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Exercise 1.1 

1. (a) 26 

 (b) 1 

 (c) 1201  

 (d) 83 

2. (a) 27.05 

 (b) 800.01 

 (c) 3.14 

 (d) 0.00 

3. (Answers will vary) 

 (a) height  

 (b) swimming competition times 

(c) distance between cities 

(d) photo file size 

(e) conversion of 0.5 inches to cm 

(f)  grocery purchase 

(g) cold day in Singapore 

(h)  current in amps 

4. 1. (a) 
26 25.8

0.00775 0.78%
25.8

  

  (b) 
1 0.61

0.6393 63.93%
0.61

 

  (c) 0.02% 

  (d) 0.56% 

 2. (a)  0.01%  

  (b)  0.00%  

  (c)  0.05%  

  (d)  100% 
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5. (a)  3  

 (b)  4  

 (c)  2  

 (d)  5 

(e)  4  

(f)  5  

(g)  1  

(h)  2 

6. (a)  5630  

 (b)  3100  

 (c)  4 760 000 

 (d)  3.14  

(e)  0.000 207  

(f)  100 

(g)  0.020 1 

(h)  0.020 0 

 

Exercise 1.2 

1. 4 2 63 3  

2. 4 2 23 3  

3. 6 2 43 3  

4. 6 2 83 3  

5. 4 2 83 3  

6. 33  

7. 4 2 8 2 109 3 3 3  

8. 4 2 8 8 169 81 3 3  

9. 4 4 03 3  

10. 
3

3 23 3  

11. 
3 1

2 42 23 3 3 3  
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12. 
2 2 7

3 3 33 3 3 3  

13. 
1 51

3 623 3 3  

14. 
1 2

2 43 3 3  

15. 
23

4 4 2 323 3 3 3 3  

16. 03  

17. 
1 9

4 2 23 3 3  

18. 
4 111

3 623 3 3  

19. 
2 71

3 623 3 3  

20. 
3 3

32 23 3 3  

21. 
1 11

6 2 23 3 3  

22. 
2 4

2 3 33 3 3  

23. 
2 2

03 33 3 3  

24. 
1 4

1 3 33 3 3  

 

Exercise 1.3 

1. (a) 31.203 10  

 (b) 97 10  

 (c) 43.01 10  

 (d) 12.001 10  

 (e) 32 10  

 (f) 47.0 10  

 (g) 11.203 10  

 (h) 41.0006 10  
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 (i) 11.0001 10  

 (j) 1001 10  

2. (a) 6 61.68 10 2 10  

 (b) 2 23.6 10 4 10  

 (c) 12 121.84 10 2 10  

 (d) 1 11.84 10 2 10  

3. (a) 91073741824 1.07 10  

 (b) 92147483647 2.15 10  

 (c) 23.14 2.31 10  

 (d) 22.5 2.25 10 

 

Exercise 1.4 

1. (a) 103 log 1000 log1000  

 (b) 43 log 64  

 (c) 100

3
log 1000

2
 

 (d) 9

1
log 3

2
 

 (e) 8

1
log 2 2

2
 

 (f) 100 log 1 log1  

 (g) 0 log 1 ln1e  

 (h) 6

1
2 log

36
 

 (i) 
2

1
2 log

2
 

 (j) 3

1 1
log

2 3
 

 (k) 1
2

3 log 8  
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 (l) 8

1 2
log

2 4
 

 (m) the base of a logarithmic function cannot be negative; 
  thus, this situation is not possible. 

 (n) 0.011 log 100  

 (o) 
2

2

2
3 log

4
 

2. (a) 2logx y  

 (b) logx y  

 (c) lnx y  

 (d) 2 2

1
3 log log

3
x y x y  

 (e) 22 log
3 3

xy y
x  

 (d) 25 2 log 5xy x y  

 (g) 3 3

1
2 log log

2
x y x y  

 (h) 3 3log 2log
2

x
y x y  

 (i) 
1

2 ln ln
2

x y x y  

 (j) 2 23 log log 3x y x y  

 (k) ln 2ln
2

x
y x y  

 (l) 
1

2 ln 2 ln 2
2

x y x y  
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3. To find out in which square 1 92 10 ,nN  we solve the equation 1 92 10x  and round 
up the answer to the nearest natural number: 

1 9 9
2 10 1 log 2 9 1 30.9

log 2
x x x 31st square. GDC solver can be 

used instead: 

   

4. (a) 5.2
5.2

10
10 10 10 10 6.2

10

R
R R  

 (b) 5.2
5.2

10
2 2 10 10 log 2 5.2 5.5

10

R
R R  

 

Exercise 1.5 

1. (a) 4
2log 16 2 2 4xx x  

 (b) 4 1
16

1
log 2 16 2 2 2

4
x xx x  

 (c) 4 42
2

log 16 2 2 2 2 8
x

x
x x  

 (d) 2

1
log 2 2 2 .

2
xx x  

 (e) 2log 16 2 16xx , but 2 0,x thus, there is no solution. 

 (f) 
3

2
2

3
log 2 2 2 2

2
xx x  

 (g) 
3 3

2 2 2
2

log 2 2 2 2 2 2 3
x

x
x x  

 (h) 
3

12
2 2

2
log 2 2 2 2 2 2

3

xx

x x  

 (i) log 4 log 25 log 4 25 log100 2  

 (j) 130
log30 log300 log log10 1

300
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 (k) 2
2

1
ln ln1 ln e 0 2 2

e
 

 (l) 
1 1

ln e ln e
2 2

 

2. (a) 3log 3log 3a aa a  

 (b) 
1

2
1

log log
2a aa a  

 (c) 
3

log log 3
a a

a a a  

 (d) 
2

3 3 2
log log

3a a
a a  

 (e) 2 2

3
3 2 2

3
log log

2a a
a a  

 (f) 2 2

1
2 4

1
log log

4a a
a a  

 (g) 2 2

1
23 6

1
log log

6a a
a a  

 (h) 2 2

3
2 4

3
log log

4a a
a a a  

 (i) 3 4log log 3 4 1a aa a  

 (j) 2 2 2 2

3
23 4 2 22

3 1
log log log log 2

2 2a a a a
a a a a  

 (k) 3 2log log 3 2 1a aa a  

 (l) 3 1 5
log log 3

2 2a aa a  

3. (a) 2
3

1
log 2 3

9
x x  

 (b) 5
2log 3 5 3 2 35x x x  

 (c) 2 1
log 3 2 3

3
x x x  

 (d) 2 2 2
3log 2 1 0 2 1 1 2 0 0 or 2x x x x x x x x  
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Chapter 1 practice questions 

1. (a)  4  

 (b)  2  

 (c)  1  

 (d)  5 

(e)  5  

(f)  1 

(g)  3 

2.  (a)  58 300  

 (b) 6110  

 (c)  124 000 

(d)  1.62  

(e)  0.00305  

(f)  400 

3. (a) 82  

 (b) 62  

 (c) 62  

 (d) 92  

 (e) 62  

 (f) 62  

 (g) 102  

 (h) 242  

 (i) 62  

 (j) 
3

22  

 (k) 42  

 (l) 32  

 (m) 
5

62  

 (n) 
5

42  
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 (o) 12  

 (p) 
3

22  

 (q) 
9

22  

 (r) 
11

62  

 (s) 32  

 (t) 2 

 (u) 
1

22  

 (v) 
5

32  

 (w) 02  

 (x) 12  

4. (a) 45.227 10  

 (b) 11.31401 10  

 (c) 56.04 10  

 (d) 49 10  

 (e) 39 10  

 (f) 13.2001 10  

 (g) 55.00003 10  

 (h) 21.0000 10  

 (i) 61 10 m  

5. (a) 181.00 10  

 (b) 11.52 10  

 (c) 91.00 10 s  

 (d) 01.62 10  

6. (a) 35 log 243  

 (b) 28 log 256  

 (c) 100

1
log 10

2
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 (d) 64

1
log 2

6
 

 (e) 3

5
log 9 3

2
 

 (f) 3 log0.001 

 (g) 0 ln1 

 (h) 5

1
3 log

125
 

 (i) 
3 3

1
2 log

27
 

 (j) 8

1 1
log

2 2 2
 

 (k) 1
4

3 log 64  

 (l) 27

1 3
log

2 9
 

 (m) Base of a logarithm cannot be negative  not possible. 

 (n) 0.12 log 100  

 (o) 3
3

3
3 log

9
 

 (p) 1
2

3 log 2 2  

7. (a) 5logx y  

 (b) logx y  

 (c) lnx y  

 (d) 2 2

1
2 log log

2
x y x y  

 (e) 3 3 3log 3 log log 1x y x y  

 (f) 37 3 log ( 7)xy x y  

 (g) 2 2

1
2 log log

2
x y x y  
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 (h) 2 2log 3log
3

x
y x y  

 (i) ln 2ln
2

x
y x y  

 (j) 5 53 log log 3x y x y  

 (k) 1 ln ln 1x y x y  

 (l) 
1

2 ln ln
2

x y x y  

8. (a) 5
3log 243 3 3 5xx x  

 (b) 1 5
243

1
log 3 243 3 3 5

5
x xx x  

 (c) 4
1

2

1
log 16 2 4

2

x

x x  

 (d) 
3

2
3

3
log 3 3 3 3

2
xx x  

 (e) We can calculate logarithms of positive numbers only. This one is not defined. 

 (f) 
3 3

22 2
4

3
log 2 2 4 2 2 2

4
x xx x  

 (g) log50 log20 log1000 3  

 (h) 
4000

log 4000 log 4 log log1000 3
4

 

 (i) 2lne 2lne 2  

 (j) 
1

2
1 1

ln ln e
2e

 

9. (a) 
1

2
64 64 64

1
2log 8 2log 64 2log 64 2 1

2
 

 (b) 
1

2
8

1
log 8

2
 

 (c) 
3

3
log 3 3  
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 (d) 
2

3 3
16 16

2
log 16 log 16

3
 

 (e) 
6

3

8 8
log 8 log 8 6  

 (f) 2 2

1
2 4

5 5

1
log 5 log 5

4
 

 (g) 3 4 3 8
9 3 9 3log 9 log 9 log 9 log 3 3 8 5  

 (h) 

43 22
3 4 33

8 88 8

8 2
log 2 log 4 log 8 log 8 2

3 3
 

 (i) 

34
2

3 3
2 2 2 2 2 2

log 4 log 2 log 2 2 log 2 4 2 2  

 (j) 
1 1

2
1 3 1 3

3 3

1 1 3
log 3 log 3 log log 3 1

3 2 2
 

10. (a) 3
5

1
log 3 5

125
x x  

 (b) 21 1
log 2 2

4 4x x x  

 (c) 2 2
3log 2 5 1 2 5 3 4 or 2x x x x x x  

11. (a) m = 2, n = 4. 

 (b) 2 1 2 3 6 3 8 12 15
8 16 2 2 6 3 8 12

2
x x x x x x x  

12. Using the fact that 
ln

log
lna

x
x

a
or any other base, we have: 

 
5ln 3 ln 4 ln 5 ln 32 ln 32 ln 2 5ln 2

5
ln 2 ln 3 ln 4 ln 31 ln 2 ln 2 ln 2

a  

13. 
2 2ln 4 ln

log 4log ln 4 ln
ln lnx y

y x
y x y x

x y
 

 2 2
2

1
ln 2ln ln  or y x x y x y

x
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Exercise 3.1 

1. In questions a  c, substitute n (or k  

(a) ( ) 2 3 (1) 1, (2) 1, (3) 3, (4) 5, (5) 7s n n s s s s s  

(b) ( ) 2 3 (1) 1, (2) 1, (3) 5, (4) 13, (5) 29kg k g g g g g  

(c)  
3 3 3 3 3

( ) 3 2 (1) , (2) , (3) , (4) , (5)
2 4 8 16 32

nf k f f f f f  

(d) 1 2 3 4 5( 1) (2 ) 3 1, 7, 5, 19, 29n n
na a a a a a  

(e) 1
1 2 3 4 5

1

5
5, 8, 11, 14, 17

3n n

a
a a a a a

a a
 

(f) 1
1 2 3 4 5

1

3
3, 7, 13, 21, 31

2n n

b
b b b b b

b b n
 

2. In parts (a)  (d), simply substitute n n = 50 into the formula. 

 (a)  501,1,3,5,7 97a  

(b) 49 23
502,6,18,54,162 2 3 4.786 10b   

(c) 50

2 2 6 4 10 100 50
, , , ,

3 3 11 9 27 2502 1251
u  

(d) 49 83
501,2,9,64,625 50 1.776 10a  

In parts (e) (h) with the first term and substitute it in the given formula to find the 
second term, and so on. To find the 50th term, we will use a GDC in Sequential mode. 
Be careful that some GDCs start with u(n + 1) rather than u(n) as shown in the second 
set of screen shots. In this case you start with n = 0 and end with n = 49. 

 (e) 3,11,27,59,123   a50 = 4.50 × 1015  
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(f)  
3 3 21 39

0, 3, , ,
37 13 552 1
7

  u50  1.00 

            

(g) 2, 6, 18, 54, 162    b50  4.786 × 1023 

         

(h) 1, 1, 3, 5, 7    a50 = 97 

           

3. In this question you need to observe and spot the pattern. Perhaps trial and error! 

 (a) 1 1

1 1
,

4 3n nu u u  

(b) 
2

1 1

4 1
,

3 2n n

a
u u u a  

(c) 1 1, 5n nu u a k u a k  

4. In this question too you need to observe and spot the pattern. Perhaps trial and error! 

(a) 2 3nu n  

(b) 3 1nu n  

(c) 
2

2 1
n

n
u

n
 

(d) 
2 1

3n

n
u

n
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5. (a) Here is a part of the spreadsheet we used. 

  

(b) lim 1.61803nn
a  

6. (a) Here is a part of the spreadsheet we used. 

 

 (b) lim 2.41421nn
b  

 

Exercise 3.2 

1. (a)  Arithmetic: 1

50 1

2( 1) 3 (2 3) 2 2

49 1 49 2 97
n na a n n d

a a d
 

(b)  Arithmetic: 1

50 1

( 1 2) ( 2) 1 1

49 3 49 1 52
n nb b n n d

b b d
 

(c)  Arithmetic:  1 2 3 50 11, 1, 3 2 49 1 49 2 97c c c d c c d  

(d)  2 1 3 25 2 3, 7 5 2e e e e  

There is no constant common difference, so the sequence is not arithmetic. 

(e)  Arithmetic: 2 1 3 2 4 3

50 1

7 7

49 2 49 ( 7) 341

f f f f f f d

f f d
 

  

n Fn an
1 1 1
2 1 2
3 2 1.5
4 3 1.666666667

29 514229 1.618033989
30 832040 1.618033989

n Gn bn
1 1 1
2 1 3
3 3 2.333333
4 7 2.428571

29 26102926097 2.414214
30 63018038201 2.414214
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2. (a) (i) 1 8 12, 4: (8 1) 2 7 4 26a d a a d  

(ii) 2 ( 1) 4 4 6na n n  

(iii)  1 14,  2n na a a  

(b) (i) 1 8 110.07, 0.12: 7 10.07 7 ( 0.12) 9.23a d a a d  

(ii) 10.07 ( 1) ( 0.12) 0.12 10.19na n n  

(iii) 1 10.12, 10.07n na a a  

(c) (i) 1 8 1100, 3: 7 100 7 ( 3) 79a d a a d  

(ii) 100 ( 1) ( 3) 3 103na n n  

(iii) 1 13, 100n na a a  

(d) (i) 1 8 1

5 5 27
2, : 7 2 7 ( )

4 4 4
a d a a d  

(ii) 
5 5 13

2 ( 1) ( )
4 4 4na n n  

(iii) 1 1

5
, 2

4n na a a  

3. We need to find the first term and the common difference 

 5 14 16, 42 4 6a a a d , and 

 14 142 13 42,a a d and solving the system 

 14,  10 10 ( 1) 4 4 14nd a a n n  

4. Similar to Q3: 

 

3 1

9 1

1

40 2 40

18 8 18

11 142 142 11 11
,  ( 1) 51

3 3 3 3 3n

a a d

a a d

d a a n n
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5. In all the exercises, we need to use the nth term formula 

(a) 1

1

3, 6, 525

( 1) 525 3 ( 1) 6 88
n

n

a d a

a a n d n n
 

(b) 1

1

9, 6, 201

( 1) 201 9 ( 1) ( 6) 36
n

n

a d a

a a n d n n
 

 (c) 
1

1

1 1 1 1 5
, , 2

3 2 3 6 6
17 1 1

( 1) ( 1) 16
6 3 6

n

n

a d a

a a n d n n

 

 (d) 
1

1

1 , (1 ) (1 ) 2 , 1 19

( 1) 1 19 1 ( 1) 2 20 ( 1) 2

11

n

n

a k d k k k a k

a a n d k k n k k n k

n

 

6. 
30

30 1 1 1

1

147, 4

29 147 29 4 31

( 1) 31 ( 1) 4 4 27n

a d

a a d a a

a a n d n n

 

7. 1

1

7, 3, 9803

( 1) 9803 7 ( 1) 3 3271
n

n

a d a

a a n d n n
 

 Yes, 9803 is the 3271th term of the sequence. 

8. 
1 100

1

110 1

9689, 8996

( 1) 8996 9689 99 7

109 9689 109 ( 7) 8926
n

a a

a a n d d d

a a d

 

1 9689 ( 1) ( 7) 1 1385na n n  

Yes, 1 is the 1385th term of the sequence. 

9. 1 30

1

2, 147,

( 1) 147 2 29 5n

a a

a a n d d d
 

998
995 2 ( 1) 5 995

5na n n  

As a fractional result is not possible for n, we conclude that 995 is not a term of this 
 sequence. 
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10. (a) Use GDC/spreadsheet to calculate differences and then find the average 

  
4.3 4.5 4.2 4.3 4.4 4.2 4.4

4.329
7

d  

 (b) 1 1 4.4 4.33 1 0.07 4.33n nu u n d u n n  

 (c) (i) 7 0.07 4.33 7 30.38u  

  (ii) 
30.38 30.3

0.264%
30.3

. However, if we use 3 sf figures only then 

   
30.4 30.3

0.330%
30.3

 

11. (a) Use GDC/spreadsheet to calculate differences and then find the average 

  
25 20 30

27
5

d  

 (b) 1 1 280 27 1 307 27n nu u n d u n n  

 (c) (i) 0307 27 307nu n u  

  (ii) An overestimate. The remaining mass includes the mass of the tub, so 
   the amount of ice cream will likely be less than 307 g 

 (d) (i) 307 27 0 307 27 11.37 12nu n n n  

  (ii) An underestimate. When there is only a small amount of ice cream left, 
   it will be difficult to fill the spoon. So, the final few spoonfuls will  
   likely be smaller, meaning more spoonfuls will be required. 

12. (a) Each year the interest is 500 0.032 $16  and in 5 years this will be $80.  
  Thus the amount at the end of 5 years is $580. 

 (b) 500 16 2000 93.75 94n n years. 

13. (a) ( ) 16500 1650 (4) $9900v n n v  

 (b) 9900 0.5 16500 $1650.  

14. Amount after 7 years can be usually found using 

 7

560 450
450 7 450 0.0349 3.5%.

7 450
u r r  

15. Let t be the number of years, then the amount outstanding after t years using simple 
 interest is 16000 1 16000 1 0.08rt t  

 Nanako pays $3000 per year, and thus, $3000t in t years. 

 So, 3000 16000 1 0.08 1.72 16 9.30t t t t years 
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Exercise 3.3 

1. (i) 1 2 1 3 13, 3 ,3 , 3 ,....a a a .. The sequence is geometric. 

(ii) 
1 3 1

2 1
1

3 3
3

3 3

a a
an

a
n

u
r

u
 

(iii) 
99 9 1

10 1 3 3 3a au u r  

2. (i) 0,3,6,9... . The sequence is arithmetic. 

(ii) 1 (3 3) 3( 1) 3 3n nd a a n n  

(iii) 10 1 9 0 9 3 27a a d  

3. (i) 8,16,32,64,... . The sequence is geometric.  

(ii) 
1

16
2

8
n

n

b
r

b
 

(iii) 9 9
10 1 8 2 4096.b b r  

4. (i) 101, 4, 10, 22..., 1534c  

  The sequence is neither arithmetic nor geometric. 

5. (i) 4,12,36,108,...The sequence is geometric.  

(ii) 
1

12
3

4
n

n

u
r

u
 

(iii) 9 9
10 1 4 3 78732u u r  

6. (i) 2,5,12.5,31.25,78.125... . The sequence is geometric.  

(ii) 
1

5 12.5
2.5

2 5
n

n

u
r

u
 

(iii) 9 9
10 1 2 2.5 7629.39u u r  

7. (i) 2, 5,12.5, 31.25,78.125.... The sequence is geometric.  

(ii) 
5 12.5

2
2 5

r  

(iii) 9 9
10 1 2 ( 2.5) 7629.39u u r  

8. (i) 2,2.75,3.5,4.25,5... . The sequence is arithmetic.  

(ii) 2.75 2 3.5 2.75 4.25 3.5 5 4.25 0.75d  

(iii) 10 1 9 2 9 0.75 8.75u u d  
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9. (i) 
16 32

18, 12,8, , ...
3 9

. The sequence is geometric.  

(ii) 
12 8 2

18 12 3
r  

(iii) 
9

9
10 1

2 1024
18 0.468

3 2187
u u r  

10. (i) 52,55,58,61, . The sequence is arithmetic.  

(ii) 55 52 61 58 3d  

(iii) 10 1 9 52 9 3 79u u d  

11. (i) 1,3, 9,27, 81, . The sequence is geometric.  

(ii) 
3 9

3
1 3

r  

(iii) 9 9
10 1 ( 1) ( 3) 19683u u r  

12. (i) 12. 0.1,0.2,0.4,0.8,1.6,3.2, . The sequence is geometric.  

(ii) 
0.2 3.2

2
0.1 1.6

r  

(iii) 9 9
10 1 0.1 2 51.2u u r  

13. (i) 3,6,12,18,21,27,... . The sequence is neither arithmetic nor geometric. 

14. (i) 6,14,20,28,34,... . The sequence is neither arithmetic nor geometric. 

15. (i) 2.4,3.7,5,6.3,7.6, . The sequence is arithmetic.  

(ii) 3.7 2.4 7.6 6.3 1.3d  

(iii) 10 1 9 2.4 9 1.3 14.1u u d  

16. (i) Arithmetic: 8 12 ( 3) 5 7 3 7 5 32d a a d  

(ii)  3 ( 1) 5 5 8na n n  

(iii) 1 13, 5 for 1n na a a n  

17. (i) Arithmetic: 8 115 19 4 7 19 7 ( 4) 9d a a d  

(ii)  19 ( 1) ( 4) 23 4na n n  

(iii)  1 119, 4 for 1n na a a n  
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18. (i)  Arithmetic: 8 13 ( 8) 11 7 8 7 11 69d a a d  

(ii)  8 ( 1) 11 11 19na n n  

(iii)  1 18, +11 for 1n na a a n  

19. (i)  Arithmetic: 8 19.95 10.05 0.1 7 10.05 7 ( 0.1) 9.35d a a d  

(ii)  10.05 ( 1) ( 0.1) 10.15 0.1na n n  

(iii)  1 110.05, 0.1 for 1n na a a n  

20. (i)  Arithmetic: 8 199 100 1 7 100 7 ( 1) 93d a a d  

(ii)  100 ( 1) ( 1) 101na n n  

(iii)  1 1100, 1 for 1n na a a n  

21. (i)  Arithmetic: 8 1

1 3 3 17
2 7 2 7

2 2 2 2
d a a d  

(ii)  
3 7 3

2 ( 1)
2 2n

n
a n  

(iii)  1 1

3
2,  for 1

2n na a a n  

22. (i)  Geometric: 7 7
8 1

6
2 3 2 384

3
r a a r  

(ii)  13 2n
na  

(iii)   1 13, 2 for 1n na a a n  

23. (i)  Geometric: 7 7
8 1

12
3 4 3 8748

4
r a a r  

(ii)  14 3n
na  

(iii)   1 14, 3 for 1n na a a n  

24. (i) Geometric: 
77

8 1

5 5
1 5 1 5

5 5
r a a r  

(ii)  
1

5 1
n

na  

(iii)   1 15, for 1n na a a n  
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25. (i)  Geometric: 7 7
8 1

6 12
2 3 ( 2) 384

3 6
r a a r  

(ii)  13 ( 2)n
na  

(iii)   1 13, 2 for 1n na a a n  

26. The sequence is neither arithmetic nor geometric. 

27. (i) Geometric: 
7

7
8 1

3 3 3 2187
( 2)

2 2 2 64
r a a r  

 (ii)  
1 1

2

3 3
2

2 ( 2)

n n

n n
a  

(iii)   1 1

3
2, for 1

2n na a a n  

28. (i) Geometric: 
7

7
8 1

25 5 5
35 3.32

35 7 7
r a a r  

(ii)  
1

2

5 5
35

7 7

n n

n n
a  

(iii) 1 1

5
35, for 1

7n na a a n  

29. (i) Geometric:
7

7
8 1

3 1 1 3
( 6)

6 2 2 64
r a a r  

(ii) 
1

2

1 3
6

2 2

n

n n
a  

(iii)   1 1

1
6, for  1

2n na a a n  

30. (i) Geometric: 7 7
8 1

19
2 9.5 2 1216

9.5
r a a r  

(ii)  
1

9.5 2
n

na  

(iii)   1 19.5, 2 for  1n na a a n  
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31. (i) Geometric: 7 7
8 1

95
0.95 100 0.95 69.83

100
r a a r  

(ii)  
1

100 0.95
n

na  

(iii)   1 1100, 0.95 for  1n na a a n  

32. (i) Geometric: 
7

7
8 1

3
3 34 2

2 8 8
r a a r  

(ii)  
1

3
2

8

n

na  

(iii)   1 1

3
2, for  1

8n na a a n  

33. 7
8 3 5 234375u  

34. It is best if we go backwards, the ratio will be 3, and the first (third backwards) will be 
27 3 63.  

35. Using the nth term, we have 

 
2

1 3
15

1

8 27 3 32
,

8 2 927

u r
r r u

u r
 thus, 

9

10

32 3 2187

9 2 16
u  

 Alternatively, 27 is the 4th term in a subsequence starting at 8, i.e., 

 3 3
27 8 .

2
r r  

 Also, 10u  is the fifth term of a subsequence starting at 27, i.e., 

 
4

10 5

3 2187
27 .

2 16
u v  

36. 8.64 is the third term in a subsequence starting at 6 28.64 6 1.2.r r  

 Now, 4 3
5 1 2 2 23

6 125
6

36
u u r u r u u

r
 

37. 
243

512
is the 6th term of a sequence starting at 2 5243 3

2
512 4

r r  

 
19683

131072
is the (n  1)th term of a sequence starting at 2

2
19683 3

2
131072 4

n

 

 Now, by trial and error, using your GDC solver, or logarithms, n = 11. 
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38. Value = 
11

12000 1 0.12 $2940.97  

39. 
8

2300 14900 1 r , using your GDC solver, or direct calculation will give 

 8
2300

1 0.208 20.8%
14900

r r  

40. (a) 
14

483 1 0.062 197.15million tonnes 

 (b) 
483 197.15

0.5918 59.2%
483

 

41. (a) 
7

(7) 2500 1 0.062 $3809.01A , or use your GDC TVM 

     

 (b) 5000 2500 1 0.062 11.52 12
n

n n  

42. Compound interest formula or GDC: 

4 16

500, 0.04, 4, 16

0.04
1 500 1 945.23

4

nt

P r n t

r
A P

n

 

Jane will have £945.23 on her 16th birthday. 
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43. (a) Compound interest formula or GDC: 

60

4000, 0.047, 12, 12 5 60

0.047
1 4000 1 5057.31

12

nt

P r n t

r
A P

n

 

   

 (b) 
0.047

8000 4000 1 178
12

t

t months 

     

44. (a) 41.324 1.012 1.389  billion people in India 

 (b) 41.379 1.005 1.407  billion people in China 

 (c) We need to solve the following for t: 

  1.324 1.012 1.379 1.005 5.86t t t years since 2016. 

45. Since there is one compounding period per year, then the real rate of return is simply 
the difference between the nominal and inflation rates: 4%  1.7% = 2.3%. 

46. The annual rate of return is 
12

0.035
1 1 0.0356 3.56%

12
,  then the real rate of 

return is the difference between the nominal and inflation rates: 3.56%  2.1% = 
1.46%. 
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Exercise 3.4 

1. Firstly, we need to determine the number of terms in the series. 

1

1

11, 6, 365

( 1) 365 11 ( 1) 6 60
n

n

a d a

a a n d n n
 

The sum of the sequence is 60

60
11 365 11280.

2
S  

2. This is an arithmetic series with first term = 9, common difference of 4 and nth term 85. 

 1 1 85 9 4 1 20nu u n d n n  

 1

20
Sum 9 85 940

2 2n

n
u u  

3. This is an arithmetic series with first term = 8, common difference of 6 and nth term 278. 

 1 1 278 8 6 1 46nu u n d n n  

 1

46
Sum 8 278 6578

2 2n

n
u u  

4. This is an arithmetic series with first term = 155, common difference of 36 and nth term 527. 

 1 1 527 155 3 1 125nu u n d n n  

 1

125
Sum 155 527 42625

2 2n

n
u u  

5. This is a geometric series with first term 120 and common ratio  

and nth term 
24

.
78125

 

 

1 1

9

24 1 1 1
120 9

78125 5 5 390625

1
1

117187445
120 150

1 781251
5

n n

n
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6. The series is geometric. Firstly, we need to determine the number of terms in the series. 

1

1
1

1

3 177147
2, ,

2 1024

177147 3
2 12

1024 2

n

n
n

n

a r a

a a r n

 

The sum of the series is 

12

12

3
2 1

2 105469
103.

3 10241
2

S  

7. 
13

0

(2 0.3 ) 2 1.7 1.4 ... ( 1.9)
k

k  

The series is arithmetic with 14 terms, 1 2, and 0.3.a d  

The sum of the sequence is 14

14 7
2 ( 1.9) 0.7 .

2 10
S  

8.       
4 8 16

2 ...
5 25 125

 is an infinite geometric series with 1

2
2 and .

5
a r   

The sum is 
2 10

.
2 71
5

S  

9.      
1 3 1 3 3

...
3 12 16 64 256

 is an infinite geometric series with 1

1 3
 and .

3 4
a r   

The sum is 

1
4 4 3 16 4 33 .

393 3(4 3) 4 3
1

4

S  

10. . Make sure you set the 
 

    

 There will be 37008.79 in the account after 15 years. 
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11.  12 3 2 3 1 5, 2 3k na k a a n  

 
(3 7)

5 2 3
2 2n

n n n
S n  

12.  For the arithmetic series 17 20 23... we have: 

1 1

2

(3 31)
17, 3 2 ( 1) 34 ( 1) 3

2 2 2
(3 31)

678 678 3 31 1356 0
2

n

n

n n n n
a d S a n d n

n n
S n n

 

The solutions of the quadratic equation 23 31 1356 0n n  are 16.71 and  27.05, so 
the solutions of the inequality are 16.71 or 27.05n n . Since n , we conclude 
that we need to add 17 terms to exceed 678. 

13.  For the arithmetic series 18 11 4... we have: 

1 1

2

(7 43)
18, 7 2 ( 1) 36 ( 1) 7

2 2 2
(7 43)

2335 2335 7 43 4670 0
2

n

n

n n n n
a d S a n d n

n n
S n n

 

The solutions of the quadratic equation 27 43 4670 0n n  are 29.08 and 22.94, so 
the solutions of the inequality are 29.08 or 22.94n n . Since n , we conclude 
that we need to add 30 terms to exceed 2335. 

14. (a) For the arithmetic sequence 3,7,11,.....,999  we have: 

1

1

3, 4, 999

( 1) 999 3 ( 1) 4 250
n

n

a d a

a a n d n n
 

250

250
3 999 125250

2
S  

(b)  The removed terms, 11,23,35,...,995,  form an arithmetic sequence with 83 terms  

and 1 83

83
11 and 12 2 11 82 12 41749

2
b d S  

The sum of the remaining terms is then 125250 41749 83501.  

15.  We have the following system of simultaneous equations that can be solved by any 
method of your choice: 

( ) ( 2 ) ... ( 9 ) 235

( 10 ) ( 11 ) ... ( 19 ) 735

10
( 9 ) 235 2 9 472 5, 1

10 2 29 147
( 10 ) ( 19 ) 735

2

a a d a d a d

a d a d a d

a a d a d
d a

a d
a d a d
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16. (a)  For 
20

2

1

( 1),
k

k  using a GDC in Sequential mode: 

                

(b) For 
17

2
3

1

3i i
 : 

       

 (c) For 
100

1

3
( 1)n

n n
 : 

   

 

17. The heights that the ball reaches after each bounce form an infinite geometric 
sequence: 216 0.81,16 0.81 ,....  

(a)  After the 10th bounce: 1016 0.81 1.945m  

(b) 2 3 12.96
16 2 16 0.81 16 0.81 16 0.81 .... 16 2 152.42m

1 0.81
 

18. (a) The first shaded area is 4 2 2 1 6 . 

The second shaded area is 
1 1 1 3

1
2 2 4 8

. 

The third shaded area is 
1 1 1 1 3

4 8 8 16 128
. 

Total shaded area is 
3 3 819

6
8 128 128

. 

(b)  If the process is repeated indefinitely, the total shaded area forms an infinite 

geometric sequence with 1

1
6,

16
a r : 

6 32
1 51

16

S  
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19. (a) The shaded area in the first square is made up of two right triangles of 8 cm on 
 each side. When the two triangles are joined at their hypotenuse, they make a 
 square whose side is 8. Thus, the shaded area is 28 64. 

In each successive square, each of the shaded triangles is half the previous 
ones, thus the area of the new shaded area is one half of the shaded area of the 

previous square, so in the second square the shaded area is 
1

64 32
2

, in the 

third 16, etc. 

Total shaded area forms a geometric series with 1

1
64,

2
a r . 

  

10

10

1
1

10232
64 127.875

1 81
2

S  

(b)  
64

128
1

1
2

S  

 

Exercise 3.5 

expected to know/use the formulas involved. If you have not done so yet, go ahead and learn 
how the financial solver in your GDC works. Answers here may differ slightly from end of 
book answers due to rounding. 

1. (a) 
151.01 1

300 1.01 4877.36
1.01 1

A  

 (b)  
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2. (a) $60 is invested at the beginning of every year for 30 years at 1.5% interest,  

compounded annually. Solving for the future value gives $2286.11. 

 (b) A regular payment is invested at the beginning of every year for 15 years at 
  3% interest, compounded annually. The future value is $1000. Solving for the 
  annual payment gives $52.20. 

 (c) $100 is invested at the beginning of every year in an account earning 1.2% 
  interest, compounded annually. The future value is $2500. Solving for the  
  number of years gives 21.76. 

 (d) $50 is invested at the beginning of every month for 30 months at 4% interest,  

compounded semi-annually. Solving for the future value gives $1579.38. 

3. This is an annuity due (beginning of period). We are given the future value and we 
 need to calculate the time. TVM solver will give us the result. 

   

 It will take 17.3 years for the annuity to accumulate to $50 000. 

4. This is an annuity due with all the data except for interest. Here is a TVM output 

    

 Interest rate is 8.26%. 

5. (a) The future value of this investment is $10524.81. TVM output below 
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 (b) The annual amount paid but the future  

value of this investment is $10383.56. 

     

Notice that in both cases the annual investment in (b) is the same as in (a) 
because 60 12 720,  however, the future value is greater in part (a) because 
the investment earns interest for longer. 

6. (a)  $50 are paid for 360 months. The investment will be $24643.63 at the end of 
  30 years. 

     

 (b) The value of the investment will be $35204.98 

     

  Even though the interest rate is lower than in (a), but the final amount is  
  larger. 

 (c) In this part, we have all data except for the monthly payment. 
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7. (a) This is an ordinary annuity as they are paying at the end of each month not at 
  the beginning. 

   

It will take them 10 years and 7 or 8 months to pay back the loan. This 
 depends on their ability to pay the last instalment. If they can pay more than 
 $2100, then they can finish with 10 years and 7 months. 

 (b) The approximate amount paid back is 2100 127.5 $267750  

 (c) Doing the same calculations as above with a payment of $2300 will take the 
  family 115.66 years, i.e., 9 years 7.7 months to pay the loan back.  

They will be paying 115.66 2300 $266018back, which is less than earlier. 
If they can afford the extra payment, it may be a better arrangement. 
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Chapter 3 practice questions 

1. (a) Denote the terms of the geometric sequence by 1 2 3,  and .g g g  Then 

  32

1 2

2
2 2 0

6 2

gg a d a
d d a

g g a d a d
  

  and since 0 .
2

a
d d  

 (b) 
3 3

6 3 6 3 ,
2 4 8

a
a d a a d  

  For the arithmetic sequence  

3 3 9 3
2 1 2 1

2 2 4 8 2 8 8n

n n n
S a n d n n  

For the geometric sequence 

1

1
1

2 2 1 12
3, 3 6 1

16 4 2 21
2

n

n

n

a d a
g r S

a d a
 

Now, we either use the equation solver on a GDC or graph two functions 

9 3

2 8 8

x
f x x  and 

1
6 1 200

2

x

g x  and look for the point of  

intersection as shown below. The first n where the sum of the arithmetic 
sequence exceeds that of the geometric sequence by 200 happens at x = 31.68, 
implying that n = 32. 
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2.  (a) One of several approaches: 

  This  is an arithmetic sequence with first term of 14 and last term 196. This 
  allows to find the number of terms: 

  27

27
196 14 7 1 27 14 196 2835

2
n n S  

 (b) 
27 27

1 1

14 7 1 7 7
n n

n n  

 (c) 2000 6 1 1003 3
2n

n
S n n n  

  Using equation solver or graph we can see that this sum is positive for n = 334, 
  and it moves to the negative side at n = 335. So, n = 335. 

3. (a) 2 3 2 210 10 10a ar a ar ar ar a ar r a ar r  

  Thus, 2 210 10 30 2.r r  

 (b) (i) 
10

2 2 10
1 2

r a a a  

  (ii) 

10

10

1 210
310

1 2 1 2
S  

4. (a) The two conditions given will induce a system of 2 equations 

  1
1

1

34 3
7 3

76 9

u d
d u

u d
 

 (b) 26 7 1 5000 40.
2n

n
S n n  

5. 

3

3
2

2

76 ;  36
1 1
76 1

1
36 1

2
9 9 10 0

3

a a

r r
a r

r r
r a

r r r

 

 Note that there is another answer to the equation, namely, 
5

,
3

r  but it is rejected 

 since the condition for a sum to infinity is violated, i.e., 
5

1.
3

r  
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6. (a) 11.6 1.5 1 1.5 0.1; 3 1.2n
n nu n n v  

  11.5 0.1 3 1.2 .n
n nu v n  

  A GDC is needed for the next 2 parts. 

 (b) 11.5 0.1 3 1.2 0n
n n n nu v u v n  

    

 Since n must be a natural number, then 3 9.n  

(c) The graph gives us a maximum value of 1.67 at x = 6.53. However, n must be 
  a natural number and so, the maximum must be at a natural number. Thus, we 
  evaluate the expression at n = 6, and at n = 7. The maximum is at (7, 1.642). 

7. Let the smallest piece be a. Since the last piece is the 10th term of the sequence, then 

 9 98 8.a ar r  The sum of all pieces (terms) must be 1 m, thus, 

 

10
9 9

109 9

1 8 1 8
1 0.02863

1 8 1 8
a a  

8. (a) The original height is the first term in a geometric sequence, after the fourth  
  bounce is the fifth term. Thus 44 0.95 3.258h  

 (b) We must find n such that 
1

4 0.95 1 0.95
4

n n  

  By using logarithms or GDC, n = 28 

  For example, 
ln 4

27.02
ln 0.95

n  

(c) Every vertical distance, except the first is travelled twice  once up and once 
down. So, the total distance is twice the sum of the geometric sequence minus 
one time the original height: 

  
4

2 4 156
1 0.95

h m 
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9. (a) 
81 27 54 1

1
2 1 81 3

r
r

 

 (b) 2 4

1 1
27 9; 27 1

3 27
v v  

In the arithmetic sequence,

14 1 29 3 2 2 1 2 4v v d d dv d dd v , and hence the first 

term is 13. 

26 4 1 15 2
2N

N
S N N N  

Due to the symmetry of the underlying graph, a downward concave parabola, 
which has an x-intercept of 7.5 after which it becomes negative. N = 7.  

10. (a) 
1 1 1 1

1 1

7 7 7 7 7 7

7 7 7

n n n n n n n n

n n n n n n

a a a a
u S S  

The nth term of a geometric sequence is of the form 1
1 ,n

nu u r  thus, we can 

simplify the last result to reduce it to this form 

  
111 1

1

7 77 7 7 7

7 7 7 7 7

nnn n n n

n n n

a a aa a a
u  

 (b) It is apparent from the last expression that the first term is 1

7

7

a
u  and the  

common ratio is .
7

a
 

 (c) (i) The sum to infinity exists as long as 1 1 0 7
7

a
r a  

  (ii) 1

7

7 1
1 1

7

a
u

S
ar

 

11. 1 1.5, 7.5nu u  and the sum of all terms is 81 m. 

 1 1.5 7.5 81 18.
2 2n n

n n
S u u n  

 18

6
7.5 1.5 18 1 .

17
u d d  
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12. (a) (i) The first month, P earns interest at the rate of I% which should be  
   added to the amount owed to the bank. By that time, we pay $R back, 
   which should be subtracted from what we owe. Thus 

   1 1
100 100

I I
S P P R P R  

   During the second month S1 earns interest at the rate of I%, which  

   should be added to the outstanding amount becoming 1 1 .
100

I
S S  

At the end of this month we pay $R into the account, and so, 

2 1 1 1

2

1 1 1
100 100 100 100

1 1 1
100 100

I I I I
S S S R S R P R R

I I
P R

 

  (ii) During the following months, the same procedure is followed, i.e., 

   

2

3 2

3 2

1 1 1 1 1
100 100 100 100

1 1 1 1
100 100 100

I I I I
S S R P R R

I I I
P R

 

   Thus, we can generalise to the nth month 

   
1

1 1 1 1
100 100 100

n n

n

I I I
S P R  

   Now, 
1

1 1 1
100 100

n
I I

is a geometric series with first 

   term of 1 and common ratio 1 ,
100

I
r  and its partial sum is 

1

1 1 1 1
1 100100 100

1 1
1 100

1 1
100100

n n

nn

I I
r I

u
IIr I

 

And therefore 

1

1 1 1 1
100 100 100

100
1 1 1

100 100

n n

n

n n

I I I
S P R

I R I
P

I
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(b) (i) We will use a TVM solver for this part. Remember to set the solver for  
  because the payments happen at the end of each month. 

Notice here that for this TVM, we need to enter the nominal annual 
 interest rate. The monthly payment is $111.22 

   

  (ii) We need to know the outstanding amount at the end of 20 months.  
   Thus we use the formula established in (a, ii) 

20 20

20

1 100 1
1 1 1 $3652

100 1 100

R
S P  

13. (a) This is a compound interest case with annual rate of 3.5% for 20 years. 

  Phil owes the bank $298.468 (banks would prefer to round up instead -  
  $298.469). 

     

 (b) The amount deposited at the end of the first year will earn interest of 2% for 10 
  years, and thus, will be worth 191.02 ,P  the amount deposited the second year 

  will earn interest for 18 years, and will be worth, 181.02 ,P  and so on till the 
  last deposit which is take out immediately. So, the total value is 

18 19 18 191.02 1.02 1.02 1 1.02 1.02 1.02P P P P P  

The amount in brackets is a geometric series with 1 as first term and 1.02 as 
common ratio and 20 terms. 

Future value at this bank is 
20

201.02 1
1 50 1.02 1

1.02 1
P P  
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 (c) Using TVM, we know the future value needed from (a), we need the periodic  

payment. Phil needs to deposit $12284 annually in order to collect $298,468 
after 20 years. 

   

  Alternatively, you can solve the equation 2050 1.02 1 298468P for P. 

 (d) (i) Q will grow to 1.028nQ  

Withdrawing $5000 each year will mean that this amount will be 

the last withdrawal: 

Last withdrawal will not forgo any interest as it is withdrawn at the 
end. The withdrawal before last would forgo interest for one year, and 
so on 

The value of withdrawals is therefore 
15000 5000 1.028 5000 1.028n  

The deposit will be enough, if the future value of $Q deposited is at 
least equal to the total withdrawn 

1

1

1.028 5000 5000 1.028 5000 1.028

5000 5000 5000

1.028 1.028 1.028

n n

n n

Q

Q
 

  (ii) The amount needed can be written as 

   
1

1 1 1
5000

1.028 1.028 1.028n n
Q , 

   The amount inside the brackets is an infinite geometric series with fist 

   term 
1

1.028
and common ratio 

1
.

1.028
 Thus the indefinite sum is the 

   sum to infinity of this sequence 

1
11.028 35.7

1 0.0281
1.028

S , thus, David needs to invest at least 

5000 35.7 $178572.  
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Exercise 4.1 

1. (a) 
2 2

4 2 3 5 10VW  

 (b) 
2 2

3 1 1 7 80 4 5KL  

 (c) 
2 2

6 2 7 8 289 17TG  

2. (a) 
4 2 3 5

, 1,1
2 2

  

 (b) 
3 1 1 7

, 2,3
2 2

 

 (c) 
6 2 7 8 1

, 2,
2 2 2

 

3. (a) gradient = 4 ; perpendicular has gradient 
1

4
  (negative reciprocal) 

 (b) gradient = 2 ; perpendicular has gradient 
1

2
  (negative reciprocal) 

 (c) gradient = 
2

3
 ; perpendicular has gradient 

3

2
(negative reciprocal) 

4. (a) Using GDC: 4,11 , or solving algebraically 

  
3 1 7 2 8 4

3 4 1 11

x x x x

y
 

 (b) Using GDC: 3,9  

  

 (c) Using GDC: 7, 2  

 (d) Using GDC: 
1

,3
3

 

 (e) Using GDC: 30, 23  

 (f) Using GDC: 2, 3  
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5. Parallel so same gradient: 
1

2
  

 Substitute 2, 4  into 
1

2
y x c  to obtain: 

1
4 2

2
c  and solve to obtain 5c   

 Answer: 
1

5
2

y x   

6. Parallel so same gradient: 
2

3
  

 Substitute 6, 1  into 
2

3
y x c  to obtain: 

2
1 6

3
c and solve to obtain 5c   

 Answer: 
2

5
3

y x   

7. Perpendicular so use the negative reciprocal to obtain gradient: 
1

2
  

 Substitute 4,2  into 
1

2
y x c  to obtain: 

1
2 4

2
c and solve to obtain 4c   

 Answer: 
1

4
2

y x   

8. Perpendicular so use the negative reciprocal to obtain gradient: 
3

2
  

 Substitute 4,5  into 
3

2
y x c  to obtain: 

3
5 4

2
c and solve to obtain 1c   

 Answer: 
3

1
2

y x   

9. Gradient of segment PQ  = 
6 12 1

7 5 2
  

 "Perpendicular" so use the negative reciprocal to obtain gradient: 2 

 "Bisector", so through the mid-point: 
5 7 12 6

, 1,9
2 2

 

 Substitute 1,9  into 2y x c  to obtain: 9 2 1 c and solve to obtain 7c   

 Answer: 2 7y x   
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10. Segments AB  and CD  are the parallel so they have the same gradient. Let us use 

 AB  to obtain 
10 8 1

1 3 2
 

 "Perpendicular" so use the negative reciprocal to obtain gradient: 2   

 "Bisector", so through the mid-point of either AB  or CD . Let us use AB  to  obtain the 

 mid-point 
3 1 8 10

, 1,9
2 2

 

 Substitute 1,9  into 2y x c  to obtain: 9 2 1 c and solve to obtain 7c   

 Answer: 2 7y x   

11. (a) Gradient of TX  is 
6 3

1
4 1

 

  "Perpendicular" so use the negative reciprocal to obtain gradient: 1  

  "Bisector", so through the mid-point TX : 
1 4 3 6 5 9

, ,
2 2 2 2

 

  Substitute 
5 9

,
2 2

 into 
5 9

1
2 2

c  to obtain: 
2

9 1
5

c  

  and solve to obtain 7c   

  Equation of the perpendicular bisector of TX : 7y x   

  CG  has gradient 
8 4

2
8 6

   

  Substitute 6,4  into 2y x c  to obtain: 4 2 6 c and solve to obtain 8c   

  Equation of CG : 2 8y x   

  The intersection is found by GDC: 5,2   

 (b) Regardless of where the point X has moved, the treasure will still lie   
  somewhere along the line (GC). A trench of indeterminate length may have to  
  be dug, however. 
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Exercise 4.2 

1. (a) 
adjacent

cos
hypotenuse

c AB
A

b AC
  

We need AB. Using Pythagoras, 2 2 2AC AB BC  so 2 2 225 7 576AB  so 
24AB .  

  Therefore, 
24

cos
25

A   

 (b) 
opposite 24

sin
hypotenuse 25

c AB
C

b AC
 

 (c) 
opposite 7

tan
adjacent 24

a BC
A

c AB
 

 (d) o24
arcsin 73.73979529 74

25
  

 (e) o7
arctan 16.26020471 16

24
 

 (f) o24
arccos 16.26020471 16

25
 

2. (a) o4
arcsin 53.1

5
 (to 3 significant figures) 

 (b) o8
arccos 61.9

17
 (to 3 significant figures) 

 (c) arctan 1 45o  (exactly) 

3. (draw a diagram) With trigonometry: 3
1.62

arcta 0n
2

 9.   

 Since the distance from the tip of the shadow to the base of the streetlight is 5 m, we 
 have height of the streetlight  5 tan39.0 4.05m . 

 Without trigonometry: Since there are two similar triangles, we have 
1.62 height

2 5
 so 

 
1.62

height 5 4.05m
2

  

4. 
height

sin(54)
60

 so height 60 sin(54) 48.541 49m  (to the nearest metre) 
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5. 
height

cos(36)
2

  so height 2 cos(36) 1.618m  (This is , the Golden Ratio) 

6. (a) (i) Let h be the height of the building 

    tan(39°) =  so 50 tan(39 )  40m
50

h
h   

  (ii) Let H be the height of the top of the antenna (building + antenna) 

    tan(50°) =  so 50 tan(50 )  60m
50

H
H  

  (iii) 50 tan(50 ) 50 tan(39 ) 19.09847797 19.1m-  = H h   

 (b) The part of the diagram containing 11° is not a right-angled triangle  

 

7. We do not need the second piece of information (the angle of depression) to  determine the 
 distance (d) between the buildings. It would be required, however, to calculate their heights. 

 
16

tan(30 )
d

 so the distance 
16

27.7 m
tan(30 )

d   

8. Let h be the height of the hill, so that the top of the building has a height of (h + 30) 
 from the base of the hill. And let d be the distance from the observation point to the 
 base of the hill, directly below the building. 

 We then have: 
30

tan(55 )
h

d
and tan(50 )

h

d
  

 Re-arrange to isolate d: 
30

tan(55 )

h
d and 

tan(50 )

h
d  

 Substitute and solve: 
30

tan(55 ) tan(50 )

h h
 

 ( 30) tan(50 ) tan(55 )h h  

 tan(50 ) 30tan(50 ) tan(55 )h h  

 30tan(50 ) tan(55 ) tan(50 )h h  

 30tan(50 ) (tan(55 ) tan(50 ))h  

 
30 tan(50 )

tan(55 ) tan(50 )
h  so 151mh   

9. We can use Pythagoras' theorem to get 2 230 18 576 24 md   

 or, the ratio of the known opposite side to the hypotenuse 
18 3

sin
30 5

, making this 

 a familiar 3-4-5 right-angled triangle. The distance along the ground is equal to 4 6 24m  
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10. The original distance is 1

50

tan 4
d  and the second distance is 2

50

tan12
d ; hence, 

 the distance travelled in 5 minutes is 1 2

50 50
479.8

tan 4 tan12
d d  

 Its speed would then be approximately 

479.8
1000 5.7576

5
60

km.h 1  

Exercise 4.3 

1. (a) Find side a with the cosine rule, the angle B with the sine rule, then angle C 
  by subtraction from 180°. 

1
Area ( sin )

2
b c A  

 (b) Find angle B by subtraction from 180°, then the missing sides with the sine rule. 

1
Area ( sin )

2
b c A  

 (c) Find angle C by subtraction from 180°, then the 2 missing sides with the sine rule. 

21 sin sin
Area

2 sin

c A B

C
 

 (d) Find angle A with the cosine rule, angle B with the sine rule, then angle C by 
  subtraction from 180°. 

1
Area ( sin )

2
b c A  

2. (a) 180 30 72 78C   

  
10

sin(30 ) sin(78 )

a
 so 

10sin(30 )
5.11cm

sin(78 )
a   

  
10

sin(72 ) sin(78 )

b
 so 

10sin(72 )
9.72cm

sin(78 )
b  

 (b) 180 36 72 72C   

  
8

sin(72 ) sin(36 )

b
 so 

8sin(72 )
12.9cm

sin(36 )
b   

  Since we have two angles of 72°, we have an isosceles triangle and m12.9cc b   
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 (c) 2 2 26 10 2 6 10 cos(60 )c  so m76 8 2c.7c   

  Use the cosine rule again to calculate one missing angle (either), but take   
  care not to use the rounded value 8.72. Use the calculator's unrounded value instead. 

  Substituting values: 2 2 26 10 8.717797887 2 10 8.717797887 cos A    

  and solving by isolating cos A : 

  2 2 22 10 8.717797887 cos 10 8.717797887 6A  

  
2 2 210 8.717797887 6

cos 0.8029550685
2 10 8.717797887

A  

  or substitute directly in the re-arranged form of the cosine rule:  

  
2 2 2

cos
2

b c a
A

bc
  

  Finally, arccos 0.8029550685 36.6 37A   

  And 180 60 36.58677556 83B   

 (d) Substituting in the re-arranged form of the cosine rule:  

  
2 2 215 18 12 3

cos
2 15 18 4

A  so  
3

arccos 41
4

A   

  Similarly: 

  
2 2 215 12 18 1

cos
2 15 12 8

B  so  
1

arccos 83
8

B   

  And 180 83 41 56C   

3. (a) 
2

21 10 sin30 sin 72
Area 24.3 cm

2 sin 78
 

  alternatively, 21
10 (9.723036846)sin30 24.3 cm

2
Area  

 (b) 21
Area 8 (12.94427191)sin 72 49.2 cm

2
 

 (c) 21
Area 15 (18)sin 41.40962211 89.3 cm

2
 

 (d) 21
Area 10 (9.723036846)sin30 24.3 cm

2
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4. (a) The height of triangle PQR is 7 cm. Since 10p  cm and 7 < p < 14, there are  
  two triangles possible. 

 (b) 
sin( ) sin(30 )

14 10

R
 so 

14 sin 30
sin 0.7

10
R   

  so arcsin 0.7 44.4R  or 180 arcsin 0.7 135.6   

  If 44.4R : 

  180 (30 44.4) 105.6Q   

  
10

sin(105.6) sin 30

q
 so 19.3q cm 

  If 135.6R : 

  180 (30 135.6) 14.4Q   

  
10

sin(14.4) sin 30

q
 so 4.98q cm 

  Careful: the use of rounded values in the previous calculation would lead to  
  the incorrect value 4.97 cm 

5. If 44.4R , 21
Area 14 (10)sin105.6 67.4 cm

2
 

 135.6R , 21
Area 14 (10)sin14.4 17.4 cm

2
 

Exercise 4.4 

1. (a) 31
12 20 10 800 cm

3
V   

 (b) The volume would be the same, since multiplication is commutative (switch  
  the 10 and the 20 in the formula above). 

2. Total surface of the ball = 24 11 1520.53  

 so the area of one panel = 
1520.53

47.5
32

 

3. (a) Volume of the sphere + volume of the cylinder = 3 2 34
2.5 2.5 10 262 cm

3
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5 cm

10 cm

 

 (b) This is the volume of the whole cylinder minus the volume of the sphere. 
2 32.5 15 262 32.7 cm  (or 11.1%) 

4. Since the radius of the hemisphere is limited to the radius of the cylindrical blank, it 
 can be no greater than 2.5 cm; the height of the inverted cone is therefore no greater 
 than 7.5 cm. 

 total volume = volume of the hemisphere + volume of the cone 

 = 33 21 4 1
2.5 2.5 7.5

2 3
 81.8 m

3
c  

 Percentage used =  
2

81.8
100 41.7%

2.5 10
 

 (The height of this cylinder is 7.5 + 2.5 = 10) 

5. Let 2x be the side of the cube. The radius of the sphere is therefore x cm. 

 

33 3

3 3

44 482 8difference of volumes 33 3 0.476401
volume of the cube 8 82

xx x

xx
 

 so 47.6% 

6. (a) Flying along the edge of the grid from O to P = 10+20+20=50 metres 

  Directly back along the diagonal from P to O = 2 2 210 20 20 30 metres 

  so 80 metres all together. 

 (b) 60 metres is 50 metres (along the edges) and 10 metres 
  (a third of the way back along the diagonal) 

  so position = 
2

3
 of OP = 

2 20 40 40
10,20, 20 , ,

3 3 3 3
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Chapter 4 practice questions 

1. (a) 
2 2

11 1 2 3 13AB  

 (b) 
2 2

9 3 3 5 10CD  

 (c) 
22

5 9 3 5 5 6EF  

2. (a) 
6 4 1 5

, 1, 2
2 2

  

 (b) 
7 1 2 8

, 4,3
2 2

 

 (c) 
1 8 4 0 9

, , 2
2 2 2

 

3. (a) Equations re-arrange to 2 1y x  and 2 2y x  respectively, so parallel. 

 (b) Second equation re-arranges to 
1 3

2 2
y x  so intersecting because gradients are  

different. 

 (c) Second equation re-arranges to 2 4y x  so coincident. 

4. (a) Using GDC, or substituting/eliminating: 
3

1 3
2

x x which leads to 8x   

  then substituting again: 3 8 3 11y x  to give 8,11   

 (b) Using GDC, or 

  substituting/eliminating: 6 2 4x x which leads to 10x   

  then substituting again: 6 10 6 16y x  to give 10, 16   

 (c) Using GDC, or 

  by elimination 
2 3 (eq.1)

2 3 8 (eq.2)

x y

x y
  

  Twice (eq.1) minus (eq.2) gives: 7 14y  so 2y  and (eq.1): 3 2 2 1x   

  Solution: 1, 2   
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5. Parallel so same gradient: 
2

3
  

 Substitute 3,0  into 
2

3
y x c  to obtain: 

2
0 3

3
c and solve to obtain 2c   

 Answer: 
2

2
3

y x   

6. Perpendicular so use the negative reciprocal to obtain gradient: 
3

2
  

 Substitute 3, 1  into 
3

2
y x c  to obtain: 

3
1 3

2
c and solve to obtain

 
11

2
c   

 Answer: 
3 11

2 2
y x   

7. Perpendicular so use the negative reciprocal to obtain gradient: 2 

 Substitute 1,5  into 2y x c  to obtain: 5 2 1 c and solve to obtain 7c   

 Answer: 2 7y x   

8. Gradient of segment RS  = 
2 10

2
1 7

  

 "Perpendicular" so use the negative reciprocal to obtain gradient: 
1

2
  

 "Bisector", so through the mid-point: 
7 1 10 2

, 4, 4
2 2

 

 Substitute 4, 4  into 
1

2
y x c  to obtain: 

1
4 4

2
c and solve to obtain 6c   

 Answer: 
1

6
2

y x   

9. Gradient of segment PQ  = 
10 6 1

5 3 2
  

 The line through the apex of an isosceles triangle is a perpendicular bisector to the base line,
 so use the negative reciprocal to obtain gradient: 2   

 Mid-point: 
3 5 6 10

, 1,8
2 2

 

 Substitute 1,8  into 2y x c  to obtain: 8 2 1 c and solve to obtain 10c   

 Answer: 2 10y x  
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10. Split the triangle in 2 to get a right-angled triangle with sides 9, 41 and 2 241 9 40   

 (a) 
9

cos
41

B   

 (b) 
40

sin
41

C   

 (c) 
9

tan
2 40

A
  

 (d) 
9

arccos 77.3 77
41

B   

 (e) 
9

arctan 12.6804
2 40

A
 so 25.4 25A   

11. Head start = difference in distance = 2 270 105 70 105 49  to the nearest metres 

12. This pentagon is composed of 5 congruent isosceles triangles with base 24 cm and angle at 

 the apex equal to 
360

72
5

 . Splitting in 2, we get a right-angled triangle with angle 36° 

 and sides 12 cm and distance vertex-centre equal to 
12

20.4
sin36

cm 

13. Other 2 angles are 
360 2 36

144
2

 each. The longer diagonal is opposite the obtuse  

angles. Use the cosine rule:  

2 2 220 20 2 20 20 cos(144 )c so diagonal 1447.21 38.0 m 

14. Let x be the height at which the string is tied. Here is a sketch. 

 1 m

1.4 m

x

 

 
1.4

tan 30
1

x
 so 0.823x  metres 
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15. We have 2 right-angled triangles with angles 60° and 72°, both with opposite side of 40 m. 

 Let n and f  be the distance from the base of the cliff to the near and far bank, respectively. 

 Then 
40

tan(72)
n

 and 
40

tan(60)
f

  

 The width of the stream = 
40 40

10
tan(60) tan(72)

f n  to the nearest metre 

16. Let x be the distance between the observation points and h the height of the trees (which we 
 do not need, so will eliminate) 

 We have 2 right-angled triangles with angles 22° and 40°, both with opposite side h and 
 with adjacent sides 50 and 50-x respectively. 

 Then tan(22)
50

h
  and tan(40)

50

h

x
  

 Eliminating h, we obtain: 50 tan(22) 50 tan 40x   

 50 tan(22) 50 tan 40 tan 40x  

 tan 40 50 tan 40 50 tan(22)x  

 
50 tan 40 50 tan(22)

25.9
tan 40

x   

 So, 26 metres to the nearest metre. 

17. (a) 180 30 45 105A   

  
10

sin(45 ) sin(105 )

c
 so 

10sin(45 )
7.32cm

sin(105 )
c   

  
10

sin(30 ) sin(105 )

b
 so 

10sin(30 )
5.18cm

sin(105 )
b  

 (b) 180 110 40 30C   

  
8

sin(30 ) sin(110 )

c
 so 

8sin(30 )
4.26cm

sin(110 )
c   

  
8

sin(40 ) sin(110 )

b
 so 

8sin(40 )
5.47cm

sin(110 )
b  
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 (c) 2 2 212 18 2 12 18 cos(36 )b  so 118.5046584 10.9cmb  

  Let us substitute directly in the re-arranged form of the cosine rule: 

  
2 2 212 10.88598449 18

cos 0.2353765896
2 12 10.88598449

A  

  arccos 0.2353765896 103.6 104A   

  Finally, 180 36 104 40C  

 (d) Let us substitute directly in the re-arranged form of the cosine rule 
  (for either of the 3 missing angles): 

  
2 2 28 6 12 11

cos
2 8 6 24

A  

  
11

arccos 117
24

A  

  Again for either of the 2 missing angles 

  
2 2 28 12 6 43

cos
2 8 12 48

B  

  
43

arccos 26
48

B  

  Finally, 180 117 26 37C  

18. (a) 
2

21 10 sin 30 sin 45
Area 18.3 cm

2 sin105
 

  alternatively, 21
Area 10 (7.32...)sin 30 18.3 cm

2
 

 (b) 
2

21 8 sin 40 sin 30
Area 10.9 cm

2 sin110
 

  alternatively, 21
Area 8 (4.26...)sin 40 10.9 cm

2
 

 (c) 21
Area 12 (18)sin 36 63.5 cm

2
 

 (d) 21
Area 6 (8)sin117.2796127 21.3 cm

2
 

19. With 6r  cm, the triangle is not closed. For this, we need: 

 sin 36
14

r
 so 14sin 36 8.23r  cm 
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20. (a) 
1

Area 2 3 6 sin
2

ABC   

  so 
1

3 3 2 3 6 sin
2

ABC  

  
1

sin
2

ABC so 
1

arcsin 30
2

ABC or 180 30 150   

  Since ABC  is obtuse, we keep the value 150° 

 (b) 180 150 30 rad
6

CBD  so Area 6
6

r  cm2 

21. (a) 
1

Area 8 6 sin
2

A  

  
1

16 8 6 sin
2

A  

  so 
2

sin
3

A  so 
2

arcsin 41.8
3

A or 180 41.8 138.2  

 (b) Keep the obtuse angle 138.2 and use the cosine rule: 

  2 2 26 8 2 6 8 cos(138.2 )BC  so 171.565696 13.1cmBC  

22. From triangle ABD: 2 2 23 1 2 3 1 cos(60 )AD  so 7AD  

 Use this value is triangle ACD: 

2
2 27 3 2 12 2 2 7

cos  or 
72 7 3 6 7 7

DAC  
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Exercise 7.1 

1. For matrices 
2 1 3

and ,
1 3 4 2

x x

y y
A  B  we have: 

(a) (i) 
1 3

3 1

x x

y y
A+ B  

(ii) 
6 3 1 3 7 3 3

3
3 3 9 4 2 3 7 11

x x x x

y y y y
A B  

(b) If A = B, their corresponding elements are equal; this leads to a system of  
  equations: 

  

1 2

3

1 4

2 3

x

x

y

y

 

From each of the first two equations we get 3x , and from the last two 
 y = 5. 

(c) If A + B is a diagonal matrix, the elements on the opposite diagonal are  
  zeroes; hence, 

 
3 0

3 0

x

y
 

Therefore, 3, 3x y . 

 (d) 

2 1 4 2 3 2

1 1 3 4 1 3 3 2

2 2 2 6

11 3

x x x y

y x y y

x xy x

xy x y

AB

 

2

2

1 2 3 1 1 3 3

4 2 2 1 4 3 2

2 3 1 9

3 6 4 3 6

x y x x

y y x y

x y x x

y y x y

BA
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2. (a) 
3 0 6 3 6

4 2 12 4 2 12

x x

y x y
 

By comparing the corresponding elements, we obtain the following equations: 

3 6 2

4 2 12 8 2 12

x x

x y y
 

Therefore, 2, 10.x y  

(b) 
2 4 18 8 5 18

3 5 8 12 5 8

p p

q q
 

By comparing the corresponding elements, we obtain the following equations: 

8 5 18

12 5 8

p

q
 

Therefore, 2, 4.p q  

3. (a) Here is the completed matrix 

     

0 1 0 0 1 2 0

1 0 1 1 1 1 0

0 1 0 0 0 0 2

0 1 2 1 1 0 0

1 1 0 0 0 1 0

2 1 0 1 1 0 0

0 0 2 0 0 0 0

 V   M   F  S   Z   L   P

V

M

F

S

Z

L

P

 

(b) Matrix A showing the number of direct routes between each pair of cities is 
  input into a GDC. 

We square matrix A and obtain the answer shown in the GDC screenshot 
 below right. 
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Matrix 2A represents the number of routes between each pair of cities that go 
via another city. For example, the entry 1,2 3a  means that there are three 

different routes from Vienna to Munich: two of them through Milano and one 
through Zurich. Also, 7,7 4a  means that there are four different routes from 

Paris to another city (all to Frankfurt) and back to Paris. 

4. (a)   

 

2 5 1 1 5 1 10 1

0 3 2 0 1 0 3 3

7 0 1 2 3 2 2 7 3 2 1

x y x y

x y x y

x y x y y x x y x y x y

A C  

(b) 

2 5 1 2 17 2 6

0 3 2 3 1 9 4 9

7 0 1 2 3 7 2 17

m m

m m

m

AB  

(c) BA cannot be found because B is a 3 2  matrix and A is a 3 3  matrix; as  
  such, the number of columns of matrix B does not match the number of rows 
  of matrix A, so the product is not defined. 

(d) If A = C, their corresponding elements are equal; this leads to a system of  
  equations: 

1 2; 1; 3; 1 2

2 7; 3 0; 2 1

x y x y

x y x y y x
  

 These equations all give the same solution: 3, 1x y . 

(e) B + C cannot be found because B is a 3 2  matrix and C is a 3 3  matrix; the 
  sum of two matrices of different order is not defined. 

(f) 

21 7 12

3 2 5 2 17 1

1 1 2 2 7

m

m

B  

By comparing the corresponding elements from 

22 1 7 12

3 3 1 2 5 2 17 1 ,

2 3 1 1 2 2 7

m m

m

m

 

we obtain the following system of equations: 

  
2

3 2 7

6 2 12

9 10 17

8 2 2

m

m

m

m

 

All of the equations give us the unique solution: m = 3. 
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5. By comparing the corresponding elements from 

 
1 3 1 5 5

2 ,
2 3 0 5 8 9

a b

c c
 

we obtain the following system of equations: 

 

2 1 3 5

2 1 5

2( 2) 8

2 3 5 9

a

b

c

c

 

Therefore, 3, 3, 2a b c . 

6. 
2 3 11 1 1 0

5 7 5 2 0 1

x x

x y
 

After performing matrix multiplication, we get: 

2 7 5 6 2 1 0

5 20 12 14 5 0 1

x x y

x x y
 

By comparing the corresponding elements, we obtain the following system of 
 equations: 

 

2 7 1

5 6 2 0

5 20 0

12 14 5 1

x

x y

x

x y

 

The first and third equation give us x = 4. 

Substituting x = 4 into the second and fourth equation gives us the same solution: y = 3. 

7. By comparing the corresponding elements, we obtain the following system of 
 equations: 

 

2 1 3

2 1

5 2

m

m n

n

 

Therefore, 2, 3m n . 
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8. Let matrix 2 5 3L  represent the quantities from your shopping list, and 

1.66 1.58

2.55 2.6

0.90 0.95

P  represent the prices in shops A and B. 

Then 

1.66 1.58

2 5 3 2.55 2.6 18.77 19.01

0.90 0.95

LP  gives us the total cost of the 

 

Therefore, you should go to shop A because the total cost is cheaper. 

9. (a)

 
2 0 3 1 3 5 2 0 0 4 2 4

5 1 1 4 2 7 5 1 3 11 2 12
A B C  

2 0 3 1 3 5 5 1 3 5 2 4

5 1 1 4 2 7 4 5 2 7 2 12
A B C  

(b) We conclude that the addition of 2 2 matrices is associative, which can be 
  proved as follows: 

a b m n r s

c d p q t u

a b m r n s a m r b n s

c d p t q u c p t d q u

A B C

 

a b m n r s

c d p q t u

a m b n r s a m r b n s

c p d q t u c p t d q u

A B C

 

So, A B C = A B C  for all real numbers a, b, c, d, m, n, p, q, r, s, t, u. 

(c) 
2 0 3 1 3 5 2 0 11 8 22 16

5 1 1 4 2 7 5 1 5 33 60 7
A BC  

2 0 3 1 3 5 6 2 3 5 22 16

5 1 1 4 2 7 14 9 2 7 60 7
AB C  
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(d) We conclude that the multiplication of 2 2 matrices is associative, which can 
  be proved as follows: 

  

a b m n r s a b mr nt ms nu

c d p q t u c d pr qt ps qu

amr ant bpr bqt ams anu bps bqu

cmr cnt dpr dqt cms cnu dps dqu

A BC

 

  

a b m n r s am bp an bq r s

c d p q t u cm dp cn dq t u

amr ant bpr bqt ams anu bps bqu

cmr cnt dpr dqt cms cnu dps dqu

AB C

 

So, A BC = AB C  for all real numbers a, b, c, d, m, n, p, q, r, s, t, u. 

10. 

120

235 562 117 95 235 120 562 95 117 56 88<t>142

56

AB  

AB  t >142). 

11. 
2 3 12 18 2 3 2 12 3 18 2 3

5 7 8 42 5 7 5 8 7 42 5 7

r r
r r

s r s r
A B A  

By comparing the corresponding elements, we obtain the following system of 
 equations: 

2 12 2; 3 18 3

5 8 5; 7 42 7

r r

r s r
 

From the first two equations we get r = 7 and substituting this value in the third 
equation gives us s = 22. r = 7 satisfies the fourth equation too. 

12. For 
1 1

:
0 1

A  

(a) (i) 2 1 1 1 1 1 2

0 1 0 1 0 1
A A× A  

  (ii) 
1 2 1 1 1 3

0 1 0 1 0 1
3 2A = A × A  

  (iii) 
1 3 1 1 1 4

0 1 0 1 0 1
4 3A = A × A  
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  (iv) By observing the pattern of entries in the resulting matrices, we would 
   conclude that 

1

0 1

nnA . 

  For 
3 3

:
0 3

B  

(b) (i) 
3 3 3 3 9 18 9 2 9

0 3 0 3 0 9 0 9
2B = B × B  

  (ii) 
9 18 3 3 27 81 27 3 27

0 9 0 3 0 27 0 27
3 2B = B × B  

  (iii) 
27 81 3 3 81 324 81 4 81

0 27 0 3 0 81 0 81
4 3B = B × B  

  (iv) By rewriting the result matrices and observing the pattern of entries, 

   we can conclude that 
3 3

0 3

n n

n

nnB . 

13. For matrices A and B we have: 

2 3 2 2 3 13

4 1 3 4 11

2 2 3 2 8 3 2

3 4 1 2 12 3 3

x x y

y x y

x x x

y y y

AB

BA

 

From AB = BA  we obtain the following system of equations: 

2 3 2 8; 13 3 2

4 2 12; 11 3 3

x y x x

x y y y
 

Solutions: 
11 8

,
3 3

x y  . 

14. For matrices A and B we have: 

3 5 2 15 6

2 1 1 10 3

5 2 3 11 5 2

1 2 1 3 2 1

x xy x

y y

x x

y y xy

AB

BA
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From AB = BA  we get the following system of equations: 

15 11; 6 5 2

10 3 2; 3 1

xy x x

y y xy
 

From the second equation we get x = 1, and from the third 4y . 

This solution satisfies the remaining two equations as well, so we have the unique 
solution: x = 1, y = 4. 

15. For matrices A and B we have: 

2

2

2

1 2 3 8 3 12 44 3 15 0

2 3 23 6 18 8 40 5 6 12 60

1 0 4 2 2 8 0 5 44

8 3 12 1 2 3 3 4 2 10 3 15

23 6 18 2 3 6 5 2 34 3 15

2 2 8 1 0 4 2 10 0 44

x x

x x x x x x

x

x x x x x

x x x x x x

x

AB

BA

 

From AB = BA , and by comparing the corresponding elements, we get a system of 
eight equations. The only solution that satisfies all of the equations is x = 5. Some of 
the equations have two solutions, but our final solution must satisfy all the equations 
and therefore we cannot accept them. 

16. For matrices A and B we have: 

2

2

2 2 8 3 12 6 50 2 16 20 20

2 3 23 6 18 8 40 5 6 12 60

1 1 4 2 2 8 23 23 6 1 18 62

8 3 12 2 2

23 6 18 2 3

2 2 8 1 1 4

8 3 12 2

y y x y xy y x y

x x x x x x

y y xy y y

x y y

x x

y

y x x x

AB

BA

2

12 22 8 3 23

23 6 18 2 18 52 23 3 8

2 2 8 8 8 2 42

y y x

y x x x y y x

y x y y

From AB = BA , and by comparing the corresponding elements, we get a system of 
nine equations. The last equation, 18 62 2 42y y , gives us y = 1. Then, for 
example, by substituting y = 1 into the penultimate equation ( 6 1 8 8xy y y ) we 
get x = 5. By checking all of the remaining equations, we verify that (5, 1) is the 
unique solution of this system. 

  



© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 

 

Exercise 7.2 

1. (a) Your GDC will give you the inverse. However, for demonstration of the  
  concept, we will describe the method in this exercise. 

To find the inverse of matrix ,
a b

c d
A  we use the formula 

1 1

det( )

d b

c a
A

A
, where det

a b
ad bc

c d
A . 

  
1

3 7
3( 9) 7( 4) 1

4 9

3 7 9 7 9 71

4 9 4 3 4 31

 

(b) As the product of two matrices, 
1

3 7 2 1 9 7 2 1
.

4 9 3 5 4 3 3 5
M  

(c) 
39 449 2 7 3 9 1 7 5

17 194 2 3 3 4 1 3 5
M  

(d) (i) As the product of two matrices,      

   
1

2 1 3 7 2 1 9 7
.

3 5 4 9 3 5 4 3
N  

  (ii) 
14 11

7 6
N  

(e) In parts (b) (c) we multiplied 
2 1

3 5
  by the inverse from the left to 

determine matrix M, whilst in (d) we multiplied it from the right to obtain 
matrix N. The results are two different matrices as multiplication of matrices 
is not commutative. 

2. 
1 1 3

1 0 1 3 1 0 1 0 1 3 5 0 11 1
5

3 1 3 4 0 5 3 1 3 4 0 11 5
0 1

E  
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3. (a) Matrix A should have an inverse if det( ) 0A . 

2 3 1

det( ) 1 1 3 5 0

3 2 3

A  

 

  Therefore, A is non-singular, i.e. it has an inverse. 

(b) For matrix 

2 3 1

1 1 3 ,

3 2 3

A  we have: 

 

 (c) For 

4.2

 and 1.1 ,

2.9

x

y

z

X B  the system can be written as ;AX B  

  therefore, the solution will be 1X A B . 

 

So, the solution is 
1 1

, 1, .
2 5

x y z  

4. (a) 

2 2
1

3 1 3 1
3 12 2 2 2det( ) 1

2 21 3 1 3

2 2 2 2

A A  

(b) 1

1 3
1 13

det( ) 1 ( 2) 13
2 1

2

a
a a a

aa
a aa

B B  
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5. Matrix A is singular if det(A) = 0. We have: 

21 3
det( ) 1 3 3 3 1 5 6

3 1 3

x
x x x x x

x x
A  

2
2 5 ( 5) 4 6 5 1

5 6 0
2 2

x x x  

Therefore, A is singular for x = 2 or x = 3. 

6. If one matrix is the inverse of the other, then their product is the identity matrix: 

2 1 4 2 3 4 2 3 4 2 1 4 1 0 0

2 2 0 1 2 2 1 2 2 2 2 0 0 1 0

2 1 4 3 2 5 3 2 5 2 1 4 0 0 1

n n

n n n n n n

 

2 2 2

12 5 0 10 20 4 6 0 16 8 1 0 0

2 4 4 6 8 4 4 2 1 4 8 0 1 0

3 12 8 4 6 20 0 4 8 12 20 0 0 1

n n n n

n n n n n

n n n n n n

 

By comparing the corresponding elements, we can see that all equations are satisfied 

 for 
1

2
n . 

7. For 
4 2 2 1

 and ,
0 3 3 5

A B  we have: 

(a) 1XA B X BA  

 

(b) 1AY B Y A B  

 

(c) We can see that X Y  because, in general, multiplication of matrices is not 

commutative. 
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8. For this question we will use a GDC and, as such, we need to rename our matrices: 
2 0 1 3 1 1

3 5 4  and 4 0 0

1 0 1 1 2 1

P A Q B  

Then: 

(a) 

 

 (b) 

 

 

 

(c) We can see that the multiplication of matrices in general is not commutative: 
  PQ QP . 

   For the inverse matrices, the following is valid:     

  
1 11 1 1 1, .PQ Q P QP P Q  

9. For matrices 

3 2 1 29

4 1 3 and 37

1 5 1 24

A B : 

(a) If AC = B  then 1C = A B . 

 

(b) By multiplying the second and third equation by ( 1) the system is equivalent 

to the matrix notation AX = B , where 

x

y

z

X . So, 1X A B , which 

means that the solution is 7, 3, 2x y z . 
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10. 
2 2 3 3 2 2

5 4 4 2 4 2 5 4

x x x x

x x x x
 

 
2 2

2 2

2 2 4 4 5 6 7 6

1 7 8 2 2

x x x x x x

x x x x
 

 By comparing the corresponding elements and rearranging the equations, we get: 
2 2

2 2

7 8 0 1,8 ; 3 2 0 1, 2

2 3 0 1,3 ; 7 8 0 1,8

x x x x x x

x x x x x x
 

1x  is the only common solution for all the equations, so it is the solution. 

11. (a) AB = BA  

2 1 2 1 2 1 2 1

5 3 5 5 5 3

3 4 2 9 2 5

10 10 3 5 10 5 5 3

x x

x y x y

x y x x

x y x y x y

 

By comparing the corresponding elements and rearranging the equations, we get: 

5 5; 3

5 10; 5 5

x x y

y x
 

The solution that satisfies all the equations is: 1, 2x y . 

(b) AB = BA  

3 1 1 1 3 1

5 2 5 5 5 2

2 3 3 3 8 1

15 5 5 2 15 5 5 2

x x x x

x y x y

x x y x x

x x y x y x y

 

By comparing the corresponding elements and rearranging the equations, we get: 

10 0; 2 1

5 5; 10 0

x x y

y x
 

The solution that satisfies all the equations is: 0, 1x y . 
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(c) AB = BA  

2 2 2

2

3 1 3 1

5 2 5 1 5 1 5 2

2 2 1 4 8 3

15 7 2 2 3 5 11 8 3 7 1

x y x x y x x x

x y y x x y y x

xy x x y x x y xy x x y x y

x y y x x xy x y x y

 

By comparing the corresponding elements and rearranging the equations, we get: 
2

2

10 1; 3 0

5 4 1; 10 1

x y x x

x xy x y x y
 

From the second equation, we get the solutions x = 0 or x = 3. 

Substituting our solutions for x into the first equation, we get: x = 0, y = 1, and 

x = 3, y = 29. 

Both solutions satisfy the third equation, so both pairs are valid. 

12. (a) 

1

5 6 1 0 ( 6 11) ( 5 3) ( 55 18) 0 17 8 37 0

3 11 1

x y

x y x y
 

(b) 

1

5 2 1 0 ( 2 2) (5 3) ( 10 6) 0 2 4 0 2 0

3 2 1

x y

x y y y
 

(c) 

1

5 3 1 0 (3 8) ( 5 5) ( 40 15) 0 5 25 0 5 0

5 8 1

x y

x y x x
 

13. (a) 

5 6 1

Area 3 11 1 5(11 1) 6(3 8) (3 88) 165 165

8 1 1

 

(b) 

3 5 1

Area 3 11 1 3(11 11) 5(3 8) (33 88) 80 80

8 11 1

 

(c) 

4 6 1

Area 3 9 1 4(9 7) 6( 3 7) ( 21 63) 136 136

7 7 1
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14. (a) 

6 1
1 1 1

Area 3 11 1 (11 3) 6(3 8) (9 88) 8 109
2 2 2

8 3 1

x

x x  

  

1
8 109 10 8 109 20

2
129 89

8 109 20 or  8 109 20  or 
8 8

x x

x x x x

 

 (b) 
2

5 1
1

Area 3 2 1
2

2 3 1 1

x

x

x x

 which implies that 

2 2

2

1
Area 5( 2 1) (3 2 3) (3 ( 2)( 2 3))

2

6 2

x x x x x x x

x x

 

We have two possibilities: 

2 2

1 2 3 4

6 2 10 or  6 2 10

2, 4, 3 21, 3 21

x x x x

x x x x
 

15. (a) 

2 5 1

4 1 0 2( 2) 5(4 5) 1( 8 5 ) 0 3 9 0 3

5 2 1

k k k k k  

(b) 

6 2 1

5 1 0 6( 5) 2( 5 3) 1( 25 3 ) 0 3 9 0 3

3 5 1

k k k k k  

16. (a) 
2 7

det( ) 2 5 7 5 25
5 5

A  

(b) 
1 0 2 7 2 7

0 1 5 5 5 5

x
x x

x
I A  

 22 7
( ) det( ) ( 2)( 5) ( 7)( 5) 7 25

5 5

x
f x x x x x x

x
I A  

We can see that the constant term is equal to det(A). 

(c) Coefficient of x appears to be the opposite of the sum of entries on the main 
  diagonal. 
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(d) Replace x with A 

 

2
2 7 2 7 1 0

( ) 7 25
5 5 5 5 0 1

39 49 14 49 25 0 0 0

35 60 35 35 0 25 0 0

f A

 

(e) Generally, we have: 

2

det( )

1 0
( ) det

0 1

( )( ) ( )

a b
ad bc

c d

a b x a b
f x x

c d c x d

x a x d bc x a d x ad bc

A

 

The constant term is equal to det(A). 

Coefficient of ( )x a d . 

2

2 2

2 2

1 0
( ) ( ) ( )

0 1

0 0 0

0 0 0

a b a b
f a d ad bc

c d c d

ad bca bc ab bd a ad ab bd

ad bcac cd bc d ac cd ad d

A

 

17. For 

2 7 1

1 3 2

5 5 4

A : 

(a)  

(b) 

2 7 1

1 3 2

5 5 4

x

x x

x

I A  

3 2

2 7 1

( ) 1 3 2 22 22

5 5 4

x

f x x x x x

x

 

We can see that the constant term in the expansion of f(x) is equal to det(A). 

(c) The coefficient of 2x  is 1, which is the opposite of the sum of the main  
  diagonal. 
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(d) 3 2( ) 22 22f A A A A I  

We can calculate this with a GDC, knowing that 

1 0 0

0 1 0

0 0 1

I . 

 

f(A) is again the zero matrix. 

(e) For 

a b c

d e f

g h i

B  we have : 

det

a b c

d e f aei afh bdi bfg cdh ceg

g h i

B  

3 2

( ) det( )

( ) ( )

x a b c

f x x d x e f

g h x i

x a e i x x ae ai ei bd cg fh aei afh bdi bfg cdh ceg

I B
 

We can see that the constant term in the expansion of f(x) is again equal to det(B). 

The coefficient of 2x  is ( )a e i , which is the opposite of the sum of the 
main diagonal. 

( )f B  is the zero matrix. 

18. (a) First, we need the inverse of the coding matrix. Store it into matrix B. 
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  Next step is to set up the message in matrix form using table 7.4. The matrix 
  will be 10 3since we have 30. Let us store it in matrix C. Then multiply B 
  and C,  the result from numbers beyond [0, 29] by adding or  
  subtracting multiples of 30. Thus, the result is 

7 19 9 1 18 20 1 5 20 9

1 19 19 0 5 0 20 13 9 1

21 0 0 7 1 13 8 1 3 14

 

Then reading the message column wise: 

GAUSS IS A GREAT MATHEMATICIAN. 

Exercise 7.3 

1. Given matrix 
5 6

1 0
A : 

2

2
1 2

5 6 1 0 5 6
det det 5 6

1 0 0 1 1

5 6 0 2, 3

m
m m m m

m

m m m m

A I
 

2. (a) If A is the inverse of matrix B, then AB = BA = I  must be satisfied. So, we 
  have: 

4 6 1 2 2

8 5 7 3 1

5 3 4 1 1 3

6 2 4 6 2 14 1 0 0

0 5 9 0 0 1 0

0 3 6 1 0 0 1

1 2 2 4 6

3 1 8 5 7

1 1 3 5 3 4

6 0 0 1 0 0

3 8 5 5 9 7 14 0 1 0

7 0 1

a

b

a a b a

b

b

a

b

a

a b b b

a

AB

BA

0 0 1

 

By comparing the corresponding elements, we find the solution a = 7, b = 2 
satisfies all the conditions. 
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(b) The system of linear equations for a = 7, b = 2 can be written as: 

5

0

6

x

y

z

B . 

So, we have: 1

5 5 7 4 6 5 1

0 0 8 5 7 0 2

6 6 5 3 4 6 1

x

y

z

B A . 

3. If the matrix is singular, its determinant is zero. 

2 2

1 1

3 1 2 4 4 0 ( 2) 0 2

3 1

m

m m m m m

m m

 

4. For each of the given systems, we will reduce the augmented matrix of the system to  
reduced row echelon form. From this we can conclude whether the solution is unique 
(and which one it is), or if there are an infinite number of solutions, or no solution. (a) 
will be done algebraically, while the rest will be done using a GDC. 

(a) 

2 1
2

2 3

2 3 3

1 3

2 3

4 1 1 5 4 1 1 5
2R R 1

2 2 3 10 0 5 5 25 R
5R 2R 5

5 2 6 1 0 14 3 48

4 1 1 5 4 1 1 5
1

0 1 1 5 14R R 0 1 1 5 R
11

0 14 3 48 0 0 11 22

4 1 1 5 4 1 0 7
R R

0 1 1 5 0 1 0 3
R R

0 0 1 2 0 0 1 2
1 3

1

R R

4 0 0 4 1 0 0 1
1

0 1 0 3 R 0 1 0 3
4

0 0 1 2 0 0 1 2

 

We can read the unique solution as: 1, 3, 2.x y z  

(b) The unique solution is: 5, 8, 2.x y z (Rref stands for row reduced  
  echelon form) 
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(c) This system has an infinite number of solutions. 

  

19 11 11
16 19

16 16 16
5 13 13

5
16 16 16

z t y z y t

x z x t

 

 

  Notice how the last row is all zeros. 

(d) The system has a unique solution is: 7, 3, 2.x y z  

 

(e) Since the last row is all zeros, the system has an infinite number of solutions: 
2 3 , 1 2z t y t x t  

 

(f) The last row shows inconsistency as the coefficients are zeros, and the answer 
  entry is different from zero. So, inconsistent system with no solutions. 

 

(g) system has a unique solution: 2, 4, 3.x y z  

 

(h) System has a  unique solution: 4, 2, 1.x y z  

 

5. (a) When the determinant is non-zero, then the matrix will be not be singular. 

2

1 1 1
1 33

det( ) 0 1 2 4 det( ) 0
4

6 2 3

k

k k k kA A  

So, the matrix is not singular for all 
1 33

4
k . 
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(b) If A is the inverse of matrix B, then AB BA I  must be satisfied. So, we 
  have: 

 AB BA I  

1 1 1 3 3 3 3 1 1 1 1 0 0

0 1 3 2 1 3 2 1 0 1 0 1 0

6 2 3 2 4 1 2 4 1 6 2 3 0 0 1

k k k k k k

k k k k  

2

2 2 2

2 3 3 2 2 4 3 3 3 7 6 1 0 0

3 2 3 4 1 2 3 1 2 2 0 1 0

6 6 2 2 6 5 4 4 0 2 3 0 0 1

k k k k k k k

k k k k k k k

k k k k k

 

By comparing the corresponding elements, we find the solution k = 1 satisfies 
 all the conditions. 

(c) For k = 1 we have: 

1

1 2 2 3

1 3

2 3 1 2

R1 1 0 1 0 0 1 1 0 1 0 0

1 0 1 0 1 0 R R 0 1 1 1 1 0 4R R

6 2 3 0 0 1 0 4 3 6 0 16R R

1 1 0 1 0 0 1 1 0 1 0 0

0 1 1 1 1 0 R R 0 1 0 3 3 1 R R

0 0 1 2 4 1 0 0 1 2 4 1

1 0 0 2 3 1

0 1 0 3 3 1

0 0 1 2 4 1

 

The square matrix on the right-hand side of this augmented matrix is exactly 
 1B = A . 

6. (a) When the determinant is non-zero, then the matrix will be not be singular. 

2

2

2 17 9

5 5 5
1 21 13 1

det( ) 21 71 63
5 5 5 25

2 3 2

71 251
21 71 63 0

42

k

A k k

k

k k k

 

Because there are no real solutions for k, A is regular (not singular) for all real 
 numbers k. 
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(b) If A is the inverse of matrix B, then AB = BA = I  must be satisfied. So, we 
  have: 

2

2 17 9

5 5 5 1 1
1 21 13

2 2 3
5 5 5

3 6 5
2 3 2

11 22 3 6
1

5 5 1 0 0
2 21 37 2

0 1 0
5 5 5

0 0 1
( 2)( 1) 4 8 2 1

k

k k

k

k

k k
k

k k k

k k k k k

AB

 

By comparing the corresponding elements, we see that the solution k = 2 
 satisfies all the equations. 

(c) For  k = 2: 

2
2 1

1 2
3

2 3

2 1

12 17 11 1 0 0 1 4 2 1 1 0 RR R 251 21 13 0 1 0 0 25 15 1 2 0
R R 1

R0 15 10 0 0 1 0 15 10 0 0 1
15

2 21 17
1 4 0

1 4 2 1 1 0 5 25 25
R R3 1 2 3 1 2

0 1 0  0 1 0
4R R5 25 25 5 25 25

2 1 1 1
0 1 0 0 0 0

3 15 15

3

3 1

3 2

15R

2 1

25 25 15

2 21 17 3 1 2
1 0 0 1 0 0

25 25 25 5 5 5
R R

3 1 2 2 4 350 1 0 0 1 0
35 25 25 5 5 5

R R
3 6 3 650 0 1 1 0 0 1 1
5 5 5 5
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7. (a)  

1 2

3 1

2 0 3 1 0 0 2 0 3 1 0 0
R 2R

1 1 1 0 1 0 0 2 5 1 2 0
R R

2 2 1 0 0 1 0 2 2 1 0 1

1 1
1 0 0 1

2 2
1 2 5

0 1 0
2 3 6

2 1
0 0 1 0

3 3

 

B is the inverse of A. 

(b)  

    

16 19
1 0 0 2

13 131 4 5 1 0 0
11 9

2 3 1 0 1 0 0 1 0 1
13 13

1 8 6 0 0 1
12 11

0 0 1 1
13 13

 

B is the inverse of A. 

8. (a) For 2( )f x ax bx c  to contain the given points, then 

( 1) 5, (2) 1, (4) 35f f f  and we obtain the following 

system of equations: 

5

4 2 1

16 4 35

a b c

a b c

a b c

 

For the augmented matrix of the system, we solve using a GDC: 

 

So, the function is 2( ) 4 6 5f x x x . 
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(b) Similarly, ( 1) 12, (2) 3f f  we have the following system of equations: 

12

4 2 3

a b c

a b c
 

1 7
1 01 1 1 12 2 2

4 2 1 3 1 17
0 1

2 2

 

 

So, there is an infinite number of solutions: 

2

1 1
7 , 17

2 2
1 1

( ) 7 17
2 2

c m a m b m

f x m x m m

 

9. We use row operations to reduce the system into echelon form 

2 1 3 5 2 1 3 5

3 1 4 2 0 5 1 19

5 0 7 5 0 0 0 2 4m m

 

The system is consistent if last row is all zeros, thus, 2 4 0 2m m . 

   

The general solution is 
3 19

7 , , 5
5 5

x t y t z t . 
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10. We use row operations to reduce the system into echelon form 

3 2 3 1 3 2 3 1

4 1 5 5 0 5 3 11

1 1 2 3 0 0 0 3 3m m

 

The system is consistent if 3 3 0 1m m . 

7 9
1 0

5 53 2 3 1 15 0 21 27
3 11

0 5 3 11 0 5 3 11 0 1
5 5

0 0 0 0 0 0 0 0
0 0 0 0

 

The general solution is 
9 11

7 , 3 , 5
5 5

x t y t z t . 

11. (a) 

3 4 6

det( ) 8 5 7 3(20 21) 4( 32 35) 6( 24 25) 3

5 3 4

A  

(b) here is a sample 

1 2

2 3

1 3

3 4 683 4 6 R R
17 1138 5 7 0 9 R R

5 3 17
R R5 3 4

113 0 6
3

3 4 6

17
0 9

3
3

0 0
17

 

(c) 
17 3

det( ) 3 3
3 17

B  

 Note that this is the same determinant as for A. Also, the determinant of a  
triangular matrix is the product of entries on the main diagonal.
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(d)  

 

(e) A sample 

  

1 2

1 3

1 4

2 1 3 5
2 1 3 5 2 1 3 5

2 0 1 2 16
4 3 4 6 0 1 2 16

3 0 0 36 184
6 8 5 7 0 14 14 8

3 209
6 5 3 4 0 2 6 19 0 0 0

9

r r

r r

r r
 

209
det( ) 2 1 36 1672

9
D  

Exercise 7.4 

1. In this exercise you need to recall that finding an eigenvector and eigenvalue for a 

matrix is to find  and v such that .v vA  To that end we need to solve the 

equation 0,vA I which leads to solving the equation det 0A I . 

 Thus, the steps followed in all parts are: 

 form the matrix A I  

 solve the equation det 0A I ; the real solutions are the eigenvalues of A 

 for each eigenvalue 0, form the matrix 0A I  and solve the homogeneous 

system 0 0.XA I  

 To diagonalize a matrix A, we write as 1,A PDP where P is the matrix 
whose columns are the eigenvectors and D is the diagonal matrix whose 
entries are the eigenvalues. 

We will show details in one question, but the rest is repetitive, and thus, we will give 
the end result. 

  



© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 

 

(a) 
3 1 1 0 3 1

2 0 0 1 2
A I  

 2det 3 2 3 2 1 or =2.A I  

 For 1, we solve 

 
2 1 0 2 0

1 0
2 1 0 2 0 2

a a b t
v v

b a b t
A I  

 For 2 , we solve 

 
1 1 0 0

2 0
2 2 0 2 2 0

a a b t
v v

b a b t
A I  

Finally, 
3 1 1 1 1 0 1 1

2 0 2 1 0 2 2 1
 

(b) 2 9 0; 3 ; 
2

, ;
t t

t t
 

2 1 3 0 1 11

1 1 0 3 1 23
 

(c) 2 5 6; 2 or =3 ;
0

, ;
t

t t
 

1 0 2 0 1 0

1 1 0 3 1 1
 

(d) 2 2 3; 1 or =3;  , ;
3

t t

t t
 

1 1 1 0 3 11

1 3 0 3 1 14
 

(e) 2 2 3; 1 or =3;  , ;
t t

t t
 

1 1 1 0 1 11

1 1 0 3 1 12
 

(f) 2 3 2; 1 or =2;  
0

, ;
0

t

t
 

1 0 1 0 1 0

0 1 0 2 0 1
 

(g) 2 6 5; 1 or =5;  
3

, ;
t t

t t
 

3 1 1 0 1 11

1 1 0 5 1 34
 

(h) 2 9 20; 4 or =5;  , ;
3 2

t t

t t
 

1 1 4 0 2 1

3 2 0 5 3 1
 

(i) 2 11 10; 1 or =10;  
3 3

, ;
2

t t

t t
 

3 3 1 0 2 31

1 2 0 10 1 39
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(j) 2 1 5 1 5
1;  or = ;

2 2
 

1 5 1 5
, ;2 2

1 1

 

  

1 5 5 1
0 11 5 1 5

12 2
2 2

51 5 1 51 1 0 1
2 2

 

 (k) 2 ( ) ;  or = ;a b ab a b  
0

, ;
0

t

t
 

1 0 0 1 0

0 1 0 0 1

a

b
 

(l) 2 6 5; 5 or =1;  , ;
t t

t t
 

1 1 5 0 1 11

1 1 0 1 1 12
 

(m) 2 2 2;  or ;a b ab ab  , ;
a a

b b
 

0 1

0 2

a a ab b a

b b ab b aab
 

(n) 2 3 10; 5 or 2;  
3

, ;
4

t t

t t
 

3 1 5 0 1 11

4 1 0 2 4 37
 

(o) 2 13 3 21 13 3 21
13 5;  or ;

2 2
 

3 21 7 7 3 21
, ;10 10

1 1

 

  

7 3 2113 3 21
103 21 7 7 3 21

5 102
10 10

3 2113 3 21 3 21 71 1 0 1
2 10

 

(p) 2 81; 9 or 9;  
4

, ;
3 3

t t

t t
 

4 1 9 0 3 11

3 3 0 9 3 49
 

(q) 2 2 3; 1 or =3;  , ;
2

t t

t t
 

1 1 1 0 2 1

1 2 0 3 1 1
 

(r) 2 3 2; 2 or 1;  
3 2

, ;
5 3

t t

t t
 

3 2 2 0 3 2

5 3 0 1 5 3
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2. (a) Given that state 1 has occurred, the chance that it happens again is 30%. 

 (b) 0

0.3 0.6 0.4 0.48

0.7 0.4 0.6 0.52
TX  

3. The transition matrix is 

4 2

5 3
1 1

5 3

 

Assume that Kevin was happy on one day, then the chances for next day are 

4 2 4
15 3 5

1 1 0 1

5 3 5

, a day after that 

4 2 4 58

5 3 5 75
1 1 1 17

5 3 5 75

, and in the long term 

4 2 10
15 3 13lim

1 1 0 3

5 3 13

n

n
 

Use GDC and replace infinity with a large number. Here is a sample 

 

4. (a) The matrix is given below. We chose columns to represent how each grocery 
  customers are distributed. Thus, every column has to have a total of 1. 

0.80 0.05 0.10

0.05 0.90 0.15

0.15 0.05 0.75

T  

 (b) 1 0

0.80 0.05 0.10 0.4 0.365

0.05 0.90 0.15 0.3 0.335

0.15 0.05 0.75 0.3 0.300

X TX  

 (c) 2
2 1 0

0.3388

0.3648

0.2965

X TX T X  
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5. (a) 0 1 0

0.7 0.2 0.6 0.7 0.2 0.6 0.5
;

0.3 0.8 0.4 0.3 0.8 0.4 0.5
T X X TX  

vote is evenly split. 

 (b) 2 1

0.7 0.2 0.5 0.45

0.3 0.8 0.5 0.55
X TX  

Liberal with 55%. 

6. (a) 0

0.75 0.05 0.05 0.6

0.15 0.90 0.10 ; 0.3

0.10 0.05 0.85 0.1

T X  

  

2

2

0.75 0.05 0.05 0.6 0.3790

0.15 0.90 0.10 0.3 0.4195

0.10 0.05 0.85 0.1 0.2015

X

0.3790

0.4195

0.2015

A

B

C

 

 

 (b) 

5

5

0.75 0.05 0.05 0.6 0.2395

0.15 0.90 0.10 0.3 0.4971

0.10 0.05 0.85 0.1 0.2634

X

0.2395

0.4971

0.2634

A

B

C

 

 

7. (a) 1 0

0.8 0.3 0 0.3

0.2 0.7 1 0.7
X TX ; 2 1

0.8 0.3 0.3 0.45

0.2 0.7 0.7 0.55
X TX  

  3 2

0.8 0.3 0.45 0.525

0.2 0.7 0.55 0.475
X TX  

(b) 
11

11
11 0

0.8 0.3 0 0.600

0.2 0.7 1 0.400
X T X  ; long term will stabilize around 

  60% donation and 40% no donations. 

8. 1 0 0

0.8 0.3 0.2 0.35 0.45 0.56

0.1 0.2 0.6 0.40 0.265 0.23

0.1 0.5 0.2 0.25 0.285 0.21

n
nX TX X T X  
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9. (a) 0

0.95 0.03 200000
;

0.05 0.97 25000
T X  

  1 0

0.95 0.03 200000 190750
,

0.05 0.97 25000 34250
X TX  

 Now 1 year 2 years 3 years 4 years 5 years 

City 200000 190750 182240 174411 167208 160581 

Suburbs 25000 34250 42760 50589 57792 64419 

 (b) 0

0.95 0.03 200000 84375
.

0.05 0.97 25000 140625

n

n
nX T X  

City population will approach 84375 and the suburbs population will approach 
 140625. 

 

Exercise 7.5 

1. (a) y-axis reflection. (0, 0), ( 3, 0), ( 3, 1) 

(b) dilation in both directions of magnitude 2. (0, 0), (6, 0), (6, 2) 

(c) x-axis reflection. (0, 0), (3, 0), (3, 1) 

(d) reflection in y = x. (0, 0), (0, 3), (1, 3) 

(e) dilation in y-direction of magnitude 3. (0, 0), (3, 0), (3, 3) 

(f) Composition: reflection in y = x and reflection in y-axis since 

  
1 0 0 1 0 1

0 1 1 0 1 0
, (0, 0), (0, 3), ( 1, 3) 

2. Since 
0 2 0 1 2 0

2 0 1 0 0 2
, then it is a dilation followed by reflection in y = x 

3. A cannot represent a rotation since there is no angle with 
1 1

sin  and sin
2 2

 at 

 the same time! 
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4. (a) 

1

1

1 1

3 0 3 3
0 3 3

3

x
x x x x

y y y y y
, now substitute the values into the 

  original equation: 1 1
1 13 2 6 3 2 18

3 3

x y
x y , which can be written 

  as 3 2 18x y  

 (b) 

1

1

1 1

0 3 3 3
3 0 3

3

x
x x y y

y y x x y
, now substitute the values into the 

  original equation: 1 1
1 13 2 6 3 2 18

3 3

y x
y x , which can be written 

  as 2 3 18x y  

5. The composition of transformations is achieved with matrix multiplication keeping in 

 mind that the order is reversed!
1 0 1 0 1 0

0 1 0 1 0 1
 

6. (a) 

 

now substitute the values into the 

  original equation: 
2 2

221 9 2 36
2 2

x y
x y ; a circle with  

  centre at (0, 1) and radius 3 is transformed into a circle with centre at (0, 2) 
  and radius 6. 

 (b) 
1

1

1
1

2 0 2
2

0 1

x
x x x x

y y y y
y

; now substitute the values into the 

original equation: 3x  4y = 12; A line with slope 1.5  and y-intercept 3 is 

transformed into a line with slope 0.75 and y-intercept 3. 

7. (a) As in question 5, product of matrices = 
0 1 cos90 sin 90

1 0 sin 90 cos90
 

 (b) Product of matrices = 
cos 90 sin 900 1

sin 90 cos 901 0
 

 

 

 

1

1

1 1

2 0 2 2 ;
0 2 2

2

x
x x x x

y y y y y
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8. (a) Translation first: 

  
2 3 3 2

, , ,
3 3 4 4

 

  Then dilation 

  

2 0 2 3 3 2

0 3 3 3 4 4

4 6 6 4

9 9 12 12

 

 (b) Dilation first: 
2 0 0 1 1 0 0 2 2 0

0 3 0 0 1 1 0 0 3 3
 

  Then translation: 
0 2 2 0 2 4 4 2

0 0 3 3 3 3 6 6
 

9. 1 1

1 1 1

1 0

3 1 3 3

x xx x x

y y x y y y x
, then substitute into the original 

 equation: 1 1 13 6 3 3 6 6.x y x y x y  

For example, here are the images of three points 
2 1 0 2 1 0

0 3 6 6 6 6
 

10. (a) Eigenvectors: 1

0

k
 and 

2

0
.

k
 Images of vectors along the x- and y-axes are 

  multiples of the original vectors. 

 (b) Eigenvectors: 
k

k
 and .

k

k
 Images of vectors along the y = x and y = x 

  are multiples of the original vectors. 

 (c) Eigenvectors: 
k

k
 and .

k

k
 Images of vectors along the y = x and y = x 

  are multiples of the original vectors. 

 (d) Eigenvectors: 
2

3

k

k
 and .

2

k

k
 Images of vectors along  

3

2
y x  and y = 2x 

  are multiples of the original vectors. 
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11. (a) 
cos sin

.
sin cos

 

 (b) 

cos sin cos sin
( ) ( )

sin cos sin cos

cos cos sin sin sin cos cos sin

cos sin sin cos cos cos sin sin

M M

 

 (c) By comparing corresponding entries we recognise the formulas for 

cos  and sin .  

12. (a) The first iteration transforms AD  ABECD, which is 
1

3
unit 

  longer, i.e., it is 
4

3
of the original. This process is repeated and at each stage 

  the previous line is extended to 
4

3
of the previous line. Thus the length of the 

  nth iterated line is 
4

3

n

 . 

(b) 
4

lim
3

n

n
 

(c) Each iterated side is made into 4 smaller sides and thus the number on each 
  side is 4 .n  For the whole triangle it is 3 4n . 

(d) Every smaller side is 
1

3
the previous one, and so, on the nth iteration it is 

1

3

n

 

(e) 
1 4 4

3 4 3 ; lim3
3 3 3

n n n
n

n
 

(f) Except for the original triangle, each side is made into 4 smaller sides, each of 
  which creates a triangle, and so, we have 13 4n triangles. 

(g) Each smaller triangle is similar to the previous one and has a side 
1

3
of its side, 

  thus, the ratio of the areas is the square of the ratio of similarity, 
2

1 1
.

3 9
  Thus the are      

  0 0

1 3
,  area of original triangle

9 4

n

a a  
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 (h) 1
0 0 0

1 1

1 3 4
3 4 1

9 4 9

i in n
ia a a  

   0

4
3 8 3 2 39lim 1

44 5 4 51
9

n
a  

 

Chapter 7 Practice questions 

1. 22 3
det( ) 2 3( 4 ) 2 12

4

x
x x x x x

x x
A  

2 2
1 2det( ) 14 2 12 14 6 7 0 7, 1x x x x x xA  

2. (a) 
2 2

2 2 2 2 4 2 2

2 1 2 1 2 1 2 2 5

a a a a a

a
M  

(b) 
2 2

2 5 4 5 44 2 2 4 5

4 5 4 52 2 5 2 2 4

a a a

a a
M  

 The solution 1a  satisfies both equations. 

 (c) For 1a , we have 
1 2

2 1
M  

  1 1 2 1 21 1

2 1 2 1det( ) 3
M

M
 

The system of equations can be written as:

13 3 1 2 3 3 11 1
.

3 3 2 1 3 3 13 3

x x x

y y y
M M  

Therefore, the solution is x = 1, y  

3. 111 2 11 2
.

44 8 44 8
BA B A  

15 2 0 21

2 0 2 54
A A  

 
11 2 0 2 4 12 1 31 1

44 8 2 5 16 48 4 124 4
B  

 

 



© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 

 

4. 
3 1 4 8

5 6 0 3

a b a b

c d c d
AX X B

 
4 4 4 8

5 7 5 7 0 3

a c b d

a c b d
 

 By comparing the corresponding elements, we obtain two systems of linear equations: 

4 4 4 8

5 7 0 5 7 3

28 20 59 28
, ,

33 33 33 33

a c b d

a c b d

a c b d

 

5. (a) 1

1 2
1 2 1 21 1 19 19
7 5 7 5 7 55 14 19

19 19

A  

(b) (i) 1( )XA B C XA C B X C B A  

(ii) 

1 2
5 0 6 7 19 19
8 7 5 2 7 5

19 19

X  

 
11 7 1 2 2 31

13 9 7 5 4 119
 

6. (a) 
1 2 1 2

1 1

a b a b

c d c c d c
A+ B  

 (b) 
1 2 2

1 3

a b a bd a bc

c d c c d c
AB  

7. (a) Using a GDC: 
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(b) The system of equations can be written as: 

1

1 1

2 2

3 3

x x

y y

z z

A A  

For A as above and 

 

The solution is 
6 3 8

, , .
5 5 5

x y z  

8. Given 
2 4 5 2

, ,  and3 2 ,
1 7 1 a

C D Q C D  we have: 

(a) 
3 2

2 4 5 2 9 61 1 1
2 2 14

1 7 1 3 143 3 3 1
3

a
a a

Q C D  

(b) 
2 4 5 2 10 4 4 4 14 4 4

1 7 1 5 7 2 7 2 7 2

a a

a a a
CD  

(c) 1 5 2 21

1 1 55 2

a

a a
D  

9. (a) If A is the inverse of matrix B, then AB = BA = I  must be satisfied. So, we 
  have: 

4 6 1 2 2 6 2 4 6 2 14 1 0 0

8 5 7 3 1 0 5 9 0 0 1 0

5 3 4 1 1 3 0 3 6 1 0 0 1

1 2 2 4 6 6 0 0 1 0 0

3 1 8 5 7 3 8 5 5 9 7 14 0 1 0

1 1 3 5 3 4 7 0 1

a a a b a

b b

b

a a

b a b b b

a

AB

BA

0 0 1

 

By comparing the corresponding elements, we can see that the solution 
7, 2a b  satisfies all the equations. 
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(b) The system can be written as: 
1

5 1 2 2 5 1 2 2 5

0 3 2 1 0 3 2 1 0

6 1 1 3 6 1 1 3 6

x x x

y y y

z z z

B  

Since 1AB = BA = I B A , then: 

1
1 2 2 5 7 4 6 5 1

3 2 1 0 8 5 7 0 2

1 1 3 6 5 3 4 6 1

x

y

z

 

The solution is: x = 1, y = 2, z = 1. 

10. (a) 1AB = C B = A C . 

(b) (i) For DA: 

 

  (ii) 1B A C . 

 

(c) The coordinates of the point of intersection of the planes are given as the 
 solution of the system of equations that can be written as: 

1

x x

y y

z z

A C A C B  

The point has coordinates (1, 1, 2). 

11. (a) 

1 1 2

det( ) 1 2 1 1(10 1) 1(5 2) 2(1 4) 0

2 1 5

A  
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(b) We transform the augmented matrix of the system: 

2 1
3 2

3 1

1 1 2 3 1 1 2 3
R R

1 2 1 4 0 1 1 1 R R
R 2R

2 1 5 0 1 1 6

1 1 2 3

0 1 1 1

0 0 0 5

 

The general solution of the system exists if 5 0 5.  

(c) For 5 we have: 

2 1

1 1 2 3 1 0 3 2

0 1 1 1 R R 0 1 1 1

0 0 0 0 0 0 0 0

 

  For 2 3 , 1 .z t x t y t  

12. Eigenvalues: 

22 2 0
12 0 3 or 4;

5 1 0
A I  

Eigenvectors: 

5 2 0 2
3 5 2 0

5 2 0 5

a t
a b v

b t
 

2 2 0
4 0

5 5 0

a t
a b v

b t
 

13. (a) Transition matrix: 

0.86 0.62 0.17

0.08 0.29 0.37

0.06 0.09 0.46

T . Initial state: 0

0.80

0.11

0.09

X  

  1 0

0.772

0.139

0.099

X TX ; D: 0.772; L: 0.129, P: 0.099 

 (b) 3
3 0

0.755

0.139

0.106

X T X ; D: 0.755; L: 0.139; P: 0.106 
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14. (a) Eigenvalues: 
1 0

0 1 or 1
6 1

 

  Eigenvectors: 
1

0
 and 3

1
1

1

1
1 00

3
0 1

1 1
P D P AP  

 (b) 8 8 1 1 0

0 1
A PD P  

15. Transition matrix: 

0.90 0.15 0.10

0.05 0.75 0.05

0.05 0.10 0.85

T  

 Now, in the long run, regardless of the initial state, the distribution will stabilize 
 around 54.16   in region 1, 16.6  in region 2, and 29.16  in region 3. See 2 scenarios 
 for starting initial states below. 

With initial state of 80% 10% and 10% respectively, we have 

 

With initial state of 40%, 30%, and 30%, have 

 

16. (a) 
0.80 0.90 0.80 0.10 0.50 0.45

( ) ( 1) (1)
0.20 0.10 0.20 0.90 0.50 0.55

t tX X X  

 (b) 

1 2 3 4 5

Channel 1 0.45 0.415 0.391 0.373 0.361

Channel 2 0.55 0.585 0.609 0.627 0.639

 

 (c) 
0.80 0.10 0.50 0.3

lim ( )
0.20 0.90 0.50 0.6

t

t
tX  

Channel 1 0.3

Channel 2 0.6
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17. (a) Stage 2 has 9, stage 3 has 27, stage 4 has 481 3 ,  and stage has 5243 3 . 

 (b) 3n 

 (c) 
3 9 27 3

, , , ,
4 16 64 4

n

a a a a , area tends to zero. 

 (d) 

11 1 1
10 0 0

42 2 2; ;2
1 1 1 300 0 0
2 2 2 4

x x x

y y y
 

18. Transition matrix: 

0.60 0.26 0.14

0.29 0.37 0.34

0.16 0.27 0.57

T , Initial state: 0 0.12,0.32,0.56X  

  

 0

0.60 0.26 0.14

0.12,0.32,0.56 0.29 0.37 0.34 0.2544,0.3008, 0.4448

0.16 0.27 0.57

X T  

N = 0 N = 1 N = 2 N = 3 N = 4 N = 5 

0.12 0.254 0.311 0.336 0.346 0.351 

0.32 0.301 0.298 0.297 0.296 0.296 

0.56 0.425 0.391 0.368 0.357 0.353 

 Table produced with GDC. Some minor discrepancies are due to rounding. 

 



© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 

 

Exercise 8.1 

1. (a) 
5 10

2
2 4

v  

 (b) 
5 15

3
2 6

v  

 (c) 
5 15

3 3
2 63

v
u v u  

2. (a) 

6 2 4

0 1 1

3 2 5

w  

 (b) 

6 2 10

0 2 1 2

3 2 1

w  

 (c) 

6 2 10

3 0 4 1 4

3 2 17

w  

3. Unit vector = 
1

u
u

 

 (a) 2 2

12

1312 5 13 unit vector
5

13

u  

 (b) 2 2

1

10
1 3 10 unit vector

3

10

u  

 (c) 2 2 2

1

3
2

1 2 2 3 unit vector
3
2

3

u  
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4. 
2 12 8 6

12 4 8

x x

y y
 

5. 
2 5 0 3

4 3 2 5

x x

y y
 

 

6. 
8

6, 2
46 9 4 9 4

r s r s
r s

r s r s
 

7. 

4 2 2 2 2 5 1
,

7 3 1 3 2 2

4 2 25 1

7 3 12 2

r s
r s r s

r s
 

8. 

5 1 1
5 5

5 1 1

5 1 1
( 5)

5 1 1

r s
r s r s s r

r s

r r

 

9. 

11 2 3 2 3
2, 5

0 5 2 5 2

11 2 3
2 5

0 5 2

r s
r s r s

r s
 

10. A vector v of magnitude 10 and parallel to vector u is of the form 
1

10  unit vector 10v u u
u

 

 (a) 
2 2

4 81
10

3 64 3
v  

 (b) 
2 2

50
51 1310
12 1205 12

13

v  

 (c) 
2 2 2

20

32
1 10

10 1
32 1 2 2
20

3

v  
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Exercise 8.2 

1. For a line with gradient ,
q

m
p

 a direction vector for the line is of the form .
p

q
v  

 An equation of such a line passing through a point (h, k) is of the form: 
x h y k

p q
 

(a) 
1 3

4 3

x y
 

 (b) 
6 1

4 1

x y
  

 (c) 
9 5

2 3

x y
 

 (d) 
7 1

5 2

x y
 

2. A line with direction vector ,

a

b

c

u through point 0 0 0, ,P x y z  has a cartesian 

 equation of the form 0 0 0x x y y z z

a b c
, with a, b, and c as non-zero real 

 numbers. 

(a) 
6 7 0 7

6
1 2 2 2 2

x y z y z
x  

 (b) 
3 2 9

3 3 6

x y z
 

3. A line with direction vector ,

a

b

c

u through point 0 0 0, ,P x y z  has a vector 

 equation of the form 
0

0

0

x a

r y k b

cz

, with a, b, and c as real numbers. 

(a) 

1 3

0 4

2 5

kr  

 (b) 

2 1

3 1

0 2

kr  
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4. (a) If x = 6, then a point on this line is of the form 

  
6 3 1

6 3 3 2 3 11
2 3

r k k k y k
y

 

 
6

11

x

y
 

 (b) If x = 6, then a point on this line is of the form 

  
6 2 2

6 2 2 4 4 4 0
4 1

r k k k y
y

 

 
6

0

x

y
 

 (c) If x = 6, then a point on this line is of the form 

  

6 8 2

0 2 6 8 2 1 2, 2

1 3

r y k k k y z

z

 

 

6

2

2

x

y

z

 

 (d) If x = 6, then a point on this line is of the form 

  

6 5 2
1

2 2 6 5 2 1, 5
2

7 4

r y k k k y z

z

 

 

6

1

5

x

y

z

 

5. A line with direction vector ,

a

b

c

u through point 0 0 0, ,P x y z  has a vector 

 equation of the form 
0

0

0

x a

r y k b

cz

, with a, b, and c as real numbers. 
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(a) 

3 2

2 2

1 4

kr  

 (b) 

0 3

3 2

1 1

kr  

 (c) 

1
3 2

0 5

2 2

kr  

 (d) 

a m

b k n

c p

r  

6. (a) The line has the same direction vector as the one given, but the point  

  0 0 0, ,P x y z is different 

3 2

1 2

5 4

kr  

 (b) Similar to (a): 

3 3

1 2

5 4

kr  

 (c) Direction vector 

3

1 ,

5

a

b

c

u and 0 0 0, , 3, 1, 5P x y z ,  

  

3 3

1 1

5 5

kr  

 (d) Direction vector 

7

1 ,

2

a

b

c

u and 0 0 0, , 3, 1, 5P x y z   

    

3 7

1 1

5 2

kr  
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7. 

2

4

6

a  , 

4

1

7

b , and 

2

3

1

c  

8. (a) A direction vector can be 
1 3 2

11 7 4
AB

3 2

7 4
kr  

 (b) A direction vector can be 
2 2 4

1 5 6
CD

2 4

5 6
kr  

 (c) A direction vector can be 

3 8 11

10 2 12

7 1 6

EF

8 11

2 12

1 6

kr  

 (d) A direction vector can be 

7 0 7

1 6 5

0 3 3

GH

0 7

6 5

3 3

kr  

 (e) A direction vector can be 

5 3 2

2 4 2

5 5 0

JK

3 2

4 2

5 0

kr  

 (f) A direction vector can be 

2 7 9

4 4 0

12 2 10

LM

7 9

4 0

2 10

kr  

9. Apply the cartesian form: 0 0 0x x y y z z

a b c
 

(a) 
3 7

2 4

x y
 

 (b) 
2 5

4 6

x y
 

 (c) 
8 2 1

11 12 6

x y z
 

 (d) 
6 3

7 5 3

x y z
 

 (e) 
3 4

, 5
2 2

x y
z  

 (f) 
7 2

, 4
9 10

x z
y  
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10. 1 2

5 3 2 4 5 3 2 4
1; 1

1 2 2 1 2 2

k t k t
k t

k t k t
r r  

When we substitute the values into their respective equations, we get the intersection 
 at (2,3)  

11. If we write the equations in parametric form, then equate the respective coordinates 

 

2 2 2 2

2 3 3 4 2 3 3 4 1

3 4 2 3 4 2

t s t s

t s t s s t

t s t s

 

 Substitute these values into the equations we find that , , (1, 1, 2)x y z  

 

Exercise 8.3 

1. The distance travelled is the magnitude of the direction vector multiplied by time. 

 (a) 2 21.2 2 2.33u , after 1 minute the distance is 2.33 1 2.33 m.  

 (b) after 2 minutes the distance is 2.33 2 4.66 m  

 (c) after 10 minutes the distance is 2.33 10 23.3 m  

 (d) after t minutes the distance is 2.33 2.33  mt t  

2. If we consider the starting position as O(0, 0), then the observer is at the point (10,0) 

 (a) After 1 minute the robot is at (1.2, 2) and the distance will be 

  
2 21.2 12 2 11.0d m 

 (b) After 2 minutes the robot is at (2.4, 4) and the distance will be 

  
2 22.4 12 4 10.4d m 

3. The new robot is at 
22

0
 and moving in the direction 

2
,

2
 and thus its position t 

 minutes after  the start at 
22 2

0 2
t . The position vector of the first robot is 

 
1.2

.
2

t  Distance between the two robots is given by 

2 2
22 2 1.2 2 2 22 3.2D t t t t t  

Since this is a linear function and as a distance has to be non-negative, the minimum 

is 0 and it happens at 
22

6.875
3.2

t minutes. 
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4. (a) At the point 24,16, 48 ,P the distance from 0,0,0O is 

  2 2 224 16 48 56D m 

 (b) in 10 s it will move 2 2 22 1 2 10 30 m. 

 (c) in 10 s it will be at 

24 20 44

16 10 26

48 20 28

 and thus its distance from O is 

  2 2 244 26 28 58.3D m. 

5. (a) at time t the drone is at 

24 2 24 2

16 1 16

48 2 48 2

t

t t

t

 and thus, the displacement 

 from the sensor is 

24 2 10 14 2

16 0 16

48 2 2 46 2

t t

d t t

t t

 

 (b) The minimum distance is the minimum of  

  
2 2 2 214 2 16 46 2 9 96 2568t t t t t  

  Using your GDC this minimum is approximately 48.1 m 

   

6. Positions of the drones are given by 

   

1300 20

2800 20

1000 20

t  and 

1000 30

4000 20

2000 10

t  

(a) One way to look at this, is to find the equations of the paths and find their  
  point of  intersection. 

The gradient of the first path is 
20

1
20

 and it contains the point (1300, 2800) 

and so its equation is 2800 1300 1500y x y x  
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The gradient of the second path is 
20 2

30 3
 and it contains the point (1000, 

400) and so its equation is 
2 2 14000

4000 1000
3 3 3

y x y x  

At the point of intersection 
2 14000

1500 1900 3400
3 3

x x x y  

Thus, the point of intersection is (1900, 3400). 

 (b) The time taken corresponds to 

  
1300 20 1900

30
2800 20 3400

t t  and also 

  
1000 30 1900

, 30.
4000 20 3400

t t  

 (c) From appearance, the answer is yes since they arrive at the point at the same 
  time. (in t = 30, they will be at different 
  altitudes  the first at 1600 and the second at 1700) 

 (d, e) The distance between the drones is 

  
2 2 2

300 10 1200 40 1000 30d t t t  

  Using GDC, the minimum distance is 80.9 at 31.2 seconds. 

   

 

Exercise 8.4 

1. (a) 4 3 3 3 3u v  

 (b) 6 2 6 2 0u v  

 (c) 3 1 1 5 4 2 0u v  

 (d) 7 1 4 4 3 3 0u v  

2. (a) 6 9 cos30 27 3 46.8u v  

 (b) 12 8 cos45 48 2 67.9u v  

 (c) 12 3 cos23 33.1u v  

 (d) 10 13 cos13 127u v  
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3. 
15

40
AB

30 15
work 6450

150 40
joules 

4. By formula or GDC: 

(a) 

0 0 1

1 0 0

0 1 0

u v ,

0 0 1

0 1 0

1 0 0

v u  

 (b) 

0 1 0

0 0 1

1 0 0

u v ,

1 0 0

0 0 1

0 1 0

v u  

 (c) 

3 4 14

4 1 20

2 4 19

u v ,

4 3 14

1 4 20

4 2 19

v u  

 (d) 

7 2 48

2 2 18

3 6 10

u v ,

2 7 48

2 2 18

6 3 10

v u  

 

Exercise 8.5 

1. (a) 1 1 6 6
cos cos 90

9 1 4 36

u v

u v
 

 (b) 1 1 10 12
cos cos 85

25 16 4 9

u v

u v
 

 (c) 1 1 6 2 4
cos cos 109

4 1 4 9 4 4

u v

u v
 

 (d) 1 1 12 6 18
cos cos 32

9 4 4 16 9 81

u v

u v
 

2. If two vectors are orthogonal, then 0u v  and if they are parallel then their 
components are proportional. 

 (a) components are not proportional, and 1 1 2 0u v . So, neither parallel 
 nor orthogonal. 

 (b) 48 48 0u v . So, orthogonal 

 (c) 2 3 2 3 0u v . So, orthogonal 
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3. Find the vectors corresponding to the three sides and then find the angles between 
 these vectors. 

 (a) 
2 1 2

, ,
2 3 2

AB AC BC  

  
1

4 4 0 90

4
cos 63.4

1 9 4 4

B

C

AB BC
  ( C is between vectors and CA CB.) 

  180 90 63.4 26.6A  

 (b) 
4 11 7

, ,
11 6 5

AB AC BC  

  1 44 66
cos 41.4

16 121 121 36
A  

  1 28 55
cos 74.4

137 49 25
B  

  180 41.4 74.4 64.2C  

4. Let the vector be ,
a

b
then 

3 3
3 5 0

5 5

a
a b b a

b
 

 Let 5 3a t b t , thus, any vector of the form
5

3

t

t
 will be perpendicular to 

3
.

5
 

5. Find vectors representing the sides of the triangle and then find the scalar products of 
 these vectors. 

1 5 4
, ,

3 1 2
AB AC BC  

8; 2; 18AB AC AB BC AC BC  

Since none of these products is zero, then there is no right angle in this triangle. 

6. for the vectors to be perpendicular, then 

 3 2

2

6
0 6 0 6 0, 6

b
b b b b b b

b b
 

 (a zero vector is perpendicular to all vectors!) 
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7. 2

2 2 2

3 4 3
cos30 6 8 5 3 1

23 4 1

x
x x

x
 

 By squaring both sides and simplifying, we get 

 
48 25 3

39
x  

8. A rhombus is a parallelogram with adjacent sides equal in length. Thus, if we denote 
the vectors for the adjacent sides by  and a b , then the diagonals of this parallelogram 
are 1 2 and d a b d a b . Now,  

2 2
1 2

2 22 2 0

d d a b a b a ab ab b

a b a b
 

Therefore, 1 2 and d d are perpendicular to each other. 

9. Let ,x yM be any point on the circle. A geometric key fact is that AMB is a right 

 angle. 

 (a) 
1 3

, 0
2 4

x x

y y
AM BM AM BM  

  2 2( 1)( 3) ( 2)( 4) 4 6 17 0x x y y x x y y  

 (b) 
3 1

, 0
4 7

x x

y y
AM BM AM BM  

  2 2( 3)( 1) ( 4)( 7) 2 3 31 0x x y y x x y y  

 

Chapter 8 Practice questions 

1. (a) 
8

2
v  

 (b) 
4

1
v  

 (c) 
12

3
v  
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2. (a) 

8

10

10

w  

 (b) 

8

10

10

w  

 (c) 

34

26

41

w  

3. (a) Direction vector is 
5 2 2

3 5 3

x y
 

 (b) Direction vector is 
3 4 1

2 3 2

x y
 

 (c) Direction vector is 
2 4

3 2 3

x y
 

 (d) Direction vector is 
3 11 7

4 3 4

x y
 

4. (a) 
3 2

2 3 6

x y z
 

 (b) 
4

, 4
5 2

x z
y  

5. (a) 

1 2

3 3

2 6

kr  

 (b) 

9 2

3 0

3 2

kr  

6. tu where u is the velocity vector. 

 (a) Distance covered in 1 minute = 2 21 1 2 5 2.24u  

 (b) Distance covered in 2.25 minutes = 2.25 5 2.25 5.03u  

 (c) Distance covered in 10 minutes = 10 5 1̀0 22.4u  

 (d) Distance covered in t minutes = 5 2.24t t tu  
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7. (a) 
1

2
t  and the controller is 20 m west of the boat at 

20
.

0
 

  In 1 minute, the boat is at 
1

2
 and the distance between the two is 

  
2 2

1 20 2 0 19.1m 

 (b) In t minutes, the boat is at 
1

2
t  and the distance between the two is 

  
2 2 220 2 5 40 400t t t t  

8. (a) (i) 
25 2

0 1
t  and after 1 minute it is at  

23
,

1
 While the first boat is at 

1

2
. 

   Thus, the distance between them is 
2

23 1 1 22  

  (ii) 
25 2

0 1
t  While the first boat is at  

1
.

2
t  Thus, the distance between them is 

2 2 225 3 10 150 625.t t t t  

 (b) Two ways of looking at this: 

One method is to look at their positions if they were to collide. 

At the point of collision, 
25 2 1 25 2

0 1 2 2

t t
t t

t t
 

This system is inconsistent, and hence it has no solution, and thus, no 
 collision. 

Alternatively, the minimum distance between the two boats is 7.9 m. Thus, the 
distance will not reach zero and consequently they will not collide. 
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9. (a) 5 2 2 1 8u v  

 (b) 3 6 6 3 0u v  

 (c) 8 1 2 4 7 0 0u v  

 (d) 2 2 2 3 1 6 16u v  

10. (a) 
77

7 11 cos60
2

u v  

 (b) 11.2 5 cos120 28u v  

 (c) 
81 2

9 9 cos 45
2

u v  

 (d) 13 6 cos23 71.8u v  

11. Use GDC or formula. 

 (a) 

0

0

1

u v ` 

 (b) 

0

0

1

u v  

 (c) u v

2

2

3

 

 (d) u v

14

34

1

 

12. (a) 1 1 36 36
cos cos 90

81 144 16 9

u v

u v
 

 (b) 1 1 195 96
cos cos 109

169 144 225 64

u v

u v
 

 (c) 1 1 2 2 4
cos cos 116

4 1 4 1 4 4

u v

u v
 

 (d) 1 1 3 12 4
cos cos 76

1 4 4 9 36 4

u v

u v
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13. (a) 2 2 24 2 4 6v m s 1 

 (b) 

5 4 3

6 2 2

0 4 8

10r , the height is the third component, i.e., 8 m. 

 (c) 

4

2 ,

4

 

4

6 .

7

 

  

4 4

2 6 16 12 28 0

4 7

, thus, the paths are perpendicular. 

 (d) At collision: 

 

5 4 23 5 4 23

6 2 20 6 2 20 7

0 4 28 4 28

t

r t t t

t

 

39 4 23 39 4 23

44 6 20 44 6 20 4

0 7 28 7 28

s

r s s s

s

 

  

14. (a) (i) 

1 ( 2) 1

3 4 1

1 3 2

AB  

  (ii) 2 2 21 ( 1) ( 2) 6AB  

 (b) 0

2 1

4 1

3 2

k kr r u  

 (c) 

0 2 1 2

4 1 4 2 4 2 2

1 3 2 3 2

k

y k k k y

k
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 (d) (i) 

0 0 1

2 2 1 0

1 1 2

OC OC AB  

  (ii) The lines are perpendicular, the angle is a right angle. 

 (e) From (d) OC is the height of the triangle, BC is the base, and hence, the area is 

  21 1 30
6 2 1

2 2 2
AB OC  

15. . 0 3 0 1 1 0m n m n n mv u v u  

 v is a unit vector 2 2 2 1
1 2 1

2
m n m m  

 
1 1 1 1

, ,  or , ,
2 2 2 2

m n m n  

16. (a) 

6 3 9

4 2 6

1 2 3

AB OB OA  

 (b) Let 

x

y

z

OC  

3 6 6 3

2 2 2 4 3 2 4 2

2 1 1 2

x x x

y y y

z z z

AC CB  

  

6 3 9 3

3 2 4 2 6 2

1 2 0 0

x x

y y

z z

 

 (c) 1 1 27 12 0
cos cos 15.5

81 36 9 9 4

AB OC

AB OC
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 (d) (i) sin .
DE

CD
 

   Also, since ,kOD OC then 1kCD OD - OC OC  

   Consequently sin 1 sinkDE DE CD OC  

  (ii) 3 1 sin 3 1 9 4 sin15.5 3k kDE OC  

   
3

1 3.11 4.11
13 sin15.5

k k  

   Thus, considering the initial condition, 1 4.11.k  
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Exercise 9.1 

1. (a) The distance travelled is 900t , so the distance remaining to destination is  
  3000 900d t t   

(b) The d-intercept is 0d , so the distance from the initial position to the final 

  destination, in this case 3000 km 

(c) The t-intercept is the solution to 0d t , so the time required to reach  

  destination. In this case 
3000

0 3000 900 3.33
900

t t hours. 

(d) A reasonable domain is the duration of the trip, so 0 3.33t hours. The  
  range is the set of distances to destination, so 0 3000d km. 

2. (a) The average speed of the plane in the first 1.5 hours of its trip is   

  
5000 3800

800
1.5

v km h 1. Assuming it remains constant for the whole 

  duration of  the trip,  5000 800d t t   

(b) The slope is the negative of the speed of the airplane 

(c) The d-intercept is 0d , so the distance from the initial position to the final 

  destination, in this case 5000 km 

(d) The t-intercept is the solution to 0d t , so the time required to reach the 

  destination. In this case 
5000

0 5000 800 6.25
800

t t hours. 

(e) A reasonable domain is the duration of the trip, so 0 6.25t hours. The  
  range is the set of distances to destination, so 0 5000d km. 

3. (a) The European size is equal to the US size + 33 

(b) Writing the model above as EU=USA + 33 and replacing USA=12 gives EU = 45. 

(c) Setting EU = 44 and solving for USA gives USA = 11. 

(d) The gradient of our model, which is equal to one, is the number of EU size 
  steps within one USA size step. 

(e) Domain is the set of reasonable USA sizes, so 6 USA 16 . The range is the 
  set of equivalent EU sizes, so 39  EU 49 .  
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4. (a) The three points are collinear since 
340 290 290 500

490 420 420 714
. 

  The line through the first two points has equation 
490 490 420

340 340 290

t

n
  

  so 
7

490 340
5

t n  or 
7

14
5

t n n  

 (b) This is 
7

1000 14 1000 1414 1410
5

t minutes 

 (c) The gradient is 
7

5
 minutes per page, so it is the time required to read one page. 

The t-intercept (14 minutes) is the time required to read a book of zero pages, 
so it can be interpreted as the time required for additional activities included in 
the reading of book, as e.g. retrieving it from the shelf etc. etc.  

 (d) We could argue that in order for a book to be a book it has to have at least one 
  page, so a reasonable domain could be , 1n n . The range could therefore 

  be 
7

, 14 15.4
5

t t . 

5. (a) The equation of the line between the two given points is 
68 212 68

20 100 20

F

C
 , 

  or 
9

68 20
5

F C   

  
9

32
5

F C C . 

 (b) The meaning of the gradient is how many degrees Fahrenheit fit in one degree 
  Celsius. The size of one degree Celsius is 1.8 times the size of one degree  
  Fahrenheit. 

 (c) The F-intercept is 0 32F , so the freezing temperature of water in degrees 

  Fahrenheit.  

 (d) The C-intercept is the solution to 0F C , so     

  
9 5 32

0 32 17.8
5 9

C C . 

  A temperature of 0 degrees Fahrenheit corresponds to a temperature of 17.8 
  degrees Celsius. 

 (e) 
9

10 32 10 50
5

F degrees Fahrenheit  
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 (f) Solving the system
9

32
5

F C

F C

  

  yields 
9

32 5 160 9 4 160
5

C C C C C  so 

  40C degree Celsius. A temperature of -40 degrees Celsius corresponds to 
  a  temperature of -40 degrees Fahrenheit.   

 (g) A reasonable domain is 273C . The corresponding range is   
  273 459.4F F . 

6. (a) 350 8.50C n n   

  (b) Domain is 0n , range is 350C . Any reasonable order would consist in at 
  least one cup, so more specifically we could have 1, 350 8.5 358.5n C . 

 (c) (i) 100 350 8.50 100 1200C  ZAR 

  (ii) 200 350 8.50 200 2050C  ZAR 

  (iii) 400 350 8.50 400 3750C  ZAR 

 (d) (i) 
100 1200

12
100 100

C
 ZAR cup 1 

  (ii) 
200 2050

10.25
200 200

C
ZAR cup 1 

  (iii) 
400 3750

9.375
400 400

C
ZAR cup 1   

 (e) Because for larger orders the fixed cost of 350 ZAR is spread over a larger 
  number of cups, thus affecting the cost per cup less. 
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 (f) A linear model would be given by the equation of the straight line through the 
  two given points, 200,2150  and 400,3750 . This gives 

  
2150 3750 2150

200 400 200

D

n
  

  
1600

2150 200
200

D n   

  2150 200 8 550 8D n D n n  

 (g) Domain is the same as for C , 0n . The range starts for the fixed cost for this 
  manufacturer, 550D . 

 (h) The cost per cup for this manufacturer is 8 ZAR cup 1. 

 (i) 
600 550 8 600 5350D

 ZAR 

 (j) For 400 cups, the total cost is 3750 for both manufacturers. Since the cost per 
  additional cup is less for Cupomatic, 8 ZAR instead of 8.50 ZAR, from  
  400x  it is more convenient to order from Cupomatic. 

 (k) This new fee scheme is described by a piecewise model 

  
350 8.50 0 500

8.50 500

n n
C n

n n
. 

 (l) Graphing both schemes (black for C n  and red for D n ) yields 

 

  which shows two intersections, one at 550 8 350 8.5 400n n n  and 
  another one at 550 8 8.5 1100n n n . It follows that is less expensive 
  ( D C ) to order from Cupomatic if the number of cups to be ordered is  
  between 401 and 499 inclusive, and then from 1101 onwards. Matching this 
  information to the required format a x b  or x k , we get 401a ,  
  500b and 1100k .    
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7. (a) Putting together all the conditions, we build the following piecewise model for 
  cost as a function of distance travelled. The cost is constant for the first 234.8 
  metres, and equal to £2.60. The other intervals are from 234.8 to 9656.1  
  metres, and more that 9656.1. 

  

2.60 0 234.8

? 234.8 9656.1

? 9656.1

m

C m m

m

   

  If the distance travelled exceeds 234.8, then the cost increases above £2.60 by 
  £0.20 for every 117.4 metres in excess of 234.8, so to account for this we need 
  to count the excess distance 234.8m , figure out how many blocks of 117.4 

  metres are there 
234.8

117.4

m
, and finally multiply this number by the rate  

  £0.20. This yields  

  

2.60 0 234.8

234.8
2.60 0.20 234.8 9656.1

117.4
? 9656.1

m

m
C m m

m

 

  for the second interval. For the third interval, we first calculate the fee for a 

  trip of exactly 9656.1 metres. This gives 
9565.1 234.8

2.60 0.20 £18.65
117.4

. 

  For every 86.9 metres in excess of 9656.1, the cost increases by an additional 
  £0.20. To account for this we need to count the excess distance 9565.1m , 

  figure out how many blocks of 86.9 metres are there 
9656.1

86.9

m
, and finally 

  multiply this number by the rate £0.20. This yields 

  

  

2.60 0 234.8

234.8
2.60 0.20 234.8 9656.1

117.4
9656.1

18.65 0.20 9656.1
86.9

m

m
C m m

m
m

 

  as shown by the graph below where the three sections are visible. 
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 (b) 0.2 km 200 £2.60C C   

  
5000 234.8

5 km 5000 2.60 0.20 £10.72
117.4

C C   

  
15000 9656.1

15 km 15000 18.65 0.20 £30.95
86.9

C C   

 (c) Repeating the same process as in a), we have 

  

2.60 0 50.4

50.4
2.60 0.20 50.4

25.2
50.4

2.60 0.20 0.20
25.2 18.7

t

t
D t t t

t t t
t t

  

where t  is the time needed to travel 9565.1 metres which depends on the taxi 
average speed, so on traffic conditions, weather, etc. etc. This value would be 
accessible to the taxi on-

he last interval and have only 

2.60 0 50.4

50.4
2.60 0.20 50.4

25.2

D t
t

t
t

 

 (d) 0.5 min 30 £2.60D D   

300 54.1
5min 300 2.60 0.20 £4.58

25.2
D D

  

900 54.1
15min 900 2.60 0.20 £9.34

25.2
D D
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 (e) (i) 20min 1200 £11.72D D   

   4 km 4000 £9.01C C  so the fare would be £11.72 

  (ii) 5min 300 £4.58D D  so the fare would be £9.01. 

8. (a) If the ball is thrown upwards the initial velocity is positive. The initial height 
  is the height of the building. This gives 24.9 5 60h t t t . 

 (b) (i) The maximum height of the ball is the h-coordinate of the vertex of the 
   parabola .h t  The time when the ball is at its highest is given by  

   
5

0.51
2 9.8

b
t

a
 seconds, so maximum height is   

   0.51 61.3h  metres. 

  (ii) Since heights are measured with respect to ground, the height of the 
   ground itself is 0h . Solving the equation 24.9 5 60 0t t  yields 

   the solutions 
5 1201

4.05
9.8

t  or 3.03. Discarding the negative 

   solution since the domain for the model is 0t  gives 4.05t seconds. 

  (iii) The condition is satisfied from the moment the ball leaves the roof of 
   the building till it falls below 50 metres of height. Solving the  
   inequality 24.9 5 60 50t t  with a GDC yields 1.01 2.03t . 
   Putting this together with the domain of the model gives 0 2.03t to 
   three significant figures. 

9. (a) The height of the cliff is the same as the initial height of the rock, so  
  0 106f  metres. 

 (b) 3 24.5 0.25 4.5 2.32 4.5 1.93 4.5 106 44.9f metres. 

 (c) Solving the equation 30f t  with the GDC yields 4.91t  seconds 

 (d) Solving the equation 0g t  with the GDC yields 3.57t  or 5.39t . 

  The only acceptable solutions are positive, so 5.39t  seconds. 

 (e) Plotting the data points and the two models yields the following graph. 
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 From the graph above, it is clear that the black curve   is a  
 better fit for the data points.  

  An issue both models share is that they start with a positive slope, which in 
  this context would imply that a falling rock starts its motion by going upwards. 

10. (a) At 13.00, ship A is where ship B was at noon and ship B has travelled 11 km 
  east. The distance between the ships is 11 km. 

 (b) At 14.00, ship A is 15 km below the dashed horizontal line and ship B is  
  22 km to the right of the dashed vertical line. The distance between the ships is 

  2 222 15 26.6 km. 

 (c) By setting a cartesian frame of reference with origin in the initial position of 
  ship B and axes aligned with the dashed lines in the diagram, the position of 

  ship A is given by 
0

15 15
t

t
A  

  while the position of ship B is given by 
11

0

t
tB   

   The distance between the ships is the magnitude of the vector A B , so 

            

    

.   
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 (d) The graph is given by the blue curve below. 

 

 (e) The ships cannot see each other because the distance between them is always 
  larger than 8 km  see graph above. The minimum value for the function s t  

  is in fact 8.87 km. 

11. (a) profit is given by the difference between income and cost, so evaluating  
  2 2 2150 0.6 2600 0.4 150 2600I x C x x x x x x we obtain the 

  desired function P x . 

 (b) The vertex of the parabola P x has x-coordinate 
150

75
2 2

b

a
. Maximum 

  profit occurs for 75 machines. 

 (c) For this value of x, the total income is 275 150 75 0.6 75 7875I  

  dollars. Dividing this by 75 gives the selling price of each machine, 105 dollars. 

 (d) The profit is zero at 20x  and 130x , and it is positive for 20 130.x  
  The smallest number of machines for which profit is positive is therefore 21x . 

12. (a) The height of the bridge is 0 300s  metres. 

 (b) (i) Evaluating 4s  yields 24 4.9 4 300 221.6s b  metres 

  (ii) 0t is the boundary between free fall and constant velocity motion, so in 

   this case 0 4t  seconds 

  (iii) In order for the height function to be continuous at 0t t , the value of  

   4h  has to be the same as 4s . 

   This gives 7 4 221.6 249.6k k metres. 

  (iv) 21 4.9 1 300 295.4h m 

   22 4.9 2 300 280.4h m 

   8 7 8 249.6 193.6h m 
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  (v) At 4t  the height is 221.6, so using the second part of the piecewise 
   model gives 7 249.6 100t . Solving for t yields    

   
249.6 100

21.4
7

t  seconds. 

  (vi) Setting 0h t  and solving for time gives     

   
249.6

7 249.6 0 35.7
7

t t  seconds. 

  (vii) Domain is 0 35.7t , range is 0 300h .  

 (c) (i) During free fall height is given by .s t  Setting 100s x  gives  

   2 300 100
4.9 300 100 6.39

4.9
x x s. Keeping only the 

   positive solution, 6.39x s. 

   

  (ii) At 6.39t  the function has to be continuous, so setting   
   7 6.39 100 100 44.7 145k k  m. The piecewise model is 

   
24.9 300 6.39

7 145 6.39

t t
g t

t t
  

  (iii) Setting 0g t  and knowing that this will be after 6.39 seconds, we 

   obtain 
145

7 145 0 20.7
7

t t s. 

 (d) (i) The jumper in free fall would hit the ground when 0s t , so setting 

   24.9 300 0t  we obtain 
300

7.82
4.9

t and we keep the  

   positive solution only. So the jumper open her parachute at   
   7.82 2 5.82t  s. 

  (ii) 25.82 4.9 5.82 300 134d s m 

  (iii) At 5.82t  the function has to be continuous, so setting   
   7 5.82 134 134 40.47 175k k m. 

   The piecewise model is 
24.9 300 5.82

7 175 5.82

g t
t t

t t

   

  (iv) Solving 
175

7 175 0 25.0
7

t t s 
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Exercise 9.2 

1. (a) Assuming exponential behaviour, we can fit our data to a decreasing  
  exponential function 0 e ktd t d . Replacing the first and the last data point 

  gives 00 56d d  and  

  

2020 56e

1.71 20

1.71
ln

56
1 1.71

ln
20 56
.174

kd

k

k  s 1 

  The exponential model is 0.17456e td t .  Observing that 0.174e 0.840 , the 

  model can also be written as 56 0.840td t .  

 (b) According to our model, 756 0.840 16.5d t m s 1 

 (c) Setting the inequality 5d t  and solving it gives     

  0.840

5 5
56 0.840 5 0.840 log 13.9

56 56
t t t  s 

 (d) Setting the inequality 1d t  and solving it gives     

  0.840

1 1
56 0.840 1 0.840 log 23.1

56 56
t t t  s 

2. (a) 0.4 44 12e 59A   

 (b) Setting the equation 400A t  and solving it yields    

  0.4 0.4 400 400 1 400
12e 400 e 0.4 ln ln 8.77

12 12 0.4 12
t t t t  hours 

 (c) Setting 4 60B  and solving for k gives      

  4 4 60 60 1 60
24e 60 e 4 ln ln 0.229

24 24 4 24
k k k k  s 1 
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 (d) Setting A n B n  and solving for n with a GDC gives  

 

  so the first time population A is larger than population B is when 5n  hours, 
  since the smallest integer larger than 4.05 is 5. 

3. (a) 
0

0 10 0.5 10A   

 (b) 0.014 5050 10 0.5 6.16A mg l 1 

 (c) Setting the equation .395A t  and solving it for t yields    

  

0.014 0.014

0.5

0.5

10 0.5 0.395 0.5

0.395
0.014

10
log 0.0395

1
log 0.0395 333

0.014

t t

t

t
 

  minutes, so Jose can take his medication again after 5 hours and 33 minutes, at 
  18.33  

4. (a) 
16 (1 8%) 16 1.08t tL t

  

 (b) 33 16 1.08 20.2L cm 

 (c) Setting the equation 25L t  and solving it for t yields 

  1.08

25 25
16 1.08 25 1.08 log 5.80

16 16
t t t years. 
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5. (a) Half-life is time after which only half of the initial amount remains. Setting the 

  equation 0

2

A
A t  and solving it for k yields 

  15

1
ln1 1 2e 15 ln 0.0462

2 2 15
k k k  s 1  

 (b) 0.462 22 50 e 45.6A  units 

 (c) Setting the equation 0.0462 20
020 35 eA A  and solving it for 0A  yields 

  0.0462 20 0.0462 20
0 035 e 35e 88.2A A units 

 (d) Setting the equation 0.0462120e 40tA t  and solving it for t yields 

  

0.0462 0.04621

s

20e 40 e

1
0.0462

3
1

ln
3

1
ln

3 23.
.

year8 
0 0462

t t

t

t  

6. (a) Assuming that the data describe the amount of pesticide in the soil,  
  00 500 0.5 500A   

  represents the initial amount of the pesticide  glyphosate. 

 (b) Given that the base of the exponential is 
1

0.5
2

, and that the half-life of the 

  pesticide is 45 days, t must represent the number of 45-day intervals. 

 (c) 1 250A  represents the remaining amount of glyphosate after one 45-day 

  interval, so after 45 days. 
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7. (a) Given that the temperature of the cake tends to 150 oC , this value must be the 
  set temperature of the oven. 

 (b) Setting the equation 0 18T  and solving it for a yields    

  0150 1.1 18 150 18 132a a C  

 (c) Setting the equation 130T t  and solving it for t yields 

  

1.1 .

150 132 1.1 130 132 1.1

150 130 1.1

20

132
20

log 19. minut8 
132

es

t t

t

t       

  Adding 15 to this value gives the total time in the oven as 34.8 minutes. 

8. (a) In order to find the two parameters a and b we need two independent  
  equations in a and b. These are 0 850N  from the January data point, and 

  4 100N  from the May data point. Replacing these values yields 

  
0

4

850 40

100 40

a b

a b

. 

  From the first equation we obtain 850 40 810a a . Replacing in the 

  second equation gives 4

4

1
100 810 40 1.917

100 40
810

b b .  

 (b) Just like May was the fourth month after January, September is the eighth. 
  Evaluating 88 810 1.917 40 44N we estimate the number of fish in 

  September. 

 (c) Setting the inequality 50N t  and solving it we have 810 1.917 40 50t  

  1.917 1.917

50 40 10 10
1.917 log log 6.75

810 810 810
t t t months. The 

  first time the number of fish decreases below 50 is therefore 7 months after 
  January, hence August. 

 (d) As t , 1.917 0t  so that 40N t . 
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9. (a) As m , 0mk  so that T m a . Since the temperature of the water 

  in the cup tends to the temperature of the room, and the temperature of the  
  room is 20, we have 20a oC .  

 (b) In order to find the two parameters b and k we need two independent equations 
  in b and k. These are 0 100T , and 1 85T  from the May data point.  

  Replacing these values yields 

  
0

1

100 20

85 20

b k

b k

. 

  From the first equation we obtain 100 20 80b b C . Replacing in the 

  second equation gives 1 1 85 20 80
85 20 80 1.23

80 65
k k k .  

 (c) Evaluating 5T  gives 520 80 1.23 48.3 C    

 (d) Setting the equation 35T m  and solving for m gives 20 80 1.23 35m  

  1.23 1.23

35 20 15 15
1.23 log log 8.086

80 80 80
m m m minutes, or 

  8 minutes and 5 seconds  

  Note: Answers may differ by a second due to rounding of intermediate answers. 

10. (a) 0 o0 200 190 0.97 10 Cp  

 (b) 30 o30 200 190 0.97 124 Cp   

 (c) Setting the equation 40p k  and solving it for k gives 

  200 190 0.97 40k   

  0.97

200 40 160
0.97 log 5.64min

190 190
k k . 

11. (a) 00 2.5 2 1.5C  C (Coulomb) 

 (b) as ,2 0tt  so 2.5C t . The equation of the asymptote is 2.5C . 

 (c) Setting the equation 2.4C t  and solving it for t yields    

  2 22.4 2.5 2 2 2.5 2.4 log 0.1 log 0.1 3.32t t t t hours, 

  or 3 hours and 19 minutes. 
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12. In order to find the two parameters p and q we need two independent equations in p 
 and q. These are 0 47C  from the January data point, and 4 53C  from the 

 May data point. Replacing these values yields 

 (a) 

  

0

0.5 4

2 47

2 53

p q

p q  

  
47

4 53

p q

p q

 

  

 (b) Taking the first equation from the second gives 3 6 2p p . Replacing 
  this value in the first equation gives 45q . 

 (c) Evaluating 0.5 1010 2 2 45 64 45 109C  gives the number of cells at 

  22.00 on Monday 

 

Exercise 9.3 

1. (a) This is given by the difference in the time coordinates of A and B, so  
  12.5 6.25 6.25hours, or 6 hours 15 minutes. 

 (b) This is given by the difference in the height coordinates of A and B, so  
  1.5 0.6 0.9metres. 

 (c) The parameter p gives the amplitude of the oscillation, so half the difference 

  between maximum and minimum: 
0.9

0.45
2

p m. 

 (d) Assuming the argument of the cosine function is in radians, the parameter q 

  relates to the period T as 
2

T
q

. The period is 2 6.25 12.5T hours, so 

  
2 2

0.503
12.5

q
T

 rad h 1. 

 (e) The parameter r gives the principal axis of the oscillation, which is halfway 

  through the maximum and the minimum. In our case 
1.5 0.6

1.05
2

r .  
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 (f) Since the period is 12.5 hours, high tides occur every 12.5 hours. The first  
  high tide is at 0 0t , so the next are at      

  1 2 3 4 5 612.5, 25, 37.5, 50, 62.5, 75,t t t t t t  Of these, 0t is on the 10th 

  of  December at 21.00, 1t  and 2t  are on the 11th of December, 3t  and 4t  are on 

  the 12th December, etc. In particular the second high tide of Dec. 12th occurs 
  50 hours after 0t , so at 23.00.   

 (g) Graphing h t  on a GDC and finding intersections with 0.8h  gives this 

  result. 

 

  

  The height of the water is at most 0.8 m, or 0.8h t , from 4.3 to 8.2 hours 

  after  21:00, and again from 16.8 to 20.7 hours after 21:00, for a total of  
  8.2 4.3 20.7 16.8 7.8  hours or 468 minutes. 

  Note: Answers may differ by a minute due to rounding 

2. (a) The parameter p gives the amplitude of the oscillation, so half the difference 

  between maximum and minimum: 
9.7 5.3

2.2
2

p m. 

 (b) Assuming the argument of the cosine function is in radians, the parameter q 

  relates to the period T as 
2

T
q

. The period is 2 7 14T hours, so  

  
2

14 7
q  rad h 1. 

 (c) Evaluating 10 2.2cos 10 7.5 7.01
7

d  m gives the depth of water 10 

  hours after high tide. 

3. (a) 0 15cos 0 17 2h  m 
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 (b) Setting the equation 20h k  and solving it for k gives   

  15cos 1.2 17 20k   

  13 3
15cos 1.2 3 cos 1.2 1.2 cos

15 15
k k k  

  11 3
cos 1.48

1.2 15
k  minutes. 

 (c) Assuming the argument of the cosine function is in radians, the parameter 1.2 

  relates to the period T as 
2

1.2
T . The period is therefore

2
5.2min

1.2
T . 

4. (a) (i) Since 10 minutes is half a period, the wheel has completed half a  
   revolution and P is at the top. The height of point P is 100 metres. 

  (ii) Since 15 minutes is 
3

4
 of the period, the wheel has completed 

3

4
 of a 

   revolution and P is halfway through the descent. The height of point P 
   is 50 metres. 

 (b) (i) c  is the principal axis, so 50c  m. 

   Assuming the argument of the cosine function is in radians, b  is  

   
2

period
 , so 

2

20 10
b  rad min 1 . 

   a  is the amplitude, so 50a m. At 0t  the seat is 50 metres below 

   the principal axis, so 50a m. 

  (ii) expressing the model in terms of a sine function requires a horizontal 
   shift to the left by a quarter of a period, so 5d minutes. 

5. (a)  The parameter a gives the amplitude of the oscillation, so half the  

   difference between maximum and minimum: 
6 2

4
2

a m. 

 (b)  Assuming the argument of the sine function is in radians, the parameter 

   b relates to the period T as 
2

T
b

. The period is 30T seconds, so 

   
2

30 15
b s 1. 
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 (c)  Graphing the model with a GDC and looking for the solutions to  
   0h t  gives 

, 

  from which we derive that the bucket was underwater for 27.5 17.5 10 s. 

6.  Note: point R is not needed for the question 

 (a) Since 15 minutes is half a period, the seat is at the top of the Ferris wheel, so 
  2 50 1 101 metres above the ground. 

 (b) Since 6 minutes are 
1

5
 of a period, the seat has swept an angle of 

2

5
 radians 

  from its initial position. Point S in the diagram below 

 

  is 
2

50cos 15.5
5

metres below the centre of the wheel, so it is   

  50 1 15.5 35.5  metres above the ground. The same is true for point Q. 

 (c) d  is the principal axis, which is halfway through the maximum and the  

  minimum, so  
1 101

51
2

d  metres. 

  Assuming the argument of the sine function is in radians, b relates to the  

  period T as 
2

T
b

. The period is 30T minutes, so 
2

30 15
b  rad min 1. 

  

 

S 
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  a  is the amplitude, so 50a metres. The seat starts below the principal  

  axis, so we choose 50a  m. 

  The sine function starts from zero, while the seat starts from its maximum  
  displacement from the principal axis (having chosen a negative a) which is 
  what the cosine function does. To change a sine into a cosine, a horizontal  
  shift of a quarter of a period to the right is needed, so 7.5c . 

  Finally, 50sin 7.5 51
15

h t t . 

  Equivalently, a  can be chosen as positive, which means that the seat starts 
  from its minimum displacement from the principal axis which is what the  
  negative cosine function does. To change a sine into a negative cosine, a  
  horizontal shift of a quarter of a period to the left is needed, so 7.5c and 

   50sin 7.5 51
15

h t t . In fact, graphing the two functions produces 

  exactly the same curve, which can also be proven with the compound angle 
  formulae.  

 (d) Setting the equation 96h t  and solving it for t gives with the GDC gives 

  12.8mint - see below.  

 

7. (a) The parameter a gives the amplitude of the oscillation, so half the difference 

  between maximum and minimum: o1 5
2 C

2
a . 

 (b) Since the argument of the sine function is in degrees, b  is 
360

period
, so  

  
360

15
24

b degrees h 1 . 
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 (c) c  is the principal axis, which is halfway through the maximum and the  

  minimum, so o1 5
3 C

2
c  

 (d) From the graph, this occurs for 16 20t .  

8. (a) From the graph, max 35h cm. 

 (b) From the graph, min 5h cm. 

 (c) The amplitude is given by max min 35 5
15

2 2

h h
cm. 

 (d) A  represents the amplitude, so 15A cm. C  is the principal axis, so  

  max min 35 5
20

2 2

h h
C cm. 

 (e) From the graph, 4T s. 

 (f) 
360 360

90
4

b
T

 degrees s 1. 

 (g) Setting the equation 30h t  and solving it for t gives 

  15cos 90 20 30t   

  110 2
15cos 90 10 cos 90 90 cos

15 3
t t t  

  11 2
cos 0.535

90 3
t  seconds. 

 (h) This is given by 
1min 60

15
4T

 times. 

9. (a) the amplitude is 4 metres. 

 (b) The maximum value is one amplitude above the principal axis, so   
  max 7 4 11d  m. 

 (c) Assuming the argument of the sine function is in degrees, the period is related 

  to the parameter 0.5 by 1

360
720min

0.5 min
T or 12 hours. 

 (d) In a sinusoidal function, a maximum occurs half a period after a minimum, so 

  the next maximum after 14:00 occurs 
12

6
2

 hours later, at 20:00. 
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10. (a) a  is the principal axis, which is halfway through the maximum and the  

  minimum, so o21 17
19 C

2
a . 

  b gives the amplitude of the oscillation, so half the difference between  

  maximum and minimum: o21 17
2 C

2
b . 

 (b) Assuming the argument of the cosine function is in degrees, c relates to the 
  period because 

   
o360

period
c

. The period is 12 days, so 
o360

30
12

c  degrees day 1. 

 (c) Using a GDC, we obtain this graph. 

. 

  The solution to the inequality 18.5T x  is 3.48 8.52x . 

Exercise 9.4 

1. (a) Using the Logistic Regression features of the GDC, we obtain   
  1 197.2ms , 91.2, 1.17sL C k . 

 (b) The maximum, asymptotic velocity is obtained for t , when e 0kt  
  and therefore 97.2P t L m s 1  

 (c) This corresponds to setting the equation 99%P t L , or equivalently  

1.17

1
0.99

1 91.2 te
. Solving it for t gives 

1.17 1.17 1.171 1 1 0.99 1
1 91.2e 91.2e 1 91.2e

0.99 0.99 0.99 99
t t t   

1.17 1 1 1 1 1
e 1.17 ln ln 7.78

91.2 99 91.2 99 1.17 91.2 99
t t t seconds. 
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2. (a) L  is the maximum asymptotic number of infected cows, so 500L . 

 (b) Assuming d is the number of days after discovering the first infected cow, this 

  means 0 1B . It follows that 1
1

L

C
, which gives 1 499C L . 

 (c) This means 10 250B , or equivalently 
10

1 1

1 499 2ke
. Solving for k  

  gives 

  10 10 1 1 1 1
1 499e 2 e 10 ln ln 0.621

499 499 10 499
k k k k d 1 . 

 (d) The graph is shown below, with asymptotes 500B , 0B  and inflection 
  point at 10, 250 . 

 

 (e) Setting up the equation 450B t  and solving it with the GDC as shown  

  below gives 13.5t  days. 
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3. In order to find the two parameters C and L we need two independent equations in C 
 and L. Assuming t is the number of years after 2000, these equations are  
 0 1000P  and 5 2500P . Replacing these values yields 

 (a) 

  

0.2 5

1000
1

2500
1 e

L

C
L

C

 

  
1000 1

2500 1
e

L C

C
L

 

  
1000 1000

2500
2500

e

L C

L C

 

  solving the system of linear equations with the GDC yields    
  19679.6 19680L  and 18.6796 18.7C . 

 (b) The maximum, aymptotic velocity is obtained for t , when e 0kt  and 
  therefore 19680P t L rats. 

 (c) This is given by 
1

ln ln18.7
14.6

0.2

C

k y
 years. 

Exercise 9.5 

1. (a) Always 

 (b) Always (direct variation is a polynomial)  

 (c) Sometimes 

 (d) Never 

2. (a) Never 

 (b) Never 

 (c) Never 

 (d) Never 
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3. y varies directly with x means y kx , so for any two pairs 1 1 2 2, , ,x y x y  we have 

 1 2

1 2

y y
k

x x
. So,  

 (a) 

2
2 1

1

5
462 210

11

x
y y

x   

 (b) 

2
2 1

1

672
11 16

462

y
x x

y  

4. y varies directly with the square of x means 2y kx , so for any two pairs 

 1 1 2 2, , ,x y x y  we have 1 2
2 2

1 2

y y
k

x x
. So, 

 (a) 

22
2

2 12
1

20
10 160

5

x
y y

x  

 (b) 

2 22 2
2 1 2 1

1 1

40
5 10

10

y y
x x x x

y y
 

5. y varies directly with the cube of x means 3y kx , so for any two pairs 

 1 1 2 2, , ,x y x y  we have 1 2
3 3

1 2

y y
k

x x
. So, 

 (a) 
33

2
2 13

1

8
250 1024

5

x
y y

x
 

 (b) 3 32 2 332 1 2 1
1 1

128
5 4

250

y y
x x x x

y y
 

6. y varies inversely with x means 
k

y
x

, so for any two pairs 1 1 2 2, , ,x y x y  we have 

 1 1 2 2x y x y k . So,  

 (a) 1
2 1

2

5
10 2.5

20

x
y y

x
  

 (b) 1
2 1

2

10
5 100

0.5

y
x x

y
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7. y varies inversely with the square of x means 
2

k
y

x
, so for any two pairs 

 1 1 2 2, , ,x y x y  we have 2 2
1 1 2 2x y x y k . So,  

 (a) 
22

1
2 12

2

5 10 5
10 0.625

20 16 8

x
y y

x
  

 (b) 

2 21 1
2 1 2 1

2 2

10
5 10

2.5

y y
x x x x

y y  

8. y varies inversely with the cube of x means 
3

k
y

x
, so for any two pairs 

 1 1 2 2, , ,x y x y  we have 3 3
1 1 2 2x y x y k . So,  

 (a) 

33
1

2 13
2

5
54 2

15

x
y y

x   

 (b) 

3 31 1 332 1 2 1
2 2

54
5 3

250

y y
x x x x

y y
 

9. (a) S kd , and 1.5 2.5k so that 
1.5

0.75
2

k . Finally, 0.75S d d . 

 (b) 
7 0.75 7 5.25S

 m. 

 (c) 
10

10 0.75 10 13.3
0.75

S d d d  m 

10. (a) v t kt , and 19.6 2k  so that 
19.6

9.8
2

k  m s 2  

 (b) 
4 9.8 4 39.2v

 m s 1 

 (c) 200  km h 1 =
1000

200 55.6
3600

 m s 1 

  so 
55.6

55.6 9.8 55.6 5.7
9.8

v t t t  seconds 
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11. Distance travelled varies directly with the square of time, so 2s t kt .  

 (a) 2
2

162
10 162 10 162 1.62

10
s k k  m s 2 

 (b) 
1 162

5 10 40.5
4 4

s s  m 

 (c) 2 2 200 200
200 1.62 200 11.1

1.62 1.62
s t t t t  seconds 

12. Radius varies inversely with the square of velocity, so 
2

k
r v

v
 . 

(a) 

6
2

6

2

2 6

1 34

7700 6.75 10
7700

6.75 10

7700 6.75 10

4.0 s0 10   m

k
r

k  

(b) 
14 14 14

6 6 2
2 6 6

4.00 10 4.00 10 4.00 10
7.0 10 7.0 10

7.0 10 7.0 10
r v v v

v
  

 7559.29 7560v  m s 1  

(c) 
14

6
2

4.00 10
8000 6.25 10

8000
r m 

13. Volume varies directly with cube of edge length, so 3V a ka  . 

 (a) assuming the edge length is measured in cm,  

  3
3

958
5 958 5 958 7.664

5
V k k   

 (b) 38 7.664 8 3923.97 3920V  cm3  

 (c) 3 3 3
100 100

100 7.664 100 2.35
7.664 7.664

V a a a a  cm 

14. Power varies directly with cube of wind speed, so 3P v kv . 

 (a) 3
3

314
8 314 8 314 0.613

8
P k k  W m 3s3  

 (b) 312 0.613 12 1059.26 1060P  W 

 (c) 3 3 3
2000 2000

2000 0.613 2000 14.8
0.613 0.613

P v v v v m s 1 
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Exercise 9.6 

1. (a) Growth with an asymptote, so exponential max e ktM M c  or logistic  

  depending on when the growth is fastest (exponential is faster first, then slows 
  down, while logistic is fastest halfway through).  

 (b) Large mass  small acceleration, so a decreasing function. As a matter of 
  fact acceleration varies inversely as mass 

 (c) Double the amount of fuel  double the cost, so the cost varies directly with 
  the amount of fuel. 

 (d) Growth with an asymptote, and fastest halfway through, so logistic. 

 (e) Double the width  quadruple the area, so the area varies directly with the 
  square of the width 

 (f) Cyclic phenomenon so trigonometric 

 (g) Volume varies directly with the cube of the side length 

 (h) Growth with an asymptote, fastest at first and then slower and slower as  
  velocity increases, so exponential max e ktv v c  

  (i) Value increases by a constant factor over equal intervals of time, so  
  exponential growth 

 (j) Cyclic phenomenon so trigonometric 

 (k) Value decrease by a constant factor over equal intervals of time, so  
  exponential decay 

 (l) The cost per person of hiring a bus varies inversely as the number of people 

 (m) The cost varies linearly with the number of guests but not directly, because 
   even a wedding with no guests would have a cost!  

2. Interpolation requires values between the smallest and largest data points, so 

 (a) 2 6t   

 (b) 11 100x   

 (c) 1.3 8.5n   

3. (a) Rate of change is constant. Graph is a straight line. 

 (b) Rate of change increases linearly. Graph is a parabola. 

 (c) Periodic/cyclical behaviour.  

 (d) Dependent variable increases/decreases by a constant factor over equal  
  intervals of time/independent variable.  

 (e) Rate of change is small, then large, then small again as asymptote is  
  approached. 

 (f) Graph is hyperbolic. 
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Chapter 9 practice questions 

1. (a) 55 280 1.12 493T   

 (b) Setting the equation 2 0T n T gives 1.12 2n , and solving it for n yields 

  1.12log 2 6.12n  years so for the first time in 2007. 

 (c) 
0.1 5

2560000
5 39636

10 90
P

e  people 

 (d) 
0.1 7

2560000
7 46807

10 90e
P , so less than twice the number at the end of  

   2000, i.e. 26500. 

 (e) 
P n

R n
T n

 , so 
25600

0 91.4
280

R . 

 (f) Setting the inequality 70R n  gives 
0.1

2560000
10 90 70
280 1.12

n

n
e . Graphing the left 

  hand side on a GDC and finding the intersection with 70R  yields 9.31n , 
  so after 10 complete years. 

2. (a) 0 30P   

  20 50P  

  30 75P  

  50 95P  

  60 90P   

  90 15P  

 (b) 
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 (c) 

  (i) maximum profit = y-coordinate of vertex = 95 Swiss Francs 

  (ii) number of glasses for maximum profit = x-coordinate of vertex = 50 
   glasses 

  (iii) x-coordinates of points with y-coordinate = 80, so approximately 33 
   and 67 glasses. 

  (iv) Selling zero glasses would result in a negative profit, so in a loss, of 30 
   Swiss Francs. This is the amount they initially invested. 

  (v) The profit for 40 glasses is 90 Swiss Francs. Fiona earns as much as 
   Baljeet and Jane together, so she earns a half of 90 Swiss Francs or 45 
   Swiss Francs. 

3. (a)  0 25Q   

  energy units. 

 (b) 220 0.003 20 0.625 20 25 13.7Q  energy units 

 (c) energy lost per minute =        

  
10 20total energy lost 19.05 13.7

0.535
total time 20 10 10

Q Q
 energy units min 1 

 (d) Setting 0Q t  and solving for t gives 54t  or 154. Of course, the domain 

  of validity of this model is 0 54t , so only the solution 54t is acceptable. 

4. (a) The amount added every month is the slope of the straight line S t , so  

  400 USD month 1. 

 (b) Graphing both S t  and P t   

 

   and finding their intersection, gives 8.64 months so about 9 months. 

 (c) 22 2 8500 0.95 400 2 2000 4871.25P S  USD. 

5. (a) 20 20 200 20 3600A  m2 
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 (b) Setting the equation 3600A x  and solving it for x  gives     

  
2

2 200 200 4 3600
200 3600 200 3600 0 20

2
x x x x x  or 180. 

  Since site T is different from site S, the answer is 180 metres. 

 (c) (i) Maximum area when 
200

100
2 2

b
x

a
metres. 

  (ii) Maximum area = 100 100 200 100 10000A  m2 

 (d) The area goes from a minimum of 3600 m2 for 20x  or 180 to a maximum 
  of 10000. So 3600 10000.A   

6. (a) o0 100 CT   

 (b) 
1.37 1370 0.0034 1370 100 95.3T km T C

  

 (c) Setting the equation 70T h  and solving it for h gives  

  
70 100

0.0034 100 70 8820
0.0034

h h  m.  

7. (a) 0.4 0 o0 20 70 2.72 20 70 90 CT  

 (b) 0.4 10 o10 20 70 2.72 21.3 CT   

 (c) Setting the equation 56T m  and solving it for m gives 

  0.4 0.4 0.4
2.72

36 36
20 70 2.72 56 70 2.72 36 2.72 0.4 log

70 70
m m m m   

  2.72

1 36
log 1.66

0.4 70
m  minutes 

 (d) As 0.4,2.72 0mm , so o20 0 20 CT . This is the asymptotic  
  value for the temperature.  

 (e) It represents the rate at which the temperature of the soup is increasing in C min 1. 

 (f) Setting the equation 0.420 40 20 70 2.72 mm  and solving it for m with a GDC 
  gives 3.8m minutes. This value represents the time in minutes after the  
  water has been removed from the cooker at which the water and the soup have 
  the same temperature. 

 (g) Since the water is cooling down and the soup is heating up, the soup has a  
  larger temperature than water for 3.8m . On the other hand, the domain of 
  S m  is 2 6m , so the solution to S m T m  is 3.8 6m . 
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8. (a) 0.2×00 25000 1.5 25000V  USD 

 (b) 0.2×33 25000 1.5 19601.32V  USD 

 (c) Setting the equation 
0

2

V
V t  and solving it for t gives   

  0.2
1.5 1.5

1
1.5 0.5 0.2 log 0.5 log 0.5 8.55

0.2
t t t years 

9. (a) In 8 hours, the number of bacteria triples twice, so 200 3 3 1800 bacteria. 

 (b) In 24 hours, the number of bacteria triples 6 times, so 6200 3 145800  bacteria. 

 (c) Setting the equation 200 3 2000000t  and solving it for t, the number of 4-hour 

  intervals, gives 3

2000000
3 log 10000 8.38361

200
t t , which in turn  

  gives 8.38361 4 33.5hours. 

10. (a) 
200

40 40 45
40

C euros 

 (b) Setting the equation 33C x  and solving it for x gives    

  
2

2200 33 33 4 200
33 33 200 0 25

2
x x x x

x
 or 8 people, 

  so e.g. 8a  and 25b  (or vice versa). 

 (c) Graphing C x  and finding its minimum on a GDC gives  

 

  (i) 14.1n , so the number of people is either 14. 

  (ii) the minimum cost per person is 14 28.29C  euros. 
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11. (a) The maximum height is a diameter plus the height of the bottom of the wheel 
  above the ground, so 122 + 12 = 135 metres 

 (b) The wheel completes 2.4 rotations in an hour, so the time for one rotation is 

  
1 hour 60min

25min
2.4 2.4

T . 

 (c) The parameter b relates to the period as 
2

b
T

, so 
2

25
b  rad min 1 . 

 (d) The magnitude of the parameter a  is the amplitude, so in this case 
  a  radius of wheel = 61 metres. At t = 0, when the seat is at the bottom of 

  the wheel, the  cosine function is equal to one, so the prefactor a  has to be 
  negative in order for the height of the seat to be smaller than 74. Therefore 
  61a metres. 

 (e) 

 

 (f) The amount of time any given seats spends at a height larger than or equal to  
  105 m is given by the difference between the time coordinates of the intersections  
  of h t  and 105h . Finding these intersections with the GDC gives 

 

  8.37t  and 16.6t . The fraction of time spent at 105h , and therefore 

  the probability during one rotation, is given by 
16.6 8.37

0.329
25

P . 






























































































































































































































































































































































































































































































































































































































































































































































































































































