating these two: cos? x — sin? x = cos 2x
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23 sin3x = 3sinx — 4sin3 x
Differentiating both sides of the equation using the chain rule:

3 cos 3x = 3 cosx — 4(3 cos x)(sin? x)
=3cosx (1 —4sin?x)
=3cosx(1—4(1—cos?x))
= 3cosx (4 cos?x — 3)

So cos 3x = 4cos3x — 3 cosx

24

Tangent at (%, e) has equation y — e = ke (x - %)

y—e=kex—e
y = kex
The tangent always passes through the origin, for any non-zero k.
25

y =In(x? — 8)
2x

=—=6
y x2—8
6x% —2x —40
3x2—x—-24=0
, 1
x*—-x—8=0
3
12 /1\?
x—=) —|=) =8
-9 ~(3)

1
36

2
Reject the second solution, since (— 2) — 8 < 0 . isnotin the domain of In(x? — 8).

The only point where the gradient is 6 is (3, 0).
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26a y=e%*
Letu = 2x,s0y = e*

By chain rule:

dy_dyxdu

dx  du’ dx
=e¥x2
=y X2

b Not true; if y = ae?* then:—z = 2ae?* = 2y foranya # 0

Exercise 20C

13 Using the quotient rule:

d (sinx) X cosx — sinx

dx\ x

I

|
;lml'P
—
=

|

N R
—

T 2 . 2
Tangent at (E’ ;) has equation y — -

4 4x
S
14
y' = cos 2x — 2x sin 2x
(F=0-3
y 1) = >
Gradient of the normal is %
™\ T
y (Z) = Z X0
1 T . _ 3 _ E
Equation of the normal at (Z’ 0) isy =" (x 4)
_ 2x 1
Y= T 2
15
f(x) = xe?*
f'(x) = e?* + 2xe**
=e?*(1 + 2x)
f'(3) = 7e®
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16 Letu = xe* andv =Inx

Thenu’' = e* + xe* = (1 + x)e* and v’ =%

—v)=uv' +u'v
dx
xe*
=T+(1+x)exlnx
=e*(1+ (1 +x)Inx)
17 Letu = xsinx
Then u’' = sinx + x cos x

d d du

— (¥ = — (U X —

dx(e) du(e) dx

= e%(sinx + x cos x)

= (sinx + x cos x)e*sin*

18y =3e3*—-11=13

Soe3* =8 =23

x=1In2

The point of tangency is (In2,8 — 111n 2)

19
y =xe ¥

y' =e*—xe*=(1—-x)e*

If y’ = 0 then x = 1 or e™* = 0 (which has no solutions).

The only point on the curve with zero gradient is (1, é)
20
y=xInx
X
y' =lnx+;: 1+Inx

Ify' =2thenlnx =1
The point on the curve with gradient 2 is (e, e)

21
f(x) = x(k + xz)_%
11 3
f'(x) = (k+x2)72— > Qx)x(k +x?)72

3
=(k+x2—x>)k+x?)72
k
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22

f(x) =x(2+ x)%

1

£(x) = (2 4 2)Z + %x(z +x)2

1
=2+X+§X

V2 +x

_ 3x + 4
_x\/2+x
a=3b=4
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23 f(x) = —

x2
1+x

Using the quotient rule:

2x(1 + x) — x?
f'(x) = —( )
(1+x)?
_ x*+2x
(1 +x)?
Since the denominator is zero at x = —1 and positive for all x # —1, the sign of the

derivative is the same as the sign of the numerator.
x?+2x = x(x +2)

A positive quadratic takes negative values between the roots.

The gradient is positive for x < —2 and forx > 0

f(x) is an increasing function for x < —2 or x > 0.

a=0b=-2
24 a
P=4(1+3e™?
dP
— =—4(-3e")(1+3e™™)?
dn
_ 12e™™
T (14 3e )2

Both numerator and denominator only take positive values for all n so the function P is
always increasing, since P’ > 0 for all n.

b i P(O):§:1

The initial population is 1000 rabbits.

. 12
ii P'(0)= i 0.75
The initial growth rate is 750 rabbits per year.

¢ Asn — o, P — 4 so the population tends towards 4000 rabbits.

.‘ DYNAMIC pathematics for the IB Diploma: Analysis and approaches 9
LEARNING gpayl Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019



)
c
9o
whd
=
o
o
o
)
R~
S
=

14

n

25a Forx > 0,Inx is areal value.

x* = (x)*

— (elnx)x
— exlnx

b Letu=xlnx

Then u’ =lnx+§: 1+Inx

y = x* = e

dy dy o du

dx  du’ dx
=e%(1+1Inx)
=x*(1+1Inx)

Yoy—1a40=1
dx

y(1) =1
Tangent at (1,1) isy = x

Exercise 20D

10
f'(x) = 3x% + 2kx + 3
f'(1)=3+4+2k+3=10
k=2
11

f'(x) =3x%2+2ax+b
f'(1)=3+2a+b=4 €Y
f'"(x) = 6x + 2a
f"(-1)=—-6+2a=—-4soa=1
(1): 5+4b=4sob=-1
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12
y = xe*
y' =e* + xe*
y"' =eX+e*+xe* =2 +x)e*
13 For example, y = —e™*

Yy
4

—

14 For example, y = x3
y

15

y=x3—kx?+4x+7
y' =3x?—2kx+4

y" =6x—2k
The graph is concave-up (y'' > 0) forx > 1
k=3
16
fOo) =x"
f'(x) =nx""t

f"@) = n(n — 1)x"2
f"A)=12=nn-1)
n?—-n-12=0
(n+3)(n—4) =12
n=-3or4
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17

y=x*+bx+c
y'=2x+b

y'"" = 2 so the graph is always concave-up, since y''(x) > 0 for all x.
18 y =sin3x + 2 cos 3x

y' =3 cos3x — 6sin 3x

y" = —9sin3x — 18 cos 3x
= —9(sin 3x + 2 cos 3x)
= —9y

19 y=In(a+x)

1
— = -1
y a+x (@+x)

y'=—(a+x)"2=-

(a+x)?

20 y=x%Inx
1
y' =2xInx + x? (;) =2xInx +x

1
y”=21nx+2x<;)+1=21nx+3

2Inx+3 =1
Inx =-1
x=e1

The point on the graph with gradient 1 is e, elZ)
21

y=x3—-5x%+4x—2
y' =3x%2—10x + 4

y" =6x—10
Gradient is decreasing where 6x — 10 < 0
< 5
<3

22 a

y=x3+ax?+bx+7
y' =3x%+2ax+b
y" =6x+2a

Graph is concave-up where y'' > 0
6x +2a>12+ 2aforx >2s012+2a =0

a=-6
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b Curve is strictly increasing if y' > 0 for all x
3x2 —12x + b > 0 for all x.
Require that there are no roots to the quadratic 3x? — 12x + b
No roots: Discriminant A < 0
A=(-12)2-43)(b) =144 —12b < 0
b>12
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23 a

y = ax?® — bx?
y' = 3ax? — 2bx = x(3ax — 2b)
y'>0forx <0andx > 4

So the roots of y" are 0 and 4

2b_4

3a
b
—=6
a

b y" =6ax—2b= 6a(x—%) = 6a(x — 2)
a > 0soy"” > 0, and therefore the curve is concave-up, for x > 2.
24 y" =10
y' = 10x + b for some constant b
y'(0) =10=0»b
y = 5x2 + bx + ¢ for some constant ¢
y(0)=2=c
y =5x%+ 10x + 2

Exercise 20E
6 y'=2x+b

Minimumatx = 1soy'(1)=24+b =0
b=-2
y(1)=2=1+b+csoc=3

7 y' =4x3+b
Minimumatx = 1soy' (1) =4+ b =0
b=-4
y()=—-2=1+b+csoc=1
8 P'=20x —40x3 = 20x(1 — 2x?)

. . 1
Stationary points when P’ = 0 occur at x = 0, + 7
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Only valid solution in context is positive, so the solution is x = 7

Check that this is a maximum:

P"(x) =20 — 120x? so P" (%) = 20 — 60 < 0 and the point is a local maximum.

() =10(z-3) =23

Maximal profit is $2.5 million
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Tip: Alternatively, use a substitution: u = x2 so that P = 10u — 10u? = 10u(1 — w).

This is a negative quadratic in u with roots at u = 0 and u = 1, so by symmetry will have its

maximum at u = 0.5.
Hence maximum P is P(u = 0.5) = 5(0.5) = 2.5
9 a P=2x+2R20—-x)=40cm
b A=x(20—-x)
Negative quadratic has maximal value midway between the roots, by symmetry.
Roots are at x = 0 and x = 20
Maximal 4 is at x = 10: A(10) = 100 cm?

10

xZ

=1+x
C2x(T+x) —x*(1)  x*+2x
B (1 + x)2 T (14 x)?

y

!

Stationary points where y' = 0
x> +2x=0=x(x+2)

Roots of the derivative are at x = 0 and x = —2

y(©) =3 =0,y(-2) = = 4

Stationary points are (0,0) and (—2, —4).
11

y =x —2x%5

1 -0.5

y' =1-—x
Stationary points where y' = 0

x 05 =1
x=1
y(1)=1-2=-1

Stationary point is (1, —1)
y" =0.5x"15
y"(1) = 0.5 > 05so (1,—1) is a local minimum.
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12 y =sinx — 0.5x
y' =cosx —0.5
Stationary point where y' = 0

cos x = 0.5 has solution x = %for O0<x<m

y' = —sinx
y" g) = —2—5 <0so G,g - g) is a local maximum.
13
V =x%(9—x)

V' =18x — 3x% = 3x(6 — x)
V" =18 — 6x = 6(3 — x)

Maximum volume occurs where V' = 0 and V"' < 0
V' = 0 has solutions x = 0 or 6
V') =-18<0
V(6) = 108 cm? is the maximal volume of the cuboid.

14 a

1
f(x) = X (z)xz— Inx
1—-Inx

X2
b Stationary point where f'(x) = 0
1-lnx=0
x=e
Coordinates are (e, %)

¢ Using quotient rule, withu =1 —Inx, v =x2sou’ =x71,v' = 2x

d (u) uw'v—uv'

dx \v v2
x?(x™1) —2x(1 —Inx)
fll(x) — 4
x
2xInx — 3x
T
2Inx —3
27
d f’(e) = 2e;33= —e3<0

So the stationary point (e, e™1) is a local maximum.
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15 y = esinx
Letu =sinxsoy =e*and u’ = cosx
. .dy _dydu
Chain rule: T = dud

y' =e%cosx
= cos x e5I"¥
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Stationary point where y’ = 0: cos x = 0 or e5"* = (
cosx = 0atx = (n+ 0.5)7 forn € Z. e5"* = 0 has no solutions.

" sinx

y" = —sinx eS"¥ + cos?xe
= (cos? x — sin x)eSn*

For 0 < x < 2, the stationary points are (%, e) and (37“,%)

y" (%) =—-e<0so0 (g, e) is a local maximum

y" (37”) = é > 0so (3771,9 is a local minimum

16a N(0)=1-0+5=6
Initial population is 6 million

b N'(t)=et—2

Stationary point when N’ = 0: t = In 2
N(In2)=2-2In2+5=7—-2In2=>5.61
This is lower than the initial population, so is the global minimum.
Minimum population is 5.61 million.

17 a

Profit P = (x — 4)(1000 — 100x)

—100x2 + 1400x — 4000
—100(x? — 14x + 40)
=—-100((x — 7)2—-9)
=900 — 100(x — 7)?

Maximal P is 900 when x = 7.

The optimal price is $7 per widget.

b In this model, the greater the value of x, the lower the number sold, but the model never
predicts a negative number of units sold (the model in part a suggests number sold is
negative for x > 10).

C
1000
P=(x—-4 (—)
( ) (x +1)2
= 1000 ———
(x +1)2
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Using quotient rule: g
(®)
' = 1000 (c+ D2 - (x—D2(x+ 1)) =
(x + 1)* =
n
x+1)—-2(x—4

= 1000 (( ) ( )) =
(x+1)3 v
[
— O

=1 -
000 )3 =

P’ =0whenx =9
Maximum profit is seen when the price is $9 per widget.

18 a distance = speed X time

1 200
d=(4-—)x—
m m

800 200

m m2

dd

= —800m~2 + 400m=3
dm
=400m=3(1 — 2m)

. . 1
Stationary point at m = >

Since d is a negative quadratic in m™1, this must be the maximum point.
The drone should be 500 g mass to maximise the distance it can fly.
19

f(x) =e*—-3x+7
f'(x) =e* -3

f'(x) = 0 whenx =1n3
f"(x) = e* > 0 for all x, so this is a local minimum.
fln3) =3-3In3+7=10—-31In3
So the range of f(x) is f(x) > 10 — 3In 3
20

f'(x) = 12x3 — 12x% — 24x
=12x(x?* —x —2)
=12x(x + 1)(x — 2)

Turning points are x = —1,0,2

Positive quartic has turning points minimum, maximum, minimum
f(-1)=4+5-124+2=-1
f(2) =48—-32—-48+2=-30

The least minimum is —30 so the range of the function is f(x) > —30
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21
y =e** —6e* + 4x + 8

y' = 2e** — 6e* + 4
=2(e*=-2)(e*-1)

Stationary points areat x = In2andx =In1 =0

(72)
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=
=
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Whenx =In2,y=4—-124+4In2+8=4In2
Whenx=0,y=1-6+04+8=3
Stationary points are (In 2,4 In 2) and (0,3)
y" = 4e?* — 6e*
y"'(In2) =16 —12 =4 > 0so (In2,41n 2) is a local minimum.
y"(0) =4—-6 =-2<0so0 (0,3) is a local maximum.
22

h=e*+e2*
h' =e* —2e ¥

Stationary points when b’ = 0
e ¥(e3*-2)=0
Only solution is x = %ln 2=In32
1
32
(V2)
1
= 3\/5 (1 + E)

h(lnV2) =2 +

The minimum height is 1.5/2 m =~ 1.89 m

Exercise 20F
5

y=x3+9%%+x-1
y' =3x2+18x + 1
y" =6x+18

Inflexion occurs when y" = 0

x =-3
y(=3)=-27+81-3-1=750

Point of inflexion is (—3, 50).

y = x5 — 80x?
y' = 5x* —160x
y" =20x3 - 160

Inflexion occurs when y" = 0
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x3=8sox=2
y(2) =32 — 320
Point of inflexion is (2, —288).

y=x3+bx*+c
y'=3x%+2bx+c
y" =6x+2b
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Inflexion occurs when y" = 0
y'"(1)=0=6+2bsob=-3
y(1)=14+b+c=3s0oc=5

y=2x3—ax*+b
y' = 6x% — 2ax
y'" =12x — 2a

Inflexion occurs when y"' = 0
y"'"(1)=0=12—-2asoa=6
y(l)=2—-a+b=-7s0b=-3

y=x3+ax?+bx+c
y' =3x%+2ax+b
y" =6x+2a

Inflexion occurs when y" = 0
y'(1)=0=6+2asoa=-3
Stationary point occurs when y' = 0
y'(1)=0=3+4+2a+bsob=3
y(1)=3=14+a+b+csoc=2
10 a

f(x) = 8Inx + x?
f'(x) = 8x~ 1+ 2x
f"(x) =2 —8x?

Inflexion occurs when y” = 0
2-8x2=0sox=2
Verify that this is a point of inflexion:

f7(1)=2-8<0
1
@) =2-5>0

(2,4 + 81n2) is a point of inflexion, as the curve is concave-down for x < 2 and
concave-up for x > 2.
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b f'(2)=4+4+0
This is a non-stationary point of inflexion.
11 a

y =2Inx + x?
y' =2x"1+2x =2x"1(1 +x?)

Since x~1 # 0 for any x and 1 + x2 > 0 for all real x, it follows that y’ # 0 for any real
x and there is no stationary point.
b y'=-2x"2+2=2x"2%(x%-1)
The domain of the original function is x > 0 so the only point where y"' = 0 isatx = 1.
(1, 1) is the point of inflexion.
12 a, b, ¢

Local minimum of f(x) occurs when f'(x) = 0 and f’(x) moves from negative to
positive.

Local maximum of f(x) occurs when f'(x) = 0 and f'(x) moves from positive to
negative.
Point of inflexion occurs when f’(x) reaches a local maximum or minimum

Y

d Neither inflexion point occurs when f’(x) = 0 so neither is a stationary inflexion point.
13 a
f(x) = x* — 6x%2 +8x — 3
f'(x) =4x3—-12x+8
Stationary point occurs when f'(x) = 0

Tip: For solving the cubic, if you cannot quickly see a root or a means of factoring, just use
your calculator to find the roots.

4(x3-3x+2)=0
4x+2)(x?-2x+1)=0
4x+2)(x—1)?=0

Stationary points occur at x = —2 or 1.
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b f(x) =12x% — 12
f""(—=2) = 48 — 12 > 0 so there is a local minimum at x = —2

/(1) =12-12 =0

f"(0)=-12<0

f""(3) = 96 > 0 so the curve changes from concave-down to concave-up at x = 1.

There is a stationary point of inflexion at x = 1
14 a

f(x) = 5x* — x5

f'(x) = 20x3 — 5x* = 5x3(4 — x)

Stationary point where f'(x) = 0: x = 0 or x = 4

f"(x) = 60x% — 20x3

f7(0)=0

f’(1)=60—-20>0
£7(—1) = 60 + 20 > 0

The curve is concave-up for x < 0 and for x > 0
There is a local minimum at x = 0, not a point of inflexion.
f""(4) = —320 < 0 so there is local maximum at x = 4

15

2

y=e”
’ x2

y' = —2xe”
Y = —2e7*" 4 4x2e™*" = (4x2 — 2)e*"

Point of inflexion occurs where y" = 0

. _ . . . . 1
Since e™** % 0 for any real x, the possible points of inflexion are at x = + %

y'(0)=-2<0
y'(1)=2e1>0
- .. .
The curve changes from convex-down to convex-up at (7, e 2) so this is a point of

inflexion.
. . . . vz -4y, . . .
Since the graph is symmetrical about the y-axis, (— e 2)15 also a point of inflexion.

16
y=x%Inx
y' =2xInx +x?(x"1) =x+2xInx
y"=1+4+2lnx+2xx"1=3+2Inx

y" is a strictly increasing function, so will pass through y'’ = 0 from negative to positive
exactly once. The point of inflexion occurs where y'' = 0

2
342lnx=0sox=¢"3

2
. ) .. -2 3 _
Point of inflexion is at (e ,—5e 3).
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17
y = 3x% —10x* + 10x3 + 2
y' = 15x* — 40x3 + 30x?

y" = 60x3 — 120x2 + 60x
=60x(x?>—2x+1)
= 60x(x —1)?

Point of inflexion occurs where y'’ = 0
Checking second derivative either side of possible points:
y'(=1) =-240<0
y"(0.5)=75>0
y"(2)=120>0

The graph changes from concave-down to concave-up at x = 0 so (0, 2) is a (stationary)
point of inflexion.

The graph continues concave-up either side of x = 1 so (1,5) is not a point of inflexion.
18

f(x) =x3+ax?+bx+c
f'(x) =3x%>+2ax+b
f'"(x) = 6x + 2a

. . . a
Point of inflexion occurs where f”'(x) = 0so x = — 3

Stationary point occurs where f'(x) = 0

Mixed Practice

1 f(x) =ax®—-3x+5
a f'(x) =3ax?>-3
b f'(0) =-3
¢ Maximumatx = —2: f'(—2) =0=12a -3

a=025=

B
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y=x34+6x2—4x+1
y' =3x2+12x — 4
y" =6x+12

Point of inflexion occurs where y" = 0

x=-2
y(=2) =-8+24+8+1=25

The point of inflexion is at (—2, 25).
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y=x%+bx+c
y' =2x+b

Minimum point at (2,3) so y'(2) = 0and y(2) = 3

y'(2)=4+b=0sob=—-4
y2)=4+2b+c=3soc=7

y=x3+bx?+cx+5
y' =3x%+2bx+c
y' =6x+2b

Point of inflexion at (2, —3) so y"'(2) = 0 and y(2) = —3
y"(2)=12+2b=0s0b = —6
y(2)=8+4b+2c+5=-3soc=4

y=(x—-1°%
y' =050 —1)79>
y'(5) =0.25

y=Inx
y' =x"
YD =1y(1) =0
Tangent at (1,0) has equationy = x — 1

y = e?*
y' = 2e%*
y'(0)=2,y(0) =1

Normal at (0,1) has gradient —0.5
Normal at (0,1) has equationy — 1 = —0.5(x — 0)
x+2y=2

_x
Yy=173
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a Letu=x,v=Unx)?sou' =1landv’' =2x 'lnx
y = x(Inx)? = uwv
By product rule,
y =uv' +u'v
=2Inx + (Inx)?
=2+Inx)Inx

Stationary points occur where y’' = 0
2+Inx =0givespointAatx = e 2,50 A = (e72,4e72).

Inx = 0 gives point Batx = 1,s0 B = (1,0).

y'=Q+nx)x '+ (x Hinx
B 2(1+1Inx)
B x

Point of inflexion occurs where y'' = 0

1+lnx=1
x=e !
The point of inflexion is at (e™%,e™1).

2t
T 342

Using the quotient rule:

_ 23 +t%) - 2t(2t)
- (3+1t2)2

_ 6—2t?

T (34 t2)2

Maximum concentration when €’ = 0

!

t2=3
t =43
5

. . 3
Maximum concentration is C (\/§) = mg 17t
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10 Let s be the distance between the cyclists at time .
s is the length of the hypotenuse of a right-angled triangle with orthogonal side lengths 20t
and 15¢t.
s = +/(20t)2 + (15t)2
= 25¢
ds
dt
The distance between the cyclists increases at a constant rate of 25 km h™!
11 f(x) = In(x* + 1)
a f(0)=In1=0

4x3
x4+1

)
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25

b f'(x) =
f(x) is increasing for f'(x) > 0.

f(x) is increasing for x > 0

" _ 4x2(3-x%)
¢ f"(x) = Grr
. ” _ 4@ _
i (1) = o = 2
s crr _ 4@ _
ii f'"(-1) = 2 =

Since the curve is convex-up either side of the point (0,0), there is no point of inflexion
at (0,0); this is instead a minimum of the curve.

d
f(z)
: T
13
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x
—2x2+5x-2

12 f(x) =

a Letu=x,v=—-2x2+5x—2sou' =1,v' =5—4x

Quotient rule: % (%) = u’v;w’
(D(—2x2% +5x — 2) — x(5 — 4x)
(—2x2 + 5x — 2)2
—2x?% 4+ 5x — 2 — 5x + 4x?
(—2x2% + 5x — 2)2
3 2x% -2
"~ (—2x%2 +5x —2)2

f'(x) =

b Stationary points occur when f'(x) = 0

2x2—-2=0
x==1

So B has coordinates (1,f(1)) = (1,%)

¢ From the graph, the range of f(x) excludes the interval% <y < 1soy =k will not meet

the graph foré <k<1

13
Y = XCOSXx
y' =cosx —xsinx
y'(0)=1
y(0)=0

So the tangent at (0,0) has equation y = x
14 y=x2%e?*
y' = 2xe?* + 2x2%e?*
= (2x + 2x?)e?*

y" = (2 + 4x)e®* + (4x + 4x?)e?*
= (2 + 8x + 4x?)e?*
=2e**(2x* +4x+1)

15 a

2

1 X
A—Ex(6—x)—3x—7

A'=3—x
Stationary point on curve of A occurs when A" = 0: x = 3
Maximum area is A(3) = 4.5 cm?

(A is a negative quadratic, so the only stationary point is the global maximum)
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i :
P=x+(6-x)+/x2+ (6 —x)? =
=6++/2x2 —12x + 36 o
. 4x — 12 =
" V2x? — 12x + 36 5
Stationary point on curve of P occurs when P’ = 0: x = 3 =
Minimum perimeter is P(3) =34+ 3+ 3vV2 =6 + 3v2 cm
16
f(x) = xek*
f'(x) = ek + kxek*
= (1 + kx)e**
£ (x) = ke** + k(1 + kx)e**
= (2k + k?x)ek*
f7(0) =10 =2ksok =5
f'(1) = (1 + k)ek = 6e°
17

f(x) = x3 — kx? +8x + 2
f'(x) =3x%2 —2kx + 8
f'"(x) = 6x — 2k

f(x) is concave-up where f" (x) > 0
6x—2k>0
x > Sis equivalent to x > 4
k=12
18 Letu = xe¥,v =sinxsou’ =e* + xe¥ = (1 + x)e*,v' =cosx

Product rule: d% (uv) =uv' +u'v

d
P (xe*sinx) = xe* cosx + (1 + x)e*sinx

=e*((1+ x) sinx + x cos x)

19 f(x) = \/4’% =x(4+x)05

Using the Product Rule and Chain Rule:
f'(x) = (4 +x)7%° - 0.5x(4 + x)~1°

=4 +x)""(4 +x—0.5x)
8+ x

T2+ 01
a=1,b=8c=15
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20 a

f(x) = xe™
f'fx)=e*—xe*=(1—-x)e™*
f'"x)=—e* -1 —-x)e*=(x—2)e™™

f(x) is concave-down where f''(x) < 0
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Since e™* > 0 for all real x, the curve is concave-down for x < 2

b The point of inflexion is at (2,2e~2), since at that point the curve changes from concave-
down to concave-up.

21 y =e *sinx

y' ' =e*cosx —e *sinx
= e *(cosx — sinx)

Stationary point occurs where y’ = 0.
Since e™* > 0 for all real x, there is a stationary point where cos x — sinx = 0

sinx = cosx

tanx =1
T

X =—
4

13

&

Stationary point is (%, g ) .

22a V(0)=5
Initial volume of the lake is 5 million m3

fj—‘; = 2e7t —2te~t = 2e~t(1 —t)

. . dv
Stationary point occurs when T 0:t=1

2
V(1) =5+ o~ 5.74 million m3

. . dav dzv
¢ Greatest rate of emptying is a maximum of prel e 0

d?v
dt?

Greatest rate of emptying is at t = 2 hours.

=-2et-21—-tet=2et(t—2)

23

y=Inx+kx
y =x"1+k
y1)=1+k
y() =k
Tangent at (1, k) has equationy —k = (1 + k)(x — 1)
y=Q0Q+k)x—-1

The y-intercept of this tangent is —1, independent of the value of k.
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100
24 f(x) = m g
100 =
a f(0)=12 E
51 8
b ©
o5 100 £
" 1+ 50e0-2x ;O
1+ 50e702% = 100
~ 95
e—0.2x — 5
95 x 50
1
= —-51 <—) = 34.3
x "\950

¢ Asx - oo, f(x) - 100

Range of f(x) is 0 < f(x) < 100
d Using Chain Rule:

f(x) = 100(1 + 50e0-2¥)~1

f'(x) = —=100(—0.2 x 50e~°2%)(1 + 50e0-2¥)~2
_1000e702*
" (1 + 50e02x)2

e From GDC, maximum value of f'(x) is f'(x) =5

Tip: You may be required to complete this type of answer without a GDC; in that case, the
shortcut below is the type of working you need to look for.

Letu = e 02%
f'(x) = 1000u(1 + 50u) 2

By Chain Rule,
" d, du
f"(x) = a(f (x)) X4

du
= 1000((1 + 50u)~2 — 100u(1 + 50u)~3) x e

(1-50u) du

=1 —_—— X —
000 (1+50u)®  dx

Maximum rate of change of f(x) occurs when f''(x) = 0

j—z = —0.2e7%2% = 0 for any real x

So the only solution for a stationary point of f'(x) occurs when u = %

The graph shows that f(x) is concave-up and then concave-down, it is clear that the
stationary point of f'(x) must be a maximum.

When u =5—10,f’(x) =¥_5

22

The maximum rate of change of f(x) is 5.
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25 a

26 a

27 a

D

X —a
f(x)=x_b
_q1427@
B x—b
f'(x)=—(b—-a)(x—b)2
_ a—>b
~ (x—b)?

If a > b then this is always positive, since (x — b)? > 0 for all x in the domain.

If p > g and both lie the same side of b then f(p) > f(q).

However, the discontinuity at x = b means that if ¢ < b < p then f(q) > f(p).

For a real function, require that the argument of the square root is non-negative.

x2 <4

The largest possible domain is =2 < x < 2

y= (4_ _ x2)0.5
yl — _x(4_ _ xZ)—O.S
. . . a
At point (a, V4 — az), the gradient is — T
The gradient of the normal is therefore 4-a’
The equation of the normal is y — V4 — a? = 4;a2 (x —a)
V4 — a?
y=—7b *

The y-intercept of the normal is at 0, independent of the value of a.

y = kx™
y' = nkx™1

At point (a, ka™), the gradient is nka™?!
The product of the gradient and y-value is nk?a?""1 = 1

For this to be true for all values a, it follows that 2n — 1 = 0.

n= % (in which case the domain of the function is x > 0 and the gradient is not defined

atx = 0).

Then%k2 =1sok=+V2
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21 Analysis and approaches:

Integration

These are worked solutions to the colour-coded problem-solving questions from the exercises in
the Student’s Book. This excludes the drill questions.

Exercise 21A

23
y=f3x°'5 dx
=2x1%+¢
y(9)=12=2%x27+c¢
c=—42
3
y =2x2 —42
24
f(x) =f2cosx—3sinx dx
= 2sinx+3cosx +¢
f(0)=5=3+c¢
c=2
f(x) =2sinx + 3 cosx + 2
25

y=f2ex—5x‘1 dx
=2e*-5lnx+c
y(1)=0=2e+c
c=—2e
y = 2e* — 51n|x| — 2e

26 [2x + 1.5x 1dx =x% + glnlxl +c

.’2 DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 1
LEARNING gpgy Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019

(72)
c
9o
=)
=
o
(7]
©
(&)
=
[
=




27 g
)
V=ft—0.55int de 5
©
= 0.5t> + 0.5cost + ¢ n
go)
V(0)=2=05+c I
[
c=15 ;o
v=ltizileosesl
=5 2cos 5
28
x=fS—2et dt
=5t—2et +c
x(0)=5=c—-2

c=7
x=5t—2et+7
29 If g(x) =5—2x theng'(x) = -2

f(S —2x)% dx = —%f(g(x))f)g’(x) dx

=—3(5 60 +e
1

o (E_92Y]
= 14(5 2x)" +¢

30 [3sin2x —2cos3x dx = —ECOSZx—gsin3x+c

311Ifg(x) = x2 + 1 then g’ (x) = 2x

[0 g @ ax =2 (g0)° +¢

1
=—(x?+1D%+c
6
32 If g(x) = 3x? then g'(x) = 6x
1
y' =29 (0)sin(g(x)

1
y = —gcos(g(x)) +c
1
= ——cos(3x?) + ¢
6
331f g(x) = x? + 2 then g'(x) = 2x

3 —o0.
f x+ > dx = f 1.5g’(x)(g(x)) % dx

2
= 3(g(x))o'5 +c

=3Jx2+1+¢c
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34
£(x) = f (2x +3)~? dx

= —(%) 2x+3)t+c
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_4x+6
_6x+8

T 4x+6
_3x+4

C2x+3
35Letg(x) =Inxtheng'(x) =x1

2
F =58 (e

1
f=§(g(x))2 +c
_11 2
—§(nx) +c

f()=1=c

(Inx)?

fx) =1+ 3

36

f(x) :fo‘l dx
=2Inlx| + ¢
f(-1)=5=c¢
f(—3) =5+2In3

37 [4(cosx)3sinx + kx? + 1 = —cos* x +§x3 +x+c
38 [eX —e ¥ dx = ex+§ e ¥ + ¢
39 Let g(x) = x? + 1 then g'(x) = 2x
fx\/rﬂ dx = %f(g(x))o'sg’(x) dx
_ %(g(x))Ls te

1 3
=§(x2+1)2+c
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40a cos2x =1—2sin%x @
: :
=

1 o

fsinzx dxzf—(l—cost) dx "

2 °

1 ) g
=—x—-sin2x+c¢ re

2 4 (°)

=

41a cos2x=1-—2sin’x

2

b From part a: sin“ x = %(1 — cos 2x)

1
fsinz xdx = Ef(l — cos 2x)dx

1 1
=—x—-—sin2x+c¢
2 4

42 Let g(x) = cosx then g’'(x) = —sinx

ftanx dx = — wdx
g(x)
= —In|g(x)| + ¢
= ¢ — In|cos x|
43 [sinx (1 — cos?x) dx = —cosx+§cos3x+c

44 Let g(x) = Inx theng’'(x) = x~?!

1 (x)
[
xInx ( )
=In|g(x)| + ¢
=In|inx|+ ¢

Exercise 21B
16

f (3x + 1)05 dx_[3( )(3x+1)15]5
1615 41.5
S

1

17

0

3—3
2 2

18 7 vInx dx = 3.29 (GDC)

3
f3sm2x dx—[ 5 OSZx]
3

.' DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 4
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a
fl 3x7%5 dx = [6&]‘11

)
c
9o
whd
=
o
o
o
)
R~
S
=

=6(Va—1)=24
Va—-1=4
a=25
20a y = (3—x)(3+ x) has roots (+3,0).

b

3 1 73
f 9 — x? dx=[9x——x3]
-3 3 -3

=(7-9)—(=27+9)

=36
21 a

1 1 2 1 1

fx3—2x2—x+2 dx=[—x4——x3——x2+2x]

. 47 3 2 .
_(1 2 1+2) <1+2 1 2)
4 3 2 43 2
_8
3

2 1 2 1 2

fx3—2x2—x+2 dx=[—x4——x3——x2+2x]

. 47 37 2 1
—(4 2 4) (1 2 1+z)
B 4 3 2
B 5
12

37

b Total area enclosed = 2 + = =
3 12 12

22 {2, 1n(10 — x?) dx = 11.0 (GDC).

Tip: Solving exactly without a GDC:

f3ln(10 —x?) dx = f3 In ((\/1_0 +x)(V10 — x)) dx
-3 -3

3
=f ln(\/ﬁ+x)+ln(\/ﬁ—x) dx
-3
Using [Inx dx = xInx — x + ¢:
3
j ln(\/ﬁ+x)+ln(\/ﬁ—x) dx
-3

= [(VI0 + %) In(vT0 + x) — (VIO + x) — (¥I0 — x) In(vI0 - x) + (VIO - %),
= [VIO(In(VI0 + %) — In(vVI0 — x)) + x(In(I0 + x) + In(vI0 — x)) — 2x]

3

V10 + x
= [\/101n< +xIn(10 — x?) — 2x
V10 —x _3
.I) DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 5
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+ 3 10 -3 N
—\/_ln<\/_ > \/Eln<\/_—>— g
V10 -3 V10 + 3 =
=
+3 =
—2\/_ln<\/_ ) 8
V10 -3 =
)
23 ~
In3 In3 é
2
f 2e‘3xdx=[——e‘3x]
0 3 0
=§(1_e—31n3)
_2(1 1)
3 27
_ 52
~ 81
24
-3
f 5x~1dx = [51n|x|]Z3
-9
=5(0In3—-1n9)
=—-5In3
25

2k
f x~'dx = [Inx]2*
k
=In2k —Ink
_1 <2k>
= I]n X
=In2

26 a By symmetry, the graphs intersect at x = %

n V2
(52)

b Again using symmetry:
V3

Shaded area = 2 f4sinx dx
0

27 a At the intersections, e~ f=e"
Taking logarithms: x> = xsox = 0 or 1
A:(0,1),B(1,e™1)
b [;(e™* —e™) dx = 0.115 (GDC)
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28 a

y = cos(z?)

b Intersections where cos x? = 2 — 2 sin x?

From GDC: x = cos™1(0.8) = 0.802 orJ: =1.25

802
29 Intersections when x3 — 4x = 2x — x2
x3+x2—-6x=0
x(x—2)(x+3)=0

The enclosed area for x > 0 is between x = 0 and x = 2.

2
f6x—x —x3 dx—[3x ——x ——x]
0

=12 8 4
N 3
—16—533
=5 =5

30 By symmetry, the enclosed area is
Vs

2 1
ZJ sin2x dx =2 [——cost]
0 2
=2

T
2

0

31 Letg(x) =x%2+1sog'(x) =2x

Vi 1 (V3
f x x2+1dx=§f Ve g'(x) dx
0 0

1.25
f (2 — 2sinx? — cosx?) dx = 0.0701
0

By

_ (xZ + 1)1.5]

I
Wl Nw| o =
Wl =

.' DYNAMIC Mathematics for the IB Diploma: Analysis and approaches
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32

0 1

Shaded area =f e¥ dx+f e 2% dx
0

-2
1

— x710 _1 —2X
= [e*]2; + e
2 0

1 1
=1—e‘2—§e‘2+—

2
_3(1—e™)
B 2
33

4 1 4
f (2x+3)tdx = [—lnIZx + 3|]
1 2 1
1
=§(ln11—ln5)
_ 1l (11)
—2"5
34

3
f (x —5)"tdx = [In|x — 5|]3
2
=In2—-1n3

e

35

f5(3f(x)—1)dx= 3f5f(x)dx—f51dx
2 2 2

=30 — [x]3
=30-(5-2)
=27

36 Letu = 2x so du = 2dx

Whenx =3, u=6and whenx =0, u =0

x=3 1 u=6
f 5f(2x) dx = > X 5f f(u) du

x=0 u=0
5
= 5(7)
=175

d 1
37 a a(xlnx) =lnx+x(;) =1+Inx

b

e e
flnxdx=f1+lnx—1 dx
1 1

= [xInx — x]§
=(—-e)—-(0-1)
=1
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38

fadlf(x)l dx =17 = Lbf(x) dx + fcdf(x) dx — fbcf(x) dx

d c
= ﬂ@dx—sz@yu
a b

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

=5—216f(x)dx
b

ﬂﬁ?@ﬁM:-e

fdf(x) dx=5= fbf(x) dx + Ldf(x) dx
= fbf(x) dx+1
= fbf(x) dx =4

f:f(x) dx = fabf(x) dx + J:f(x) dx = —2

Exercise 21C
l4a s(2)=20-4=16m

b
v=L10-2
de
v(3) =4ms?
C
a=d—v:—2
dt

a(4) = -2ms™2

15

3
ﬂ$=fvm
0

3
=f e—O.St dt
0

= [—2e"0-5t](3;
=2-2e1 = 155m

16 a

6
%®=fvm
0
= —48 m (GDC)
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17

18 a

19

20 a

D i

6
4(6) =f vl dt
0

=58.7m
a=2t+1
v=Jadt=t2+t+c
v(0)=3=c
v=t?+t+3

v(4)=16+4+3=23ms™ !

v(0) = 256 ms~?!

_dv _ 3
a== 4t

a(2) = -32ms?
Bullet stops when v = 0

t* = 256
t=4s

Since all the motion is in the same direction, distance travelled is the same as
displacement.

4
s(4)=f v dt
0

4
= f 256 — t* dt
0
1.
-
4096

= = 819.2m

0

2
d2) =
@ fo'”' de
= 2.39 (GDC)
t?’(6—-t)=0

Displacement is zero at t = 0 and t = 6 seconds

9 12— 32
vV=—= —_
dt
3t(4—-t)=0
Velocity is zero at t = 0 and t = 4 seconds.
Displacement is a negative cubic, so has a local maximum at the second stationary point.

The maximum displacement for x > 0 therefore occurs at t = 4 seconds.
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21a v=2csint+tcost =
de S
b v(0)=0ms™? E
()
¢ 7]
©
™ V2 om 2 S
T ~
4 2 4 2 é
V2(4+m) 4+4m 1
= = ms
8 42
d
dv )
a=—-—=2cost—tsint
dt
a(0) =2ms™2
e v=1att=0.556,1.57 or 5.10 seconds (GDC)
f
2m
d=f [v| dt
0
=13.3m
22 a
v=J-adt
=At+c
v(0)=c=u
Sov=At+u
b

s=fvdt

1
=5At2+ut+k
s(0)=0=k

1
s = EAtZ + ut

23 s = sin wt

ds
vV =—=wcoswt
dt

dv 5 .
a=—=—-w*sinwt = —w

~dt

2s

.I_} DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 11
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2da a=%=_10ms?
dt

b Maximum height occurs when v = 0,soatt =0.5s

s=fvdt

= 5t — 5t? + 5(0)
s=5t(1—-1t)+ 60
5(0.5) = 61.25m
¢ s=0when5t>?—5t—60=0

t?2—t—12=0
t+3)(t—-4)=0

The ball hits the sea at t = 4 seconds
d d= vl dt

Using the context, the ball rises 1.25 m and then falls 61.25 m, so the total vertical
distance travelled is 62.5 m

e The model assumes no obstructions and no significant air resistance or air movement
interfering with the projected movement of the ball.

2

The model also uses acceleration due to gravity of 10 m s™“, which is an approximation.

25a v(0)=18ms™?!
b 18 —2t%? = 0 fort = 3 seconds

_ dv _
T T
a(2) = -8 ms~?

d d(6) = [;lv| dt = 108 m
e s(6) = fosv dt = —36m

f Since the bicycle turns at ¢ = 3, and travels 108 m in total, ending 36 m behind its start
position, it must travel 36 m forwards for the first 3 seconds, then 72 m in the second 3
seconds.

It travels 36 m in the first 3 seconds.

26v=%=_3t2 412t -2
dt

dv
a=—=-—-6t+12
dt

Maximum velocity occurs whena = 0: t = 2

v(2)=—-12+24—2=10ms"!
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27

4

(4) = v(2) +f a dt

. 2
=4+f 16t72 dt
2

=4+ [-16t71]3
=4+ (8-4)
=8ms™!

28 Root of the equation v = % —loccursatt = 1.

2
d= |v| dt

1 2
=f vdt—fvdt
0.5 1

=[Int —tlgs — [Int —t]3
=—1—-In054+05-In2+2-1
= 0.5 —1n(0.5 x 2)

=05m

29a s(10)=0m

b v=%—-10-2¢
dt

The movement is symmetrical, turning back at t = 5
d(10) = 2s(5) =2%x25=50m
30 From the GDC:

a Maxspeed = 6.06 ms~!

b Minspeed = 0ms™?!

_ 14 — -1
¢ Avespeed = 4f0 lv| dt =2.96ms
31a i

v=fadt

1
= EAtZ + v(0)

—1At2+

.I) DYNAMIC Mathematics for the IB Diploma: Analysis and approaches
! LEARNING gpayl Fannon, Vesna Kadelburg, Ben Woolley, Steven Ward 2019

13

(72)
c
9o
=
=
o
(7]
©
()
=
[
2




ii

s=fvdt

1
= gAt3 + ut + s(0)
= 1At3 + ut

b Since acceleration is positive fromt = 0, v > u > 0 forall £t > 0.

Then average speed is total distance divided by time taken
s
Ave speed = 7

= Lay
—1(1At2+ )+2
312 ujrzu

I
B
_v+2u

3

32 Let Jane’s distance from Aisla’s start line be s; and Aisla’s distance from her start line be s4

1 2 1 2

1 1
Spq = f Vs dt = _t3 +SA(0) = _t3
3 3
Aisla passes Jane when S = s;

From GDC, the solution to%t2 +2t+42 = §t3 ist = 6 seconds

33 Let the position of the first ball be given by
x,(t) = fv dt = 5t — 5¢t2

Let the position of the second ball from t = 1 be given by x,
x,(t) = x,(t — 0.5) = 5(t — 0.5) — 5(t — 0.5)?

The two collide when x; = x,
5¢(1—t) =5(t—0.5)(1.5-1¢)

From GDC, or from considering the symmetry, since the first ball is back at zero
displacement at t = 1, the intersection occurs when t = 0.75.

x1(0.75) = x,(0.75) = 0.9375m

.‘ DYNAMIC Mathematics for the IB Diploma: Analysis and approaches
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34 Consider an object which moves a distance a in time b, and then a further distance ¢ in
time d.

distance a

Then the average speed in the first period of movement is ~me "1

. distance c

The (greater) average speed in the second period of movement is ~me — 1

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

Then the average speed over the whole period must be between these two values.

total distance
Average speed = —————

total time
_a +c
" b+d
Therefore,
a < a+ c c
b b+d d

Mixed Practice

1
4
f 3x% — 4dx = [x3 — 4x]]
1
=(64—-16)—(1—-4)
=51
2
1
- | Z-,-05 d
y f4x b
1
=2 (_) 0.5
2 X7 +c
2
y(#) =3=Vi+c
c=2
1
y = E\/; + 2
3
z ™
f cosx —sinx dx = [sinx + cosx]g
0
1x@
=—+——-(0+1
>+t —(0+1)
_V3-1
2
3 1 _ 3
4 fo - dx—zln|x|+ x1+c¢
.' DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 15
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ds
v=—=23-0.18t2
dt

v(8.6) = —10.3ms™?!

_dr 0.36t
a—dt— .

a(8.6) = —3.10ms?!

)
c
9o
whd
=
o
o
o
)
R~
S
=

6 Letg(x) =2x—5s0g'(x) =2

f(x)=6f2x2_5 dx

L [9x)
= 6J—g(x) dx
=6In|g(x)| + ¢

=6In|2x — 5|+ ¢
f(4)=0=6In3+c
c=-—6In3

flx) = 61n<|2x3_ 5')

. . : . 5 .
Given the domain of f(x) is restricted to x > > the modulus signs are superfluous.

2x—5
flx) = 61n( )
7 a
ELRPPRpE
T
a(2.7) = -31.7cms™?
b

1
s=fv dt=6t2—§t4—t+s(0)

1
s(0) = 0sos = 6t2 _§t4_t
s(1.3) =7.41cm

3 1
8 [3x05—2xSdx=2xz2+4x2+¢

9 Letg(x) =sinxso g'(x) = cosx
y=f3cosxsin2x dx

= [ 39 @(96)" ax

= (g(x))3 +c
=sindx+c¢

y(m)=2=c
y(x) =sin3x + 2
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10 a

1 Yy = CcosZT

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

w3

b A(0,1),B (g,o

N—

1_

o

¢ Gradient = _2
T

NIk

Equationisy — 1 = —%(x -0)

=1 2
y= _—

d Enclosed area is the area under the curve, less the area of triangle AOB.

s

2 1 T
Enclosed area = j cosx dx — = (1 X —)
0 2 2
s
5 T
— T 2
= [sinx]§ — 7
_ T
T4
11 Require fozf(x) dx =0
2 1 1 2
f x? —kx dx = [—x3 ——kxz]
0 3 2 o
= 8 2k
K
I = 4
3
12 a Intersection point B: x> +1=7 —x
x’+x—6=0
x+3)x—2)=0
x =2
B (2,5)
A(0,1)
C(7,0)
.I) DYNAMIC Mathematics for the IB Diploma: Analysis and approaches 17
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b Shaded region is the area of the triangle DBC where D has coordinates (2,0) plus the area i
between the curve and the x-axis for 0 < x < 2. o
e
1 2 2
Shadedarea=—(5><5)+f x?+1 dx >
2 0 =
5 1 z )
2
=—+ [—x3 + x] x
2 3 0 o
= 25 + 8 +2 =
2 3
103 172
=5 =17
13 a
_dv_ 9 -6t
T
a(3) = -9ms~?
b
s= fv dt
9
=—t?—t3+5(0)
2
81
s(3) =7—27+5 =185m
14 a

y=2sinz4+1

: s
Yo

b v(2.5)=220ms !

c
s = f v dt
=t—2cost+s(0)
Defining displacement as distance from the initial position,
s=t—2cost+c
s(0)=c—2soc=s(0)+2
s=t—2cost+ 2+ s(0)
s(2n) —s(0) =2mr—2+2=6.28m
1 DYNAMIC \athematics for the 1B Diploma: Analysis and approaches 18
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d d@2n) = ["|v| dt =9.02m

pa
x2+1

15R= [
Letg(x) =x2+1 sog'(x) = 2x
1(%g' (%)

= | —= dx

2Jy gx)

- [jntsc0)].

1
=§(ln17—1n1)

—11 17
_Zn

16

b
ﬁ cosx dx = [sin x]3,
= z

=sinb+1
3
B
2
3n
sinb = —— forsome — < b < 2m
2 2
b_57‘t
3

17 a Graph B is linear with a root at t = 3, C is quadratic with maximum att = 3 and A
appears cubic with inflexion at t = 3.

It is reasonable to suppose that B represents acceleration, C represents velocity and A
represents displacement.

b t=3
18 [ 2f(x = 3)dx = 2 [ f(x) dx = 6.
19 a f(x) is decreasing where f'(x) < 0: 0 < x < d
b f(x) is concave-up where f'(x) is increasing: a < x < band x > ¢

C

0 d
f £ () dx — f F'(x) dx = £(0) — f(a) — (£(d) — £(0))
a 0

= 2£(0) — f(a) — f(d)
=2f(0)—8—-2=20

2f(0) = 30
f(0) =15
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20 Intersection points where 2 — x? = x3 — x? — bx + 2 ®
x3—bx=0 %
x=0,+Vb )
n
Let L be the left enclosed area and R the right enclosed area. g
’ 5
L= [ 96760 ax S
—Vb
0
= f x3 — bx dx
—Vb
1 1 1°
= [— x*— = bxz]
4 2 b
1
—_p2
2 b

Vb
R=f FG) - g dx
0

Vb
=f bx — x3 dx
0

Vb
1 1
= |=bx? ——x4]
2 2",
1
__b2
4

As shown, L = R irrespective of the value of b.
21 a
cos2x =1 — 2sin®x

1
sin® x = 2 (1 — cos 2x)

1
J- sin? 3x dx = Ej(l — cos 6x)dx

1 1
= —(x——sin6x) +c
2 6
! L 6x +
=-Xx—--sinbx +c¢
2 12
b
J- cos? 3xdx = f(l — sin® 3x)dx
(e gyaner
=x—|zx—-zsinbx+c
2 12
! + L 6x + ¢’
=-x+-zsinbx+c
2 12
.I) DYNAMIC pathematics for the IB Diploma: Analysis and approaches 20
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=2

()

d
6 a

13 cm
38 (any answer between 30 and 40 is reasonable)
2 =2=0625
c=15
A(5,0)
(2.5,7.5)
80
P(1NHL) == ===0.125
P(SLI2) = 22 =2 = 0.6
logzi =-2
Factorising:
(log, x —3)(log, x+2) =0

log, x =3 or—2

x =38 orZ

fof(3) =1(0)=1
f'(2) < 0 so fis decreasing
Stationary points where f'(x) = 0:
(1,4) and (4,-3)
Classify using f"’ (x)
f"(1) < 0so (1,4) is a local maximum
f”(4) > 0 so (4,—3) is a local minimum
Inflection occurs where f" (x) = 0 so (2, 1) is a point of inflection
tan 60° = V3
sin60° = ?
tan 60° 3 1
Sn60° sin 60° tan 60° = —5=3
DYNAMIC
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7

(sin x) )
tan x Py sin“ x
- —sinxtanx = cgsx —
sin x sinx cos x
1 sin? x
T cosx cosx
_ cos?x
T cosx
= cosx

Shaded area = f0a|(2x - 4)e‘(x2‘4x)| dx
d —(x%-4x) —(x%-4x)
a(e ) =—-(2x—4)e
The curve passes through the x-axis at x = 2 so the integral can be split into two parts

2 a
Shaded area = —f (2x — 4)e=(=49) dx + f (2x — 4)e~(¥*~4x) gy
0 2

— [ a=(x?-4x 2 o~ (x%-ax)1®

= [e( )]0+[e( )]2
= et — 1+ (e* — &2’ ~4)
=2t —1— e 4@

2et — 1 — e 4 = 2et _ 3

So e®* ™44 = 1

a’?—4a=0
a = 0 or 4; from context, the correct solution is a = 4.
a Vertexis (3,0)

b Original curve is y = (x — 3)?
2 .
Translate ( 0): Replace x with (x — 2)
New curveis y = (x — 5)2
0.
Translate ( 4). f(x) becomes f(x) + 4

New curveis y = (x — 5)%2 + 4
i Vertex moves from (3, 0) to (5,4)
ii New equationisy = x? — 10x + 29
¢ Intersection of y = x> —6x + 9 and y = x? — 10x + 29

4x =20
x=5

Intersection point is (5, 4)
d i Substituting y = x — k into the equation for P:

x—k=x*—6x+9
x> =7x+0O+k)=0
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ii IfL is a tangent then there is a single repeated root to this quadratic s
Repeated root: Discriminant A = 0 %
(=7?-409+k)=0 é

49 -36—-4k=0 9

13 =

k = T =

9 a P(Alessia wins on first attempt) = P(D'A) = %(1 —-p)

b
P(Alessia wins on second attempt) = P(D'A'D'A)

1 1
= —_— —_ — x —_
A-p)xoxA-p)x3
1\2
A -p»*3
a=2,b=2
3
¢ i P(Alessia wins on third attempt) = P(D'A'D'A'D'A) = (1 — p)3 G)
. : : th — — k(L g
ii P(Alessia wins on k™ attempt) = (1 — p) (2)
N
d P(Alessia wins) = ¥ (1 — p)¥ (E)

. . . . . 1-p
This is the sum of a geometric series, with common ratio r = - and firstterm u; =71

1 1
P(Alessia wins) = u4 (1 — r) =<

r

=
(|
==

Il
Ul Ul =

<

X[l =
I
[UnN
I

-
1

WINW|FRO] = Ul

3x2
x3+1

10a f'(x) =

Over the domain x > —1, numerator is always non-negative and the denominator is
always positive.

Then f’(x) > 0 for the whole domain

This means that the function never decreases.
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b

- £()

x34+1
Using the quotient rule:

6x(x3 +1) — 3x2(3x2)
(x3+1)2
_ 6x—3x*
pe
3x(2 — x?)
CEEa
At the point (0,0), f"'(x) = 0 and (from part a), f'(x) > 0 either side of the point.

f”(X) —

Therefore (0,0) is a (stationary) point of inflection.

f(x) = 0atx = 0 and x = /2, so the other point of inflection is (BVE, In 3)

Again, this is known to be a point of inflection because f''(x) = 0 and f’(x) > 0 in the
vicinity.

The function is increasing over the whole domain, so is 1-1 and has an inverse.

y =f(x) =In(x3 + 1)

e¥=x3+1
x=3Vey —1=f"1(y)
Changing variable:

f~1(x) = VeXr — 1
The domain of the inverse is the range of the original function: x € R

The range of the inverse is the domain of the original function: f~1(x) > —1
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)
1 a CD=r0=13x0.75=9.75cm
b Triangle area = %(18)(13) sin 0.75 = 79.8 cm?
1, 1 2 2
Sector area = 57 0= 5(13) X 0.75 = 63.4 cm
Shaded area = 79.8 — 63.4 = 16.4 cm?
2 a f'(x) = %lnx
b Ifg(x) =x3—x%—6xtheng'(x) =3x2—-2x—6
The tangents of the two curves are parallel for the same value of x when the gradients
have the same value.
That is, f'(x) = g'(x) so
2
—Inx=3x>-2x—-6
X
Multiplying by x (noting that there is no solution x = 0 since this is outside the domain
of f(x))
2Inx = 3x3 — 2x% — 6x
¢ From GDC, solutions are x = 0.340,1.86
3 Using sine rule:
" sin ACB
sin BAC = BC X = 0.704
Primary solution: BAC = sin=! 0.704 = 44.8°
Since BC > AB, the secondary solution is also valid: BAC = 180 — 44.8 = 135°
4 a
y
c
1
— - T
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b Intersections occur where x + 2x~1 =5 —x g
2x2—-5x+2=0 :.%
2x—-1Dx-2)=0 é
x=050r2 =
i~
2 o
Enclosed area = 5—x)—(x+2x71) dx <
5
02
=f 5—2x—2x"1 dx
0.5
= [5x —x% —2Inx]%s
=(10—-4—-2In2)—(25-0.25+21In2)
=3.75—4In2 = 0.977
5 a Vertical asymptote at root of denominator is x = —1

Maximal domain is x # —1
b Horizontal asymptote shown by end behaviour as x — Foo: y = 2

Range is f(x) # 2

c
2x+3
= fi =
Y () x+1
(x+1y=2x+3
xy—2x=3-—y
x(y—2)=3-y
3—y
=f_1 = —_
x o) y—2
Changing variable:
3—x
f-1 =
(x) o
6 a
v = el cos 2t
dv
a = — = el cos 2t — 2et sin 2t
dt

b d(2) = [lvldt = 476 m

7 a Let the base of the pyramid be ABCD and the vertex E, with the midpoint of the base X
lying vertically below E so that EX = 50 cm

Then triangle AXE has angle AXE = 90° and XAE = 75°

By trigonometry AE = 51535" =51.8cm
b And AX = —2 =134 cm
tan 75

Then the base diagonal AC = 24X = 26.8 cm
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¢ The base area is given by % = 359 cm? g
1 5
Volume = —(base area) X height S
: @
= 3% 359 %50 %
X
=5983 cm® o
i} =
8 aiy="Y =624
2 2

Gradient of [; is —%
i N(0,6)
b [, has gradient § and passes through P(3, —5)
[, has equation y + 5 = g(x -3)

3y+15=2x—-6
2x—3y—-21=0

¢ 3x+2y=12 D
2x —3y =21 (2)
Intersection:

3(1) +2(2):13x = 78
x=6

Q has coordinates (6, —3)
d i NQ=+(6-0)2+(-3-6)2=+117 ~ 10.8
ii PQ=+(6-3)2+(-3+5)2=+13~3.61
e Since NP 1 PQ,area NPQ = %(NP)(PQ) =19.5

9 a i LetX be the waiting time, in minutes.

X~N(u,0?)
19 —
P(X < 19) = P(Z <— “) =0.9 = P(Z < 1.2816)
19 —
So H_ 12816
4+ 1.28160 = 19 €Y

i P(X<3)=P (z < 3%") = 0.05 = P(Z < —1.6449)

So > ;“ = —1.6449
i — 1.64490 = 3 (2)
i (1) — (2):2.92640 = 16
o =547

u=3+164490 = 12.0
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b P(X<t)=P (z < th”) = 0.2 = P(Z < —0.8416)
t =u—0.84160 = 7.40 minutes
¢ i P(X>15)=1—P(Z<1iT‘“)=0.291

ii Let Y be the number of patients, in a sample of 10, who wait more than 15 minutes.

(72)
c
9o
=
=
o
(7]
©
()
=
[
2

Assuming independence between patient times, Y ~B(10,0.291)
P(Y>5)=1-P(Y <4)

=1-0.8647 ...
=0.135
10a i
y=x""
dy _
a = —X
dy 1
a(P) = —?

ii Then the tangent at (p, p~1) will have gradient —p~2 and so will have equation
y-pt=-p?tx-p)
y—pl=-pfx+p’
P’y —2p=—x
x+p?y—2p=0
b i On the tangent line:
Whenx =0,y = 2 5o R has coordinates (0, 3)
P P

When y = 0,x = 2p so Q has coordinates (2p, 0)
ii Then area OQR = 0.5(2p)(2p~1) = 2, independent of the value of p.

¢ QR=(2p )2+ (2p)2=2\p?+p?
d

Tip: Find minimum using GDC or calculus method such as shown below. Remember that when
finding a minimum distance, where the distance has been given by a formula including a square
root, it is usually easier to differentiate the square of the distance. Since distance is non-
negative, the minimum of the distance and the minimum of its square must occur at the same
value of the variable.

QR will have a minimum when QR? has a minimum
QR? = 4p? + 4p~2
%(QRZ) =8p—8p~° =8p~°(p" - 1)
%(QRZ) = 0 when p* = 1,s0p = 1 (since p > 0)
This represents a minimum since:
%(QRZ) <0for0<p<1,and %(QRZ) >0 forp > 1.

Minimum QR = 2v1 + 1 = 2v/2 =~ 2.83
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