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Worked solutions

1 From patterns to generalizations: sequences
and series

Skills check Exercise 1C
1 a =3 b =2 c x=4 4 n
X a 1 a Y(-1)(n+1)=-2+3-4+5=2
2a > b 23 c -8 -
12 48 5 b 6
3 a 128 b 9 c —81 z4n—3=5+9+13+17+21=65

n=2
3

c Zn(n+1):2+6+12:20

n=1

Exercise 1A
1 a -20,-23,-26 b 49,64,81

5 (_1)n+1 1 1 5
c 30,36,42 d Z =1+——+===
~S n-2 2 3 6
d 122,125 125 or 625, 31.25, 15.625 Y a w p n @ o
a " c -1) =
Z‘ Z::n+1 Z::( ) n
e 2687 > 6 7 . i i
6'7'8 243'729'2187 d Y2 e Y+t
2 u, =10x5"", geometric n=t n=2
11 0
u, =-6n+47, arithmetic f >n’m™* or (n+1)2 m"
n=7 n=6

n

c u :(—1)"+13in,geometric

Exercise 1D
d u, =u,, +u,,, neither 1 u =u+(n-1)d

_2n-1

e u, TR neither Uy =5+ (9 - 1)(8)
f u, =-4x3", geometric uy =5+(8)(8)
3 a 100,200,300,...,u, =100n, arithmetic u, =5+64
n-1
b 6, 3,%,...,un = 6[%) , geometric us =69

2 u,=u +(n-1)d

c 70,77,84.7,., u, =70(1.1)"", U, = 40 + (11-1)(-8)

geometric
u, =40+ (10)(—8)
Exercise 1B u,, = 40-80
1 a 1, -4, 16, -64, 256
5 5 u, =-40
b 3'_5'3'_5'3 3 u,=u+(n-1)d

c -1,2,8,128, 32768

u, = 5.05+(7—1)(0.32)
d m,3m+5,9m + 20, 27m + 65,

81m + 200 u, =5.05+(6)(0.32)
2 a U=l =2t =-2 U, =5.05+1.92
U, =4u, ,u; =1 u, = 6.97
c u,= 11“61 U, =52
d u=u_+5u, =14

e u,=u,,xu, ,u =2,u,=3

u,=n(u,,)u =1
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u,=u, +(n-1)d
1 1

U6 :E+(6—1)(§J
1 1

U6:E+(5)(§)

=13

¢ 2 3

oy 13

® 6

u,=u, +(n-1)d

Uy =x+2+(9-1)(3)
uy =x+2+(8)(3)

Uy =X+2+24

Uy = X +26

u,=u, +(n-1)d

u, =3a+(12-1)(3a)
u, =3a+(11)(3a)
u, =3a+33a

u,, =36a

Exercise 1E
1 u,=u+(n-1)d

65 = u, +(21-1)(-2)
65 = u, +(20)(-2)
65 = u, - 40

u, =105

u,=u, +(n-1)d

Us —> U,

Ups = Uy,

Upg — Uys

u, =u, +(11-1)d
-52.3=-3.7+(10)d
~48.6 = 10d

d=-4.86

U =u, +(15-1)(-4.86)
Uys = ~3.7 +(14)(-4.86)
Uys = -3.7 + (14)(-4.86)
U, =-71.74

3
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Worked solutions

u,=u, +(n-1)d
2=11+(n-1)(-3)
-9=-3n+3
-12=-3n

n=4

u,=u, +(n-1)d

u, > u,

Ug —> U,

u, —>u,

u,=u, +(4-1)d
184 = 4 + (3)d

180 =3d

d=60

u, = 4+(12-1)(60)
u, =4+ (11)(60)

u, =4+660

u, = 664
So 14t term of the given series is 664
-36=6+(n-1)(-7)
-42=-7n+7

-49 = -7n

n=7
It is the 7t term.
u, =30+(12-1)(2)
u, =30+(11)(2)

u, =30+22

u,, =52 seats
Let u, =2010andd =4.
2050 = 2010 +(n-1)4
40 =4n-4

44 = 4n

n=11

Since they are held in 2050 (since nis a
natural number), the next time they will
be held is 2054.

82 :40+(n—1)(6)
42 =6n-6
48 = 6n

n=28

In 7 weeks




Exercise 1F
1 a y=93)"
ug = 9(3)
u, = 2187
b Not geometric
c u,=6(0.75)"
u, = 6(0.75)°
u, =1.0678...
u, ~1.068
d u,=-4(-15)"
Uy = -4(-1.5)
u, = 68.34375
ug =~ 68.3

1 13-1
e u,-= soo[gj

12
Uy, = 500(%)

Worked solutions

Exercise 1G
1 u,->u Uy—-U Ug—> U,
303.75 = 40r%*
r’ =7.59375
r=1.5
u, =40x1.5""
u,, =40x1.5"
u, =2306.60156...
u,, ~ 2307

2 U, > U Uy > U;

4 15-1

u,. =-1280| ——

X 2]
4 14

u,. =-1280| -—

y &

U, - _1280( 268435456 J

6103515625
U, = -56.295.. ~ -56.3

n-1
3 u, =ur

1 _ 1 3-1
500 4 or
Uy = = 1
244140625 1953125 2o =
f Not geometric 16
g u,=3(m*" retg
u, = 3(m)11 .Y
U12 — 3m11 1
2 1,2,4. Uy =2 %z X1+62
Uy, = 1(2)3071 4=x+2
Usg = 2% X =2
-1 x+2
U,y =536870912 cents or $5 368 709.12 T
3 Use an r value that is a factor of 64. For 4=x+2
example, r=2: X6
u, 64
s=—r=— =32 4 1536-6(2)""
_ on-1
4:ﬁ:%_16 256 =2
r 28 — 2n—1
U3—ﬂ=%=8 n-1=8
r n=9
U3 — § — 5-1
Uy="2=2=4 5 32=2(r)
16 =r*
u = % 4 =2
r 2 24 _ p4
.. One possible sequence is 2,4,8,16,32,... r=2
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6 u,=232(1.03)""

Uy, = 232(1.03)’

Worked solutions

Geometric because a rate implies you are
multiplying.

324 =6(r)""

u,, =302.70737... 54 — 120
u,, = 303 students r =254
7 a u,-= 1(2)30‘1 r=1.220730...
~ 0,
v, = 2% r~122%
U,, =536870912 grains Exercise 1I
n-1
b 512-1(2) 1ad-u-u, ->_L_1
"o 15 5 3
2° =2t _
n-1-9 5,7 ZH (7_1)@}
n =10th square -
712 1
8 128-=8(r)" S, =55t (6)(5]}
16 =r* 772
r=2 57 = E_E + 2j|
8, 16, 32, 64, 128 772 10
S, ==|=+—
2|5 5
Exercise 1H 212
1 Geometric because you are multiplying S, = 3 ?}
each previous height by % 4é
S, =—
1o 5
tho = 1(5] 1 1 3
b u==(3=-=
1y 2 2
Uy, = 1(—] 1 2 1 9
2 u,==(-3) ==(9)==
1Y 9
Yo ={3 u 5 9 2
P :L:_x[__j:s
1 u, 3 2 3
u,, = —— meters 2
512 .
2 Arithmetic because you are adding more S - 3 1- (‘3)
money to your account every month. 8 2| 1-(-3)
6500 = 2000 + (36 - 1)(x + 5)
s, - _;(1—6561]
4500 :(35)(x+5) 20 1+3
128.57 = (x +5) S :_§[-6560j
X = $123.57 o204
3 Arithmetic because you are adding from S, =2460
year to year.
) c r=t 005 45
2017 _1962+(n—1)(12) U, 1
55=12n-12 8
1-(0.
_ S.=0.1 M
67 =12n s 105
n=5.583
Finland did not gain independence in the Sy = 0.19921875
year of the tiger. S, = 0.199
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d d=u,-u,,=12-6=6
288 =6+ (n-1)(6)
282=6(n-1)

47 =n-1
n =48
S = 2[2(6)+ (48 -1)(6)]
S =24[12+(47)(6)]
S, = 24[294]
S,s = 7056
e u=4,u,=8d=8-4=4

As 1000 is a multiple of 4, the largest
multiple of 4 less than 999 would be
996.

996 = 4 +(n-1)(4)
992 =4(n-1)
248 =n-1
n =249
249
Spus = T[2(4) +(249 - 1)(4)]
249
2
S,.e = 124500

Spee = 228 +992]

2 d=u,-u,,=26-22=4

S, = 32_0[2 (22)+(30-1)(4)]
S;o =15[44 +(29)(4)]

S, =15[44 +116]

S,, = 15[160]

S,, =2400 seats
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Worked solutions

The seriesis 1+2+4 +...
6

56:1(1—2 J

1-2
56:(1—64j

1-2

-63
s =|==
~(22)

S, = 63 family members

The seriesis 1+2+3+...
d=u,-u,,=2-1=1
221+ a2-1)()]
S, =6[2+(11)(1)]

S, =6[13]

S,=78

But since there are two 12-hour cycles in
a 24-hour day:

S,, =78x2 =156 chimes
The series is 5+9+13+...
d=u,-u,,=9-5=4

S12 =

Si = 2[2(5)+ (48 -1)(4)]
S =24[10+(47)(4)]

S = 24[10+188]

S, = 24[198]

S,s = 4752 line segments

Exercise 1]

1

a Not converging as r =1.5.

9
b roY _32_9 8 __3
u, -3 32 -3 4
8
3 3
u s 8 -3 4 -3
s =% - 8_2,2_=2
T1or 377 877 14
4 4
-5
C r = un _i éxi:l
u, -5 4 -5 2
2
5 .5
u 2 2 -5
S, =2 _ 2_7,2_ .5
Tior 171727
2 2

d Not converging as r=-2.




1 a 5 =

u, _ 9x-9 _9(x-1) 9
L 27x-27 27(x-1) 27

_27x-27 27x-27
oyl 2

3 3

= (27x—27)[§) = ﬂx—ﬂ
2 2 2

f Not converging as r =2.

Any infinite geometric series where
-1<r<1,r+0

Any infinite geometric series where

r<-1orr>1

_u 12 12

* 1-r . 3 2
5

=30
1->
5
Total distance =25, —u, =2(30)-12
= 48ft.

u, 426 426
“ 1-r 1-0.999 0.001
426000 x 42 = 17892000 gallons

Exercise 1K

g[Zu1 +(n-1)d]

790 = 220[ (-8)+(20-1)d|

790 =10[-16+(19)d |

79=19d -16

95 =19d

d=5

bi u=u+(n-1)d

s = -8 +(28-1)(5)
Uy, = —8+(27)(5)
Uy, = -8+135
Uyy = 127

b ii Sn:%[u1+un]

=426000

c S

Worked solutions

Sy = 22—8[—8 +127]

S, =14(119)
S, = 1666

= g[ZU1 +(n-1)d]

2[2(-8)+(n-1)(5)] > 2000
n[-16 +(5n-5)] > 4000
n(5n-21)> 4000

5n? —-21n-4000 >0
By GDC, n~-26.30r 30.5

Since n>0,n =31

40
1900 = —=[2u; +(40-1)d]

1900 = 20[2u, +(39)d]
95 = 2u, +39d
106 = u, +(40-1)d

106 = u, +39d
39d =106 - u,
95=2u, +106 -y,
u, =-11
39d =106 --11
39d =117
d=3
S, =4
7 o1-r
20- 4
1-0.2
20 = 4
0.8
u, =16
3u, = !
1-r
1-r=
3u,
1—r=l
3
r:l—l
3
2
r=—
3
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5 Choose any r value -1<r<1,r=0.

Example:

Let r:l
2

u =4
.. The seriesis 4 +2+1+...

u, =ur*t

2557.5 =1023y,
u =2.5
U, =2.5(2)""
Uy, =2.5(2)
Uy, = 2.5(512)
u,, = 1280
2375:5(1‘5n ]
1-5
475 = [1 il ]
-4
-1900 =1-5"

5" =1901
By GDC, n=4.69116...

A minimum of 5 rounds are required.

2
8 a szzul(ll rr]

_ 2
15[11_]

© Oxford University Press 2019

Worked solutions

u, =27(1-r)

15 :27(1—r)(11_r2 J

15 4
27

r:i/zzi—zﬁzig
27 "3/3 73

Since the geometric series has only
positive terms,

6 6

i Since the sum of an infinite series
can only be found when
1

-1<r<1,rz20, r=-=.
2

iy =m-1=-11-1=-12

s - -12
1+1
2
-12
>3
2
S =-8




Exercise 1L

1 a

A=P(1+nr)
A =1500(1+10(0.06))

A =1500(1.6)

A =2400
I =2400-1500 =$900

A= P(1 + nr)
A 32000[1 N 32[0.0525}}

A =32000(1.1)

A =35200
I =35200-32000 =3200 GBP

A=P(1+r)

3x12
A= 14168000(1 + 0]._32]

36
A= 14168000(1 + Oigzj

A =14168000(1.0617835...)

A =15043348.839948...
I =15043348.84 -14168000
I ~875348.84 Yen

A=P(1+r)

2x365
A= 300000[1 + 0'04]

365

730
A 300000[1 N M)
365

A =324984.69581...
I =324984.70-300000
I ~ 24984.70 Mexican Pesos

A=P(1+r)

12x25
A= 250000(1 N 0'0225)

12

300
A= 250000(1 + 0'22225J

A =438532.634627...
I =438532.63-250000
I ~188532.63 Swiss Francs

A=P(1+nr)
2480000 = 2323000 (1 + (52 x2)r)
1.067585...=1+104r

© Oxford University Press 2019

Worked solutions

104r = 0.067585...
r =0.000649855...

Fernando will pay an annual simple
interest rate of 0.065%.

ii 2480000 _ 5354615
104

~ 23846 Columbia Pesos.
A=P(1+r)

12x5
A= 90000(1 + 0.0225j

A =90000(1.001875)"

A =100705.8944966...
A ~$100705.89

A=P(1+r)

4x5
32546 - P[l + #j

32546 = P(1.0105)"

32546 =1.232328...P
P =26410.17651144...
P ~$26410.18

A=P(1+r)

12xn
10000 = 5000(1 + 0'0325j

2 =(1.0027083...

Using the GDC, n =21.3567...
n=~21.4 years

A=P(1+r)

)12n

12x(18-5)
50000 = P[l N 0'055j

12

156

50000 = P(1.00458333...)

(
50000 = P(2.04085012...)

P =24499.594316...
P ~ 24500 Brazilian Reals
Oliver:

A=P(1+r)

1255
A= 400(1 + 0'0125]

A =425.783932...
A=~ 425.78 GBP
Harry:
A=P(1+r)




A =400(1+0.0175)
A= 436.2466257...

Worked solutions

or are switching jobs, or looking for
jobs.

3 This means that it takes 1.23 years for
A~ 436.25 GBP the substance to decrease to half of
Harry earned more than Oliver. the original mass.
Savings account: 1 %
A=A|= , where A is the amount
A=P(1+nr) 2
A= 20000(1 + n(0.012)) remaining after t years, A, is the
original mass, and h is the half-life.
A =20000(1+0.012n) 7.2-1
d A-s52[1]"®
GIC: = >
A= P(l + I’) 1 5.0406504...
122 A=52 B
A= 20000(1 + 0'035]
1 A=1.57985...
A =20000(1.00291666...)" A~1.58g

A =21447.978280670...
21447.978280670... = 20000 (1 + 0.012n)

Exercise 1N
1 x*+20x®+150x%+500x +625

1.0723989140...=1+0.012n 2 _b% 4 10b* - 405° + 80b — 80b + 32
0.072 140...=0.012

0723989140 0.012n 3 64x° —192x° + 240x* — 160>
n=6.03324... 2
n~6.03 years +60x° -12x +1

4 256x* +256x% +96x°y? +16xy° + y*
Exercise 1M X3 - 9x%y +27xy? -27y?

;. 11000 _ o0 6 243x5 +1620x% +4320x°y? + 5760x2)°

"~ 12500

C =12500x 0.88", where C represents
the white blood cell count and t is the
time every 12 hours.

b 3 days = 72 hours = 6 12-hour periods
C =12500x0.88° = 5805.0510...
C ~ 5805 cells/mcL

¢ The limitation of the general formula is
that white blood cell count does not
continue to decrease infinitely. Once
the antibiotics killed the infection, the
patient’s white blood cell count would
return to normal.

a This is an arithmetic sequence since
the rate decreases by -0.2% each
month.

b U=79-0.2(t-1), where U

represents the unemployment rate and
t is the month starting with January.

c U=7.9-0.2(12-1)
U=7.9-0.2(11)

U=57%

d It is not realistic. There will always be
people you are not capable of working,

© Oxford University Press 2019

+3840xy* +1024y°

Exercise 10
1 a 11Cy (3X)7 (—5)4

= (330)(2187x7)(625)
= 451068750x’

10Cs (x)" (6y)"

= (45)(x*)(1679616y°)

=75582720x%y*

Since n =6, there will be 7 terms in

the expansion. Hence the middle term
is the 4t term.

6C3(2)" (-3
=20(8)(-27y?)
=-4320y°

The constant term will contain x°,
hence

9Co (X4 )0 (—3)9




-(-3y

=-19683

e Cr(-2x2) [;—3]7

=(=3)
X
_ 2187
X7
2 a1,4641
b 4Ca(3x)' (-2
_4(3x)(-8)
=96
3 a Cs(x)’(-3)

=(56)(x?)(-243)
=-13608x°

b (-2x) sCax*(-3)°
=-11340x°

¢ () 3] -0

4r =24
r=6

wcs(ef (2]
462 (xls)(%J

336798x°

5 The constant term will contain x°, hence
7-r 1 "
2 (] -
a1
X7 (X28 4 )(F] — XO

28-4r+7-3r 0

X =X

X357 50
35-7r=0

7r =35
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Worked solutions

k® =32

k=2

sC3(2x)’ (-k)’ = -387072x°
(56) (32x°)(-k)’ = -387072x°
(56)(32)(-k)’ = -387072
1792(-k)’ = -387072

(-k)’ =-216

—k =3¥-216
—k =-6
k=6

6C3 (6)3 (—bz )3
20a° (-b°)

-20a°p®
The coefficient is —20.

(2.52) = (2+0.52)’
(2.52) = @23 (0.52)° + @22(0.52)1

+@j 2'(0.52)* + @]20 (0.52)’
(2.52) = 8 +(3)(4)(0.52) + (3)(2)(0.52)"
+(0.52)’
(2.52)" =8+12(0.52) + 6(0.52)? +(0.52)’

(2.52)° =8+12(0.52) + 6(0.2704)
+0.140608
(2.52)° =8+6.24 +1.6224 + 0.140608

(2.52)° =16.003008

(2.52)’ ~16.003




Worked solutions

9 a x°-25x*+250x°-1250x% +3125x Exercise 1P
3125 1 [LHS RHS
b Hence, the term containing x* will be -2(a-4)+3(2a+6)-6(a-5) | -2(a-28)
(2x)(250x°) = 525x* ~2a+8+6a+18-6a+30
-2
10a (3-2x)° a+36
-2(a-28)
=16x*-96x° +216x%> -216x +81
LHS = RHS
4
(-2x+3) 2 [LHS RHS
=16x* —96x° +216x> - 216x +81 (x-3f +5 2 —6x 114
b No, when the exponent is odd, the
expansions will not be the same. x> -6x+9+5
11 Since there are fOL!r.terms, n must be 3. 2 —6x + 14
Let k bg t.he coefficient of x and m be LHS = RHS
the coefficient of y .
Using the first term,
3 s . 3 [ LHS RHS
kx) (my) =27x°
30y my) - -
2
33 = 273 m m+1 m +m
k3 =27 1 + 1
m+1 m(m+1)
k =327
-3 m . 1
- m(m+1) m(m+1)
Using the last term,
3 m+1
3 (myy - -say e
= —64y? =S
(my) = -64y m
my? = -64y° RHS = LHS
m? = -64
4 a | LHS RHS
_ 3
m = 3-64 X-2 3x-6 X+1
m=-4 X x2+x 3
:.(a+b)”:(3x—4y)3 x—2xx2+x
n X 3x-6
122" = (1+1)
x-2 X(x+1)
2z 2277
x  3(x-2)
n n n 0 n n-1 1 n n-2 2
2= (oJr @ «( Ty @ (7)o o1
3
n 1 n-1 n 0 n
1) (1 1) (1 _
I (Ot Y LHS = RS
b x=+-10,2

Since 1* =1 forany x e R,

g tIRHRHIE AN Y
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Chapter review
1 i a This sequence is not arithmetic

iv a

since 18 -6 # 6 — 3. This sequence

18 6
is not geometric since 3 + —

3

This sequence is arithmetic since
-12--14=-14--16=2.

u,=u, +(n-1)d
u,=-16+2(n-1)
u, =-16+2n-2
u,=2n-18

Uy, = 2(10)-18 =2

Sv =5 (2u,+(n-1)d)
S, = 5(2(-16)+ (8-1)(2)
Sg = 4(-32+ )
S, = 4(- 32+14)
Sy = 4(-18)
S, =72

This sequence is geometric since
500 1000

1
1000 2000 2°

u, =urt

1 n-1
u, =2000 x [_j
2

1 9-1
U, = 2000 x (E]

S, =3968.75
The first few terms of this sequence
is 3,6,12,...
This is a geometric sequence since
12_6_

6 3

© Oxford University Press 2019

Worked solutions

S,, = 3069

v a The first few terms of the sequence
are 105, 110, 115...

This sequence is arithmetic since
115-110=110-105=5.

b u =105+(n-1)5
u,=105+5n-5
u, =5n+100

c u,=5(7)+100
u, =35+100
u, =135

, = 4.5(210 + 40)
, = 4.5(250)
, =1125

2 Renaming the terms:
U =u, =-5
u, =u, =-20
This means we now want to find S,; =S,..
We first need to find d:
u, =u, +(n-1)d
~20=-5+(4-1)d
-15=23d
d=-5




Worked solutions

6 a An infinite sum can only be found for a

n
Sis = E(Zul +(n-1)d) converging geometric sequence.

15 g - Y
5.0 = 5 (2(-5) +(15-1)(-5) i
Sis =7.5(-10 +(14)(-5)) %
S =
S, = 7.5(-10-70) 1__%
S,c =7.5(-80) 1
S,s = -600 S = 41
1+=
3 u=-2(-4)+3=8+3=11 2
1
u; =-2(11)+3=-22+3=-19 ¢ a1
U, =-2(-19)+3=38+3=41 © 3 6
2
u; =-2(41)+3=-82+3=-79 0.12 o
i i b b=—">-=2>1 so the series is not
The first five terms are 0.06
-4,11, -19,41, -79. converging
4 We first need to find r: 7 u,=u, + (n -1)d
r:%:_o_z 61=4+(n-1)(3)
' Lo 61=4+3n-3
0.416 - 0.5 102 60 = 3n
1--0.2
n=20
-0.0016 = —(-0.2)"" 8 u, =8y
0.0016 = (-0.2)"" u, = ur"
By GDC, n=5 u, =urt
5 Renaming the terms: 8u, =u,r’
u; =u, =4.5 8 =3
u, = u, = 22.78125 Fo2
This means we now want to find u, = u_, 765 =u, (1 - 29‘1]
Finding r: 1-2
—urt _ 8
u, =u,r 765:u1[1 12 ]
us = u,r°t -
8
22.78125 = 4.5xr* 765:u1[1‘12 ]
5.0625 =r*
1-256
4" = 4/5.0625 765:”1( =] j
r=1.5
u. =urtt 765 =u, [_ZSSJ
1 — Y —1
u,=4.5x1.52 765 = 255U,
u, = 2 u, = 3
Ug = u,rt
Uy = 3x2°
u, =768
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6 _ X+2
X-3 6
36 =x*-x-6
0=x"-x-42
0=(x-7)(x+6)

9

Xx=7o0rx=-6
10a 55,51.15,47.5695,44.239635...
b It is a geometric sequence because

47.5695 _51.15 _ 0.93.
51.15 55

u,, =55x0.93"
u, =26.61902...
u,, ~ 26.6 litres left in the tank

U, = 55x0.93"
u, =18.5185474...
u, ~18.5 litres

55-18.5 = 36.5 litres drained from
the tank

S =2
©71-0.93

_ 55
*7~0.07

S =785.714285...

S, ~ 785 minutes or 13 hours and
5 minutes

11a u,=u, +(n-1)d
u, =45+(n-1)(4)
u =45+4n-4
u =4n+41

b 1kg=1000g =10 weights

u,, = 4(10) + 41
U, = 40 + 41
u,=81cm

¢ Eventually the spring will hit the
ground or the surface it is sitting on,
so the length will become constant.
Also, the spring could break from too
much weight.

© Oxford University Press 2019

24
12 22960 = 20987[1 + r]

Worked solutions

d u =4n+41

101 =4n+41

60 = 4n

n=15

15x100g = 15009 or 1.5kg

12

r 24
1.09401...=|1+—
12

1+é:2\4/1.o9401...
1+ =1.003750...
12

L _0.003750...
12

r = 0.0450009
r~4.5%

13a 1,13,78,286,715,1287,1716,

1716,1287,715,286,78,13,1

Each row in Pascal’s triangle is
symmetric.

b You can add each set of consecutive in
the 14 row to find the 15 row.

1, (1+13), (13+78), (78 + 286),
(286 + 715), (715 +1287),

(1287 +1716), (1716 +1716),
(1716 +1287), (1287 + 715),
(715+286), (286 +78), (78 +13),
(13+1),1

1,14,91, 364,1001, 2002, 3003, 3432,
3003, 2002,1001, 364,91, 14,1

=729x° + 6(243x%)(-y) + 15(81x*) (y?)
+20(27x3)(—y3) + 15(9x2)(y4)
+6(3x)(—y5) +y°

= 729x°® —1458x°y + 1215x"y? — 540x°y?

+135x%y* —18xy® +y*




Worked solutions

5 9,9 _ 9of
15 (8](%] (—4X4)3 k® =3/512
3/ x k=2
2
56 (z%fj(‘f’“x“) 19 (2x - 1)(x-3)-3(x - 4)
243 =2x* - 7x+3-3(x’ -8x +16)
56| —— |(-64x*?
[xl"j( ) =2x2 —7x +3-3%2 +24x - 48
-870912x2 =-—x2+17x-45
The coefficient is -870 912. 20a x> -x-6 y x> -16
16 The sixth term will have be in the form of X+4 x> +2
n-5
(n] (%] (_5X5)5 . _ (x=3)(x+2) 5 (x-4)(x+4)
5)\x X+ 4 X(x +2)
Ignoring any coefficients: (x _ 4)
1 Vo) uas =(x=3)x
(i) s
X —-7x+12
. =T QED
e | =1
X b x=-4 -2,0
X72n+10 — XO 5
X
2n+10=0 213(1‘2)

Qe
ve Lo B B

126(x°)(81) +@ X [_%]4 . @(_%js M1A1

10206x°
5 _q.5x X% 5%
b -2x(10206x°) =1- 35
~20412x° o X Al
18To determine which term is the constant, 256 1024
ignore the coefficients for now:
NI b Substituting x =0.1 M1
X w0 ,
(TJ [;j =X 0.9755z1_5x0.1+5x0.1
4 8
36-3a
X x S S A1
x? 8 800
¥36-32-a _ 0 _ 800 100 . 5
36_4a=0 800 800 800
4a =36 _705(_141 Al
800 160
a=9
s 22 a Using u, =a+(n-1)d M1
12\ (x*) (k
313 (% 143 =a+14d
183 = a+30d Al
220 x*\(k®)_ 112640 Solving simultaneously Al
27)\x°) 27 a=108 Al
5
220k° 112640 d= ) Al
27 27
220k° =112640
k® =512
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b 100%" termis a+99d M1
~108+99x2
2
=355.5 Al
23 a Money in the account would be
3OOO><1.0151°(: $3482) M1A1

Therefore interest gained is
3000x1.015" —3000 = $482 A1
b Total amount is
3000x1.015"
+(1200x1.015 +1200x1.015%* +K

+1200x1.015%) M1
=3000x1.015"
10
+(1200x1.015) 1.015°-1
1.015-1
M1A1
=$16570 Al
24a 5500x1.0275* M1A1
=$6130.42 Al
b Consider 5500x1.0275™" = 12000
M1A1
1.0275"" = 12000
5500
Using GDC: M1
n-1=28.76
n=29.76 Al
So Brad must wait 30 years Al

25Require (3 x coefficient of term in x°)
+(1 x coefficient of term in x“)

3x @ 4°(-2x) +1x [fJ 4%(-2x)" M1A1A1

= 3x(-114688) + 1 x 286720

= -57344 Al
26 (rz’j(1"2)(3x)2 - 495x M1A1
9n (n - 1) _ 495
2
n(n - 1) =110
nP-n-110=0 Al
(n-11)(n+10)=0 M1A1
So n=11 since n>0 Al
. 8), sy 2 °
27 Require (x ) (—J M1A1
2 X
=28x(-2) Al
=28x64
=1792 Al

Worked solutions

M1A1
=x*+——-2x" - 12+E Al
16x 2x° 2
b (3-x)=27-27x+9x*-x> MI1A1l
4

(3—x)3(1—x]
2x
:(27—27x+9x2—x3)(x4+%_2x2_LZ+§J
16x 2x* 2

Therefore required term is [27 ng —g

Al
=36 Al
29 120- 2 M1A1
1-0.2
120-22
4
a=96 Al
The 6t term is therefore
96 x0.2°> =0.03072 M1A1
s 20
30 ar =180 and ar =5 M1A1
Solving simultaneously M1
ar’ 20 _ 1 _ .,
ar 9x180 81
Therefore r = % Al
So a=@:1?0:540 Al
3
s .. @ _540 3x540 o 0 uyag
*1-r 1-1 2
31 First part is geometricsum, a=1 ,
r=16,n=16 M1

Second part is arithmetic sum, a=0 ,

d=-12 , n=16 M1
Third partis 16x1 =16 Al
Geometric sum:
16
Sis 16771 3575701 Al
1.6-1
Arithmetic sum:
Sy = ?(2 x0+15x(-12)) = 1440
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Worked solutions

So nf(m" -12n+1)

n=0

=3072.791-1440+16 =1648.8 Al

32Required distance
5 5 5
=20+ |2x=x20|+|2x=x=x20|+L
6 6 6

M1M1A1
_ 2043 Al
I-%
100
=20+
5
=20+200 Al
=220 m
St
k k-1
__(-nt - (n-1)! M1A1A1
ki(n-k-1)! (k-1)1(n-k)!
(n-k)(n-1)4+k(n-1)!
= Al
k!(n—k)!
n(n-1)-k(n-1)Hk(n-1)!
= Al
k!(n—k)!
_ n(n-1)! Al
k!(n—k)!

it

34 Consider multiples of 7:
504 is the first multiple and 1400 is the
final multiple

1400 =504 +7(n -1) M1
=>n=129 Al
So the sum of the multiples of 7 is

Sis = %(2 x504 +7x(129 - 1))
=122808 M1A1
Sum of the integers from 500 to 1400
(inclusive) is

Soo; = %(msoo +1x(901-1))

= 855950 M1A1l
Therefore require
855950 -122808 = 733142 Al
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Worked solutions

Representing relationships:
introducing functions

Skills check b
1 .

. 1(3,3)
.

S(4,-1)

2 A (31 O)I B ('21 4)1 E ('11 1)1 R (21 '1)
3 a 4(2) _3(_3) = 17 T T T T 0 T T >
b (2)2_(_3)2=_5 -4 3 -2 -1 2 3 4
C 2+—3+—l:—§ c
2 2
5_
2
d —6 _l :_E 44 /
2 2 o | | ,
4 a 8x=16->x=2 2- /
1 11
b 4x=2->x==
2 v _
2 3 4 5 6 T 8
c XxX-10=3->x=13 -1
d 12x=-12 > x=-1
5 a d

. . ——
\b\?w»mmﬂmwc»—
1 T S S S S SR SR
'
@
L

s 7 6 5 4 3 249 1 2 3 4 5 & 7 8

S R T T
e T T O O U
Y S S R R S S
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Exercise 2A

1 a

If the marbles are identical of mass a
then the function takes xto ax . This
function satisfies the vertical test line.
This is a function because for s sides of
a polygon the sum of the interior
angles of the polygon is (s -2)-180°
which satisfies the vertical test line.
This is not a function. If a ticket for an
adult is 10 pounds and a ticket for a
student is 5 pounds then if we
have one adult and 2 students the
total cost is 20 pounds, for 3 students
the total cost is 25 pounds, therefore
we will have more than one y-value for
the same x =1 coordinate (adult movie
tickets purchased).

This is a function. Each x -coordinate
has a unique y -coordinate, y = x+1.

This is not a function. It does not
satisfy the vertical line test for
example at x=0.

This is a function. We see that every
x -coordinate has a unique
y -coordinate.

This is a function. Every x -coordinate
has a unique y -coordinate.

This is a function. This is seen when
drawing the graph of the function
y = -2x + 6 and applying the vertical

line test.

This is not a function. We see that for
x = 3 there are infinitely many y -

coordinate values.

This is a function. This is seen when
drawing the graph of the function

y = x? and applying the vertical line
test.

This is a function. Apply the vertical
line test.

This is a function. Apply the vertical
line test.

This is not a function. This is showed at
X = -2 which has 2 distinct
y -coordinate values.

X 2 2 3
Y 0 1 4

Worked solutions

c y-= \/;,xzo
X, x>0
d
y
3
2

3 In a function for every x -coordinate there

exists a unique y -coordinate which

satisfies the definition of a relation. On
the other hand, the examples from the
previous questions are all relations but

none of them are functions.

“All functions are relations, but not all
relations are functions.”

Exercise 2B

1 a
b

g(-4)=-(-4)+2=-16+2=-14
F(-9)=5-(-9)-1=-45-1= 46
C(100) = 20-100 + 250

2000 + 250 = 2250
h(5) =
f(2)=3
f(-3)=5
F(-1)=1
f( 3)=-3(-3)" -

-3(9)-1=-27-1=-28
g(15) = -4(15)+7 = 60 + 7 = -53
F(1)+g(-1)=-3(1) -1+-4(-1)+7
= 3-1+4+7=7
6
F(x-2)=-3(x-2) -
=-3(x* -4x+4)-1
=-3x*+12x-12-1
=-3x*+12x-13
g(n)y=-4n+7
F(1)xh(1) = (-3(2)° ~1)(6)
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Worked solutions

=(-4)(6) =-24 5 C(g)=10g +25

T 9

g<0
C(14)=10(14)+25 = 165

F(x+1)=-3(x+1) -1

0

:—3(x2+2x+1)—1
d C(g)=100,

10g +25 =100
10g =75
g =7.5qigs

=-3x>-6x-3-1
=-3x*-6x-4
g(x-2)=-4(x-2)+7
=-4x+8+7

=-4x +15 Exercise 2C
f(x+1)xg(x-2) 1a

= (—3x2 -6x - 4) (-4x +15) ¥

=12x3-45x +24x%* -90x +16x — 60
=12x3-21x?> -74x - 60

Yes, it is a function. Every value of t R - o
will yield only one value of d. //'EI \

d(t)=-75t+275 /

d(0) = -75(0) +275 = 275km

0 <t < n,where n is the amount of
time it takes to drive to Perth. A

Yes, it is a function. Every
temperature in Celsius will only yield
one temperature in Fahrenheit. 1

F(17) is asking what temperature in 0

is equivalent to 17°C.

F(17)= 2(17)+32 = 62.6 °F.

F(C) =100 is asking what

temperature in °C is equivalent to 1
100°F.

%C+32:100 /’;\ ;/_\\
%C=68 \L/f \ —

C=37.7~37.8°C

F(O):%(O)+32=32°F 2 a

F(100)=§(100)+32=212°F \

(o]

F(38.75) = E(38.75) +32=101.75°F \ /
%C+32 =350 0 -

gC =318
5

C=176.6~177°C
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Worked solutions

— 10
| I1..

#
- 25
0 . P4
-~ 0
75 5 25

_——-_'._.-.-.-.

-15-12.5 -10

x-intercept: (-9.17,0),
y-intercept: (0, 23)

Exercise 2D
\ 1 a Not a function

b Domain: {-5,-2,3}

\ Range: {4,6,14}

>
0 \\ ¢ Domain: {-12,-8,-5!

\ Range: {-8,7}
l d Not a function

e Domain: x e R, J-u, [ or (—e0, )

Range: y e R, |-, or (-, )

f Domain: x e R, J-o, [ or (—e0, )

f Range: {4}
. g Not a function

h Domain: x e R, ], [ or (—e0, »)

0 Range: 3<y <5,[3,5]

i Domain: x > 0,[0,%[or [0,x)

Range: y <0, ]-»,0] or(-x,0]

j Domain: x > 2.5,[2.5,[ or [2.5,)
¥ Range: y = 0,[0,c0[ or [0, )
=4 k Domain: x <—1o0r x> 1,]—o0,—1] U [1,00]
or (—oo,—1] U [1, )
0 =X Range: y = 3,[3,0[ or [3,0)
D\\? 5 3 L Itis not a function. For x =0, f(0) =0

\\ _/_': / and £(0) = 4.
N

=75
x-intercepts: (-9,0), (2.5,0)
y-intercepts: (0, -4.5)
minimum: (-3.25, -6.61)
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Worked solutions

Domain: X e R, J-o0, [ or (—c0, »)

Range: -1<y <5,-1,5]

T 3 Answer will vary.
I a

"y
5

-10 B

4
[

i 1}\\&1
|~
=

Ll
AL
n
= [
.ul-h '-"“‘-\.

rt
[4 3]

T

=]
| =t

Domain: x e R, J-u, [ or (—e0, )

Range: y € R, |-, [ or (-, ) 5
b
¥
¥ Ly 2 ~ I
51 I ]
'~ I|. =.5 f
1N bl

a
i
e
ll'
N
‘-\_\_\_\_

|

|

|
¥

1

,.od

]

15 5 -z.ﬂ;ﬁ s 5 1ls >
=0 40 5% 5 1
ERE -
| C
-?5 }I .
Domain: x e R, x # 1, |-, 1[U]1, o] 3
Or(—oo,l) v (l,oo) 2
Range: y eR,y # 1,}—oo,l[u] 1,oo[ t 7
A X
or (—o0,1) U (1, %) 5 20 .!/4 8
- g
1/

¥ A 2

% | d

3 I LY

l\. — > ¥ . ,—'-"*'f_ﬁ_’_

N e

-3 > i
Domain: x > 1, J1,[ or(1,) _21} 11 6 8 10
Range: y e, |-, | or (-, »)

4 ai f(6)=g+2=4

i f(8)=-8+10=2
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¥
B
5
I
3
2
1

T

3y 23 45 67T 8 0 W

c 0=x=<10;0=<y<4

-X, -3<x<-1
5 f(x)=12x+3, -1<x<2
7, 2<x<6

It is also possible to include —1 in the

second interval rather than the first and 2

in the third interval rather than the
second.

Exercise 2E
1 a C(n)=40+21n, where C is the cost
and n is the number of hours.
b Domain: n > 0,[0,[or[ 0,x)

Range: C(n) = 40, [40, o[ or (40, )
c C(4)=40+21(4)
C(4) =40+ 84
C(4)=$124

Height (cm)
—_ ) ) w
w [+ w [==)
(=) (=] (=) j=]
L L 1 1

=

=]

o
|

A

T T T T T T T T T >
-10 0 10 20 30 40 50 60 70 80 80 100
Femur Length (cm)

b Domaine.g: 10 < f < 80
Range e.g: 75.8 < h < 228

¢ h(51)=2.47(51)+54.10
h(51) = 180.07
h(51) ~ 180 cm

d 161=2.47f +54.10
2.47f =106.9
f=43.27935...
f=~43.3 cm

12t
3 a I(t)- 10000(1 + 0'10225j
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Worked solutions

b The equation satisfies the vertical line

(o

test.
Domain: tej,t>0
Range: [10000, o).

12t
20000 = 10000(1 + %}

12t
>_[14 0.025
12

In2 =12tIn 1+%
12

In2

In| 1+ 0.025
12

12t =333.0571
t =27.755...

Javier needs 27 years and 10 months
to double his money.

12t =

Exercise 2F
1 ai f(g(x)=-(4x-2) +5(4x-2)

f(g(x))=—(16x* —16x + 4)
+5(4x - 2)

f(g(x))=-16x*+16x - 4
+20x -10

f(g(x))=-16x>+36x -14
i f(f(x))= —(—x2 + 5x)2 + 5(—x2 + 5x)
f(f(x))= —(x“ -10x° + 25x2)
+ 5(—x2 + 5x)
f(f(x)) = -x*+10x> - 25x?

-5x? +25x

iii £ (h(x))=(Vx +1) +5(\x +1)

iv goh(x)=4(Vx +1)-2
goh(x)=4Jx +4-2
goh(x)=4Jx +2

v f(-1)=—-(-1) +5(-1)=-1-5=-6




b

fof (-1)=f(-6)
- (-6 +5(-6)
=-36-30=-66
fof of (-1) = f(-66)
= —(-66)" +5(-66)
= -4356 - 330
- 4686

vi g(h(9))=4(~9+1)-2

vii. gof (2) - 4(-(2) +5(2)) -2

gof(2)=4(-4+10)-2
gof(2)=4(6)-2
gof(2)=24-2
gof(2)=22

fog(2)=—-(8-2)° +5(8-2)
fog(2)=-(6) +5(6)
fog(2)=-36+30
fog(2)=-6

gof(2)+fog(2)=22-6=16
i XxeR or J-w,«f or (-uw,x)
iil xeR or |-w,of or (-w,x)
iii x>0 or [0, or [0,o)
iv x>0 or [0,0 or [0,=)

2 Answers will vary
3 a

f(g(x))=-2(4x-1)+5

f(g(x))=-8x+2+5
f(g(x))=-8x+7
f(g(x))=-8x+7=12
-8x =5
x=_2

8
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T 9

d

1 ai

Worked solutions

f(g(x))=3(-x+4) -6

f(g(x))=3(x*-8x+16)-6

f(g(x))=3x>-24x +48-6

f(g(x))=3x*>-24x + 42

A

50

40

30 A

20

10 /

0 T T T T T T ™ X
1 2 3 6 7

-104
Domain: X e R or J-w,[ or (-w,x)
Range: y > -6 or [-6,0[ or [-6,x)
f(x)=x+25
g(x)=1.06x

f(g(x)) =1.06x + 25 ; this represents

only paying tax on the price of the
fridge.

g(f(x)) = 1.06(x +25); this represents

paying tax on both the price of the
fridge and the delivery fee.

Exercise 2G

Fa(x))
g(-2)=3
Fla(-2)=F(3)=2
i £(5)=6
g(f(5)=9(6)=-3
i g(3)=11
9(9(3))=9g(11)=0

domain: {2,3,5,10}
range: {-4, 1, 2, 6}
For g(x):

Domain: {-2, 3, 6, 11}
Range: {-3, 0, 3, 11}




3 a f(0)=0
g(f(0))=9(0)= -4
b f(1)=1
g(f(1)=g(1)=-3
c g(-2)=0
f(g(—2) :f(O):O
d g(-0)=-4

F(g(0)=rf(-4)=4
4 Answers will vary; g(x) contain a point

with an x-coordinate of -1. ; f(x) must
have a point with a y-coordinate of 2.

Exercise 2H
1 a f(n):n—lOO

g(n)=2.20n

b f(n) represents that you receive
commission on every new person who
signs up after the first 100 people.
g(n) represents that you receive

2.20 GBP for each person (after the
first 100) who sign up.

c i f(224)=224-100=124
ii g(124)=2.20(124) = 272.80 GBP
d i 5(276)=2.20(276-100)

=2. 20(1 ) 387.20 GBP
ii 114.40 = 2.20(x - 100)
52 =x-100
x =152 people
2 a f(x)=x-25; this could represent
$25 off the price of the TV
g(x) =1.10x ; this could represent a
tax of 10%.
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Worked solutions

i You paid 699.99 - 25 = $674.99.

ii After tax, the TV cost
1.10x674.99 = 742.489

~ $742.49
i P(x)=1.10(x - 25)+49.99
ii P(525.99)
=1.10(525.99 - 25) + 49.99
= 601.079 ~ $601.08

3 Answer will vary.

Exercise 21

1 a f(g9(x)= 2( x+2j +2

flg(x))=-x-4+2
Fla(x)=—x-2

Since f(g(x)) # x , these are not

inverses.

f(g(x))=x-3+3
(g
(
(

=X

)
)
f

(x)
(x)
(x)

fx_(
2x3
f =3
XN
f(x

(()) 3X3

]
g
g
g
9(F(x)) = x

2
Since f(g(x))=g

inverses.

( (x)) = x , these are




9(F(x) =752 +3

g(f(x)) 3x—32+2

9(f (x) =2

g(f(x))=x

?ince f(g(x))=9(f(x)) = x, these are
d g(h(x)):_%(_4";2°j+s

g(h(x))=x
4/-3x45|-20
h(g(x)) - = 5 |
h(a(x)) _—3x+§0—20
h(g(x) =2
h(g(x))=x
?ince f(g(x)) = g(f (x)) = x , these are
2 xeintercept: 0 4x 12
1
X=3

{o

y-intercept: y =-4(0)+2
y=2
- (0,2)

Since you only need two points to graph a
line, you can switch the coordinates to
find two point that the inverse passes

through: [0,%) and (2,0).

3 a i&ii

Worked solutions

iii f(x)=-4x?

[= 7]

e

[SE]
§
!
!
F\

p 0 I |
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Note 1: The domain restriction is
needed since the original function

g(x)= -2/x +5 would have the
same restriction.

Note 2: The inverse, g~ (x), can
be simplified further if desired:

(—X+5)2
4
_ x*-10x+25
4
y:lx2—5x+§,x20
4 2 4
c i&ii
y\
15+
10 1
7 T 0 T T ™ X
-15 -10 -5 10 15
-5+
=10
=154
1
il g:x—>=x+6
2
1
==X+6
y > +
1
X==y+6
27"
1
~Zy=x-6
2)’
y =2x-12

gt(x)=2x-12

Domain: x = 2.875 or
[2.875, [ or [2.875, ).

Range:

y 21.25 or [1.25,% or [1.25,%)

Domain: X € R or J-u, o

or (<)

Range: y € R or ]-w,0[ or (-, )
Domain: x >3 or |3,[ or (3,=)

Range: y € R or ]-o,0[ or (-oo,)

Domain: x <1or [-w,1] or (—x,1]

Range: y <2or [—x,2] or (-w,2]
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Worked solutions

b The domain of the function becomes
the range of its inverse, and the range
of the function becomes the domain of
its inverse.

Answers will vary. In order for the
function to be a one-to-one function, the
inverse must be a function.

a f(x)=2x-5=11
2x-5=11
2x =16
x=8
b f(x)=2x-5
y =2x-5
X =2y -5
2y =x+5

d f(x) =11 gives the same answer as
F(11).

e f(x)=yex=Ffy)

f(x)=-2x-1
y=-2x-1
x=-2y-1
2y =-x-1
_—x-1
Y=
1 _—x-1
f (X)_ 2
Gy af—x-1Y
goft(x)= 3( > J
2
goft(x)=-3 (-x-1)
4
2
iy (x* +2x+1)
gof™(x)= 3—4
oy —3x2-6x-3
gof (x)_—4




Exercise 2]

1

gof*(-1)

gof*(-1)

gof™(-1)

e
R O R

4 B3 -
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Worked solutions

(x+2) 2(5x+1)
(5X+1)_ (5x +1)
(-5x-10) (5x+1) -

(5x+1)  (5x+1)

X+2-10x-2
5x +1
-9
5x +1

-9x

—— =X

-9

X=X

F(F(x))=x

2[2x—4j_4
X+m

(2x—4)
+m
X+m
4x -8 _a X+m
X+m X+m) _
(2x—4J (x+m)_
X+m X+m
4x -8 —-4x -4m

X +m _
2X -4+ xm+m?

X+m
-4m -8
7 =X
2X -4 +XxXm+m

=X

—4m—8=x(2x—4+xm+m2)

—4m — 8 = 2x% —4x + x’m + m3x
—4m—8=2+m)x?+ (m?—-4)x

Since there is no x2 on the left-hand side:
2+m =0

m=-2

No solution because for m = -2 we get the

constant function y = 2, which has no
inverse.

Chapter review
1 a Yes b No c Yes d No

e Yes f Yes g Yes h No
i Yes j Yes k Yes | No
m No

a Domain: {-5,-1,0, 1, 4, 9}

Range: {-8, -1, 0, 1, 6, 9}
Domain: {0, 2, 3, 4}
Range: {1, 2}
¢ Domain: {-8, -5, 0, 1}
Range: {-2, 2, 3}
d Domain: x e R or (—w,) or |-,

o




Range: y € R or (—w,®) or ]-oo,0]

Domain: -3 < x <3 or [-3,3]

Range: -3 <x <-1 or [-3,-1]
Domain: x e R or (-, %) or |-uw, o
Range: x > -12.25 or [12.25,x)

or [12.25,0]

Domain: x >0 or [0,%) or [0,s]
Range: y <1 or (-w»,1] or ]-o,1]
Domain: X e R or (—w,%) or |-u, o]

Range: x >5 or [5,%) or [5,0]

F(3)=3*-6
F(3)=9-6

f(3)=3
f(-2)=(-2) -6
f(-2)=4-6
f(-2)=-2
9(-6) = -2(-6)
g(-6)=12
F(1)+h(2)=(1) -6-4

f(1)+h(2)=-9
2f(0)-2g(-1) =2(0° -6)-2(-2(-1))
2f(0)-2g(-1)=-12-2(2)
2f(0)-2g(-1)=-12-4
2f (0)-2g(-1)=-16
h(0)x F(-1) = -4((-1)" - 6
h(0)xf(-1)=-4(1-6)
h(0)x f(-1) =-4(-5)
h(0)xf(-1) =20

g(x) =-2x

y =-2X

X =-2y

© Oxford University Press 2019

Worked solutions

f T T ™ X
5 g W9 2 3
1A
3

Domain: x € R or (-, %) or |-u, o

Range: y > -2 or [-2,») or [-2,0

A
10
7.% -

2 -

r T ™ X
5 258 25 5
=257

-5 4

-71.51

-10-
Domain: X e R or (—w,%) or |-uw, o0
Range: y > -8.38 or [-8.38,x)
or [-8.38,%[

5 a “g@»=—4&x_zj+2

4




o)== -4
f(90) =" %
Flo(x)- 25>

Since f(g(x)) # x , these are not

inverses.

f(g(x)) = %(Zx +%]2 +4

_1f 40 1
f(g(x))—2[4x +x+16j+4
YIRS SV
f(g(x))=2x +2x+32+4
Since f(g(x)) # x , these are not

inverses.

Worked solutions

Since f(g(x)) = g(f(x))=x, these are

inverses.

6 ai -4ii 4

b -4<x<4 or[-4,4]

C
¥

™,

7 (Fog)(x)=(g(x)+2)

-8x% = (g(x) + 2)3

ext =3(g(x)+2)

-2x*=g(x)+2
g(x ):—2x2 -2

8 (foh™)(-2)
Since h(

f(hC'(-2)) -
F(hC*(-2)) =
"(-2)=

fF(h(CH(-2

16) =
-2
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-2))

( 2)=16
= 2416 + 162

+ 256

8 + 256




Worked solutions

f(h(—l(_z)) - 264 14a Solving 3x-10=5 and 3x-10=50
M1A1A1
9 For a function to be a self-inverse, we

n hat F(F . Domain is 5 < x <20 Al
must show that ( (x)):x. b ff(lo):f(f(lo)) M1
3
f(f(x))=- 3 = f(20) Al
X =50 Al
10
X c fix)=2Z M1A1
fF(f(x))=-3x—
(F(x) = -3~ , >
Rangeis 5<f " (x)<20 AlAl
FF() - ° )
15a NOT a function, since, eg. the value of
10a -24<f(x)<26 Al1A1 x =5 is related to more than one
b f(X) — {_4 2024 6} Al1A1 co-ordinate on the y-aXiS Al1R1
e b This is a function. Each value of x is
0<f(x)<100 Al1A1 related to only one value for y
d 125<f(x)<250 A1A1 AIR1
c This is a function. Each value of x is
11a f(_z) = (4x _2) ~2--8-2=-10 related to only one value for y
M1A1 Al1R1
2 d This is a function. Each value of x is
b 9(_2) = (_2) - 8(_2) +15 related to only one value for y
=4+16+15=35 M1A1 A1R1
c y=4x-2 K
X=dy-2 16a y:X_1+1
y = X+2 M1 x=—K 41
4 y-1
ffl(x):XZZ Al x(y—1)=k+y—1 M1
d x’-8x+15-35 M1 Xy -x=k+y-1 Al
X*-8x-20=0 Xy -y =kex-1
(x-10)(x+2)=0 M1 y(x-1)=k+x-1
x =10 or x = -2 A1A1 yokrx-1
x-1
12a f(x):128(§j—15=177 M1A1 K
2 y = 1 +1 Al
X -
b f(-3)=128(-3)-15=-399 M1A1l .
_ _q5 _ f(x)= 1
f(15)=128(15)-15=1905 Al (X)="—7+
Range is -399 < f(x) <1905 A1 So f is self-inverse
¢ Solving 128a-15=1162.6 M1 b Rangeis f(x) >1, f(x) = A1A1
a=9.2 Al c
13a Domainis -3<x <3 AlAl y
A
Rangeis -1<f(x)<1 A1A1 i 8
X
b Domainis -1.5<x<5 AlAl 6 l
Rangeis -5<f(x)<4 Al1A1 i \
4
¢ Domainis 0 < x <24 AlAl N
Range is 0 <f(x)<12 A1A1 - i
d Domainis -3<x<3 Al1A1l > X
2 0% 2 4 &
Rangeis 0<f(x)<9 A1A1 =2

© Oxford University Press 2019




Worked solutions

. 2 She can therefore invite a maximum of
17a Rangeis f(x);t—E, (F(x)ei) 39 people Al
Al e C=430+14.5x16 =$662 M1
1-2x
b y- 662
y 3x 1+ 6 ¥—41.375 Al
_1-2y Katie will therefore need to charge a
X= 3y +6 minimum of $41.38 per head Al
x(3y+6)=1-2y M1A1 20a h(x)=2, (h(x)ei) Al
3xy +6x =1-2y b y-X4:2
2y +3xy =1-6x 3
y(2+3x)=1-6x X=§+2
1-6x 3Xx=y+6 M1A1
y:
2+3x y=3x-6
f(x)= 1-6x Al h™*(x)=3x-6 Al
2+ 3x
X
- 2 42
¢ Domainis, x 7&—5, (X € j ) Al C hh(X) — 33 +2 M1A1
R is f 2 -
angeis f(x)=-2 , (f(x)ei) x,2.,
Al 9 3
18a x> =2x-1 M1 _x.8 Al
x> -2x+1=0 x9 3
(X—1)2=0 Al d §+2=3X—6 M1
x=1 Al 8x _g
b fg(x)=(2x-1) Al 3
, x =3 Al
gf (x)=2x* -1 Al e Because h(x) and h™*(x) both
(2x—1)2 —2x2_1 M1 intersect on the line y = x R1
Ax? —Ax +1 =257 -1 21 x> +4x -11=(x+2) -15 M1A1
2x* -4x+2=0 Therefore h(x)=x+2 Al
x> -2x+1=0 g(X):X2 Al
2
(x-1)°=0 M1 F(x)=x-15 Al
x=1 Al
22 f f > —
19a C-430+14.5p M1A1 a (f(x)<i) fx)=-4 Al
b f(p) is a function since it passes the b (9(x)ei), g(x)=0 Al
vertical line test R1 c (h(x)ei), h(x)>0 Al
c C=430+14.5p 1
d gf(x)=—"+— M1
C‘430: M1 J ( ) (X2—4)+1
14.5
1
£ :p—430 Al = Al
(P)= 145 ’;2‘3
d £(1000)=2000-430 345 ¢ w39 M1
14.5
Ml X2_3:l
9
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XZ:E
9
x:iﬁ Al
3
fogh(x)=—"— M1A1
2" +1
1 1 M1
2+1 17
2X+1<17
2¥ <16 Al
X <4 Al
23a -8<p(x)<8 Al1A1
b p‘l(x)=3/;,—8sxs8,(x6i)
AlAl
¢ Using GDC, or ex., solving x* = x
M1
x=-1 x=0 ,x=1 Al
d
yl\
2
.V=Px)/
.1 —
05 //
=5 > X
2 -15 71/6.&} 0.5 15
Wl
y = pl~(x) 1
/
AlA1l
24a y:3X+5
4x -3
X:3y+5
4y -3
x(4y -3)=3y+5 M1A1
4xy -3x =3y +5
4xy -3y =3x+5
y(4x-3)=3x+5
:3x+5 Al
4x -3

So r(x) is self-inverse

b rrrrrr(5)=rrrr(5)=rr(5)=5 M1A1

25a x?-6x+13=(x-3) +4 M1A1
Therefore k =3 Al
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Worked solutions

b y:(x—3)2+4
x=(y—3)2+4
(y-3)=x-4 M1A1
y-3=Jx-4
y=3+m
Fr(x)=3+Vx-4 Al

¢ The domain of f(x) is x >4,

(xei) Al

The range of f(x) is f(x)23,

(F(x)ei) A1

26 (x-3) =x?-6x+9 M1
2(x-3) =2x* ~12x +18 M1A1

2(x -3) +12x = 2x* +18

Therefore g(x)=2x*+12x Al




Worked solutions

3 Modelling relationships: linear and
quadratic functions

Skills Check

Exercise 3B
1 a They are not parallel, as their gradients

1a x=3 b t=+/7 ¢ a:—%
(x+6)(x-6)

7) (x +1)(4x -3)
e 9x(x+2) f (a+1)(2a-5) g
(3x+2)(4x-1) h (4a+7b)(4a-7b)

2 a 3m(m-5) X +

n+1)(n+

Exercise 3A
1 a Using the points (-1,0) and (1,-1) on
_ -1)-0 _
thegraph,m:y2 y1:( ) -1
Xp-xg 1-(-1) 2
b Using the points (-5,0) and (0,2) on
Yo -1 2-0 2

the graph, m = % %y = O—(—5) -z

28 moYeryi_11-8_3
X5 — Xy 8-4 4
_ 4)-2 _

b m:yZ y1:( ) :_6:_1
xX3-x; 4-(-2) 6

c moY2Y1 _ 8-1 7 1

Xy — Xq 7—(—7)=ﬁ=§

3 As the line joining the scatter plot (drawn
up with t on the x-axis and h on the y-
axis) is linear, the gradient can be found
by using any two points in the scatterplot:

_h-h (4.15)—4.3 -0.15 _
-t 30-20 10
. This is the rate of change of the height of
the candle, i.e. how fast it is burning down
in cm/s.

4 a You can use the Pythagorean theorem
to find the coordinate of B: as the
elevation of B above A is 70m and the
direct distance is 350m,

=+/350% - 70% = /122500 - 4900
=J/117600 ~ 342.93

Coordinates of B are (342.93,100).

-0.015

Y=V _ 100-30
Xy —Xxq 342.93

70
" 342.93

b m=

~ 0.20

c As the gradient is given by E itself,

grade = gradient x100% =~ 20% .
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are not the same, and not
perpendicular, as both gradients are
positive.

b They are parallel, as my =-4=m;.

4 -3

As m*= =-1,m = — . Therefore
3 4
=3_522__3  \hichis rearranged to
4 —3 xX-3
3*4

X-3= 3 = -4 ,vyielding x =-1.

3 a For the first segment, the gradient is

320-0 320
40-0 40
gradient of the second segment
o 560 -320 _ 240 12,
27 60-40 20
b This shows that Liam earns 8 dollars
per hour regular wage (for the first 40
hours) and 12 dollars per hour worked
overtime.

givenas m; = =8.The

Exercise 3C
1 a The gradientis 3, y-interceptis —7.

b The gradient is —%, y-intercept is 4.

¢ This could be writtenas y =0x-2;

thus, the gradient is 0 and the y-
intercept is —2.

2 y-= %x+1 as the gradient is % and the

y-intercept is 1

a The gradient is equal to the gradient of
y =4x -3, which is 4, and the y-
intercept is -1. Thus y =4x-1.

b m:%:3 and thus 3(1)+a=10.

Therefore a=10-3=7.
Thus y =3x+7

a The x-coordinate remains constant so
the equation is x =8.

b The y-coordinate remains constant so
the equation is y = -10

c As horizontal lines are perpendicular to
vertical lines, the line is vertical and the
equationis x=9.

d The lines intersect at the point where
x=-2and y=7.

Worked solutions “




Worked solutions

Exercise 3D ©y=-3(x+5)+2=-3x-15+2
1 a The line goes through (0, 0) and =-3x-13
through (1,-3).
v, Exercise 3E
° 1
5 1 a ==x-3
N =%
) 1
\ -y+=x-3=0
"6
T f:-., =1 -6y +x-18=0
T b >
: =-—x+4
y 3 +
T y-2x+4-0
: y 3X+
3y +2x-12=0

b The point (-4,2) is on the line and so is

(-4+3,2+1)=(-1,3). € y-2=-(x+3)

y-2=-x-3

Fy

-

y+x-2=-3

=1

y+x+1=0
. 2 a 3x+y-5=0
= ad y -5=-3x

£ 5 4 3 2 -1 1 ¥ 3 4 &5

£l LHL Iy

1 y =-3x+5
c The line is horizontal at y = 3 b 2x-4y+8=0

‘4 L 2-0
EX—y+ =

1
==Xx+2
y > X+

€ 5x+2y+7=0

d The line goes through (0,5) and 5 7
=Xx+y+=—=0

through (4,2). 2 2

' __5,_7

., y = > >

4 o~ 3 a x -intercept:

: Xx+2x0+6=0

xX+6=0

T e X =-6

= 1
-5-1-3-2-'.‘3'.23-15

The x -intercept is (-6,0).
y -intercept:

-3 0+2y+6=0

2y +6=0

2y = -6

y=-3

3 a m=—-=
-2

b y+4=-3(x+3)and y-2=-3(x+5)
corresponding to the two points given.

c y+4=—3(x+3)

The y -i is (0,-3).
oy --3(x+3)-4--3x-9-4 e y -intercept is (0,-3)

=-3x-13
y-2=-3(x+5)
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(o]

b Xx -intercept:
2x-6*0+8=0
2x+8=0
2x = -8
X =-4
The x -intercept is (-4,0).
y -intercept:
2x0-6y +8=0
-6y +8=0
6y =8

y=3

4
The y -intercept is [O'EJ'

1441 _
e :':' E
Exercise 3F
1 a (-2, -5 b (0.75, 2.5)
c (-3.58,-8.19) d (1.18,1.12)
2 a 0.9 b -5.05
3 $1666.67

Exercise 3G
1 a f(3)=—3+5=2

b g(0)=2%0+3=3
c h(6)—g(1)=[§*6—4j—(2*1+3)

= (-2)-5=-7

d f(2)+9g(-1)=(-2+5)+(2*(-1)+3)

=3+1=4
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Worked solutions

(fog)(4)=-g(4)+5=-11+5=-6

(hof)(-7) = SF(-7)-4

1o 4-4-a_9
3

(Fog)(x)=-g(x)+5
=—(2x+3)+5=-2x+2

(hof)(x):%f(x)—4:%(—x+5)—4
:_lx+E_4:_lX_Z
3 3 3 3

As any real number can be inserted for
x and any real number can be
obtained as 3x +8 for an x, both
domain and range are all real numbers.
Just as above, domain and range are all
real numbers.

The line y =6 has range {6} as only 6

can be obtained for y .

LL:

0 X
5 4 3 2 41 1 2 2 4 &

No vertical line is a function as the y
corresponding to the X -coordinate of
the x -intercept is not unique (in fact,
any y corresponds to it).

¥

h

Exercise 3H
1 a x=4y-5

4y =x+5




y =-6x+18
f1(x)=-6x+18
x =0.25y +1.75
A4x =y +7
y=4x-7
ffl(x)=4x—7

2 The graph of the inverse function is
obtained by mirroring the graph of f at
the line y = x.

3 a

f(55)=10*55+65 =615

b x=10y +65

C

10y = x - 65

y =0.1x-6.5

f1(x)=0.1x-6.5

X here represents the money available
in CAD and ! (x) is the number of t-

shirts one can buy with x dollars.
y =0.1*5065-6.5=506.5-6.5=500

Exercise 31

1 a

b

2 a

The gradient can be computed from any
two points on the line; in this case, a
force F of 160 Newtons leads to an
extension d of 5 centimetres, while no
force (i. e. a force of 0 Newtons) leads
to no extension (0 centimetres).

Therefore the y -intercept is (0,0) and

the gradient is -0 _ 1 s gives
160-0 32

the model d = iF .
32

d= i*370 =11.5625 cm.

32
The gradient is given by
680-600 80 ~0.16. As

2000-1500 500

(1500, 600) is on the graph, a point-
gradient form of the equation of the line
is y —600 =0.16(x —1500). We find the
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Worked solutions

gradient-intercept form:
y = 0.16(x—1500)+ 600 =0.16x — 240 + 600 = 0.16x +:

b The y -intercept represents Frank'’s

basic weekly salary of £360. The
gradient shows that Frank’s commission
is 16% of his sales.

c y=0.16*900+360 =504 pounds.

3 a Let y be the total cost in dollars and
X the number of months of
membership.

For Plan A: y =9.99x +79.99

For Plan B: y = 20x

b We would like to know after how many
months the amount paid under each
plan is the same (From then onwards,
Plan A will be more cost-effective). We
therefore solve:

9.99x +79.99 = 20x

79.99 = 10.01x
x=72:99 299
10.01

Therefore, Plan A is more cost-effective
from 8 months onwards.

4 a In the first 40 hours, his pay in pounds

is given by p = %h =8h . From then
on, his pay is given by
560 - 320

-320=———"-(h-40)=12(h-40
P 60 _a0 (1~ 40)=12(h-40)
. In gradient-intercept form, this is
p=12h-160.

8h 0<h<40

h — 4

p(h) {12h—360, 40 < h < 60

b i p=8x22=176 pounds
il p=12x47-160 =404 pounds.
5 a ¢g=-6.5x200+3000=1700

b They will drop by 6.5x20 =130
printers a month.

c 2000 =48p-1600

48p = 3600
p= 3600 _ 75 Euro.
48




d
YA
P, Jlf g+ 457 - 1600
Y
{
{0,3p00)
J|r B Qe -B.5p + 3000
J|r ‘\“-\idﬁlﬁi B.0)
J." {33.333]0) ‘\“-\ m
,r[u.- 1600 N

/
/

Use the “solve” function of the GDC.
e Solving -6.5p +3000 = 48p - 1600

= p =84.40..
So p = €84.40
Then g = 48 x84.40..-1600 = 2451

printers

Exercise 3]
1 a

fpm|

1=
"]

—_
P =
—

an

S

\ /
\

[ur

X
0

6 -5 -4 -3 -2 -1 1 2 3

Axis: x = -3, vertex: (-3, 0)
The graph is translated to the left by 3
units.

o

Lo+l w

H

Axis: x = 0, vertex: (0, 4)
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Worked solutions

The graph is reflected about the x -axis
and shifted upwards by 4 units.

[ "R PR

—
g

NENNENRY,

/I

Ha

e

/
)%

0 =1

-5 4 -3 -2 1 1 2 3 4 & 6

Axis: x = 0, vertex: (0, 0)
The graph is compressed vertically with

scale factor 1 .
4

&

Axis: x = 4, vertex: (4, -3)

The graph is first translated to the right
by 4 units, then stretched vertically
with scale factor 2 and finally translated
downwards by 3 units.

It is compressed vertically by a scale

factor of % . Thus, the function is given

1 1 >
b ==f == x°.
Y 9(x)=3F(x)=5x
It is stretched vertically by a scale
factor of 2 and reflected along the x -
axis. Thus, the function is given by
g(x)=-2f(x)= -2x2.

It is translated to the right by 3 and
upwards by 2 units. Thus, the function
is given by
g(x)=f(x-3)+2=(x-3)*+2.

It is stretched vertically by a scale
factor of 1.5, translated to the left by 3

and downwards by 5 units. Thus, the
function is given by

g(x)=1.5f(x+3)-5=1.5(x +3)* - 5.




Worked solutions

Exercise 3K e The graph is translated to the left by
1 a The graph is reflected about the 6 units.
y -axis. !
?‘ P ,
. : P
Z . 0 & J & 4 A 2 P 1
- 0 = ¥ :
£ -5 - P Lo ] 4 5% &
i f The graph is translated downwards by
B 3 units.
w }'
b The graph is reflected about the nJ
X -axis. Y ;
Y H
T - X
3 B P o 1” p 4 5
2 3 E
> i i _,..-r—“"f
. - ] ol ' P
4 B P X *
1 > :

Hi

i

N

¢ The graph is compressed horizontally 2 a The graph of r is stretched by a scale

with scale factor % factor of 2. Thus r(x) = 2f (x).

¥ The graph of s is translated to the
* right by 3 units and reflected about the
x -axis. Thus s(x)=-f(x-3).

a
e

.

g f b The graph of r is reflected about the
y -axis. Thus r(x) = f(-x).

4
T

i I
1 : PP The graph of s is stretched horizontally

¥ by a scale factor of 2 and translated
downwards by 4 units. Thus

4 £ -

d The graph is stretched vertically with 1
scale factor 3. s(x) :f(zx)_4
¥

L

3a 0<y<6

b It is reflected about the y -axis.

[ rl -

3

[ 2l

- \

LN
/

/
/ \

= / [ .
et [1] -
4 -T 6-54-3-2-1 123 456 T B8
- - A p ] 1 b B ‘

""-l x'f c 2 <-x <8, which is equivalent to
1II.I 8<x<-2.

d The range of g is the same as the
range of f. 0 <y —c <6 is equivalent

toc<y<6+c,so c=-4.Thus

Ha

_—

[

—
R R B g s

a
=]
Mo,
)
—

E
[=]

=

R

wa

-9

h(x)=g(x)-4.
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e h(x)=g(x)-4=Ff(-x)-4

Exercise 3L
1 x-intercepts: (—2.81, 0), (0.475, 0);
y-intercept: (0, —4);
vertex: (—-1.17, —8.08)
2 x-intercepts: none;
y-intercept: (0, —3);
vertex: (0.726, —0.785)
3 Domain: x € j
Range: f(x) < 9.125

Worked solutions

- /' (4,3)

(—1.45,0X L-%,O)

Y
10
(-1.75,9.125)
ﬂ\.
[~
2.5
-3.887,0) (0.386,0 +
S eEe faaeerann y ANNRE Tmumiy 10
2541 !
=

4 Domain: X € j
Range: f(x) = —30.752
Y/

14 -
(0,0) (9.‘31,0)/

-30 \-.——

(4.96, -30.752)

A
LR
> (IDD
o
\O‘
-
~
x

——40-4—
5 Range: 0 < f(x) < 8.1
Y

10

(0,8.1)

& Tsaas mar T

6 Range: -6<f(x)<3

© Oxford University Press 2019

(1,-6)

Exercise 3M
1 a x =3 isthe axis of symmetry and (3, 4)
the coordinates of the vertex.

b x =1 is the axis of symmetry and
(1,-5) the coordinates of the vertex.

¢ x =-3 is the axis of symmetry and
(-3,2) the coordinates of the vertex.

d x =-6 is the axis of symmetry and
(-6,-5) the coordinates of the vertex.

2 a The y -intercept is given by (0,5), the

axis of symmetry is at x = —_78 =4 and
the vertex is at
(4,7 (4)) = (4,16 -32+5) = (4,-11).

The y -intercept is given by (0,2), the

axis of symmetry is at x = —_—66 =1 and
the vertex is at
(L,F(1)=(1,3-6+2)=(1,-1).

The y -intercept is given by (0,—1 1) ,

the axis of symmetry is at
X = —é = -2 and the vertex is at

(-2, (-2)) = (-2,-8 +16 -11) = (-2,-3).

The y -intercept is given by (0,3), the

. . 6 3
axis of symmetry is at x = 275

and the vertex is at

G-




a The x -intercepts are at (2,0) and b
(4,0) . The axis of symmetry lies at

Worked solutions

x22;4:g=3.Thevertexisat el

(3,F(3) = (31*(-1) = (3-1).

b The x -intercepts are at (-3,0) and

(1,0). The axis of symmetry lies at

X = _32+ 1_ _72 =-1. The vertex is at

(-1, f(-1)) = (-1,4*2*(-2)) = (-1,-16).

The x -intercepts are at (-5,0) and

(3,0). The axis of symmetry lies at

(0, =11)

Aﬂ) \CS,Z)

X = _52+ 3_ _?2 = -1, The vertex is at Po
4
(-1 F(-1)) = (-1,-(4*(-4)) = (-1,16). e
The x -intercepts are at (-3,0) and 4
(-2,0) . The axis of symmetry lies at 3
x:_3_2=_—5.Thevertexisat A
2 2 HEEE

ptert) o

(=1
272 2

©x
—~
o
oo
fuing

=
1
™~
N BN
=
ny
e
T ———g
fr
rrvms
>
-~
4
&
e ———
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Exercise 3N
1 a f(x)=(x-2)(x+9). The x -intercepts

are (2,0) and (-9,0) (from the
intercept form), and the y -intercept is
(0,-18) (from the standard form).

5

F(x) = (3x-5)(x~2) - 3(x_z)[x-3j.

5
The x -intercepts are (2,0) and (3,0]

(from the intercept form), and the y -
intercept is (0,10) (from the standard
form).

f(x):%(x2 +6x+8) =%(X+2)(X+4).
The X -intercepts are -(2,0) and
(-4,0) (from the intercept form), and
the y -interceptis (0,4) (from the
standard form).

f(x)=-(x-4)(4x-2)

= —4(x—4)(x—%)

1
The X -intercepts are (4,0) and (Z,Oj

(from the intercept form), and the y -
intercept is (0,-8) (from the standard
form).

f(x) =4x% +16x-20. The x -
intercepts are (1,0) and (-5,0) (from
the intercept form), and the y -
intercept is (0,-20) (from the standard
form).

f(x)=-2x*-16x -14. The x -
intercepts are (-7,0) and (-1,0) (from
the intercept form), and the y -
intercept is (0,-14) (from the standard
form).

f(x)= -3x?-6x-9. The vertex is at
(-1,-6) (from the vertex form) and the
y -intercept is (0,-9).

f(x)= %xz —4x +11. The vertex is at

(4,3) (from the vertex form) and the
y -intercept is (0,11).

© Oxford University Press 2019

Worked solutions

4 a f(x)=(x-4)(x+2).Thus
a=1

i i p-4 i g=-2

i The x -intercepts are at (4,0) and
(-2,0)

ii The y -intercept is at (0,-8)

The axis of symmetry is at

4T_2 =1Thus the vertex is at

X =
(LF(1) - (1(-3)x3) - (1,-9).

i The vertex is at (3,-2).

il The axis of symmetry is at x = 3.
f(x) =x2-6x+7

B is the y -intercept of the graph, and
its coordinates are (0,(—3)2 - 2) =(0,7).
By symmetry, p=6 as 6-3=3-0.
h(x)=(x-2)*-2(x-2)-3
=x?-6x+5

The axis of symmetry lies at x = —g =3

The vertex is at
(3,h(3))=(3,9-18+5)=(3,-4).

h(x)=(x-5)(x-1)
The graph is the same as that of h(x),
but reflected about the x -axis.

¥

r

.~

NEFER)
“ \

-1 1{- 5 &

Exercise 30
1 a The vertex is at (2,-16) and the y -

intercept is at (0,-12). Thus
f(x)=a(x-2)y -16, and
~12-a(-2)*-16 =4a-16. Thus a=1
. In standard form,
f(x):(x—2)2—16:x2—4x+4—16
=x%-4x-12




o

f(x)=a(x-1)(x+3) from the x -

intercepts. 3 =a*(-1)*3=-3a. Thus

a =-1.In standard form,

f(x) :—(x—l)(x+3)=—x2 -2x+3.

c f(x)=a(x-5)(x-1) from the x -
intercepts. -12 =a*(-1)*3 =-3a.
Thus a = 4. In standard form,
f(x)=4(x-5)(x-1)= 4x2 —24x +20.

d The vertex is at (2,-6). Thus
f(x)=a(x-2) -6, and
6-a(2°-6-4a-6.Thus a=3.1In
standard form,
F(x)=3(x-2)°-6=3x2-12x +6.

e f(x)=a(x-2)(x+5) from the x -

intercepts. 3=a*(-1)*6 =-6a. Thus

a= —%. In standard form,

1 3

f(x)=-=(x-2)(x+5) = —%xz —§x+5

2
f The vertex is at (-10,60). Thus

f(x) = a(x +10)* + 60, and

45 = a(-5)" + 60 = 253+ 60 . Thus

a= —g. In standard form,

F(x) = —g(x +10)% 160 = —%xz ~12x.

2 a Inintercept form,

f(x)=a(x-3)(x+1) Therefore, the
===
b The vertex is at (1,4) as x =1 is the

axis of symmetry and 4 the maximum
value.

axis of symmetry is at X 1.

c Since the vertex is at (1,4), h=1 and
k=4.50 f(x)=a(x-1) +4.As we

also know that f(3)=0, 4a+4 =0 and

thus a=-1.50 f(x)=—(x-1) +4
d g(x)=f(x-4)-5

- —(x-5)-1

- - (x* ~10x +25) -1

- x%2110x-26
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Worked solutions

3 a The vertex is at (4,80). The model

rocket is predicted to reach a maximum
of 80 m, 4 s after it is launched.

In intercept form, h(t)=at(t-8).
Inserting the coordinates of the vertex,
we obtain 80 =ax4x(-4)=-16a.
Thus a =-5. Overall, h(t)=-5t(t-8)
0<t=<8

h(2.4) = -5x2.4x(-5.6) = 67.2.

Therefore, the rocket is predicted to be
67.20 metres high.

Exercise 3P
1 a x2—4x+3=(x—3)(x—1).Thus x=1

or x =3.

x> ~x-20=(x-5)(x+4). Thus x =5
or x =-4.
x2—8x+12:(x—6)(x—2).Thus
X=2o0r x=6.
x?-121=(x-11)(x +11). Thus x =11
or x =-11.

x> +x-42=(x-6)(x+7).Thus x =6
or x=-7.

x2—8x+16:(x—4)2.Thus x=4.
2x2+x—3:(2x+3) (x-1). Thus
x=1or x=—§.

2

3x? +5x -12 = (3x - 4) (x +3). Thus

x:i or x=-3.
3

4x? +11x +6 = (x +2) (4x +3). Thus

X=-2 or x=—§.
4

9x2—49:[x—7j [x+7j.Thus x=2
3 3 3

7
or X =-—.
3

4x%_16x+7 = (2x - 7)(2x - 1) . Thus
1
>

7
X =2 0r x=

2
12x* +11x -5 =(3x -1)(4x +5) . Thus
x=l or x=-2.

3 4




Exercise 3Q

1 a (x*-x-20)-(2x+8)=x*-3x-28
:(x—7)(x+4)
Thus x=7 or x=-4.

b (2x2—3x—8)—(—x2+2x)
=3x? -5x -8 =(3x-8)(x +1)
Thus x:§ or x=-1.

3

c (4x2+20)—(3x2+10x—4)
= x> ~10x +24 = (x - 6)(x - 4)
Thus x=4 or x=6.

d (3x2+15x)+(x+5)
=3x? +16x +5 = (3x +1)(x +5)
Thus x:—l or x =-5.

3

e 3(x+2)(x—2)—(5x)

=3x? -5x -12 = (3x + 4)(x - 3)

Thus x:—% or x =3.

f For x 0, x+8 =2 if and only if
X

x? +8x = -15.
x% +8x +15 = (x +3)(x +5) and thus
x=-3 or x=-5.

2 a (fog)(x)=(2x+17-2
=4x% +4x+1-2=4x%+4x -1
b (4x2+4x—1)—(x2+5x+3)
=3x% - x-4=(3x-4)(x +1)

Thus x:% or x=-1.

Exercise 3R

1 x?-8x+16=(x-4)° =10. Thus
X =+/10+4.

2 x?+20x+100 = (x+10)* =15. Thus
x = +/15 -10.

3 x?+12x+36=(x+6)° =12. Thus

x=+/12-6.
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Worked solutions

4 x?-10x+25=(x-5)> =27. Thus

X =127 +5.
5 4x*+3x+2=-x+5

4x*> +4x =3

(1.18, 7.35), (-1.96, 1.07)

(1, 5)

(2.72, 7.64), (0.613, —0.0872)
x = —0.802, 1.80

10x = —-2.91, 0.915

O 0 N O

Exercise 3S
v
1 (E] = 62 = 36 . Therefore consider

x2 +12x + 36 = 2 + 36 = 38 . This factorises
to (x+6)2 =38, giving X =-6++38

2 2
2 2 = —E = 2 Therefore consider
2 2 4

x2_3x+2-2+2 -1 This factorises to
4 4 4

x—E i _ giving
2 4’

_B17 3 _3:\17

Ja 2 2
3 x2-6x+4=0is equivalent to

2
x2-6x=-4. [g) = (—3)2 =9. Therefore

consider x% —-6x+9 =-4+9=5. This
factorises to (x - 3)2 =5, giving x =3+ V5

4 x?2_12x+4=0is equivalent to

b2
x? -12x = 4. (Ej =(-6)*> =36.

Therefore consider
x%2 -12x +36 = -4 +36 = 32. This




factorises to (x — 6)2 =32, giving
X=6+32=6+42

5 x24+5x-4=0is equivalent to x%2 +5x =4

2 2
(bj = (SJ = 275 Therefore consider

2 2
X2 +5x+22 24122 _ % This factorises
4 4 4
2
to x+E _ 4 giving
2) 4
L V4l 5 _ -5:441
N 2
6 x2+x-11=0 is equivalentto x2 + x =11

2 2
b - 1 = 1 . Therefore consider
2 2 4

x2ix+Lt-11+1 =% This factorises to
4 4 4

( 1]2 45
X+ | ==, giving

V45 1 -1+V45 -1:35
a2 2 2
Exercise 3T

1 2x% +16x =10 is equivalent to

2
x2+8x=5. (g] = 42 - 16. Therefore

consider x? +8x +16 =5+16 = 21. This
factorises to (x + 4)2 =21, giving
X =-4+21.

2 5x2-30x =10 is equivalent to

2
x2 _6x=2. ([ZJJ = (—3)2 =9 . Therefore

consider x2 —-6x+9=2+9=11. This
factorises to (x - 3)2 =11, giving
x =3+4/11.

3 6x%-12x-3=0 is equivalent to

1 (b 2 2
x% - 2x = =X (2) =(-1)" =1. Therefore

[y

consider x2—2x+1:—+1:%. This

2
factorises to (x - 1)2 = g

x:li\/g.
2

, giving
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Worked solutions

6x(x +8) =12 is equivalent to

2
x(x+8):x2+8x:2. (g] - 4% - 16.
Therefore consider
x2 +8x+16 =2 +16 = 18. This factorises

to (x +4)* =18, giving

X=-4+J18 =-4+32.

2x% + x -6 =0 is equivalent to x2

+lx:3
2

2 2
. b = 1 = i. Therefore consider
2 4 16

X2+lx+i:3+i:479. This factorises
2 16 16 16

to x+12—4—9 giving
4) 16’

+ -1+ -1+
o BVA9 1 1249 147

Ji6 4 4 4

means that x is either ; or -2.

2x(x +8)+12 =0 is equivalent to

b2
x(x+8)=x?+8x=-6. (2] =42 - 16.

Therefore consider
x% +8x+16 = -6 +16 = 10 . This factorises
to (x+4)° =10, giving x = -4 ++/10.
a Revenue is equal to cost when
R(x)=C(x), i. e. when
35x - 0.25x% = 300 + 15x .
b This is equivalent to
-0.25x2 +20x = 300, which is in turn
equivalent to x? - 80x = -1200.

2
(‘2’] - (-40)* = 1600 . Therefore
consider

x% ~80x +1600 = ~1200 + 1600 = 400 .
This factorises to (x — 40)2 =400,
giving x =40++400 =40+20=20,60.

¢ The break-even points lie at x =20 and
x =60.

d We will want to find where the
maximum of the equation

P(x)=R(x)-C(x) lies. This will just
be the coordinates of the vertex, since
the leading coefficient is negative.

P(x)=R(x)-C(x)
= -0.25x2 + 20x - 300




In vertex form, this is

P(x) = -0.25(x — 40)" +100. Thus, the
maximal profit is reached at 40
subscribers.

As seen from the vertex form above,
the vertex has coordinates (40,100)
and therefore the maximal profit is
equal to 100 thousand Euros.

Exercise 3U

1 a

b

x o —4EV16+8 M:_zim:_zi\/g
2 2
. _8%\/64-60 _8%2. atis, x -1
6 6
or X:E.
3
L _5:V25+16 _5+441
B 4 4
x%2+3x-9=0. Thus
oo 3%V9+36 3445
2 2
_ 3435
2

3x2 - 4x-2=0.Thus
X_4ix/16+24 _ 4x440 21410
6 6 3

—x24+2x+2=0. Thus

o 2tN4+8 V24+8:1i@

3x2 +4x+10=0. Thus

o -4+16-120 -4+-104
B 6 B 6 '

104 has no real square root, the
equation has no real solution.

~2x%> +10x -9 =0. Thus
,_-10£4100-72 57

4 2

2x2-9x+9=0. Thus
X_9¢\/81—72 9+3

= ; that is,
4 4

As -

XxX=30r x= 3 .
2
(x+3)(x+1)=2x(x-1). This is
equivalent to x%2 +4x +3=2x% - 2x ,
which simplifies to x? -6x -3 =0. Thus

x = 8£v36+12 “326+12=3wﬁ=3i2\/§.

© Oxford University Press 2019

Worked solutions

X = -5+v25+144 -5x4169
B 12 12
=75i13;thatis, x:E or x=—§.
12 3 2

L _416-8  4x\8 2:\2

4 4 2

x=2dE L g

c=-2

2x2—4x—2:2(x2—2x—1)

=2(x- 1)2 — 4. Therefore the vertex is
at (1,-4).

Using the quadratic formula:

. 4£V16+16
B 4
r=1and s=2.

—1++2. Therefore

Exercise 3V

1 a A=(-5-4x1x9=25-36=-11.

Therefore the equation has no real
roots.

A=7%-4x6x(-3)=49+72=121,

Therefore the equation has two distinct
real roots.

A=(-4)Y —4x1x15=16-60 = —44.

Therefore the equation has no real
roots.

A=4%-4x3x(-8)=16+96 =112,

Therefore the equation has two distinct
real roots.

A=(-4)7-4x1x4-16-16-0.

Therefore the equation has two equal
real roots.

A=(-1)*-4x5x10=1-200 = -199.

Therefore the equation has no real
roots.

A =3% -4k =9 -4k . This is positive
whenever k < 2.
4
A =20% - 20k = 400 - 20k . This is
positive whenever k <20.
A=5%-4p=25-4p. Thisis 0 if and
25

only if p:T'




b A=(-12)°-12p=144-12p. Thisis 0
if and only if p=12.

c A=(-2p)°-32-4p*>-32.Thisis 0 if
and only if p2 =8, which holds for
p=+/8=%2{2.

d A :(—3p)2 +8p=9p°+8p=p(9p+8).

Thisis 0 ifand only if p =0 or
8

P=—§-

4 a A :(—2)2 -4m =4-4m. This is
negative if and only if m>1.

b A=(-6)-12m=36-12m. This is
negative if and only if m > 3.

¢ A=5%-4(m-2)=33-4m. Thisis

negative if and only if m > 37;3

Exercise 3W

1 a We need to find the x -intercepts. By
the quadratic formula,

_ 5+\25+24 547
B 6 6

coefficient of x< is positive, the
parabola will be concave up. Thus the
inequality is satisfied whenever x < -2

1
or x> =
3

X . Since the

2

b x?<5 ifandonlyif —/5<x<+5.

c This is equivalent to x? +4x -6 < 0. By
the quadratic formula,

X:—4i\/;6+24 241D,

As the parabola is concave up, the
inequality is satisfied whenever

—2—@<X<—2+\/ﬁ.

2 a x<-0.2450rx =>12.2
b —ESXS3
3

c —-0.890 <x <1.26

3 a A=k?-16. This is positive whenever
k>4 or k<-4.

b A =4k?-12. This is positive whenever

k>3 or k<—/3.

4 A=36m”-4m=m(36m-4). The zeroes

of this equation areat m=0 and m = %
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Worked solutions

As the parabola described by A is concave

up, this is negative if and only if 0 < m <é

5 A=36k?-4k(k+2)=32k?-8k
= 8k (4k —1) . The zeroes of this equation

areat k=0 and k = % As the parabola

described by A is concave up, this is
1

positive if and only if Kk <0 or k > e
6 a A= p2 -48
b As the graph has no x -intercepts,
p2 - 48 < 0. This means that
—/48 <p<m, which can be
simplified as —4\3 < p < 43 .

C As62-36<48<49=72, m=6.
d 3x2+6x+4:3[x2+2x+:j

:3[(X+1)2+%j:3(x+1)2+1

Thus a=3, h=-1and k=1

Exercise 3X

1 24 :%h(2h+4)

48 = 2h* + 4h

2h* +4h-48=0

h? +2h-24=0

(h+6)(h-4)=0

h=4,-6

h must be positive

Soh=4m

b=2h+4=12m

2 a h(3)=2+20(3)-4.93*)=17.9m

b 2+20t-4.9t=6

4.9t -20t+4=0

20++/400-78.4

t

9.8
t = 0.211 seconds, 3.87 seconds
. . b 20
c M height when: t = -—— = —
aximum height w >3- 98

9.8 9.8

h = 22.4 metres
3 a Fare =5.50-0.05x
b Number of riders = 800 +10x

2
h =2+20(20j—4.9(20j




c Revenue =(5.50-0.05x)(800 +10x) Chapter review

1 a
= 4400 - 40x + 55x - 0.5x>

= 4400 +15x — 0.5x?

d 4400+15x -0.5x* = 4500
0 = 0.5x* -15x + 100
x =10,20
10 or 20 decreases

e 4400+15x-0.5x*> >0
Using GDC: x < 110

Worked solutions

4 a y:—(x—2)2+4 =-x(x-4)

or y =-x*+4x

b If the center of the object is aligned
with the center of the archway, it spans
form x =0.5 to x =3.5. Evaluating
the function at x =0.5 and x =3.5

gives 1.75. Since 1.6 < 1.75, the object
will fit through the archway.

5a A(x)=x(155-x)=155x - x? b
b Maximum area occurs at:
X = ;—g = % =77.5
W= 310—;(77.5) _ 775

Dimension: 77.5 metres by 77.5 metres

¢ No; The touchline would not be longer
than the goal line and 77.5 metres is
less that the minimum of 90 metres for
the touchline.

d 90< x <120 (If the goal line
restrictions are also taken into

consideration the answer is
90< x <110. .
e Maximum occurs when x = 90 -7
W:310—2(90):310—180:65 5
2 2
-5

Area = 90x 65 = 5850 m?

(0, =5}

5 -4 -3 -z -1
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y-2=--x-1oy=-—-x+1
b y==-x-5
C m—__1—§
)
3
3
-4==(x-2
y-4=3(x-2)
3
y-4=-x-3=>y==—x+1
d y=-4
3 af(l)=3,f2)=3
b
‘yn
> X
4 o3 2 /° 1 2 3 4

4 a Vertical stretch with scale factor 2,
horizontal translation right 3

b Vertical dilation with scale factor

%, vertical translation up 5

c Reflection in the x-axis, horizontal
translation left 2, vertical translation
down 1

d Horizontal dilation with scale factor%

e Reflection in the y-axis, vertical
translation up 6

5 a x-intercepts: 2(x-3)(x+7)=0
=>x=3,-7. (3,0),(—7, 0)

Axis of symmetry occurs
at midpoint of x-intercepts

3+—7:>X:_2

b Found from the function

Axis of symmetry: x = 4, Vertex:(4,2)
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Worked solutions

; -b 4
c Axis of symmetry: 5-3° -2
X =-2
y-intercept found from the function:
(0.6)

6 a 3x?+18x+20=3(x*+6x)+20
=3((x+3)"-9)+20
=3(x+3) -27+20

=3(x+3) -7
i a=3ii h=-3 i k=-7
b (-3,-7)

0

(-3+5,-7-3) = (2,-10)
7 a (x-3) -64
X-3=48
x =-511
b (x+2)=7
X+2=+/7
x=-2-7,-2+7
c x’+14x+49=0
(x+7’ =0=>x=-7
d x>+x-12=0
(x+4)(x-3)=0=>x=-4,3

e 3x’+4x-7=0
(3x+7)(x—1):0:>x:1,—§

8 FEqual real root: b* —4ac =0

2 _16

9% -16-0= k —k--22
3'3

9 From the x-intercepts:
f(x)=a(x +4)(x-2) = ax*+2ax -8a
From the y-intercept:
8a=-16=>a=2
f(x)=2x*>+4x-16
10 Using GDC solver
a -0.679, 3.68 b -4.92,1.42
11a t=0,h=18m
b Maximum height occurs when:

-b 13
X=—="-=
2a 9.8

2

h=18+13 13 -4.9 13

9.8 9.8
h=26.6m




c 18+13t-4.9t>=0
t=-1.00,3.66ast>0
Time taken = 3.66 seconds
0<t<3.66

e 18+13t-4.9t* =23
-4.9t* +13t-5=0
t =0.4667..,2.1863..
2.1863.. - 0.4667.. = 1.72 seconds

12a A(-4,0); B(0,7); C(4,0)

7 7
0=-(x-dD=>y=-Lx+7
y 4(x )=y 4x+

c 2pcmby -1.75p+7cm
d Area=2p(-1.75p+7)=-3.5p* +14p

e Maximum area occurs when
_-b_14
"2 7
So dimensions are 4 cm by 3.5 cm
f Area = 4x3.5= 14 cm?
13a -7x-12y +168=0

12y =-7x +168 M1
7X
- _7X 14 Al
Y= 12"
b A(24,0) and B(0,14) A1A1

c Area :%x24x14:168 units? M1A1

14a

0 =

D

@

(%3]
[ —
_-"'.-

5t

—
= N

D2 '0 2 3 4
M1A1
b (0,5.9) and (-0.885,0) A1A1
¢ -1.1<f(x)<7.35 A1A1
2
15a x . 2*Vb"-4ac vé)—‘kac M1
a

Worked solutions

=—6igm Al
x =3++/52 Al
x=3+2J13 Al
b Using GDC
3-2J13 <x<3+2J13 M1A1

16a 3(x-1) -18=3(x*-2x+1)-18

M1
=3x%-6x-15 Al
b (1,—18) Al
C Al
d f(x)e., f(x)2-18 A1A1
e g(x)=3((x-2)-1)-18-1 M1A1
=3(x-3)-19
=3(x* -6x+9)-19
=3x?>-18x+8 Al
17a 8x*+6x-5=0
(4x +5)(2x-1)=0 M1A1
4x+5:0:>x:—% Al
1
2X-1=0=>x== Al
2
b 8x?+6x-5-k=0
No real solutions
= b?>-4ac<0 M1
36-4x8x(-5-k)<0 Al
36 +32(5+k)<0
5+k<—§ = k —E—S
32 32
—2—4—0:>k<—4—9 Al
8 8
18a x?-10x+27
=(x-5) -25+27 M1A1
=(x-5) +2 Al

b Coordinates of the vertex is (5,2)

Al

¢ Equation of symmetry is x =5 Al
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Worked solutions

19a At (10,0), 0=10%+10b+c, SO
10b + ¢ = ~100 M1A1

Line of symmetry is x = —g ,S0 b=-5

Al
Solving simultaneously gives
-50+c=-100
So ¢ =-50 Al
Therefore the equation is
y =x*>-5x-50
b Setting x = 0 gives the y-intercept of
(0,—50) Al
Setting y = 0 and solving gives the x-
intercept of (-5,0) Al
20a f(x)=2[x*-2x-4] M1
~2[(x-1) ~1-4] Al
~2[(x-1) -5]
=2(x-1) -10 Al
b A horizontal translation right 1 unit
Al
A vertical stretch with scale factor 2
Al
A vertical translation down 10 units
Al
21a Two real roots = b> —4ac=0 M1
36 - 4(2k)(k)=0 Al
36-8k*=0
R -36_9 4.3 A1A1
8 2 2
b Equation of line of symmetry is
__b__6__3 M1A1
2a 4k 2k
Therefore 3 =1 o k= 3 Al
2k 2
€ k=2=4x>+6x+2=0
2x*+3x+1=0
(2x+1)(x+1)=0 M1
1
X:_E orx=-1 AlAl

22a A(-6,10),5'(0,-16),C'(1,9)
and D'(7,-10) A4

b A(12,13),B8(0,-13),C(-2,12)
and D(-14,-7) A4
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Worked solutions

4 Equivalent representations:
rational functions

Skills check

1 a x=-5 b x=6
C 2x:5:>x=E
2
2
yl
5_
A y=4
3_
x=-2 27 x=3
1_
T T T T T T T ™ X
5 4 3 p 19 1 2 4 5
-1 1
-2
-3 e
_4
_5 -
Exercise 4A
1 a 1 b 1 C 1
3 5 2
d _1:_1 e ) f 7
1 3 22
9 1 1 4
_Z h — = -
9 73 53 2443 11
4 4
2 a15-3-1_2 b 1
2 1.5 3 X
C i d i e i
2x 4y 3x
t 4d
f — — h
d 9 3
X -3
X+2
3 a 4~l=i=1
4 4
p 711 711 77
11 7 711 77
(o] 3.5:2_)(:1
X 2 X
d x—1'x—2_(x—1)(x—2)_1
x-2 x-1 (x-1(x-2)

Exercise 4B
1 a

T ——

T T
Su i ot (] &

T T T T >
SRS IR RS HIS

emataaan
. x
o125 15
C
y |
1 15_‘ ! 1
1Z5
104 }
754 |
s N
NG
llﬁ \\___‘_

T X
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Worked solutions

4,4

= L 1
-15:112.5/-10 1.5

d The curves are in the opposite

quadrants. The negative reflects the
function in the x-axis.
4 x=0,y=0
Domain: xej,x =0
. Range: yej,y =0
(-4,1)/ i
———'/ i
_I ] T ] _I 0 L} ) T T al
e e t/g——es——'ro
/'(4, -2)
i /
i e :
b
Y
15,
i1
Y5 1
I I 54 I I |
iz tasE Ry d4nareE Exercise 4C
S |
| 2 2
T ] ‘ i = 1 a x=2oy=—"===1
Bos-10-15 5 ‘51'5_'50_ 25 /J;s——nm y X 2
fry -3, |
-5 ] . b y = 4
-15 ' 2
10 y “x
-12.5 2 _4
acs X
2
X ==
4
x =0.5
Chamse spends 30 seconds brushing
her teeth.
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Worked solutions

2 aandc 1
b y=—
R —s X=5
v
Y The vertical asymptote is at
207 x = —(-5) =5 and the horizontal
17.5 7 asymptote at y = 0.
15 1 The domainis xej,x-5#0< x #5.
128 5 The rangeis y e, —<{0}.
10 | ) =
7.5 1 L
5 The vertical asymptote is at
58 - \ X -4 =0 < x =4 and the horizontal
] asymptote at y = 0.
9" 100 200 300 400 500 600 700 800 900 1000 The domainis xej,x-4+0< x = 4.
The rangeis y € j,ij —-{0}.
b /=10:>v:@=100Hz
d y= >
c A string 5 cm long has vibrations of X+5
frequency 200 Hz. The vertical asymptote is at
6 X +5=0 < x =-5 and the horizontal

4 .
3 ay-= 16 - 4 videos of length 16 asymptote at y = 0.
minutes The domain is

Xej,x+5#0< x=-5.
b y:674istheequationthatmodels i XEorUe Xy

The rangeis y €j,i —4{0}.

the number of videos of x minutes.
12
c andd e y-= +2
x+1
- a4
y The vertical asymptote is at
100 + x+1=0 < x =-1 and the horizontal
90 - asymptote at y = 2.
80 1 The domain is
70 4 Xej,x+120e x=-1.
60 The rangeis y e j,i —-{2}.
50
f y= 12 -2
40 X+1
30 - The vertical asymptote is at
20 4 X +1=0« x =-1 and the horizontal
i o asymptote at y = -2.
5 The domain is
O 5 10 15 20 25 30 35 40 45 50 55 Xej,x+120s x=-1.
1.33 minutes Therangeis y ei,i —{-2}.
4
g y=—=+2
Exercise 4D X -3
1 1 The vertical asymptote is at
a Y= x-3=0 e x =3 and the horizontal

The vertical asymptote is at x = -1 asymptote at y = 2.

and the horizontal asymptote at y = 0. The domainis xej,x-3#0< x = 3.

The domain is The rangeis y e j,i —-{2}.
Xej,Xx+1#0< x=-1.

The rangeis y €j,i —4{0}.
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Worked solutions

h y- -4 d xej,x#-5 yej,y=1
X -4
The vertical asymptote is at L]
X -4 =0 < x =4 and the horizontal : 8
asymptote at y = 4. i -
The domainis xej,x-4#0< x = 4. E 4
The rangeis y € ,i —{-4}. : 7

a xej, x4 yej,yz0 T

T
THESAG =R e e e e,
Y t T =211
10 - : |
; -6
© A !
8
4
e xej,x#-05 yej,yz0
ca Y
T T X .I‘
o} |
-10 -8 -6\ -Z p AREEF THEALS
-2 4 I I :
o ;\
:1
-3 i\___
Eaoe
L ! % 5 -4 3 I~ 7 4 ¢
10 B \_ﬂ
b xej,x#-4 yej,y#0 2
Hy - ‘?‘
87 +
R EEEEE |
(} < :
! i
; 4
| f xej,x#-2 yeij,y=0
ammEmE. mn ;
I Y
! & i
1 1 ")
T T T £
B 2 4 6 5 -
l -Z_ 1
|
1 |
} 4 |
. 4
|
e
P-g 1
et i
C xej, x4 yej,y=l1 il SEc S idee, $5r S RIS ISR CRRRE (R SRRSCOMER,
inE
Y -3
8
6 -5
| : &
wEEE
= — - - - e r———
T T o T T > X
-2 10 -8 -6 \4 -2 ° zZ 4 6
-2
-4
IWSran
Lag
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g Xej,x=#2 yej,y=2

ol o
S EA AR P

S IRRRE S
i
\—_-__

LB S i

r——————————— T = - — Mmoo
SRR
— et > X
oI HE e T O g e e s
w?_* 1}
1
]
4 4 :
1
—6- T
8
]

a 2: Translation of 2 units right

b 5: Reflection in y = 0 and a translation
of 2 units right

¢ 1: Translation of 2 units right and 2
units up

d 4: Translation of 2 units right and 2
units down

e 3: Translation of 2 units right and
vertical stretch by a factor of 3

t
A
3.2 1
\.1_
3

N
2.9 A
2.8
r T T 0 T T T T T > (|
-30 -20 -10 10 20 30 40 50 60
b 5.56
c t=6
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Worked solutions

_ 1000

"~ 0.6c+330
6(0.6¢ +330) = 1000
3.6¢ +1980 = 1000
¢ _ 1000 - 1980

3.6
c=-272.22°
200

C =
s-5

The vertical asymptote is at
s-5=0 < s =5 and the horizontal
asymptote at c = 0.

[
A
160 4

140

120 4
100 -
80 -
60 -
404

T T T T > S

T T T T T T
2 4 6 8 10 12 14 16 18 20

b 15 sessions.

The linear function is a line of symmetry
for the rational function. The linear
function crosses the x-axis at the same
place as the vertical asymptote.




Exercise 4E

o x+1

1 a [=a=Lb=lc=1d=-1

The vertical asymptote is at
d_ (1)

X=-—= T 1 and the horizontal
c

asymptote at y =

0l

:%:1

Domain x e ,x # 1.

Range y e,y #1.
:2x+3

b 1:>a=2,b=3,c=1,d:1
The vertical asymptote is at
X = _d = —% = -1 and the horizontal
c

=2.

asymptote at y = % = %

Domain x € j,x = -1.
Range y e,y = 2.
_6x-1

T 2x+4

The vertical asymptote is at

X = _ﬂ = —g = -2 and the horizontal

C

>a=6b=-1c=2d=4

asymptote at y = ? = g =3.

Domain x e j,x # -2.
Range y e,y # 3.

_2-3x
~ 5-4x
The vertical asymptote is at
X = g = _> =1.25 and the
c (-4
horizontal asymptote at
a -3
=—=—=0.75.
Y c -4

Domain x ej,x #1.25.

=a=-3,b=2,c=-4,d=5

Range y e,y #0.75.

_9x -2

~ 6-3x

The vertical asymptote is at
d 6

X =—-—=-——=2 and the horizontal
c (-3

=a=9b=-2,c=-3,d=6

asymptote at y = % = (9—3) =-3.

Domain x e, x = 2.

Range y e,y = -3.
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Worked solutions

i B
a=1,b=-3,c=1,d=2
Vertical asymptote: x = —% =-2
Horizontal asymptote: y = % =1
ii A
a=0,b=4,c=1,d=0
Vertical asymptote: x = —% =0
Horizontal asymptote: y = % =0
ifi D
a=-2,b=3,c=1,d=2
Vertical asymptote: x = —% =-2
Horizontal asymptote: y = ? =-2
iv C
a=2,b=-3,c=1,d=2

Vertical asymptote: x = —% =-2

Horizontal asymptote: y = ? =2

y:x_p:>a:1,b:—p,c=1,d=—q
X-q

The vertical asymptote is at

X = —% = —% =q and the horizontal

asymptote at y = ? = % =1.

Domain x ej,x #q.

Range y e,y #1.

4 a

T e
*




Worked solutions

b 2x-3 Xx+6
' x+1 x-2

2x -3)(x-2)=(x+1)(x +6)
2X?2 -3Xx-4x+6=X>+6X+X+6

\ | x?-14x =0
S x(x-14)=0

| Sas el el N
= N i

So x=0and x =14.

i | c 7- 5 _ 10
{ X-2 X+2
7(x-2)-5 10
Xx-2  x+2
C 7x-19 10
Y x-2  x+2
(7x -19)(x +2) =10(x - 2)
7x% +14x -19x -38 =10x - 20
7x*-15x-18=0
(x-3)(7x+6)=0

&\-
1
O e e e T

SEsnimsmineesrasinnsaee e == So x=3and x =~ 2.
rerrA e /}/”?7——1:7 10 7
-4 E d X+5 =1+ 6
J X+8 x+1
=it x+5 x+1+6
X+8 x+1
X+5 Xx+7
d x+8 x+1

(x+5)(x+1)=(x+8)(x+7)
x> +6x+5=x%>+15x+56

9x +51=0
o117
9 3
6 x =3 is the extraneous solution.
- Therefore the solution to Will's
equation is x = 2.
. . 7 a f(x)-= X+3
TSR RERE] X=-2
b I 1
! | | X =y_+3
8 — y -2
x(y-2)=y+3
5 a 5 .,Xt7_5 (y-2)=y
2Xx x+4 Xy -2x=y+3
S(x +4)+2x(x +7) _, Xy -y =2x+3
2X(X+4) y(X—l):2X+3
5x +20 +2x +14x = 4x(x + 4) = 2;( +13
2x% +19x + 20 = 4x% +16x Ix +3

2x> ~3x-20=0 ==
2x* -8x+5x-20=0

2x(x -4)+5(x-4)=0

(x-4)2x+5)=0

So x =4and x:_?s.
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xy =7-2y
y(x+2)=7
7
X+2

Fi(x) =

y:
7
X+2

1+7x
9-x

c f(x)=

X:1+7y
9-y
x(9-y)=1+7y
Ox-xy =1+7y
y(7+x)=9x -1
_9x -1
C7+x
f_l(X)=9X_1
X+7
5-11x
X+6
X:5—11y
y+6
x(y +6)=5-11y
Xy +6x =5-11y
y(x+11)=5-6x
_5-6x
S ox+11

5-6x
! =
) x+11

d f(x)=

8 aandc

¥
a0 4 ||

180
150 |
140 4 ||
120 4 ll

wi |

B 4
&0 4
Sm_

0+ —

0 T T

— T T T T T T T
E 10 15 20 25 30 35 40 45 ED

b 20

20

c M(s)= 105-;500 _

10s +500 = 20s
500 =10s
s=50
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Worked solutions

9 a C(m)zw as 20 is the initial

cost and them for every month there is
another 10 AUD cost.
b
K
C
J
35

30 A

25 4
20

k

T T T T T T T > M
2 4 6 8 10 12 14 16

¢ 4 months

d The price will get closer to the
horizontal asymptotey = 10.

10a f(xX)=m+

X-n
_m(x-n)+6
 x-n
_mx-mn+6
© x-n

a=m
b=6-mn
c=1
d=-n

The vertical asymptote is at

x:——:—ﬂzn:S.
c 1

Hence n =5.
b f(7)=7
6
=m+—
7-5 2
f(7)=m+3=7
m=4

F(7)=m+

c The vertical asymptote is at

_a_4_
= 1"
11a y:L+3:4+3(x—2):3x—2
X-2 X—-2 X-2
a=3
b=-2
c=1
d=-2




Worked solutions

The horizontal asymptote is at c f(x)=0
y-2.3_3 2x +1
C 1 x -1 -
b The vertical asymptote is at 2x+1=0
x=-9..2_5 -
c 1 2
c The x-intercept is when y = 0. The x-intercept of f is at point
3x-2_, L 0y=(-0.5,0).
= 2
X -2
3x=2 The point is 13a gof(x)=g(f(x))
2
x == _ox+2, 1
3 - g(x+3 T ox+2
2,0) = (0.667,0). x+3
3 _Xx+3
The y-intercept is when x = 0. X+2
3.0-2 -2 b
=—=1-= y
0-2 -2
The pointis (0,1).
d
Y
8 i
B iR
| : i TEEEERE
4 | \___— 5 -4 -7?2 10t 2 3 4 5
__________ C N _CXJCEJCEICE 3|
\Q i wf]
1
T T 0\ i T e X = —2.5
-4 -z \4 4 6 8
I =24 1
Emmmmmaramaam Chapter review
12a 1ay-22a-0b-2c-1d=0
{ Y X
HH ELSSismsso smssaamsscenmmiuaa The horizontal asymptote is at
g \ _a_0_
] ___T_
N ¢
- ! s The vertical asymptote is at
____________ e e e e L L L
] ! ; X =—%=—%:0.
—I _I _I _I b\ l ] T T T Lyl
P 1—1-\ ! [EiEsaRtst dna e Domain: xej,x =0
1
-4 : Range: yej,y #0
BHEE
b ox 1 b y=L8:>a=0,b=1,c=1,d=8
fFx)=2** S a=2,b=1c=1,d=-1 X
x-1 The horizontal asymptote is at
The horizontal asymptote is at y = a_0_
y = a_ 3 _> c 1
c 1 The vertical asymptote is at
The vertical asymptote is at .- d_ 8 _ 8
x=-9_ CH_y c 1
c 1 Domain: xej,x # -8

Range: yej,y#0
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Worked solutions

c —
g yzl_);:a:_llbzllczlld:4
y = —a=1b=0,c=2,d=-10 X+
2x-10 The horizontal asymptote is at
_a_-1_
The horizontal asymptote is at y=c"71~-"
y=2_ 1 The vertical asymptote is at
c 2 d 4
=——=——=-4
The vertical asymptote is at X= c 1
x:_g:_ﬁzs, Domain: xej,x = -4
c 2

Range: yej,y #-1
3 2x—1_4_2x—1—4(2x+6)

Domain: xej,x =5

1 h y=
Range:yei,y;ti 2x +6 2x+6
_2x-1-8x-24 -6x-25
d y-_—3 ,3.3+3x-2) 3x-3 T 2x+6 2x + 6
x-2 x-2 x-2 —a=-6,b=-25c=2,d=6
=a=3b=-3c=1d=-2 The horizontal asymptote is at
The horizontal asymptote is at a -6
y=—=—=-3.
_a _E B c 2
c 1 The vertical asymptote is at
The vertical asymptote is at _d_ 6 _ 3
__d__2_5 c 2
c 1

Domain: xej ,x # -3

Domain: xej,x =2 Range: y e,y # -3

Range: yej,y #3 2 a
¥
e y-2X ~a-2b-0c-1,d=--9 54
xX-9 \

The horizontal asymptote is at -

y-2_2_ :

- C - 1 5 \

The vertical asymptote is at s S
_d_ -9 i
=——=-—"=09, Ll

¢ 1 i 8 2 -l q” P31 405

Domain: xej,x =9 \ -

Range: yej,y #2 =2

foy-X=5  a_8b--5c-2d-4 \.
2X +4 E
The horizontal asymptote is at L
a 8
=2-2-34

Y c 2

The vertical asymptote is at

x=-9_2_

c 2

Domain: xej ,x # -2

Range: yej,y =4

© Oxford University Press 2019




Worked solutions

The vertical asymptote is at

A X:_g:___l:]__

s SR

c 1

b The x-intercept is (%,0) =(0.5,0) as:

w

F(x)=0

2 *]

2x -1

=0
X
0

-1
0 ] > 2x-1=

3 _4 1

X==

Vd 2

/ The y-intercept is (0,1) as:

x=0

! 2.0-1

f(0)= S~ =1

[#2]

-9

—
L= £}
—

|
&
.

e

5]

a3

[ ¢]

Ve

a4
La} | o
-_-- - -
3 X * X
-zqu \4' 4 & B 10 12 B B -2_."?"' » 3 & 8§ 1D
1 5 _1+2x-1)_ 2x-1 x=-1.5,1
- x-1 x -1 5 a 129,271 b 2.71 c 1.27
=»a=2,b=-1c=1,d=-1 6 a f(x)=0
The horizontal asymptote is at 2x -8 0
3_ 1-x
1 2x-8=0
x=§=4
2
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The x-intercept is therefore (4,0).

2x -8
1-x
=a=2b=-8c=-1,d=1

The vertical asymptote is at
9ty
c -1
The horizontal asymptote is at
a 2

F(x) =

=—=—=-2.
Y c -1
ax+b
f(x) =
(x) ~—d
The vertical asymptote is at
x:—ﬂzd.
1
The horizontal asymptote is at
y=i=a
1 .
Hence 3=d and 2=a .
f(l):a+b:2+b:_4
1-d 1-3
f(1):2+b:—4
2+b=8
b=6.
F(x) = 5 +n:5+n(x—m)
X-m X-m
_nx-mn+5
 Xx-m

a=nb=-mn+5c=1d=-m
4:_£:_ﬂ:m

c 1
f(0)=7

n-0-4n+5 -4n+5
fO = = =
(©) 0-4 -4

4n-5=28
4n =33

7

Worked solutions

9 a The x-intercept is (—%,0]

co

x(y-1)=2y+1
Xy -x=2y+1
y(x-2)=x+1
x+1
T x-2

1
Fi 2 X+
="

c a=2,b=1c=1d=-1

The vertical asymptote is at
x=-9_ 714

c 1
The horizontal asymptote is at

a 2

d f(x)=0
2X+1_0

x-1
2x+1=0

X=-=
2

The x-intercept is (—%,0).
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Worked solutions

e f(x)=rFf"(x) c gx)=0
2x+1 _x+1 1 3.0
x-1 x-2 x-3
x+1)(x-2)=(x-1)(x +1) 15
2x* -3x-2=x*-1 x-3
x*-3x-1=0 x—3:—%
X _-btyb*-4ac 3++9+4 x_3.1_8
12 = 2a - 2 3 3
_ 3+413 _-0.303,3.30 The x-intercept is (2.67,0).
2 x=0
1 1 8
11a fX = = —— = —
=5 9(0) = -3 +3 =3
X - 1 The y-intercept is (0,2.67).
y -2
1 1+3(x-3)
_2Jx = d = 3=
xy —2x =1 g(x) <~ 3" ~_3
1+2x
y=— _1+3x-9 3x-8
- x-3  x-3
f‘l(x)=1+2X=l+2
X =>a=3b=-8,c=1d=-3
b The vertical asymptote is at
Yy ? d -3
3 | X=-Z=-—=
i ‘ c 1
o The horizontal asymptote is at
4 _a_3_
= c 1
\*"_\u e
0 T T !"
7 4 6 8
1 1+2x
c — =
X -2 X

Pem——————

X =00+2x)(x-2)

X=X+2x>-2-4x 2‘\
2x* -4x-2=0

G
el |
18;]
o
-~

I T 0 T T
x*-2x-1=0 il 2\
w _-bxyb’-4ac _2:8 13a f(x)=2x+3
1,2 — -
X2 2a 2 X =2y +3
2y =x-3
Hence the solution is x = 2.41. x_3
12a 7 y=""5"
y x -3
u I fixy=--=
i ()=
il 3 5
i Uxy= g X2y 2
z4 i b gof(x)=g( > ) X3
I T 1 T T T T > X
R I T e N O IO IO S S 2
ERRREEA Y 5 5
ek 2(x-3) 2x-6
= 1
) € x-0=h0)-—2 -2
b g(x)= +3 2.0-6 6

X_
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The y-intercept of h is
(o,—g) ~ (0,-0.833).

-
Ny

0 Y P O L Y O
-
i
R
—

5
2x -6
X = 5

2y -6
x(2y -6)=5
2xy -6x =5

_5+6x
V= 2x

h(x) =

e h(x)=

5+6x

2x
The x-intercept of h™ is given by
hi(x) =0
5+6x ~0

2x
5+6x=0

5

X =-=
6

The point is therefore

5
(~2/0) = (-0.833,0).

f a=6,b=5c=2,d=0

The vertical asymptote is at

x=-9_0% o
c 2
14 F(x) =2+ 10 _2(x-4)+10 _ 2x+2
x-4 X -4 x -4

a=2b=2c=1d=-4

a The vertical asymptote is at

e
C 1
The horizontal asymptote is at
yoa_2_
c 1

b The domainis xej,x-4=0< x = 4.
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Worked solutions

The rangeis y e j,i —-{2}.
The x-intercept:
f(x)=0
2x +2 _0
x -4
2x+2=0
x=-1
The point (-1,0).

The y-intercept: f(0) = 14 =-0.5

The point (0,-0.5).

d
Yy
141 !
12 i
PRiEHIE
o
HELEE
+ |
___________ _1_-______:,
.—_.h-r—".‘-\ T i T T T T T > %
9 el -z_°_ FS3BEC IRESUIEREE YBEE: (BEE/ERS(, BEE, =
mna i
SA i
-5 i
EESHERAI R
-1z | i
14 |
e Horizontal shift of 4 units right and a
vertical shift of 2 units up.
15a xej , x#-2 Al
3
b f(x)ej , f(x)z= Al
(X)ei o F(x)=3
c When x=0, f(x):—ZT?:—S .
So one coordinate is (0.-5) Al
When y =0, x = ?
. . (20
So the other coordinate is ?,O
Al
16a Domainis xej , X # -2
Rangeis f(x)ej , f(x)=0 A1A1
b Domainis xej , x#-2
Rangeis f(x)ej , f(x)=4 Al1A1
¢ Domainis xej , x=0

Rangeis f(x)ej , f(x)=4 Al1A1




Worked solutions

d Domainis xej , x=0 20a 6 Al
Rangeisf(x)eij , f(x)=0 AlAl 18(1+0.82x12
(9 (9 b p-180* 4X1):57 M1A1
17a x-1 Al 3+(0.03 x 2)
- 18(1+0.82t
b y=3 Al ¢ Solving 100 - 8(1+0-820) M1
c 3+0.034t
YA 300 + 3.4t =18(1+0.82t)
167
. :\ 300 + 3.4t =18 +14.76t
1z |
: \ 282 =11.36t
M HA 282
N t = S-= =24.8 months Al
RS Sy R R 2 AR R PR g 11.36
N >y d A horizontal asymptote exists at
1
-16 -12 -8 —4J . X 3 12 16 P=18X0'82=434.12 M1A1
\ 0.034
8 : Therefore for t >0 , P <435 Rl
1
LW T 21a f(X)=17_10X:12+5_10X M1A1
2x -1 2x -1
A3
12 +5(1-2x)
18a y =10 Al = Al
2x -1
b x=2 Al 12-5(2x -1)
10(2- 3 T ox-1
¢ F(x)-10+-3_ 1020 2x-1
2-x 2-x 12 5(2x-1)
M1A1 “2x-1  (2x-1)
-10x +23
== Al 12
-X +2 = -5 Al
2x -1
19a Vertical asymptote occurs when
c+8x =0 M1 1
b x== Al
c+8(-2)=0 2
AL c y=-5 Al
c=6 d
b _ a+ bx Y u
6 + 8x 8
Substituting the first coordinate: . ll
M1 N :\
2 a+ip ! > X
5~ 102 -16 -12 -8 -4_40 i &L_ 8 12 16
4=a+ib """'"""’:"'""" 7
8=2a+b (1) Al \l
1Z :
Substituting the second coordinate: L6
_i: a+4b A3
38 38
-3=a+4b(2) Al
Solving (1) and (2) simultaneously:
a=>5 Al
b=-2 Al
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22

Worked solutions

Asymptotes are x = —% and y =2

Al1A1l

Intersections with axes are at [0,%] and

(_lloj A1A1
4

A2
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Worked solutions

5 Measuring change: differentiation

Skills check
1a 3703
4-0 4
-1-2 12
b _
(51
2 a 7Wx=7x
1 )
b FZXZ
8 8 =
C ==X
sVx* 5
3
yl
6_
4_.
2..
> X
4 6
4
1) 5(1)
~| =222 210
;) -

Exercise 5A
1 lim (x2 +1) = lim (x2 + 1) =10

X3 x—3"
2 lim(5-2x)=1lim(5-2x)=3

2 2
3 Iim[zx ‘ijlim[zx ‘X]:_1
x—0" X x—0" X
2 2
4 lim| X=X o im|[ X=X
x—-1" X—]_ x—-1" X—l

Exercise 5B

1 Vertical asymptote at x =%

since lim f(x) = - and lim f(x) =

Horizontal asymptote at y =%
) . 1
since Img f(x)= 5

2 Vertical asymptotes at x = +/3

© Oxford University Press 2019

since lim =-wo and lim =o
x>—3 x>-3"

and lim =o and lim =-x
X3 x>\3"

Horizontal asymptote at y = -1
since limg(x)=-1
Xt
Vertical asymptote at x =1
since lim f(x)=w and lim f(x) = —w
xX—1" x—1"
Horizontal asymptote at y =-1
since lim h(x)=-1
X+
Vertical asymptotes at x = +2

since lim =wo and I|lim =-xo
X2 x>—2"

and |lim =« and |im =-x
X2 x—n/i+

Horizontal asymptote at y =0

since Iim[— 25X J=O
X0 X° -2

Exercise 5C

1
2

3

f'(x)=7x""=7x°
f'(x)=18x""=18x"

f'(x) = —%x'%'l -1,

F) =¥x =xt = F1(x) = =xt? = %x‘%

1
5
1

Jx

F(x)=¥x* = x* = F'(x) = %x%'l =%x'%

14 1 =

F(x) = :x*%:»f'(x):-%xz - 2x

Exercise 5D

1

a CI—y=4x3—x

dx

b f(x)=5x(x*-1)=5x°-5x
o f'(x)=15x>-5

c fl(x)=24x’-6x d $=4t+3
dv dc

e —=-98 f —=24
dt dx

Worked solutions “




2 a f(x)=6Jx =6x* -~ f'(x)=3x"*
b f(x)=5Yx* =5x* ~f'(x)=3x"¢

1
¢ flx)=2-3Ux=2xt -3

3 a f(x)=2)3(2 =§x‘2 L F(x) = -3x7
3 3 3
b f(x)= -2 =2 =>x?2
()= o7 2 = 2"
3
AP =-2x7
(x) 5 X
f'(x)=127zx?
d f(xX)=(x+1?=x*+2x+1
L' (x)=2x+2
3
e f(x)=x+—x‘3=xz+1_§
X X

=x>+1-3x7" . f'(x)=2x+3x7
f f(x)=02x-1)(x*+3)

=2x>-x*+6x-3

S f'(X)=6x2-2x+6

4 a y=1+x/x=1+x* .'.d—y=§x%
dx 2
7 1 1
b y=S5-——==7x%-x"
y XX Ix
dr _ J1ax? 1 1x?
dx 2
c y=3/;+i‘/;=x%+x%
_~_d_y=lx_%+lx_%
dx 3 4
Exercise 5E

1 a g—§=2x—4 so the gradient at

x=-1 is2(-1)-4=-6

=2x5—5=2X4_E
X X

=2x*-5x7"
Ldy
T dx
so the gradient at (1,-3) is
8(1)° +5(1)2 =13

=8x> +5x7?
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Worked solutions

c f(x):i‘/;+i:x%+8x’%

JIx
L F'(X) —lx‘% ~4x7:
- =2
1
4
f'(x)=2x>-9x-3 . 2=2x*-9x-3

15

so Fl(1)=3 (1) A1) =-2

=2x*-9x-5=2x+1)(x-5)=0

SO x=—l or x=5
2

when x=—l, y=Ff 1 =§
2 24

2
when x =5, y :f(5):—%

(1,199} (5 217
2° 24 6

Exercise 5F
y = 1_22X =i2_£=x’2 —2x71!
X x> X
dy _ —2x3 +2x7?
dx

Therefore, the gradient at [2,—%)

is —2(2)% +2(2)? = %

So the gradient of the normal at
this point is -4

.'.y—(—%}:—4(x—2):>y:—4x+?

dy
dx

So the gradientat x =-1 is -7

= -3x* +4x

d—y:—7:>3x2—4x—7
dx
=(3x-7)(x+1)=0

X = %or x = -1 (i.e. the tangent itself)

7)__22
Y13)7 727

'y+£=—7 x—Z :y=—7x+4—19
27 27




dr , 1
dx X2
dy 1 1
=3l = 3o x=ts
1 5
+> =42
y[ zj 2

1 5 1
Sy==xt=m>

3 2 6
~y—lx+z and y—lx—Z
3703 37 3
f'(x) =6x -2k

F'(1)=6-2k=10=k = -2
f'(x)=3x*-2x-2=0

, 22 1y 7
SX-ZXx-Z=|x-Z| ==
37 3 3) 9
1447
3

Coordinates are

[1+ﬁ 7—14\/7J {1—«/7 7+14ﬁ]

3 27 3 27
1 -n ] -n-1
g(x) = e x" .g'(x)=-nx
= xg'(x) + ng(x) = x(-nx"*) + nx™"
=-nx"+nx"=0
f'(x) =15ax? - 4bx + 4c

f'(x)>0 = 15ax®> -4bx +4c >0

:x2—4—bx+£20

26 4b?  4c
=S X-— - s+—2=0
15a 225a 15a
The LHS is valid for all real x and
attains its minimum at x = ﬂ SO
15a
2
_ A A 0o b2 <15ac
225a° 15a

f(x)=-20x"+1 forx >0

L f'(x)=20x72,g'(x)=5 for x e
f'(x)=g'(x) when 20x2 =5
=>x2=4=x=42

But x>0 so x=2 only

b y=+v1-2x=(1-2x)

Worked solutions

1 a y=v° where u=2x+3

Exercise 5G

dy _dy du _ (g0 - 10yt
d " dudx " (5u*)(2) = 10u
=10(2x +3)*

ol

y -u® where u=1-2x
dy _dydu _ (lu'ij(—z)

dx dudx |2
——ut = -(1- 2x)_%
cC y= 3 =-3u*
V2x? -1

where u=2x?-1

3
d_y:d_yd_u: §u7§ (4x)
dx dudx (2

= 6x(2x2 - 1)

3
d y =2(x2—3] =20
X

2
where u=x*>-=
X

dy dydu_gio 2
dx  dudx = (6u )(2X+ XZJ

2
= 12(x2 —zj [x+i2]
X X
At x =0, y =6 so tangent passes

through (0,6)

y :6(1—2x)% = 6u° where u=1-2x

dy _dydu (5 3\ (o) _a,?
dx_dudx_(2u )( 2)=-4u
- -4(1-2x)"

so the gradientat x=0 is -4
Ly-6=-4(x-0)=y=-4x+6
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3 When x=1, y=1 soa=+1+b

-1
2

y =a(1+bx) =au? where u=1+bx

G _rdy (2,32,

dx dudx 2
=_a2_b(1+bx)*%
At (1,1), ¥ -3
dx 8
ab 4__b _ 3
=5 (b = =%
2
SO b:3i
4
3a* 3a?

Sa=,l+=—=a=1+—"
4 4
=a=2 (a>0)~.b=a"-1=3
4 3
=———5=4u" where u=3-x
(3-x)

dy _dydu_
dx dudx
=12(3-x)"

(-12u7)(-1) =120

soat x=1, d_y = E and therefore
dx 4

the normal has gradient —g

: y—l:—ﬂ(x—l):>y:—ix+E
B 2 3 3 6
g2

dx

Curve horizontal when 3—)): =0

Sox=4% E=i£
9 3

Exercise 5H
1 a y=x*2x-1)=uv where u=x*

and v=2x-1
dy _du udv

dx dx dx
= (2x)(2x -1)+ x*(2)
=6x>-2x =2x(3x -1)

b y=(2x-3)(x+ 3)3 =uv where

u=2x-3 and v:(x+3)3

dy du dv
L= —V+U—
dx dx dx

= (2)(x+3) +(2x-3)(3(x + 37
= (x +3)"(8x - 3)
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Worked solutions

y =xy2-3x =uv where u=x

and v =+2-3x
d_y=du udv

dx dx dx

= (1)M+x[—;]

242 -3x
_ 4-9x
242 -3x

y =(2x + 1)(x2 - X+ 1)2 =uv where

u=2x+1 and v:(xz—x+1)2

dy _du, v

dx  dx dx

= (2)(x2 —x+1)2
+2(2x+1)(2x—1)(x2 —x+1)

= 2x(5x—1)(x2 —x+1)
y =(2-3x)Vx+2 =uv

where u=2-3x and v=+vx+2
dy du dv

= + Uy —
dx dx dx

_(3)Wxr2+4(2- 3@[#)

2NX +2
~ -10-9x
20X +2

y =<x+1(3 —x)2 =uv where

u=+x+1 and v:(3—x)2
d_y:du udv

dx dx dx

=[ﬁ}(3—x)z+ x+1(—2(3—x))
Cdy (x—3)2+4(x—3)(x+1)
Tdx 2dx +1
(x=3)(x-3+4(x+1))
2JUx +1
(x-3)(5x +1)
2Vx +1
Using the result from part a,

x-3=0=>x=3

or5x+1=0:>x=—%




3 y:x(1—2x)'1:uv where u = x

and v =(1- 2x)_1

dy _du, ,dv
dx dx dx

= (D)(1-2x) "+ x(2(1-20) ) =
so the gradient at (0,0) is 1 and

the normal therefore has gradient -1

LY =X

Exercise 51

1

_1+3x _u

a = =— where u=1+3x
5-x v

and v=5-x,u'=3,v'=-1
dy wvu'-uv'
dx v?
(5-x)(3)-(1+3x)(-1) 16
(5-x)°
b y:ﬂzE where u =+/x
2-x v
and v=2-x

(5-x)

w=t vio
2Jx "

dy wvu'-uv'
dx V2

oyl e
i (2-xy

2+X
2(2-x)'x

1+2x Y where u=1+2x

vi-x*> Vv
and v =+1-x?

cC y-=

dy _wu'-uv'
dx v?

W(Z)—(1+2x)[— = ]

2

1-x
X+2
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(1-2x)°

Worked solutions

d :1:3)(=E where u=1+3x
x“+1 v

and v=x?+1

dy _vu'-uv'

dx v?
(2 +1)(3) - (1+3x)(2x)
) (x* +1)
_3-2x- 3x?
(X2 +1)2
2 - X3 g3
(x+1)

so normal at this point has

gradient —% and passes through (0, - 2)

1
=-=x-2
y=73
3
3 f(x):X + X +x+1_£

where u=x*+x*+x+1 and v=x

f.(x):vu'—zuv'
v
x(3x2 +2x+1)—(x3 +x2 +x+1)(1)
- 2
2P+ x? -1
X

f‘(x):132x3+x2—1:x2:x3:%

1
X ===

32
Exercise 5]

1 a
y:(x—l)(x+3)2:uv where
u=x-1 and v=(x+3)2

dy _du, v
dx dx dx
=(x+3)*+2(x-1)(x+3)
=(x+3)(x+3+2(x-1))
=(x+3)(3x+1)

b Most easily done using the product
(and chain) rule:

y =(x+1)Jy1-2x =uv

where u=x+1 and v =+1-2x
d_y:du dv

dx dx dx

N x+1 __ 3x
Ji-2x Ji-2x




¢ Most easily done using the quotient
rule:

= x+1 -Y where u=x+1
x-1 v
and v=x-1
dy wvu'-uv'
dx v?
(X -1)-(x+1) 2
(-1 (x-1)

d Most easily done by chain rule

(quotient rule also valid)

y = 2(x4 —2x + 1)71 =2u™

where u=x%*-2x+1

dy _dydu_[_2 )4 _2)
dx dudx

u
4(1-2x°
(x“—2x+1)2
2 f(x)_lJM/l;:E where u=1++x
X - v

and v=x-1

x-1
Fix) = vu'-uv' _ ﬁ_(hr&)
V2 (X_l)z

:_x+2«/;+1 _ (&+1)2
2\/;(x—1)2 2\/;(x—1)2

2
N CEc Y
2(3)(9-1) 24
Tangent:y L —i(x -9)
2 24
= y = Z,L
8 24

Normal:y —% =24(x-9)

=y =24x —4—31
2
Exercise 5K
1 ai x>0
ii Nowhere

b i xe(—o-1)U(-1,0)0O
i xe(0,1)U(L, )

c i xe(-0,-0.215)U(1.55x)
i xe(-0.215,1.55)

d i xe(-0-1)U(L)
i xe(-1,1)
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Worked solutions

a f'(x)=-3x?
Increasing: nowhere
Decreasing: Vx € j

b f'(x)=4x
Increasing: x >0
Decreasing: x <0

1
2Vx -1
Increasing: nowhere
(note the function is only valid here
for x > 1)
Decreasing: x e (1,%)

c F(x)=-

d flx)=—1_ 2

2Jx

Increasing: x e 0,i
16
(note the function is only valid here

for x > 0)

. 1
Decreasing: x € | —,©
(16 j

Exercise 5L
1 a f'(xX)=2x, f'\(xX)=0=>x=0

f(x) decreasing for x <0 and
increasing for x > 0 so this is a

local minimum

~.(0,-2) is a local minimum point
Graphically, this is a positive parabola
so the turning point must be a local
minimum (students should draw this)

b F(x)=1-—, f(x)=0=x=1

Jx

f(x) decreasing for0 < x <1

and increasing for x >1 so

this is a local minimum
~.(1,-1) is a local minimum point
Graphically, the graph is continuous,
begins at (0,0) and Ixig?of(x) = SO
the turning point at (1,-1) must be a

local minimum point (and in fact this
case a global minimum).
(Students should draw this.)

c f'(x)=3x*-12x =3x(x - 4)




f'(xX)=0=>x=0 or x=4
Consider the point (0,2),

f(x) increasing for x < 0 and
decreasing for 0 < x < 4 so this

is a local maximum

Consider the point (4,-30)

f(x) decreasing for 0 < x < 4 and
increasing for x >4 so thisis a
local minimum

~.(0,2) is a local maximum

and (4,-30) is local minimum
Graphically, this is a positive cubic,
so the first turning point is a
maximum and the second point

a minimum

(students should draw this)

2 f'(x)=3ax’+4x = x(3ax +4)

f'(x)=0 whenx =0 or x:_i

It is given that the turning point,
away from x =0, occursat x =1
.'.1:—i:>a:—i

3a 3

3 p(0)=d=1so0o d=1

p(-1)=-a+b-c+1=-3
so a-b+c=4
p'(x) = 3ax* +2bx + ¢ = x(3ax +2b) +c
p'(0)=3=>c=3=a-b=1
p'(—1)=0:>—(—3a+2b)+3=0
S a=—-

3
.'.Z?bflszlzb:f6:>a=75
so a=-5 b=-6,c=3,d=1

4 d—y=3x2+2ax=x(3x+2a)=0

dx
.'.d—y:O when x =0 or x:—z—a
dx
.'.fz—a:4:>a=f6
3

y(4)=64-6(16)+b=b-32=-11
=b=21
so the local maximum is at (0,21)

Exercise 5M
15 1
X

1 f'(x)=5x SEU0) =

© Oxford University Press 2019

Worked solutions

3
2 f'(x):x?—4x+5

LX) =x*-4
F'(X)=x>-4=0=x=1+2

3 f'(x)=-2(5-4x)"

-3
2

S F'(x) = -4(5 - 4x)
&y _
dx?
(terms of order x and constants
disapper upon differentiating twice)

2a’

n2a*=8=a=1+2

Exercise 5N

1 a o324
dx

2
9Y _6x = 0atx=0
dx
Coordinates of point of inflexion are

(0,0)

2
b d);:6x>0:>x>0
dx
Function concave up on ]0, [
2
C SXZ:6x<0:>x<O

Function concave down on ]-,0[

2a V_y4e 3

dx
d’y
ol 12x* >0
There are no points of inflexion
d’y
b i 12x* >0
Functions is concave up throughout its
domain

c Function is never concave down

3a Y_3¢ 12x-12
dx

2
9Y _6x-12-0atx=-2
dx
Coordinates of point of inflexion are
(2,—38)
d’y
b >=6x-12>0=x>2
dx
Function is concave up on ]2, o[
2
c Y _6x-12<0=-x<2
dx




Function is concave down on ]-oo,2[

dy _ 3x% +2x

dx

2
9Y _ex+2-0atx=-1
dx 3
Coordinates of point of inflexion are
1.3

3" 27

2

Y 6x4250= x>+
dx 3

Function is concave up on ]—%,oo[

d’y _
dx?

6x+2<0=x< —%
Function is concave up on ]—oo,—%[

A 1ox2 _ax?
dx

2
9Y _24x 125 = 0atx = 0,2
dx
Coordinates of point of inflexion are

(0,0),(2,16)

d’y 2
5> =24x-12x">0=0<x<2
dx
Function is concave up for 0 < x < 2
d’y 2
2 =24x -12x*<0=0>x,x>2

Function is concave down for
XxX<0;x>2

d—y=3x2—6x+3
dx

2
9Y _6x-6-0atx=-1
dx
Coordinates of point of inflexion are

(1,0

2

9V 6x-6>0= x>1

dx

Function is concave up on ]1, o]
2

9V 6x-6<0=x<1

dx

Function is concave down on ]- oo, 1]
dy _ 8x% +3x?
dx

d’y 2
P 24x° +6x =0 atx =0,-0.25

Coordinates of point of inflexion are
(—0.25,0.992),(0,1)

© Oxford University Press 2019

Worked solutions

d’y
dx?
Function is concave up for x > 0O;
x < —0.25

d’y
dx?
Function is concave down for
-0.25<x<0

=24x>+6x>0= x >0,x <-0.25

=24x>+6x <0=-0.25<x <0

Y 4 _12x2 416
dx

2
d—’;= 12x2 -24x =0 atx = 0,2
dx
Coordinates of point of inflexion are
(0,-16), (2,0)
d’y
dx?
Function is concave up when x < 0,
x> 2
dy
dx?
Function is concave down when
O0<x<?2

f'(x)=3x*+4x

=12x*-24>0=>x<0,x>2

12x*-24<0=>0<x<2

3x2+4x=O:x=O,—%

f'(x)=6x+4

f"(0)=4

fll _ij=_4

3

F'(x)=0=x=-%

Non-horizontal inflexion at (—2,4—3]
327

Fr(x)=3(x-1)

3 X—1)2=0:>X:1

f'(x)=6(x-1)=0atx =1

f"(1.1):0.6>0

f"(0.9):—0.6<0

Second derivative = 0 at x = 1, there
is a change in concavity at x = 1.

Therefore there is a horizontal inflexion
at (1, 0)




10a i

c f'(x)=-12x°-24x
-12x*-24x*=0= x=0,-2
f'"(x)=-36x*-48x =0atx = 0,—%

win 4y 129
Fr0.1) =2
" 111
Fr(-0.1) =S5

First and second derivatives = 0 at
x = 0, and there is a change in
concavity at x = 0.

Therefore there is a horizontal inflexion
at (0, 2)

Fr(-2) = -48

Second derivative = 0 at x = —%, and
there is a change in concavity at

4
X=-—=
3

Therefore there is a non-horizontal
. . . 4 310
point of inflexion at | -—,=——
3 27
1 3
d f'(x)==x2
()3
First derivative has no roots, therefore
there are no points of inflexion.
f'(x)=3x*-6x-6

3x*-6x-6=0= x=-0.732,2.73
f'"(x)=6x-6

f"(-0.732) = -10.392
f"(2.73)-10.38

Therefore local max at
(-0.732, 3.39) and local min at
(2.73, —17.4)

ii f'(x)=6x-6=0=>x=1
Non-horizontal inflexion at (1, —7)

i Increasing: x <-0.732 orx > 2.73
decreasing for -0.732 < x < 2.73

iv Concave downward x < 1 and
concave upward for x > 1

bi f'(x)=2(x-1)=>x=1

f'(x)=2
f(1)=2
Therefore local min at (1, 0)
ii f"(x)=2therefore there are no

inflexion points
ifi Increasing forx > 1
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Worked solutions

decreasing for x < 1
iv Concave upward for x e j

i f'(x)=12x°+12x* =0= x =-1,0
f"(x)=36x>+24x
fF'(-1) =60
f'(0)=0
Therefore local min at (-1, —3)
il f"(x)=36x*+24x=0=x =—§,o

Horizontal inflexion point at (0, —2)
Non-horizontal inflexion point at

2. 70
3" 27

ifi Increasing x > -1
Decreasing x < -1

iv Concave upward x < —%or x>0

Concave downward —% <x<0

Exercise 50

1 a

y

20 A

15

10




Worked solutions

r
Mo

f(x) f(x)

X

N

fx) K“\

_,:n
hy
Il
i
t
|
o
=

My |
A
,."'\I
N

-3

Exercise 5Q

_100
X

1 alL

100 . S
Exercise 5P b P=2x +7 assuming clarification to

1 a

the question is made, as written in the
* comments

100

X2

c P(x)=2-

| P'(x)=0= x =+50 =52 (x >0)
? This must be a minimum because
Iin;! P(x)=w and limP(x)=w

I | and this is the only turning point
'|,H L] (and the function is continuous)

. | So x =542 .-.P(5\/§)=2(5ﬁ)+%
y =10v2 +10V2

I | =202 (measured in metres)
lig | d

- 2 Y _600+30x-3x2
: dx

d—y=0:>x2—10x—200
dx

=(x-20)(x+10)=0
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3

.. x =20 sincex >0
y(20) = 600(20) + 15(20)° - (20)’ = 10000
Therefore, maximum profit is $10 000

216
52

a h=

b A:52+@
s

dA
-2
ds ° s
=5°=432505=13432

The length of each side of the square is s

864 _

2

C 0

Therefore the total length of wire used
for the rectangle is 150 - 4s

Since the length is twice the length

of the width,

the length of the rectangle is 50 —%

and the width of the rectangle is 25 —%

so the total area enclosed by the
square and rectangle is

A :sz+[50—‘;5j[25—25j

3
2
=s +2[25—25]
3

100s 452]
+7

=5+ 2[625 -
9
_17s? ~ 200s
9

dA 34 200

—=——5-—=0=>s5="+

ds 9 3 17

Let the length of the shorter side of

the base be /, so the longer side

measures 2/

+1250

300

Therefore the area of the base is2/>.
Let the height be h
V=2/2h=10:>h=/£2

So the total cost is

C =27 (10) + 2(2/)(h)(6) + 2(/)(h)(6)

— 20/ +36/h = 20/ + @

9C 40180 o/ -(2)
di j 2

-, =20[2] +180[2]
2 9

=164 (to nearest dollar)
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Worked solutions
Exercise 5R

1 a v(t)=3t*-3, a(t) =6t
b s(0)=1, v(0)=-3, a(O) =0
At this instant, the particle is 1 metre
from the origin in the positive

direction, travelling towards the
origin at 3m/s, and is not accelerating

¢ The particle is moving away from
the origin at 9m/s and is
accelerating away from the origin
at 12m/s?

d The change of sign of v (t)

occursatt =1 (t>0)
e t>1
s(0)=1, s(1)=-1
so travels 2m in this period
s(1)=-1, s(3)=19
so 20m travelled in this period
.. Altogether distance travelled is 22m

2 a 1m
s'(t)=12-3t?=0=>t=2
s(2)=17 and this is clearly
a maximum so 17m

c v(t)=12-3t
v(0)=12, v(1)=9, v(3)=-15
d 16+17=33s033m

3 s'(t)=15—10t:>t=%

clearly attains maximum here as
the function is a negative parabola

2
smaxzsE =15§—5E :E
2 2 2 4
4 a 5(0)=10 so 10m

b s(t)=0=1t*-5t-10=0
:5+x/E

st

~6.53 (t > 0)
c v(t)=s'(t)=5-2t

5+

v =-8.06ms™

3
[0}
Ne—

2
a(t)=v'(t)=-2ms=




5

As both the velocity and acceleration
are negative, the diver is speeding up
as he/she hit the water.

hy =0, v, =50 .. h(t)="50t-4.9¢t
h'(t) =50 -9.8t = 0 = t = 2%
9.8

(clearly maximum here)
A = h(ﬂj =127.551
9.8

so maximum height is 127.6m to 1d.p.

= 5—09 =10.2041

ground 4 .

so hits ground after 10.2s to 1d.p.

6 a t=0,t=31t=6t=11

b i Eastward is positive > 0 <t < 3;
6<t<11
il Westward is negative - 3 <t < 6
ci t=15 ii t=4.5

d t=1.5 and t=4.5

e Speeding up: t €(0,1.5) ;

te (3,4.5);t € (6,9)

Slowing down: t € (1.5,3) ;
te (4.5,6);!' e (9,11)

Chapter Review

1 a y=2 b a=2
2 a

y=6,x=23 b y=0, x=-3
Using the product rule,

Worked solutions

6

dy 4
prvie -10(1-2x) (3x-2)
5

5

+18(1-2x) (3x -2)
=(1-2x)"(3x -2)’
(-10(3x -2) +18(1-2x))
=2(1-2x)" (3x -2)" (19 - 33x)

o x3 1y 1
y_xx—3)_x dx ~ x?
d_y=lX7%_iX%

dx 2 3
y=0 x=+1

Using the quotient rule,
dy (x2 - 1) - x(2x)
G e
2
- X Fl_0 forallxe
(x*-1)

W op o =
L ! L L

dy
dx

=3x?-6x-9=3(x-3)(x+1)

.'.d—y=0:>x=—1 or x=3
dx

y(-1)=-1-3+9+2=7
y(3)=27-27-27+2=-25

So

y=-25 and y=7

Using the quotient rule,

dy

dx

:2(X—1)—2X:_ 2
e

t (2,4) the gradientis -2
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Worked solutions

So the tangent at this point is 11a f(X)=0=>x=-1 b y=0, x=0
y-4=-2(x-2)=>y=-2x+8

(x=2) . c f(x):9[l+i2]
The gradient at (3,3) is -5 Sso x X

the gradient of the normal at this = f'(x) = 9(—%—%]
point is 2 XX
Therefore the normal at this point is Lf(Xx)=0=>x=-2

1 x 9 Cf(y =2
y—3=—5(x—3)3y=—5+5 y ( ) 4

7 " 2 6
—§+§=—2X+8:>X=§ f (X)_Q[F-}_?J
1 3) 9
7 10 7 10 f"(—2):9[——+—j=—>0
=2|L|+8=" P L, =
s [3)+ 3 (3 3] 4 8) 8
8 f'(x)=6x*-3 SO (—2,—%} is a local minimum

F=3 d For f(x) to be concave up f'(x) > 0

So the normal to the curve at
2 6
. . . 1 9 —3 + — >0=>2x+6>0
this point has gradient -3 x> X
X >-3
1 x 1
Ly-0=-Z(x-1)=-24+=
y 3( ) 3+3 e
d (]
9 Y_ 3 4x T
dx Lol
[ CONCANE Up
Y 43 _4x-4a-0 PO
dx : -
=(3x+2)(x-2)=0 mpi
Xx=-Zor x=2 (-Ew,o)j-
T T T T — T T 1 X%
2 8 4 59 -w’?_JD F SRRRC JRR8L IRRaL JS8E "ok 4
y - = - + 2 - = - J.s =
3 27 9 27 (-2, S
y(2)=-8+8+1=1 bizEized
—z,ﬁ and (2,1) e
3'27 Ced Eeres
10Using the quotient rule, ——
dy _2x(x+1)-x*  x*42x  x(x+2) 12a [)=0= Jx(Vx -b)=0
- 2 - 2 = 2
dx (x+1) (x+1)  (x+1) =x=0 or x=b?
dy _ _ _ b
d—X—OSX—O or x=-2 b fl(X):l_z\/;
Students may either use first derivative ,
or second derivative test here i f'(x)>0 whenx> b”
e.g. second derivative test: 4
2
Ry  2(x+1) -2(x?+2x)(x +1) i f'(x)<0 when0<x < %
dx® (x+1)"
n b
2 c f"(x)=—=
= —3 4Xi
(x+1) ) .
The second derivative is negative at Pof (X) > Owhenb >0
x = -2 and positive at x = 0 ii f"(x)<Owhenb<0

. (-2,-4) is a local maximum 13a v(t) = 49— 4.9t

and (0,0) is a local minimum b v(t)=0=t=10
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Worked solutions

_ _ 2 y
h(10) = 49(10) - 2.45(10) A
= 490 - 245 = 245 3
So 245m 9
14a v(0)=-2 1
b v(t):03(1+t)2:4t+9 _10 1 2 2 4 5 6 7 9 1U’x
t?-2t-8=(t-4)(t+2)=0 -2
So t=4 -3
2 -4
c a(t)=1-— .
Jat +9 18a Letting x represent the number of $10
increases above $320. Then rental
5(4):1_L:§ income is
J25 5
d Always speeding up since R(x) = (320 +10x)(200-5x) A1
acceleration is always positive R'(x)=400-100x =0 M1
15a f'(x)=4x>-6x"-2x+3 Al x=4 Al
Which corresponds to $360 rent
, —4(x* +1) - (-4x)-2x R1
b g'(x)= ] M1A1 b i 200-5x4 =180 Al
il 360x180 = $64800 M1A1
, 4x% -4 _
g'(x)=—— Al 19a h(4)=370
(x*+1)
and h(5) =438 (3 s.f.) A1A1
c h'(x)=1-(x-7)+(x+2)-1 M1
b v(t)=h(t)=112-9.8t M1A1
h'(x)=2x-5 Al
C v(t)=0:>112—9.8t=0 M1
d i'(x)=3-2-(2x+3) M1
t=11.4 (3 s.f.) Al
i'(x)=6(2x+3) Al
16a Graph1 Al
as the gradient of the tangent at any d Double x-coordinate of maximum or
point is non-positive and therefore determine zero M1
different from 1. R1 22.8 (3 s.f.) Al
b Graph 2 Al e
as y increases as x increases R1
c Graph 3 Al 1700
as the other two functions are not
defined at infinity R1 iooa
d Graph1 Al
as the function is decreasing. R1 B0
17a i 0<t<2,4.6<t<5 AlAl
B0 £
and 8.5<t <10 Al /1N
i 2<t<4andS5<t<7  AlAl o) L\
ii 4.6<t<8.5 Al I." \
b f(t)=2t, g(t)=2 =
h(t) = -3t +14, i(t) = -1 |

1 o] 10 n a
¢ Up to two correct branches correct Domain 0 < x <22.9 (3 sf) Al

A1; all branches correct A2; all branches Maximum 640 (3 sf) Al
correct and labels and scale also correct A3 f v(22.9)=-112ms? M1A1
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Worked solutions

g a(t)=v'(t)=-9.8 M1A1 (hog™)(x)=H(g™(x)) M1
which is constant Al1AG _5 X +i AL
Y ' _ ! 2 X —
200 1 (1) ) R92)-12)g(2) |
g (9(2)) (hog™) (x) = (h og™)(x) AG
M1
10x4 -9 (_%]
= pE Al
_ 2(: 13 35 Al
16 4
i (gof)(1)=g'(f(1)f (1) M1
_ 4,16 Al
3 3
b i False Al
as derivative changes sign. R1
b False Al

as the derivatives at these points
are not negative reciprocals.

R1
21a Mzmm M1A1
3-1
Mzzzzo Al
5-4

the first period the number of cases
is increasing in average 1410 per
day; in the second period it
increases in average 2220 per day.

dn

b —— =900t - 90t? M1A1l
dt
c After 10 days (reaches 15 000 cases)
M1A1
2
d %’:900—1801* M1A1

which gives the variation of the rate
at which the spread of the disease

spreads. R1
22a x-Y*2 M1
y-1
x(y-1)=y+2 M1
Xy-y=x+2 Al
1 :X+2: AlAG
g7 (x)="—7=9(x)
b (h og’l) (x) = h’(g’1 (x))(g’l)' (x)
M1A1
_> x+2 | 3 _ _6(X+2)
X=1 | (x-1y (x-1)
Al
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Worked solutions

G Representing data: statistics for

univariate data

Skills check

2+3+4+5+6 _
5

13+9+7+12+15+19+2=
7

1 a Mean= 4

b Mean-=

2 a The number that occurs most often is 5
b The numbers that occur most often are

1 and 7. The data is bimodal
3 a The median is the middle number, 6
b Arrange the data in order of size.
2,3,5,7,8,9.
The median is in between 5 and 7.

%(5+7)=s

Exercise 6A

1 a Discrete b
Continuous

Continuous
Discrete

Stratified sampling
Systematic sampling

Simple random sampling
Quota sampling

Stratified sampling
Stratified sampling

Systematic sampling
Simple random sampling

Quota sampling

® Qa6 T Qa6 T an

Exercise 6B
1 a Continuous

b The frequency table is given here (note
difference between this one and the one

in the solutions provided)

Time (t) f
O<ts<d 6
4<t<8 11
8<t<12 7
12<t<16 4
16<t<20 2

c The histogram is given here (note

difference between this one and the one

in the solutions provided)
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T o Q

T o a

Time

0 5 10 15 20 25
The data is right or positively skewed
Continuous

The frequency table is given here (note
difference between this one and the one
in the solutions provided)

Time (t)

f
10<t<20 6
20<t<30 8

5
3

30<t<40

40<t=<50

50 <t <60 1

The histogram is given here (note
difference between this one and the one
in the solutions provided)

f
10 4

T T T T T Time
0 10 20 30 40 50 60 70

The data is right or positively skewed
Continuous

Histogram from concise solutions
f

A
18 —
16 -
14 -

12 —

10 +

8 4

6
4

2 4

0 +—> Time
30 40 50 60 70 80 90 100

Worked solutions “




c The data is neither right nor left
skewed, it has normal distribution

4 a Frequency table from concise solutions
b The data is left or negatively skewed

5 a The frequency table is given here (note
difference between this one and the one
in the solutions provided)

Hours Days
OD<h=1

l<h=2
2<h=3
Soh=4
d<h=5
S5<h=6

6=h<7

[ T = = T = T I 'S T o T

b The data is left or negatively skewed

Exercise 6C
1 a The number that occurs most often is
8
b The number that occurs most often is
4
¢ The number that occurs most often
is 13
d Each number occurs only once, so there
is no mode

e The numbers that occur most often are
2 and 4. The data is bimodal

2 a The shoe size with the highest
frequency is 10

b The modal mark range is 60 <y <80
3 a i The modeis 3
ii The modal range is 30 < x <35

b i Discrete data, since the scale on the
X-axis is given as discrete values.

ii Continuous data, since there is a
continuous scale of values on the x-
axis.

Exercise 6D

1 a The meanis 3.65
bThe mean is 12.8056

¢ The meanis 3.35
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Worked solutions

a
x f Mid value fm
(m)
0<x<10 18 5 90
10<x<20 14 15 210
20<x <30 12 25 300
30<x<40 9 35 315
40<x <50 7 45 315
Xf =60 Xfm =1230
X = % = % =20.5
b
x f Mid value fin
(m)
0<x<12 4 6 24
12<x<24 | 0 18 0
24 < x <36 8 30 240
36 <x <48 15 42 630
48 < x <60 13 54 702
60<x <72 7 66 462
f =47 Xfm = 2058
X = % = g =43.7872~43.8
C
x f Mid value fin
(m)
1<x<1.5 4 1.25 5
1.5<x<2 6 1.75 10.5
2<x<25 7 2.25 15.75
25<x<3 7 2.75 19.25
3<x<3.5 5 3.25 16.25
=f =29 fm = 66.75
%= % - % - 2.30172 ~ 2.30
Mean
_O0x6+1x5+2x4+3x7+4x10+5x4
6+5+4+7+10+4
= g—g =2.6111 ~ 2.6 cups of coffee
a Phil had
2+4+4+6+10+15+4+5

=50 tomato plants

b The modal number of tomatoes per
plant was 8

¢ Mean =
3x2+4%x4+5x4+6x6+7x10+8x15+9%x4+10x5
50

_177 _ 7.08
25




5 The mean number of fish caught per day

was
Ox1+1x5+2x4+3x2+4x3+5x5+6x3+7x2+8x3+9x1+10x2
1+5+4+2+3+5+3+2+3+1+2

14 45
31

6 The mean amount received per day is
5x6+15%x14+25x15+35x8+45x2
6+14+15+8+2

= % =$21.89

7 a There are
7+12+10+9+7+6+6+3

= 60 families represented
b The data is right or positively skewed

¢ The mode of the data is 2 children per
family
d The mean number of children is

7x1+12x2+10x3+9%x4+7x5+6x6+6x7+3x8
60

ELN
10
8 a Thereare 40+60+80+30+10
= 220 people in the village
b The modal class is 40 < a < 60

¢ The mean age of the villagers is
40x10+60x30+80x50+30x70+10x90
220

3.9

_ 400 418

11

9 In the set of numbers, each appears only
once, so therefore for 2 to be the mode,
a =2 . Given that the mean is 5, we have
5_ 1+2+2+4+5+6+b+8+10
= 5 ,
5x9=38+b, 45=38+b, b=45-38,
b=7

10Given that the mean of the numbers is 23,

we have to find x
8+X+17+(2X+3)+45

5
23x5=73+3x

115=73+3x
115-73=3x
42 =3x
42
3
x =14

23 =

11 Starting with 2 and 3, we know that as 4

is the mode, it must occur at least twice,
start by assuming that there are two 4s
then x and y are the remaining two
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Worked solutions

numbers, the mean is 4, so
2+3+4+4+x+y
6

6x4=13+x+Yy
24-13=x+y
1l1=x+y

4 =

As x and y are positive integers less than
8, the only possible solution is if x =5
and y=6(or y=5 and x =6), so the
numbers are 2,3,4,4,5,6
12The mean mass of the students is
52x8+44x12 236 _ 47.2 kg
20 5

Exercise 6E
1 a The median is the middle humber, 18

b The middle number lies between 18
18+19 37

— =18.5
2 2

¢ Arranging the numbers in size order
1,2,4,5,5, the middle number is 4

d The numbers are already in size order
(reversed), so the middle number is the
median, the middle number lies

3+4 _ 7 _35

2
e 2,4,5,5,6,7,7,8,810. The middle
number is between 6 and 7,

6+7 13

—=6.5
2 2

f 2,3,5,5,6,8. The median is 5

2 Total number of days
=2+4+3+7+11+18+6+2 =53

th th
Median :(”zlj :(53”) =27 -9

and 19,

between 3 and 4,

2

3 a Mean
2000000 x 1+1000 x 10 + 600 x 14 + 200 x 25
B 1+10+14+25

_ 2023400
50

b The mode is the most common number,
200

¢ The median number is the number in

=$40468

th
the (502”) = 25.5" position, that is

the number between 200 and 600,

200 +600 _ 400




Worked solutions

Exercise 6F IQR=Q,-Q,.
1 a The median is the middle number, 8 n+1l) (11417 .
n+1)" (11+1)" Q="3 ) Ta ) 7T
® Ql‘[ 4 ] ‘( 4 j "3 2 4
o [3(n+1)] (3(11+1)] ot _4s
¢ o [3(n+1)]t"[3(11+1)J”’ ’ 4 4
’ 4 4 IQR = Q, - Q, = 45-25 =20
—9oth _12 5 @, is the median of the lower half of the
IQR=Q,-Q =12-7=5 numbers, 2

Q, is the median of the upper half of the

Range = largest - smallest numbers, it lies between 4 and 5, 4.5

=15-3=12 IQR=Q,-Q =4.5-2=2.5
2 In ascending order, the numbers are " "
2,4,5,5,5,6,6,7,8,9,10,15 6 a i Median _[n+1j _[12+1] 6.5
a Median 2
th th
(1) (1241 e 9+ g5
2 2 2
] . S+r
b Q, is the median of the lower half of 9.5= >
the numbers, 5 0.5%x2-094r
c (@, is the median of the upper half of 19-9_r
the numbers, it lies between 8 and 9, F-10

8.5

d IQR-Q,-Q, =8.5-5-3.5 ii Q, is the median of the upper half of

the numbers, it is between s and 13
e Range =largest —-smallest =15-2 =13

13-5* 13
3 Sorting the number of sit-ups into )
ascending order, B
2,10,10,12,14, 16, 16, 20, 25, 25, 21x3=5+13
28,30, 37, 40, 45, 50 26-13=s
a Median s=13
1\ 16 +1)" b The value of t can be found as follows
- [”; ) —( 2+ J - 8.5" 10 5+6+747+9+9+10+10+13+13+13+t
12
:20+25:225 10x12=102+t
2 120-102 =t
b @, is the median of the lower half of t=18
the numbers, 12+14 =13
Exercise 6G
Q, is the median of the upper half of 1
30 + 37 59 62 66 69 72

the numbers,

=33.5 }7 4{

IQR=Q,-Q, =33.5-13=20.5

c On 8 of the 16 days, Lincy did more 2
than 22.5 sit-ups.

d The ‘middle half’ of the number of sit-
ups Lincy did was between 13 and 33.5.

e On 4 of the 16 days, Lincy did more
than 33.5 sit-ups.

4 Sorting the number of cars into ascending
order,
20, 20, 25, 30, 35, 35, 35, 35, 45, 45, 50.

58 59 60 61 62 63 61 65 66 67 68 63 10 71 72 1
The minimum time was 30.1
The maximum time was 35

The median time was 32.5

The IQR was 33.1-31.9=1.2

Q 060 T 9
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The number of children in international schools in Portmany

T T T T T T

6 5(‘)0 1K 1‘|5k 2k 2.i5k 3‘k 3.‘5k 4k 4.5k 5k 5.5k le
b Q,+1.5(IQR)
=2067.5+1.5x1272.5
=3976.25 < 6000
so it is an outlier

0 500 1k 1.5k 2k 2.5k 3k 3.5k 4k 4.5k bk b5.bk 6k
d The outlier was removed because it
distorted the analysis

T T

T T T
20 30 40 50 60 70 80 90 100
b The morning exam

c This means that there is a bigger
difference between the 25% and the
75% of the scores

-7 T T >

0 1 2 3 4 5 6 7 8 9 10
c The data is right or positively skewed
6 1A, 2C, 3B

Exercise 6H
1 a The longest time taken was 18 minutes
b The median is 11 minutes

Worked solutions

¢ IQR =13.6-8.2 =5.4 minutes
d k =15.6 minutes
a The median is 40 minutes
b IQR=50-30=20
c 53
a
Distance Osd | 25<d | 50<d | 75<d | 100<d | 125<d
<25 | <50 <75 < 100 | <125 <150
CF 0 32 134 220 236 240
b
240 4
220 4
200
180 4
160
140

Cumulative frequency
E 2 m B M
5 8 8 8 B

PR

[
S
!

0

T — T —T—1
0 10 20 30 40 50 B0 70 80 90 100 110 120 130 140 150
Distance (km)

¢ The median is 73 km
d IQR =82-60=22 km

e 3cars
a
Pages CF
100 < p < 200 12
200 <p <300 48
300 < p < 400 90
400 < p < 500 143
500 < p < 600 176
600 <p <700 196
700 < p < 800 200
b
200
180 -
160 -
2 140
g
S 120 4
L
w
2 100 -
S 804
g
S 60
40 4
20 4
oO—o" - - -
0 100 200 300 400 500 600 700 800

Pages
c The median is 420
d IQR=510-300=210
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e 80 students

5 1C, 2B, 3A
Exercise 61
_ XX 4+6+7+7+5+1+2+3
1 a x="=
n 8
=4.375

, o (xY
o =——-| —
n n

42 462 4+7°4+7°+52 412422432

= -4.375°

8
=23.625-19.1406 ~ 4.48

o =+o? ~2.12

b x-=X
n
_2+5+8+7+1+3+9+11+4+2

10

=5.2

2
, Ix? (3x
of=—0 | =
n n
2245 +8 477+ 43+ 924117+ 47 +22
10

~37.4-37.04~10.4
o =o? ~3.22

_ XX -4+-2+0+3+-5
C X=—= =
n 5

, Ix? [ZXJZ
o2 ==X [ =X
n n
_ (AP +(=2)° + 0% + 3% + (=5 _
5
=10.8-2.56 =8.24

o =o? ~2.87

d x_2X_1+2+3+4+5 4
n 5

,  Ix? [ZXJZ
o’ = - —
n n
:12+22+32+42+52_32
5
=11-9=2

o =+o? ~1.41

_ XX 1+2+3+4+5+500
e X=—=
n 6

,  Ix? [ijz
o° = - —
n n
2 2 2 2 2 2
:1 +2°+3 +: +5°+500 _85.8332

— 41675.833 - 7367.36 ~ 34308
o =o? ~185.2

5.22

-1.6

5.2%

~ 85.8
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Worked solutions

2 a x=—=—
n

1x3+2x8+3x6+4x6+5x7
B 3+8+6+6+7 B

, Ix? [ZXJZ
o = - —

3.2

n n

_12><3+22><8+32><6+42><6+52><7_322
3+8+6+6+7 '

-12-10.24-1.76
o =+o? ~1.33

b x-2X
n

_1x5+3x12+5x16+7x22+9%x27+11x30+13x18
B 5+12+16+22+27+30+18

~ 8.32
,  Ix? [ZXT
o= — —| —
n n

CPPx5+3x12+5 x16+7°x22+9°x27+11°x30+13°x 18

-8.323
5+12+16+22+27+30+18

-80.385-69.273 =11.111
o =+Jo? =3.33
_ XX
c x==2
n

_ 5x18+15x14+25x13+35%x11+45x6

18+14+13+11+6
~ 20.6
,  Ix? [Zx]z
o’ = - =
n n

_52><18+152><14+252x13+352><11+452><6
B 18+14+13+11+6

=602.419-426.223 =176.197

o =+o? ~13.3

_ XX
3 a x="-
n

:1><2+2><2+3><4+4><10+5><12+6><2+7><2+18><1
2+42+4+10+12+2+2+1

-20.645°

=4.63
,  Ix? [ZXJZ
o= — —| —/—
n n

C1Px242°x2+F x4+ 4 x10+5 x12+6°x2+72x2+18 x1
a 2+2+4+10+12+2+2+1

=28.571-21.424 =7.148

o=+o? =2.67

-4.629°

_ XX
b x="
n
1x2+42x2+3x4+4x10+5x12+6x2+7x2
- 2+2+4+10+12+2+2
=4.24

2
, Ix? (3x
ot =——| =
n n
_Px2+42%x2+3x4+4°x10+5x12+ 62 x2+ 7 x2
2+2+4+10+12+2+2

-4.235




Worked solutions

=19.882-17.938 =1.945 2 a x- =X
o =+o? =1.40 n
4 )?:E_X :7+9+3+0+1+?:6+4+10+5+5:5.2727
" sx* (exY
~93+86.2+80+64+60.6+50+50+47.3+46.6+46 0'2 =——[—]
- 10 n n
=62.37 :72+92+32+02+12+8121+62+42+102+52+5275.27272
2 2
o =E%—[ZTXJ —36.909 -27.802 = 9.11
_J.2 _
_93°486.22 +80° + 647 + 60.6? + 50° + 507 + 47.3 + 46.6° + 46" . -, o =Vo? =3.02
10 _ X
b x=—"
=4177.27 -3890.02 = 287.248 n
crzx/a_2=16.9 _21427+9+0+9+24+18+12+30+15+15
i Sx 11
= =15.8182
o7 = 2X _[Z_X]
_150><3+250><6+350><11+450><5_322 n n
- 3+6+11+5 - =212+272+92+02+92+24;;182+122+302+152+152—15.81822
2 2
o? = ZL_(Z_X] - 332.182-250.215 ; 82.0
n n
2
= =9.054
150% x3+250%x 6 +350% x 11 + 450% x5 ) o JU_ 2.0 o ]
= -322 ¢ The mean is multiplied by 3, and since
3+6+11+5

the variance is multiplied by 9,

=112100-103684 - 8416 standard deviation (which is square

o =+o? =91.7 root of variance) is multiplied by 3.
6 a 6+8+6+3+1=24 months 3 mean=17.2+4=21.2

median=17+4 =21

b The modal range is 20 to 30 hours
standard deviation = 0.5

X

¢ )?:T 4 The mean, median and standard deviation
will double
15x6+25 35x6+45x3+55x1
_15x6+25x8+35x6+45x3+55x 5 The new variance is 9%x = 81x
6+8+6+3+1
=28.75
) 2 Chapter Review
d o7 - 202X 1 a mode=1
n n ode =
th
b median=[10+1j =5.5“’=ﬂ=3
15°x6+25° x8+ 352 x 6+ 452 x3+552 x1 58,752 2
- 6+8+6+3+1 e
2+8+1+5+0+4+4+1+1+6
=950-826.563=123.438 C mean = 10
o=+o? =11.1
_16_3,
5
Exercise 6] d range-=8-0-8
1 a mean-1t3*2+3+8 4, 9% 420 + 3x 740
5 2 2 =500
median =5
mode = 5 3 a mode=3
50+1)"
b mean:5+7+95+9+12=8.4 b median=( j =25.50 =3
median = 9 C Ox4+1x8+2x10+3x20+4x4+5x3+6x1
mean =
mode =9 50

¢ Adds 4 to mean, median and mode

=2.5

N U
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4 The mean will increase by 4 and the
standard deviation will stay the same;
mean = 21.9, standard deviation=1.1

736 _

5 a mean=——-=32
23
b mean:M:31
23+2

6 a The mean will increase by 10 and the
standard deviation will stay the same;
mean = 58, standard deviation =5

b The mean will increase by a factor of 10
and the variance will increase by a

factor of 10%; mean = 480,

variance = 5% x100 = 2500
7 a 40

b 60
50=c-40=c=50+40=90
IQR=24=74-d=d=74-24=50
800 students
65 marks
IQR = 75-55 =20
100 students

No, because there are 100 students
who scored more than 80 marks, this is
not 10%

f k=40
9 1B, 2C, 3A

10a x-=X
n

D Q 60 T oY a o

_15+12+22+30+25+7+19+33+19+41+53+12+3+8+6+17
N 16

=20.125

2 2
, Ix? (3x
o’ = - —
n n
:152+122+222+301+252+7Z+19Z+33l+191+412+531+121+31+81+61+171
16

-20.125°

=579.375-405.016 =174.359

o =+o? =13.2

b Write the numbers in size order;
3,6,7,8,12,12,15,17,19, 19,
22, 25, 30, 33, 41, 53
then find Q, as the median of the first
half of the list,

th
Q =[8;1] - 4.5 =¥=10 and

find Q, as the median of the second
half of the list,

th
Q —(8+8§1j ~12.50-25+30

, 50 IQR =27.5-10=17.5
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Worked solutions

11 mode =4

mean
 2x3+43x4+4%x10+5x3+6x2+7x2
N 3+4+10+3+2+2

=4.125
24 +1

th
median_[ j =12.5" =4

o :22x3+32x4+42x10+52x3+62x2+72><2
3+4+10+3+2+2

-4.125°

=18.875-17.0156 =1.8593

c=1.36
12 a  2.5x15+7.5x11+12.5x9+17.5x12+22.5x6
mean =
15+11+9+12+6
~10.9
th
median = (53+ 1] =27 =12.5

225 x15+7.5x11+12.5"x9+17.5 x12+22.5 x6
- 15+11+9+12+6

-10.896°

=166.627-118.728 = 47.8996
o =6.92

b Because we are using the midpoint of
each range, as opposed to the actual
original data, which assumes that the
number of items is equally spread
throughout the class interval.

13 Given that the mean number of watches is

2.5, we have to find k

2.5:O><11+1><7+2><6+3><k+4><8+5><10,
11+7+6+k+8+10

2.5x(42+k)=101+3k

105 + 2.5k =101 + 3k
105-101 = (3 -2.5)k

4 = 0.5k
P
0.5
k=8
a 80 bats
b 50 grams
c 8—50=0.0625=6.25%
d 2a=10, c=80-75=5
e b=75-55=20
f X

x ==X
n

3 15x10+45x45+75%x20+105x5
B 10+45+20+5

=52.5

, w2 (xxY
of=——-| —
n n

:152><10+452><45+752><20+1052><5

-52.5%
10+45+20+5
- 3262.5-2756.25 = 506.25
o =+o? =22.5




15a

16a

17a

18a

19a

50=3+11+16+m+8

=>m=50-38=12
n=14+16 =30

_ Ix
X =—

n
10x3+15x11+20x16+25x12+30x8
- 3+11+16+12+8
=21.1

2
, Ix? (3x
o"=—|—
n n
~10°x3+15° x11+20°x16 + 25" x12+30° x8
B 3+11+16+12+8

=477.5-445.21=32.3
Discrete

- XX
X="=
n

1x41+2x60+3x52+4x32+5x15+6x8
a 41+60+52+32+15+8

~2.73

> 2
> XX X
o' =—=|—
n n
1’x41+2°x60+3°x52+4°x32+5"x15+6°x8
B 41+60+52+32+15+8

=9.25-7.4571=1.7929

o =+o? =1.34

1 standard deviation above the mean is
2.731+1.339=4.07,s0 15+8 =23
families have more than one standard
deviation above the mean mobile
devices

-21.1°

-2.7317

Discrete Al
Continuous Al
Continuous Al
Discrete Al

As the mode is 5 there must be at least
another 5.

R1
So we have 1, 3, 5, 5, 6 with another
number to be placed in order R1
The median will be the average of the
37 and 4% pieces of data. R1
For this to be 4.5 the missing piece of
data must be a 4.
Thus a=5, b=4 Al Al
1+3+4+5+5+6 24 _a

6 6

X =

M1 Al
An outlier is further than 1.5 times the
IQR below the lower quartile or above

the upper quartile. Al
i mode =8 Al
il median =7 Al
ifi lower quartile = 3 Al
iv upper quartile =9 Al
IQR =6
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20a

21a

22a

Worked solutions

1.5xIQR =9

19-9=10 M1

19 is the (only) outlier Al

&:70:>Zx:700 Al
10

Let the new student’s mass be s.
LX+S _ 55 M1

11

700+s =792 Al

So s = 92kg Al

IQR =10 Al

76 +1.5xIQR =76 +15=91 M1
So new student’s mass of 92 is an

outlier R1
200 Al
35 Al
Using mid-points 5, 15, 25... as
estimates for each interval M1

i Estimate for mean is 22.25 A2

ii Estimate for standard deviation is
11.6 (3sf) A2

Median is approximately the 100th

piece of data which lies in the interval

20<h<30. Al
Will be 15 pieces of data into this
interval

Estimate is 20 +%x 10=23 M1Al1

Discrete Al
5 Al
i 4.79 (3sf) A2
il 1.62 (3sf) A2
i 5 Al
ii 4 Al
ifi 5.5 Al
55

1 2 3 4 576 7 8
Al general shape
Al median
Al quartiles
IQR=1.5
1.5x1.5=2.25 (A1)
5.5+ 2.25=17.75
4-2.25=1.75 M1
So the 2 (unhappy) candidates with
grade 1 are outliers Al




23a
X Frequency Cumulative
frequency
o 10 10
1 7 17
2 11 28
3 13 41
4q 15 56
5 15 71
6 12 83
7 10 93
8 4 97
9 2 99
10 1 100
A4 for 6 correct
A3 for 4 or 5 correct
A2 for 2 or 3 correct
A1l for 1 correct
bi 4
ii 2
ifi 6

c i 4.05 (3sf)

A1A1A1

ii (2.4140...)2 =5.83 (3sf) A1(M1)A1
d No. It is bimodal at x=4 and 5. 24

24a 80<w <90
b

Al1R1
Al

mass cumulative
frequency

40 <w <50 5

50 <w <60 20

60<w <70 45

70 <w <80 75

80 <w <90 125

90 <w <100 160

100 <w <110 185

110<w <120 @ 200

A2 numbers Al labelling

Worked solutions

C
Adult 5
200
190
/
180 /)
170
160
150 -
140 f:
130 l/T
% 120 I ¥
g’ 110 I :
g | v
2 100 ‘ !
g 9 !
E fi 1
e filn
70 / N
60 ; |
50 ;{ . :
40 -
30 /: : I
L 1 1
20 1 Y 1
1y
10 7 HEREE
il > g
0l 10 20 30 40 50 60 70 80 90 100110 120
mass
AlAlscales A3 points and curve
di 85
ii 73
iii 97 Al1A1A1
M1 lines
25a i 7.5
ii 6.125 Al1A2
bi 6
ii 6.9 Al1A2

c Sally’s had the greater median R1
d Rob’s had the greater mean R1

26a
not to scale
A
25
20
20
2 16 16
S 15
=
£ 10 8 8
4 | | 4
| I I =
2

ii 4
ifi 4

chart Al; scaleA2

A1A1A1

c The values of the median and the mean
are the same due to the symmetry of

the bar chart.
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Worked solutions

"/ Modelling relationships between two data
sets: statistics for bivariate data

Skills check 4 a
1 a 1296 b 64 ¢ 343 65 | .
2 a5 b 4 c 3 d 3 60 1 .

3 a y=4x-2 b y=1-2x il 4

5.0
454

Exercise 7A
1 a There is a strong, positive, linear

4.0

Fuel (1)

3.5 1

correlation 30 .
b There is a weak, negative, linear &9
correlation 20+ .
c There is a strong, negative, linear e
- 1.0 T T T T T T T T T T T
correlation 10 20 30 40 50 60 70 80 90 100 110 120
d There is a weak, positive, linear Ritanes (k)
correlation b There is a strong, positive, linear
e There is no correlation correlation
2 i a Positive b Linear 5 a
A
¢ Strong 1.4 4
il a Positive b Linear 1.2 .
¢ Moderate 1.0 .
iii a Positive b Linear g _—
c Weak ® i @ £
. . . = 067
iv a No correlation b Non linear .
0.4 R
c Zero .
v a Negative b Linear 0.2
c Strong 0.0 T T T T T T T T
i 7 ) 0 1 2 3 4 5 6 71 8
vi a Negative b Non linear week
c Strong b There is a strong, positive, linear
3 a correlation
. Meximum_gle time c As the kitten gets older, it gets heavier
55 A .
20 Exercise 7B
45 4 .
1 a
_ 40 | x y x2 yz xy
£ 35 .
£ 20 250 400 62500 5000
£ 30
= 25 ] 24 300 576 90000 7200
20 . 30 350 900 122500 10500
15 & 40 360 1600 129600 14400
10— 50 480 2500 230400 24000
16 18 20 22 24 26 28 30 32 3
Depth (m) 75 580 5625 336400 43500
b There is a strong, negative, linear 80 750 6400 562500 60000
correlation _ _ 90 840 8100 705600 75600
¢ As the maximum depth increases the 100 900 10000 810000 90000
time at that depth decreases
120 1000 14400 | 1000000 120000
X =629 Sy =5810  3x2 zy? Xy

=50501 =4049500 = 450200
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Worked solutions

2
S — ZXZ _ (ZX) r = —( Sxy )
XX n S S
XXTyy
629> 109369
s, = 50501 - $2%- _ 109363 . ~241362 . _0.976
N 165 y 3708905528
Sy =Zy2—(zy) 2 >
n b There is a strong negative correlation
5810°
S,, =4049500 - =673890 ¢ The price of the motorbike can never
fall below 0.
x)(Z
5, - poy - (2) 3 a
| x y x2 y? xy
S,, =450200 —%5810 =84751 148 34 21904 1156 5032
5 153 38 23409 1444 5814
r= (S—ys) 165 = 42 | 27225 @ 1764 | 6930
i y8y4751 142 36 20164 | 1296 | 5112
r= =0.987 155 42 24025 1764 6510
109369 673
BT x 890 141 32 19881 1024 4512

171 40 29241 1600 6840
154 34 23716 1156 5236

b There is a strong positive correlation
c As the floor area increases, house price

increases 170 40 28900 1600 6800
a 168 38 28224 1444 6384
x y x> y? xy | =X y  x2 Ty? Xy
1 40000 1 1600000000 40000 =1567 =376 -246689 =14248 =59170
2 36500 4 1332250000 73000 2
S =3x*- (ZX)
3 31000 9 961000000 93000 xx n
4 26658 16 710648954 106632 2
S. - 246689 - 1567 _ 11401
5 24250 25 588062500 121250 10 10
2
6 19540 36 381811600 117240 s
S, = zy? —_( y)
7 19100 49 364810000 133700 n
2
8 18750 64 351562500 150000 s, =14248 - 376 _ 552
9 15430 81 238084900 138870 5
10 12600 100 158760000 126000 S =3xy- (ZX)(ZV)
Xy
X = Iy = X2 = Zyl - Xy =
55 243828 | 3g5 6686990464 1099692 S -59170- 1567 x 376 _ 1254
4 10 5
S
xx n (SXXSVV)
2
S -385 _55° _ 165 1254
o "= e 7"
(Zy) x
Syy =Zy® - n 10 5
2438282 b There is a moderate positive
S,, = 6686990464 - 10 correlation
_ 3708905528
5
X)(Z
5. ny ()
n
S, =1099692 - 55x243828
4 10
=-241362
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Worked solutions

4 a , (ZX)Z
B y x? y: xy Sec =X =
6 78 36 6084 468 o 24.8
4 80 16 6400 320 S, =82.04 - =5.16
7 86 49 7396 602 )
(%)
5 88 25 7744 440 S, =Zy° - "
1 66 1 4356 66 1062
2 70 4 4900 140 S,, =1740- =335.5
4 78 16 6084 312 =x)(Z
s _uey (200Y)
6 95 36 9025 570 4
8 97 64 9409 776 _ 24.8x106 _
S,, =309.9 - ————=-18.7
4 76 16 5776 304
SX
=X Sy X2 sy? Xy r=—2r
47 =814  _o263 _g7174 =3998 (SuS,,)
2 -18.7
s _yye (X r=——%% ____0.449
w = 2X _T J5.16 x 335.5
S -263 47> 421 b There is a weak negative correlation
. 10 10 c Yes, because the correlation is only
2 weak
. (%) ea
S, =%y - n 6 a
o _gyiyq_ 814 _4572 IE v: =l
v = - =7 52 60 2704 3600 3120
10 5
(=x)(zy) 60 68 3600 4624 4080
S, =Xxy-~———~
4 n 62 66 3844 4356 4092
47 x814 861
S,, = 3998 - _ 65 69 4225 4761 4485
S 10 > 68 75 4624 5625 5100
r=—-2__ 76 82 5776 6724 6232
(SXXSW) 77 83 5929 6889 6391
861 78 84 6084 | 7056 6552
F=——5 ___ -0.878 80 88 6400 7744 7040
421 “ 4572
4 90
10 5 8 7056 8100 7560
. . . 85 93 7225 8649 7905
b There is a strong positive correlation
c Yes 95 92 9025 8464 8740
5 a X sy x2 sy? Xy
=882 | =950 | _gp492 -76592  =71297
L x y x? y? xy
3.9 10 15.21 100 39
2.7 14 7.29 196 37.8
3.8 5 14.44 25 19
2.4 8 5.76 64 19.2
1.7 24 2.89 576 40.8
2.6 17 6.76 289 44.2
4.0 21 16 441 84
3.7 7 13.69 49 25.9
=X zy »x2 sy? =Xy

=248 | =106 _g>.04 =1740 =309.9
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=1665

2
s, = 76592 - 220
12

(2x)(2y)

=1383.67

S, =IXy -

882x950

S, =71297 - = 1472

S

r=—>2_
(Sxxsyy )

~ 1472
J1665x1383.67

b There is a strong positive correlation

c More practice questions will likely
increase the overall grade

=0.970

Exercise 7C

1

36 +55+42+35+58+65
6

a mean =

=48.5

17+30+23+11+44+51
6

b mean=

=29.333

60 /’

40 - " Mean
x
20 - ' 4

0

1”3 T T |>X
0 20 40 60 8
a mean age
=1+2+3+4+6+8+10+12

8

=5.75

mean height

~1.78+1.98+2.17+2.40+2.82+3.26+3.71+4.14

8
=2.7825
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Worked solutions

RN

Hesighti m})

0l 2 4 & 8 10 12 14
Age{months)

2.7825-2
5.75-2
y =0.209x +1.583

y =0.209x9+1.583=3.46 m
y =0.209x120+1.583 = 26.6 m

Not reliable as it is known that giraffes
only grow to 6 m
3+6+10+12+15+20
6

y —2.7825 = x(x -5.75)

mean =

=11 km

60+45+32+28+18+15
6

mean =

= 33,000 Rupees

bl

& =
[+
.

(5]
=]

v

Clreurmference| cmj
=) [F%) R
(==

L

[
[=]

K

N
5 10 15 20 25
Distance(m)

y_ylzux(x_xl)
Xy =X

y-33= 3131‘_550 < (x —11)

y =-2.833x +64.1667
y =-2.833x8+64.1667 = 41.5
= 41,500 Rupees
50 = -2.833x + 64.1667

_50-64.1667 _ 5 km
-2.833




Worked solutions

g y=-2.833x30+64.1667 b y=a+bx, where
- S _
_ -20.8233 b0 24175 5084 and
= -20,823 Rupees S, 34.125
Not suitable to extrapolate, negative a=y-bx= 1367 - 084 x22:5 _502.227
rent is not correct 10

so y =202-7.084x

Exercise 7D c y=202.227-7.084x7.5=149 kmh™
1 A student who plays no sport will spend
35 hours on homework and each day
spent playing sport reduces the hours of

homework by 30 minutes

2 A person who has no friends who are

d As the time taken to accelerate from 0
to 90 increases by 1 second, the top
speed decreases by 7.08

criminals has 1 conviction and adding one 5 a
extra criminal friends leads to 6 extra | x y x2 y? xy
convictions 80 74 6400 5476 5920
3 A brand new speaker is worth $300 and 73 62 5329 3844 4526
as it gets older, its value decreases by 95 93 9025 8649 8835
$40 per year
84 75 7056 5625 6300
4 a 67 73 4489 5329 4891
Cx Yy 32 s = 88 81 7744 6561 7128
6 157 36 24649 942 69 58 4761 3364 4002
7 155 49 24025 1085 92 90 8464 8100 8280
8 147 64 21609 1176 90 84 8100 7056 7560
8.5 142 72.25 20164 1207 X % x> Ty? Ixy
=738 =690 _ - = 57442
9 138 81 19044 1242 ~61368| -54004
2
X
9.5 132 90.25 17424 1254 s~ _(2x)
10 134 100 17956 1340 n
7382
11 127 121 16129 1397 S, =61368 - =852
11.5 120 132.25 14400 1380 29
._(%¥)
12 115 144 13225 1380 S, =%y’ -
X Iy x2 sy? Ixy n6902
=92.5 | =1367 | _gg9.75 =188625 =12403 S,, = 54004 - =1104
2
£X) =x) (2
5, -oe -0 sy (20()
xx n Sxy =Xy n
2
S, =889.75—9i05 =34.125 S, :57442—%:862
2
S, =3y’- (2) Foo v
Yy n (Sxxsyy)
1367°
S, = 188625 -~ —=1756.1 ,___ 862 _ooo
(20)(zy) J852x1104
Sxyzzxy—f b y=a+bx, where
S
S, —12403-22:2x1367 _ 544 75 b->v_82_1 012 and
y 10 S, 852
SX
r=—=~— azy—bi=@—1.012x@:—6.30
(54S,,) 9 9
_241.75 0588 so y =1.01x-6.30
r:\/34_125x1756_1 - c y=1.012x75-6.30=69.6
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Worked solutions

a c
o x y x2 y? xy x y x2 y? xy
35 13 1225 169 455 0.5 30 0.25 900 15
38 18 1444 324 684 1 28 1 784 28
42 27 1764 729 1134 1.5 14 2.25 196 21
45 28 2025 784 1260 2 18 4 324 36
47 36 2209 1296 1692 2.5 10 6.25 100 25
48 34 2304 1156 1632 3 7 9 49 21
50 40 2500 1600 2000 4 1 16 1 4
X sy >x2 sy? Xy X sy x2 Ty? Xy
=305 | =196 ~13471 — 6058 = 8857 =14.5 =108 —38.75 ~2354 =150
2 2
X )y
S :sz—u S, :zxz_ﬂ
n n
2 2
S, :13471-3075 =181.714 S, ~38.75- 1% _g.714
2 2
(Zy) (Zy)
S, =%y’ - n Syy:zyz_ n
2 2
Syy =6058 - 196 =570 S, =2354- 108 =687.714
7 v 7
(2x)(zy) x) (2
- _ y
S, =Xy p S, =Xy - ( )n( )
305x196
S, =8857-———— =317 14.5x108
v v S,, =150 -—=_——==-73.714
S
r=—X r = —Sxy
(5.5,) (5.5,)
ro— 317 _0.085 p___ 73714 oo,
V181.714 %570 J8.714x687.714
There is a strong, positive correlation d Strong, negative
y =a+ bx, where 8 a
bo2v - 317 4744 and L x y 2 v xy
S, 181.714 28 66 784 4356 1848
a-y-bx- 196 1.744 305 _ _48.0321 33 70 1089 4900 2310
7 7 35 85 | 1225 | 7225 2975
so y =1.74x -48.0 42 94 | 1764 = 8836 3948
y =1.74x40-48.0 =21.6 cm 40 9 | 1600 = 9216 3840
For every cm that the cat grows in 38 80 1444 6400 3040
length, it grows 1.74 cm in height Sx sy 2 > Sxy
a=-8.46 and b =33.0 =216 | =491  _7906 =40933 =17961

y =32.95-8.46x3.5=3.34
= 3 mudbugs
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2
S — ZXZ _ (ZX)
XX n
2
s. -7906-218 _130
2
zy)
S =22—L——
yy y n
2
s, = 40933~ 291 _ 757 833
(2x)(2y)
Sy = Exy - =
s, =17961- 216491 _ g5
r= i
(sxxsyy)
r=——285 ___ _oon1
J130x752.833
S, 285
=2 285519 and
S, 130

XX

a=)7—b)?=4T91—2.192x%=2.92

If a student scores 1 mark better in
the IB diploma then they will do 2.19%
better in their first year at university

y =2.19x+2.92
=2.19x30+2.92=68.7%

x y x2 y xy
25 200 625 40000 5000
40 260 1600 67600 10400
65 350 4225 122500 22750
53 360 2809 129600 19080
46 260 2116 67600 11960
30 250 900 62500 7500
50 310 2500 96100 15500
74 600 5476 360000 44400
70 450 4900 202500 31500
X Ty X2 sy? Xy
=453 | =3040  _ 25151 =1148400 =168090
2
£X)
2
S, =sx? -\
n
453’
S, =25151- = 2350
9
2
zy)
|
S, =zy° - p
3040°
S,, =1148100 - 5 =121256
X ) Z
5, -y ()
n
453 x 3040
S,, =168090 - —— =15076.7
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10a

Worked solutions

y =a+ bx, where

b = Sxy :M:6_416 and
S 2350
3040 453

a=y-bx=22""_6.416x222_-14.858
9 9

so y =6.416x +14.858

i Each additional pizza costs $6.42

il When no pizzas are made, there is
a cost of $14.86

y = 6.416 x 60 + 14.858 = $399.82

i Not reliable as 5000 is not close to
the domain used

ii 100=6.416x +14.858

 100-14.858
6.416
x =13.27
13 pizzas
| x y x2 y2 xy
1 115 1 13225 115
2 110 4 12100 220
3 92 9 8464 276
4 89 16 7921 356
5 80 25 6400 400
8 63 64 3969 504
9 59 81 3481 531
10 54 100 2916 540
=X sy »x2 sy? Xy
=42 =662 - 300 =58476 =2942
2
2z
S, =3xx’ (2x)
n
2
s, -300-2% _ 7955
8
2
zy)
S =22—(
yy y n
2
s,, = 58476 - °62 _3605.5
(2x)(2y)
S, =Ixy - —n
s, 2042 - 323662 _ 5335
r= —Sxy
(Sxxsyy)
r=——2335 __ 0984
\79.5x3695.5
S -533.5
=X - =-6.71 and
S, 795
662 42

a=y-bx=22%46.711x2%-117.98
8 8




Worked solutions

c y=11798-6.711x6 =77.717 X Zy X2 Ty? Xy
_ ¥78000 =35 =169 - 251 — 6609 =1279
2
S _ 2 (Zy)
. 22 zy
Exercise 7E n
1 a s -6609-1% _1g4g.83
= - = :
Cx y x y? xy
12 45 144 2025 540 S, =Sxy - (2x)(zy)
15 44 225 1936 660 35169
18 45 324 2025 810 S,, =1279 - XT =293.167
18 42 324 1764 756
X =a+ by, where
22 40 484 1600 880 S 93167
b=2=""""2-0.159 and
25 34 625 1156 850 S, ~1848.83
30 26 900 676 780 35 169
X sy sx? sy Xy a=x-by=—-0.159x—==1.35 so
=140 =276 ~-3026 =-11182 =5276 6 6
, x =1.35+0.159y
sy () b x=1.35+0.159x50 = 9.3 mins
XX n
140° 3
S, =3026- =226 Cx y x2 y? xy
90 87 8100 7569 7830
2
5 3y (zy) 88 57 | 7744 3249 5061
w =&Y~ T
65 52 4225 2704 3380
2
S, =11182- 2767 _ 299.714 92 76 8464 5776 6992
(2x)(y) 50 30 2500 900 1500
S, =IXy - — 67 67 4489 4489 4489
100 96 | 10000 | 9216 9600
S,, =5276 _140x276 _ 544
7 100 74 | 10000 @ 5476 7400
y =a+bx, where 73 65 5329 4225 4745
S _ 90 87 8100 7569 7830
s :_244 =-1.0797 and
S, 226 83 78 6889 6084 6474
94 89 8836 7921 8366
a=y-bx=27%.10797x140 _61.0226
7 83 78 6889 6084 6474
SO y = 61.0-1.08x ’ X Ty X2 sy? Xy
y =61.0-1.08 x20 = 39.4 = 39 tickets =1075 =936 _91565 =71262 =80096
— 2
b x=a+by, where S —Zyz—(zy)
S — 22
"5 ” 29:47414 =-0.814 and o3
v ' S, =71262- = 3870
_ ,_ 140 276
a=X-by=-—+0.814x—=52.1
=73 7 s —wxy X))
so x =52.1-0.814y, o n
y =52.1-0.814x35 = 23.61 = $24 s,, = 80096 - 19727936 5646
2 a
| I y 2 v E | X =a+by, where
2 6 4 36 12 b= SXY — @ =0.697 and
3 10 9 100 30 S,, 3870
5 2 25 484 110 a=x-by=1975_0.697x23% _32.508
7 33 49 1089 231 13 13
so x =32.5+0.697y,
8 42 64 1764 336
10 56 100 3136 560
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Worked solutions

x =32.508+0.697 x52 =68.752 2 ad&f
= 69 marks in mathematics 1; l
4 a
L ox y x2 y? xy 16
1 180 1 32400 180 14 -
5 164 25 26896 820 12 -
9 148 81 21904 1332 e
12 120 144 14400 1440 g 1
14 118 196 13924 1652 .
19 90 361 8100 1710 O 35 36 37 38 39 40 41 42 43 44 45
21 85 441 7225 1785 b mean temp
24 | & 576 | 6724 | 1968 39+36+45+41+42+37 240
30 65 900 4225 1950 = 6 “ 76
34 60 1156 3600 2040 _40°C
X sy x2 sy? =Xy
=169 =1112| _3881 =139398 =14877 ¢ mean cost
5 _11+8+16+13+14+10_72_12
X = ==
S, =3xx° —u 6 6
n so 1200 Dirhams
s -3881-15% _1024.9
o 10 ' e y-y, =L2ox-x)
() o
S, =3y -L _
” v n y—IZ:&(x—40)
Syy =139398 - 10 =15743.6 y=0.8x-32+12
=0.8x-2
s, =y - &) reemee
xy n 3 a
t t 2 t
s, =14877- 109112 _ 3454 | ° . .
10 0 29 0 841 0
y =a+bx, where 2 38 4 1444 76
S - 4 27 16 729 108
b _ 39158 5651 and
S, 1024.9 6 19 36 361 114
8 64 96
a-y-bx-1112 381,109 47575 12 144
10 10 st e st ye? Ste
so y =175.775-3.821x, =20 | =125 | _120 | =3519 =394
y =175.775-3.821x7 = 149.028 = 149 (st)
S, =xt? -\,
b x=a+by, where “ n
S - 20?
_ 2w 239158 _ 549 and S, =120- =40
S, 15743.6 5
2
se
a=x-by =189 02491112 _ 44589 5. - zer -2
10 10 n
so x =44.589-0.249y, S _3519_125 _394
X =44.589 - 0.249x100 = 19.7 km « 5

S

te

Xt)(2
e (E)(ze)
Chapter Review n
. 20x125
1 a The PMCC lies between -1 and 1 S = 394—T =-106
b A-0.6,B0.9,C0.5 DO, E-0.96
c Strong negative, linear
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e =at +b, where

_% _ 7106 _ 5 s and
s, 40
R P 20

+2.65x— =35.6
5

b e=35.6-2.65x5=22.35= 22 eggs

Because t = 40 is too far outside the
domain

Worked solutions

a
x y x2 y? xy
28 3600 784 12960000 100800
46 5200 2116 27040000 239200
38 4400 1444 19360000 167200
34 3800 1156 14440000 129200
52 6000 2704 36000000 312000
50 5900 2500 34810000 295000
X Ty $x2 sy Xy
=248 =28900  _10704 @ =144610000 =1243400
2
XX n
2
S -10704- 2‘;8 _ 453.333
2
zy)
S, =zxy’ !
yy y n
2
s,, = 144610000 - 2899%° _ 5408333
X )(Z
5, - oy - )
n
s,, = 1243400 - 248228900 _ 4gq66 7
y =a+bx, where
s
_ 2y _48866.7 1,504 and
S, 453.333
a—y-bx-28%00 107794228 _361.181

so y =108x + 361

b Need to find the smallest x such that
120x >107.794x + 361.181,

120x > 107.794x + 361.181
(120 -107.794)x > 361.181
361.181
12.206
X >29.59

So the smallest number of chairs is 30

5 a 24+23.5+23+22+21+20.3+20+18.2+17+26

10

=§=21.5

10
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x y x> y? xy
24 260 576 67600 6240
23.5 199 552.25 39601 4676.5
23 174 529 30276 4002
22 162 484 26244 3564
21 149 441 22201 3129
20.3 135 412.09 18225 2740.5
20 118 400 13924 2360

18.2 115 331.24 13225 2093

17 102 289 10404 1734
26 246 676 60516 6396
X Y% 32 2 Xy
=215 =1660 | _-4690.58 =302216 =36935
2
z
Sxx = ZXZ — ﬂ
n
2
S, = 4690.58 - 21> _68.08
10
2
zy)
S, =3y’ N
Yy y n
2
s,, = 302216 - 1280 _ 56656
(2x)(2y)
Sy = Exy - =
s, = 3693521231660 _ 15,5
r= Sy
(Sxxsyy)
re—12%5  _0.924
J68.08 x 26656

There is a strong positive correlation.
The hotter the day, the more bottles
sold.

y =a+bx, where

5
_ 2w 1245 1859 and
S, 68.08
1660 215

a=y-bx=——-18.29x——=-227.235
10 10

so y =18.3x -227
y =18.29x19.6 -227.235=131.249

= 131 bottles

36 is far outside the domain that we
have




6 a
| x y x2 y? xy
3500 110000 12250000 12100000000, 385000000
2000 65000 4000000 4225000000 130000000
5000 100000 25000000 10000000000, 500000000
6000 135000 36000000 18225000000, 810000000
5000 120000 25000000 14400000000, 600000000
3000 90000 9000000 8100000000 270000000
4000 100000 16000000 10000000000, 400000000
8000 140000 64000000 19600000000, 1120000000
IX = Ty = sx2 = sy? = XY =
36500 860000 191250000 96650000000 4215000000
2
X
S, =3x* - (2x)
n
2
S,, =191250000 - 36500
=24718750
2
zy)
S, =3y’ _&)
yy y n
2
s,, = 96650000000 - 20000°
8
=4200000000
(2¥)(zy)
S,, = Ixy - —
S, = 4215000000 - 36500 x8860000
=291250000
y =a+bx, where
S
b =X :w: 11.78 and
S,, 24718750
a-y-bx- 200000 .y g, 36200 ~53753.8
so y=11.8x +53754
b y=11.8x7000+53754 =$136354
i and ii would change, iii would remain
the same
7 a

| x y x2 y? xy
30 3.2 900 10.24 96
65 7.5 4225 56.25 | 487.5
110 8.4 | 12100 | 70.56 924
140 | 15.1 | 19600 & 228.01 | 2114
185 | 16.5 | 34225 | 272.25 | 3052.5
X sy >x2 Ty? Xy
=530 =507 _-71050 =637.31 =6674
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Worked solutions

S, =3x" - (2x)
n

S -71050- 53502 _ 14870
S, =Zy’- (2/);)2
s, -637.31- 207 _ 123212
S,, =Xy _—(Zx)n(Zy)
s, =6674-230230-7 15998
y =ax +b, where

_ zy - 111297'(? - 0.0874 and

b:)7—a)?=50T'7—0.0874x%

=0.876

The gradient indicates that a car
travelling one additional mile uses
0.0874 litres of fuel

y =0.876+0.0874 x160 = 14.9 litres

Not reliable as 5 is outside the domain
of the original data

[ o v |
1 6 1 36 6
1.5 7 2.25 49 10.5
2 10 4 100 20
2.5 15 6.25 225 37.5
3 9 9 81 27
3.5 17 | 1225 289 59.5
4 20 16 400 80
4.5 18 | 2025 = 324 81
X sy x2 sy? Xy
=22 =102 _71 | _1s04 =3215
2
(2x)
S, =3x" - -
2
s, -71-22 _105
8
2
zy)
S, =3y*- (
yy y n
1022
S, =1504 - % - 203.5
) (=
S, =Xy ( )n( y)
5, -321.5- 22102 4y




y =ax+b, where

s
a=>v_ 4 390 and
S 105
b-y-ax=292_390x22_201
8 8

b An increase in one gram of hormone
leads to just under 4 extra flowers

¢ A plant with no growth hormone will
produce 2 flowers

y =2.01+3.905x1.75 = 8.84
12 = 2.01 + 3.905x
9.99

3.905x=12-2.01=>x=——-=2.56¢
3.905
f Not appropriate as 1000 is far outside

the domain of the data provided

a
x y x? y? xy
100 204 10000 41616 20400
200 257 40000 66049 51400
300 292 90000 85264 87600
400 315 160000 99225 126000
500 330 250000 | 108900 = 165000
600 355 360000 | 126025 | 213000
700 370 490000 | 136900 | 259000

X Iy s x2 sy? Ixy

=2800 | =2123  _ 1400000 =663979 = 922400

z
S, =3xx’ ()
n
2
S,, =1400000 - 28(7)0 =280000
2
zy)
S =22—(
yy y n
2
s,, = 663979 - 2123 _20103.4
ZX) (2
5, - pey ()
n
S,, =922400 - 2800x2123 =73200
y =ax+b, where
S
= 2w o 7320004 561 and
S 280000

XX

bz?—@?*%—o 261 x &700:199

b Each additional gram increases the
length of the spring by 0.261 mm

¢ The spring was 199 mm long before
any weight was added

y =199 +0.261x550 = 343 mm

2 kg is outside the domain of the data,
so extrapolation is unreliable
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f x=ay+b, where
S
_ 2w 73200 3.641 and
S,, 20103.4
b=Xx-ay = @—3 641 x 2123 =-704.263
so x =3.641y - 704.263,
X =3.641x300-704.263 =388 g
10a
| x y x? y? xy
15 26 225 676 390
25 30 625 900 750
35 25 1225 625 875
45 26 2025 676 1170
55 20 3025 400 1100
65 14 4225 196 910
X % s x2 sy? pe%
=240 =141 -11350 | =3473 =5195
2
z
SXX — ZXZ _ﬂ
n
2
s -11350-2%0" _ 1750
2
zy)
S :22—(
Yy y n
2
s, =3473- 21 4595
X )2
5, ey (2CY)
n
S,, =5195 _280x141  4us
y =ax+b, where
S _
_ 2w _ 245 554 and
S, 1750
b=y-ax = 141 +0.254 x &:33.7,
6 6
y =33.7 - 0.254x
b y=33.7-0.254x50
= 21 decimal places
S
c r=—->*_
(sxxsyy)
M5 g4
v1750x159.5
d There is a strong, negative correlation
11a 0.51x120+7.5=68.7 M1A1l
b The line of best fit goes through (X, )
R1
y =0.51x100+7.5=58.5 Al
c Strong, positive AlAl
d xony Al

Worked solutions




12i perfect positive Al
il strong negative Al
ifli weak positive Al
iv weak negative Al
VvV zero Al
13a r =0.979 (3sf) A2
b Strong, positive AlAl
c i y=123x-21.3 AlAl
il x=0.776y +20.8 Al1A1l
d 1.23x105-21.3=110 Al
e 0.776x95+20.8=95 Al
f Itis extrapolation R1
14a
}'“
10
g\"‘\
gl I
7
[
5 %‘\‘
P .
3
2
1 \\\
\“ 3 X
O 1 2345678 910111213

(scales: Al; 3 points plotted correctly:
A2; all points plotted correctly: award a
further A1)

b strong, negative AlA1l
c i x=4.625

ii y=5.875

ili see above A2A2A1
d see above M1

line passes through the mean Al
e 3.2 see above for lines drawn on

A1A1
15a 100 = 70m+c
140 =100m+c
40 = 30m
m = i
3
c- ? (M1)A1A1
Positive Al
c Line goes through (X,¥) (R1)
7-290162-1262 (M1)A1
3 3 3
d Estimate is 260+62 =862 (M1)Al
3 3°°°3
16a 40C Al
b 70C Al
c 100 Al
d i
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Worked solutions

(30,100)
(60,70)
(0,40) "
ii T>80
40+2t =80 =t =20
130-t=80=t =50 M1
Interval is 20 <t <50 . AlA1l

A3 (A2 for 5 Al for 3)
b r=-0.0695(3sf) A2

¢ \Very weak (negative) correlation so
line of best fit is meaningless R1

25-year-old would be extrapolation

R1
. . 0.6
18i Gradient m=—=0.2 M1A1l
ii /=0.6 Al
iii k=3 Al
iv a=5 Al
v b=0.6 Al
vi Gradient p = % =0.1 M1A1l
vii 0.6 =0.1x5+g=>¢g=0.1 M1A1
viii r=8 Al
19a i 0.849 (3sf) A2
il strong, positive AlA1l
iii y=0.937x+0.242 AlA1
b i 0.267 (3sf) A2
il weak, positive AlA1l

ifi the rvalue is too small for this to
be particularly meaningful R1

20a i nochange
r=0.87 Al

il no change
15 Al

ili The scatter diagram has just been
moved down by 4 and to the right

by 5.
R1
iv Strong, positive AlAl
b i nochange
r=0.87 Al
ii 2x15= 30 Al




Worked solutions

ifi the scatter diagram has been

stretched vertically. R1
i r=-0.87 Al
.. 15
it —=-5 Al
-3

ili The scatter diagram has been
stretched horizontally and reflected
in the y-axis. R1R1

iv Strong, negative AlAl
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Worked solutions

8 Quantifying randomness: probability

Skills Check
1 a 1-2-=

4 25 39

b =22
5 35 35

2 a 1-0.375=0.625
b 0.65+ 0.05=0.7
7x6 42
=——=0.42
10? 100
d 0.25 x 0.64 =0.64 -4 =0.16
e 05x30=30+2=15

222 484
f 0.22x0.22 = - - 0.0484
* 100 10000

c 0.7x0.6=

Exercise 8A

n({1,3,5,7,9})
1 P(odd) =
(0dd) = 1,2,3,4,5,6,7,8,9,103)
_>_1
T10 2
. 30 1
2 P(defective) = o0 - =
(defective) 1505
20 20 4
3 Plchorus) =S5 1045 35 7
n({2,4,6,8}) 4 _ 1

4 a P(even)= - _=
( ) n({1,2,3,4,56,7,8%) 8 2

i n({3,6
b P(multiple of 3) = §{4 5}6) o

. n({4,8

_2.1
8 4

d P(not a multiple of 4)

. 1 3
=1-P(multipleof 4) =1-===

( p ) 2-2

e P(less than 4) = n({1,2,3})

n({1,2,3,4,5,6,7,8})

3
8
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f Asthereisno 9 on an 8 sided dice,
P(9)=0

a PO~ n({Cy) L

n({S,T,A,T,1,5,T,1,C,S}) 10

b As there is no P in the word
“STATISTICS”, P(P)=0

n({A I, 1})
n({s,T,AT,I1,S5,T,1,C,5})

c P(vowel) =

_3
10

a Every other number is even, so

P(even) = %

b P(contains digit 1)
_n({1,10-19,21,31,41}) 14 7

50 50 25

Let x be the number of seats on a

minibus, then

P(coach) = . x = 3 = 3
X+X+X+X+3x 7x 7

Using P(green) = 2P(yellow) and

1 = P(red) + P(yellow) + P(blue) + P(green) ,

we see that

1 = P(red) + P(yellow) + P(blue) + P(green)

1=0.4+ P(yellow) + 0.3 + P(green)

1=0.7 + P(yellow) + P(green)

1-0.7 = P(yellow) + 2P(yellow)

0.3 = 3P(yellow)

? = P(yellow)

P(yellow) = 0.1

P(green) = 2P(yellow) = 0.2

Number of people who buy raffle tickets

= ? =180, of these half bought 2 tickets and

the other half bought one, so there were

2 X?Jr 180 = 360 raffle tickets sold. Therefore

- 1
P(win) = 360

Exercise 8B
1 a i P(age15)=0.18

il  P(age 16 or higher)
= P(age 16) + P(age 17) + P(age 18)
=0.22+0.27+0.13=0.62

b Number of 15 year old students
=1200x P(age 15)=1200x0.18 =216

Worked solutions “




2 a The relative frequency of getting a 1 is
frequency' of1 27 _ 0.27
total spins 100

b The spinner is probably not fair because the
relative frequencies are not close to each
other, a 1 occurred nearly 4 times more than
a6

15

¢ Estimated number of 4s = 3000 x 100 = 450

3 a 10 of each
b

Relative

frequencyo'l 0.1 |0.15 0.138 |0.138 |0.15 |0.138 |0.0875

[

Relative

frequency 0.0925/0.1225/0.1375/0.125|0.14 |0.145/0.1075/0.13

d There is a big difference between relative
frequency of getting a 1 and getting a 6.
This suggests that the dice is not fair.

Exercise 8C
1 a

£ g5 P

N

b From the Venn diagram,

. 8 4
P(neither) = — = —
(neither) 3819

2 a
B S

T

b From the Venn diagram,
19+21+16+7 =63

. 40
i P(badminton) = —
c i (badminton) o3

i P(both) = % - %

_1
9

iv P(at least one) = 1 - P(neither)

iii P(neither)—%

1 8
-1-=-=2
9 9
3 Let A=gave acard and B =gave a present

a P(card or present) = 31+40-25 23

50 "~ 25
b P(card but no present) = 315_025 = %

c P(neither card nor present)

Worked solutions

23 2
=1-P d or present) =1-—">==_"—
(card or present) 5 = 55
4 A={P,RO,B,AILT,Y} and
B :{CIOIMIPILIEINITIAIRIY}

A " B
f'/ B Eﬁ C-\'.

L 1 #IJ u E |
N s

b AnB={P,R,OALT,Y}
AUB ={P,R,0,B,A,I,L,T,Y,C,ME N}
AnB={6}
AuB={234,6,8910}
A ={1,3,57,9}
A B ={1,35709} {3,609} = {3,9}
e AubB
={2,4,6,8,10}u{1,2,4,5,7,8,10}
- {1,2,4,56,7,8,10}
f AuB
={1,3,5,7,9ru{1,2,4,5,7,8,10}
{1,2,3,4,5,7,8,9,10}
6 U={1,2,3,4,56,7,8,9,10,11,12,13,14,15}
a i M={36091215)
ii F=4{1,2,3,56,10,15%}

Qa 60 T 9 o

4 7 8 11 13 14

c i P(MmF):%z

Uyl =

6

it P((MUF)) =17 =

ull N

A
(S0

30% 9

b i P(only 9 pm)=33%
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it  P(only 6 pm) =24%

ili P(no news) = 30%

Exercise 8D

n({2,3,5,7})
10

b P(prime or multiple of 3)
_ n({2,3,5,7}) + n({3,6,9}) - n({3})

1 a P(prime)= io %

10

_4+3 1 6 3

10 10 5

c P(multiple of 3 or 4)
_ n({3,6,9}) + n({4,8%})

n({10%})

_3+2 5 1

10 10 2

2 P(camera owner or female)

_ n(cam) + n(fem) — n(fem and cam)

n(U)
_30+25-18 _37
55 55

3 Let A={M,AT,H,EIC,S} and
Bz{TIRIIIGIOINIMIEIY}

nA) 8 4
a PA=-T0) 26713
b pB)="B)_ 9
nU) 26
c P(AnB)=TRELMTY) 4 2
n(U) 26 13
_n(A)+n(B)-n(AnB)
d P(AUB)= )
_8+9-4 13 1
T 26 26 2

4 a P(fiction or non-fiction)

= P(fiction) + P(non-fiction) — P(both)
=0.4+0.3-0.2=0.5

b P(no book)

=1 - P(fiction or non-fiction)

~1-0.5-05

5 a P(XUY)=P(X)+P(Y)-P(XAY)
_1,1 1.1
47878 4

b PXUYY-1-P(XuY)=1-L1_3

4”2

6 a P(AnB)=P(A)+P(B)-P(AUB)
=0.2+0.4-0.5=0.1
b P(A UB)=P(A)+P(B)-P(A ~B)
=1-P(A)+ P(B) - (P(B) - P(A ~ B))
=1-0.2+0.4-(0.4-0.1)=0.9
7 a 3P(AnB)=P(AUB)

Worked solutions

— P(A)+ P(B) - P(A ~ B)
i+§—P(AmB)
16

so 4P(AnB) = 2
16

9 27
= P(ANB)= o= P(AUB) =
(AnB) == P(AUB) = =2
27 37
b P(AUB) =1-P(AUB)=1-22=
(AvB) (AvB) =1-F -6

c P(ANB)=P(A)-P(AnB)

_3_9_3
T16 64 64
Exercise 8E

1 a No b Yes c No d Yes

e No f No g No
P(N " M) =P(N)+P(M)-P(NuM)
1 1 3

5 10 10
so N and M are mutually exclusive
P(AnB)=P(AnC)=P(BnC)=0 because
only one school can win
a P(AuB)=P(A)+P(B)-P(AnB)
= 1 + l -0= l
b P(AuBUC)=P(A)+P(B)+P(C)
1 L1 1 L1 1 47
"3°4°5 60
c Yes, because the probability of A, B or
C winning is not equal to 1.

Exercise 8F
1 U =A{HHH,HHT,HTH, THH,HTT,

THT,TTH,TTT}
a P(more heads than tails)
_ n({HHH,HHT ,HTH,THH}) 4 1

n(U) 8 2
b P(at least two heads consecutively)

_ N({HHH,HHT , THH}) _3

n(U) "8

¢ P(heads and tails alternately)

_N({HTH,THT}) _2 _1

n(U) "8 4
a
| i 2 | 3 4
1 1,1 1,2 1,3 1.4
2 2,1 2,2 2,3 2,4
3 31| 32|33 | 34
B 4,1 | 4,2 ' 4,3 | 4,4
b i P(red is higher than blue)
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_n({@1,2),(1,3),(1,4),(23),(2,4),(3,4)})

n(U)

_6_3
“16 8

il  P(difference between numbers is 1)

_n({,2),(2,3),(3,4),(2,1),(3,2),(4,3)})

n(u)

_6_3
“16 8

ili P(red is odd and blue is even)

_n{1,2),(1,4),3,2),3,4})
n(U)

_4.1
16 4
iv P(sum is prime)

_ n{,1),(1,2),(1,4),(2,1),(2,3),(3,2),(3,4),(41),(4,3)})

n(U)
-9
16
a
1 2 3
2 254 2,2 2,3
3 3,1 3,2 3.3
4 4,1 42 | 43
5 51 5,2 5,3
b i P(cards have same number)
_n{2,2),33)}) _2 _1

n(U) T12 6
it P(largest number is 3)

_ n({(2,3),(3,1),(3,2),(3,3)})
n(U)

_ 41
16 4

ili P(sum is less than 7)

({(2,1),(2,2),(2,3),(3,1),(3,2),(3,3),(4,1), (4,2),(5,1)})
n(U)
_9.3
12 4
iv P(product is at least 8)

_ n{@3,3),(4,2),(4,3),(5,2),(53)})
n(U)

-5
12
v P(at least one even number)

_n{@21),(2,2),(2,3),(3,2),(41),(4,2),(4,3),(5,2)})
n(u)

_8_2
“12 73

a P(at start after 2 rolls)

_n{,3),(24),31),(4,2),(5,6),(6,5),(5,5),(6,6)})
n(U)
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1 P(both purple) =

Worked solutions

_8.2
36 9
b P(2 meters from start after 2 rolls)
_n({(1,1),(2,2),(3,3),(443) _ 4 _1
n(U) 36 9

¢ To be more than 1 but less than 2 meters
away, he must go to a corner

P(between 1 and 2 meters after 2 rolls)

_n({(1,2),(2,1),(2,3),(3,2),(3,4),(4,3),(41),(1,4)})

n(v)
_8_2
36 9
Exercise 8G
1_1

uﬂl—‘

25

“5”
P(all 3 lik t
(all 3 like pasta) = ( ] 125
P(loses both) = (1 -0.75) x (1 -0.85)
=0.0375
a P(B)=P(AnB)+P(AuUB)-P(A)
=0+0.4-0.2=0.2
P(BAC) = P(B)+P(C)-P(BUC)
=0.2+0.3-0.34

=0.16
b Not independentas P(BNC)+0
1.5 5
P(head and not 6) = = x
(head and not 6) 26 =17

P(not hitting with 4 missiles)

9 6561

a P(E)=1-P(F)=1-0.6=0.4

b i Because

P(E)xP(F)=0.24=P(EnF)

il Because P(ENF)#0

c P(EUF)=P(E)+P(F)-P(EnF"
=P(E)+1-P(F)-(P(E)-P(E nF))
=0.4+1-0.6-0.4+0.24 =0.64

The only possible way to have a sum of 6

L . 2 ¥ 1
is if all dice show 2 (sum to 6) = (6) =57

P(AnB) =P(A)x P(B) = 0.9x0.3 = 0.27
P(AnB') = P(A) - P(A B)
=0.9-0.27=0.63

c P(AUB)=P(A)+P(B)-P(AnB)
=0.9+0.3-0.63=0.97




Exercise 8H
1 a n(both subjects)
= n(film) + n(theatre) — n(either)
=15+20-(27-4)=12
b i P(theatre and not film)

= P(theatre) — P(theatre and film)
20 12 8

27 27 27
il P(theatre or film)
= P(theatre) + P(film)
— P(theatre and film)
20 15 12 23

+
27 27 27 27
ili P(theatre| film)
_ P(theatre and film)

P(film)
12
_27_12_4
15 15 5
27

2 a P(even|not multiple of 4)

_ P(even and not multiple of 4)
- P(not multiple of 4)
n({2,6,14})

- 8 ==
" n({1,2,6,7,11,14,29}) 7
8

b P(15[>5)

_ P(less than 15 and greater than 5)
P(greater than 5)

n({6,7,11,14})

N

_ 8 _4_2
~'n({6,7,11,14,24,29y7) 6 3
8

c P(less than 5] less than 15)

_ P(less than 5 and less than 15)
P(less than 15)

n({1,2})

- 8 -
" n({1,2,6,7,11,14})
8

d Pl 10]5 ¢ 25)

_ P(1 < 15 and 5 « 25)
P(5 < 25)
n({6,7,11,14})

2_1
6 3

_ 8 -z
" n({6,7,11,14,24}) 5
8
3 a PV nnW)=0 because they are mutually

exclusive

b PV |W)=0 because they are mutually
exclusive

c PWVUW)=PV)+PW)-PV W)
=0.26+0.37-0=0.63
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Worked solutions

5 1
P(mal d left-handed) = — = —
a (male and le anded) 50 =10
b P(right-handed) = ﬂ
¢ P(right-handed | female)
11
_ P(right-handed and female) _ 59 _ 11
B P(female) 13713
50
P K) = PIUOK) _PDXPK) _ oy 3

P(K) — P(K)
P(two boys | one is a boy)

_ P(two boys and one is a boy)
P(one is a boy)

n({BB})
_ n({BB,BG,GB,GG}) _1

n({BB,BG,GB}) 3
n({BB, BG,GB,GG})

Exercise 81

12 11 10 11

1 a P(three picture cards) = — —

525150 1105

b P(two picture cards) = 3><E><E 40
52 51 50
132
1105

a P(two broken pens)—i 4 20 E
14 13 182 91

b P(at least one broken pen)
= P(one broken pen) + P(two broken pens)

9 5 10 55

=2x +—
14 13 91 91

¢ P(girl picks broken pen) = %
a P(male)=_—
(male) = 10

b P(one male and one female)

377
107915

a P(at least one answers correctly)

=2x

= P(one answers correctly)
+ P(both answer correctly)

5425+5555
7 9 7 9 7 9 63

b P(Luca correct | at least one correct)

5
P(Luca correct) 7 _9
P(at least one correct) 55 11
63

¢ P(lan correct | at least one correct)




_ P(Ian correct) _
P(at least one correct)

11

a‘ﬂ‘\o\m

d P(two correct | at least one correct)

5 5
P(two correct) 7 ) _5
" P(at least one correct) 55 11
63

Chapter review
1 a P(divisible by 5)
_ n({10,15,20,...85,90,95})
~ n({10,11,...,98,99})
_18_1
90 5
b  P(divisible by 3)
_ n({12,15,18,...93,96,99}) _30 _1
n({10,11,...,98,99}) 90 "3
c P(greater than 50)

n({51,52,53,...,98,99}) _ 49
n({10,11,...,98,99}) 90

d P(a square number)

_n({16,25,36,49,64,81}) _ 6 1
~ n({10,11,...,98,99}) 90
2
c D
3
. 11
From Venn diagram P(Cat and dog) = 30

3 a

/K\u

0.55 |l:I 15 0.05
\ &j /
0.25

From Venn diagram P(CnD'") =0.55
b P(CnD)=0.15

P(C)xP(D)=0.7x0.2=0.14
P(C nD) # P(C)x P(D)
Therefore C and D are not
independent events.

4 a P(AnB)=P(B)xP(A|B)
=0.2x0.1=0.02
b P(AUB)=P(A)+P(B)-P(An B)

Worked solutions

=0.6+0.2-0.02
=0.78

P(AUB)-P(ANB)
=0.78-0.02=0.76

P(A N B)
P(B|A) ="
(B A) P(A)
002 2 1
0. 60 30
6x
drama comedy

S

- reality

15+3+7+20+6x+2x+x =90

45+9x =90

9x =45

x=5

P(C nD)=P(D)xP(C | D)

=0.5x0.6 =0.3

Not mutually exclusive as P(CnD) =0
P(C)xP(D)=0.4x0.5=0.2

P(C nD) = P(C)xP(D)

Therefore C and D are not
independent events.

P(CuD)=P(C)+P(D)-P(CND)

~0.440.5-0.3
~0.6
P(C A D
P(D | C) = (P(g))
_03_3 475
4”32

P(properly) = %x 0.35+ % x0.55

=0.21+0.22=0.43

. , P(QJill ~Properly'
PQJill | Properly") = W

2
g><O.45 0.18

=2 _>"%_031
057 o057 °31e
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/
0.6
Car

Car

cle
01 /

0.6
Car
01

b i 0.3x0.3=0.09
ii 0.3x0.6=0.18
iii 0.3x0.3+0.6x0.6+0.1x0.1
=0.09+0.36 +0.01=0.46
0.7x0.7x0.7 =0.343
d 3x0.1°x0.6+3x0.3°x0.1
=0.018+0.027 = 0.045

6 3
9 ===
@ 1678
p 10_2
15 3
5 4 12 2
C — X — = =X == —
15 14 3 7 2
10
female P eating carrots
123 /\‘i
flg

\ \_\/’ /

Both female and eating carrots = 19.

a U
70
P(FNnC 19
b P(F\C):i(P(C) )=%
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11 a

13 a

14 a

Worked solutions

42 36
P(F)xP(C) = —=x=——
(F)P(C)=20"70
_34
175
# 19 P(FNC)
70
Therefore not independent.
L Al
6
3 1
2,40r6: === Al
872
. 3 1
Primes are 2,3,5: === (M1)A1
6 2
2 1
4 or5: M1)A1
rse=3 (M1)
Impossible: 0 Al
1 Al
36
6 _1 Al
36 6
1 Al
36
2% 1 = 1 Al
36 18
(1,6),(2,5),(3,4),(4.3),(52),(6,1)
or using a lattice diagram 5 _ l
36 6
(M1)A1
é since independent Al

P(RS U BS) = P(RS) + P(B5) - P(R5 ~ B5)

-1 +l——1 11 or using a lattice diagram
"6 6 36 36
(M1)A1
R - 2 1
Considering the list in (e) e°3

or using conditional probability formula

(M1)A1
Independent < P(F nR) = P(F)xP(R)
R1
1 1 1 )
— # —x = s0 not independent Al
6 # 3 X 7 i p

P(F UR) = P(F)+ P(R)— P(FAR) M1

11 1.5 Al
34 6 12
P(exactly one team)—i—l = (M1)A1
Y 12 6 4
Could also use a Venn diagram in (b) and (c)
P(FAR) 1
P([FmR]\F)=7( OR) 51 Al
P(F) 12




3
3 Tower hears reply 5

Ship hears 4

Tower does not hear reply

2
\ 5
Ship does not hear
1
4
A2
b 3 X 3 = 2 M1A1l
4 5 20
C 2 = 11 M1A1
20 20

d  P(shipnot hear tower has noreply)

_ P(ship not hear n tower has noreply)

P (tower has noreply)
1
S =X M1A1
% 1

e P(AnB)=0 so events are mutually

exclusive. R1A1
3
15a 30><§=18 (M1)A1
2
b 50><§:20 (M1)A1

c T><§=30:>T=50 (M1)A1

16 a Let x be the number speaking both English
and French. (60 - x)+ x + (40 - x) +10 = 100

=110-x=100= x =10 (M1)A1
b
E F
10
A3 (Al shape A2 numbers)
c 50 _1 Al
100 2
90 _9 Al
100 1
i 20 _2 AL
100 5
P(EnF
d pefp)=PIECF) 10 1 M1A1
P(F) 0 4

4
e 1If independent then P(E|F)=P(E) R1

Worked solutions

% * % so not independent
17 a
catch 20%
injected 30%

not Injected 70%

A4 (A2 layout A2 numbers)

b 70 90 63
A A L
100 100 100
30 80 6
C —X——=——
100 100 25
d 30 20 70 90 69
—X——t — X T—— = ——
100 100 100 100 100
P(I'nC) & 21
e P(IC)=—t=10_22
(rie) P(C) ~ & 23
P(INC) 2 24
f pP(IlC)z=—— L =100 _<="
e)-"ay - -0
18 a

not catch 80%

catch 90%

not catch 10%

Rowing Kayaking
40

A

(60)

Al

Al

Al

M1A1

M1A1

M1A1

A4 (A1l shape, A3, 7 numbers, A2, 4 numbers,

Al 2 numbers)

b 200-140=60 (M1)A1
30 3 AL
200 20
122 _ 61 AL
200 100
i o2 .23 A1
200 50
o182 11859 (MDAL
200 200 100
d %:% or by using the formula A2
. 5 4 5
19 —X—=— M1)A1l
al 87714 (M1)
ii RGor GR
5,3,3,5_15 (M1)A1
8 7 8 7 8
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20 a

b

2,3_25 (M1)A1
8°8 64
ii RGorGR
5,3,3,5_15 (M1)A1
8°8'8°8 32
i P(A@):flﬂi!ﬂ
P(B)
:0.4=W: P(AnB)=0.2
M1A1
i P(A)=P(ANB)+P(ANB)
-0.2+0.4=-0.6 M1A1
iii P(AUB)=P(A)+P(B)-P(AnB)
-0.6+0.5-0.2=0.9 M1A1
iv P@45j=5155332=9ff:0ﬁ
P(B) 05
M1A1
P(A\B) # P(A B') so not independent
R1AL
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Worked solutions

Representing equivalent quantities: exponentials
and logarithms

Skills Check 6 (3 rs3)3 3B .3 (53)3
1 a 2°=2x2x2x2x2=32
b 103 =10 x 10 x 10 = 1000 =27r’-s
L 1 =27r3s°
€ 3) 7F 243 syz5) () ()
7 (22 - (2 (<) ()
d (ET:z:lZ_S — 8. x*3.y3. 753
6 6° 216 — _8x12y3715
3= _
2 a 2°=8,x=3 X2yS ., X128
b 10% = 10000, x = 4 8 (Xsys) Cs F)
. C 4*=456,x =4 _ rsysey
y — (X7y2)2
. 7 _A — X7»2y2»2
| 6 :x“y“
| & (5x)*(5y°) 5% x25y3
5 9 _
| o 5xX°y*yY Byt
N _ 125%°
125X3~3y4-3
2— x2y3
1 = X9y12
2 3
o > X Xy
2 1 10/ ] ol
- = x93
<2— —x7.y°
Exercise 9A 1
1 8°.8.a =a3.4 =x7_y9
= 38 - a7 1 9X3(y3)3 - 9X3y3-3
— a8+7 _81(X—2)4y11 - _81X—2-4y11
:a15 39
_ 9x°y
2 2xX°y? 7x%8 =2.7-x3 . x* . y?.y8 —81x 8yt
=14 . x3**. y2+5 _ _1X3—(—8)y9—11
=14x"y® °
_ _lxny-z
3 4ab*.0.58°c=4-0.5-a-a°-b*-c T 9
=2.a"%.p%.c x*
=2a’b’c %
a 8m° 8 o5 5. m? 11The area of a square of length / is /> .
am® 4 =<e-m Therefore the area of a square with side
2 H 2 2
5 6USV2 :E-u5‘3v2‘3 length 3x°y is (3x°y)" .
9u3v3 9 (3X2y)2 _ 3Z(X2)2y2
— g . u2 . V’1 = 9X2»2y2
= 4.,2
3 =9x"y
3v
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12The area of a rectangle with width w and

length / is w-/. Then the area of this
rectangle is

5a 4.5 1
432 - . 3+1. 2__
a’b TS > a b I

=10-a*-p*3
=10-a*-b*
a4
=10—
b

Exercise 9B

1
1a 72=37=47

=32y =322
-6y = %6
= {2y =42°
e 57 -(52) =3By =357 - \/g

f3x)7 - [(3x)%]*3 -x

=397 RIE% (3x)3

3 1
b 25=(25)

3 1
c 62 =(62)

5 1
d 2¢=(24)

g 3x7 =3(x2)’3=3\/; =3¥x3
_3lt 3
X Ix
3 1) 3
2 a 10 =[102 - 102
1\6 6
b 5a6_(§/5)6:(a5] :ag
1
c J3m7=(%)7—<m5)’—
1 -1
d —=\/§ =[(5x)2]" = (5x)2
N =[( )] (5x)
1 -1 -1 -5
e =3@d)° =((2d))* =(2d)*
j@dy
1
f 3J/x =3x2
g -3k o300yt 3x2
= - _
Exercise 9C
1 a 2=16=2*=x=4

b 10 =1000000=10° = x =6
c 2'=64=2°=x+1=6=>x=5
d 3>1=27=3=2x-1=3

=>2X=4=>x=2

Worked solutions

e 3*=1=3"=21-2x=0
1
=>2x=1=>x==
2

f 3.
g 4x+2:i:i:2—6

64 2°
4 =72
(22)x+2
2x+4=-6
X =-5

h 43-=9"
1

34 = 3%

1

4

X =

— 22(X+2)

— (32))( — 32x

=2X
1

8

1

i (2 =25=%
)

(571))( — 5—x
5—)( _ 52
X =-2

2¥=48=3.16=3-2"=>x=4

— 22X+4 — 2—6

1o 3 3
i 2":2\/5:2-22=22:22:x:5

2 a 2x+3 _ 4x—2 _ (22))(—2 _ 22(x—2)
X+3=2(x-2)=2x-4
x=7
b 5 5x 4 (52))( 4 52()(74)
X-3=2(x-4)=2x-8
x=5
C 62x—6 — 363x74 _ (62)3)(74 — 62(3x—4)
2x-6=2(3x-4)=6x-8
2=4x
1
X = —
2
d 95x+2 — (l)ll—x — (3—1)11—x — 3x—11
3
95x+2 — (32)5x+2 — 32(5x+2)

25x+2)=x-11
10x+4=x-11
9x =-15

-5

X=—
3

Exercise 9D

1 a y = 10" has exponential

10>0 and 10 #1

© Oxford University Press 2019

growth as




b y =6 has exponential decay as
6 >0, 6 #1and the coefficient of
X is negative.

cC y-= (g)x has exponential decay as

3

=<1
5

d y = (0.45)" has exponential decay as
0.45<1

e y =(1.5)" has exponential growth as
1.5>1

2 f(0)=h(0)=1 So f and h are either
A orD.
h has exponential decay so it must be

line A.
Thus f is line D.
g(0)=2
. 1
0)=22==
J(0) 2

Thus g is C, j is E and finally j is B.
3 ai

y
| (1.7
___——T10)5)
f T T T T T T T T > X
ii y=4 ili xej,y>4
b i
¥

(-3,5) 1
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Worked solutions

c i
yil
"""""""""" lony T
R
i y=2 il xej,y<2

t
4 H=(6522+25

a
t=0=H=65-2°+25=65+25=90°C

3
b t=3=>H=65.-22+25=48C
c H<40

t
65.-22+25<40

t
65-22<15
t
zfiggzi
65 13
t
z_fsl
4
t
22<2?
Lo
2
t>4

d 25°C is the temperature of the room
as that is the only constant in the
equation.

a y =30(0.9)"

x=0

y =30(0.9)° =30

The value of a new car is $30 000.
b x=3

y =30(0.9)°

y =21.87

The value of a 3 year old car is
$21 870.

c y =30(0.9) = % =15

5 1
30 2

Using GDC we find x = 6.58.
a P=4001.5)

t=0

P =40(1.5)° = 40

There were initially 40 squirrels.

(0.9)* =




b t=2
P =40(1.5)* =90
c P=40(1.5) =200
200
1.5 =—"-=5
(1.5) 40
Using GDC we find x = 3.97.

a A= %(2)’%

A, =100
t =1000

1000

A =100(2) 5730
A=288.6
b Use GDC to sketch the graph.

t

i A=100(2)53% =75
7.3

100 4

That gives t = 2378 years.

t
i A=100(2) 5% = % _ 50

t
2 5730 —

From the graph t = 5730 years.

Exercise 9E

1

b e’ =7.389
d 3e=8.155

a e=2.718
c e?=0.135

e §=1.359 f 5/e=8.244

4e -5=5.873
y=f(x)=1*=1 is a line.

b The graph of h(x)is between the
graphs of g(x)and i(x). They are all
exponential graphs.

The transformation that maps f(x) onto

g(x)is a reflection in the y —axis.

a t=0
G(0) = 4500e°3° = 4500e° = 4500cm’®

b t=10
G(10) = 4500e°*'° = 4500¢€°
=90400 cm? (3 s.f.)

PV =5000

r=0.05

t=6

FV =5000-¢e%%*% = 5000e"° = $6749

a The population a=7 billion was
growing at a rate of r=1.1% so the
exponential growth formula gives

© Oxford University Press 2019

Worked solutions

y = 7(1+0.011) billion.
b t-2025-2011-14
y = 7(1+0.011)* = 8.16 billion.
c y=7(1+0.011) =10
(1+0.011) :%

From the graph t =32.6 so in the
year 2043.
The value of a car decreases by 15%

every year. Tatiana buys a new car for
$25 000.

Use the formula for exponential decay
witha = $25000and r = 0.15.

a y =25000(1-0.15)" in thousands
of dollars

b t=3
y = 25000(1 - 0.15)°
=25000(0.85)® = $15400

c y=10000

¢ _ 10000 _ 2
(0.85)° = 25000 5

¥
A Thousand of dollars

25
\ fx) 4 25 - 085"

20 \

15 =

y=1 (5.64./10)

10

5
Years|

s

o 2 4 [ E 1D

From the graph t = 5.64 years.

Exercise 9F
1 a The graph ofg(x) is a vertical

translation of 4 units up

b The graph of h(x) is a horizontal
translation of 3 units right.

c The graph of i(x) is a vertical stretch
of scale factor 2.

a

¥
A
15

1 =
0a

] - =
{' 2 4 & ¥ 10 1P
054

-15




Worked solutions

b c 10" =25=10g25 = x

YA ) )
15 d 32 ! oal
9 =109, 9

3 2
” 1'\51 e 273:9:>Iogz79:§

PO . N L B O 3 a log 17 <1

— 7X :70
-15 ‘-0
c log,1=0

"4 b log,1=8"=1
3-((_' | 8x:80
S [ x=0
1 ' [ logg1=0
(0.001,0)

T2 3 41 c log,1=9" =1
| | 9* =9°

d x=0
A log,1=0

[ R Y

= d log,1=

x¥ =1

x’ = x°

1,0 = y=0
o lon 1=0

N

-~

i

4 a log,3=3"=3

Ha

3 3X:31
x=1
log;3=1
b log,4=>4"=4
4x = 4t
' x=1
[(1.98 — b . (X)=F}J > X log,4=1
3/-2 - 2
P _-10_5 1 3 4 ¢ log,5=5 =5
g () =log,, (x|+3)
R 5 = 5t
x =-1.98, 2.72 =1
log;5=1
Exercise 9G d l0g, x -
1 a log,g=r=p"=q
X’ =x
° |0935=r:3r=5 x¥ = xt
c log,g=6=7°=q y=1
d log,5=3=p>=5 log, x =1
e logll=x=10"=11 5 a log;9=>3"=9
X _ 22
2 a rr=t=logt=s 3 —;
X =
2 = —
b 8°=64=1log,64=2 08,9 - 2
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b log,32=2"=32
2x — 25
X =5
log,32 =5
¢ log 125 = 5" =125
5x :53
Xx=3
log;125 =3
d log, 256 = 4 =256
4 =4*
X =4
log, 256 = 4
e log,.5=

257 =5
1

25% =252

X =

N|= N[ =

log,. 5 =

f log 2 =
8 =2

1
log; — =-3
%37

Exercise 9H
1 a log3+log5=1log3-5=1Iogl5

b logl6-log2 = Iog%:logs
c 3log5=1Ilog5® =log125

d 3log4-4log3 =log4® —log3*
=log64 -log81

=log—
g81

e logx +logl=Ilogx-1=logx

f

Worked solutions

log236 —logl = Iog% =1log236

5log2 +2log5 = log2® + log5®

=1og32 +l0og25 =1og32 x 25
=10g800

h

log128 - 6log2 =log128 - log2°

=log128 -log64

=log—/——

64

=log2

log2 +log3 +log4 =log2-3+log4

=log6 +log4
=log6-4
=log24

j

log12 - 2log2 +log3 =log12 -log2* +log3
=logl2 -log4 +log3

12
=log— +log3
94+ g

=log3 +log3
=log3-3
=log9

k

5log2 + 4log3 =log2’ +log3*

=log32 +log81
=log32-81
=10g2592

log6 + 3log3 -log2 =log6 +log3* —log2
=log6 +log27 -log2

=log6-27 —-log2
=1log162 -log2
—Iogl62
2
=log81
Exercise 91
1 a logl8=1log3:6
=log3+log6
=X+y
6
b log2=log—-
og 093
=log6 -log3
=y—X
c log9 =log3?
=2log3
=2X
d log27 =log3®
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Worked solutions

=3log3 =log,5* - 4
=3x = IOgs 52 + |095 4
log36 = log6? =2log;5+n
- 2l0g6 =2+n
=2y 3 x=log, A
Ioglzlogl—logz y =log, B
2 z=log,C
_ 6 A A
=0- Iog§ Iogz(BC3 )= 4|092(B—C3)
= —(log6 —log3) = 4(log, A -log,(BC?))
=~y -x) = 4(x - (log, B +log, C?))
=X-y

log; 28 =log; 7 -4

=4(x - (y +3log, C))
=4(x -y -32)

=log, 7 +log, 4 4 log,P =x,log,Q=y
—mn a log, P’Q =log, P> +log, Q
7
|OgsZ:|Ogs7_|0954 =3log; P +y
—mon =3x+y
log, 49 = log; 7* b Iogag =log, VP ~log, Q
=2log, 7 L
-2m =log, P2 -log, Q
_ 3
log, 64 = log, 4 :%|Og3p_|og3Q
=3log, 4 1
=3n =Xy
Iogs%9 = log, 49 - log, 4 5 a logx -log(x -5)=logM
=log, 7* - log, 4 IogX_5=IogM
=2log,7 -log. 4 X
=2m-n X=5
7 b logx-log(x-5)=1
log; — =log, 7 —log, 16
976 =109 9s =log10
2
=m-log; 4 log =1og10
=m-2log; 4 X=>
=m-2n —X__10
, x-5
log;112 =log. 7 - 4 x =10(x -5)
=log, 7 +log, 4° =10x-50
=log, 7 + 2log, 4 >0 = 9x
=m+2n X :%
logs7 _m
log.4 n .
Exercise 9]

log; 49 _log; 72 _ 2log;7 _2m
log.64 log,4* 3log.4 3n

log; 100 = log; 25 -4

1 a Ine=3lne=3
b Ine*=4lne=4
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1
c InJe =Ine? =%Ine =

1
d InYe =Ine? :%Ine =

Wl N+

e In%:lnl—lne:O—Ine:O—l:—l

f Iné:lnl—lneZ:O—
2 a =2

b e =3

C elnx =X

d e2|n4 _ e|n42 - 4% - 16

e e3|nx elnx3 _ X3

foem-eh-1

3

3 a Inx=27
x =€’ =14.9
b In(x+1)=1.86

x+1=e"%

x=e"%-1=5.42

X

4 exlna — eIna — ax

Exercise 9K

1 a log,;8=1.89 b
c log;8=1.29
e Iogl——0712 f
74— '
2 p=log; A
g =log, B
log,B g
log,B=—3—=-=1
9a log;, A p
log. 6 s
3 a log,6=—3—==
% log,3 r
log,. 3 r
b log.3=—"2=-—
% log,6 s

c
log, 36 =log, 6 = 2log, 6

log, 54

d log,54 =
% log, 3

2lne =-2

log, 24 =1.77

d" log, 30 =3.10

3

log, = =-0.737
%
_olog, 6 _,s
log, 3 r
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Worked solutions

_log,(6-9)
- r
_log, 6 +log, 3

r
_ S+2log, 3
- r
_S+2r
or
log, 6 s s S
e log,6=—3—= = ==
% log,9 log,3* 2log,3 2r
f log,18 - Iloogx 168 _ Io:_:jx(6~3)
9, 0g, 6
_log,6+l0g,3 s+r
log, 6 r
log 6
g log 5_log,2 "3
7 log,3 log,3
_log,6-log,3 s-r
log, 3 r
I
4 Iogxyzlogyy -1
og, x log, x
5 In10-10910_ 1
loge loge

6 “"Show that” is to use nhumbers to
demonstrate a certain property and that it
works for the numbers that you are using.
To prove it to use variables to prove that
the system works for all numbers.

Exercise 9L
1 a 2=5
log2* =log5
xlog2 =log5
_ log5
log2
x =2.32
b 3*=17
log3* =logl7
xlog3 =logl7
=Iogl7
log3
x =2.58
c 9°=49
log9* =log49
xlog9 =10g49
X = log49
log9
x =1.77




3 =69
log3* =log69
xlog3 =1og69
X = log69
log3
x =3.85

16* =67
log16* =log67
xlogl6 =log67
X = log67
logl6
x =1.52
12* =5
log12* =log5
xlogl2 =log5
X - log5
logl2
x =0.65
7 =4
log7* =log4
xlog7 =log4
X = log4
log7
x =0.712
197 =2
log19* =log2
xlog19 =log2
X - log2
log19
x =0.235
e =5
loge* =log5
xloge =log5
X = log5
loge
x=1.61
e* =10
loge* =log10
xloge =1

-1
loge
x =2.30

Worked solutions

2 a 2 =9
log2** =log9
(4x)log2 =1og9
_ log9
4log?2
x =0.792
b 6*=4
log6®* =log4
(3x)log6 =log4
_ log4
3log6
x =0.258
1
c 52 =79

Ly
log52 =1log79
%xlogs =log79
X = 2log79

log5
x =5.43

d 2© =15
log2**! =log15
(x +1)log2 =log15

+1:|09j

log2
X=I0915_1

log2

x =2.91

e 62=4

log6*2 =log4

(x-2)log6 =log4

X_2=|OL4

log6
x:loi4+2

log6

xX=2.77

f e'-4=6
et =10
loge*! =log10
(x-1)loge =1

1o

loge
x=1+L
loge

x =3.30
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232 =53

log2®~? =log53
(3x -2)log2 =1log53
log53

3x-2=
log2

3x=2+

1
==(2
X 3(+

X =2.58
42x+1 — 10

log4**** =log10

(2x +1)log4 =1
2x +1= .
log4

2x 1

N R S

2 'log4

x =0.330

118 -11 =48

1178 =59

log11*® = log59
(x —8)logll =1log59
8- log59
logl1l

X =8+

x =9.70
9*10 1 22 =100
9X+10 _ 78

log9**° = log78
(x +10)log9 =1log78

x+10:Iogj
log9
_log78
log9
x =-8.02
6x2* =14
14
6
14
log2* =log—
g 9 6
14
xlog2 =log—
g g 6
IogE
_ 6
log2
x=1.22

log53
log2
log53
log2

=——-1
log4

log59
logll

Worked solutions

b 4x6* =16
_16 _
="
log6® =log4
3xlog6 =log4
X = log4
3log6
x =0.258
C 3x4e** +1=4

3x4e* ¥ =

6 4

d 10-2e"° =3
2e7x+5 _ 7
e7x+5 _ Z
2
7
loge™* =log=
9 9 >

(7x +5)loge = Iog%

Iogz
2

loge

7X +5=
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2x—1 — 3x+1

log2*™* = log3***
(x-1)log2 =(x +1)log3
xlog2 -log2 = xlog3 +1log3
x(log2 -log3) =log3 +log2
_log3+log2
~log2 -log3
X=-4.42
32)(—1 — 5x
log3**™* =log5”
(2x -1)log3 = xlog5
2xlog3-log3 = xlog5
x(2log3 -log5) =log3
3 log3
~ 2log3-log5
x =1.87

43x+1 — 61—2)(

|Og 43X+1 — |Og 61—2)(
(3x +1)log4 = (1 -2x)log6
3xlog4 +log4 =log6 — 2xlog6
x(3log4 + 2log6) =log6 —log4
log6 —-log4

B 3log4 +2log6

x =0.0524
ex+1 =5x—2
loge** =log5*?
(x +1)loge = (x —2)log5
xloge +loge = xlog5 - 2log5
Xx(loge —log5) = —-loge - 2log5
X = -loge - 2log5
loge —log5
X =6.92
3In2+In3=In2°+In3
=In8+In3=1In(8-3) =In24
6In2-In4 =-Inx

In2° -In4 = -Inx

26
In— =-Inx
4
64
In—=-Inx
In16 = -Inx
Inx =-In16
X:efln16
1
X =—
16
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Worked solutions

e’ -5e*+4=0

e —4e*-e*+4=0
e"(e*-4)-(e"-4)=0

(e -4)(e*-1)=0

Hence e =4 ore* =1. Thus
e =4

loge* =log4

xloge =log4

x::g%:zln4

or

e =1

loge* =logl

xloge =0

x =0.

Hence x =0,In4.

e -2e*-3=0

e” -3e*+e*-3=0
e’ (e*-3)+(e*-3)=0
(e*-3)(e*+1)=0

Therefore, e -3=00r e +1=0.
Hence

e*-3=0
e*=3
Ine* =In3
xIn3=1In3
x=1In3

Or e +1 =0 which has no real
solutions. Therefore x =In3.

e +4e* -12=0

e +6e* -2e** -12=0

e>*(e*™ +6)-2(e* +6)=0

(e +6)(e¥* -2) =0

Hence either e +6 =0 or e -2=0.

e* +6 =0 has no real solutions thus it
remains e** —2 = 0 which gives

e -2=0
e =2
Ine* =In2
2xlne =In2
2x =In2
In2
X =—.
2




t =0 = h(0) =10(1.075)<°
=10(1.075)° =10 cm

h(4) =12

h(4) = 10(1.075)** = 10(1.075)*

12 = 10(1.075)*

12
1.075)% ==
( > =10

12
log(1.075)* =log==
g( ) 970

12
4klog(1.075) =log=—=
g( ) 970

IogE
_1 10
4 10g(1.075)

k =0.630
h(t) = 2 - h(0) = 20

20 =10(1.075)"% = 10(1.075)"%63%°
(1.075)t‘~0.630 — Q _ 2
10

log(1.075)"%%° = Jog2
t-0.630l0g(1.075) =log2

B log2

~ 0.63010g(1.075)
t=0
= P(0) = 20000(0.9)*° + 1000
=20000(0.9)° +1000
=20000+1000 =21000
P(3) =16000

P(3) = 20000(0.9)* +1000 = 16000
20000(0.9)* = 15000

(0.9y% = 12000 _ 55

20000

log(0.9)* =10g0.75

3klog(0.9) =10g0.75

=15.2

Kk =1090-75 _ 919
3log0.9
P(t) = 5000

20000(0.9)“°°*° + 1000 = 5000
20000(0.9)"°°* = 4000
(0.9)t~0.910 _ 4000 _ 0 2
20000
log(0.9)"%%*° = 0g0.2
0.910tlog0.9 =log0.2
log0.2

~ 0.91010g0.9
t=0
= W(0) = 84 —10In(0 + 1)
-84-10In1
-84-10.0=84

16.8

Worked solutions

b t=10
= W(10) = 84 -10In(10 + 1)
=84-10In11 =60
100 _
2
84 -10In(t +1) = 50
10In(t +1) = 84— 50 = 34
34
In(t+1) - 72
t+1=¢*
t:e3.4_1
t=29
9 a t=100

c W(t)= 50

100

= A(100) = A,(0.5)25000

1
=500(0.5)%° =499

t
b A(t) = 500(0.5)2°% =100

100 1
500 5

¢
(0.525000 —

t
log0.5250% —|og0.2
t
25000
~250001l0g0.2
~ log0.5
t - 58048

10 2¥ = 3e*

In2* = In3e*
xIn2=In3 +Ine*
xIn2=In3+4xlIne
xIn2=In3+4x
x(In2-4)=1In3
_In3
In2-4

log0.5 =10g0.2

Exercise 9M
1 a (7e)'=7¢e*
1 1
b __ex |:__ex
(4 ) 4
c (9Inx)':91=2
X X

d (zlnx)'=Z

X

1 5 1

e (In5x)'=—0bBXx)'=—==

(In5x) 5X(X) 5x x
£ (nexy -0 _6 _1
6 6x X
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(n7x) =X _ 7 _1
7x 77X X
(e™)' = e™(2x)" = 2>
(e™)' = e¥(4x)' = 4e*
(€)' = e”(5x)" = 5e>
(5Inx —2e¥)' :E—zex
%
1 1
(x*-e? +lnx)'=2x-e? (_1)+l
2" X
1

1 L
=2x+=-e? +—
2 X

(4-1n9x + e + x3)"
09",

e*(-5x)"'+ 3x?

(In7x +In7 + ™ - 7x)"

29 ex7xy-7
7x

_Lige 7
X

(e -5Inx +6e*)' = —E+ 6e*(4x)"
X

_ -2 24e™
X

3y Xy 3 2 X

e (€X7) e*x® +3x‘e

(In(ex)' =2 = X 2=
X e’ x

X+3 3
= =1+_
X X

x2+1.., xX*-x,x*+1
(In—N'=— 3
X —X X +1 x°—-x

)

X —x (xX*+1)'(xX* - x)-(x* +1)(xX° - x)'

x*+1 (x® - x)?

1 2x(x*-x)-(x*+1)(3x* -1)
x> +1 X3 -x

1 2x*-2x*-3x*+x*-3x*+1
x?+1 X3 -x

1 —x*-4x*+1

x*+1  x*-x
—x*—4x* +1

(1) (X - x)

2x(x3 - x) - (x> +1)(3x* - 1)

(x> +1)(x*-x)
2x  3x*-1

x*+1 x*-x

© Oxford University Press 2019

Worked solutions

(€)' = e (2x)' = e (2-3x?)
= 6x%e*

() = e ((4x° +5))"
= ™" (2(4x° + 5)(4 - 3x?))

= 24x%(4x° + 5)e!*

sy (3x°)'_15x* 5x* 5
(In(G3x7))" = 3x°>  3x°  x°  x

((Inx)*)" = 3(Inx(Inx)" = %(Inx)z

1 42X

(xe*)' = x'e* + x(e*)'

=e™ +2xe™ = (1+2x)e¥

(2X3ef3)()l _ 2(X3)le—3x + 2X3(ef3X)|
= 6x%e* +2x3(-3x)'e>¥

— 6XZe—3x _ 6X3e—3x

= 6x*(1-x)e™*

((XZ + 1)e3X)l

= (x* +1)'e” +(x* +1)(e¥)"
=2xe™ + 3(x* +1)e**

(Xeax2+1)|

_ eax2+1 + Xeax2+1(aX2 + 1)!

— eax2+1 + 2ax2eax2+1

(xInx)'=x"'Inx + x(Inx)'
1
=Inx+x==Inx+1
X

(x3Inx)" = (x*)'Inx + x3(Inx)"
3

- 3x2Inx + X
X

=3x%Inx + x*

= x*(3Inx +1)

(x*In(2x +3))"

=(x)'In(2x + 3) + x*(In(2x + 3))"

> (2x +3)'
2x+3

2

=2xIn(2x +3) + x

2x
2x +3
3x B (e3X)|X2_eBX(X2)|

e [
(7) - X4

- 2xIn(2x +3) +

3e”x? —2xe*  3xe™ -2e*
x* - X3
_e™(3x-2)

X3

m [ 2e¥ j _(e™)'(1-e)-2e*(1-e")

1-¢ 1-ey




_ 8e™(1-e*)+2e™e*  2e*™(4-3e¥)

(1-evy (1-evy
e +1,,
"7
(e +1)'(e¥-1)-(e¥ +1)(e* -1)'
B (e* -1y
_e’(e*-1)-e*(e* +1)
B (e* -1y
_eZX_ex_eZX_ex
B (e* -1y
. —2e"
(e -1y
X . x'Inx-x(Inx)" Inx-1
° ) = nxE " (nx)

p (2—Inx), _ (2—Inx)'x—2(2—lnx)x‘

X X

1
_—;x—2+lnx  34inx

X2

XZ

q (1+I2nx),:(1+lnx)'x —§1+Inx)(x )!
X X

L _ox+Inx)
X

4

X
x -2x(1+Inx)
R E—
1-2(1+Inx)
B

4 A turning point has the first derivative
equalto 0.

y=Inx-x
y'=t-1
X

Y'(X)=0<:>%—1=0<:>x:1

y(1)=-1
Therefore (1,-1)is a turning point. To

check if it is @ maximum or minimum we
need the second derivative.

y":(l—l)':_iz<0. Hence (1,-1) isa
X X

maximum.

5 f(x)=2e¥
f'(x) = (2e*)' = 2e¥(2x)" = 4e**
f(0)=2e*° =2
f'(0) =4e** =4
Equation of the tangent at the point (0,2)
is:

© Oxford University Press 2019

Worked solutions

y-2=4(x-0)
y —-2=4x
y=4x+2

y =Inx

y(1)=0
1

y'=_
X

y')=1

The gradient at the point (1,0) is 1.
Hence the equation of the tangent at the
point (1,0) is:

y-0=1(x-1)=x-1

y=x-1

The product of the tangent and the

normal is —1. Thus the gradient of the
normal at (1,0)is -1 Therefore the

equation of the normal at the point (1,0)
is:

y-0=-1(x-1)

y=-x+1

The point where x = 6is f(6)=e™® +4.
f'(x)=(e™*+4)' =-€e~

f'(6)=-e*

Hence we get that the value of the
gradient of the tangent of f(x)at

(6,€° +4)is —e®.

f(x)=x*+Inx
f‘(x)=2x+l
X

f‘(x)=3@2x+%=3©

2x* +1=3x

2x*-3x+1=0

2(x*-x)-x+1=0

2x(x-1)-(x-1)=0

(x-1)(2x-1)=0

(x-1)2x-1)=0

Hence the values for which the derivative

is 3are x =1and x:%.

The y -coordinates are:

f(1)=1+In1=1 and

f(l) :l+lnl = l—In2. Thus the points
2" 4 2 4

11
are (1,1)and (=,=-1n2).
(1,1) (2 7 )




9 f(x)=In(e*+e™)
(e"+e™) (e*-e™)
(e +e™) (e¥+e™)
f'(x)=0.6
(e —e™) _
(e +e™)
e“-e*=0.6(e"+e™)
0.4e* -1.6e* =0
0.4 -1.6=0

1.

e2x :_6:4
0.4

Ine** =In4
2xIne =1n2?
2x =2In2

X =1In2

F(x) =

0.6

F(In2) = In(e™ + e ™) = In(2 + %) _

Thus the point is (In 2,Ing).

10 f(x) = xe* - e*

f'(x)=¢e"+xe* —e* = xe*

The gradient of the tangent at x =1is
f'(1) = e while the gradient of the normal

is —l. Hence the equation of the tangent
e

is:

y-0=e(x-1)
y=e(x-1)=ex-e.

The equation of the normal is:

Chapter review

1 a log,16=4=2=16
b log,125=3 =5 =125
c log,81=2=9"=81
d log,144 =2 = 12° = 144

o

log10000 = 4 = 10* = 10000
2 a 3*=81=l0g,81=4
15? = 225 = log,, 225 = 2

-3

0

: 1
812 =93I09819=5
a“*=c=log,c=14

e*=x=Ilnhx=4

227 =16

O 0 Q

Worked solutions

22x—2 _ 24

2x-2=4

2x =6

X =3

93x—1 — i
27

32(3x—1) — 3—3

2(3x-1)=-3

6x-2=-3

6x =-1

1

X=-=
6

327 =243
32—x — 35
2-x=5
X =-3
1

41—2x - =
64

41—2)( :4—3
1-2x=-3

2x =4

X =2
15log6x = -15

logbx = -15 -1
15

=33

1
logbx =log—
g %70

1
" 10
1
" 60
log(-7x) =3

log(-7x) =log10?
-7x =1000
-1000
X =
7
3logl10x = -6
logl0x = -2
log10x =log102
1

10x = —
100

1
X=—_
1000

—log4x = -2

6x

X

logdx =2
log4x =log10?
4x =100
x =25
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T 9

9 QO = 0 Qa o0

log, 25 =log, 5 = 2

log,128 =log, 2" =

log,; 21 =1

log,a=1

logg1 =log,6° =0

3Iog3(79) _ 79

Ine*® =19

eIn7 =7

2 =17

x =log,17 =4.09

66X+3 — 19

6x +3 =log, 19
X log,19-3

6
x =-0.226

2x12¥ =11
123x =E

2

log123* = Ioglz—1

3xlogl2 = Iogl?1

6x8> =18
8 =3
log8=>* =log3
-5xlog8 =log3
—-log3
x= 5I038
x =-0.106
ex+5 — 13
loge** =log13
(x +5)loge =logl3

X +5 =|OQ£
loge
X = logl3
loge
X =-2.44
266X+8 — 10

7
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Worked solutions

e6X+8 _ 5
loge®**® = log5
(6x +8)loge =log5
6x+8 = log>
loge
log5
x = loge
6
x =-1.07
4% _3 =30
4e6x+9 — 33
e6x+9 _ 2
4
33
loge®**® = log—
g 9 2

(6x +9)loge = Iog?

Iogﬁ
[ e o
« = _loge
6
x =-1.15
54> 16
44 =21
e—Sx—4 — E
4
21

loge™** =log==
g g 2

(-5x —4)loge = Iog%

x=-1.13
log3+log4 =log3-4 =logl2

logl5-log5 = Iog% =log3

2

2logx -5logy =logx? —logy® = Iog%

8log; x +2log, y =log, x* +log, y*
=log, x®y?

1 1 1 1
Inx+=Iny +In=z=Inx+Iny2 +In=z
2 2 2

=Inx\/7%z




f 4Inx-3lny-2Inz=Inx*-Iny®-Inz?
4
=Ny
8 a Inab=Ilna+lnb=p+q
b Ina®=3lna=3p

¢ Ina*b®*=Ina®>+Inb®> =2Ina+3Inb

=2p+39g
b5
d In?:Ian—lna4:5Inb—4lna
~5q-4p
9 a log,17-'0917 _5 58
log3
b log,0.5=1995_ 43
log5
¢ log,200 = 129200 _5 55
log8
101.02, 5.65
11a
y
A
5]
4_
3_
g
2_
n f
) T T T T T T T I‘-X
-2-110/1 3 4 5 6 T 8
2
34
44
g
b x=0

c Vertical stretch of scale factor 5 and a
vertical translation of 2 units down.

12a

>
I
N

/
x

\/
>

T T T T
4B 2 4% /1\N?2 3 4 5 s
_1_ :

1
2 !
|
- P
4 -
b x=2
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Worked solutions

c A reflection in the y-axis and a
horizontal translation of 2 units to the

right.
d x=1
13 f(x) =2¥
g(x)=-(27) -2
14 f(x) =Inx

g(x) = 3In(x +5)
15a (8e* +7Inx)' = 8¢~ +%
b (e3X)I — (3X)|e3x — 3e3x
C (xInx—x)':Inx+£—1
X

=lnx+1-1=Inx

d (66X2+5X)l — er2+SX(6X2 + 5X)l
= (12x + 5)e* ™

5 . (xX*+8)'  2x
e (I +8) = ars) "8

9e* + 1),
2e* +1
_(9e* +1)'(2e* +1) - (9e* +1)(2e* +1)'
- (2 +1)?
_ 9e*2e* +9e* - 9e*2e* - 2e*
(2e* +1)?

f(

7€
(2e* +1)

(In '—3x—2)‘: J3x-2' _ (Bx-2)'
V3x -2  2(/3x-2)

3
- 2(3x-2)

X

e
h (e*Inx)'=e*Inx +—
X

16 f(x) = 4xe*" ™
f'(x) = 4e< " + 4xe’ 1(x* - 1)
= 4e¥ 1 + 8x%e !
At point (1,4) the tangent has gradient
f'(1) =4 +8 =12 so the normal has

gradient —i.
12
Therefore the equation of the normal is

-1
—4=""(x-1
y-4=5(x-1)

12y -48=-x+1
X+12y -49=0




17 f(x) = x* +Inx

Frx)=2x+ L
X

1 9

f'lQ)=4+-=2=4.5

18a

2 2
t =0 = P(0) = 30e%32° = 30e° = 30

Hence the population in 2020 is 30000.

t =5 = P(5) = 30e°%25 = 35.205

Hence the population in 2025 is
35205.

P(t) = 30°%2¢ = 40

0032t _ 4_0 _ 4
30 3

0.032-t=In2
3

Ini

t=—3 -9

0.032
The population is expected to reach
40000 in 2029.

19 V(t) = 150000e*%°**" = 200000

0.05875t __

200000 4

150000 3

0.05875¢ = In%

4
In=

t=—3 _-4.90

0.05875

Hence the predicted year is 2025.
20 f(t) = 500(0.75)"
f(24) = 500(0.75)*

f(24) = 0.502
21a Al
b -2 Al
c 12 Al
d y<16 Al
e x>-2 Al
f y=16 Al
22 a N(O) =35 Al
b N(4) =410 M1A1
C N(t) >1000 M1
t >5.449... Al
d 0<t<5.45 Al

Worked solutions

23a
r
140
120 /
100
80
60 /
40 ]
(I
2047
0 > t(hours)
2 4 6 8 10 12 14
Al shape Al domain
b T(6)=25+e°"‘*6
36.0 (1 d.p.) Al
c Solve 25 +¢e%* =100 M1
t =10.793... Al
10 hours 48 minutes Al
24a x>2 Al
b x=2 Al
L
¢ 3In(x-2)+1=0=x=2+e3 M1Al
d F(x)=— AL
X-2
. 3
f'(xX)=1>——=1=>x=5
X -2 M1
y-(3BIn3+1)=x-5 Al
(or ¥ =x+3|n3—4)
25a log, 3x -log, (x - 3) Al
3x
log, —— Al
%33
b Inx’-In(x-1) +Ine A1A1A1
3
In—X_ Al
(x-1)
26a i 7T.=73.205 thousand taxis
M1A1
ii 7,=100=>n=9 M1
2019 Al
b P,=2.1873705... M1A1
2.187 million people Al
¢ Adjusting units in (i) or (ii) Al
P, x10° .
—=——— =28.4 people per taxi
T, x10° people p
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M1A1




27a

28a

o Qo6 T

29a

P, x 10° B .
T, x10° 18.6 people per taxi

Al
The model predicts a reduction in the
number of people per taxi, which may
mean that the taxis are in use for
fewer hours or fewer taxis are used

every day. R1
For example, for x = e M1
In(x*) =In(e’) =2 = (In ey =1

A1R1

(Inx)" ~In(x*)-15=0

= (Inx)’ -2In(x)-15=0 M1

(Inx-5)(Inx +3)=0 M1
Inx-5=0,Inx+3=0
Inx =5,Inx =-3 Al

x=e,x=¢e> A1A1

i T(0)=94=25+a=94 M1
a==69 Al
i T(20) =29
= 25+ 69e*” =29 M1
b=-0.142 (3 s.f.) Al
T(30) =26.0 (3 s.f) M1A1
y =25 Al
The temperature of the room. R1
ar _ -9.82... 01! M1A1
dt
2
AT _1.399.. 012 M1A1
dt
The rate of change is always negative

which means the temperature is
decreasing; as the second derivative is
always positive, the temperature will
not have a minimum but will approach
the value 25 given by the horizontal

asymptote. A2
-1
i f(o)=(§] +2-22
2 3
=2.67 (3 s.f) M1A1l
ii (2.67,0) Al
3"
=|= 2
x=(3) - M1
3\
et =x-2
2] -« M1

y=|og§(x—2)+1

2

g(x)= Iogé(x—2)+1

2

M1A1

© Oxford University Press 2019

(o

30a

Worked solutions

i y=2 Al
i X=2 Al
X >2 Al
Use GDC solver or intersection of
graphs M1
x =2.16 Al
f(4) =log, 4 +log, (15) - log, (5)

M1
- log, 4X515 ~log, 12 ALAG

f(x)=log, x +log, (x —-1)(x +1)

~log, (x +1) M1
F(x)= |092W M1A1
f(x) =log, x (x -1) M1
f(x) =log, (x* - x) AG




Worked solutions

1 Q From approximation to generalization:

integration

Skills Check

1 a 30 x 60 = 1800 cm?

b 0.5 x4x9=18m?

c 0.5 %x42x 1 =81mm?
a
c

2 3x? +15x b x?2-25
9x? +6x +1 d 2x>-9x-5
1 4
3 a X3 b X7
1 2
c (2x+5)2 d (x-3)

Note: throughout this chapter, C denotes an
arbitrary constant.

Exercise 10A

TP S N
10+1 11
2 F(X):LX5+1+C=1X6+C
5+1 6
1 2541 1 %
3 F(X)=c—x®"+C===x*+C
25+1 26
1 —6+1 1 _5
4 F(X)=——x*"+C=-=x"+C
-6+1 5
1 -8
5 f(X)ZFZX
Fix)= 81+1 e
=—1X’7+C:— 17+C
7x
6 f(x):%:xz
( )_ 1 X72+1+C__l+c
-2+1 X
7 F(x)—z1 ¥rac=3x.c
2+1 5
1 1
8 F( )= 1"_]_Xlo +C=""x94+C
10
1 -141
9 F( )=_l+1x4 +C==x*+C
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F(X):§11X%+1+C:;X%+C
12 f(x) = = = x*
X
F(x)=— x7”+C=%x?+c
7

Exercise 10B

x*iC=1xsicC
4+1 5

2 j(ex2 +4x+5)dx

1 Ix“dx:

=6Jx2dx+4jxdx+5_[ dx
=2x>+2x2+5x+C
j(15t4 +12t> + 2t + 5)dt

w

=15jt4dt+12jt3dt+2jtdt+5j dt
=3t +3t" +t2+5t+C
j8dx=8x+C

F

j.i7du =ju’7du - Lysic- —LG+C
u 6 6u

4]

=)}

Iisdxzzjxfsdx=—lX’4+C:— 1 +C
x 2

2x*
I(w3 +3/W)dw

N

Iw3dw+‘[w%dw=lw4+§w%+c
4" "4

j(4x/;+3)dx:4jx%dx+3j dx
=§X%+3X+C
3
Ux dx = [x¥dx = = x*
9 _[\/X_dx_jx dx_14x +C
10 [du=u+C
11a f(x)=x5+%=x5+3x’2
1 4 -3 a4 6
f'(x)=5x"-6x" =5x" -—
X
3 B
b I[X5+7de:jx5dx+3szdx

6
Ll i X3¢
6 6 x

Worked solutions “




12I(3x2+px+q)dx=x3+§x2+qx+c

=x*+8x*+7x+C
So comparing the coefficients,

§=8:p=16

qg=7
Exercise 10C
1 I%dx:Gj%dx:6ln|x|+c
2 _[5e“du=5je”du=5e“+C
3 I%dx:%f%dx:%wxhc
4 J’e—xdx:ljexdx=lex+c

3 3 3
5 [(3x+2) dx = [(9x* +12x + 4)dx

:9jx2dx+12fxdx+4jdx

=3x+6x*+4x+C

6 J'In(e’”l)dx :j(x+1)dx =%x2 +x+C
7 [t?(t+3)dt = [(¢*+3¢*)dt
=J't3dt+3jt2dt=%t“+t3 +C

8 Ie'"(3x) dx = 3dex = Ex2 +C
2

9 jw dx:j(x3+3x+2)dx
=Ix3dx+3jxdx+2jdx
:lx4+§XZ+ZX+C

4 2

lojeu2_4 du=%je“du—2j’du

=%e“—2u+C

Exercise 10D

1 I(7x—5)4dx=ﬁ(7x—5)s+c

:%(7x—5)5+C

2 [(-3x+7)dx = —%(—3x +7) +C

= —%(—3X + 7)7 +C
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Worked solutions

[t dx-Sinftox+13/+C
10x +13 10

4 Ie74x+3 dx = _le—4x+3 +C
4

af(5x +1) dx = %(SX +1)+cC

(4]

:é(5X+1)4 +C

=)}

I 2 dx:gln|3x+8|+C
3x+8 3

3

7 J'3e“’“ dx=--e*>*+C
2

8 [7(2x-9) dx = (2x-9) +C

ui

:%(2x—9)5 o

9 jﬁdx = j(4x+ 3)°dx

- _%(4)( +3)04C

1

.2(2x+1)%+C

10 I(Zx + 1)% dx =

[WIEN

3 s
:§(2X+1) +C

11 j[e-‘” + 5X8

3de = Iesxdx +j5X8_3dx

Lo Binpsx-34c
5 5

_1
3

12 | X = [(4x+7)" dx

1
—d
Jax +7

1
4.2

(4x+7)%+C:%(4x+7)%+C

13a Using the chain rule,
f'(x)=5-3(3x +10)" =15(3x +10)'

1

b j(3x+1o)5dx=3 5

(3x +10)° +C
1 6
:E(3X+10) +C

14a f(x)=(12x+7)"
Using the chain rule,
Fr(x)=-12(12x +7)”

I;dx :iln|12x+7|+C
12x +7 12




Worked solutions

Exercise 10E 3 a Aziﬂdx:g—”

1 h(t)=[(6t*+1)dt =2t>+t+C 5 2
h(2)=18+C =8= C = -10 b a7 _ox
~h(t)=2t> +t-10 22 2

o x
= _3) 4 a A= [—+3)dx=24|:|

2 yx) j82x 3)dx =(2x-3)" +C 13
y(x) (2x 3)" + 2

3a v(t)-|a (t)dt:j(4t+1)dt 5 a A-[\25-x dx =27

g2
=2t°+t+C b A:lﬂ'rzzliz'(S)Z:zﬁ
v(0)=2=C=C=2 4 4 4
4
.'.V(t)=2t2+t+2 6 a A=!|X|dX:16
b s(t)=[v(t)dt = [(2t> +t +2)dt B
, b A=2.20_pn-a(4)-16
==t +Zt*+2t+C, 2
3 2
s(0)=8=C,=C, =8 Exercise 10G
. 25 15 . (a+b), _(3+2)., 15
..s(t)_3t +2t +2t+8 1 Geometric: [ > jh_( 5 j(3)_ 5
4 a at)- ((Ijl\; 8e? 41 Integration: 3
2 3 3 2
a(3)—8e° + 1 j3dx+j(9-3x)dx=6+[9x—%}
0 2
2 27 15
b s(t)=I(4e2t+t)dt=2e2t+%+C —6+[7—12] >
5(0)24:2+C2:>C22 2 Geometric: —%bh:—%(Z)(3):—3
t
. _ @2t L U
ws(t)=2e +2+2 Integration'
5
:_[f(x)dx:.[;dx IQ 3x) dx + j3x 15)d
8x -7 4
5
:lln(8x—7)+C =|9x 3x° +3X X
8 2 [ 2 ,
7e 7e 27 75
f(1)=?=ln1+C=C:C=§ [12 2] ( > (36)) -3
. _ _7+ 78
“F(x)=Infgx -7+ 8 3 Geometric: E—3+l(2)(6):E
2 2 2
. Integration'
Exercise 10F 5
6 f(x)dx = [f(x)dx+ f Jdx + | f(x
1 a Azj'z?xdx=12 Jf() f f J
0 7
1 1 =——3+J‘(3x—15)dx:2+{3i—15x}
b A= bh=3(6)(4)=12 2 5 2 12 5
2 2
2
p T2

2 a A:j5dx=15
-1

b A=bh=3(5)=15
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4 ]j[%f(x)—g(x)) dx
:%]jf(x) dx—;fg(x) dx
=%(—4)—6 -8

10 1
Gljgg dx—jg dx+_[g

=6+14=20
6

7 [g(x)dx =0

6
10

8 J;f(x)dx = 1Jlgf(x)dx—jjf(x)dx

=12-(-4)=16
7
9 [f(x+3)dx= jf x)dx =12
2
12 1 110
lol(zg(x—z)jdx:ijl'g(x)dx
1
_5(20)_10

11 1Jg(f(x) +4)dx = 1ff(x)dx+[4x]i0

1

+(40-4) =48

3

12a j
-3

b j'f dx = jf x)dx - jf
1
=20-6=14
b b-4
C If(x—4)dx: If(x)dx:ZO
a a-4

So a possible pair of values
foraand b is
b-4=3=b=7
a-4=-3=a-=1

3

d [(f(x)+k)dx=20+6k =32 =k =2

-3

Exercise 10H

1 Tex dx = [3x2]32 ~27-12-15
2
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Worked solutions

-12-3=9
204 2
5 I[—+1)dx:{——+x =0-(-3)=3
1 X 1
3 3
¢ fhor| ] (04
1X 2x° |, 18 2) 9
16 16 16
7 | ll—t%]dt_f(t‘i—tz)dt{iti—zti}
0 t.-Z 0 3 3 o
_32 128 5,
3 3

2 X3 2
9 a A=I(—x2+2x)dx={——+x2}
0 0
:—§+4:i
3 3
21 17 1 1
b A= _IFdX —|:—;:|1 = —E—(—l) —E
4 4
10a [2f(x)dx =2[f(x)dx = 2(10) =20
0 0
4 4 4
b I(Zf(x)+x)dx:IZf(x)dx+jxdx
0 0 0

11a [2dx-2in|x+C
k

b [ dx=[2lnx] =2 =In& <In9

2

k2

Exercise 101

1

&
2}21‘.‘1
T

3x+4 3x+4 ’ 1 10
e dx = [ } =Z(e-e)
-1

-1




-

4

=(27+12)-(12+8) =19

9 a f(x)=—2x(x2—4)=0
=x=0 or x=1+2
So (0,0), (-2,0), (2,0)
b J%2x(4—x2)dx
0
2 2
c IZx(4—x2)dx:j(8x—2x3)dx
0 0
={4x2—x—4}2=8
2 0
k
10a !md

Worked solutions

(Zk”j 2In3 =1n9

:>2k+1=9:>k=13

Exercise 10]
1

T T T 0 T T T > X
-4 3 -2 41 1 \2 3 4
-1 1
-2 -
2 —

34

x*-5x+4=4=x(x-5)=

x=0 or x=5
A=T(4—4+5x—x2)dx
0

3

2 5x2 X
:!(Sx—xz)dx:{ >3
1
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3 -0.5x*+8=0.5x>-8=x =14
I:((—O.sz +8)-(0.5x% - 8))dx -85.3

4 xX*-2x=4/x =>x=0,4
15(4\/;—(% —2x))dx =16

r T T T X
a4 2% 1 o6
9

5 Inx:%x—2:>x:0.15,8.21

IB'Zl(InX - (lx - ZDGX =8.78
0.15 2

6 x*-5x+1=6-x*>=x=-0.77,3.27
IB'H ((6 —xz) —(x2 -5x + 1))dx =21.8

-0.77
¥

64
7 2 =3x+4=x=-1.11,2
1_21,11((3)( +4)-2e*)dx = 3.68

© Oxford University Press 2019

Worked solutions

X+;:—x—7:x:—7.36,1.36

[ (X 4 (x —7)jdx -27.5
-7.36

xX-2

-10 -
The area enclosed is given by the integral

H% - (—2)) dx = H% + Zde

=[2Inx +2x]} = (2In4 +8)-(2)
=4In2+6
=>p=44g=6

10a f(x)=g(x)=>x =2

&(1——} O0=>x=0or x=4

.(0,0) and (4,2)




N[

k? —

i Skl

WIN WIN

kz
4
k> 2
— ===k =1.510 (3d.p.
7°-3> (3d.p.)
Exercise 10K

1 I_OZ((XZ -2x) - (10x + X - 3x3))dx

+ Ij((le +x% - 3x3) - (x2 - ZX))dX
_24
2 j:((x3 -3x* +3x+1) - (x + 1))dx

+J'12((x+1)—(x3 -3x? +3x+1))dx
=0.5

0
I—1.51677

N J.;.51677(3Xe—x2 _ (X3 — 2x)) ax
~ 4.65
4 J.::.41421((_X4 N 16X2) _ (X4 -20x% + 64))dX

((x3 -2x)- 3xe ™ )dx

+ f:::;((x“ —20x% + 64) - (—X" + 16x2))dx
+ J':41421((—x4 + 16x2) - (x4 -20x2 + 64)) dx

~ 440
2

5 a f(x):h(x):x?—lz—3x—5.5

:>x2+6x+9=(x+3)2=0

= x=-3
h(-3)=-3(-3)-5.5=3.5
. P(-3,3.5)

b The gradientof his -3
f'ix)=x=>m=Ff"(-3)=-3
y-3.5=-3(x-(-3))
y-3.5=-3x-9
h(x)=-3x-5.5

c g(x)=h(x)=>-x*-1=-3x-5.5
Using GDC = Q(-1.10,-2.21)

L 330
di [2° [7—1—(—3x—5.5)jdx
0 x2
+ 3 3\/5[——1—(—X2—1)]dx
272 (2

ii 1.81(2d.p.)
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Worked solutions

Chapter Review

1 a

b

f

9
J'xsdx :%+C

[(5x* =6x*+7)dx = x* =2x* +7x + C
J'I{’/Fdx :_[x%dx :%x% +C
j%dx = j4x’9dx = —%x’s +C

1
=5t C

8x° + 4x 2
j dx :j [4x3 + ;] dx

2x?
=x*+2In|x|+C
[4e"dx = 4e* +C
[(6vx +2)dx = [(6x* +2)dx
=4x?+2x+C
J‘(x2 + 3)2 dx =J.(x4 +6x7 +9)dx
5

:X?+2x3+9x+C

6 1 7

J‘(4X+5) dx :ﬁ(4x+5) +C
1 7

25(4)("’5) +C

J'6e3x+2dx _ %e3x+2 +C = 2e3x+2 +C

j 1 dx:lln|6x—7|+C
6x -7 6

J'In(e“)dx = I3x dx :3sz+C
3

J' (6x - 1)dx = [3x2 - x]:

-2

- (24-14) =10

3 3P

IXZdX=|:X—:| =9_(_l)=§
J 3, 3)73
25
Iidxzs[&]25:6(5—3)=12
2 d4x = [5Inx]" =5Ine* =20

X 1

3 47°
8(2x +3) dx =[(2x+3)'[
~81-1-80

5
-Sl'e4de=|:%e4x:| =%(e20_e12)
3 3




3 a TZf(x) dx = Z_Tf(x) dx =2(10) =20

b Tf(x) dx :_T f(x)dx - if(x) dx

3 1

-10-6=4

(o]
me—

(F(x)+4)dx = ]‘.f(x)dx +T4dx

=10+[4x] =10+ (16 -4) =22

4 f(x):f(4x3+2) dx = x*+2x+C

f(2)=20+C=24=C=4
SF(x)=x"+2x+4

0
1
5 a DLf(X)dXz—Eﬂ(42)=—87r
8
b |-87|+[f(x)dx =21z
0
8
= [f(x)dx =13z

0
8 0 8
jf(x)dx: jf(x)dx+_[f(x)dx
-8 -8 0
=-87+137 =57
6 f(x)=-x(x+4)=0=>x=-4 or x=0

0
Ii(—xz - 4x)dx = —{Xg + 2X2:|
4

_4y
=0 +—( 3) +2(-4)
_3p_04_32
3 3
7 a Lines intersect at x = —2.2808, 2.4765
and 9.7467

0.5e*+1—(x*-5x%))dx
( )

2.4765
I—2.2808

+ I;Z::;(x“ -5x2 - (0.5ex+ 1)) dx
=7530.19
~ 7530
b Lines intersectat x = -2, 0 and 3

J'_Oz(x3 -9x —(x* - 3x)) dx
+ J-OB (x2 -3x—(x* - 9X)) dx

_253
12

8 a y=f(1)=1

=21.1

f'(x)=3x*=f"'(1)=3
ny-1=3(x-1)=>y=3x-2
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Worked solutions

b x*=3x-2

:>x3—3x+2:(x—1)(x2+x—2)

4 2 1
_[ X3 oy =§—(—6)
4 2 , 4
_27 _6.75
4
2(x* +1)-2x-2x
9 a f(x)= - M1A1
(x2+1)
2
_ 2—2x2 Al
2
(x +1)
2x 2
b [~ dx=In(x*+1)+C M1A1A1
X +1
10a a-3_ _3ms? M1A1
dt
3t?
b s(t)=j(40—3t)dt=40t—7+c
M1A1
s(l)=10:>40—%+C:10
:>C=—z M1
2
2
s(t) =40t - 3L 37
2 2
Al
11a i Areg,onlzﬁzz M1A1
2
i A, =233 M1A1
2
b A m=3-2=1 Al
12a Use GDC to obtain value of definite
integral M1
1
A= [f(x)dx =1.1202 Al
0
b i 224(3s.f) Al

2 1
i [2f(x-1) dx =2[f(x) dx = 2.24
1 0

2.24 (3 s.f.) M1A1
13a x=0,x=+1 AlAl
b Either:




f(x)=1-(x* —1)+2x* = 3x* ~1M1A1

Or:
f(x)=x>-x M1
f'(x)=3x*-1 Al

c F(x)=0=x :i\/g =10.577 M1Al

1
d [f(x)dx=0 M1A1
-1

e The function changes sign in the
interval [—1, 1] , so the areas above and

below the x-axis cancel out. R1

f j|f(x)| dx = 0.5 M1A1
14a f(1)=1=3-2x1=g(1) M1A1
F(-3)=(-3 =3-2x(-3)=9(-3)
Al

b 1 , , X31
j(3—2x—x )dx={3x—x —?L

3

M1A1A1
:[3—1—%]—(—9—9+2?7j:% Al
15a (x-2)'
= x* +4x(-2)x° +6x(-2) X2
+4x(-2) x+(-2)" M1A1

=x*-8x>+24x*-32x+16 Al

b I(x—2)4dx
= [x* -8x7 +24x* -32x +16 dx
M1

5
:%—2x4+8x3—16x2+16x+c

AlAl
16 Use GDC to obtain graph of y =|x|
M1A1l
Attempt to calculate area of both triangles
M1
2
[Max-12142X2 55 A1AG
’ 2 2
OR:
2 0 2
L|x| dx = L(—x)dx + IO x dx M1A1A1
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Worked solutions

0 2
e R Al
2 -1 2 0
1 5
—lo+1]+(2-0)=2 AG
(0+3]+2-0)-3
17a
y="1x)
8
7
6
5
4
3 W0
2 e
11/ ™~ :
htoo ~J_[B3, 00T))
(] X
1t 2 3 4 5

Al for shape; Al for domain; Al for
end-points coordinates; Al for
maximum point and its coordinates.

b 0<y<1.104 Al
c m=0'1011=0.0202... M1
AB contains the origin R1
y =0.0202x Al
d f'(x)=3e”+3x(-e™)=(3-3x)e”
M1A1AG
e Solve f'(x)=0.0202...= x = 0.98201...
Al
f(0.98201...) =1.10345... Al

y-1.10= 0.0202(x - 0.982) Al
f Use of GDC to calculate M1

5
I3xex ~0.0202x dx =2.63 A2
0

18a
x ]2
2 2
f(x) 15 ; | 2
8 8
1 correct: Al; all correct: A2
b
y
A
4
3
I
2 / \
N
) \
> X
0 0.5 1 15 2




Worked solutions

A1l for shape; Al for domain; Al for

intercepts
c Either:
A= 0><l + Exl + 3><l + Exl
2 8 2 2 8 2
M1A1A1
-13(375 Al
4
y
h
4
3
2 / N
) AN
X
0 05 1 15 2
Or:
A= Exl + 3><l + Exl + Oxl
8 2 2 8 2 2
M1A1A1
-13(375 Al
4
¥
ot
:] I
2 A \
1 ™,
T T K
0 05 1 15 2

42
d J'Z(4x—x3)dx={2x2—x—} M1A1
0 4 |

=8-4=4 Al
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Worked solutions

1 1 Relationships in space: geometry and
trigonometry in 2D and 3D

Skills check 2 2 2
b d=\(x,-x) +(v,-v.) +(2,-2)
1 a 510 ~15.8 b 26 ~4.9 oo ooy
2 2 2
2 a i12600cm? i 1.26m? = J2+3f +(4-7) +(-1-2)
b 47~12.6m° ~ 12566/ =25+9+9=+/43 ~6.56
2 2 2
Exercise 11A c d:\/(XZ‘Xl) (v, =yy) +(2,-2,)
1 a (30,0 b (3,4,0) a1 +(3-3) +(4+4)
c (30,2 d (3,42 =J4+36+64 =104 ~10.2
e Midpoint of OF > 3 3
(X1+X2 Yi+Y, z1+22] d d—\/(XZ—Xl) +(y2_y1) +(22_Zl)
2 2 2 - J2-2) + (117 +(3-3)
4 2
:[0;310; 10; j:(lslzll) =\/16+4+0=\/%z4.47
f Distance of OF 4 a d=\/(xz—x1)2+(y2—y1)2+(zz—zl)2
2 2 2
d:\/(xz_xl) (V2 -n) +(z-2) =\/(—5—1)2+(—6—2)2+(—7—3)2
= \/(3 ~0)° +(4-0) +(2-0y — 36 + 64 +100= 4200 ~ 14.1
=\J9+16+4=+29 ~5.4 b d=\/(XZ—X1)2+(y2—y1)2+(zz—21)2
2 a (x1+x Y.+ Y, z+z]
2 2 ~J(4-0y +(0+4) +(5-2)

_[ 4+5 4 1 3+3j (0.5,1.5,3) =J16+16 +9=41 ~ 6.4

c d= \/(xz —xl)2 +(ya-vy : +(z, —21)2

b (x + X, y1+y2 z+zj

2 "2 —Ja1 @21 (341
_[ 4 2 4+2 5+9J (-337) =J4+9+16=+29 ~5.39
yl)2 + (z2 - zl)2

c [XitX vi+y, z1+2
2 2 "2

:[5—4 2-3 -4-8

J
Ja-ay +(1-1) +(1+3)

d d=./(x
=J9+0+16=425=5

] - (0.5,-0.5,-6)

2 "2 " 2
d (X1+X2 Yity, z1+22] Exercise 11B
2 2 2 1 a SA=x?>+2x/=20>+2x20x26
_(-5.1+1.4 -2+1.7 9+11 5
= > — — =1440cm
= (~1.85,-0.15,10) b SA=x*+2x/=4%>+2x4x6.3 = 66.4cm’
5 > 5 € SA=x*+2x1=5"+2x5x13 =155cm’
3 a d:\/(XZ_Xl) +(y2_y1) +(22_zl) d SA=ar’+7zrl =7x5 +7x5x13
- J(4-27 +(3-3) +(1-5) - 283cm’
=J4+0+16=+20 ~4.47 e SA=zar’+arl =7x6%+7x6x14
=377cm?
f SA=xar’+arl =xx4 +7x4x12
~201cm?
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2 a SA=47r’ =4rx5° ~314cm?

4 =i7rr3 =izz'><53 =524cm?
3 3

2
b SA=47rr2=47r><(;J =28.3cm?
4 , 4 (3

3
V=—nr*==zx|=| =14.1cm’
3 3 2

3 a Vv :%(base area x height)
= %(4 x4x12) = 64cm’

bV :%(base area x height)

_1(10><13.1

x11|=240cm?
3 2

c Vv :%(base areax height)

_1 9x7x5)=105cm’
3

SA_=curved surface area,

SA, = total surface area

a [=+5+12> =\25+144 = /169 =13
SA_ = zrl = 7 x5x13 ~ 204cm?

b SA, =zr’ + zrl = z x5 +204.2

~ 283cm?
1 2 1 2 2
C V==uar‘h==-rx5"x12~314cm
3 3
2 2
a SA - 4z _47x3 56 5cm?
2 2
2
b SA, = dxr +7r? =56.5 + 7 x 3?
=84.8cm?
c V= i7zr3 :37r><33 =56.5cm’
6 3

a V.=V, +V, :%ﬁrzh +;(:7zr3j

=17z><42><10+1 i7z><43 =302cm’
3 2\ 3

b Sum of the curved surface area of the
cone, SA_, and curved surface area of

cc !

the hemisphere, SA_

| =+10% + 4% ~10.8cm
SA; =SA. +SAs = 7rl + 271
=7x4x10.8+27%x4% =236cm?
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Worked solutions

7 Volume of the water tank, V;

1
_ 2 2
V. =zr hcy, +§7rr hone

=7r><12><(13—2)+%7z><12><2
=36.7m°

Conversion to litres

N 1000000cm’ 1L

36.7m° 3 X 3
im 1000cm

=36700L
8 Volume of each ball,

4
Vba// = 5

= g;rx(3.35)3 =157.5 cm’.

h, =3x6.7=20.1cm
V., = nr*h = x3.35°x20.1 = 708.7cm’

cyl

total free space is
V.=V, -3V, ~708.7-3x157.5 =236 cm’

cyl

Exercise 11C

1 a sinH:E,stin’1£:44.7°
27 27

b tanezg,eztan’1§=30.5°
56 56

c tanH:E,eztan’1£:67.4°
5 5

d cosd= H, 6 = cos’lﬂ =56.6°
20 20

2 a cos22°= ZX—?,X =27c0s22°=25.0

b tan46°=ﬁ,x: 44 =42.5
X tan46°

C tan46°:Z,x= ’ =6.76
X tan46°

d sin43°=%,x=225in43°=15.0

3 tan25° - % h =12 tan25° = 5.60

tanazﬁ,a:tan’IE:ZQ.Z"
10 10
4 tan30°:i,
55
q—55tan30°—§—3175 ~31.8
tan50°= — 9 - 31.75

(55-p) (55-p)
(55-p)tan50° = 31.75

31.75
tan50°

(55-p)=




=55- ~ 28.4
P tan50°
5 c0520°=z,x: / =7.45
X cos20°
6 tan30°=2, ho—8 _104
h tan30°

7 a %xzox15x30:3000cm3

b AC = 2NC =+20% +15% =25. Then
NC =12.5cm

TC = /302 + NC? = /30% +12.52

Then
=+/1056.25 =32.5cm
Cc singd= ﬂ, 0= sin’li =67.4°
32.5 32.5

d TM=TC’-MC? =32.52-7.5 =31.6

e sinTMN = 30 30
™ 31.6'
TMN = sin™ 306 =71.7°

8 a V:%x230.4><230.4><146.5

=2592276.5cm’
b AB=20M,
EM = /146.5% + OM?
=146.5% +115.2% ~ 186cm

c tanEMO = EO _146.5 ,
OM " 115.2
EMO = tan™ 146.5 _ 51.8° = 52°
115.2

d A -4xA + A, A :%XABXEM
A =2x230.4x186.4 + 230.4x230.4
- 139000cm?
e EB=EM +BM’

=+186.4* +115.2> =219.1

SinEBO = EO E
EB ~ 219.1
sin! 146.5 _ 42.0°
219.1

Exercise 11D

1 tan25°= i

12
h=12tan25°=5.60m

2 sinb55° = i
50
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10 tan75° =

Worked solutions

h =50sin55°=41m

R and J are the same height, so it cancels
out. Then the calculation is

tan70° = ﬂ
3
H =3tan70° =8.24m

a cos36° = ﬂ
25

N = 25c0s36° = 20.2km
b sin36°=—
W =25sin36° =14.7km

sin6ge = X

51
W =51sin68° = 47.3km
H=H.+H,
tan23° = —£
300
H. =300 tan23°=127.3m
tan30° = —2
300
H, =300tan30°=173.2m
H=H.+H,=301m
Let C be the bottom of the Eiffel tower.
Then
AB = ABC -BC
40°+32°+ 6 =90°
6=18°
ABC
300
ABC = 300tan50° = 357.53
tan18° = BC

300
BC =300tan18° =97.48
AB = ABC -BC =260m

D+1.5

498

tan(32°+18°) =




D =498tan75°-1.5=1857m

Exercise 11 E

1 Area= %absinC

a Area:%><8x6xsin80°

Area = 24sin80° = 23.6cm?
b Area =%><10><15>< sinl125°

Area = 75sin125° = 61.4cm?

c Area =%>< 2.5x3.9xsin34°

Area = 4.875sin34° = 2.73cm?

d Area =%><4><7><Sin96°
Area = 14sin96° = 13.9cm’

e Area-2x12x20xsin(180° - 80° - 40°)
Area = 120sin60° = 104cm?

f Area- %x 14 18 x sin(180° — 78° — 60°)
Area = 1265in42° = 84.3cm’

g Area =%>< 12 8 x sin(180° — 30° - 67°)
Area = 48sin83° = 47.6cm’

Area = %ab sinC

a Area:%x8x5xsin39°
Area =20sin39° =12.6cm?
b 16 =%x8x8xsinC

sinC=l
2

C=sin*==30°

N+~

Area = 2x%absinC

Area =20x12 xsin60°

Area = 240sin60° = 208cm?
4 faces, so area is multiplied by 4
3 angles in an equilateral triangle are 60°

Area = 4x%absinC

Area=2x10x10xsin60°
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Worked solutions

Area = 173cm?

5 Area :5x%absinC

Area = 5><%><4><4><Sin72° =38.0m?

6 %(x+2)(2x+1)sin60° =5/3
(x+2)(2x +1) =%:20
2

2x°+ X +4x+2=20
2x?>+5x-18=0

Either factorise, or use the quadratic
formula:

_-5+57 - 4x2x(-18)

X

1.2 2x2
_ -5+425+144
4
_ -5+13
1,2 — 4

We take the positive value, as distances
cannot be negative.

Then x =2

Exercise 11F
sing sin35°

1 a =
23 45
sing — 23 sin35°
45
. 123 sin35°
f=sint === -17.0°
45
b sing _sin66°
4 8
. 4sin66°
sing = ————
8
0= sint 35IN66° _ 55 %
8
c sing sin75°
6 18
. 6sin75°
sing = ——
18
., 6sin75°
f=sint——"= =18.8°
18
d sing sin48°
22 63
sing — 22 sin48°
63




Worked solutions

_sint 22sin48° We substitute back into the first equation

0 =15.0° o
h- s!n70
sin20°
o SiNO _sin82° SO h :_s!”70°(s_in500h—15]
20 29 sin20°\ sin40°
. 20sin82° sin70°( sin50° sin70°
_£22> 7 1- h=-15
sin¢ 29 [ sin20°[sin40°]] " sin20°
0 = sint 20sin82° _43.1° _15Xs?n70°
29 h= sin20° =18.1
ing  sin78° 1_Sin70°(sin50°
g 3NC_ SN sin20°  sin40°
18 34
sin74° sin64°
. . 4 _
sing - 18sin78 10 X
34
N, 10 sin64°
0= sin 18sin78 _31.20 X = Sin74° =9.35km
in49° sin41°
i ° i °©_0Qg°_18° 5 We have 2" =
a sin99 _ sm(180 99°-18 ) d 20-b
37 X a1
sin41°
i ° 20-b=d
x =375M63° 33 4em sin49°
sin99° a1
sin41°
. R . o b=20-d
b sin53 _ sin44 sin49°
X 7
o and sin38° sin52°
x =75M53° _g 05 d b
sin44° in52
sin52°
; o ; o b=d
c sin23 _ S|r;;7 sin38°
X We equate both expressions for b
sin23°
x:15sin77o =6.02 20_dsin41° _ ,sin52°
_ _ sin49° sin38°
d Sin33°_ S'”zlfs 50 _ g[sin41e  sin52°
X ~“(sin49° " sin38°
sin33°
= 4—0 = 137 _ 20 _
sin108 d—m—9.31km
o SIN(180°-100°-22°) _sin22° sin49°  sin38°
X 10 6 We have Sin74° _sin16°
x =10 z::zg =226 o+AD b
_ 16 + AD = pc 3N74
. sin(180°-52°-56°) sin52° sin16°
X 6 AD = DC s'_”zgo -
i ° sin16°
_ s!n72 _ 704
sin52° sin62° sin28°
and =
base = 15+ x AD DC
H o 1 o H 620
We have that sin70 _ sin20 AD = DC s!n
h X sin28°
q sin40° sin50° We equate both expressions for AD
an = i o 1 o
o pe3TE -16-0c 302
. ° o | o
Then 15+ x = s.|n500h in74°  sin62°
sin40 DC(SI-n _sin j:16
sin50° sin16° sin28°
X == h-15
sin40°
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Area = %bh - %x 3.27660 x 2.99077 = 4.90 mm?

< =ﬁ
sinl6° sin28°
sin15° sin75°
h 10+d
sin75°
sinl5°
d=3.73h-10
sinl8° sin72°
h d
sin72°
sin18°
Then 3.08h =3.73h-10
3.73h-3.08h =10
0.65h =10
h=15.3

We have

10+d=h =3.73h

and

d=h =3.08h

sin55° _ sin90°
4
h =4sin55° = 3.27660..mm

sin78° sin47°

We have

and
4 b
b=4aS"%7" 5 99077..mm
sin78°
Then

Exercise 11G

1

sin64° sinA
10 8

SinA = isin64°
10

A =sin! (isin64°J = 46.0°
10

and 180°-46.0° =134°
sin20° sinA
35

SinA = gsin20°

C =sin™ [gsin20°j =34.8°

and 180°-34.8° =145.2°
sin45°  sinB
8 10

sinB = %sin45°

=9.96km
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Worked solutions

B =sin™ (%sin45°] =62.1°

and 180°-62.1°=117.9°
sin40° sinC
24 30

sinC = 2sin 40°
24

C =sin™ [%sin40°] =53.5°

and 180°-53.5°=126.5°

Area:%xABxBstinB =20

%xleOxSihB:ZO

sinB = E
40

B = sin’12 =30°
40

The obtuse angle is 180°-30° =150°

Exercise 11H
1 a a=b>+c*-2bccosA

a* =122 +9%2 - 2x12x9xc0s62°
a=11.1cm

b b®=a’+c*-2accosB
b* =152 +282 —-2x15x28xcos112°
b =36.4cm

C a =b*>+c*-2bccosA
a’> =14? +22? - 2x14x 22 x cos 80°
a=23.9m

d c?=a+b*-2abcosC
c* =10 +9%-2x10x9 x cos66°
c=10.4m

e a =b*>+c*-2bccosA
a* = 40% + 252 - 2 x 40 x 25 x c0s 20°
a=18.6cm

f & =b’+c>-2bccosA
a* =212 +30%-2x21x30xcos123°
a=45.0cm

10.4* +18%* -21.9?
2x10.4x18

0 =cos?(-0.1267) = 97.3°

a cosé =

8.6 +3.12 -9.7°
2x8.6x3.1

b coso=




6 = cos(-0.197299) = 101°

2 2 _ 2
C cosd - 65° +55° -118

2x65x55
0= cost 3337 _ 1590
3575
2,2 o2
d am@:E_iijé_
2x5x5

0 =cos'0.82 =34.9°

2 29502
e cosgzw

2x24x%x22
6 =cos'0.625=51.3°
f cosé :M
2x3.8x7
6 =cos10.891729 = 26.9°
2 2 2
a cos @ :M
2x9%x12
6 = cos'0.875 = 29.0°
b A= %absinC

A :%x12><9 x sin29.0° = 26.1cm?

c? =a*>+b*-2abcosC
c? =60% +30% - 2x60x%x30xcos160°
¢ = 89km

a tan33°= i
46

h, =46tan33° =29.9m
andtanl7° = &
28

h, = 28tan17° = 8.56m
b A=180°-33°-17°=130°
b =46 +29.872 =54.9
c =287 +8.562 =29.3
a’=b*>+c*-2bccosA
a’> =54.9° +29.3?
-2x54.9%x29.3xcos130°
a=77.0m
C =210°-70°=140°
c* =a*+b*-2abcosC
c? =92 +15% —2x9x15x cos140°
c =22.6km
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4 a cosADB =

Worked solutions

Exercise 111

20% +12% — 142
2x20x12

A =c0s'0.725 =43.53°

1 cosA-=

Area = %bc SinA

- %xzox 12 x sin43.5° = 82.6cm?

6
2 sin7o- 150x10
d
6
d = 120x10° _ 4534 g million km
sin7°

3 a PR?=PS?+RS?-2xPSxRSxcosS
PR?> =14%2 +11> -2 x14x11x cos55°
PR =11.8m

SinPSR _ sinPRS
PR ~  PS
sin55°  sinPRS
11.84.. 14
sin55°
11.84..
sin55°
11.84..

SiNPRS =14 x

PRS = sin™* [14 x j = 75.4809..°

PRQ =180° - 75.4809..° = 104.519...°

QPR =180° - 50° - 104.519..° = 25.4809...°
sinPOR _ sinQPR

PR QR
sin50°  sin25.4809..°
11.84... QR
QR =11.84,.x3N25.4809.° ¢ oo

sin50°

c A:%xQSxPstinS

- 2%(11+6.68)x 14 xsin50° - 94.81m’
DB? + DA* — BA?
2xDBx DA
122 +20% - 28?2
2x12x20
ADB = cos™*-0.5=120°

cos ADB =

b Area :%xBDxDAxSinADB

Area = %x 12x20xsin120° =104m>.

sinDCB  sinBDC
BD ~ BC

(o




sinDCB _ sin60°
12 13

sinDCB = Esin 60°
13

DCB = sin’l%sin60° =53.1°

CBD =180°-BCD - BDC
=180°-53.1°-60° = 66.9°
sinBAD sin ADB

BD AB
sinBAD sin120°
12 28

sinBAD = Esin 120°
28

BAD = sin’l%sinlzo0 =21.79°

Then
ABD =180° - ADB - BAD
=180°-120°-21.79° = 38.2°
and so
ABC = CBD + ABD = 66.9° + 38.2°
=105.1° = 90°
sinABC sinACB
AC  AB
sin46° sin ACB
48 225

SinACB = 22.5
48

sin46°

ACB = sin™ 22.5 sin46° =19.7°
48

BAC =180°- ABC - ACB
=180°-46°-19.71°=114.3°
BC? = AC? + AB?
- 2xAC x AB x cos BAC
BC? =22.5% + 482
-2x22.5x48xco0s114.3°
BC =60.8m
Let AC=b
b® = @ +c®> -2accosB
b? =52 +4? -2 x5x 4 x cos95°
b =6.67cm
Let BAC = A. Then
sinB _sinA
b  a
sin95° sinA
6.67 5
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Worked solutions

sin95°

SinA = >
6.67

A= sint|—2_sin95e | - 48.3°
6.67
Cc ACD =180°-32°-48.3°=99.7°
d Let C=AD. Then
sinD sinC
d ¢
sin48.3..° sin99.7..°

6.67.. c
sin99.7..°

c=6.67..—————— =8.8039..
sin48.3..°

e Apc= %X 4 x5xsin95° = 9.96cm?

Ao = L. 6.67..x8.80..x5sin32° = 15.55..cm?
2

Ao = Asse + Ay = 9.96..+15.55.. = 25.5cm?
(3s.f.)

7 tan50° = ﬂ
X

h
X =
tan50°

h
-X

and tan60° =
10

(10 - x)tan60° = h
B h
~ tan60°

___h
tan60°
We equate both expressions for x and get
h 10 h

10-x

x =10

tan50°  tan60°

h 1 + 1 =10
tan50° tan60°

h= 10 ~7.06m

(s aneor)
tan50° tan60°
8 a 180°-67°=113°
113°+123°+ ABC = 360°
ABC =124°
b b®=a’+c*-2accosB
b* =80% +120% -2 x 80 x 120 x cos124°

b =178km




a’+b>-c?
2ab

~120° +178% -80°
2x120x178

c0s10.9289 =21.7°

complement to 123° is 57° , then

360°-57°-21.73°=281°

9 We use lowercase letters for sides opposite
capital letter angles. Find p

Complementary angle to 84°:
180° - 84° =96°.
Then HIsQ =360°-210°-96° = 54°
We have two sides and one angle
a p’=q*+h -2hgcosHPQ

p* = 340% +160% — 2 x 340 x 160 x cos 54°

p =278km
b We find H as

cosH :7p2 tq b

2pg
_ 278 +340° -160?

2x278x340
=0.884913

H = cos'0.884913 = 27.8°

Then 84°+27.8°=111.8° is B¢, the
complement of the angle
complementary to the bearing B.

B =180°-111.8°=68.2°
Then B =360°-68.2° =292°
10Triangle ABC with sides a, b, c
B =360°-(180°-30°)-100° =110°

Cc cosC =

=0.9289

b* = a*> + c®> —-2accosB
b* =320% +500% - 2x320x 500 x cos110°
b = 680km
Then
b* +c? - &

2bc
_ 680?% + 500° — 320?

2 x680x500

=0.897

A =cos'0.897 = 26.2°
Bearing: 360° - (180° - 30° - A) = 236°

11a Let M be the midpoint of AD. Then
triangle OMD is right-angled with
OM=5, MD=5, then

OD =\OM? + MD* =7.07cm

Then

COSA =
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Worked solutions

VD = \JOD? +VO?
=+/7.07> +20* =21.2cm

b tanozzm
oM
a= tan’l% =76.0°

c Let K be the point that connects A with

OA perpendicularly. Let M denote the
midpoint of BA

OA® + MA® - OM?

cos OAM =
2x0OAxMA
B 21.2% + 5% - 20.62
2x21.2x5
OAM = cos™0.236226 = 76.3°
Then sinBAK = BK
AB

BK = ABsinBAK =10xsin76.3°=9.72

The angle between two sloping edges,
p is formed by two sides of length BK

and the diagonal of the base
9.72° +9.72? -14.4?

cos f =
2x9.72x9.72
2 2 2
5 :COS,19.72 +9.722-14.4 _95.6°
2x9.72x9.72
123 cosB - a+c?-b? _ 6% +8%-122 _-11
2ac 2x6x8 24

b The cosine of the angle is negative, so
ABC > 90°, i.e. we have an obtuse
angle.

Chapter Review

1 a-= %(basearea x height)

=%(8x8x3):64 m?

Slant height / is the hypotenuse of the
triangle formed by the pyramid height and
the distance from the origin O to the
midpoint of a side of the base.

I =+3*+4*>=5
b=x%+2xI =8 +2x8x5=144m?
a=%72'f'2h=%71'><62><8=967rcm3

slant height / is the hypotenuse of the
triangle formed by the cone height and the
cone radius

| =48 +6° =10

b=nr*+nrl =7x6*>+7x6x10 =96 rcm?




V=czr’=—nx
3
4, _32
3 3
4r3 =32
r’=8
r=2
Then SA=4zr? =4z x2? =16zm?
a V. =lm‘2h =l71'><42 x10
3 3

_ 160~ =168cm’
b Vtr :Vcane - Vz:ut
Vv =17rr2 h =l7z><22><(10—6)

cut 3 cut” ‘cut 3
=1sT”=16.8cm3

V, =168-16.8 = 151cm?®
a d=2r
65 =2r
65
r=—
2
r=32.5mm=3.25cm

V = zr’h = 7 x3.25> x39 = 1294.14cm?

b Each ball has a diameter of
2x3.25=6.5cm

h 39
6.5 6.5
6 tennis balls fit in the cylinder
c VvV, =V, -6V,

air cyl

V,, =1294.14 - 6(3;”3 253]

=431.38..=431cm’ (3 s.f.)
im?
1000000cm?
=0.431x103% m®
a V.=V, +V,

cyl sph

d 431.38..cm’x

=rx1.5° ><8.5+%7z'><1.53 =74.2m?

b SA=hx2zr+4rr?

=8.5x27rx1.5+4rx1.52 =108cm?
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Worked solutions

V= %(base area x height)

=%><6><6><3=36 cm?
W=12xV =12x36 = 432grams

oc-Lac
2

AC = JAB? + BC? = /62 + 6% = 8.49cm
Then OC = %AC - %x8.49 _ 4.24cm

Then
VC = \JVO? + OC?
=+/32+4.24% =5.20cm

as required.
We split the triangle BVC into two right-
angles triangles, BVM and MVC, M is the
midpoint of BC.
sinBMV _ sinBVM

BM

Then

sin90° _ sinBVM
5.20 3
sin90°
5.20
sin90°
5.20

sinBVM =3

BVM =sin™"3 =35.2°

2BMV = BVC
so BVC =2x35.2=70.5°
Slant height

VM = \VB? - BM?

=+5.20% - 3% = 4.25cm

SA = x*+2x]

=62 +2x6x4.25=87.0cm?
d= \/ X;) yl) +(zz—zl)2
d=\/(1—1)2+(5—0)2+(3—3)2
d=5
Midpoint
X, +X, Y, +Y, Z,+2,

2 2 "2
:(1+1,5+0,3+3j:(1,2_513)

2 2 2
d= \/ yl) +(zz—zl)2

d= \/7 1) + (V15 - 0) + (10 - 3
=462 +15+7° =




9 Area= %absinC

Area :%x6x4sin30°

=12sin30° = % =6cm?

10a r=g 16
2

=_—-=8cm
2

v, =§,,r3 _ %ﬁx83 — 2144.66¢cm’

Then
V; =80V, =80x2144.66
=171573cm?

b V =%7rr2h=171573cm3

cone

Then %7{ « 40%h = 171573

h=3Y71573 _102em
16007

11a tan60° = C—D
10

CD =10tan60° = 103 m

b tan30°= C—D
OA

1043

=30m

~ tan30°
AB=0A-0B=30-10=20m
124 faces, equilateral triangles

h=+62-3 =33

A=%bh=%x6x3\/§=9\/§

A, =4x9V3 =36/3cm?
13a A=2(x)(3x)+2xh+2(3x)h

=6x% +8xh
as required.
b 6x*+8xh =600
8xh = 600 - 6x°
h- 600 - 6x° _300- 3x?
8x 4x

c V =basearea x height = (3x)(x)h
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Worked solutions

2
V = 3x? 300 - 3x
4x
3 2
== x(300-3x?)
4
9 2
= Zx(1oo -x?)
14 Distance at angle 45°
tan45° = E
OA
= 70 =70m
tan45°
distance at angle 10°
tan10° = E
OB
_ 70 _397m
tan10°
Ad _397-70 _ 65.4 m/ min
At 5

m 1 km 60 min
4 —x X
min 1000 m 1h
15We can form a triangle with the bottom of
the building, O
ACO =90°-32°=58°

=3.92km/h

tan15° = X
co

0-_—=X
tan15°

and tan58° = co
80+ x

X

X

tan58e — tan15° _
80+x (80+x)tan15°

tan58°tan15°(80 + x) = x
x(tan58°tan15°-1) = -80tan58°tan15°
_ -80tan58°tan15°

= =60.1m
tan58°tan15°-1
2 2 2
16a coso=2 7 =8 _(6875
2x8x7

6 = cos ' 0.6875 = 46.6°
b A= %absinC = %x8x7xsin46.6°

=20.3cm?
17a CB? = AC? + AB> -2 x AC x AB x cos BAC

CB? =15% + 342 - 2 x15x 34 x cos 25°
CB=21.4m
b ACB=180°-25°-85°=70°




18a

19a

sinACB _ sin ABC

Then
AB AC
sin70° _ sin85°
34 AC
AC =343185° _ 36 0m
sin70°

A:%xABxAstinBAC

- %x 34 % 36.0 x SiN25° = 259m?

ACB =180°-70°=110°
and so ABC =180°-110°-25° =45°
sin ACB _ sin ABC

AB AC
sin110° _ sin45°
34 AC
AC =34 54" 55 6m
sin110°
SinQRS _ sinQSR
Qs QR
sin42° sin85°
Qs 30
05 =303142° _50.om
sin85°

SQR =180°-85°-42°=53°

Area = %x QS xQR xsinSQR

Area :%x 20.2x30xsin53° = 242m?
Area =%xPQxQSsin9 =141
sing — ﬂ
12 x20.2
0= sin‘lﬂ =86.7°
12x20.2

and the obtuse angle,
180°-86.7°=93.3°

We choose the obtuse angle, § =93.3°
PS? = PQ* + QS? -2 x PQ x QS x cos 8
PS? =127 +20.2?
-2x12x20.2x€0s93.3°
PS =24.1m
ABC =360°-(180°-100°) - 150°
=130°

sin ABC _ sinBCA
AC AB
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20a

21a

22a

Worked solutions

sin130° _ sinBCA

100 70
sinBCA = 7051N130°

100
BCA = sint 70 31130° _ 55 40

100
Then the bearing is given by
360°-32.4° - (180° - 150°) =298°
CAB =180°-130°-32.4°=17.6°
BC? = AC? + AB?> -2 x AC x AB x cos CAB
BC? =100% + 70°
-2x100x70xcosl17.6°

BC = 39.4km
PQA =180°-95° =85°
QPA =180° -85°-26.5° = 68.5°
sinPAQ _ sinQPA

PQ QA
sin26.5° sin68.5°

PQ 119
sin26.5°
sin68.5°
SinQPA _ sinPQA

QA  PA
sin68.5° _ sin85°

119 PA

sin85°
sin68.5°
Sin PAG = E
PA
_PG
127.4

PG =127.4sin26.5° =56.8m
5x7
x "+

PQ =119 =57.1m

PA =119 =127.4m

sin26.5° =

S$5=4 5% =95 cm? M1A1

h=+7*-2.5> =6.54 cm

4 :%XSZ x 6.538... = 54.5 cm’

M1A1

M1A1
/| =410*-3?2 =9.54 m M1A1
S_4x 6x9.538...

2
=114.47...=114 m? M1A1
h=42++9.538..2 -3
=51.1m M1A1
arccos i =72.59 M1A1
10




Worked solutions

— [0 Jp A
e (P=6tan60°-10.4m M1AL d The angle C DB can either be acute or
23a /= V52 + 32 =5.83 cm M1A1 obtuse Al
S=2x (7r x3x5.83...) =110 cm’ and the two possible values add up to
M1A1 18009°. Al
2><l><7z'><32><5 28a V:%X%X33+7zx32x7 M1A1A1
b —3  x100% =31.9%
7x3.057x10.1 _81r = 254 cm® (3 s.f.) Al
M1A1
24a X=22£12=5 Al b S:%><271><32-4—27z><3><7-4—7z><32
h=+13*-5% =12 M1A1l M1A1
_ _ 2
b A:22;12x12:204 o M1A1 =607 =188 cm? (3 s.f.) Al
5 29a tan32°:E
¢ C=90°+sin [13] =112.6° M1A1 X
30
d AC= 172+122 :208 cm M1A1 :>X=m=48.0 metres M1A1A1
25a ABC =135° Al b AB=y=\/(3+48.0)2+302
AC =20 + 252 —2x 20 x 25 x c0s135° - 59.2 metres M1A1
M1A1 30
AC = 41.6 km Al c arctan (m) = 30.59 M1A1
p SInC _sini35° M1 30a BC =482 +572 - 2x48x57cos1170
20 41.61...
C =19.90 Al = 89.7 metres M1A1A1
Therefore the bearing of A from point C 1
is 360 -105-19.9 =235.1°  M1A1l b A=2x48x57sin(117°)
— /a2 2 2 —
26a FC 8°+10°+6 10\/§M1A1AG = 1219 sq metres (3 s.f.) M1A1
sinB sin117°
_ — o
b M[0;8,0;0,6;6j:(4,0,6)M1A1 Y = B =285 M1A1A1

C FM=+4>102+6% =213 M1A1
421102+0%2 =229 Al
p=2J13+2429 +10y2 cm M1A1

e tanM=9=E M1
4 2
cosM = —— =213 M1A1AG
9 13
41
4
27a A:%xleOSin30°:22—5 M1A1
b BD?>=5%+10*-2x5x10co0s30°
M1A1
BD =125 -503 Al
BD = l25(5—2J§) M1
BD =5\5-23 AG
i i (o]
c smCDB= sin45 M1A1
13 5/5-23
sincoszi Al
10V5-243
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Worked solutions

1 2 Periodic relationships: trigonometric functions

Skills check

2 3
1 a > b V3 ¢ =
2 a (-0.618,0),(1,0),(1.62,0)

0.633,0)

-3

(
(

3 a (-1.61,0.199)
(2.21,0.792)

Exercise 12A

1 a 450272 _7
180 4
60r =«
b 600="~2_-%
180 3
c 270022707r:3_7z
180 2
d 360°-3807 _5,
180
e 1g0-187_ 7
180 10
f 2250:2257r:5_7z
180 4
80r 4rn
80°=—2 =%
9 180 9
h 2000220071':1071'
180 9
i 12001207 _ 27
180 3
- 1352 3«
135° = ==
] 180 4
2 a 27,1800 3
6 6 V4
b 7 -7 180 4q
10 10 =«
c 27 _>°7 180° ,qn
6 6 T
d 37r=37r><1800:540°
T
77 7z 180
e ——=— =63°
20 20«
£ A7 _ 4z 180° 444
5 5 T
g /777, 180" 345
4 4 V4
14z 14z 180°
h - = 280°
9 9 &

j
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3 3 T
137 13z N 180°
4 4 V3

_ 10z
180
407z

40°=——~0.698
180

250 = 227 _ 4 436

180
d 3000 - 3007
180

=585°

10° ~0.175

~5.24

110x

110° = ~1.92
180

75° = 757 ~1.31
180

857
85°=—"~1.48
180

0.63 = 0.63x 139" _36.1°

T
180°
T
180°
T

1.41°=1.41x =80.8°

1.55° =1.55x% = 88.8°

180°
7

3¢ =3x =172°

180°
T

1.28°=1.28x 189° _ 73 30

T
180°

b4
180°
T

0.36° =0.36 x = 20.6°

0.01° = 0.01x =0.573°

2.15° =2.15x% =123°

Worked solutions “




Worked solutions

Exercise 12B Exercise 12C
1 a 130° is obtuse, hence we have a
negative cosine
b 320° is obtuse, hence we have a
negative sine

1 ai /:r9:14><%:77zcm

ii /:rH:le%T”:Qﬁcm

iii /1=r0=3 X5l - 5lcm C tan225° = sin225° is negative sine
6 2 cos225°
. 147  70x divided by negative cosine hence we
WV /=ro=15x=g==—>=cm have a positive tangent
1 1 - 2 a sin36°=sin(180°-36°) = sin144°
b i A=Zr0=-x14>xZ=49zcm? _ _ _
2 2 2 b sin50° =sin(180°-50°) = sin130°
1 1 3z
i A=5r'0=3x12"x—- = 54zrcm’ c sin85° = sin(180° - 85°) = sin95°
d sin460° =sin(460° - 360°) = sin100°
i A-lrpoliz2, 2 157 0 ( )
: : ) e sinZ=sinjz-=% —sinz—”
iv A:%r20:%x152x14—”:1757rcm2 3 3 3
1 1 f sinZ=sinlz-= —sin4—”
2 A=§r29:§xr2x%:37r 5 5 5
12 . 2z . 2 . 5r¢
I’2:37z><2><7:72 g sin—-=sin|z-—-|=sin—
r=+72 =6J2cm h sins?ﬂzsin£8?”—2ﬁj=sin2?ﬂ
1
3 a A==r?=36zcm?
2" i 3 a cos40° = cos(360° - 40°) = cos 320°
1 12240 -36 b cos110° = cos(360°-110°) = cos250°
2
367 %2 € c0s300° = cos(360° - 300°) = cos60°
0= X 21 o o o o
144 2 d cos500° = cos(500° - 360°) = cos 140
b /:r0:12><%:67z' e cos” - cos[27 -2 | = cos12Z
8 8 8
Then P=2r+/=2x12+6x =42.8m ] T 5 'l 197
4 Area of sector: €010 =% “" 10”10
1 1
AS:§r20:5x102x1.5:75 T [ 3”] .
g COS— =CO0S| 27 —— |=CoS—
Area of triangle: 2 2
1, . 1, ., . O 9 T
A ==r*sing ==-10°sin1.5=49.9 h cos— =cos|— -2z |=cos—
2 2 4 4 4
note that the angle is in radians 1
: 4 a sintz=2
Area of shaded region: 2 6
— _ _ el
A=A -A =75-49.9 =25.1units x ( j 5,
smg =sinjr-=|= smg
5 /persecond: /[=r@=4x" ="
12 3
. . . les z 5l
60 times in a minute: angies =, ¢
/=2
60 0zm . 2 o
1 . L . cos " ——=—
6 We have 50 per minute, which in radians 2 4
1 T T I
is =0 z __ T coszzcos 27:—Z =cosT
60 60x180 10800
7
Then /=r6=6371x—"  =1.85km angles Z, %
r *10800 4' 4
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5 a sin6+cos?0=1

2
sinfg=1- [i]
17

2
sing =,/1 - 8 =iE
17 17

We take the positive value for @ acute

15
b tane:_SInezﬂzg
cos§ 8 8

17

Exercise 12D
1 a 6=cos'0.6=53.1°
and 360°-53.1° =306.9°
b 6=sin"0.15=8.63°
and180°-8.63°=171.4°
€ f=tan'0.2=11.3°
and 180°+11.3°=191.3°
d ¢=tan'-0.76 =322.8°
and 322.8°-180° =142.8°
e 0=cos'-0.43=115.5°
and 360°-115.5° = 244.5°
2 a 9=sin"0.82=0.96
and 7 -0.96 =2.18
b ¢6=tan’-0.94=5.53
and 5.53-7=2.39
€ 0=cos'-0.94=2.79
and 2z -2.79 =3.49
d 0=cos'0.77=0.69
and 2z -0.69 =5.59
e ¢=sin'-0.23=6.05
and 7-6.05=-2.91=27-2.91=3.37
3 2sin’@+5sing=3
(sind+3)(2sind-1)=0
Then sing+3=0
singd =-3
9 =sin'-3

This is outside of the domain for the sine
function. Second equation gives us

© Oxford University Press 2019

Worked solutions

2sind-1=0

sing =

1
2
1

6 =sint= = zands—”
2 6 6

a

4cosx =3sinx

sinx _ 4

cosx 3

tanx:i
3

X = tan’li =0.93
3

and 0.93+ 7 =4.07
2sinx +cosx =0
2sinx = -cosx

sinx 1
COS X 2
tanx :—l

2

X = tan‘l—% =5.82 and 2.68

tan® x —tanx -2=0

(tanx -2)(tanx +1) =0

tanx =2 and tanx = -1

Thenx =tan'2=1.107..=1.11 (3 s.f.)
and1.107 + 7 = 4.249.. = 4.25 (3 s.f.)
and x =tan™(-1) =5.50
and5.50 -7 =2.36
2cos? x +sinx =1
2(1-sin?x)+sinx =1
-2sin’x+sinx+1=0
—(sinx-1)(2sinx+1)=0

so sinx =1, thenx =1.57

and sinx = —%,thenx =5.76 and 3.67

cosd =0.3

6 =cos'0.3=1.27
and 2r-1.27 =5.02
For 2z <0 <3r

27 +1.27 =7.55

For -z <6<0
5.02-2r=-1.27




1 a cos

b tan#=1.61
f=tan"1.61=1.01
and 1.01+7 =4.16
For 2r <9 <4r
27+1.01=7.30
4.16 +27r =10.4

C sing=-2cosé
sing
cosd
tang = -2
B=tan?'-2=-1.11
7-1.11=2.03

d 2tan’6+5tan6 =3
(tang +3)(2tano-1) =0

tand = -3andtan@ :%

6 =tan'-3andgd =tan'=

6=-1.25
and 0 =0.46 =0.46 - 27 = -5.82

as wellas -1.25-7 =-4.39
and-5.82+ 7 =-2.68

6 3cosx =5sinx

sinx _ 3
cosx 5
tanx:E
5
X = tan” E_ 31°
5

as well as 31°+180° =211°

Exercise 12E

=2Xx

3
2

Because we have 2x, and
-180° < x <180°, then we use
-360° < 2x < 360°.

2x = 30°,-30°,330°,-330°
Then x =15°,-15°,165°,-165°

b cos’lﬁ =3x
2

Because we have 3x, and
-180° < x <180°, then we use
-540° < 3x <540°.
3x = 30°,-30°,330°,-330°,390°,-390°
Then x =10°,-10°,110°, -110¢°,
130°,-130°
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Worked solutions

C 2cos3x-1=0

COS3X = l

3x =cost=

Because we have 3x, and
-180° < x <180°, then we use
-540° < 3x <540°.

3x = 60°,-60°,300°, ~300°, 420°, ~420°
Then x = 20°,-20°,100°,-100°,
140°,-140°

X
3tan=+3=0
2+
taniz —E:—l
2 3

Because we have %, and
-180° < x <180°, then we use

—90° <X <90°.
2

X

Then 5= -45°and so x = -90°
sin! % =30

Because we have 3¢, and 0<64 <27,

then we use 0 <30 <67x.
39_12_7r7_7r8_7r 13~ 14~
3’3’3’3 3" 3

27 7 8z 13x 14
then o= % 2% 77 87 137 14z

9°"9°"9°9" 9 9
cos30-1=0
30 =cos'1

Because we have 3¢, and 0<6 <27,
then we use 0 <30 <67x.

2r 4r

30 =0,27,47,6nthen 9 =0,== 3 ?,272'
2 2

9_ sin’lﬂ

2 2

Because we have g, and 0<0<2r,

then we use 0 < g T

37
"4

N[
N

3

Then 9 =Z%,2%
22




d

sinz%—lzo

sinﬁ =1
3

Because we have % ,and 0<0< 27,

then we use 0 < 2% < 47,
3 3

20 _ sint+1=2
3 2

Then ¢ =

X

N|w

z
2

Exercise 12F

1 a

2sin5cos5 =sin2 x5 =sin10 by the
double angle formula

2sinZcosZ =sin2x Z = sinx by the
2 2 2

double angle formula

2sindz cos4r =sin2 x4z = sin8z by the
double angle formula

c0s?0.4 —sin?0.4 = cos2 x0.4 = cos0.8
by the double angle formula

2cos?’6 -1 =cos2x6 =cos12by the

double angle formula

1-2sin?Z = cos2xZ = cosZ by the
4 4 2

double angle formula

We use the Pythagorean identity

sin*6 +cos?0 =1

2
(l] +cos’d=1
3

2
cos?d =1- 1 =1—l=§
3 9 9
We take only the positive value as ¢4 is
acute cos¢9=¥
sin29:25in0cos€:2xlx&_ﬂ
3 3 9
8 (1Y 7
c0s20 =cos’f-sinff=——-|=| ==
9 (3 9
42
tan2g - SiN20 _ 9 42
cos2¢ 7 7
9

sin@ +cos?6 =1
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Worked solutions

S|n2¢9:1—l:E
4 4
sinazﬁ
2
Sin20=25in¢9C050=2x£x—l:—£
2 2 2
2
C0s260 = cos* @ —sin® 6 = Ay 31
2 4 2
V3
sin20 "~ o
tan20 = =—< =43
cos2¢ 1 V3
2

6 is obtuse, so we take the negative
value of the cosine

sin®6 +cos?0 =1
2
(—1] +cos?d=1
8

c0529:1_i:§
64 64

J63

cosf = -———
8

sin20 = 2sin@cos @

1 J63 63
:2><——><——:—
8 8 32

€0s20 = cos’ 6 —sin* @

Ay

63 1 62 31

" 64 64 64 32

J63

tan29=csmze =32 V63

0s26 31 31
32
sin46 = 2sin26 cos 20
32 32 512
sin26 = sin@

this is true for 9 =0,27,7
divide by sing
2cosf =1

cos 6 _1
2

-1




b cos20+sing=0

1-2sin?6+sind =0
~(sing-1)(2sing+1)=0
sing =1

sSin26 = \/§cose

2sin@cosé = \/§cos¢9

this is true for g = = 37
2 2
divide by cosé

2sing =3

V3

sing = —
2

2z
3
cosé =sin@dsin20

then ¢ =Z,
3

cosd =sin@2sinfcosd

true for ¢ :5,3—”
2 2
divide by cosé
2sinP9 =1
sin2¢9:l
2
. 1
sing =+—
J2
. 3r 57 7n
Then ¢ =sin'x1/2 = 2%, 2% 2% /7%
/2 4" 4" 4" 4

cos 20 = cosé
2cos’f—1=cosd
2cos’f—-cosf-1=0
(cos®-1)(2cosd+1)=0
cosfd =1
cost1=0=0,27
2cosf0+1=0

cosf = L
2

Worked solutions

6 a 32sinxcosx
=2x16xsinxcosx =16sin2x
Then a=16, b=2

b 16sin2x =8

SO sin2x=£=l
16 2
Note that 0 < 2x <27, so
sin‘11:2x:£,5—”
2 6 6

and so x :1,5—7z
12712

7 Area :%x 15xsin20 =10
%JEXxesinecose =10

\/Exsinecosezlo

\/Exsina(\/l—sinza) =10

with sing =% we have that

m;[ 1_(1]2}10

4

\/EXX%X 15 =10

15
16
160 32

15 3

x =10

Exercise 12G
1 a
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The amplitude is |1 = 1 and the period
.2z
is ==,
3
The amplitude is |0.5/ = 0.5 and the

period is 27” =r.

The amplitude is |-4/ = 4 and the period

.2z
is —/—.
3
. . 1 1
The amplitude is 5173 and the
period is ZT” =6r.
3

period of 7, amplitude of 1, then
y =sin2x

period of 7, amplitude of 3, then
y =3c0s2x

© Oxford University Press 2019

Worked solutions

period of 2z, amplitude of 2, then
y =-2C0S X

period of 2z, amplitude of 2, then
y =2sin(-x)
The amplitude is 6| = 6

L. 2z
The period is —— =4
P /2

Exercise 12H

1 a

b

amplitude 3, period 27” =z . Option iv

amplitude 2, period 2~ and vertical
shift +1. Option ii

amplitude L, horizontal shift —Z or %
2 2 2

units to the right. Option i
amplitude 1, period 12/—”2 =47 , vertical

shift 2. Option iii
period 2z, amplitude
maxz— min_ 551 =2, vertical shift +3

y =2sinx +3

period 2z, amplitude
max2— min _ 2;0 =1, vertical shift +1

horizontal shift 7, y = cos(x - 7)+1

period 2z, amplitude
max2— min._ 0;4 =2, vertical shift -2

y =2C0sX -2

period 2?” , amplitude

max —min _ -0.5+1.5 -0.5,
2 2

vertical shift -1, y =0.5sin3x -1

vertical shift 2, amplitude 3, period =,
plot given

y
5 -

h




Worked solutions

b horizontal shift —%, amplitude 0.5, 6 Plot sinx —% =y, find zero at
period 2z, plot given K= 5z 13z 17x
- 6’6" 6 "6

1,
7 Plot € -cosx =y between -2 and -1.

- Find zero at (-1.29,0)
= X
0 \ : 7
05 2” 8 a cis the horizontal shift: £
: 2
-1- b The graph of y = cosx may be

c vertical shift -1, amplitude 1,
period 2z, horizontal shift -z, plot

translated % horizontally to the right to

given become the graph of y = sinx
y
o5 9 a
y

-0.5-
d vertical shift 2, amplitude 2, period =, b 0.6075,1.571,2.534,4.712
plot given
10a (2.36,-1)
¥

;‘“/\ N b 24
NEANA

N
L\

2
¢ x=0,1.26,3.77,4.19

> Exercise 121
0 m n
1 a

e vertical shift 1, amplitude 2, Y oa
20

period 27 horizontal shift -z,
3 15 ik

| .

plot given 104

¥

A
34 5 - J
2.5 4

94
15 - -10

11 -15
057 -20 -

o]

-0.5 1

-1-
(—0.824,0),(0.824,0)

5 Plot 2sinx-x-1=y. Find zero at
(—2.38,0)

© Oxford University Press 2019




=
N
=]

-10

-15 1

-20 -

-10
-15

=20 -

20 A

15 4
10 4

-5
-10 A

-156

-20 -

T > 6
m{ 2n

Worked solutions

f
yl
20
15 4
10
5_
/ /’:\.9
0 m 2n
-5
-10 1
-15
-20 -
2 a 1.25,4.39
b 1.13,4.53
c -r,0,r7
d -0.903,0.677,1.98,2.61

Exercise 12]
1 a Minimum when sin(%(t—S)j =-1,i.e
h(t)=-5+7=2m
Maximum when sin(%(t—S)J =1, i.e.
h(t)=5+7=12m
b sm(z - )
6
(g(t—S)):E:f:8
High tide at 8 am
. T
Z(t-5)|=-
c sm(s( )J
(z(t—S)j=—13t=2
6 2
Low tide at 2 am
d h(9)=55in(%(9—5))+7
:55in2—”+7
3

53

:—+7 11.3 m
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e

0 T 9

T o

h(t) = Ssin[g(t —5)j+7 =3
%(t—S) =sin™t (—2]
%(t -5)=-z+sin’ [‘5‘), -sin? [‘5‘),

7 +sin™ (4j, 27 —sin™ (4j
5 5

t =0.771,3.229,12.771, 15.229

0:46 am, 3:14 am, 12:46 am, 3:14 pm
(multiply decimals by 60 to convert the
decimal number of hours into minutes)

13000 on February 1
7000 on August 9th

3000cos(0.5(4 -1))+10000 = 10212

20
10

amplitude 202_ 0

=10, vertical shift 10
period ~ 47 . Then y =10 sin0.5x +10
16 fish
35m
5m
35-5
2
a =15,c = vertical shift = 20

horizontal distance between
maximums: 4 -0 =4 (period)

=15m

b is calculated as b = 2n _x

2

plot y :15cos%t+20. Find y =30 at
t =0.535

radius=12 m, so diameter=24 m
maximumisat2m + 24 m =26 m
above the ground

minimum is at 2 m above the ground

amplitude 262_ 2 =12, increases then

decreases, so a =-12

_max+min  26+2
S22

2z V1

T 40 20

c =14m

h(t) = “12cos Z x +14
20

b Att=p, —12coszlop+14=20
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6 a

b

Worked solutions

. 1
so —12cosZ p=6 , l.e. cosp=—=.
Zop 20p 2

Then the required angle is @ = 2?”

Vg 2 40
—p=="then p=—=13.3
20773 P=3 °
max =20x2+1=41m, min=1m.

Then amplitude is 20, a = -20

vertical shift =
max +min _ 41 +1 —21m
2 2
period 2% - %
40 20

h(t) = -20cos = x + 21
20

for h=23m = —20cos%x +21,

Ve 23-21 1
COS— X = =—-—
20 -20 10
@cos’l—i =x =10.64s
Vs 10
amplitude 60;40 =10

period 2x(1.8-0.3) =3, then b:z?”

vertical shift 50

60+40
2

maximum at 0.3 instead of 0, so
horizontal shift of 0.3

y =50+ IOCOS(Z;(L“ —0.3)J

y =50+10 cos(z?”(ﬂ.z - 0.3)} =43.3m

C

Plotting the function and the line y = 59
gives t =0.0847 s

Chapter review

1 a

b

30 x T _r
180 6
150x_7%_ - 2%
180 6
315« % 77
180 4
120x_7__27
180 3
20x 2=~
180 9
o40x T __ 47

180 3




270xF___3"
180 2
144 x _4r
180 5
37 180 0.
V3
77 180 5400
6 Vs
77 180 _ e
12 Vs
7 180 _ Qe
T
75,180 40
T
1ir 180 _ .,
30 Vs
1ir 180 _ .o,
T
347 180 _ 000
15 V1
We have that ro =/ so
6=5x0
0 :é rad
5
1, 6

A==r0-= —><25><—:15
2 2 5

We use the Pythagorean identity
cos? @ +sin*0 =1
cos?6+0.62 =1
cos’9 =1-0.36 =0.64
coséd =+0.8
We take the positive value for acute 4
cosd =0.8
and tang = 2N _ 06 _4 5
coséd 0.8
2sinx =tanx

holds for x = 0. We divide by tanx to
get
2cosx =1

1
COSX = —
2

holds for x =% and x = %

sin‘l—l —z+Z% and2z -~
2 6 6

S0 077, 11x

6
cos’lﬁz—andZﬁ—E:E
2 4
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Worked solutions

tan‘llzfandyz+£:5—”
4 4 4

8sinxcosx =4 x2sinxcosx =4sin2x
soa=4and b=2

4sin2x =2

2sin2x =1

sin2x = l
2

sin’lé =2x

Note that 0 < 2x < 4r, so

ox = 7r57r1372177r
6’6" 6 "6

7 5z 13r 17x
SO X =
12'12"12 " 12

the angle is obtuse, so we need a
positive sine

2
J12) sime -1
13

S|n 0 = 1_14_4:£
169 169
sing = i
13

c0s20 = cos® 6 —sin*

12y (5Y _119
13 13 169
. . 5
sin(¢+ ) =-sind =-—
13
2sin6+sind-1=0
(sin@ +1)(2sing-1)

Then sing = -1
and sing = 1
2
sin?-1= 3z
2

1_z 57
2 6’6

2
[EJ +cos*f=1
4

c0529:1_i:l
16 16

Obtuse angle, so we take the negative

7

cosine cosé = e

and sin!

c0s 26 = cos® @ —sin* @




Worked solutions

~ (_QJZ _[EJZ 1 15a Plot y = cosx — x* and find zeros for
4 4 8 OSXs%,then x =0.824
. . 30+30
10 period: % amplitude =——=30. b Plot y =4sinzx —4e™ +3 for

5 0.5<x <1.5 and find zero at x =1.14
Then b=%" -4and a =30 1 1
a 16A:Eabsinazleoxsxsinezlo
2

11a periodis 7-0=17n sing= L
b 3 4
c 3 0—sintt-0.25
4
d b-2_> itive si
-, Obtuse angle and positive sine,
17 Area of the sector is
b 2% _4 1 1
T Asector:—FZH:—x102x0.8:40
2 2 2
c Then OAN = 7 -0.8=0.77
y . e . ~
5 oy : Using the sine rule SinANO _ sin OAN
AO ON
4_
. T
a4/ 1\ S5 sin0.77
. 10  ON
ON =10sin0.77 = 6.96
1_
1 Then Ay, :%x 10%6.96 x Sin0.8 = 25
1
14 Then
-2 4 Ashaded = Asect - Atriangle
ol =40-25=15cm’
2 18a Using the sine rule SNADO _ sinAOD
AO AD
-5- . .
sin AOD sin0.8
AD = AO = =14.7cm
13 Ashaded = Asector - Atriang/e sin ADO sin0.4
1, 1, b DAO =z - ADO - AOD
Agpoded = =0 —=r°sind
2 2 =7z-0.8-0.4=1.94
Ay :1x82x£—lx82xsin£ sinDAO _ sin ADO
2 6 6 oD AO
=0.755
1 . sinDAO sin1.94..
14a A=>2x4xsind=2 OD = AO =8 =19.1cm
g2 xaxsi SINADO _* sin0.4
2V2sin0 =2 c A-lrp-l.gx0.8-256cm
2 2
. 1 3z
sing = —==— 1
2 4 d A == x AD x OD x sin ADO

2
for obtuse @

3z

1 . _ 2
b Then CBD - ”_T _ ok x14.7x19.1xsin0.4 =54.9cm

r
4
A =A

. -A
1 ps ABCD triangle sector

_ 2 _
and SO Agye =5 x 47 x 7 =2z ~54.9-25.6 = 29.3cm’
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19a f(x)=2x10xsin3xcos3x =10sin6x

b 10sin6x =0
sin6x =0
for 0<6x <27z.Then 6x =0,7,27

and x=0,%2,%
63

20a f(e):(2cosze9—1)+cos¢9+1

=2co0s* 0 +cosb
b This is a quadratic equation in cos@
with positive discriminant, so there are 2
distinct values of cos# which satisfy it.

€ cosf(2cosf+1)=0

cosfd =0
= 6 =-90°,90°

2cos€+1=0:>cos¢9=—%
= 0 =-120°,120°
21a /:r9:15x%:7_85m

1 V4
b A-lrp-Ll152+7 _58.9m?
29T %%

¢ When wheel turns through %, Ais 15
m above the ground.

Wheel then turns a further %radians to

complete a total turn of 2?”

h, :15+15sin%=15x%=22.5m

d hlZ|=15-15c0s2|Z+Z|=25.6m
4 48
e h(0)= 15—15c052(%) =4.39m

f When cosZ(t+%) is -1, we have a

maximum. Then

cosZ[t+£J =-1
8

Z(t-l-%j:ﬂ'

t= =1.18s

zr_r
2 8
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Worked solutions

22a p-=3, q=§—Z=%, b=27”=2
2

—d:—z:—l,so d=1
2

b 3cos%x =sin2x -1
The intersection points can be found as
x =1.30,3.41,6.19
23a 3

T

b 10-2 =8 =period, b=2—”:
8 4

d f(x)= 3sin%x+5
translated (3,0)
f(x) = 3sin%(x—3)+5
reflected in the x axis
f(x)= —(3sin%(x -3)+5)=9(x)
24a A(t)=(2cost -1)(cost -1) A1A1
b (2cost-1)(cost-1)=0

2cosl’—1=0:>cost=l

2
St=E,27 M1A1
3'3
cost-1=0=cost=1
t=02r M1A1
25 2cos® x = sin2x
= 2c0s’ X —2sinxcosx =0 M1
2cos x(cos x —sinx) =0 M1
cosx =0,cosx =sinx M1
x:f, x:3—7r Al
2 2
X:£, x:5_7[ Al
4 4
26a Correct attempt to at least one
parameter M1
a-14-8_3 Al
2
p=27_5 Al
T
:142+8:11 Al




Worked solutions

b i 9=~ Al
1:"‘ . '8
w LT TN ) 29a i -1<y<3 Al
. ~ ~ i 2 Al
. . b a=-2 Al
= L |7 a | & 27
5 p-27_ . M1A1

A1l for trigonometric scale and correct
domain, c=1 Al

A1l for correct max/min,

1
€ -2coszx+1=0=coszx == M1
A1l for two complete cycles e = g 2

27a S(x) = 50 2 7 405" + 3SRy 405 & ax el ® x5 7 M1
3333
M1A1A1
=1+sin4dx AG XE{_E,E,E,Z,} M1
b A1l for correct shape, Al for 2 cycles, 3333
Al f i
or correct max/min 30a i X=0,X=£,X=7Z' Al
¥ 2
.~
3 i ~ Al
2
2 \\. /\ ifi i Al
/ \ o\ b b=2 Al
. d=1 Al
04 \Ur \'\/"f g c The first point of inflexion occurs at
T
X == R1
5! m 7
-1
d f(f )
ci Z Al 8
2
T T
ii 0<y<2 Al :f(x):atan(z[g—zj}rl:—z
d <Please insert the graph of M1
y =cos(2x)-1for 0<x<2z> A3
atang—fj =-3 Al
ei = Al 142 4%
2 -1
ii p=r (oranyz+2nz,ne¢) a=3 AG
Al .
g=-2 Al e Z Al
8
7 and oz Al
8 8
. 1 2 4
28a i Azixzzx?ﬂz?ﬁ Al 31a -2cos’x +sinx+3
=-2(1-sin’x)+sinx +3 M1
TR P A1 ( )
3 3 = 2sin* x + sinx + 1 Al
b i rH:% Al b —2cos’?x+sinx+3=2
= 2sin’ x+sinx+1=2 M1
rf. A1
2 " 2sin’ x +sinx-1=0
Solve simultaneously M1 = (2sinx -1)(sinx +1)=0 M1
r=6cm Al
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Worked solutions

sinx:%,sinx:—l Al

Award A1l for two correct
solutions

© Oxford University Press 2019



Worked solutions

1 3 Modelling change: more calculus

Skills Check
1a 2 b -1 c V3
2 2
a 3 e 0 £ 1
2 2

2 a cos’2x-sin*2x =cos?u —sinu
= COS2U = cos4x

b 6sinxcos=3x2sinxcosx =3sin2x
c e“sin’x +e*cos® x = eX(1) = &

3 a i(%/ﬁ):%[(4x3+7x);]

dx

= %(12)(2 +7)(4x° +7x) 3 =

2

3 (4x3 + 7x)§

d 2 A2X 2x 2 2x
b a(3x e )=6xe +6x%e

1.

c — =
dx \ x? x*
_x-2xInx 1-2Inx
Xt X

Exercise 13A
1 f'(x)=4(cosx)+3(-sinx)
=4cosx -3sinx

dy
2 A - 5cos(5x)

dy 1 X .
o ~3953 (—3 sm(3x))

= lcos£+ 3sin(3x)
3 3

3

409" Gosx

=3(cos x)_1

3sinx

f'(x) = 3(~sinx)(-1)(cos x)* = —

(= 3secxtanx)
5 h(t)=sin’t

h'(t) = (cost)(3sin2 t) =3costsin*t

© Oxford University Press 2019

2 12x°+7

6 y-= sindx = sin(x%)

dy (1 - 3 1 2 ne3
=L -] =x7 |cos¥x = = x5 cosix
dx [3 ] I 3 U

7 y=cos”= cos(zx")
X

dy _ (—ﬂX’Z)(—sin(ﬂx’l)) -2 sinZ

dx x> x

_ 1 =C9SXEIEI
tanx sinx

8 g(x)

sin x)(-sinx) - cos x (cos x)

g(x) -

sin? x
sin® x + cos® x 1 5
=- — = - ——— = —cosec’x
sin® x sin x

9 f(x)=siPx+cos’x=1=f"(x)=0
10 y = sin(2x)cos(2x) = %sin(4x)

. dy

..a:2cos(4x)

11a (gof)(x)=cos(4x’)

b %[(g of )(x)] = %(cos(4x3))

= (12x2)(—sin(4x3)) =-12x? sin(4x3)
c r(x)=x cos(4x3)
r'(x) = 2xcos (4x3) + X2 (—1 2x2 sin (4x3))
=2x cos(4x3) -12x* sin(4x3)

12a i f'(x)=cosx

i FU(x) = —sinx

i £"(x) = —cos x

iv f®(x)=sinx

b n = 4x where x is an integer, therefore
n=4,8,12

c i F®(x)=FPx) =sinx

i F*(x) = FIO(x) = —sinx

Worked solutions “




Exercise 13B
1 f(ﬂ') =-1

f'(x)=-sinx +2cosx

L f'(r)=-2

Therefore at (7,-1) the tangent
has gradient -2 and the normal

has gradient %

Tangent: y —(-1)=-2(x-x)
S>y=-2x+2r-1

Normal: y —(-1) = %(x - )

f'(x) =-6sin(6x)
f'(%]:O

Therefore at [%,1] the tangent is

parallel to the x — axis and the normal
isparallel to the y — axis
Tangent: y =1

Normal: x =

© Oxford University Press 2019

10 f'(x) = 3cos(3x)-

Worked solutions

Exercise 13C

F1(x) = 3(4)cos(4x—%)+5
= 12cos(4x—£)+5
6

dy = (12x + 4x +1) @727

dx
dy _ (1-cos x)(cos x) - sinx (sinx)
dx (1—cosx)2

cosx-1 1

B (1-cosx)’ ~ 1-cosx
f'(x) = 2xe* + x’e* + e
=ex(x2+2x+1)=ex(x+1)2
h'(t) = -2e“*‘sint

dy X o x
ax - 5e°* sin(3x) + 3e”* cos (3x)
= €™ (5sin(3x) + 3cos(3x))

d . .
d—y= —SINX +SINX + XCOSX = XCOS X
X

f'(x)=-2xe sin(exz)

f'(x)= %sin(Bx) +3In(3x)cos(3x)

= 3cot(3x)

1
sin(3x)

11a f'(x)=-e**sinx

b e** is always positive, so can just
consider the behaviour of -sinx

~.Increasing for 7 < x <2x
Decreasing for0< x <«

¢ f'(x)=0=>x=0,x=7 or x=2r

x) = c°sx(sm X — cosx)

F
F(0)=-e <0
f ()
F




Alternative method: Since the
exponential function is a

continuous increasing function,

the minima and maxima of cos x
will correspond directly to respective
minima and maxima of e“*

- Local maxima at (0,e) and (2z,e)

Local minimum at (;r,e‘l)
12a f'(x)=1-sinx
f"(x)=-cosx

b Concave up when f"(x) >0

T 37
> xe|Z, =
(2 2 J
Concave down when f"(x) <0

=> X e O,z U 3—”,27r
2 2

C f"(x):O when x:% or x=37”

Concavity changes at both of
these values of x, so

T 37 37
—,=| and |—=—,=—
533 = (53]
are both points of inflexion

13a f'(x)=-2sin2x +2(-sinx)(cosx)

=-2sin2x —2sinxcos x

=-2sin2x - sin2x
=-3sin2x

b Intherange 0<x <7,

f'(x)=0 when

c f"(x)=-6cos2x
f” )

(x) =0 in the interval when
T 3z

—, X = —

4 4

Concavity changes at these

points, so f,l and 3—”,l
42 4 2

are points of inflexion

X =

© Oxford University Press 2019

Worked solutions

d

f(x)

2
ni

1 47 (?:_ﬂl

4’2

T T T > X

0] m\n/3m n

1 4 4

42 (g i )

Exercise 13D
1 C'(x)=x-50
C'(120) =70

This means it costs 70 Euros to produce
the 121t table

. Velocity is —e? and speed is e
¢ Look for change in sign of v (t)

Thisoccursatt =1

3 v(t)=d'(t)=3cos18t +6sin18t

v'| Z | = 3cos 2z +65sin 2z
27 3 3

_ [_1}6@:6@—3

= 12(e2 - 1)
b P'(t)=120(0.2)e"* =24e"*
c P'(10) = 24€?

At day 10 the number of bacteria
are increasing at a rate of
177 bacteria per day




5 a P'(x)=-0.00015x + 12

P'(200) = 6
The profit gained by selling the
201 unit of the chemical is 6 euros

b C(x) = R(x)—P(x)
=10x -4 —(—0.00005x3 +12x — 200)

=0.00005x° -2x +196
¢ C'(x)=0.00015x* -2

C'(200) = 0.00015(200)" -2 = 4
6 a 3.19s (use of GDC)

5(3.18533) - 5(0)
3.18533

- -0.408 (3s.f.)

so —0.408ms™
c v(t)=s'(t)=-9.8t+15.2

d v(6)=0=t=2-155 (3sf)

This is the value of t at which
the ball reaches its maximum height

(and changes direction)

Exercise 13E

10000

1 C'(x)-1-225

C'(x)=0=x=100
20000

==

= C"(100) > 0 so minimum

c"(x)

2 a |PQI|H SR|=8cos@
| PS |<| QR |= 8sin6
.. A=(8cos0)(8sing)
=64singcosd = 32(2sinf cos b))

=32sin20
b d—A:64c0520
do
d—A=0:>0=z
deo 4
C dzA——lZSsinZH
de*

© Oxford University Press 2019

Worked solutions

2
at o=%, 94_ 1580
4" do
So this value of g gives the

maximum value of the area

Let the angle between the downward
vertical and the curved
face of the cone be 9, then:

42 L r_2(6-h)

tanf=—=—==
6 3 6-h 3

2
V = zhr? = ﬁh[g(G —h)j

= ;rh[4(36 ~12h + hZ)J
9

_ %(36h—12h2 1)

dv  4r
E:?(36—24h+3hZ)
v  4r

=27 (-24+6h
dh2 9 ( +6 )
dv

E=0:>3h2—24h+36=0
= h*-8h+12 =(h—6)(h—2):0
h = 6 would not make sense,

so consider h=2:

dv 4r 16
= -— <

“h=2,r=2(6-2)=2
3 3

P(x)=R(x)-C(x) = 4x - 2x?

P _ 2 4

dx Jx
d—P=0:>2—4x%:03x=2’%:4’%
dx

Students should verify using their
GDC that this does indeed

give rise to the maximum profit
P(4’%) - 2.38110...
So maximum profit is $2381.10

Let |ABH CD |- x = |BC | AD |- 872
X

C(x)=10x+ax + 4(2) 23]

_ 14y , 5400




Worked solutions

b C‘(x):14—5j'(c2)0 -0 .-.115x4sin(3x5)dx:_|'sinudu

=-cosu+C = —cos(3x5)+C
- x=19.64 (2d.p.)

3 let u=2x*+3x+1=du=(4x+3)dx

C... =C[ %J:mgm (2d.p.) i s 3 )
L dx=[utdu= -+ C
So minimum cost is $550 (Zx2 +3x + 1) u
Minimum to be verified by use of GDC 1
T T i3x+1
Exercise 13F 4 let u=x"+7x=du=(2x+7)dx
1 [5sinxdx =5[sinxdx =-5cosx +C “ [(2x+7)e" 7 dx = [e*du = e* + C
2 [(4cosx-2sinx)dx =e"7* 1 C

_ 422
=4jcosxdx—2fsinxdx 5 Let u=x"-3x

=4sinx +2cosx +C =>dU=(4X3—6X) dX=%(8X3—12X) dx
1 .
3 ICOS(7X) dx:;sm(7x)+C .'.I(8x3—12x)(x4—3x2)3dx
ol g, U
4 I6cos(2x)dx:ésin(2x)+c _ZIU du = 2 +C
2 1/ .4 2\4
:—(x —3x) +C
=3sin(2x)+C 2
1
5 Isin(Sx+3)dx=—%cos(5x+3)+C 6 Let u=vx= du:m dx
N
6 _[(x3+sin(2x))dx .'.j%dx:zjeudu=2e“+c
=Ix3dx+jsin(2x)dx =2e" 1 C
x* 7 let u=2x>-2x

= T—%cos(Zx)+C
= du =(4x-2)dx =2(2x -1)dx

7 jcos(ﬁjdx=2sin(ﬁj+c ,
2 2 J(2x—1)c05(2x —2x)dx
8 j2;rsin(27rx)dx ”=%Losudu=%sinu+c
1 .
2—3—”C05(27TX)+C ZESIH(ZXZ—ZX)+C
T

= —cos(2zx)+C 8 Llet u=cosx = du=-sinx dx

5
_[sinxcos“ xdx = —fu“du Y. c
Exercise 13G 5

— 1 5
1 Llet u=5x+4x = du=(15x*+4) dx =-glos'x+C
= [(5x%° + 4x) (15x% + 4)dx 9 let u=Inx = du:% dx
1
=|uvdu==u*+C .
I 3 ..’Jsm(lnx) dx=jsinu du=-cosu+C

1cs 3 X
‘§(5X +4X) +C =-cos(Inx)+C
2 let u=3x"= du=15x"dx
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10 Let u =€ +5= du = 3x%* dx

N[}

Ixze"z e’ +5dx =1.[u% du =£u +C
3 9

= %(e’(3 +5)% +C
11 f(x jes'”x cos x dx

u =sinx =>du = cos x dx

- F(x) =Ie”du=e“+C=e5‘”X+C
f(r)=1+C=12=C=11
f(x) e"™ +11

4_X
2x% + ¢e?

12 f(x) = j

Let u=2x>+e® =du=4x dx
s f(x)= Ju‘ldu =lnu+C
=In(2x* +€*)+C
f(0)=2+C=5=C=3
~f(x)=In(2x* +€*)+3

Exercise 13H

F 1 2
1 dx = - ==

_([cosx x =[sinx]; 52
2 TZsinxdx:—Z[cosxf

3 Llet u=x*+x=du=(2x+1)dx
x=0=u=0, x=2=u=6

i(x +x) (2x +1) dx
0
6 u 6
= [v’du {—} =324
0 0

4 let u=cosx = du=-sinx dx

ismxcos xdx =— ju du
z 3

2

_[e'T _1fe 1)1
|4 416 16) 8

2
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Worked solutions

5 Let u=x>+1= du=3x*dx

X=2=>U=9
X=1=>u=2
X2

e—r

9
1
dx=Ju2du
X3+ 2

=2[ut] =2(3-42)

2

-

6 letu=€e"=du=e*dx

INNESERRIEN

ins 5 .
j ex sm(ex)dx = jsmu du = —[cosu];

Z z
In4 4

) [%_%) ﬁz_1

7 a AseX# 0, considersinx =0.x=0or
.. k=r

e+l 151

b Using GDC: jexsinxdx:
0

8 Limits of integration are x = 0, X =
1.27531 and x = 4.06401

Using GDC:
I1.z7531 Sinx — (—X3 15x2 _ 4X) dx

4.06401 .
+I (—x3+5x2—4x)—smx dx
1.27531

~11.4

Exercise 131

1 a v(t)=s'(t)=-t?+8t-12
jv
{_5

9 9
c £|v(t)|dt=£|—t2+8t—12|dt=48.3m

o'—.m

t2 + 8t - 12) t

9

£+ 482 - 12t] =-27m
0

-

2 a v(t)=s'(t)=2t-6

b Tv(t)dt = T(zt—e)dt =[t?-6t] =om

6 6
c £|v(t)|dt=£|2t—6|dt=18m




=[(t—1)3}z ~8-(-1)=9m
c f|v(t)|dt=f|3(t-1)2 |dt =9m

4 a Displacement = [ v(t)dt =22 m
Distance = |} |v(t)|dt =22 m
b Displacement = fv(t)dt =6m
Distance = j:4|v(t)|dt =30m
c Displacement = _[014v(t)dt =10 m
Distance = j:4|v(t)|dt =34 m
5 a The acceleration is the gradient of

this graph. The gradient at

t =3 is -3 so the acceleration
is —3 ms™3

b te(0,3)U(57)

7
c [lv(t)ldt=16.5m
0

s(0)=C =10

L s(t)=2£ - 16t +10
3

6
c I|t2—16|dt:32 m
2

Exercise 13]
1 a v(t)=s'(t)=e"(cost -sint)
b a(t)=v'(t)=-2e'sint

2 a v(t)=s'(t)=-2cost

© Oxford University Press 2019

Worked solutions

v(0)=-2ms!

v(t‘)=—2cost=0:t=E
2

S(ZJ:6—2:4m
2

i v(t)=0 whenever sint=0
o t=0,t=x t=2x

ii v(t)<0 whenever sint <0
wte(n,2n)

a(t)=v'(t)

=e“'cost +(-sint)e

cost

sint
= et (cost — sin? t)
s(t) = [v(t)d = [e="sint dt

Let u =cost = du=—sint dt

~s(t) =— J edu=—e*+C

= —eC0St 4 ¢

s(0)=3e=>—-e+C=3e=>C=4e
~s(t) = 4e — ecost

Assume initial displacement is 0.

Iv dt—szmt+2cost dt
_25|nt 5cost+C
s(0) =2sin0-5cos0+C=0
=-5+C=0—~C=5
S(4) = 2sin4 —5cos4 +5=6.75m (3 s.f.)

4
J'l 5sint +2cost |dt = 14.0 m (3s.f.)
0

i -2.37 ms? (use of GDC)

ii v'(1.3) <0 so slowing down
3.54s and 5.01s (use of GDC)
i -6.92m (use of GDC)

ii At 6 seconds, the particle

is 6.92m to the left of its
inital position

18.6m (use of GDC)
-12.8 ms? (use of GDC)
t =0.696, 5.59 (use of GDC)




c 13.2m (use of GDC)
d 24.8m (use of GDC)

Exercise 13K

[

_":'5(10251'2 - t*)dt = 1152 spectators

-o.osr3+2.3)

N

33.4+j55.2te(

(7))

3800 + j;°—150£1 —St—ojdt ~ 1175 gallons

t
j:°2o.4eﬁ dt ~ 273 billions of barrels

F

Chapter Review

1 a f'(x)=3cosx-4sinx

dy .
b A -3sin(3x - 4)

c h'(t)=4cosxsin’x

ol

d f(x)=(cosx)

7(x) = 5 (-sinx) (cosx) = - S
o S_Z:(cosx)(lnX)+(5inX)(%]

- (cosx)(Inx) + 21X
¢ %:%cos(lnx)
g s(p)- o) costlE])

e

e‘(sint +cost)  sint +cost

ey ¢

h f'(x)=2e*sin2x + 2e* cos 2x
= 2e**(sin2x + cos 2x)

2 a I(3x4+cosx)dx:3jx4dx+jcosxdx
:§x5+sinx+C
5
b Isin4xdx=—lcos4x+C
4

(o Icos(2x+3)dx = %sin(2x+3)+C

© Oxford University Press 2019

dt = 206 cubic feet

Worked solutions

Let u=2x>+5x = du=(6x2+5) dx
J'(6x2 + 5)(2x3 + 5x)4dx
:.[u4du:lu5+C

5
:é(2x3 +5x) +C
Let u=x®= du=3x*dx
j3x2cos(x3) dx=fcosu du =sinu+C
:sin(x3)+C
Let u=x%+5x

= du =(2x +5) dx :%(4x+10) dx

[(4x +10)e"**dx =2[e"du =2e* + C
=2 4 C
Let u=Inx = du=ldx
X
.J.cos(lnx)

X
=sin(Inx)+C

dx=jcosudu=sinu+C

Let u=e*+5

= du = 4e* dx = 2(2e4x) dx

. ‘[ 2e4x
e +5

= %In(e“x +5)+C

dx =1J'u’1 du=tinusc
2 2

sinx dx =[—cosx]i7” 1 N2
2

22

Nl [

Let u=Xx>-2x > du=(3x2—2) dx

X=2=>u=4
X=-1ou=1

Jz' (3x* -2)(x° - 2x)3 dx

:j-u?’du :l[u4:|4 zﬁ

1 4- 1+ 4
¢ . : 1
!(1+cosx)dx—[x+smx]0 =5*3
_7+3
-6

Let u=4x*>+1= du=8xdx




N

X=1=u=5
x=0=>u-=1

18xe“X2*1dx = 5e“du _[etT =es-e
.

a The surface area of the box is

X% +4xh =432
2
:h:432——x
4x
x (432 - x?
b V=x2h=¥=108x—lx3
4 4
¢ IV _108-3x
dx 4
0o X144 = x —12
dx
2
d_\gz_zx so the second
dx 2

derivative is negative at x =12 [
-. Maximum volume occurs when
x =12 and accordingly h =6

a v(t)=s'(t)=-3e""sint

a(t)y=v'(t)=

= 3ecost (sin2 t — cos t)

—3e*sf cost + 3e“ sin® t

b v(t)<0 when sint>0=t¢e(0,r)
c Using a GDC, plot a(t) to

see where it is positive

(0.905, 5.38)

2z
d [lv(t)ldt=14.1m

0

10
4.5+ j7t2e‘1'2f dt =12.6 cm (3 s.f.)
0

g'(x)=2sinxcosx -5 AlA1l
b g'(x)=sin2x-5<1-5=-4<0
M1A1R1
Therefore g is decreasing on all its
domain. AG
a f'(x)=5-sec’x M1A1
FlZ)-5-sec[Z]-41 a1
4 4 2
f(fj _57 4 Al
4) a4

(51

Worked solutions

1(x—fj Al
2 4

b the normal to the graph is
vertical when the tangent is

horizontal R1
fl(x)=0=sec*x =5 M1
coszx:l:x=arccos£ Al
5 5
coszx=%: tanx =/5-1=2 M1
f arccosE = 5arccos£—2 Al
5 5
The coordinates of A are
arccos£,5arccos£—2 .
5 5
9 a = |sin2t —sin(t -0.24)  A1Al
b Use GDC to find the maximum M1
t=2.25 Al
¢ Find intersection of graphs M1
t=1.13 Al
X2
10a J'(x—sinx)dx = 7+cosx+C
M1A1A1l
7 X2 4 ﬂ_z
b J'(x—sinx)dx =|Z_+cosx| =2 -2
5 2 , 2
M1A1A1l
da x\ x ’
11a a:(e ) cos x + e* (cos x)
=eXcosx —-e*sinx M1A1A1
b a0)=1 Al
a =1 Al
y=x+1 M1A1
12a A1l for shape, Al for domain, Al for
scale on axes
y
9 A
(0.304,1)] [(1.27,1)
14—+ : ol
(0.785,0.909)
09 1> X
o (2360)] 5
-1 2
-2

b i Minimum poi

and (2.36,0)

nts: (0.785,0.909)
AlA1

Maximum points: (0.304,1) and

(1.27,1)
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Al1A1l




Worked solutions

M O0<x<1 Al 16a O<x<2r1=0<2X<z M1
iii sinl Al 2
2.356... In the 1%t and 2" quadrants sine is
c i [ sin(l+sin2x) dx A1A1 positive R1

0

.. ) o Therefore f(x)>0 for all
il Using GDC to evaluate the definite

integral M1 O<x<2r. AG
area = 1.76 Al
13a i -0.524 (or -2) Al b f(;z—x):sin(z—fj
6 2 2
i -0.369 <y <1.76 A1A1 _ [ (ﬂ XD
=sinjr-|=-Z
iii f'(x)=2cos2x -sinx A1A1 2
3 :sin(f+ijzf(7z+x) M1R1
b [ (sin2x +cosx) dx =2.25 M1A1A1 2 2
5 Therefore a=f(z-x)=f(z+x)=b
14a s(0)=2 mm Al Al
b i v=s=15c0s3t+2t M1A1 c A(x)=2xsin(”;’(] M1A1
ii =v'=-45sin3t +2 M1A1l
a=v St Find maximum point (1.72,2.24)
c v=0=t=0.548,t =1.50,t = 2.74 M1A1
M1
a<0=1t=0.548,t =2.74 R1A1 A(1.42,0.652) and B(4.86,0.652)
B, AlAl
15a i f(0)=5 Al d p=2AB+2x0.6520...=8.19 M1A1AG

ii f(7)=5 Al

b A1 for coordinates of A, Al for
coordinates of B,
A1l for zeros, Al for shape and

domain
¥
~
10 1AL, 7.47)
5 ] \\}
(1060} [E3.02.00
0+ I'%_'{ .i = |
a "-.\ ,-'lT
- 1] I
: Y
10 [B[2.53,-6.80]]

b
c J'f(x) dx =2.11 (or 2.07 using 3 s.f. for

aand b) A2
d The graph crosses the x -axis

between a and b R1
e Either

b

[If (x)| dx =7.39 M1A1

Or

1.961... 2.588...

f(x) dx + _f f(x) dx=7.39
1.017... 1.9601...
M1A1
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Worked solutions

1 4 Valid comparisons and informed
decisions: probability distributions

Skills check
3x3+5x4+7x5+9x6+6x7+2x8
3+5+47+9+6+2
_176 55
32
3x10+10x12+15x15+9%x17+2x20
3+10+15+9+2
=@z14.6
39
2 a 55 b 14.6

(%))
)]

HESN

c (Z](o.3)3(0.7)6 - 0.267
55 149
x=—=1.719 X=—>-=2.98
4 a 32 b 50
X:ZlZ:SﬁS
25

Exercise 14A

2 a

t 2 3 4 5 6
1 4 10 12 9

PT=0 | 35 36 | 36 | 36 | 36

1 a
s 2 3 4 5 6 7 8 9 10 11 12
ors - 1023 als|e|ls5|a|3s]| 2|1
5=%) | 55 |36 | 36 | 35 | 36 36 | 36 | 36 36 | 36 | 36
b
n 0 1 2
25 10 1
PN=n) | = | —= | —
( ) 36 36 36
C
n 1 2 3 4 5 6
pvem | LS| 5|3t
36 36 36 36 36 36
d
p 1 2 3 4 5 6 8 9 10
1 2 2 3 2 4 2 1 2
PP=P) | 55 |36 | 36 | 36 | 36 | 36 | 26 | 36 | 36
p 12 15 16 18 20 24 25 30 36
4 2 1 2 2 2 1 2 1
PP=P) 35 | 36 | 36 | 36 | 36 36 36 | 36 | 36
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b P(T>4)=P(T =5)+P(T =6)

_12,9 7
36 36 12
3 a
S 1 2 3 6 10
1 2 1 1 1
Rl ¢t ([ |c |6 |
b P(S>2)
=P(S=3)+P(S=6)+P(S =10)
1 1 1 1
=—+—+—-==
6 6 6 2

4 a The sum of the probabilities in a
probability distribution should be 1, so

1 1
l1==+=+c+cC
3 3
1==+2c
1—z=2c
3
l:2c
3
l+2:C
3
1
CcC =—
6
b PAl<X<4)=P(X=2)+P(X =3)
11 1
=—+4 —=—
3 6 2

5 The sum of the probabilities must be equal
to 1, so
1=1c+2%+3%
1=c+8c+27c
1=36¢
1

c=—
36

Worked solutions “




6 As the sum of the probabilities must be 1,
we have

1=2k +4k* +6k* + k
1 =3k +10k?
0=10k>+3k -1

0 = (2k +1)(5k — 1)

1
So the possible values for x are K = 35

1
and kK = 5 but as a probability must be

1
non-negative, K = T is the only possible

solution

7 Using the fact that the sum of the
probabilities must be equal to 1,

(3] (3] 3] (3]

1=k+ k + k +L
3 9 27
1-40
27
k=27
40
8 a As the sum of the probabilities must
equal 1,
P(X > 2)
=P(X =2)+P(X =3)+P(X =4)
+P(X =5)
=a+b+b+b

P(X<2)=P(X=0)+P(X =1)=a+a
l=a+a+a+b+b+b
1=3a+3b
P(X >2)=3P(X <2)
a+b+b+b=3(a+a)
a+3b==6a
3b=6a-a
3b =>5a
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Worked solutions

b P(sum=28)=P(3 and 5)+ P(4 and 4)
=b*+b* =2b°
P(sum =9) = P(4 and 5) = b?
P(sum =10) = P(5 and 5) = b?
P(sum > 7) = P(sum = 8) + P(sum = 9)

+ P(sum =10)
P(sum > 7) = 2b* + b* + b* = 4b?
25
144
9 a P(C=3)

=P(A=1and B =2)
+P(A=2and B=1)

12 11
:—._+_._
33 36
S
18
b
c 2 3 4 5 6
nemg| L | 5|85 |1
18 18 18 18 18

Exercise 14B
1 EX)

=lx1+lx4+lx9+lx16
6 6 6

6
+lx25+lx36=%
6 6 6

~15.2

2 E(X)

=1><l+2><l+3><l+5><l+8><l+13><l
6 6 6 6 6 6
_16
3
3 E(X)
2 3 4 5

=1><i+2><—+3><—+4><—+5><—
36 36 36 36 36

+6x—+7 —+8><i
36 36
Y
-3

4 a Using the fact that the sum of the
probabilities must equal 1,
1=k+2k +3k +4k +5k + 4k

+3k +2k + k
1=25k

1

" 25




E(X)
=1><—+2><i+3><i+4><i+5><i
2 25 25 25 25
+6><—+7><i+8><i+ ><i
2 25 25 25
0.2<k<1
E(X)

=1x0.2+2x(1-k)
+3x(1-(1-k)-0.2)
=1.6+k

If you pick the first red ball on the r th
try, that means you have picked r -1
blue balls

P(R=1) = %
P(R=2) = 4%
P(R=3) = %
P(R=4) = %
P(R=5) = -
P(R=6) = %
P(R=7) = %
P(R=8) = %
E(R)

=1><1+2><i+3><l+4><£+5><l
5 45 45 15 9

+6><i+7><i+8><i+9><i
45 15 45 45

11
"3
1
P(R = 2) = P(blue then red)
_8,2_4
10 10 25

P(R>3)=P(R=1)+P(R=2)+P(R =3)

2 8 2 8 8 2

= —X—F — X — X —
10 10 10 10 10 10
61

125
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Worked solutions

P(R=3)
= P(blue then blue then red)
8 8 2 16

"10 10 10 125

For the first red to be drawn on the rth
try, there are - _1 blues picked first so
P(R =r) = P(r blues then a red)

8Y) 2
_ [mj 2
1
As the sum of the probabilities must
equal 1, let x = P(Z =0)
1=x+0.2+0.05+0.001+0.0001
1=x+0.2511
1-0.2511=x
x =0.7489
E(Z)
=0x0.7489+2x0.2+20x0.05
+200x0.001+1000x0.0001
=1.7
so the expected winnings on a ticket
are $1.70
You expect to lose $0.30 per ticket

Exercise 14C

1
1 X~B|4:

d

P(X <1)=P(X =0)

0 4
(ML) (L) D oL
0/ 2 2 16 16

P(X <1)=P(X =0)+P(X =1)

1 1 5

=4+ — ==

4 16 16
1 15
PX>1)=1-P(X<1)=1-—=—
( ) (X <1) 16 16

1
2 X~B|6=
[ 3)

b

(g3 3] o
- (33T

=0.351

o




c P(X<2)=P(X <2)+P(X =2)
= 0.329 +0.351 = 0.680

d P(X>2)=1-P(X <2)
-1-0.351=0.649

2
X ~B|8,%

+ a3

=0.0389 (3 s.f.)

By
L0
ol

- 0.00870 (3 s.f.)
d P(X>1)=1-P(X =0)

(I oo

Exercise 14D

N|uv

[N]

1
1 R~B|4,>|,th
(4] en

r 0 1 2 3 4

P(R=r) | 0.316 | 0.422 | 0.211 | 0.0469 |0.00391

So the most likely number of times the red
face shows is 1

2 X ~B(8,0.55)
8
5

b If he misses at least 5 times then he
hits at most 3 times,

a P(X=5) =( ](0.55)5 (0.45)’ = 0.257

P(X <3) = [g](o.55)°(0.45)8 + @ (0.55)(0.45)

+ (gj (0.55)°(0.45)° + [2) (0.55)°(0.45)°

- 0.260
3 X ~ B(16,0.01)

a P(X=0)= [106j(0.01)°(0.99)16 =0.851
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Worked solutions

b If 13 are not faulty then 3 are faulty,
P(X =3)= (136](0.01)3(0.99)13

= 0.000491
c P(X22)=1-P(X <2)
=1-P(X=0)-P(X =1)

-1- [106j (0.01)°(0.99)*°

_ [116) (0.01)1(0.99)'

=0.0109

4 X ~B(10,0.25)

a P(X=5)= [150j(0.25)5(0.75)5 =0.0584

b P(X>3)=1-P(X <3)
=1-P(X =0)-P(X =1) - P(X =2)

—1- (100](0.25)0(0.75)10 + (110] (0.25)1(0.75)°

+ (lzoj(o.25)2(o.75)8 =0.474

5 X ~B(50.4),

P(X <3)
=P(X =0)+P(X =1)+P(X =2)
+P(X =3)

> 0 5 5 1 4
= [0](0-4) (0.6)° + (1](0.4) (0.6)

+(§j(0.4f(0.6f-+(§](0.4f(0.6f
=0.913

6 X ~B(6,0.15)

a P(X>1)=1-P(X =0)-P(X =1)

-1 —[(6)](0.15)0(0.85)6 —(?](0.15)1(0.85)5

-0.224
b P(X=1)= [f](o.15)1(0.85)5 -0.399
X ~ B(15,0.05)

i 15 , 5

i P(X=3)-= [ 5 ](0.05) (0.95)

= 0.0307
i 15 0 15
i P(X=0)= [ o ](0.05) (0.95)

- 0.463
iii P(X>2)=1-P(X <2)
=1-P(X =0)-P(X =1)




1 _(105j(0.05)°(0.95)15

- [115](0.05)1(0.95)14

-0.171
b i (P(X=0))?=0.215

i (P(X >2)) =0.0292

i 2xP(X =0)xP(X >2)=0.158

Exercise 14E
1 0.0256=P(X <1)=P(X =0)

n
0
10g0.0256 = nlog0.4
_log0.0256
log0.4

n=4
2 X ~B(n0.01),

= [ J(0.6)°(0.4)” =1x1x(0.4)"=0.4"

0.5 < P(X = 0) = ['(;J(o.on‘)(o.gg)"

=1x1x(0.99)" = 0.99"

log0.5 < nlog0.99
< log0.5
log0.99
n < 68.968 = n =68

3

0.25> P(X <1) = P(X = 0) = [8](0.2)0(0.8)"

=1x1x(0.8)" =0.8"

log0.25 > nlog0.8

log0.25

log0.8
n>6213=n=7

4 X ~ B(n,0.3),
0.95<P(X21)=1-P(X =0)

n>

- 1—[8)(0.3)0(0.7)" -1-0.7"

0.7"<1-0.95
nlog0.7 <1og0.05
log0.05
log0.7
n>839=n=9
5 X ~B(n0.5),
099<PX=21)=1-PX=0)

-1 —(8](0.5)0(0.5)" -1-0.5"
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Worked solutions

0.5" <1-0.99

nlog0.5 <log0.01
log0.01
log0.5

n>6.644->n=7

Exercise 14F

1 a X~B(40,%j, E(X):np=40x%=20

1 1 20
x ~B[40, 1] E(X)=np=-40x2-22
b [ 6], (xX)=np =405 L -2

c X~B(40,%j, E(X):np=40x%=10

2 E(X)=np=0.4n=10:n=%=25

3 a X~ B(150.25)

E(X)=np =15x0.25 = 3.75

P(X >10)

= P(X =10)+ P(X =11) + P(X =12)
+P(X =13) + P(X =14) + P(X = 15)

0 T 9

15 10 5 15 11 4
=(10J(0'25) (0.75) +[11](o.25) (0.75)

+ 1zj(o.25)12(o.75)3 j(o.25)13(o.75)2

(15

+

13
15 15 0

) +[15J(0.25) (0.75)

+[1‘5J(o.25)14(0.75)1
0.000795

0x13+1x34+2x40+3x13
300

4 a P(qirl) =

3o
300

b 300x0.51x0.51x0.49 = 38.2

Exercise 14G
1 E(X)=12=np and Var(X)=3=np(1-p)
Solving these simultaneously gives
121-p)=3




2 a X ~B(20,0.2)
b E(X)=np=20x0.2=4 and
Var(X)=np(1-p)=20x0.2x0.8=3.2

c P(X >10)=1-P(X <10)
=1-P(X =0)-P(X =1)-P(X =2)
~P(X =3)-P(X =4)-P(X =5)
~P(X =6)-P(X =7)-P(X =8)
~P(X =9)

=1- [200] (0.2)°(0.8)*° - [210j (0.2)'(0.8)*

20
2 3

a )
—[2‘?)(0.2)4(0.8)16 - [250]
—[26())(0.2)6(0.8)“ - (20)

5

20 8 12
7[ A j(O.Z) (0.8)2 -

=0.00259
3 We know that
Var(X)=np(1-p)=12xp(l1-p)=1.92, so
1.92
p(l-p) 1
0=p*>-p+0.16
0=(p-0.8)(p-0.2)

Which gives us that p=0.2 or p=0.8.

20

j(0.2)2(0.8)18 - [ (0.2)*(0.8)

(0.2)°(0.8)°
(0.2)'(0.8)3

(0.2)°(0.8)"

Exercise 14H

1 a P(-2<Z<-1)+P(1<Z<?2)
=0.1359+0.1359=0.272

b P(-1.5<z<-0.5)+P(0.5<Z<1.5)

=0.2417+0.2417 =0.483

P(Z >1)=0.159

P(Z > 2.4) =0.0082

P(Z <-1)=0.159

P(Z < -1.75) =0.0401

P(Z < 0.65)=0.7422

P(Z >0.72)=0.2358

P(Z >1.8) =0.0359

P(Z <-0.28) = 0.3897

P(0.2<Z <1.2)=0.3057

P(-2<Z<0.3)=0.5952

P(-1.3< X <-0.3)=0.2853

P(] Z |<0.4)

Q9 N T 9 QO 0O T 9 Qo n T 9
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b

Worked solutions

= P(-0.4 < Z < 0.4) = 0.311
P(| Z |>1.24)
= P(Z >1.24)+ P(Z < -1.24) = 0.215

Exercise 141
1 X~ N@14,5%)

d

HX<J6)=P(Z<16_14]

5
_ P(Z < 0.4) = 0.655
HX>9%#{Z>9;MJ
_P(Z > -1) = 0.841

P@sX<1D:%?;MSZ<12;A)

=P(-1<Z<-0.4)=0.186
As the mean is 14, P(X <14)=0.5

2 X ~ N(48,81)

C

52 -48
P(X <52)=P| Z <
(X <52) ( Js—lj
= P(Z < 0.4444) = 0.672
42 - 48
b P(X>42)=P| Z >
(X =42) [ Js_l]
=P(Z > -0.6667) = 0.748
37-48 47 - 48
P(37 <X <47)=P <Z<
( ) [«/8_1 \/8—1]

=P(-1.2222 < Z <-0.1111) = 0.345

3 X ~ N(3.15,0.02%)

HX<32%#{Z<§£;ii$

0.02
= P(Z < 2.5)=0.994

b P(X>3.11)

C

:P[Z S 3.11—3.15]

0.02
=P(Z >-2)=0.977

P(3.1< X <3.15)

_p 3.1-3.15 <7< 3.15-3.15
0.02 0.02

= P(-2.5 < Z < 0) = 0.494

Exercise 14]
1 X ~ N(100,20%)

a P(X<130)= P[Z <

130-100
20




Worked solutions

= P(Z <1.5)=0.933 P(Z < a)-0.8413 = 0.12
b P(X >90) P(Z <a)=0.12+0.8413
P(Z <a)=0.9613

=P(Z>90_100j na-1.77
20 b Pa<Z<1.6)=0.787

= P(Z >-0.5) = 0.691
z> ) =P(Z <1.6)-P(Z < a)
c P(80< X <125) 0.9452 - P(Z < a) = 0.787

_p(80-100  125-100 P(Z < a) = 0.9452 - 0.787
20 20 P(Z < a) = 0.1582
— P(-1<Z <1.25)=0.736 ~a=-1.00
c Pla<zZ<-0.3)

2 X ~ N(4,0.25%),

=0.182=P(Z<-0.3)-P(Z < a)
3.5-4 4.5-4
PB.5<X <4.5)= P[ 035 %< 02s j 0.3821-P(Z < a) = 0.182
=P(—2<Z<2)=0.9545 P(Z <a)=0.3821-0.182
, now Y ~ B(500,0.9545) and P(Z < a)=0.2001
E(Y) = np = 500 x 0.9545 = 477.25 so one - a=-0.841
1
;v\t/);rlggzxpect 477 to be accepted on 3 a E(1 ~0.3)=0.35, so we look for a
3 XNN(14,42) such that P(Z<a)=1—0.35=0.65,
2014 ..a=0.385
a P(X>20)=P|Z>"1 1
b 50.1096 =0.0548, so we look for a
=P(Z >1.5)=0.0668 such that
1014 P(Z < a)=1-0.0548 = 0.9452,
b P(X<10):P(Z< 7 ] ~a=1.60

4 a P(Z<a)=0.95-a=1.64
P(Z>a)=0.2 - a=0.842

= P(Z <-1)=0.1587 = 15.87%
4 X ~N(551.3,15),

P(X > 550) = P[z >550—551-3j

15 Exercise 14L
_ P(Z > -0.08667)=0.5345 ~ 53.5% 1 0.235-P(X>a)-= p[z 5 aBSZ'SJ , this
5 X ~ N(500,20) 5 s '
. a-—>o.
N gives that =0.722
a P(X<475):P(Z<475500] 2
20 =a=0.722x0.2+5.5=> a=5.64
- P(Z <-1.25)=0.106 2 M~ N(420,10%)
b P(3 packets less than 475 g) a The first quartile equates to
= (P(X < 475)) =0.1056° = 0.00118 0.25=P(M < a) = P(Z <8 _132()), so
Exercise 14K a _1320 =-0.674 = a=-0.674x10+420
1 a P(Z<a)=0.922-a=1.42 — a-413
b P(Z>a)=0.342 .. a=0.407 b The 90 percentile is
c P(Z>a)=0.005.a=2.58 0.9 = P(M < a) = P[Z 2 ‘132(’} , giving
2 a Pl<zZ<a)=0.12 a_420_1282
=P(Z<a)-P(Z<1) us 10

= a=1.282x10+420= a =433

3 X ~N(502,1.6)

a P(X <500)

© Oxford University Press 2019




=P(Z - 500—502)

1.6
= P(Z <-1.25)=0.106
b P(500 < X < 505)

_p[500-502 _, _505-502
1.6 1.6

=P(-1.25<z <1.875)

=0.864 = 86.4%

c 095=Pb<X<a)=P(-a<X<a),so

%(1 -0.95) =0.025, so we look for a'

such that P(Z <a'")=1-0.025=0.975,
.a'=1.96, so

a=1.6a'+502=1.6x1.96+502 =505.1
4 X ~ N(550,25%)

a P(520< X <570)

_p 520-550 <7< 570 -550
25 25

=P(-1.2<Z2<0.8)=0.673

a-550
25

b 0.9=P(X<a)=P[Z<

a->550
25
= a=>582

=1.282 = a=1.282x25+550

5 X ~ N(55,152)

a 0.95:P(X<d)=P(Z< Ic

d—ssj .
, giving

ﬂ: 1.645
15

=>d=1.645x15+55=>d=79.7

b 0.1=P(X<f)= P[Z <f1555J, giving

f=55_ 4582
15

= f=-1.282x15+55=f =35.8

Exercise 14M
1 X ~ N(30,6%),

0.115 = P(X >40)=P(Z> 40‘30j, so
40-30 45 ,-40-30_ _g33
o 1.2
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Worked solutions

X ~ N(u, 4%),

0.9 = P(X <20.5) = P(Z <20'?+”j, so

ZO'i_H =1.282 = 4 =20.5-1.282x4

= u=15.4

X ~ N(u,0%),

0.0217 = P(X > 58.39) = P[z > @J
and

0.0287 = P(X < 41.82) = P(z < 41-?—#]

s0 223974 _5 02 -58.39 - 2.020 + u

o

I

and
41.82-u

O
solving these simultaneously gives
0=4.23 and u=49.9

X ~ N(u,0%),

=-1.90 = -41.82=1.900 - 4,

0.90 = P(X < 89) :P[Z < 89‘“] and
O

0.95:P(X<94)=P(Z < 94‘”), so
o

89-yu
o
94 - u
o
these simultaneously gives o =13.8 and
u=71.3

X ~ N(136,02),

=1.282=>89=1.2820 + 4 and

=1.645= 94 =1.6450 + 1, solving

0.12 = P(X >145) = P(z >MJ, o
O
145-136 4 475 ,-145-136
o 1.175

= o =7.66 cm
X ~ N(u,20%),

0.01 = P(X < 500) = P[Z <503—0‘”j, so

200 —x _ 5 356
20

= 4 =500+2.326x20= u =546.5g
X ~ N(0.85,c2)

a 0.74=P(X <1.1) = P(z >wj,

(el
L, 11-085 o
o
_L1-085 0.389 kg
0.643




b P(X>1)=P[Z>ﬂj

0.389
— P(Z > 0.386) = 0.3497 = 35%

8 X~ N(,ul72)l

0.025 = P(X > 68) = P[Z > “T‘”j, so

68 — u
7
= £ =54.3 cm

X ~ N(2.9,0%),

=196 = 4 =68-1.96x7

0.35=P(X > 3)=P(Z > 3‘2'9j, )
o

3-2.9 _0.385 = & — 3-2.9

o 0.385
= o =0.260 m

10 X ~ N(u, c?)

a 0.30=P(X <108)= P(Z <108_-ﬂJ

o
and
0.20 = P(X >154) = P(Z > 15‘;‘”) s0
108=4 _ 4524 =108 = -0.5240 + s
and(7
15‘2— K -0.842=154-0.8420+ 4,

solving these simultaneously gives
o =33.7 and u=125.66

. 117-125.66
33.7

=P(Z >-0.257) =0.601=60.1%,

so this is consistent with the normal
distribution

b P(X>117)= P(Z

11X ~ N(u, %),

0.95 = P(X > 495) = P(Z . 495- ”j and
(o2

0.99 = P(X > 490) = P(Z > 490'”), so
o

495K _ _1.645 = 495 = _1.6450 + u
(o2

and

490-4 _ 5 326 = 490 = -2.3260 + 1,
o

solving these simultaneously gives
0 =7.34 and x=507.1

Worked solutions

Chapter review
1 a 0.3+%+%+0.1+0.1 =1

0.5+§=1
k

=0.5

_ 3
0.5

b E(X)

x xXlw

=6

=—2><0.3+—1><l+0><z
6 6

+1x0.1+2x0.1
6 1 0 1 2

+
10 6 10 10
3 1 9 5 14 7

10 6 30 30 30 15

2 a 1=c(6-1)+2c(6-2)+3c(6-3)
+4c(6 -4)+5c(6-5)
1=5c+8c+9c+8c+5c
1=35c
1
35
b E(X)

1k 2x S 3.2
35 7 “*35 7°*35
+4><£+5><i
35 7735

5 16 27 32 25
35 35 35 35 35

_105
35
=3
3 Find the value of x:
1 1 1
—+—-+=+x=1
4 8
E+x=1
8
3
X:_
8
P(total 6) = P(2,4) + P(3,3) + P(4,2)
13,1131
4 8 8 8 8 4
3., 1.3
32 64 32
6.1 6
64 64 64
_13
64
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4 a 24,6,812,16

b 5’0’0’0’ 0’o
8888 8'8
c EX)
“2xtiaxZiexligx2
8 8 8 8
12xti16xt
8 8
2 8 6 16 12 16
==+ —+—+—
8 8 8 8 8 8
_s0
8
=7.5
d E(Money per week)
:5><9+10><2:£+§:ﬂ
8 8 8 8 8
= £6.25
E(Money in 10 weeks)
=10x £6.25 = £62.50
5 X~B(5,lj
3

P(X=3)=[5](Ej (E] _ 40
3)(3) (3) 243
6 P(X=0)=0.9x0.9=0.81

P(X =1)=2x0.1x0.9=0.18

P(X =2)=0.1x0.1=0.01
E(X)=0x0.81+1x0.18+2x0.01
-0+0.18+0.02=0.2

7 a P(X<65)=P(X >a)
By symmetry a =75+ (75-65) =85
b P(65< X <a)=0.954
P(X <a)-P(X <65)=0.954
P(X <a)-0.023=0.954
P(X <a)=0.977
~.a=85
P(X > 85)=0.023

2
8 a Px-1)=L:2.1.(2),1
373%3%(3) "3
9

1 2 4 6 4 19
=4+ —+—== +—=+—===—
3 9 27 27 27 27 27
b
X P(X = x)
_5 i
27
1 |19
27
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9 a X

Worked solutions

40 19 21 7

2772777277 9
Expected loss of $0.78
Expected loss of $7

~ B(8,0.3)

P(X =3) = @0.330.75 -0.254

b P(X >3)=0.448

10 X =no. of sixes when 6 dices are thrown

X ~ B(6,lj
6
P(X =3)=0.0536

Y =no. of times three sixes are seen
Y ~ B(5,0.0536)

P(Y =

11a i

2)=0.0243
X ~ B(10,0.2)

P(X = 4) = 0.0881
P(X > 5) = 0.00637

b E(X)=np=10x0.2=2

c Y

~ B(n,0.2)

P(Y>1)=1-P(Y¥=0)=1-0.8"
1-0.8" >0.95
0.05>0.8"
10g0.05 > nlog0.8
log0.05
<n

log0.8
13.4<n
. n=14

12 P(-a

<Z<a)=0.85

By symmetry:

P(Z<a)=1-

Soa=

Mz 0.825

0.935

13a P(X <80)=0.85

P(Z<

80-71

(o2

): 0.85

80-71

qlo

=1.036

[ea

=1.036
9

o= =8.68
1.036

b P[Z>

©s _;1] - P(Z > -0.69) = 0.755




30— u

oz

14 P£Z< j:0.15

- 30-4_ 4036

(o2

= 4 =30+1.0360
P[Z >50‘”J -0.10

(o3

20— _ 458

(o2
= u=50-1.282¢
~.30+1.0360 =50 -1.282¢
= 2.3180 = 20
o =8.63
1 =50-1.282(8.63) = 38.9

15 a P[Z . 352“‘J ~0.2

_35-4_0ga1..

= 35- 4 =1.683..
= u=35-1.683..=33.3

b X ~ B(5,0.8)
P(X =5)=0.328

¢ Y ~B(50.2)
P(X >2)=0.263

16a 0,1,2 Al
b p(x=2)-10,10_25 M1A1
18 18 81
C
X 0 1 2
P(X=x) | 16 | 40 |25
81 | 81 | 81
A2
17a 0.2+k+0.25+k-0.05+0.3=1
= k =0.15 M1A1A1
b E(X)
=0x0.2+1x0.4+2x0.1+3x0.3=1.5
M1A1
18a 0.05+0.22+0.27+a+b=1
=a+b=0.46 M1A1
b E(X):2.46

= 0x0.05+1x0.22+2x0.27+3a+4b

=2.46 M1A1

3a+4b=1.7

Solve simultaneously

a+b=0.46 and 3a+4b=1.7 M1
a=0.14, b=0.32 AlA1

19a X : B(10,0.005) M1
P(X =1)=0.0478 (3s.f.) Al
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Worked solutions

b P(X<1)=0.999 (3s.f.) M1A1
P(X =1
c P(X:1|Xsl)=g
P(X <1)
=0.0478 M1A1A1
20Let X : B(n,p).
np=3 and npg=1.2 Al1A1l
Solve simultaneously M1
g=04=p=0.6 Al
n=>5 Al

21X : N(50.1,0.42)

P(X <49.5)=0.0668 (3s.f.) M1Al
P(49.5 < X <50.5) = 0.775 (3 s.f.)

M1A1
¢ P(X>49|X <49.5)
_P(49<X <495 e mialAL
P(X <49.5)
22 X : N(u,5)
a P(X<5)=0.754
3P[Z<5;’uj:0.754 M1

S_Tﬂ - 0.6871...> u=2.94 M1A1

b P(4<X<5)=0.116 M1A1

23a i Let X be the number of correct
answers in the 12 questions
answered at random.

X : B(12,0.5) M1
P(X=2)= [12](0.5)12 =0.0161
2
M1A1
. 12 12
i P(X:12):(12](0.5) _ 0.000244

Al
b E(X) =12x0.5x0.5
= 3 correct answers M1
3 correct random answers = 6 marks
Al
9 incorrect random answers =-9 marks
Al

8 answers known =16 marks Al

If the student answers all the question
the expected number of marks is 13
marks which is 3 less than the total
marks if he just answers the questions
he knows the correct answer. R1




24a i W: N(/J,O'Z)

Worked solutions

82-yu

-1.28...,
O
P(W < 65)=0.27 _
( )65 40-4_ o.8a1...
—u) pn
= P[Z < o ) =0.27 M1 Solve simultaneously
=56.6 and o = 19.
P(W > 96) = 0.25 “ and o =19.8
= P[Z < 96‘”] -0.75
(o2
65-4_ 96128...
O
261 _0.6744... A1A1
ii Solve simultaneously
65-4_ 0.6128..., 5
O
261 _0.6744... M1
(o2
u=79.8 and o =24.1 A1A1
b P(W >100)=0.20 M1A1
c LetVY: N(80.5,10.12)
P(75<Y <85)=0.379. M1A1
d 630P(Y > 85) =207 M1A1
o 630x80.5+370m o o
1000
M1
m =78.5kg Al
25a i T: N(45,92)
P(T 255)=0.133 M1A1
P(T > 65
i P(T>65[T >55)- P(T > 65)
P(T > 55)
_0.01313... 4 5986 M1A1A1
0.13326...
b (0.133...)° =0.00237 M1A1

c N: B(50,0.133...)

i E(N)=50x0.133...= 6.66 M1Al
ii P(N>5)=1-P(N<4)=0.814

26 P(X >82)=0.1
=P(X <82)=0.9

:>P[Z<82_'u]=0.9

(o2

P(X <40)=0.2

:>P(Z<40—_'uj:0.2

(o2

M1M1A1

M1A1

Al
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M1

M1
Al1A1l






