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Chapter 1 
QUADRATICS 

EXERCISE 1.7 NS 

4 +72=0 
{4z +7) =0 

=00 424+7=0 

{Null Factor law} 
= -z z2=0or —3 

1 a 

d 2% - 1llz =0 
2(2z—11)=0 

=0 or 2c—11=0 

{Null Factor law} 
= pA =0 or 3 

g 2?—bz+6=0 
v (z—-2)(z-3)=0 

  

£—2=0 or z—-3=0 

{Null Factor law} 
¢=2o0r 3 

| 9+2? =6z 
2 —Bz+9=0 

(=-32=0 
3=0 
z=3 

z— 

92% - 122 +4=0 
(Bz—2=0 

-2 
r=3 

d 3z +55=2 
322 +52—-2=0 

Bz—1)(z+2)=0 

z=4%or -2 

g 3*=10z+8 
32— 10z —8=0 
Be+2)(z—4)=0 

=-2 z=—3 or 4 

| 1222=11z+15 
1202 — 112 —15=0 
(42 +3)(3z -5y =0 

. 3 B g=—3or 3 

62% +22=0 
22(3z+1)=0 

z=0or 3z4+1=0 
{Null Factor law} 

=0 or —% 3 

32? =8z 

322 —8z=0 
z(3z—8) =0 

z=0or 3x-8=0 
{Null Factor law} 

= g z=0or 3 

z2=22+8 
oo2?-20-8=0 
(x—4)(z+2)=0 

z—4=0or 24+2=0 

{Null Factor law} 
z=-2 or 4 

2P +z=12 
o2 4r—12=0 
(z+4)(z—3)=0 
z+4=0or z—3=0 

{Null Factor law} 

z=—4 or 3 

  

22% - 132 -7=0 
e +D@—-T)=0 

L oz=—for 7 

22° + 3 = bz 
s 20%—52+3=0 

(22 -3)(z—-1)=0 
3 z=4% 

42? +4z =3 
. 4’ +4r-3=0 
(2z+3)(2x—1)=0 

=-2 1 z=-30r 3 

or 1 

Tzt +6r =1 
72 +62—-1=0 

(7z—1){z+1)=0 

z=5% or —1 e
 

< 322 - Tz =0 
z(3z—7)=0 

z=0o0r 3z—7=0 
{Null Factor law} 

z=0 or % 

  

z=0or 22—-3=0 
{Null Factor law} 

z=0 or § 

1 22 +21=102 
w2 —105+21=0 

(z-3)(z—-7)=0 

. x—3=0o0r x—7=0 
{Null Factor law} 

soz=3o0r 7 

1 2% + 8z =233 
o 2 +82-33=0 

s @+ 1) (z—-3)=0 
. ¢+11=0 or z—-3=0 

{Null Factor law} 

¢=-11 or 3 

  

¢ 32% =16z +12 
3z* — 16z —12=0 
(Bz+2)(x—6)=0 

—_2 z=—-f or 6 

t 32% +8z+4=0 
Br+2)(z+2)=0 

z=-2 or -2 3 

I 42=11z+3 
42% —112-3=0 
dz+1)(z—3)=0 

=-1 z=-—7 or 3 

1 1522 + 22 = 56 
150% + 22— 56 =0 

oo (152 —28)(z+2) =0 
28 i or -2 z=
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(z+1)2 =20 -8z +11 b (+2)(1—z)=—4 
2% 4220 +1=222 —5z+11 =—4 

22 —Tz+10=0 2*+z—-6=0 
(¢-2)(z-5) =0 = 

. oz=20 5 z=-3 or 2 

5— 427 =32 +1)+2 d z+%= 
5—4x®=62+3+2 
4 +65=0 ;ZIZT? 

202z +3) =0 RN 
. s—0or -2 s (2=1D(x—-2)=0 

2 oxz=1or2 

¢ z+3_ 9 

1-z =z 

   22® +z—1 

z(z+3)=-9(1—12) 

22 +32=-9+0z 
(2z-1)(z+1)=0 o 2 —6r+9=0 

. e=%or -1 . (@-32=0 

oe=3 

    

  

(e+5P =2 b (z+6)2=-—11 
z4+5=%v2 has no real solutions as 

r=—5+v3 (x+6)% camnot be negative. 

(z—8)°=7 e 2x+3)2=10 
z—8=%V7 @+3)2=5 

z=8+V7 z+3=2V5 
z2=-3%+5 

(+1?+1=11 h (2z+17%=3 

(@+1)2=10 2+1=4V3 
z+1=1+v/10 L 2w=-1%+3 

z2=-1++10 z:_%i%‘\/g 

z—dr+1=0 b 
oozt —dz=—1 

o? — 4z + (—2)? = -1+ (-2)° 
(z-2%=3 

z—2=%4V3 

z=2%+3 

2% — 14z +46 =0 d 
oo -le= 

@ — Mz + (-7 = —46 + (-7)* 
(z-7%*=3 

z-T=%V3 
z=7+V3 

EXERCISE 1A.2 [ 

¢ (x—-4%=8 

z—4==v8 
T=4+2v2 

t  3@=z-2°=18 
(z-22=6 

z-2=%/6 
z=2+v6 

1 (1-3z)2-7=0 
(1-3z)2=7 

1-8z==V7 
=17 

  

o —de+(-2)° =3+ (-2)° 
(z-2P=17 

z-2=+V7 

z=2xV7
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2*+6z+7=0 
o e be=—T 

o +6r+3%=—7+3% 
(z+3)%=2 
z+3=+V2 

z=-3x2 

2?4+ 6z=2 
2% +6x+32=2+3% 

(z+32=11 

z+3=+V/IT 

z=—3+VI1 

2?4+ 6z =—11 

2? + 6z + 3% = —11+ 82 
(z+32=-2 

22° +4r+1=0 

2+ +§= 
2 —_1 '+ 2 =—3 

2 +2+12=-1+17 

(a:+1)2=§ 

— 41 z+1—:!:75 

z=—1:l:715 

32% + 122 +5=0 

  

z2—3w=—% 

z* -3z +(-3)* —%+(—%)2 

3y2 2.9 _ a1 
-3y =—-3+31=% 

  

2?=2+6 
o 22 -2r=6 

2? =2z + (-1)2 =6+ (—1)? 
@-12=7 

z—1=2V7 
z=1+V7 

#* +10 =8z 
o 2P —8x=-10 

o* — 8z + (—4) = —10+ (—4)® 
(xz-42=6 
z—4=1V6 

z=4%6 

« has no real solutions, since the 

perfect square cannot be negative. 

%% - 0z +3=0 

12—51+%= 

12—5m=—% 

2 =5z +(-§)* = -3 +(-3)* 

@-3P=-3+% 
@-9r=2 
emgm s 

322 =6z 44 

nodt=2+d 
2 = 2 —2u=% 

2? — 2w+ (-1)2 = § + (-1)? 

@-12=1 

z—1== % 

z=1%4/% 

4% +de = 

2?tz=5 

Szt FP=5+37 
@+iP=% 

a4 1=+ 

5 a:=—%:i: 2
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EXERCISE 1A.3 

1 a ?—42-3=0 
has a=1, b=—4, c=-3 

po ZCDEVA2 -4 
- 2(1) 

_ 4=V 
) 

_ 427 
T2 
=2+7 

  

  

< 2P +l=dx 
s o2f—dz+1=0 

whichhas a=1, b=-4, ¢ 

oo ZCDEV(AP - 4@ 
2(1) 

  

_4xv12 
) 

_4x2V3 
2 

=2+43 

  

  

e 22 —424+2=0 
has a=1, b=—-4, c=2 

L —coE/ETamE 

  

  

2(1) 
_4%8 
T2 
_4x2/2 
T2 
=22 

s Bz +1)2 = -2z 

92% +6z+1=—2¢ 

92% +8c+1=0 
whichhas a=9, b=8, c=1 

—8+ /82 —2(9)(1) 7= = Ve — 200D 
2(9) 

_ —8E£V® 
T8 

=—_8i2fi or —%:{:figfi 
18 

b 22 +65+7=0 
has a=1, b=6, c=7 

—6+ /6% —4()(7) 

2(1) 
—6£vB 

2 
—6+2v2 

2 
=-3+v2 

= 

d 2’ +dr=1 
2 +dr—1=0 

whichhas a=1, b=4, c=-1 

-4+ /8 —41)(-1) 

2(1) 
—4++/20 

2 

—442V5 
2 

=-2+vE 

= 

f 222-22-3=0 
has a=2, b=-2, ¢=-3 

_ (=2 & (=22 - 42)(=9) 
o= 2@) 
_2xvR 
T 
_2x27 
T 

7 

  

  

h (z+3) 22 +1)=9 

2 +c+6c+3=9 
222 4+ 72 —6=0 

whichhas a=2, =7, c=-6 

—74 /T 4(2)(—6) 
2(2) 

-7++/49+48 

4 

T=
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2 a2 @+2(as—1)=2-3z 
2?—r4+22-2=2-3z 
o2 +4r—4=0 

whichhas a=1, b=4, c=-4 

_ 4 /B4 (-9 
- 2(1) 

—4£v32 
2 

—41+4v2 

2 
=-2£2V2 

¢ @-2°=1+=z 
2’ —dot+4=14z 

z?—52+3=0 
whichhas a=1, b=-5 ¢=3 

—(=5) £ /(=5)% — 4(1)(3) 
2(1) 

5+v25-12 

2 

  

— 13 

  

whichhas e=1, b=-1, ¢=-1 

2(1) 
_1+T¥4 ==t 

_ () /(1) - 4D 

b 

  

@Qz+1)2=3-z 

42® +52-2=0 
4 tae+1=3-= 

whichhas a=4, b=5 c=-2 

2(4) 

8 

—pu 

z—1 
  

2—-z 

z—1=(2 

z-1=4z—-2*+2-=x 
22% -2z -3=0 

_ —5,/F 4@ 

—5+v25+32 

=2z+1 

+1)(2-2) 

whlchhas a=2 b=-2 c¢=-3 

_ -2+ /(=2 - 4(2)(=3) 
2(2) 

_2+v28 
T4 
  

  

whlchhas e=2 b=-3 c= 

(=3 £ /(=82 —4@)(=1) 

  

  

- 2 
_8+0%8 
- 4 

EXERCISE 115 | 

1 a 2?47-3=0 
has a=1, b=7, c= 

A= —dac 

=72 — 4(1)(-3) 
=61 

Since A > 0, there are two distinct 

real solutions. 

  

b —8z+2=0 
has a=1, b=-3, c=2 

A=10%—dac 

=(-3)" —4(1)(2) 
=1 

Since A >0, there are two distinct 

real solutions.
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3z2+22—1=0 d 522445 -3=0 
has a=3, b=2 c=-1 has a=5 b=4, c=-3 

A =0 —dac A=t —dac 
=2° - 4(3)(-1) =4 - 4(5)(-3) 
=16 =76 

Since A >0, there are two distinct Since A > 0, there are two distinct 
real solutions. real solutions. 

22 +z4+5=0 162° —8c+1=0 
has a=1, b=1, ¢=5 has a=16, b=-8, c=1 

A=b?—dac A=b"—dac 
=12 — 4(1)(5) =(-8)" —4(16)(1) 
=-19 =0 

Since A <0, there are no real roots. there is one repeated real root. 

2 622 -5z —6=0 22? —Tx—-5=0 

has a=86, b=—-5, c=—6 has e=2, b=-7, ¢c=-5 

A=b*—dac A =¥ —4ac 
= (=5) - 4(6)(-6) =(-7°-4(2)(-5) 
=169 =89 

VA= 13, so the equation VA= \/8_9, s0 the equation 

has rational roots. does not have rational roots. 

3z +4r+1=0 622 — 47z —8=0 
has a=3, =4, e¢=1 has a=6, b=-47, ¢c=-8 

A=b"—dac A =1 —4ac 
=42 - 4(3)(1) = (—47)? — 4(6)(-8) 
=4 = 2401 

va= 2, so the equation VA= 49, 

has rational roots. 0 the equation has rational roots. 

422 -3z +2=0 82 +22-3=0 
has a=4, b=-3, ¢=2 has =8, b=2 c=-3 

: ? — dac A=p —dac 
= (—3)2 —4(4)2 =22 — 4(8)(-3) 
=-23 =100 

Since A <0, the equation does VA =10, sothe equation 

not have rational roots. has rational roots. 

3 For z?+4zx+m=0, For ma?+3z+2=0, 

a=1, b=4, ¢c=m 

So, ? — dac 

P — 4(1)(m) 
=16 —4m 

which has sign diagram 

    

1 For a repeated root, A =0 

Som=4 
I For two distinct real roots, A >0 
Som<4 

Ii  For no real roots, A <0 

m>4 

a=m, b=3, ¢=2 

So, 

  

which has sign diagram 

-— + m 
¥ 

1 For a repeated root, A =0 

—2 m=3 
i For two distinct real roots, A >0 

m < % 

il For no real roots, A <0 

m> %
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1 For two distinct real roots, A >0 

k<—6ork>2 
il For two real roots, A >0 

s k€ —6or k22 

{il For a repeated root, A =0 

oo k=—6or 2 

v For no real roots, A <0 

L —6<k<2 
e For 224 (3k—1)z+ (2k+10)=0, 

a=1, b=3k—1, c=2k+10 
So, A=1b*—4dac 

= (8k — 1)* — 4(1)(2k + 10) 

=9k —6k+1—8k—40 
=9k? — 14k — 39 
= (9% +13)(k — 3) 

which has sign diagram 

L Y 
13 3 

  

¢ For ma®—3z+1=0, which has sign diagram + - 
a=m, b=-3, c=1 2 

So, A=0—4dac 1 For a repeated root, A =0 m=2 

=(-8)2 —4(m)(1) Il For two distinct real roots, A >0 m<% 

=9-dm W For no real roots, A <0 m> 2 

a For 22+ke—k=0, b For ka?-2z+k 
a=2 b=k c=-k a=k, b=-2 

So, A=b"—dac S0, A= —dac 

= k? — 4(2)(—k) = (<2)7 — 4(k)(k) 
=k +8k =4-4k? 
= k(k+8) =4l +R)(1—k) 

which has sign diagram which has sign diagram 

+, -+ -+ - ok — 

1 For two distinct real roots, A >0 | For two distinct real roots, A >0 
k<=8 or k>0 -l<k<1 

il For two real roots, A >0 il For two real roots, A > 0 
k<-8or k>0 s -1kl 

Hl  For a repeated root, A =0 Hl  For a repeated root, A =0 
s k=—-8or 0 oo k=—loarl 

tv For no real roots, A <0 v For no real roots, A <0 
. —8<k<0 k<—-1lork>1 

¢ For a®+(k+2)x+4=0, d For 222+ (k—2z+2=0, 
a=1 b=k+2 c=4 a=2 b=k—-2 ¢c=2 

So, A=b"—dac S0, A= —dac 

= (k+2)? - 4(1)(a) = (k-2 - 4(2)(2) 
=k’ +4k+4-16 =k’ —dk+4-16 
=k*+4k—12 =k%—dk—12 
=(k+6)(k—2) =(k—-6)(k+2) 

which has sign diagram which has sign diagram 

+, - .+ +, - .+ > "k 

1 For two distinct real roots, A >0 

k<-2o0rk>6 
1l For two real roots, A >0 

k€ -2o0rkz6 

iil For a repeated root, A =10 

s k=-2o0r6 
v For no real roots, A <0 

L —2<k<6 

I For two distinct real roots, A >0 

E<—% or k>3 
il For two real roots, A > 0 

k<22 or k23 

lil For a repeated root, A =0 

o k=—% o3 

v For no real roots, A <0 

R <k<3
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t For (k+1)a?+kz+k=0, 

a=k+l b=k c=k I For two distinct real roofs, A >0 
So, A=b2—4ac —§<k<0 

= k, - 4(’; +1)(k) il For two real roots, A >0 
=k*—4k* — 4k 4 —-3Sk<0 
=-3k? -4k 

Wl For a repeated root, A =0 = —k(3k +4) e ah 
which has sign diagram - 

" +gn v Forno real roots, A <0 

<—_l%—‘4)—>k s k<—§or k>0 

EXERCISE 1C.1 

1 a y=(@x@—4)(z+2) b y=—(z—4){=+2) 

has z-intercepts has z-intercepts 

—2and 4 —2and 4 
and y-intercept and y-intercept 8 = 

-8 

y=(z—-4)(z+2) y=—{z -4z +2) 

< y=2§$+3)(m+5) u d y=—43a:(z+4) y=—3s(s£4) 4v 
has z-intercepts has g-intercepts 

—5and —3 y=2(z+3){z+5) 0and —4 

and y-intercept and y-intercept 0 

30 

e y=2(z+37 y=2(=+3) 4 t y=-iz+2? 
has z-intercept 8 has z-intercept 

—2 

and y-intercept 

-1 

y= 

2 a The average of the -intercepts is 1, so the axis of symmetry is © = 1. 

© The average of the z-intercepts is 1, so the axis of symmetry is = = 1. 

¢ The average of the z-intercepts is —4, so the axis of symmetry is & = —4. 

d  The average of the z-intercepts is —2, so the axis of symmetry is = = —2. 

€ The only z-intercept is —3, so the axis of symmetry is = —3. 

I The only z-intercept is —2, so the axis of symmetry is © = —2. 

3 a ¢ b E ¢ B dF e G t H s A h b 

&4 a The vertex is y=(z—12+3 b The vertex s y=2z+ 9 +1 
(1,3). ; (-2, 1). 
The axis of The axis of 
symmetry is symmetry is 

z=1 z=-2 

The y-intercept The y-intercept 

is 4. is9.   
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The vertex is 

1, -3). 
The axis of 
symmetry is 

z=1 
The y-intercept 

is —5. 

  

The vertex is 
(1,4). 
The axis of 
symmetry is 

z=1 

The y-intercept 

  

. the axis of symmetry is z=2. 

When z=2, 

y=22—4x24+2=-2 

the vertex is at (2, —2). 

y=2a2+4 
has a=2 b=0, c=4 

  

. the axis of symmetry is « =0. 

When =0, y=4 

the vertex is at (0, 4). 

y=22+8z—-7 

has a=2, b=8 c= 

b 

"2 
the axis of symmetry is x = —2. 

When z = -2, 

y=2(-22+8(-2)-7=-15 
the vertex is at (—2, —15). 

    

y=2s%+6x—1 
has a=2 b=6 c=-1 

b 6 3 

T2 23 2 
the axis of symmetry is z=—%. 

When ¢ =—%, y=2(-3)*+6(-3)-1 

=2-9-1 

—u 
2 

the vertex is at (—3, —3F).   

d  The vertex is 
(3,2). 
The axis of 

The vertex is 
(=2, -3). 
The axis of 

z= -2 

The y-intercept 

is —32. 

  

f C g D h F i H 

b y=x*+22-3 
has a=1, b=2 c=-3 

b “% =TI 

the axis of symmetry is ¢ = —1. 

When = -1, 

y=(-12+2(-1)-3=—4 

the vertex is at {—1, —4). 

d y=-322+1 
has a=-3, b=0, 

b L= ——=0 
20 2(-3) 

  

e=1 

.. the axis of symmetry is & = 0. 

When z=0, y=1 

the vertex is at (0, 1). 

  

the axis of symmetry is = = —2. 

When &= -2, y=—(-2)% —4(—-2) -9 
=—448-9 
=-5 

the vertex is at (—2, —5). 

h y=22—10z+3 
hes a=2, b=-10, c=3 

b_ (-10) _5 
2 2(2) 2 

the axis of symmetry is = $. 

When =8, y=2(3’-10(§)+3 

=%-4s 
_1 

=7z 

the vertex is at (3, —42).
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I y=—1z?+z-5 

  

22”0 
the axis of symmetry is z = 1. 

7 a Wheny=0, 22—9=0 
(s +3)(=z-3)=0 

=3 

the g-intercepts are +3 

€ When y=0, 2®+72+10=0 
(e+5)z+2)=0 

z=-5 or -2 

the z-intercepts are —5 and -2 

¢ When y=0, 4z —2*=0 

z(4—2)=0 

soz=0or4 

the z-intercepts are 0 and 4 

g When y=0, —2z°—42—-2=0 
2 +2+1=0 

(@+1)?=0 
sooz=-1 

the z-intercept is —1 (touching) 

I When y=0, 2?—4x+1=0 
a=1 b=-4, and c¢=1 

oo ZEDEVA2 -4 
2(1) 

_ 4V 
T2 
_4E2v3 

  

  

2 

=2%V3 
the z-intercepts are 2+ /3 

k When y=0, 22 -6z—2=0 
a=1 b=-6 and c=-2 

g ZC8) V(62 - 4(1)(=2) 
2(1) 

_6xvH 
2 

_ 6x2v1T === 

=3+ V11 
the z-intercepts are 3 & /11 

  

When z=1, y=—1(1)?+1-5=-2 

the vertex is at (1, —2). 

o2 -3=0 
(z+v3)(z-v3) =0 

s z=%V3 

the a-intercepts are £4/3 

d When y=0, 3> +z—-12=0 
(+4)(=z-3)=0 

Soz=-4or3 

the x-intercepts are —4 and 3 

f When y=0, —¢° —62—8=0 
2 +6z+8=0 

(+4)z+2)= 

s oz=—4or—2 

the z-intercepts are —4 and —2 

  

h When y=0, 422 —24z+36=0 

2? —6z+9=0 
x-32%=0 
Soz=3 

the z-intercept is 3 (touching) 

§ When y=0, 2*+4z-3=0 
e=1 b=4, and ¢=-3 

—4+ /8 —41)(-3) 

2(1) 

4 VR 
2 

—4+£27 
2 

=-2£V7 
the a-intercepts are —2 % /T 

I When y=0, 2®+8z+11=0 

a=1 b=8, and c=11 

= 

B —4(1)(11) 
2(1) 

—8++/20 
2 

—8+2V5 
2 

=-42vE 
the g-intercepts are —4 % /5 

-8+ 
T =
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y=22-2z+5 
has a=1, b=-2, ¢=5 

b _ (=2 
22 2(1) 

the axis of symmetry is =1 

When =0, y=35, 

so the y-intercept is 5 

When y=0, z*—2c+5=0 

e —(=2) £ /(=22 - 4(1)(5) 
2(1) 

_2+/I-30 =222 

‘This has no real solutions, 

so there are no z-intercepts. 

y=o?+4z—1 
has a=1, b=4, c=-1 

b 4 
22~ 2(1) 

the axis of symmetry is & = —2 

When z=0, y=-1, 

s0 the y-intercept is —1. 

When y=0, 2> +4c—1=0 

_ 4 /2y 

- 2(1) 
—4+v20 

2 

—4+2v5 
2 

=-2zv5 
the z-intercepts are —2 £+ +/5 

y=222—-5z+2 
has a=2, b= -5, 

b_ (5 _5 
22 2(2) 4 

the axis of symmetry is @ = § 

c=2 

When z=0, y=2, 

50 the y-intercept is 2. 

When 3y =0, 222 —5z+2=0 
(2z-1)(x—-2)=0 

=1 z=3 or 2 

the z-intercepts are % and 2 

Hl When z=1, 

y=12-2()+5 
=1-245 

=4 

the vertex is at (1, 4) 

  

n 2, 

—2)% 4 4(-2) -1 
—-8-1 

        

v 

il When m=%, 

y=20§Y-53)+2 

—¥-%42 
=% 

the vertex is at (§, —%) 

v 
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d | y=—22+3-2 
has a=-1, b=3, c=-2 

b _3 
2a 2(-1) 2 

the axis of symmetry is = =3 

i When z=0, y=-2, 
so the y-intercept is —2. 

When y =0, —z°+3x—2=0 

s 22 —3z+2=0 
(z-1(z-2)=0 

. z=1or2 

the z-intercepts are 1 and 2 

y=-322+4r—1 
has a=-3, b=4, c=-1 

b 4 2 

2% 2(-3) 3 
the axis of symmetry is @ =2 

li When =0, y=-1, 

so the y-intercept is —1. 

When y =0, —32% +4z—1=0 
32 —4c+1=0 

(Be-1)(z-1)=0 
. 1 z=3orl 

the z-intercepts are § and 1 

y=-20+z+1 
has a=-2, b=1, e=1 

b 1 1 

T 29 1 
the axis of symmetry is z = 

W When =0, y=1, 
so the y-intercept is 1. 

When y =0, —222+2z+1=0 
s 2P —z—1=0 
(z+1){x-1)=0 

L oz=—forl 

1 

b 

the z-intercepts are —% and 1 

  

the axis of symmetry is =3 

i When =0, y=0, 
so the y-intercept is 0. 

When =0, 6z —22 =0 
z(6—x)=0 

ooxz=00r6 

the z-intercepts are 0 and 6 

I When z=32, y=—(3)?+3(3)-2 

98 2 S22   

  

2 

the vertex is at (2, & 

  

  

  

Yovay 

0 When z=2, y=-3¢F+43-1 

+2-1 

v 

  

I When z=4, y=-2(3?+1+1 
= 1 1 =—f+i+1 
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Hl When z=-3, 

y=—(-3-6(-3)-8 

  

the axis of symmetry is & = —3 

il When z=0, y=-8, Iv 

so the y-intercept is —8. 

When y=0, —2? —62-8=0 

+6z+8=0 
{(z+4)(=+2)=0 

oz=-—dor—-2 

  

the 2-intercepts are —4 and —2 

  

11 y=—322+2c+1 Il When =4, y=—3(4*+2(4)+1 

hes a=-%, b=2, c=1 =—448+1 

2a 2(-% .. the vertex is at (4, 5) 

the axis of symmetry is =4 

Ml When z=0, y=1, 13 

0 the y-intercept is 1. 

When y=0, —iz*+2z+1=0 

2*—8r—4=0 

_ax/Coramcy M 4+2/8 
o= 2(1) st 
_8£v80 

2 

_8%4/5 
2 

=4+2v5 
the a-intercepts are 4 = 2v/5. 

  

  

  

  EXERCISE 1C.2 

1 a y=2-2243 b y=z2+4az-2 

soy=z*—2x+12+3-12 Loy=att+de+22-2-2% 
L oy=(z-1%2+2 coy=(@+22-6 

vertex is (1, 2), y-intercept is 3 o vertex is (—2, —6), y-intercept is —2 

  

< y=z°—4z 

oy=2 -4z 422 22 

L y=(z—27%—-4 

vertex is (2, —4), y-intercept is 0  
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d y=a7+3z e y=z2+5c—2 

- y=at s () - ) Cy= s (3P -2 (37 
L y=(@+dP -8 oyt Bro® 

vertex is (—2, —9), y-intercept is 0 

Ve V(5 ) 
t y=a>—3x42 g y=2?—6z+5 
woy=2t-3e+ (3P +2-(3) L y=2"—6z+37+5-% 
. =(p_3)2_1 L y=(s-3)°% -4 L y=@-§’ - . : : 

vertex is (3, —4), y-interceptis 5 
vertex is (2, —1), y-intercept is 2 

v y=@E-P°-} 

2] 

z 

vé.-d 

h y=o’+85-2 I y=z-5z+1 

L y=of et d-a-4 ooy=at - (P +1- (3P 
s y=(z+4)7-18 5y2 _ 21 . . . cy=@E-3Y-7 

vertex is (—4, —18), y-intercept is —2 
vertex is (2, —51), y-intercept is 1 

_ 2_ y=(z+4)*-18 Y y=(z-92-5} 

1 
z 

V6. -5 
V(-4,-18) 

2 a | y=2%+4+4z+5 Wl When z=0, y=5 

=2@%+22+ ] 

=2@%+22+1> -1+ §] 

=2[(x+1)%+3§] 

=2(z+12+3 

0l The vertex is (—1, 8). 

the y-intercept is 5 

v 

y=222+4z+5 

V(=13 
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1 y=2¢%—8z+3 

=2@" -4z +3] 

=2@" —dw+2° -2+ 

=2(z-2°-% 
=2—-22-5 

il The vertex is (2, —5). 

I y=2¢%—6c+1 

=2[" -3z +13] 

=2f" =32+ (3’ - (3’ +3 

=2E-§° -1 

~2e-97-} 
Ul The vertex is (3, —3). 

1 y=32*—62+5 

=38@% - 20+ 

=3 -20+12 -1+ §] 

=3[z 1) +2] 

=3(z-1)%+2 

il The vertex is (1, 2). 

I y=—2+4d+2 

=—[z* —42—2] 

=—[z® -4z +22-22 -9 

=—[-2"-6 
=—(z-272+6 

il The veriex is (2, 6). 

| y=—-222-5z+3 

=—2[a:2+§a:—%] 

= 20"+ 5+ (D~ ( 
=-2e+5*-%-% 

=2+ - 
- 5)2 4 49 =20+ 3+ 

P-4l 
] 

1l The vertex is (—5, 42). 

When £ =0, y=3 

the y-intercept is 3 

   
    

  

V(2,-5) 

When £=0, y=1 

the y-intercept is 1 

y=222 -6z +1 

vE-D 

When =0, y=5 

the y-intercept is 5 

  

When =0, y=2 

the y-intercept is 2 

¥ V(2,6) 

2, 

  

When =0, y=3 

the y-intercept is 3 

V58 gy 
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a Using technology, the graph is 

v 

y=2—dz+7 

23 
T 

Since the vertex is at (2, 3), 

the function must be of the form 
y=oa(z—2)2+3 for some a. 
when =0, 

y=a(—2)?+3=4a+3 
‘but the y-intercept is 7 

4a+3=7 

a=1 

the equationis y = (z —2)2+3 

¢ Using technology, the graph is 

b Using technology, the graph is 

  

Since the vertex is at (—3, —6), 

the function must be of the form 
y=alx+3)2—6 for some a. 
when =0, 

y=ax3—-6=92-6 
but the y-intercept is 3 

9% —-6=3 

soa=1 

the equationis y=(z+3)2 -6 

¢ Using technology, the graph is 

  

Since the vertex is at (2, 9), 

the function must be of the form 
y=a(z—2)2+9 for some a. 
when 2 =0, 

y=a(-22+9=40+9 
‘but the y-intercept is 5 

40+9=5 

Loe= 1 
—(z—-2)2+9 

  

  

the equation is 

€ Using technology, the graph is 

  

=-222-10z+1 

Since the vertex is at (—3, —4I), 

the function must be of the form 

y=a(x+5)?— Y for some a. 

when =0, 

v=ad)-F=to-§ 
but the y-intercept is —4 

9q_ 1 — _4 
1%~ 3 

fa=t 
a=2 

the equation is y=2(x + 3 — & 

Since the vertex is at (—%, &), 

the function must be of the form 

y=a(x+ 2P+ forsomea. 

when z =0, 

v=a(Bf+ ¥ = o+ 
but the y-intercept is 1 

24—541 + % =1 

25 
2 

-2 

25, = _ 2a= 

a 

the equationis y=—2(z+£)2 + &
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t  Using technology, the graph is Since the vertex is at (2, —4T), 

the function must be of the form 

y=a(z—3)2— 4 forsomea. 
= = 32 _ 47T _9,_ 47 when 2 =0, y=a(—-5y -4 =4a-% 

but the y-intercept is —5 

  

5,47 — _ 
-7 =-5 

9q= 2T =7 
a=3 

the equation is y = 3(x — §)2 — & 

EXERCISE 1€.3 (I 

  

1 & y=z2+2-2 b y=2>—-do+1 
has a=1, b=1], c=-2 has a=1, d=-4, c=1 

A= —dac o A=t —dac 
=1 - 4(1)(-2) =(=9% - 4(1)() 
=9>0 =12>0 

the graph cuts the z-axis twice, and since .. the graph cuts the z-axis twice, and since 

@ >0, the graph is concave up. a >0, the graph is concave up. 

c d y=22>4+T7z-2 
=0, ¢c=-3 has a=1, b=7, ¢c=-2 

A= —gac s A=#—dac 

=07 —4(-1)(-3) =7 —4(1)(-2) 
=-12<0 =57>0 

the graph does not cut the z-axis, and .. the graph cuts the z-axis twice, and since 

since a < 0, the graph is concave down. a >0, the graph is concave up. 

it is entirely below the z-axis. 

.. the graph is negative definite. 

¢ y=2>+8z+16 t y=-222+3z+1 
has a=1, b=8, c=16 has a=-2, b=3, ¢c=1 

A=b"—dac s A= —dac 
= 8% — 4(1)(16) =37 —4(-2)(1) 

=0 =17>0 

the graph touches the z-axis, and since .. the graph cuts the 2-axis twice, and since 

a >0, the graph is concave up. a <0, the graph is concave down. 

§ y=6z>+5cx-4 h y=-2*4+z+6 
has a=6, b=5 ¢c=-4 has a=-1, b=1, ¢=6 

A=V —dac s A=t —dac 
=5 —4(6)(-9) =12 —4(-1)(6) 
=121>0 =25>0 

the graph cuts the z-axis twice, and since .. the graph cuts the z-axis twice, and since 

a >0, the graph is concave up. a <0, the graph is concave down. 

I y=922+6z+1 
has a=9, b=86, ¢ 

  

A=b*—dac 
=6% — 4(9)(1) 
=0 

the graph touches the z-axis, and since 

a >0, the graph is concave up.
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2 a 2?-3z46 
has a=1, b=-3, c=6 

A=b*—dac 

=(-3)" —4(1)(6) 
=-15 

Since >0 and A <0, 

22 —3z+6 is positive definite. 

z? —3z+6>0 forall z 

b 4z-22—6 
has a=-1, b=4, ¢c=-6 

A =¥ —4dac 

=42 — 4(-1)(-6) 
P 

Since o <0 and A <O, 

4z — 2 — 6 is negative definite. 

dz—2?—6<0 forallz. 

d —20°+3z—4 ¢ 202 —dw+7 
hes a=2, b=—4, c=7 has a=-2, b=3, c=—4 

A=b%—dac A=b"—4dac 

= (=4 -4@)(n =3 —4(-2)(-9) 
=40 =-23 

Since ¢ >0 and A <0, Since @ <0 and A <0, 

2z% — 4z +7 s positive definite. —222 +3x—4 s negative definite. 

3 3?+kz-1 4 227 +kae+2 
has a=3, b=k, c=-1 has a=2, b=k, =2 

A=b"—dac A =10 —dac 

=k —4@3)(-1) =k —4(2)(2) 
=k +12 =k*-16 

S A>0 forallk Now 222 +kzr+2 has a>0. 

{as ¥* 20 forall k} it is positive definite provided k% —16 <0 
372 + kar — 1 has two real distinct k2 <16 

roots for all k. —d<k<4 
it can never be positive definite. 

EXERCISE 1D | 

1 & The z-intercepts are 1 and 2. 

y=a(e—1){z—-2) 
for some a # 0. 

But the y-intercept is 4. 

a(—-1}(-2)=4 

2a=4 

Sooa=2 

y=2(x—-1)}z—-2) 

d  The z-intercepts are —1 
and 3. 

y=a({z+1)(z—3) 
for some @ # 0. 

But the y-intercept is 3. 

a(1)(-3)=3 

—3a=3 

a=-1 

v =—(z +1){z-3) 

b The graph touches the 
-axis when =2, 

y=a(z—2) 
for some a #0. 

But the y-intercept is 8. 

a(—2)* =8 
. 4a=8 

a=2 

y=2(x—2)* 
¢ The graph touches the 

w-axis when z=1. 

y=a(x—1)? 
for some a #0. 

But the y-intercept is —3. 

a(-1) = -3 
. a=-3 

y=-3(z—1)>* 

¢ The z-intercepts are 1 and 3. 

y=a(z—1)(z-3) 
for some @ # 0. 

But the y-intercept is 3. 

a(-1)(-3)=3 

. 8a=3 

a=1 

soy=(2-1)(z-3) 

f The z-intercepts are —2 
and 3. 

y=a(z+2)(z—3) 
for some a # 0. 

But the y-intercept is 12. 

a(2)(-3) =12 
—6a =12 
a=-2 

y =';2(m +2)(z-3)
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As the axis of symmetry is ¢ =3, 

the other m-intercept is 4. 

y=a(x—2)(x—4) forsome ¢ #0. 

But the y-intercept = 12 

a(=2)(-4) =12 
8a =12 

  

y=3(-20-4) 
The graph touches the z-axis at 2 = —3, 

y=a(z+3)? forsome a#0. 

But the y-intercept is —12, so a(3)? = -12 

b As the axis of symmetry is =z = —1, 

the other z-intercept is 2. 

y=alx+4)(x—2) forsome a30. 

But the y-intercept = 4 

a(4)(—2) =4 
—8a=4 

a=-1 ~ 3 
y= —%(z+4)(z—2) 

  

Since the z-intercepts are 5 and 1, the 

equationis y=a(z —5)}(x—1) 
for some a # 0. 

Butwhen 2 =2, y=-9 

: =a(2-5)(2-1) 

—9=a(-3)(1) 

  

     Sooa=3 

the equationis y = 3(z — 5}(z — 1) 

y =3(z% — 6z +5) 
y=3z"-182+15 

Since the graph touches the z-axis at 3, 

its equation is ¥ = a(z — 3)2, 
for some a # 0. 

But when = =    
Since the graph cuts the w-axis at 3 

and has axis of symmetry =z =2, 

it must also cut the z-axis at 1. 
the z-intercepts are 3 and 1, and 

the equationis y =a(z —3)(z—1) 

for some a # 0. 

Butwhen =5, y=12 

12=0a(5-3)(5-1) 
12 =1a(2)(9) 
8a =12 

a=42 =3 
] 

b Since the z-intercepts are 2 and —, the 

equationis y = a(z —2)(z+3) 

for some a # 0. 

Butwhen z =3, y=-14 

-14=0a(3-2)(3+3}) 

—14=a(1)(§) 
fa=-14 

Soa=—4 

the equation is y = —4(z — 2)(z +3) 

y=—4(*-2z-1) 

y=—42* +6z+4 

d  Since the graph touches the z-axis at —2, 

its equation is y = a(z + 2)2, 
for some a # 0. 

Butwhen 2 = -1, y=4 

4=a(-1+2)? 
sod=a 

the equation is y = 4(z + 2)2 
y=4(z? +4x+4) 
y=4z® + 16z + 16 

the equationis y= (z —3)(z —1) 

y=3a*—4z+3) 

y=322-6z+%
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¢ Since the graph cuts the z-axis at 5 

and has axis of symmetry © =1, 

it must also cut the z-axis at —3. 
the z-intercepts are 5 and —3, and 

the equation is y = a(z — 5)(z + 3) 
for some a # 0. 

But when =2, y=5 

5=a{2-5)(2+3) 

5=a(-3)(5) 
—15a =5 

a=-f 

   

@l
 

& a Thevertexis (2,4), 

so the quadratic has equation 

y=a(zx—2)*+4 forsome a 0. 
But the graph passes through the origin 

0=a(0-2)2+4 
4a+4=0 
soa=-—1 

the equationis y=—(x —2)2 +4 

¢ The vertex is (3, 8), 

so the quadratic has equation 

y=a(z—3)2+8 forsome a#0. 
But the graph passes through (1, 0) 

0=a(1-32+8 
0=4a+8 
a=-2 

the equation is y = —2(z —3)2 +8 

¢ The vertex is (2, 3), 

so the quadratic has equation 

y=a(z—2)2+3 forsome a#0. 
But the graph passes through (3, 1) 

. 1=a(3-2)2+3 
1=a+3 

a=-2 

the equation is y = —2(z —2)2+3 

  

the equation is y = —3(z — 5)(z +3) 

4(a? — 22— 15) 
1.2 2 L2 + 22+ 5 

  

  

Y 

y=   

b The vertex is (2, —1), 

so the quadratic has equation 

y=a(z—2)*—1 forsome a#0. 
But the graph passes through (0, 7) 

7=a(0-2)%2-1 
T=4a-1 

a=2 

the equationis y=2(x—2)2 -1 

d The vertex is (4, —6), 
so the quadratic has equation 

y=a(z—4)2—6 forsome a#0. 
But the graph passes through (7, 0) 

0=0(7T-4)%>-6 
9a—6=0 

a=3 
the equationis y=2(z—4)> -6 

t The vertex is (%, —%), 

so the quadratic has equation 

y=a(z—$)>—§ forsome a#0. 

But the graph passes through (3, 3 

b=a-p-4 2 
1-g-3 j=a 

a=2 
3 the equationis y=2(z—$)2— 2 

EXERCISE 1 E 

1 a y=2>—2¢+8 meets y=z+6 
when 2?—2c+8=2+6 

o2t -3e+2=0 
(z—1)z—-2)=0 

owx=1lor2 

Substituting into y ==z + 6, 

when 2=1, y=7 

and when 2 =2, y=38 

the graphs meet at (1,7) and (2, 8). 

b y=-2°43c+9 meets y=20-3 
when —2°+3z+9=2z-3 

o 2?—z-12=0 
(z—4)(z+3)=0 

s oxz=4o0r =3 

Substimting into y =2z — 3, 

when z=-3, y=2(-3)-3 

=-9 

and when z =4, y=2(4)-3 

=5 

the graphs meet at {(—3, —9) and (4, 5).
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¢ y=a’—4z+3 meets y=2c—6 d y=—g?+40—7 meets y=5c—4 
when z° —4z+3=2z—6 when —z244x—-7=5c—4 

2?6z +9=0 4o +3=0 
(z—3)%=0 whichhas a=1, b=1, ¢=3 
oz=3 

Substituting into  y = 2z — 
when =3, y=0 

the graphs touch at (3, 0). 

a (0.59,5.59) and (3.41, 8.41) 

¢ graphs do not meet 

  

y=a? meets y=2+2 
at the points (—1, 1) and (2, 4). 

Using the graph in al, 22 >z 
when z < —1 or &>2. 

y=2%—2+3 

  

\ y=2%—z+3 meets 
y=2+x+a atthe point (1, 4). 

Using the graph in ¢ I, 

2z —z+3>2+z+a? 
when z # 1. 

1T 
8, SooE= 20 

oo T1EVTT 
- 2 

there are no real solutions 
the graphs do not meet. 

b (3. —4) touching 

d (—2.56, —18.81) and (1.56, 1.81) 

b 1 

  

L y=2+2x—3 meets y=z—1 
at the points (—2, —3) and (1, 0). 

+2 il Using the graph in b, 

224+ 2z—3>2—1 when 
c< -2 0r z>1. 

  

4 
y=— meets y=z+3 atthe 

z 

points (—4, —1) and (1, 4). 

il Using the graph ind i, é >z+3 
z 

when < —4 or 0<z <1 

& y=3z+c isatangentto y=2g2—5z+7 if they meet at exactly one point (touch). 

y=2°—5c+7 meets y=3c+c when z?—5z+7=3z+c 

2?8z +7—c=0 

The graphs meet exactly once when this equation has a repeatedroot .. A =0 

(-8)2 —4(1)(7T—¢c) =0 
64— 28+4c=0 
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5 y=mx—2 isatangentto y=a?—4w+2 if they meet at exactly one point (touch). 

y=2?—4z+2 meets y=mz—2 when z’—dz+2=mx—2 

22— (m+z+4=0 

The graphs meet exactly once when this equation has a repeated root . A =0 

(=(m+4))* - 4(1)(4) =0 
m?+8m+16—-16=0 

m(m+8)=0 

. m=00r—8 

6 Lines with y-intercept 1 have the form y =mae + 1. 

y=mz+1 isatangentto y=3x%+5c+4 if they meet at exactly one point (touch). 

y=32>+52+4 meets y=mzr+1 when 32?+5z+4=me+1 

3 +(5-—mz+3=0 

The graphs meet exactly once when this equation has a repeatedroot .. A =0 

(5—m)? —4(3)(3) =0 
25— 10m+m? —36 =0 

m?—10m—11=0 
(m+1)(m-11) 

oom=-lorll 

the required lines have gradient —1 or 11. 

   

7 a y=z+c meets y=222—-32-7 b Choose ¢ such that ¢ < —9, 
when 222 —3z—T==x+c for example ¢ = —10: 

22% —4g—T—-c=0 
The graphs will never meet if this equation 

hasnorealroots .. A <O 

(—4)2 —4(2)(-T—c) <0 
16+56+8c <0 

  

8e < —72 

e<—9 

EXERCISE 1F [ 

1 Let the smaller of the integers be x. 2 Let the number be =, so its reciprocal is l . 

The other integer is (z + 12). 1 @ 
the sum of their squares is They have sum = + 3= 5% 

) m:+(z+12)“=74 s atl=Bg 
@42+ 2o+ 144 =T n - Bgpi=0 

22% 4242 4-70=0 52 — 260+ 50 
o +120+35=0 (5:__1) (:_ H—0 
@+ {(z+5) =0 . 

s ox=-Tor—5 N 
So, the integers are —7 and 5, or —5 and 7. So, the number is either § or 5. 

3 Let the number be  so its square is 22. 4 Suppose the numbers are  and (z + 2). 

the sum is = + 2% = 210 Then =z(z+2) =360 

s @f4+e-210=0 o @t +20-360=0 
(@ +15)(z—14) =0 o (z+20)(z-18)=0 

z=-150r14 S oz=-200r18 

But 2 is 2 natural number, so x> 0, .. the numbers are —20 and —18, 

the number is 14. or 18 and 20.



  

Mathematics SL (3rd edn), Chapter 1 — QUADRATICS 27 
  

5 Suppose the numbers are z and (z +2). 

Then =z(z+ 2) =255 

2% + 22 - 255 =0 
@+1)(=z-18)=0 

@=—17 or 15 

the numbers are —17 and —15, 

or 15and 17, 

& If the polygon has n sides, then 

g(n —3)=90 

%nz - %n =90 

s n?—3n—180=0 
(n—15)(n+12)=0 

. on=-12 or 15 

the polygon has 15 sides. {as n > 0} 

8  a The base has sides of length = cm, so the 
areas of the top and bottom surfaces are 

both 22 em?. 

The box has height (z + 1) cm, 
so the area of each of the side faces 
is @(z+1) cm? 
.. the total surface area is 

A=2a%+4z(z+1) 
=22°+42® + 4z 
=6a” +4z oo’ 

b 627 + 4z = 240 
32% + 20 —120=0 

(82 +20)(z—6) =0 

L =% z= or 6 

but >0, so =6 

thebox is 6cm X 6 cm x 7 cm. 

10 

zom 

Suppose one side of the rectangle has length 

2 cm and the other has length & cm. 

The perimeter is (22 + 2y) cm, 

so 2z +2y=20 

2y =20—2z 

y=10—-z 

The area of the rectangle is therefore 

(10 — z) cm?. 

7 If the width of the rectangle is w cm, 

then its length is (w +4) cm. 

the area is w(w+4) =26 

w? 4w -26=0 
whichhas e=1, b=4, c¢=-26 

—44 /T —4(1)(—26) 
— = 

wa DD 

  

But w>0, so w=—2+130 

3,477 

So, the width is approximately 3.48 cm. 

9 Suppose the tinplate was © ¢m X & cm., 

‘When 3 cm X 3 cm squares are cut from the 

corners, the base of the open box formed is 

(z—6) em X (z — 6) cm. 

The open box has height 3 cm, so its volume 

is 3x(x—6)x(z—6)=80 

3(2? — 122 4 36) = 80 
32 — 36z + 108 = 80 
32® —36z+28=10 

whichhas a=3, b=-36, c=28 

_ —(-36) £ /(=36)" —4(3)(28) 
= ) 

= —36ig/w and since x> 6, 

V960 
=64 — ~ 1116 x + S 

the original piece of tinplate was about 

11.2 cm square. 

If the area is 30 cm?, then 

z(10 —z) = 30 

10z — 2% = 30 
2% —102+80=0 

whichhas a=1, b=-10, c¢=30 

—(—10) % 1/(=10)2 — 4(1)(30) 
2() 

10 + /100 — 120 

2 

10 4 =20 

2 

« has no real solutions, so it is not possible.
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11 The smaller rectangle is similar to the original —(-1) £ /(-1)2 — 4(1)(-1) 

rectangle. SoE= - 
AB _ BC 

AD ~ BY _1Evitd */2“' 1 
Suppose AB = z units, and AD = BC 

=1 it 15 
z 1 2 

1 z-1 :c=1+2‘/§, since 2 >0 

z(z—1)=1 AB 

s oaf-z—1=0 But =, whichis the golden ratio 

whichhas ¢=1, b=-1, e=-1 

’ the golden ratio is 1 +2‘/3. 

12 Suppose the express train travels at & kmh—!. We know speed = dl::::“ ., 80 time = d":p::e 

it takes the express train fl hours and the normal train 1601 hours. 
T T — 

60, _ 160 
z 2 =-10 

160(z — 10) + $o(z — 10) = 160z 

160z — 1600 + 32° — 5z = 160z 

2> — 10z —3200=0 whichhas a=1, b=-10, c¢=—3200 

—(=10) + 1/(=10)* — 4(1)(-3200) _ 10+ 12900 
2(1) - 2 

But >0, so g= 2+ V12900 “212900 5 61.8 kmh™* 

the express train travels on average at about 61.8 kmh—?1. 

L . . 160 
13 Suppose n elderly citizens ended up going on the trip, so the cost per person was $—. 

n 

If the original number of elderly citizens had gone, there would have been (n + 8), 

1 
and the cost per person would have been § ;60 . 

n+8 
160 _ 160 

Hi —=—+1 [ence - nts + 

160(n + 8) = 160n + n(n +8) 

160n + 1280 = 160n + n* + 8n 
n? +8n—1280 =0 
(n—32)(n+40)=0 

since n>0, n=32. So, 32 elderly citizens went on the trip. 

1% a £ b The graph is a parabola. 

25 ¢ The maximum height reached by the ball 

20 is 21.25m. 

15 

10 

5 
                                  0 » 

0 5 10 15 20 25 30 z(m)
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d Let f(z)=ax*+bz+c bethe formofthe 
formula for height given horizontal distance . 

f(0)=125 
- a(0)2 +5(0) +c=125 

Loe=125 

Also £(5) =10 
. a(5)? + b(5) + 1.25 = 10 

. 25a+58b=8.75 (1) 

And  f(15) = 20 
- a(15)% + b(15) + 1.25 = 20 

225a + 15b = 18.75 

. T5a+56=6.25 {+3} @ 
Solving simultaneously (or using technology): 

  

TSa+5b= 625 () 
—25a—Bb=—875 —(I) 
50a  =-25 

o a=-—005 
125456 =8.75 {substitute in (1)} 

5b = 10 
b=2 

So f(z) =—0.052% + 2z +1.25 

  

29 

@ The ball bounces when it hits the ground 

. flx)=0 

—0.052” + 22 +1.25 =0 
Using technology, 

z=-0616 or =406 
But 2220 ball bounces at 40.6 m. 

But Badrani is 40 m from Abiola, so the 

ball will reach Badrani before it bounces. 

  

  

15  a The parebola has vertex (0, 8), so it has equation 

y=alz—02+8 
y—az?+8 

the equation of the parabola is = — 822 + 8 P q para y=—3+8. b ] 

b The truck is 4 m wide, so we use the equation in a to find the height of the tunnel when it is 4 m 

wide. 

When =42, y= —%(2)2 +8 For heights greater than 4.44 m, the tunnel is less 
—_2.g than 4 m wide. But the truck is 5 m high. 

9 the truck will not fit through the tunnel. 
=Yr~44m 

EXERCISE 1G 

1 a For y=g2—2z, b For y=7—2z—2?% 
a=1 b=-2, ¢=0. a=-1, b=-2, ¢=7. 

As a > 0, the shape is \/ 

the minimum value occurs when 

-b_2 
22 2 

and y=1"-2(1)=-1 

the minimum value of ¥ = 2% — 2z 
is —1, occurring when « = 1. 

z= =1 

As a<0, theshapeis/\ 

the maximum value occurs when 

= b = -2 = 

T2 2(-1) 

and y=7-2(-1)—(-1)>=8 

the maximum value of y =7 — 2z —a? 
is 8, occurring when # = —1. 

T
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¢ For y=8+2z— 37 d For y=2?>+z-1, 
ea=-3, b=2 c=8 a=2 b=1 c=-1 

Asa<0,fheshapeis/\ As >0, theshapeis\j 

the maximum value occurs when *.  the minimum value occurs when 

b2 b 
"W 6 FT T 

and y=28+2(3)-3(})?=8% and y=2(-§%+(-}) -1 

the maximum valve of y =8+ 2z — 322 =i-1-1=-1} 

is 84, occurring when z = §. the minimum value of y =222 +2 —1 
is —1%, oceurring when © = —%. 

e For y=4a%>—z+5, f For y="Te—2s2, 
a=4, b=-1, ¢=5. a=-2, b=7, c¢=0 

As a>0, the shape is \/ As a <0, Lheshapeis/\ 

the minimum value occurs when s, the maximum value occurs when 

e 
T2 8 

and y=4(3?-%+5 

= %4+ 
=4 

the minimum value of y =422 —z+5 the maximum value of y = 7z — 222 

is 4}—2, ocourring when @ = %. is 6%, occurring when z = 

2 a For P=—3z2+ 240z — 800, b P = —3(40)? 4 240(40) — 800 
a=-3, b=240, c= —800. = 4000 

As @ <0, the shape is /\ the maximum profit is $4000. 

.. the maximum profit occurs when 

-b =240 =—="""—4 
"= % 
40 refrigerators should be made each 

day to maximise the total profit. 

3 a Let the other side be y m long. b A=100z—g? is aquadratic function with 

The perimeter is 200 m. a=-1, b=100, ¢=0. 

22 + 2y = 200 
z+y =100 

y=100—¢« 

thearea A=uwxy 

A=z(100 — ) 

A= 100z — 22 

As a <0, the shape is /\ 

the area is maximised when 

-5 —100 

T 
and y =100 — 50 = 50 

the area of the rectangle is maximised 

when =z =y = 50, which is when the 

rectangle is a square.
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4 Let the dimensions of the paddock be z m x y m. 

If 1000 m of fence is available, then 

2z +y=1000  {perimeter} 

y=1000—2z ... (1) zm 

The area of the enclosure A =zy 

Since y =1000—2z, A ==z(1000—2x) 
= 1000z — 232 

A= —22" + 1000z 

A is a quadratic and a < 0, so its shape is /\ 

ym 

So, area is maximised when z = ;—: = % =250 

and when z = 250, y = 1000 — 2(250) = 500 

the paddock has a maximum area when the dimensions are 250 m x 500 m. 

  

  

5 a g T b If 9248y =1800, then M=MA 

The area of each pen is A = zy. 

1 Substituting = 20 "% i A we get 

I 1800 9 
¥ A=z (_—x) 

8 

The length of fence required for this enclosure s A= 1800z _ E 

is 9z +8y. If 1800 m is available for this 8 8 
enclosure, then 9z + 8y = 1800. s A= —-z +225z m? 

¢ The area is a quadratic function with @ < 0, so its shape is /\ 

So,at x = _—b ‘we have a maximum 
2a 

225 1800 — 9(100) 
=100, d wh =100, = — = 112! 2 < (__) 00, and when 2 00, y 3 5 

Hence, the area is maximised when the dimensions are 100 m x 112.5 m. 

6 a Let zm X ym be the dimensions of a single pen as shown below. 

Hence, the total length of fence required is 6z + 6y. l le—ym—s| 
zm 

If there is 500 m of fence available, then 6x + 6y = 500 -f 

z+y=83% 

=83t-2 ..() 
The area of each pen willbe A ==y and substituting equation (1), we have 

A=2z(83% —2) 

A= —g? + 83z 

which is a quadratic with @ <0 .. its shape is /\ 

Hence, at = % we have a maximum value of A. 

z=   =53 _ 42 g 831 412 2= 1) 3 s0 y= x=41% 

the dimensions that maximise the area are 41% m x 412 m.
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b Let zm X y m be the dimensions of a single pen as shown below. 

Hence, the total length of fence required is 5 + 8y. —>| ym |<— 

If there is 500 m of fence available, then 

5z + 8y = 500 T 

8y = 500 — 5z zm 

_ B00—5z == J_ 
y=621—%z .. ()   

The area of each pen will be A = zy and substituting equation (1), we have 

A= m(SZ% - %a:) 

A=—8z% 4624z which is a quadratic with @ <0, .. its shape is /\ 

Hence, when z = ;—b we have a maximum value of A. 
a 

—621 
z= 3 ( ) =50 and substituting x =50 into y = 62 ac, we have x (— 

1 y=317 

the dimensions that maximise the area are 50 m x 311 m. 

7 a Thegraphsof y=2°—3z and y=2z—z2 

meet where 2* — 3¢ = 2z — 2° 
2% -5z =0 
2(2x —5) = 

z=00r2}    y=22-27 
b The vertical separation between the curves is given by 

=@2c-2")— (2 -32) {y=2z0—2® isabove y=2"—3x for 0< =< 24} 

S=2z-2*—2*+3z 

o S=-2% 452 
Thus S is a quadratic function with a < O so the shape is /\ 

—b_ -5 
the maximum separation occurs when 2 = % 

2 -4 

and S=-2(5+5(%) 

25 4 325 
—FtT 

=2 or 3 
8 

the maximum vertical separation between the curves for 0 < % < 25 is 3% units, 

8 a p As PAB and PDQ are similar 

T h {APB is common, ABP =DQP as [AB] || [DQ]} 
A 8 . PA_AB 

Gem 2 PD_DQ 

1 . 8-y 2 
D c e - T§ T% 
- fem—> 

6—y=%a: 

y=6—3z
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b Rectangle ABCD has area A = zy 

=2(6— $2) 

=-32+ 62 

which is 2 quadratic with @ <0 .. the shape is /\ 

. the area is maximised when a;=_—b=_—g=4 
2 -3 

andwhen z=4, y=6-3(4)=3 

the dimensions of rectangle ABCD of maximum area are 4 cm X 3 cm. 

REVIEW SET 1A 

1 a The z-intercepts are —2 and 1. 

b The axis of symmetry lies midway between the 

-intercepts, $o its equation is @ = —4. 

¢ When z=0, y=-2(2)(-1)=4 

the y-intercept is 4 

d When z=-%, y=-2(-3+2)0(-3-1) 

=-23)-9 =1 
the vertex is (—%, §). 

2 a 3°-122=0 b 32’ —2-10=0 < 2? — 11z = 60 
. 3z(z—4)=0 o (Bz+5)(z—2 o2 —1lz—60=0 

. x=0o0r4 oz=—3%or2 (z+4)(z—15)=0 
o x=—4orl5 

3 a2 22+52+43=0 b 3z2+11z—-2=0 

has a=1, b=5 ¢c=3 has a=3, b=1l, ¢c=-2 

—5+ /52 — 4(1)(3) —114 4/112 — 4(3)(=2) 
=V —_—y = 

2(1) 2(3) 

& o +Tx—4=0 s @+]P=% 

Srr@P-(GPoam0 L L1ouvE 
7y2 - 

el -%-4=0 PR N 

5 & y=(r—2)%2—4 hasvertex (2, —4) b y=—3(z+4)%+86 has vertex (=4, 6) 
and axis of symmetry z = 2. and axis of symmetry = = —4. 
When 2=0, y=(-2)2-4=0 When 2 =0, y=—3(4)2+6=-2 

so the y-interoept is 0. 50 the y-intercept is —2. 

(—4,6); 

   
y=-=z+4?+6 
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&  a The graph touches the x-axis at 4, so its vertex is (4, 0). 

its equation is y = a{z — 4)? for some a # 0. 

The graph also passes through (2,12) . a(2—4)?=12 

40 =12 

a=3 

the equation is y = 3(z —4)®> whichis y = 3(2% — 8z +16) 

or y=232—24z+48 

b The quadratic has vertex (—4, 1), so its equationis y=a(z+4)2+1 forsome o #0. 

The graph also passes through (1, 11) o ll=a(1+4)2+1 

25 =10 

a=2 5 

the equation is y = 2(z+4)2 +1 whichis 

7 y=-222+4x+3 has a=-2, b=4, c=3 

Since a < 0, the graph has shape /‘\ and will have a maximum. 

The axis of symmetry is z:—z—i:_fizl 

When z=1, y=-2(1)>+4(1)+3   

the maximum is 5, and this occurs when = = 1. 

  

8 y—22—-3z meets y—3x%—52—24 9 y=-222+5z+k 

when a® — 3¢ =3z — 5z — 24 has a=-2, b=5 c=k 
2% —22—-24=0 s A=b —dac 

ooz -z-12=0 =52 —4(-2)k 

(e—4)(z+3)=0 =25+8k 

L oz=4or -3 The graph does not cut the z-axis if A <0 

Substituting into  y = 22 — 3z, o 25+8k<0 

when 2 =4, y=4*-3x4=4 o 8k< 25 

and when == —3, y=(-3)—3(-3) o k<2 
=9+9=18 So, k< -8k 

the graphs meet at (4, 4) and (-3, 18). 

10 22 -3z+m=0 a There is a repeated root if A =0 

has a=2, b=-3, ¢c=m s 9—8m=0 

A=¥—dac nom=§ 
= (=82 —4(2)m 

=9—-8m 

b There are two distinct real roots if A >0 ¢ There are no real roots if A <0 

9-8m>0 S 9—-8m<O 

8m<9 S 8m>9 

m<g nom>32
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11 Let the number be 2, so its reciprocal is l 
z 

1_21 _a 
THo=2x=% 

z’+1=g—aw 

30a® + 30 = 61z 
302% —6lz+30=0 
(6x —5)(5x —6) =0 

. z=%or & -, the numberis 2 or £ € 5 o € 5 

12 Let the line with y-intercept (0, 10) have equation y = maz + 10. 

y =232+ 7r —2 meets this line when 322+ 7w — 2 =mz + 10 
32% +(7T—-m)z—12=0 

For y = mz +10 to be tangential to y = 3x% + 7z — 2, this equation must have exactly one 

solution, so there is a repeated root. 

  

s A=0 
(7—m)? —4(3)(-12) =0 
49 - 14m+m? +14=0 i _ £ /(-14)2 —4(1)(193) 

m? — 14m +193 =0 oom= 2 

m:L{m which has no real solutions. 

no line with y-intercept (0, 10) can be tangential to y = 322 + 7z — 2. 

13 a The axis of symmetry is = = 1. b y=z2—2z+4 

ee—B ™ 0 adso me-2 o when z=3, y=382-2(3)+4 
2a X =7 

Nowwhen z=1, y=3 .. 1*-2(1)+n=3 k=T 
o n=4 

So, m=-2 and n=4. 

REVIEW SET 15 

1 a y=22+62-3 b The vertexis (-3, —38). 

=2[2* + 8z - §] ¢ When x=0, y=-3 
the y-intercept is —3. =2[” +3z+(2)° - (3)* - 3] 

=2+ -$ -8 
=2[=+57 -4 
=2(z+%)7—% 

  

2  a Using technology, @ #0.586 or 3.41 b Using technology,  ~ —0.186 or 2.69 

3 y=—a?+2z=z(2-2) ya VLD 

the graph has z-intercepts O and 2, and y-intercept 0 

Its axis of symmetry is midway between the z-intercepts, 

at =1, andwhen =1, y=-1242=1 

the vertex is (L, 1). 
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& y=-32"+8x+7 has a=-3, b=8, c=7 

The axis of symmetry is w=—2—i=—%=§ 

When =4, y=-3(§)"+8(})+7 
—_16 .82  o_ 37 =-3F+F+7=% 

the axis of symmetry is & =3 and the vertex is (3, 3) or (3, 12}). 

5 a 22-5x-7=0 b 322 —24xr+48=0 

has a=2, b=-5 c=-7 hes a=3, b=-24, c=48 

A =0 —dac s A=V —dac 

= (=5 —4(2)(-7) = (-24) - 4(3)(48) 
=25+56 =81 =576 — 576 

A>0 and VA=9 =0 
there are two distinct real rational roots . there is a repeated real root 

6 a y=3x+c intersects the parabola y=22+z —5 when 22 +z-5=3c+c 

2? -2 -5-c=0 

The graphs meet in two distinct points when this equation has two distinct real roots. 

s A>0 

(—2)% —4(1)(-5—¢) >0 

4+20+4c>0 
4c> —24 

c>—6 

& Choose c such that ¢ > —6, for example, ¢ = —2. 

The graphs meet where 22 +2 —5 =3z —2 

o2 —2-3=0 
(@+1)(z—8) =0 

. z=-lor3 

  

Using the line y =3z —2, when z=-1, y=3(-1)—2 

andwhen z=3, y=3(3)-2=7 

the points of intersection are (—1, —5) and (3, 7). 

  

7 a y=2+4r—1 b When z=-1, y=2(-1)2+4(-1)-1 
has a=2, b=4, c=-1 =2-4-1 

The axis of symmetry is a:=—i =-3 
2a . the vertex is (-1, —3) 

4 

=TIk 
z=-1 

€ When z=0, y=-1, 

so the y-intercept is —1. 

When y=0, 222 +4+4x—-1=0 

—4+ /2 —4(2)(—1) 

2(2) 
—4xv24 

4 

—4 12 ’ =+‘/E=—lfl:%\/§ v 
     
the z-intercepts are —1 & %\/6
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Since the container has a square base, the original tinplate 

must have been square. zom 

Suppose its side was x cm long, so the base of the 

  

      

container is (z —8) cm by (z — 8) cm. —»  |e—dem 

The height of the container is 4 cm, so its capacity (z-8) 

is 4z —8)(z—8) cm® 

4z —8)2 =120 

(z—8)? =30 

z—8=1%v30 
z=8%v30 

Clearly, = > 8, so ¢ =8+ V30~ 13.48 

the tinplate was about 13.5 cm by 13.5 cm. 

a —2® —5r+3=2 +3z+11 
22% +8z+8=0 
2 +4r+4=0 

(x+2)2=0 
o2 =-2 

b Froma, z2+3z+11=—2%—5x+3 has only one solution. 

the lines touch but do not cross. 

So y=a?+3x+11 isecither aboveorbelow y=—22—5z+3 forall o # -2 

¥ oe=1 (2+30)+11=15 end —(1)?—5(1)+3=—3 
2?+3z+11> -2 —52+3 for x# -2 

a y=32 44247 b y=-—202—5z+2 
has a=3, b=4, and ¢=7 has a=-2, b=-5 and c=2 

Since @ >0, Since o <0, 
the graph the graph 
has shape has shape 

  

and so has a minimum. and so has a maximum. 
This occurs on the axis of symmetry This occurs on the axis of symmetry 

b 

=T 
= =5 __s 
TRy T e 

When z= -2, 

y=—2A-5P-5(-5 +2 
—_2 .2 =-2+3+2 

_ —25+50+16 
- 8 
=4 -5l
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11 a The total length of fencingis (8z+9y)m b A:m(m) 

  

9 
8z + 9y = 600 e, 8.2 

9y = 600 — 8z =0 rT% 

600 — 8z whichhas a=-§, b=53 

- 9 Since a < 0, A is maximised at the axis of 

The area of each pen is s etry, whichis o = — l 

A=zy 2a 

- 800 o (M) o om0 
2-%) 18 

¢ The maximum area of each pen is m:% 

371 x 33 3 2 3 600 — 8(Z%) 
=I5 x 100 ‘When z=%, y=_9 2 =33% 

= 1950 m® .. for maximum area, cach pen should be 

374 m x 33 m, 

12 a 922 —kz+4 touches the z-axis if b The functions intersect when 
a=0 9% - 122 +4=92"+ 120 +4 

(=k)* -~ 49)( ) =0 o 24z=0 
. K -144=0 ooz=0 

. k=412 £(0)=9(0)* —12(0) +4=4 
The two functions intersect at (0, 4). 

REVIEW SET 1€   

1 A& The axis of symmetry is = = 2. 

b When v=2, y=3(2-27°-4 

=—4 

the vertex is (2, —4) 

¢ When o=0, y=3(-2°-4 

=-2 

the y-intercept is —2 

  

  

  

2 a a?-5z-8=0 b 2:?—7x—-3=0 

has a=1, b=-5 c=-3 has =2, b=-7, ¢=-3 

_ (=8 /(=52 - 41)(=3) Lo ZEDEVETE 4@ 
- 2(1) T 2(2) 

3 a?-72+3=0 b 222 —5z+4=0 

has a=1, b=-7, ¢=8 has a=2, b=-5, ¢=4 

_ N EVED? - 40)E) L g 2D E VR -40)) 
S - 2(2) 

=7:{:\/m _5xv25-32 

2 - 4 

_TEV3T . _5xvTT 
T2 cFT T 
=143 .z has no real solutions. 
=3



  

Mathematics SL (3rd edn), Chapter 1 — QUADRATICS 39 
  

&  a The graph has vertex (2, —20), so its b Since one x-intercept is 7 and the axis 
equation is of symmetry is @ =4, the other 

y=a(z —2)> —20 for some g #0. z-intercept is & = 1. 

Now an z-intercept is 5 the graph has equation 

a(5-2)*-20=0 y=alz—T)(x—1) forsome a#0. 

92=20 andso a =2 The y-intercept is —2 
a(—-T)(-1)=—-2 

=_2 
a=-7 

So the equation is y = %(m —2)2-20. 

¢ The graph has vertex (-3, 0), so its 

equationis y =a(zr+3)* forsome a 0. 
The y-intercept is 2 

a3t =2 
92=2 andso a=2 

the equation is y —%(z —N(z—1). 

So the equation is y = 2(= + 3)2. 

5 a y=222+32-7 b y=-3c—Tz+4 
has a=2 b=3 c=-7 has a=-3, b=-7, c=4 

A=b —dac s A= —dac 

=3 —4(2)(-7) = (=72 —4(-3)4 
=65 =97 

Since A >0, the graph cuts the z-axis Since A > 0, the graph cuts the z-axis 
twice. twice. 
Note that since a > 0, the graph is Note that since a < 0, the graph is 

A . —A - 

6 a y=-222+3z+2 b y=3z2+o+11 
has a=-2, b=3, c=2 has a=3, b=1, c=11 

A=t —4dac s A= —dac 
=3 —4(-2)(2) =12 - 4(3)(12) 
=25 =-131 

Since A > 0, the function is neither 

positive definite nor negative definite. 
A <0, andsince a > 0, the 

function is positive definite. 

7 The quadratic has vertex (2, 25). 

its equation is y = a(x — 2)2 +25 

The y-intercept is 1, so a{—2)2 +25=1 

. da=-24 
Soa=—6 

the equation is y = —6(z —2)+25 

8 Let the line with gradient —3 and y-intercept ¢ have equation y = —3z +c. 

y=—3z+c istangentialto y=2x% —5z+1 if they meet at exactly one point. 

y=222 -5z +1 meets y=—-3z+c when 2e?-5z+l=-3z+c 
2% —2z+1-c=0 

The graphs meet exactly once when this equation has a repeated root .. A =0 

(—2% —4(2)(1-c}=0 

4-8+4+8=0 

8c=4 

1 
2 

  

c= 
the y-intercept of the line is 3.
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9 y=2>-2z+k The graph cus the z-axis twice if A >0 
has a=1 b=-2, c=k s 4—4k>0 

A=b?—dac oo dk<4 

=(-2)*—4(L)k s k<1 

=4-4k 

10 The z-intercepts are 3 and —2, so the equationis y = a(z — 3)(z +2) for some a # 0. 

But the y-intercept is 24 /. a(—3)(2) =24 

—6a =24 

soe=—4 

the equation is y = —4(x — 3)(x +2) 

. y=—4(z® -2 —6) 

y=—42®+4z+24 

1M1 y=mxr—10 isatangentto y=3x%+ 7o +2 if they meet at exactly one point (touch). 

y=3z2+7e+2 meets y=mx—10 when 32®+7Tz+2=mz—10 
322 + (T—m)z+12=0 

The graphs meet exactly once when this equation has a repeated root . A =0 

(7—-m)? —4(3)(12) =0 

49— Um+m? —144=0 

m? - 14m—95=0 
(m+5)(m—19) =0 

m=—50r19 

12 a 1 The z-intercepts are —m and —n. Since m >n, —m < —n. 

Ais (-m,0), Bis (-n,0). 

0l The axis of symmetry is = = _mz_ n 

b 1 The graph cuts the z-axis twice, so A has positive sign. 

il The graph has shape /\ , 50 a has negative sign. 

13 a 1 The quadratic has x-intercepts 3, so Il The straight line has 

its equation is o 0—(-27) 

y=a({z+3)(z—3) forsome a 0. gradient 3—0 =9 
Tts y-intercept is —27, so and its y-intercept is —27, 

50 its equations is y = 9z — 27. 

  

-, the equationis y = 3(z+3)(z —3) 

or y=3z*-27 

b From the graph, the straight line is above the graph when 0 <2 < 3.



  

Chapter 2 
FUNCTIONS 

EXERCISE 2A 

1 

  

{(1, 3), (2, 4), (3, 5), (4, 6)} is a function since no two ordered pairs have the same @-coordinate. 

{(1, 3), (3, 2), (1, 7), (—1, 4)} is not a function since two of the ordered pairs, (1, 3) and 

{1, 7), have the same z-coordinate 1. 

{(2,-1),(2,0),(2,3), (2,11)} is not a function since each ordered pair has the same x-coordinate 2. 

{(7, 6), (5, 6), (3, 6), (—4, 6)} is a function since no two ordered pairs have the same z-coordinate. 

{(0, 0), (1, 0), (3, 0), (5, 0)} is a function since no two ordered pairs have the same z-coordinate. 

{(0,0), (0,-2), (0,2), (0,4)} is not a function since each ordered pair has the same z-coordinate 0. 

Each line cuts b ¥ Each line cuts 
the graph no the graph no 

more than once, z more than once, 

soitisa soitisa 
function. function. 

Each line cuts d ¥ Some lines cut 
the graph no the graph more 

more than once, - than once, so it 

soitisa is not a 
function. function, 

Each line cuts 1 The lines cut 
the graph no the graph more 

more than once, than once, so it 

soitisa is ot a 
function. function. 

Each line cuts h One line cuts 
the graph no the graph more 

more than once, than once, so it 

soitisa isnota 
function. function. 

Each line cuts 

the graph no 

more than once, 

soitisa 
function. 

3 The graph of a straight line is not a function if the graph is a vertical y 78 

line. So, it is not a function if it has the form = = a for some 

constant a. 

The vertical line through x = a cuts the graph at every point, so 

it is not a function. ® 

  

          EF
F
E
E
 

 



  

2 Mathematics SL (3rd edn), Chapter 2 — FUNCTIONS 
  

& 72432 =9 isthe equation of a circle, centre (0, 0) and radius 3. 

Now a?+32=9 
L =92 

. y=1v/9-a2 

For any value of z where —38 < & < 3, y has two real values. Hence 22 + 4 =9 is not a function. 

EXERCISE <2 [ 

FO)=3(0)+2=2 b @ =32 +2=8 ¢ H-D=8(-1+2=-1 
4 f-5)=3-5+2=-18 ¢ f(-)=3-1+2=1 

      

2 a f(0)=3(0)-02+2 b F(3)=3(3)-3%+2 € f(-3)=3(-3) - (-3 +2 
=2 =9-9+2 =-9-9+2 

=2 =-16 

d f(-N)=3-7)- (-7 +2 e fH=3H-3)r+2 
=-21—-49+2 —9_29 

=3-it2 =68 _1 
4 

3 a g(l)=1-%=-3 b g(4)=4-4%=3 ¢ g(-1)=-1 (j1)=3 

d g(-4)=—-4-¢i5=-3 e g(-}) 

& a2 fla)=7-3a b f(—a)=7—3(—a) ¢ fla+3)=7-3(a+3) 
=7+3a =7-3a-9 

=-3¢—2 

d f(b-1)=7-38(-1) e flz+2)=7-3(z+2) t flz+h)=7-3(x+h) 

=7-3+3 =7-32-86 =7-32—3h 
=10-3b =1-3z 

5 a F(z+4) b F(2-x) 

=2z +4)2+3(z+4) -1 =202-z2+32-2)-1 
=2(?+8+16) +3r+12—1 =24—4z+a?)+6-3z—1 
=222 +16z+32+ 32+ 11 =8-8z+22° +5-3z 
=207+ 19z + 48 =22" -1z +13 

< F(-z) d F(a?) 

=2(—x)? + 3(—z) — 1 =2(z?)? +3(z%) -1 
=222 -3z ~1 =221 +32° -1 

e F(®-1) t  F+h) 
=22 —1)2 +3(z-1)-1 
=2*—22+1)+32* -3-1 
=2z -4’ +2+322 -4 
=2 —22 -2 

=2 +h?+3(z+h)—1 
=2(x? +20h+h%) + 3z +3h—1 
=22 + drh+ 2h% + 3z + 3k —1
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22)+3 2(0)+3 1 @)= i - s a o) =22 o = 2L 
_ — 
- =2 —4 

-z —-3 
= 2 4 

b G =2+2 o undefined when z—4=0 
z-4 z=4 

So, when x =4, G(x) does not exist. 

  

  

Ga+2)=2EED+8 _2o+dtd ¢ G+ =TT T ere-1 w2 

d G(m)=—3,m2’+43=—3 o 2+3=-3z—4) o 
2z+3=-3z+12 

52=9 andso z=2 

7 f is the function which converts x into f(z) whereas f(x) is the value of the function at any value of . 

8 2 V(4)= 9650 860(4) b It V(t) = 5780, 
= 9650 — 3440 then 9650 — 860t = 5780 

= 6210 . 860t = 3870 

The value of the photocopier 4 years after s t=45 

purchase is 6210 euros. The value of the photocopier is 5780 euros 

after 43 years. 

€ Original purchase price is when ¢ =0, 

V{(0) = 9650 — 860(0) 
= 9650 

The original purchase price was 9650 euros. 

  

First sketch the linear function which passes through the 

two points (2, 1) and (5, 3). 

Then sketch two quadratic functions which also pass 

through the two points. 

  

  

  

  

  

  

  

  

    

  

          [ 

10 f(z)=ar+b where f(2)=1 and f(-3)=11 

So, a(2)+b=1 and  a(-3)+b=11 
20+b=1 s —3e+b=11 

b=1-2a ..(1) s b=1143a .. (2 

Solving (1) and (2) simultaneously, 1—2a=11+3a 

. Sa=-10 

a=-2 

Substituting a = —2 into (1) gives b=1—-2(—2)=5. So, a=-2, b=5 

Hence f(z)=—-2z+5
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b 
1 fl@)=ax+— where f(1)=1 and f(2)=5 

T 

So, a(1)+%=1 and a(2)+§=5 

a+b= b 2at2=5 . (2 
a=1-b ..(l) “ts @ 

Substituting (1) into (2),  2(1—8) + g =5 

b 
2-2%b+-= +5=5 

3 -5 = 3 

sob=-2 
Substituting b= —2 into (1) gives a=1—(-2)=3. 

So, a=3, b=-2. 

12 T(z)=as® +br+c where T(0)=—4, T(1)=—2, and T(2)=6 
S0,  a(0)2+b(0)+c=—14 

  

sooe=—4 

Also, a(1)?+b1)+c=-2 and a(2?+b2)+c=6 
at+b+e=-2 and . 4a42b+c=6 

Substituting ¢ = —4 into both equations gives 

a+b+(—4)=-2 and  4a+2b+(—4)=6 
a+b=2 oo 4at+26=10 

a=2-b ) 

Substituting (1) into (2) gives 4(2—b)+2b=10 .. 8-4b+2b=10 
—2b=2 

b=-1 

  

Substituting b 

a=3 b= 

—1 into (1) gives a=2—(—1)=3. 

1, and ¢=—4. So, T(z)=32"—-z—4.   

. Q) 

EXERCISE < 

a Domainis {z|z> -1} b Domainis {z|-1<z<5} 

Rangeis {y|y <3} Rangeis {y|1<y<3} 
¢ Domainis {z|z#2} d Domainis {z|z€R} 

Rangeis {y|y# -1} Rengeis {y|0<y<2} 
e Domainis {z|zcR} f Domainis {z |z € R} 

Rangeis {y|y>—1} Rangeis {y|y<63} or {wly< %} 
8 Domainis {z|z2> -4} h Domainis {z|z€R} 

Rangeis {y|y > -8} Rangeis {y|y > —2} 
I Domainis {z|=z#+2} 

Rangeis {y|y< -1 or y>0} 

a f(x)isdefinedwhen z+630 b f(x) is defined when @* %0 
f(z) is defined for z > —6 . f(z) is defined for = #0 

the domain is {z |z > —6}. . the domain is {x | = # 0}. 

¢ f(z)is defined when 3—2¢ >0 
F{(=) is defined for = < § 

the domain is {z |z < $}.



  

Mathematics SL (3rd edn), Chapter 2 — FUNCTIONS 45 
  

y =2z — 1 can take any z-value and any y-value. 

the domain is {z | z € R} and the range is {y |y € R}. 

¥ =3 can take any value of x, but the only permissible value for y is 3. 

the domain is {z |z € R} and the range is {3}. 

y =+/z is defined when = > 0, and a square root cannot be negative. 

the domain is {z |z > 0} and the range is {y |y > 0}. 

  

  

  

y=—1 isdofined when z+1#0, or when @ % 1. 
z+1 

y= cannot be 0 for any value of . 
z+1 

the domain is {z | z # —1} and the range is {y | y # 0}. 

y= —% is defined when z > 0. 

If ¢ is always positive, then y = —L is always negative. 
VT 

the domain is {2 | z > 0} and the rangeis {y |y < 0}. 

y=31 is defined when 3 — 2 # 0, or when = # 3. 

y= cannot be 0 for any value of .   

3-=z 

the domain is {z | = # 3} and the rangeis {y |y # 0}. 
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I y=2*-32-0%+10 Domain is 
y {z|zcR} 
10 Range is 

{wlyeR} 
6z 

1 y=2?+z? Domain is 

H {zl2#0} 
Range is 

{vly>2} 

n Domain is 
{z|zeR} 

Range is 

wlv> -8 

(1,-8) 
y=zt+4z® 160+ 3 

EXERCISE 2D 

1 a2 (fog)®) b (gof)=) ¢ (foa)-3) 
= f(g(=) =g(f(=) =5-2(-3) {foma} 
=f1-2) =g(2¢+3) =11 
=2l-z)+3 =1-(2x+3) 
=2-2¢43 =1-2z—-3 

=5—2z =—2r—-2 

2 a2 (fof)=) b (fog)=) ¢ (90 f)=) 
= f(f=) = fg(=)} =g(f(=)) 
=f2+a) =f38-=) =g(2+x) 
=2+ (2+2) =2+(3-1x) =3—-(2+2) 

=4+ =5—-2 =3-2-=z 

=1-= 

3 a2 (gog)=) b (Fo(V)=Fe(1)) ¢ (go £)(6) = g(£(6)) 
= g(g(z)) Now g(1)=5(1)-7 Now f(6)=+v6—6 

=g(5z—7) =-2 =0 
=5(Bz-7) -7 o (Fog)(1) = F(-2) - (go £)(6) =g(0) 
=250 —35—7 =4/6-(-2) =5(0)-7 
=250 —42 - VB =7 

& (fog)(=) = flg(=)) (g0 Nle) = g(f(=)) 
=f2-=) =9(=?) 
=(2-=2)° =2-g 

Domainis {z | z € R} Domainis {« |z € R} 

Rangeis {y|y> 0} Rangeis {y|y <2}
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5§ & 1 (foq)® i (gof)=) b (goN))=f(=) 
= f(g(=)) =g(f(=)) © 2-2%=f(z) {fomall} 
=f3-2) =g +1) o2-at=at 4l 

=B-2)°+1 =3-(2*+1) s omP=1 
=9-6z+z>+1 3—-az%2-1 s 2=} 
=a"—62+10 =2-a* s=t 

6 a aztb=ce+d istrueforallz {given} 

When z=0, a{0)+b=c(0)+d When z=1, a{l)+b=c(1)+d 

©ob=d .. (®) - a+b=c+d 
Butfrom(x), b=d, so a+d=c+d 

5, a=c 

b (fog)z)== forallz {given} € I (gofi(z)== 

flg(@) == then  g(f(z)) == 
flaz+b)==a o922 +3)=2 

2(az+b)+3=x soa2z+3)+b=2 

200 4+2b+3=2 forallz S 202+ 3a+b==z 

2a=1 and 2b+3=0 {usinga} o %=1 and 3a+b=0 {using a} 
a=3 and 2b6=-3 s a=4% and b=-3a 

So, a=% and b=—% as required. So, a=% and b=—% 

the result in b is also true if 
(go f)(z) == forall 2. 

7 a (fog)z)=flg(z) b (fog)(z)=+/1—a? isdefinedwhen 1—2%320 

= f(=?) Loe?gl 
=\/l—_“ oo —lgegl 

(fog)(x) =+vI—aZ is always positive, and always < 1. 

the domainis {z|-1<2<1} 

and therange is {y |0< y< 1} 

EXERCISE <1 | 

    

1 a b < d 
-, + I +, - .+ + + 

- 3 ] - _'1 :; > - ll) é > - i > 

¢ 1 g h 
- - s da o b o, - * s t, t o= 

—2 -2 0 2 0 -1 2 

1 1 k I 
- + -+ -+ -+, -+ —t o, 

S0 4 " 1 7 ° To s -1 12" 

2 a y=(r+4)(x—2) iszero when z=—4 b y=z(z—3) iszero when x=00r3. 
or2. When = =10, y=10(7) = 70> 0. 
When z=0, y=(4)(-2)=-8<0. The factors are single, so the signs alternate. 
The factors are single, so the signs alternate. P 4 

+ -+ .. sign diagram is: 4—6—r> x 
sign diagram is: z 

—4 2
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¢ y=2x(x+2) iszerowhen £=—2o0or0. 

When « =10, y=10(12) =120> 0. 
The factors are single, so the signs alternate. 

. . . + - + 
sign diagram is: <—_12—6—> z 

e y=(2x—-1}3—x)iszerowhenz =} or 3. 

When =0, y=(-1)(8)=-3<0. 
The factors are single, so the signs alternate. 

-+ - 
sign diegram is: +———1—»z 

7 3 

8 y=2a?—9=(x+3)(x—3) iszero when 
z=-3or3. 
When =0, y=(3)(-3)=-9<0. 
The factors are single, so the signs alternate. 

iem di . -t 
2 —tee—— sign diagram is: - % 

1 y="5z—2%=2(5—1z) is zero whenz =0 
or 5. 
When z =10, y=10(—5) = —50 < 0. 
The factors are single, so the signs alternate. 

-+ - 
—t 

0 5 - sign diagram is: 

k y=2-8z%=2(1+2z)(1—2) is zero 

when z=—2or . 
When £ =0, y=2(1)(1)=2>0. 

The factors are single, so the signs alternate. 

-+ - 
sign diagram is: <—l§—§—>z 

m y=6—16z—622 =2(3+z)(1—32) is 

zero when & =—3 or §. 

When z =0, y=2(3)(1) =6>0. 
The factors are single, so the signs alternate. 

- + - 
-— sign diagram is: = 5y 

5 

When z=0, y=(2)(1)=2>0. 
The factors are single, so the signs alternate. 

a y=(z+2)? iszero when x = —2. 

When x=0, y=22=4>0. 
The factor is squared, so the sign does not 

g, s . 
sign diagram is: <—_12—> @ 

d y=—(z+1)(z—3) is zero when z = —1 
or 3. 
When =0, y=—(1)(-3)=3>0. 
The factors are single, so the signs alternate. 

-+ - 
sign diagram is: 273 =% 

f y=(5—=)(1—2z)iszerowhenz =1 or 5. 

When =0, y=(5)(1)=5>0. 
The factors are single, so the signs alternate. 

. . . + - + 
sign diagram is: +—fF——L1—»=z 

3 5 

h y=4-22=(2+2)(2—=z) iszero when 
x=-20r2 
When =0, y=(2)(2)=4>0. 

The factors are single, so the signs alternate. 

-+ - 
sign diagram is: 4—:2—5—> z 

J y=2-3z+2=(z-1)(z—2) iszero 

when z=1o0r2. 
When =0, y=(-1)(-2)=2>0. 
The factors are single, so the signs alternate. 

+ -+ 
sign diagram is: 4—{—5—»1 

I y=6z®+2—2=(3c+2)(2c—1) is zero 

when z=—2 or 4. 
When z=0, y=(2)(-1)=-2<0. 

The factors are single, so the signs alternate. 

. . ~ + - + 
sign diagram is;: *—5——1—>% 

3 2 

n y=-222+9z+5=(22+1)(5—=2) is 

zero when ¢ = —3 or 5. 

When =0, y=(1)(5)=5>0. 
The factors are single, so the signs alternate. 

-+ - 
— s sign diagram is: L 

2 

y=—152% —z+2= (52 +2)(1 - 3z) iszerowhen = -2 or }. 

sign diagram is: 4;_12;3_—> z 
H 3 

b y=(x—3)? iszerowhen z=3. 
When 2=0, y=(-3)2=9>0. 
The factor is squared, so the sign does not 

wmge. ) ] + + 

sign diagram is: <—§—> z
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y=—(x+2)? iszero when z = -2 

When z=0, y=—(2%) = -4 <0. 
The factor is squared, so the sign does not 

change. 

  

sign diagram is: .;.Z;,z 

y=a?—2z+1=(z—1)? is zero when 
z=1 

When z=0, y=(-1)2=1>0. 
The factor is squared, so the sign does not 
change. 

sign diagram is: * + -— + z 

y=4dz? —dz+1=(2z —1)? is zero 

when z=1. 

When z=0, y=(-1)2=1>0. 
The factor is squared, so the sign does not 

change. 
: . . + + 

sign diagram is: -— 1 z 
2 

y=—40® +12c -9 = —(2x — 3)? is zero when @ 
When z=0, y= —(—3)2=-9<0. 

d y=—(z—4)% iszerowhen s =4. 

When =0, y=—(—4)>=-16 <0. 
The factor is squared, so the sign does not 

change. 

sign diagram is: 4;4;» z 

t y=—a?+dz—4=—(z—2)? iszero 
when =2, 
When =0, y=—(-2)>=-4<0. 
The factor is squared, so the sign does not 
change. 

sign diagram is: <+— z 

h y=-a?—6x—9=—(z+3)? iszero 
when = -3. 

When =0, y=—(3%)=-9<0. 
The factor is squared, so the sign does not 

The factor is squared, so the sign does not change. 

  

sign diagram is: <;;;>z 
2 

y:$+2 is zero when £ = —2 and 
z—1 

undefined when 2 = 1. 

  

Since the factors are single, the signs alternate. 

  

sign diagram is: <L_2;’1l>z 

26+3 . 3 
= is zero when ¢ = —3 and 

Y= e 2 

undefined when 2 = 4. 

When z =0, y=%>0A 

Since the faciors are single, the signs alternate. 

sign disgram is: <+ 1= sz 

  y= is zero when z =0 and 
z—2 

  

undefined when 2 = 2. 

When =25, y=%=5>0. 

Since the faciors are single, the signs alternate. 

S . +, - |+ 
sign diagram is: o 2 z 

  

change. _ _ 

sign diagram is: 4—_'3—> z 

=2 2. 

b y= is zero when =0 and 
Y= ovs 

undefined when z = —3. 

When z=10, y =1 >0. 

Since the factors are single, the signs alternate. 

. 5 . +i - + 
sign diagram is: = w———1 " » gn diagr: =3 3 

d is zero when z =14 and 

  

When =0, y= 

Since the factors are single, the signs alternate. 

  

  

  

    

o . T 
sign diagram is: <—i—r> z 

1 

t y=—" iszero when =0 and 
3—2 

undefined when @ 

When 2 =5, y==4=20>0. 
Since the factors are single, the signs alternate. 

- i+ 
sign diagram is: ‘_6_;&_' z
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[ y:(x_zl)z is zero when z =1 and h y:(ziz—l)ziszerowhen =0 and 

undefined when z = 0. undefined when = = —1. 

When o=2, y= =150 When z=1, y=F =1>0. 

Since the (z — 1) factor is squared, the sign Since the (w+ 1) factor is squared, the sign 
does not change at & = 1. does not change at © = —1. 

sign diagram is: sign diagram is: 4—_‘%6—» z 

1 yzwismmwhen z=-2 i y:misumwhen z=0or 1 
3=z 2-z 

or 1 and undefined when and undefined when z = 2. 

When »=0, =30 =2 <o When =3, y=32 = _6<0. 
Since the factors are single, the signs alternate. Since the factors are single, the signs alternate. 

- . + -t o . + - ti- 
sign diagram is: <—_2‘—i—3—>@ . sign diagram is: <—6—i—5—>1 

-4 z—2}(x+2) . 3—=z 3-z s 
k = =%(z) is zero when | y=m=mlsum 

=12 and undefined when z =0. when z = 3 and undefined when z = —% or 2. 

‘When z=1,y=3_—i¥§2=3>0. When 2 =0, y=2 =-1<0. 

Since the factors are single, the signs alternate. Since the factors are single, the signs alternate. 

L . + -1+ - o . +l-1+ - sign diagram is:  ~—f—4—3—>2 .. sign diagram is: <j§—;—é—>m 

EXERCISE 2 | 

  fraz is undefined when & =2, so x =2 is a vertical asymptote. z— 

As [z] = o0, f(z) — 0, so ¥y =0 is a horizontal asymptote. 

Domainis {z|z# 2}, Rangeis {y|y#0} 

  

  

  

=== -3 v 

So, the y-intercept is —2. 

=0 whe =0, f(=) when  —— 

which has no solutions. 

there is no z-intercept. 

As 2z — 27, y— —co. 

  

As £ -2, y— oo 

As x — 00, y—0t. 

As £ — —co, y—0". 

  fle)=2- frl is undefined when = —1, so z = —1 is a vertical asymptote. 
x 

As [z] = oo, zi-i—l —0, so f(x} =2 .. y=2 isa horizontal asymptote. 

Domainis {z|z# —1}, Rangeis {y|y#2}
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3 
0)=2———=-1 
O 0+1 

So, the y-intercept is —1. 

3 
=0 wh 2-— =0 

&) when z+1 

3 =2 
z+1 

z+1=% 

z=1} 

So, the a-intercept is §. 

As 2 1=, y—oo. 
As £ ——1%, y— —co. 

As w00, g2 
As & — —00, y— 2+, 

fiz 3 is undefined when x =2, so & = 2 is a vertical asymptote.   

= 

    
z+3_1+3 

Now f(z)= =71   

z 

as |a| = oo, f(z) =1 =1, andso y=1 is a horizontal asymptote. 

Domainis {z|x#2}, Rangeis {y|y#1} 

  

0+ 3 
f(0)= =-% 

So, the y-mwroept is —3. 
z+3 

f(z)=0 when == 

  

So,thea:mfim)cptls—(i 

As 227, y— —oo. 
As ¢ — 2%, y—oo. 

As ¢ — o0, y—1t. 

  

As 200, y—1-. 

  

    

fl=)= 21 is undefined when z = —2, so x = —2 is a vertical asymptote. 

_1 3-1 

fe) =3 m+2 T1+2 

As |z| - oo, f(z) —+ 2 =3 andso y=3 is a horizontal asymptote. 

Domainis {x|2# —2}, Rangeis {y|y#3} 

  

  

  

f(0)=3(00:_2 -1 W As 2o -2, y—oo. 
-2+, — 

So, the y-intercept is —%. As @ -2, g ~oo 
As 2 — 00, y—3. 

3z—1 As - 3+ = h = z — —oo, y—3*. f(z}) =0 when ) 

3x—1=0 

p=1} 
So, the z-intercept is §.
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v 

2 a The function is defined when ¢ To find the horizontal asymptote of y = —M:Z . 

a oz 

co+d#0, orwhen e we consider the function’s behavior as |z| — oo. 

b 
So, the domain is {z |z % —2}. Now yolEtb_atd 

€ w+d c+d 
®  The equation of the vertical o o 

d oooas 2] — oo, v and so v=1 isa 

tote is @ = —=. 
Fmp s ¢ horizontal asymptote. 

EXERCISE 2G 

W f(x) passes through (0,1) and (—%,0) 

  

     
  

  

1 a 1 

o f7'(e) passes through (1,0) and (0, —%) 
-1_ -1 

~!(x) has gradient ——=—3 =1 f7(@) bas gradient —t—m=—2=3 

—0 
So, its tion i =% 0, 1is equation 1s -1 3 

whichis y= = 

So, fla)=2 o, f7{x) 3 

i Fis y=3e+1 
so f7lis z=38y+1 

z-1=3y 

v=221 s @@=t 
b 1 I f(z) passes through (0, 3) and (-2,0) 

“ F(x) passes through (£, 0) and (0, —2) 

F7 () has gradient ;2 _10 = __f =4   

So, its equation is 

  

whichis y=4x—2. 

So, f~l(@)=4x—2 

  

  

z+2 
] i = fis y=23 

—1 y+2 
so ftis = 

de=y+2
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i fis y=2x+5 

so f7lis x=2y+5 

r—-5=2y 

_x-=5 

v¥== 
—1._%—5 

So, fTH@)=—— 

W (f~ o f)(x) and 

=f7(2+5) 
_2+5-5 
T2 
_= 
T2 
=z 

3—2z 
i is y= fisy=25 

-1 3—2y 1 = so f~lis z= 7 

s dz=3-2y 
4z —3=-2y 

y=—2z+3% 

So, fHz)=-2=+% 

W (o)) 

=i =) 
—f1 (3 —42w) 

3-2z 

=_2( 4 )+'§ 
3—2 4 =—=+3 

3 —_3 =—3+tz+3 

and 

  

  

  

W (F7 o f)(2) = F7H(F (=) 
“Yx+3) 
c+3)-3 o

 
W
 

B 

  

(Fof™)@) 
=f @) 

-1(5)   

  

    

Ff(z) passes through 

(0,5} and (-5, 0) 

o fY(=) passes 

through (5, 0} and 

© -5). 

f(x) passes through 

0,3 ad (3,0 
. F7H(z) pesses 

through (2, 0) and 

0, ). 

(Fof™)=) 

=) 

~ (2 +4) 
_3-2(2+ 2) 

f(x) passes through 

(0,3) and (-3,0) 

o §7Yz) passes 
through (3,0) and 

(0, -3). 

ad  (fofTN(®)=r(f (=) 
=fz-3) 
=(z-3)+3 
=z



  

54 Mathematics SL (3rd edn), Chapter 2 — FUNCTIONS 
  

4 a Domainof f(z)is {z|-2<= 

¢ Domainof f~Y(z)is {z|0<z 

  

b Rangeof f(z)is {y]0<y 

d Range of f~1(z) is {y|—2 

5} 
y<0} 

5 a The functions in 3 € and 3 f are self-inverse functions. 

©  Any linear function of the form y=a—=z 

will be a self-inverse function, for example 

y=—x (where a=0): 

    fl=) 
6 Rangeof H'(z)is {y|-2<wy<3} 

7 fis y=22-5 

the inverse functionis =2y —5 

  

  

2y=x+5 

_z+5 

=2 
1y T+5 FE=2 

So, fTUfH@) = fla). 

  

€ Any rational function of the form y = g 
x 

will be a self-inverse function, for example 

2 
== he =2) y=7 (where o =2) 

  

To find F~1(f~'(z)), we need to find the 

  

inverse function for y = ZT+5 

This is z=y+5 
2 

2=y+5 
y=2z-5 

This is the original function f(z).
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1 1 1 9 f(z)= = hasinverse function z== or y== 
z ¥ z 

So, f~lz)= % which means f(x) is & self-inverse function. 

  

  

  

10 a f(z)= 3-8 has graph The vertical line test shows it to be a 
z-3 function. 

Symmetry about ¥ =2 shows it is 

3-8 a self-inverse finction, 
f@)=—= 

-3 

b f)= 2% s inveme function = L5 
z—3 y—3 

  

  

_3z-8 

Y= 23 

3z—8 1) @ =35 
So, f(x)=f"'(z), whichmeans f(z) is a self-inverse function. 

1M a f@)=4z—1 has inverse function r=4y-1 

  

  

  

z+1=4%y 
y=2c+42 So, fMz)=22+2 

b 1 (fof @) o (fefe 
=5 ) =7 @) 
=f(2z+2) {usinga} =fYsa-1) 

=3(2z+2)-1 =2(lz—1+2 {winga} 
=z+1-1 =z—2+2 
=g =T 

12 a g is y=8;m b fis y=2z+5 

8y so f7lis z=2y+5 
S0 g_1 s = 3 ;. y=z-5 

2z=8—y 
. y=8-2z 

So, g Hz)=8—2x 

g7 H-1)=8-2(-1)=10 

¢ (fog ™) =0 
flg™Ha) =9 
f8-22)=9 

28—2z)+5=9 
16-4o+5=9 LN - e = -4 (- 

L o—dr=-12 =—444 
z=3 =0 as required.
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13 a | fis y=5 b (glof)(z)=25 

so f(2)=5 Lo () =25 
=% . L ogME) =25 

0 gis y=+/x where y2>0 - (5% =25 “ax)=2% 220 

so g7lis w=fF where x>0 _(552)¢_52 {m g7 w) =a%, 230} 

y=2a? ’ - 

g i@ =2 220 =2 
gl(4) =42 soe=1 

=16 

14 fis y=2 gis y=4z-3 (g0 f)(=) = g(f(=}) 
so flis z=2y so g7lis z=4y—3 = g(2z) 

y=2 dy=x+3 =4(2z) -3 
2 _z+3 o (gof)@) =8z-3 

f_1(1)=§ T4 gofis y=8z—3 
-1 — g_l(x):m-:?» s0 {(gof)~t is :c_i'y+—33 

SoY==3 

S0, (goN)7) =252 
Now (f7'og™)@)=F" (g7 (=) 

—1{T+3 

=f 1( 1 ) 
z+3 _E) 

2 

(T og™@ =25 = (g0 7o) e requied 
15 a fis y=2z b fis y==z < 

so Flis w=2y so f7Mis w=y 
T SoYy=z 

v=3 o fTM)=z 
© e =E i So. £7(s) = £(a) So. f7@) = f(@) 

So, fTl(z) # f(2) 

d fis y=§- e fis y=—£~ 

00 flis a=2 0 Flis z=-2 
¥ v 

2 6 
y=3 v=-3 

0 f@=2 o S@=-2 
So, f7i(z)=f(=) S0, f7H(a) = f() 

So, fl(z) = f(x) istrue forparts®, ¢ d, and €. 

16 a If y = f(z) has an inverse function, then the inverse function must also be a function. It must 

satisfy the ‘vertical line test’, so no vertical line can cut it more than once. This condition for the 

inverse function cannot be satisfied if the original function does not satisfy the ‘horizontal line test’. 

Thus, the ‘horizontal line test’ is a valid test for the existence of an inverse function,
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b | This graph satisfies the ‘horizontal line test’ and therefore has an inverse function. 

ii, i These graphs boih fail the ‘horizontal line test’ so neither of these have inverse functions. 

1 Ay il v [ Y 

z 
z s @ 

REVIEW SET 2A | 

1 a | Domainis {z|z€R} b | Domainis {z|z€R}. 

il Rangeis {y|y>—4}. il Rangeis {2} 

il il 

    
  

  

Each line cuts the graph no more than Each line cuts the graph no more than 

once, so the graph shows a function. once, so the graph shows a function. 

¢ | Domainis {z|z€cR}) d | Domainis {z|z<cR}. 

il Rangeis {y|y<-1or y=1} il Rangeis {y|-5<y<5}) 

il ¥ ] 

  

The lines cut the graph more than once, Each line cuts the graph no more than 

so the graph does not show a function. once, so the graph shows a function. 

2 a fz)=2x—a b f(—3)=2(-3)—(-3)* 
1) =2(2)-22 =-6-9 

=0 =-15 

  

3 f(@)=oaz+b, where f(1)=7 and f(3)=—5 

  

When f(1) =1, 
7=a(l)+b 

L 7T=a+b 

L a=T—b ..(1) s —5=3(T—b)+b {using ()} 
—5=21-3b+b 
2b=26 andso b=13 

Substituting b=13 into (1), a=7-13=—-6 

a=—6 and b=13 

& g(x)=2"—3z 

8 glz+l)=(z+1)*-3(x+1) b g(z?—2)=(a®—2)> —8(x - 2) 
=2’ +2+1-32-3 =gt 40 +4-327+6 
=g’ —z2-2 =zt - 722+ 10
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5 a | Domainis {z|r€R}. Rangeis {y|y3> -5} 

Wl z-intercepts are —1 and 5, y-intercept is —28 

i The graph passes the ‘vertical line test’ so is therefore a function. 

b | Domainis { |z €R}. Rangeis {y|y=1 or —3}. 

il There are no z-intercepts, y-intercept is 1. 

i The graph passes the ‘vertical line test’ so is therefore a function. 

6 a y=(3z+2)(4—2) iszerowhen z=—32or4. 

When z=0, y=(2)(4)=8>0. 

Since the factors are single, the signs alternate. 

S : -+ - 
g -— .. sign diagram is _§ + z 

_ -3  =-3 

T2 tdz+d4 (z+2)2 
is zero when z =3 and undefined when x = -2.   by 

When =0, y= =—%<0, 
= 

Since the {2+ 2) factor is squared, the sign does not change at = = —2 

. signdiagramis -1 — 1t ., 

7 f@=ax+b 

Now f(2)=1, so a(2)+b=1 

L b=1-2a .. (%) 
Now f~1(3)=4, so HOEE] 

. a(4)+b=3 
© 4o+ (1—22)=3  {from (x)} 

L 20=2 

. a=1 

Substituting @ =1 into (¥), b=1—2(1)=—-1 

So, a=1 and b=-1. 

  

? a fis y=4s+2 b 

s is z=4y+2 
z—2 

4 
1N _T—2 =22 

  y=  
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10 2 HOEES b (f 0 9)(=2) = f(g(-2)) ¢ f(5)=5"=25 
(-8 =(-3F=9 Now, g(—2)=1-—6(-2) So, we need to find x such 
o(z)=1—6z =13 that 1 6 = 25 

L g(-$H=1-6(-9) o (Fog)(-2)=f(18) So—br=24 
=1+8=9 =13 coE=—4 

=169 
. f=3)=g(-%) 

n fis y=3z+6 Ris y=§ 

so h7(z) is w=% 

s y=3z 

h Y (z) =3z 

Now (f~oh™)(z) = f~(h"(z)) (ho f)(z) = h(f(z)) 
= f1(3%) =h(3z+6) 

3x—6 _3z+6 

cas hof is y=z+2 
so (hc;f)‘l(a:) is z=y+2 

y=x-2 

(o @) =z-2 
(F~toh)(&) = (ho f)~(x) as required. 

1 a y=(x-1(x-5) 

the z-intercepts are # =1 and 5 

The vertex isat = =3, with y= (3 —1)(3—5) =2 x (=2) = —4 
.. the vertex is at (3, —4) 

The domainis {x |z €R}. Therangeis {y|y= —4}. 

b From the graph, the domainis {z |z #0, z#2} andtherangeis {y|y<—1 or y >0} 

2 a (fog)z)=flg(=)) b (go f)(z) = g(f(x)) 
=f(="+2) =g(2z-3) 
=2(z*42)-3 =(2z-3)%+2 
=227 +4-3 =dz® - 120+9+2 
=2:2 41 =do? 12z +11 

is zero when & = —2 or 8 and undefined when & =3. 

  

Since the factors are single, the signs alternate. So, the sign diagram is: 

      

2 2 ® y=w+9+m(w+5) _zlt6z+9 {z+3) =2 =7° i hen @ = —3 Z+5 Z+5 18 Zero when « 
x+5 z+5 

and undefined when z = —5. 
2 

When £ =0, y = 3? > 0. The (2+3) factor is squared, so the sign does not change at = —3. 

+ 
So, the sign diagram is: 4—‘—'—» ]
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4 a f@)= % is moaningloss when 2 =0. & 

¢ Domainof f(z) is {z |z 50} 

Range of f(z) is {y|y >0} 

  

5 e @)= 
f(z) isundefined when z—b=0 

. &=b is the vertical asymptote. 

But = -1 Iis the vertical asymptote, so b= —1. 

az+3 _az+3 _a+d 
z—(-1) e+1 1+2% 

  az+3 has asymptotes 2 = —1, y=2. z— 

So, f(z)=   

As o] — oo, f(cv)—»%:a so the horizontal asymptote is y = a. 

But y =2 is the horizontal asymptote, so a =2. 

Sooa=2 and b=-1 

b Domainof fis {z|x# —1} andrangeof fis {y|y#2}. 

domainof f~lis {x|x#2} andrangeof f~lis {y|y# -1} 

  

    

  

  

  

  

  

4 1 
6 a f:z— z+x is undefined when = =2 b The domainis {z | = # 2}. 

-, =2 isa vertical asymptote. The range is {y |y # —4}. 
dz4+1 441 € As 2 —27, y—oo 

Now f(a)= T = S A T2t yor oo 
L As z—o00, y——4-. 

as |&| o0, flz) = =4 As @ — —00, y— —4+. 
and so y = —4 is a horizontal asymptote. 

4(0) +1 d = Y o= -y 
So, the y-intercept is . 

F@)=0 when B¥L_g 
2-z 

dx+1=0 

L oe=-i 
So, the a-intercept is —%. 

7 a {(gof)=)=9(f(=) b (gofilz)=—4 
=g(3z+1) . 2 ___ 

2 T 3xr+1 

=%i1 s —ABz+1)=2 
-12zr-4=2 

122 =—6 

=1 
T=-3
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  ¢ | h@)= = is undefined when 
o 

3z+1=0 or x=-3. 

So, z=—} isa vertical asymptote. 

As |zg| = o0, h(x)—0 
‘. y =0 is a horizontal asymptote. 

Wl Rangeofhis {y|y<—% or y2 2} 

  

  

8 a < Fof! and Flof 

=1 (f) = (@) 

- (fl) =f2-") 
- 2 _ 2w —T+7 

+7 - 2 
= (zz )_7 _Z= 
=z+7-7 2 
=z =z 

  

b The function fis y=22—7 

so f7lis z=2y—7 

  

  

    
  

  

_s+7 
V=3 

O 
2 

9 

The graph shows that f(1) =—3 
o ex=-=3 

REVIEW SET 2C 

1 & Domanis {x|z> —2}. Rangeis {y|l<y<3} 

b Domainis {z|z€R}. Rangeis {y|y=-1,1,0r2} 

2 a fl@)=2"+3 b ?+3=4 
F(-3)=(-3)%+3 soa?=1 

=9+3 soore=£1 
=12 

3 a flzx)=10+ 3 b flz)=ve+T 

%=1 is undefined whe 7<0 is undefined when 2x—1=0 18 un when @ : . < — 
=1 

z=3
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4 a fz)==z(@+4H@Bz+1) is 

zero when ¢ =0, —4, and —3. 

When z = 10, y = 10(14)(31) = 4340 > 0. 
The factors are single so the signs alternate. 

sign diagram is: 4;|_|]_._. x 

5 a Rz} =7-3x 
h(2z —1)=T7—3(2c—1) 

=7—-6x+3 

=10 -6z 

6 a (fog)=)=f(s(=}) 
= f(va) 
=1-2vz 

  

—11 
b z) = —————— 

i@ +1)(z+8) 
undefined when &= —1 or —8. 

= —=u __u When =0, Y=o 3 <0. 

The factors are single, so the signs alternate. 

ion di . — i+ i - 
; e— 1 L. sign diagram is e T 

b A(2x-1)=-2 
10—6z=-2  {using a} 

—6z = —12 

=2 

b (g0 f)(z) = g(£(=)) 
=g(1—22) 
=+1-2z 

  

7 f(z)=ax®+br+c, where f(0)=5 f(—2)=21, and f(3)=-4 

When f(0) =5, 
5=a(0)? +b(0) +c 
5=c¢ 

c=5 .. (D 

—4=9a+3b+c 

—4=9%+3b+5 
—4=9a+3(2a—8)+5 

—4=9a+6a—24+5 

15=15a andso a=1 

  

4a—2b 
26 —b=8 andso b=2a—8 .. (2) 

When f(3)=—4, —4=a(3)?+b3)+¢ 

When f(—2) =21, 
=a(=2)* +5(-2) +¢ 

  

{using (1)} 
{using ()} 

Now, substituting & =1 into (2) gives b=2(1)—8= -6 

So, a=1, b=—6, c=5. 
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10 fis y=sz—2 his y=‘%’” 
—1i =5y—2 

e z_:+2 o h7lis m=%y 

CYETS . y_4z 
. —1 _z+2 Y= 
ST == i 22 

Now (f7'oh ") &)= f'(h7(=)) and (ko f)(=) = h(f(z)) 

e = h(5z — 2) 

(3) _ 3(52—2) 
_ =42 == 

S _152-6 
_dz+6 So. y=—3 

15 5 (hof)(a) is z=15”4‘6 

L 4r=15y—6 
_4dz+6 

C VTR 

 hopTie =28 
Hence, (f~Yoh~1)(x)=(ho f)~1(x) as required. 

n Ffis y=2z+11 9(z) =2* 

o ) B o=l (g0 S ™)) = o/ @) 
=11 _ 

LY== =g(z 211) 

f“(z)=ac_211 _fz—11\2 
_( 2 ) 

- 3—11\2 worHw=(5-) 
=(—47=16 

12 The domainis {z |z 4}, so =4 is a vertical asymptote. 

Therangeis {y|y# —1}, so y=—1 is a horizontal asymptote. 

‘We now consider the behaviour of the function near the asymptotes, using the sign diagram 

1o, whepus 
1 4 

As z— 00, y— -1 

As z— —o00, y— -1 

Note that we cannot tell whether the function 
tends to —1 from above or below. 

As x4, y—ooo 
As 224, y— -0 

So, the function could be: 

{Note: There may be other answers.) 

 



  

Chapter 3 
EXPONENTIALS 

EXERCISE 3A 

1 21=2, 22=4, 23=8,24=16, 25=32, 26=64 

b 31=3 32=9, 33=27, 34 =81, 35=243, 3°="729 

¢ 41=4, 42=16, 45 =64, 4% =256, 4° = 1024, 4° = 4096 

2 a 5'=5, 52=25 5°=125 5*=625 b 6'=6, 62 =36, 65=216, 6%=1296 

€ TL=7, 72=49, 7 =343, 7*=2401 

    

3 a  (-1F b (-1 « (- 
= (=1) x (=1) x (=1) x (=1) x (1) = (-1)® x (-1) =1 
=1x1x(-1) =(-1) x (-1} 
=-1 = 

d (-1 e (-1)F t 1t g —(-1® 

=-1 =1 =-(1% =-(1) 
=-1 -1 

(-2 [ — P —(-2° 
=(-2) x (-2) x (-2) x (-2) x (-2) =—(2% =—(-2)° x (-2) 
=4x4x(-2) =-32 =32x(-2) 
=-—32 =—64 

k (-5)* 1 —(-5)* 

= (=5) X (=5) x (-8) x (-5) = —(-5) X (=5) X (=5) x (=5) 
=25x25 =-25x25 
=625 =—625 

A a 47=1638¢ b 74=2401 ¢ —5°=-3125 d (-5)°=-8125 

e 8% =262144 f (—8)6=26214 g -85 =-262144 

2.13° 2 902.436 0396 T —2.13% ~ —902.4360396 | (—2.13)° ~ —902.4360396 

o7 - oo 1 5 a 9l=ol b =0T ¢ 672=0027 d o=007 

e 374~0012345679  f 3—14 ~0012345679 g 17°=1  h (0.366)°=1 

‘We notice that a‘"=l" and a®=1 for a #0. 
a 

6 31003434 x 3t x..x3 x 3! But 3*=81 whichendsinal 
— . 

25 of these o8t x30x 3 x...x3 endsinal   

25 of these 

3% endsina 3 

7 7i=7, T?=49, 7°=343, 7% =2401, 75 =16807 

Now 727 =74 x7¢x 7 x. ... x 7" x 7 e 
54 of these so this part endsin a 1 

77 endsin 1x7="7.
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EXERCISE 3B | 

K 

    

          

1 a 5%x5 =54 b d? xd® =d?*t ¢ E=lefl-5’ 
=5 =d® _ 

75 
d %=75—e e (22)° =228 1 (34t =304 

10 16 =71 =z =3 

=1 
7 

pS 
g —1=p3"' h 73 x n® = nd+® 1 (543 =gtx3 

P 1 = pl2 =53t 
—4 =yt o = 

»* 

| 7®x 72 =7"42 K 1% g 1 
10 

11 11 e 4=2x2 == =2x2x2 == a 2>< b 1= % < 8 3>< x d 3=% 

=2 g =2 o3 

i1 
e 32 t g 2=2! h —=— 

5 1 

—2x2xaxzxz 2 % 2 
e =2~ =2 

11 11 1 64=32x2 | === k 128=64x2 1 === 
6 7 ot 64 26 aoyal 128 27 

=2 =2 = =2 

11 11 
3 a 9=3x3 b -=— € 27=3x3x3 d —=— b 5% Epcahee TTF 

- =32 - —3-3 

. 11 
e 3=3 t o= g 81=3x3x3x3 

3! =3 
11 11 h === 1 1=3° =81 K —=— 
T 3 ! 243_;:; W F 

=3 _3 =3"° 

4 a 2x2°=2'x2° b 4x2b=22x2* ¢ 8x2=28x2t 
— gotl — gb+2 = gt+8 

d (2c+1):=22(z+1) e (21—n)—1=2—(1—n) 1 £=£=2c—2 

= 92242 =gn-1 4 2 

gm 4 22 2w+1 4% (22)$ 
L _ —gm—(-m) = = gr+l— = 

s z—m_z;" ™ b 21-n ~ 9l-m ! 2© _2:: o 21—z~ 9l-w 

= =92-(1-m) =2 _ 925—(1-3) 

=gntl —g%e—1
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a 9x37=32x3P b 27 =(3%)° ¢ 3x9"=3'x (35" 

= 3pt2 = g3a iy 

Y v 
d 27x3%=3"x3¢ e 9x27t =32 x () t 3—=3—]=3v—! 

— g4+s — g3t+2 3 3 

1 2 a 12Ya et 1 2yn+1 g B3 Ly _® e (@) ) 
v gv 27t () 3-e  g3l-a 32n—1 32n—1 

=3l-¥ = g2-3t = 320—(1-a) = g2n+2-(2n—1) 

= gee-1 —33 

a (2)2=22xa® b (3)°=3xb® ¢ (ab)=a'xt* d (pe)®=pxg 

  

      

      

  

  

  

  

  

  

  

=4a? =27° =atbt =pf 

m\2 m? ¢ (e 3 g3 g8 Nt bt 

¢ (7) e (5) TETw ¢ (2) = 
2610 m\4 mé m zy\3 2% 2% e (@) s 1 (2)' b * 3n omam 2 23 8 

a (—2a)? b (6% ¢ (—2a)® d (—3m2n?)® 

= (-2)%a? = (—6)%* = (-2)%* = (—3)%m®n® 

=4a? = 36b* = —8a% = —27Tm®n® 

_2a2\? —4a3\? _3,2\2 c G (@) () = (—2)%a%p1® 7 

— 16a%516 _ (=2)%® _ (9% _ (=3t 
b ¥ re 

- & - leat o 
T T =7 

1 ab—2 =2 b (ab)~2= 2ab~1)? = 2%a%p™2 a w (ab) P ¢ (2ab7") '; 

1 =4 
b7 

2h—1 3 

d (302) = 3242 e 1 “c'iz =% 
9% 

ra 

1 e B 2071 2 120 —=d h o= i == — = 12am? 
s a=3 e b3 a2 a2 ad? ! m= ™ 

n 
a al"=a-" b b_L“=b" c 321_n =2 4 o —aum 

" (24n) = g-n—(2+n ¢ Sm = 

—2n—2
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_ - 3 1 a (&)P=1 b () 1=4 ¢ ) 1=%=6 d 5:2_17:27 

2 
e (%)":‘Z—2 t2'427 =241 ¢ AHF=(H h 5451457t 

_s =3 33 =25+5+3% 
16 =§ =1:_1 

=2 
1256 

11 11 1 1 3 1 4 2 
1 —== b —== — == d Z=3x- Z_Z 
5% 16 24 CBTE 5-3%% C T w 

=32 =24 =53 =3 x5! =22 x37% 

2¢ 2¢ ok (32)F 6 (2x3)P t = g == h == 
8x9 28x32 10 2x5 75 3x52 

=273 x 372 =3% x 271 x50 _ExF 
T 3x 82 
=2° x ¥ x 572 

12 a 53=21+23+25+27+29 b 73=43+45+47+49+51+53+55 

€ 123 =133+ 135 + 137 + 139 + 141 + 143 + 145 + 147 + 149 + 151 + 153 + 155 

EXERCISE 3 C 

  

  

1 a ¥a=2t b %:2% ¢ 2v/2=2'x2% d wWB=2x2} 

=23 —2f 
—2-% 

== Ya—2t x 23 4_2 ¢ po f2x\/§=z§x2 s = 3 

—2-% =2 
1 1 11 b (VB = (2h)e ' == | 5=7% 

=23 1 1 

T ot o 

=24 —o-% 

e a =3t %_ 1!’:3—% ¢ ¥3=3% d 3/3=3x3b=3 
3 

A1 1.3 
¢ S mxal A 

3 a ¥i=1} b VT =YF ¢ V6=V d ¥E=VF 

—af —at —o% 

B =7 1 _1 1 _ L L1 
¢ \/4__;;7_2 ! 777 s 27 31 b V6 o 

B =74 =31 =o-# 

L1 | Lol 
V32 o3 B 3
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4 a3imos b 2f~183 ¢ 273 ~o70s d 1 %~0435 

e B~168 t {2T~193 8 % ~0.523 

5 a 4=} b 8% = ()} ¢ 168 =i d 258 = (0 
=2° =2° =2 =5 
= =32 = =125 

e 2k =5 t ottt gotoEnd nosto(t 
=22 =27t =32 =27 
= -1 -1 -1 

27 16 

1ot o @yt ) 18 o )-f 
=31 =52 

-1 -1 
81 25 

EXERCISE 3D .1 S 

1 a 22(z® + 222 +1) b 2°(2° + 1) 

=ae?x2®+a?x22? +a¥x1 =2Tx 2% +2%x1 
=2 +22% +o° =2% 427 

¢ oHetiod d (T +2) e 3%(2-37) 
J R 1 =TEXTE+TE X2 =3 x2-3°x3"? 
—atyad =7 +2(7%) =2(3%) - 3° 

=z+1 or 487 +2(77) =2(3%) -1 

t ohed ot rah §  277@2°+5) 
=¥ xof 42 x 228 42} x30-2 =277 x27+27% x5 

=a? + 22" +32° =20+45(27%) 
243 =1+527) 

b 577(5%° 4 57) i et ratad) 

=57" x5 4577 x5 et x?ro Y wal 1ot xad 
=5°+5° 
=57 41 =ot 4t 1o 

=o yab 41 

2 a (2° —1)(2° +3) b (3% +2)(3° +5) 
=2 x2%42°x3-1x2°-3 =3 X 3% 4+3° X 5+2x3° 410 
=2 42(2) -3 =3 4 7(3%) + 10 
4% 4 oetl g =9° +7(3°) + 10 

< (6= - 2)(5% —4) d (2° +3)% 
=5% x56%— 5" x4-2x5%+8 =(2°)®+2x2% x3+38° 
=5na;_6(5:)+8 =2%% 4 6(2%) +9 

=25%—-6(5%) +8 =474+ 6(2%) +9 
e (T-1)? t (= +7)? 

=(3")2 —2x3°x1412 =(4*)? +2x 4 x T+ 7° 

=3% _2(3%) 41 =4 +14(4%) + 49 
=9% —2(3%) +1 =16° + 14(4%) + 49
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@ +2)(=% —2) b 433 
= 2 _ 92 =(2%)2 -3 = (z})2 -2 _;fiz‘_g 
=z-4 = 

=4"-9 
2 

(m* +z‘§)(z‘} —z_‘}) 1 (a:+§) 

= 2 _ —%\2 2 
—(Ei) (= ;) =22+2xzx(z)+(z) 
=gtz 4 z z 

=z—z? =z:2+4+_2 
@ 

(7" — 7—@)2 1 [ 2—@)2 

= (T2 —2X T X772 4+ (77%)2 =52-2x5x27% 4 (27%)* 
=7 _g 0 42 =25-10(27%) +27% 
=72 _g 470 =25-10(2"%) +472 

EXERCISE 3.2 

1 a 

d 

2 a 

d 

g 

3 a 

52 + 5% b 3ntiyge LI G 
=5% x 5% 4 5% =37 x 3 +3" =Tr T X T 
=5°(5" +1) =33 +1) =TMa+7" 

=10(3") 

57t — 5 e 6"2_6 t 216 

=5x5"-5 =6x6"1—6 =4*x 4" - 16 
=5(5"—1) =6(6™ — 1) =16x4"—16 

=16(4" — 1) 

9 —4 b 425 ¢ 16-9° 
=(3%)2-22 = (2°)2 —5? =42 - (3%)? 

=(3"+2)(°-2) = (2% +5)(2° - 5) =(4+3%)(4-3%) 

25— 4° e 9°-g° 1 4746027 +9 
=5 —(2°) =@y - =(2%)° +6(2") +9 
=(5+2%)(5-2%) = (3 +2°)(8° - 2%) = (2% +3)° 

{a® +6a+9=(a+3)’} 

9% +10(3%) + 25 h 4% —14(2%) 4+ 49 1 25% —4(5%) +4 
= (3%)2 +10(3%) + 25 =(2%)2 —14(2%) + 49 =(5%)2 —4(5%) +4 

=(3"+5) = -7 =("-2)? 
{0 +10a+25=(a+5)°} {o®*-14a+49=(-7° {o®-da+4=(a—2)%} 

47 +9(2%) +18 b 47-27-20 
= (2%)? +9(2%) + 18 =(2*)2 -2 -20 
= (2% +3)(2° +6) =(2°+4)(2* - 5) 
{a®+9a+18 = (a+3)(a+6)} {a®—a—20=(a+4)(a—5)} 

95 +9(3%) +14 d 9% +4(3%) -5 
=(3")? +9(3%) + 14 =(3")2 +4(3°) -5 
=(3*+2)(3"+7) =(3"4+5)(3*-1) 
{a® +9%a+14=(a+2)(c+T7)} {a®* +4a-5=(a+5)(a — 1)}
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e 2BT45°-2 
=(5") +5" -2 
= (T +2)(° 1) 
{?+a—2=(a+2)(a—1)} 

™ n @ s 2 22 =(1_:) b 2°_ 
B = 

=2" =10% 

e fl_(fi)’ .fi_(fi)“ 
™ \7 8 \8 

= - 
6™ 4 2m 
o 

_gm3m 4 om 
=T 

_FEm 4 
741 

=3m 41 
12° —3° 
= 
3e4% 30 

-IE=E 

(47 — 1) 
) 

=471 

51\+l — 57 

5 

_5"x5-5" 
T 

65-1) 
5”1’ =4 

6 a  2(n+1)+2%n-1) 
=2"(n+1+n—-1) 

= 2%(2n) 

— pontt 

4120 

_rimen 

(1+6) 

=1+6" 

6" + 12 
1+20 

_ 6" +6m2" 
D 

s gA2] 
42T 

an —on 
  

gngn _on 

@ -1 

497 — 7>t +12 

= (7% —7(7%) +12 

= (7 —4)(7"-3) 
{a? —Ta+12=(a—4)(a—3)} 

6° 6\° 4 X 4\" 
fi_(i) m_fl_(%) 

- - 

        

8+ 4n 
o 

_ ey == 

_ e+ 
2% 

—an o 

  

5‘n+!_5n 
=== 

_5mx5-5° 
1 

sty 

=5" # 

2n_2n—1 

2n 

_onixp—gee 

2n=1x 2 

_2T2-1) 
T 2 Tx2 

=1 
2 

(252 (25 
=3n("_‘1_"_+1) 

6 8 
=3"(-3) 

=3"x -3t 
— _gn-1
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EXERCISE 3 E 

    

  

1 a b 5° =25 < d =1 
. BT =n? Lm0 

z=2 z=0 

e 1 2 =V2 s h 4t =64 
& 4::+1 =48 

2% =2 - z+1=3 

z=4 Loe=2 

1 1 1 1—2 1 1 1 3=l =& k 7% =343 1 52 =1 

37+ _ 3-8 =t =78 . pim2m 51 

z+1=-3 Soetl=3 nol-2z=-1 
. op=—4 Sz =2 . 2z =-2 

z=1 

- =1 =1 -1 2 a 8% =32 b =1 < =24 d 25 =1 
28 = 95 92 _ 938 3%® — g3 520 — 51 

3z=5 2z =-3 2z=-3 2z =-1 
z=4 c=-% z=—% z=-% 

1 2 e f 16% = 25 g 47+2 =128 
2‘1 _ 2_5 22(a:+2) = 27 

dz=-5 24+4=7 

5 S 22=3 z=-3 S 

=2 

h 1 qeml=1 1 93 =27 

92(4-1) _ 9-1 32(=z-3) _ g8 

Br—2=-1 26—-6=3 

8z = L 2z=9 

=8 r=4% z=3 

k 1 &)+ =9 m 8°=27"° 
(3_,)z+z _g 3ie =373 

Ce_2-2 4z = -3z 

Tz =0 
—r=4 z=0 

T =—4 

n o (3)F=a P 

=7 
—z=2   



  

72 Mathematics SL (3rd edn), Chapter 3 — EXPONENTIALS 
  

   

3 a 420+l _ gl-= b 92—% = (%)zm-l < 2%  gl—z =% 

@M= L @rro e ek (@) 
4r+2=3-3z s 4—20=-2z—1 S z+3-3z=-2 

Tr=1 oo d=-1 S —2=-5 

z=3 This is clearly false, so no ooz=% 

solutions exist. (or 2%) 

h a 3x2®=2 b 7x2%=56 € 3x21=21 
L 2°=8 . 27=8 27t =g 

2% — 93 9% — 93 2241 — o8 

z=3 r=3 z+1=3 
Soow=2 

-z _ 4 1) 1\ — d 12x3°=4% e 4x(d)=36 t s5x(3)°=2 
4 @ = s=gen @ - - @)= 

3T=gxg (3 =3 (@) =2 
3==1 3% =32 so—z=2 
3-¢ —3-2 — = z2=-2 

z=2 z=-2 

5 a 4% —6(2°) +8=0 
(2% —6(2°)+8=0 

@ -2)(2*-4)=0 {a? —6a+8=(a—2)(a—4)} 

=2 or 4 
27 =2 or 22 

z=1 or 2 

b 4£-2"-2=0 
L (PR -2-2=0 

(2® -2)(2* +1)=0 {a?—a—-2=(a—2)(a+1)} 

2°=2 or -1 

2% =2 {since 2% cannot be negative} 

z=1 

< 9% —12(3%) +27=0 
(3%)% —12(3%) +27=10 

(3 -3)(3°-9)=0 {a? —12a4+27=(a - 3)(a — 9} 

3¥=3 or 9 
3% =38"or 3 
z=1 or 2 

d 9 =3%+16 

L (3%)2-8°-6=0 

(3" —3)(3" +2)=0 {a*—a—6=(a—3)(a+2)} 
. 3%=3 or -2 

3= =3 {since 3% cannot be negative} 

z=1 
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¢ 257 — 23(5%) — 50 = 0 
. (5%)2 —23(5%) —50=0 

(5" —25)(5" +2) =0 {a? —23a — 50 = (a — 25)(a + 2)} 
5%=125 or —2 

5° =52  {since 5° camnot be negative} 
z=2 

' 49° +1=2(7%) 
(7P —2(7) +1=0 

(7" -1*=0 {a®*—2a+1=(a—1)"} 
=1 

=17 
z=0 

EXERCISE 3 | 

3 

From point A, y~14 

Zt ~14 

b When z =08, y=2"% 

From point B, y 1.7 
208~ 1.7 

€ When #=15 y=2'F 

From point C, y~2.8 

2M5 2.8 

d When z=—v2, y=2""% 
Using & we know @~ —1.4 

From point D, y ~ 0.4 

27Vix04 

1 a When z=4, y=2 

  

2 a When 2% =3, £~ 1.6 frompointE. b When 2% =0.6, =~ —0.7 from point F. 

3 The graph of y =22 has a horizontal asymptote of y = 0. 

there is no value of 2 such that 2* = 0. 

2% =0 has no solutions. 

  

a vertical translation of 2 units downwards a reflection in the y-axis 
y=—2 is the HA.
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d 

    

    

5 a b 

a vertical translation of 1 unit upwards 

y=1 is the HA. 

< d 

6 a b 

a vertical translation of 1 unit upwards When =0, y=2-20=2-1=1 

When z=2, y=4+1=5 .. the y-intercept is 1 

When z=-2, y=4+1=1} When z =1, y=2-2= 

il Domain = {z | = €R}, When 
Range = {y |y > 1} When 

Hi Using technology, when fi Domain = {z |z € R}, 

z=+03, y~3.67 Range = {y | y < 2} 
v As z =00, y— o0 Il Using technology, when 

As ¢ — —co, y—1t z=172, y~—0.665 
¥ The horizontal asymptote is y = 1. v As x> 00, y— —0 

As ¢ — —o00, y—27 

¥ The horizontal asymptote is y = 2.
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When z =0, y=14+3=4 When z =0, y=3-1=2 

When =2, y=}+3=3} When =2, y=8-%=2% 

When ¢ = -2, y=22+3=7 When x=-2, y=3-4=-1 

il Domain = {z |z € R}, il Domain = {z |z € R}, 

Range = {y |y >3} Range = {y |y <3} 
{il Using technology, when 

r=v3, y~338 
il Using technology, when 

z=v2, ym262 

W As z—o00, y—3F W As z— o0, y— 3~ 
As ¢ — —00, y— 00 As 2 — —00, y— —00 

¥ The horizontal asymptote is y = 3. v The horizontal asymptote is y = 3. 

EXERCISE 3G [N 

1 a4 When t =0, Wy =100 grams = the initial weight 

[ 3] 
W, = 100 x 2°-+%4 

=100 x 204 
2 132 grams 

Hl When ¢ =24, Wy =100 x 20-1%X2¢ 

=100 x 2** 
# 528 grams 

2 a Py=150 (the initial population) 

When t =4, ii When ¢ =10, ¢ 
Wie = 100 x 2! 

= 200 grams 

    

  

(4,132) 

  

b | When n=2, Il When n=35, < 

P, = 50 x 20-8%2 Py = 50 x 20-8%5 

=50 x 206 =50 x 2% 
~ 75.785 A5 141.421 

So, the expected So, the expected 

population is population is 

76 possums. 141 possums. 

il When n=10, Py =50x2"3x10 
=50 x 2° = 400 So, the expected population is 400 possums. 

3 a Bp =6 pairs = 12 bears ¢ In2008, ¢t=10 

b In2018, t=20 9% increase — (—Bfl" = B“’) x 100% 
Bag = 12 x 20-18%20 By 

=12x2%¢ 12 x 236 — 12 x 218 
= — 100" 145509 ( Zx2s ) x 100% 

= 146 bears 236 _gl.8 
= <T) x 100% 

~ 248%



  

76  Mathematics SL (3rd edn), Chapter 3 — EXPONENTIALS 

4 a | When t=0, il When =20, b 15 becomes 2V 

Vo=Vox2° Vao = Vp x 20:05%20 So, there was a 100% 
=V =V x 2! increase in speed. 

So, the speed is Vo. =2V 

So, the speed is 2Vp. 

< (VSDV_ Vm) 100% This expression is the percentage increase in 
20 speed from the speed at 20°C to the speed 

_ [ Vox 228 ¥y x 2! at 50°C. 
= ( Vo x 20 X100% (i Vao is the increase in speod.) 

2.5 _ 91 
= (2 -2 ) X 100% 

~183% 

EXERCISE 3G.2 | 

1 W(t) = 250 x (0.998)" grams 

a W(0) = 250 x (0.998)° 
=250x1 

= 250 grams . 250 g of radioactive substance was put aside. 

b 1 When =400 il When t =800 . When =1200 

W (400) W (800) W (1200) 

= 250 x (0.998)40° = 250 x (0.998)%0° = 250 x (0.998)12%0 
#2112 grams ~2 50.4 grams 73 22.6 grams 

< Wit) (gams) d  When W()=125 

20 250 x (0.998)¢ = 125 
= 250 x (0.998)" 200 wie) x (0.998) (0.998)" = 0.5 

150 (400, 112) ;. 1733462 {using technology} 

100 (800, 50.4) It takes approximately 346 years. 
50 (1200, 22.6) 

  

1000 +(years) 

2 T(f) =100 x 2-0-02¢ 

a T(0)=100x2° b 1 T(15)=100x 27002X15 ¢ 
=100x 1 =100 x 2708 1008 TOCO 7 =100 x 3002 

        

=100°C ~81.2°C 
= —0.02X20 

I 7(20) - 123 i Z—‘L ) (78,33.9) 

= 75.8°C 

Bl 7(78) = 100 x 270-02x78 ¢ (min) 

=100 x 271-5¢ 
~ 33.9°C 

3 a | T(0)=-104+32x2° Il T(5) = —10+ 82 x 270-2%5 

=-10+32x1 ——10+32x 2! 

=22°C —6°C 

Wi T(10) = —10 + 32 x 27%3x10 v T(15) = —10+ 32 x 270-3X15 

=-10+32x272 =-10+32x27° 
=-2°C =—-6°C
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b ) € 32x2702 js always > 0 since 2° is always > 0 

2 o2t oo ~10+32x 2702 is always > —10 
T(t)=—10+32X2 . 

the temperature of the packet of peas will never 

reach —10°C. 

& Wy =1000 x 27003 

a Wo=1000x2" & 1 Wi € 
    

    

  

W (grams) 

(10,812) 
=1000x 1 =1000 x 27°3 1000 
=1000 g ~812g 

Wi 
=1000 x 27* 
=125¢g 

W Wi 
=1000 x 27%° 
~031x1077 g 

W= 1000 x 270-03¢ 

(100, 125) 

d When W; =10, 

1000 x 27%%% =19 
(27%%) =0.01 

. £/ 221.46 {using technology} 

There is 10 g of the substance remaining after approximately 221 years. 

e Initial weight = Wo = 1000 g 

Amount remaining after ¢ years = W3 = 1000 x 20-03¢ 

Amount that has decayed after £ years = Wy — Wi 

= 1000 — 1000 x 2% 
=1000(1 — 2703 g 

5 a When t=0, Wo=We2® b % change = (W) x 100% 

= Wo grams Wo X ;‘“" W 
the original weight was Wp grams. = (%) x 100% 

o 
—0.0002¢ _ _1 € Wox2 = 53 Wo =(27%2? — 1) x 100% 

(2-00002)t = L ~ —12.9% 

. t=45000 {using technology} The weight loss was about 12.9%. 

Tt would take 45 000 years. 

EXERCISE 31 | 

1 2 

   
The graph of y = e® lies between 
y=2% and y=3%. One is the other reflected in the y-axis.
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3 When z=0, y=ae®=ax1=a .. they-interceptisa. 

& a Thegraphof y=¢® isentiely & § When 2 =—20, y=2¢"20~4.12x107° 
above the x-axis. 22 0.000000004 12 

y>0 forallz W When o=20, y=2¢% 970 x 108 
- & >0 foralle £ 970000000 

. 26" >0 foralz 

y = 2€® camnot be negative. 

    

  

5 a &2m739 b e*m20.1 ¢ %7201 d /e~ 1.65 ¢ el ~0.368 

6 a 3 b % < 6—12 =e2 d eve 

_1 = elei 

ei 3 
-3 =e 

=€ 

7 o (2 % b (o) % ¢« (%) ¥ a (o089 ¥ 

0.36x % 0.064x i — e—0-04x{ —0.836x § 

_ o8t — (0004 = g 0-00¢ s e=0-1678 

8 a ~10074 b =~ 0.099261 ¢ ~125.09 d ~0.0079945 

e ~41.914 f 42429 g =~ 3540.3 h 0.0063424 

9 Domain of f, g,and his {z |z € R} 

Range of fis {y|y >0} 

Range of g is {y | v > O} 

Range of his {y|y >3} 

10 Domain of f, g,and his {z |z € R} 

Range of fis {y|y > 0} 
Range of g is {y | ¥ < 0} 

Range of his {y|y < 10} 

1 a (e +1)? b (1 +e)(1—¢e) < “(e™® —3) 

=(®)¥+2xe® x1+1? =12 —(e°)? =" xe P —e"x3 
= +2¢% +1 =1-¢* =& - 3e° 

=1-3e" 

12 Wi(t) =2ei grams 

a | wW(0)=2 w3 = Zei m wad)= 2e§ N W(6) =2¢* 
=2x1 ~2.57g ~4.28 g ~402g 

=2g
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14 I(t) = T5e~0-15¢ 

a1 I(1)=75e018 b 

= 64.6 amps () (amperes) 

il I(10) = 75¢~ 18 s 

#516.7 amps 1(t) = Te-015¢ 

¢ Weneed to solve 75¢~0-15¢ =1, 
Using technology, ¢~ 28.8 s 

  

b Domainof f~1is {z|z >0} 
Rangeof f~Yis {y|y €R} 

  

REVIEW SET 3A | 

1oa (DY b —(-3° ¢ 3031 

= = (-2 —1-1 
=27 = % 

2,)2 
2 a o't xa®? b 6oyS 9z 5( 2y)2 

= gt¥2 x pP+2 = 812,55 (522) 

= a7 : 1o =5><z‘y2 

= gm ¥ 25z 

_2 = La0y? 
3z 

2 
5
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3 a | fay=3 b f(z+2)=kf(z) 
=81 o x 3 

2 go @ I f(-1)=3" L xS =kx¥ 

_1 Lo B=k 
3 ) 

4 a zixz® b 2(ab)2 ¢ 272 
= g—2+(-3) 1 o (l) 

=2x =2aXx 
— 5 ab)2 b? - @) e 

1 = 2 
= ; h2 b 

27 3 -2 g1-2 P 2112 5 a e b (vB) T x 9t = (37)1 7 x ()12 

— g2 _ 3§—§z+2—4¢ 

it 

3 F_yd g1 6 a s =(23)§=22=4 b 277 % = (3%) §o3 P=m=1% 

m3n~1 
7 a mn~2 b (mmn)~? < — d (4m~1n)? 

1 1 P P2 
=mx = = a1\, =4'm™ 

m (mln)s =mAR/T _ 162 
=— _ 2, T m2 

n? T msnd _m v ™ 
n 

8 a @3-y b Ve +2)(vVz—2) ©  27(2% 4 2%) 

=32-2x3x e +(e%)? =(vz)?—22 =gtz 4 g-vix 

=9—6e” +€*° =z—4 =2"+2° 
=2"+1 

9 a b 9° = 27222 ¢ ==t 
(3% = (@2 Ve 

2z =6— 6z eh:{* 
8x=6 9= _1L 

r=8=2 2 
8T 1 z=-% 

10 Use the general exponential function y =a X b~ ¢+d. 

a y=—e* b y=3x2°% 

a=-1 a<0]| function is e=3 .. a>0]| functionis 
b=e . b>1[ decreasing ‘\ b=2 . b>1[ increasing 

When =0, y =-1 When ¢ =0, y=3x20=3 

y-intercept is y = —1. 

the graph is €. 

y-intercept is ¥ = 3. 

the graph is E.
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¢ y=et 41 d y=3—==3lm=(§)” 
a=1 . a>0} mmfionisJ a=1 - a>0 function is 
b=e .. b>1] increasing } i b=3% . 0<b<1] decreasing 

When z=0, y=e®+1=2 When =0, y=3°=1 

yrinterceptis y=2. . yeinterceptis y=1. 
d=1 .. y_=1 is a horizontal asymptote. the graph is B. 

the graph is A. 

e 

a=;1 a<0 function is 

b== - O<b<1] increasing 
€ 

When =0, y=-e®=-1 

y-intercept is y = —1. 

the graph is D. 

11 y=a 

1 1 -3 a a? = (a®)2 =y? b o®=(a%)"l=y~! ¢ ===y 
Va®  \§ 

REVIEW SET 3B 

—1\2 
1 a axon b < (%)_s d (2';2 ) 

=22 x 2" = _(g)s 
— on+2 —\2 220_2 =2 = _ 27 = = " 

=33 4 
8 = 

a2bt 

2 a 3* ~2.28 b 27‘%5:10.517 ¢ Y0 ~3.16 

3 flz)=3x2° a f(0)=3x2° b f(3)=3x2° ¢ f(-2)=3x272 
=3x1 =3x8 _axlos 
=3 =24 T2 

& f@) =241 

a f(g)=z_%+1 b fla)=3 
1 27 41=3 

At s ame=3 
~1.71 .27 =2t 

  

¥ =2% has y-intercept 1 and 

horizontal asymptote y = 0 

4 = 2% — 4 has y-intercept —3 and 

horizontal asymptote y = —4 
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6 T =80x (0.913)! °C 

9 

a When t=0, T=280x (0.913)° 

    

  

   

=80x1 

=80 

b | When ¢=12, 
T = 80 x (0.913)12 

~ 26.8°C 

Il When =36, 

T = 80 x (0.913)* 
~ 3.02°C 

< d 
T(C) 

80 

60 T=80 x (0.913)¢ 

40 (12,26.8) 
20 (24,9.00) (36, 3.02) 

10 20 

  

    

¢ (minutes) 

a Whenz=0, y=3"-5 =1-5=—4 
When 2=1, y=3'-5 =3-5=-2 

When 2=2, y=3-5 =9—-5=4 

When z = —1, y=3*1_5=§_5=_4§ 

When ¢=—2, y=8"2-5=4-5=—48 

< 

a =T 1) e"g(x)=¢t_‘ 

@ 

Ma)=3—¢ 

a When z=0, y=3-2°=3-1=2 

When z=1, y=3-2"'=3-}=2¢ 

When z =2, y=3—2_2=3_%=2% 

When z=-1, y=38-2'=3-2=1 

When 2 =-2, y=3-2°=3-4=-1 

the initial temperature was 80°C. 

I When ¢t =24, 

T = 80 x (0.913)* 
a2 9.00°C 

When T'=25 

80 x (0.913)* = 25 
s 0.913° = 0.3125 

.t 72 12.8 min {using technology} 

b As z—o00, 3¥—o0 

and s0 y — oo 

As z— —o0, 3¥ =0 

adso y— -5+ 

d y= -5 is the horizontal 
asymptote. 

b Domainof f,g,and his {z|z€R} 

Rangeof fis {y|y >0} 
Rangeof gis {y|y >0} 

Range of his {y|y <3} 

27% =0, 

Ly 
b As o o0, 

As £ — —00, 277 — 0o, 

. Y= 00
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d  horizontal asymptote is y =3 

  

10 W = 1500 x (0.993)* grams 

a When t=0, b | When ¢ =400, Il When t =800, 

W = 1500 x (0.993)° W = 1500 x (0.993)4%° W = 1500 x (0.993)5%° 
=1500x 1 #290.3 grams = 5.44 grams 

= 1500 grams 

¢ d When W =100, 
W(gams) 1500 x (0.993)° = 100 

. (0.998)* = 0.0667 
. t=385.5 {using technology} 

So, it will take about 386 years. 

1500 

  

    

  

W=1500 x (0.093)¢ 

REVIEW SET 3 [N 

1 & When y=3"=5, 

2= 1.5 from point A. 

b When y=3"=4, 

2/ —0.8 from point B. 

¢ 6x3°=20 

L =031 

When y =37 =34, 

211 from point C. 

  

  

8ab® 2 a (") b % % Pt i 

= a':s = :+:q2+4 Byt 

=a =7 2 
=4a"% 

_ & 
@ 

3 a 2x27* b 16+273 L 
=2! x27* =20+27° = (2% 
— gl+(-0) — 94— (-3) Y 
=23 —o7 - 

& a b3= bls b (ab)~! ¢ abt 
=g~ 1p~1 

a”'b =ax % 

L a 
@ 3
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5 2+t — gr+1—(1-x) 
21—z 

= grti-1tz 

=2% 

6 a 1=5 55 < 4%/5 d 250+ 

=5t x5t 1 =@E)r" 
=7 = 52a+6 

= 5‘§ st 

=5t 

7 T . oE z o £)2 ¥ ¥ 
a (e +€%) b (2% + 5) (2 =7z +7) 

— Ot = (2)2+2%2° x 5452 =(zé)z_.,z 
=1+e* =2%% 4.5 x 27+1 425 ol 

=47 +5x 2%t 425 o9 
{or 22® +10(2%) + 25} 

8 a 6x2°=192 b 4x(3)" =824 
2% =32 
2 =2 @ =8 
z=5 

9 The point (1, v/8) lies on the graph of y = 2=, 
. okXl_ g 

2k = /2% 

2k = 2’2 

k=% 

1 1 — (1}* 0 a 2o+l =32 b 2 = (1) 
2mH = 98 (22" = @7%)° 

THl= i 2% +2=-3z 
- E= 5= -2 

= _é 

11 a When y=2%4+1=3 < 

When y=2"1+1~174 

When y=22+1%127 
When y=2e! +1~644 

When y=2e2+1=x158 

  

b As 2 — oo, 

As > —00, 

y— 1t 
Yy—+ o0 

d y=1 

  

is a horizontal asymptote.
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LOGARITHMS 

EXERCISE /A 1N 

1 a log 10000 b log0.001 < log10 d log1 

= logyo 10* = logy, 10 = logyo 10° 

=4 = =0 

1 
e log \/fié 1 g log (W) b log 1o¢1§_0 

= logyo 10 ~3 = log; 10 
= % =logyo 10 - % 

1 log ¥100 i lug( log {10 x ¥/10) 1 log1000v10 

¥    = log;(20%) = logyo(10" x IOQ) = log;(10% x 105) 

=logyg 10§ =log;o 10§ =logyy 105 
=4 

=2 =3 
¢ —logyg 10% 

=32 
2 

o 
e a loglo® b  log(10°x100) ¢ log (i) d  log (llb) 

_ o e 10™ 10 = logyg 10° = log;o(10° x 10%) e b 
=n — 1o (10a+2) =log;((10'~™) = log;o(10%77) 

=logio =1-m =a—b 
=a+2 

3 a ¢ b 60 < 6000 d 06 e 0008 
= lologfi = 10195 60 = lolog 8000 = 10103(0,6) = wlog(o.oos) 

~ 100.7782 ~ 101.7782 ~ 108.7782 e 10—0,2215 ~ 10—242218 

t 15 § 1500 h 15 1 015 ] 000015 
= 10loels = 10log 1500 — 1ol 18 = 1Q's(0-15) = 1Q'08(0-00015) 

e 10L1751 P 103.1781 g 100.1751 v 10—0.8239 r 10—3.8289 

4 a | log3 B log300 b 300 =3 x 10* 
20477 5 2.477 = 1083 x 1% 

= 101053+2 

log 300 =log3 + 2 

5 a | log5 i log0.05 b 0.05=5x 102 

~ 0.699 s —1.301 = 1085 x 1072 
= 10ts5-2 

log0.05 = log5 — 2 

8 a logz=2 b logz=1 ¢ logz=0 d logz=-1 

2 =10% soz=10! soz=10° oo w=1071 
= =100 soz=10 Loe=1 noe=g
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e logz=1 t logz=-1 g logz=4 h logz=-5 

3 C p—10-% oooz=100 sooz=107% 
e=10 soE=10 2=10000 5 2=0.00001 
z=v10 . 

e T = _% 

10 

- 
V10 

1 logz =~ 0.8351 1 logz ~2.1457 k logxz =~ —1.378 I logx ~ —3.1997 
2 100.8351 TR 10241457 - 10—],378 oz 10—3.1997 

T~ 6.84 SoxR 140 o w2 0.0419 .~ 2 0.000631 

EXERCISE [ 

1 a 10% =100 b 10* = 10000 ¢ 107'=0.1 

d 1o§=\/1_0 e 2°=38 t 3#=9 

g 272=1 h 315 =427 1 5'*:7% 

2 a log,4=2 b log,64=3 € logg25=2 

d log,49=2 e log,64=6 t log, (3)=-3 

8 log,(0.01) = -2 h log, () =-1 I logg (%) =-3 

3 a log; 100000 b log;0(0.01) < logs v3 d logy 8 

=log; 10° =logy, 1072 3 =log, 2% 
=5 =2 =logs3 =3 

=1 
e log, 64 f log, 128 8 logy 25 h logy 125 

=log, 2° =log, 27 =logs 5% =logs 5° 
=6 =7 =2 =3 

1 log,(0.125) 1 logy 3 k logy 16 | logzg 6 

= 1 =log, 4* 
=1log, () =logy ot P =loggq st 
=log, {27° - - e (277) =3 =3 
=-3 

m log; 243 n log, V2 ° log, a™ P logg 2 

= log, 3° =n, a>0 
=5 * =log, 2§ = logg 4 

=1 =4 

q log, (%) r logs 6v6 s log, 1 t logg 9 

- —1 =log, 4° =logy 9! =log, ¢ =loge(61><6§) 2034 - o 

=-1,t>0 3 

=logg 6 
-3 

2 

4 8 logpl52a218 b logp25~ 140 ¢ log,y74~ 187 d logy,0.8 ~ —0.0969
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5 a logyz=3 b logyr=14% ¢ log, 81=4 d log,(z—6) = 

z=2% 3 o 8l=at L z-6=2% 
z=8 soow=4 s oe=2¥81 . z—-6=8 

now=2 s ow=43 Loz=14 
. =3 {as = >0} 

6 a log, 16 b log, 4 < logy(3) d log, o ¥/1000 

=log, & = log, 2° = —1 = s, = loes - lofs 3 — loggy(10%} 

=logyy 10% 

¢ log, (71_7) 1 logs(25v5) 8 logg (7‘2—1) h log, (fi;) 

  

% L 7 
=log; 7 logs (55°) -1 1 =log, {2 3 

1 3 =8 ot =-3 =1logs5 (3%) 3 
- 2y~ 

=3 =logy 3% =logy ((2 ) ) 

=_3 — 
T2 =log,4 1 

2 

1 log,, 2% 1 log,va k  log,m® 1 log, (2v/z) 
=2,2>0 3 =3 m>0 3 

=log, = =log,(z! x z°) 
L 

=3 >0 
2@ = lcvgza:g 

= %, z>0 

m log,, (%) n log, (;1,-) ° log, (7‘:) p log,,, Vm3? 

=log,n* =log, a2 - - 5)% En 8 & —log,a % =log,, (m ) 
=-1, n>0 =-2,a>0 * § 

=-%a>0 = log,,, m/ 

= %, m>0 

EXERCISE 4C.1 

1 a log8 +log2 b log4 +log5 < log40 —log 5 

=log(8 x 2 =log(4 x5 = 40 

= 1Zg(1eX ) = 123(20X ) ~los (%) ='og =g =1log8 

d logp — logm e logy 8 —log 2 1 log 5 +log(0.4) 

- 08(2) = 1eg, (3) =5 x04) 
=log, 4 =g 

=1 

g log2+log3+log4 h 1+1log, 3 1 log4—1 

=log(2 x 3 x 4) =log, 2! +log, 3 =1log4 —log 10" 
=log24 =log,(2x 3) =log (& — log, 6 e (%) 

=log04
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1 log5+logd —log2 k 2+log2 1 t+logw 

= log (24) =1log10% +log2 =log10’ + logw 
log10 =10g(100 x 2) = log (10° x w) 

-8 =log200 =1 

m log,, 40 -2 n logg6 —log 2 —logz3 o log50 — 4 

= log,y, 40 — logp, m? =logs(6+2+3) =1log50 — log 10* 
=logz 1 = 50 = 40 3 = I 

= logn (%) (=0) og (%) 
=10g 0.005 

p  3—logs50 q  logs 100 —logg 4 t log(4) +1logd+log7 

= log 5° — log; 50 = logs (42) =log (§ x3x7) 

= logs (422) =log; 25 =1log28 
— logg (%) =logg 5% 

=2 

2 a 5log2 +log3 b 2log3 + 3log2 < 3logd —log8 

=log2° +log3 =log3? +log2* =1log4® —log8 
— S — =log(2° x 3) =log(9 x 8) —log (%) 

= log 96 =log72 
=log8 

d  2logy5—3logy 2 e Llogg4 +loge 3 t 11og(2) 

= logy 52 — log, 2° ogs 525 og; —toged? +1ogy3 =tog(2)} 
= 25 logs ( 8 ) =logg(2 x 3) —iog (2_3)§ 

=logg 6 1 
-1 =log2 

=log(}) or —log2 

8 3—1log2—2log5 b 1—3log2 +log20 i 2—%log,4—-log,5 
=1log10® — log 2 — log 5% =log10' —log2® +log 20 5 3 
= log(1000 + 2 + 25) = log(10+ 8 X 20) =log, n® —log, 4” —log, 5 
=log20 =log25 =log,(n*+2+5) 

2 
=log, (%) 

3 log 4 b logs 27 ¢ log8 log3 

log2 logs & log2 log9 

_ log2? _ logg 3% _ log2® _ log3 

~ log2 "~ logy 32 ~ log2 log 32 

_ 2log2 _ 3logs3 _ 8log2 _ log3 

"~ log2 ~ 2logs 3 ~Tog2 2l0g3 

=2 =% =3 =3 

log, 25 log, 8 

log;(0.2) log,(0.25) 

log, 5% log, 2° 1_ 1 
=S8 = 25=1= 

logy 51 log, 2—2 fo25=1 ;T} 

_ 2logg5s _ 8log,2 

" “llog;5 T —2log,2 
=—2 =
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a log9=1log3? 

=2log3 

d log (%) =log5~? 

—1logh 

—log5 

log, 6 
=log,(2 x 3) 
=log, 2 +logy 3 

=p+gq 

log, (SA,&) 

= logy(5 x 33) — logy 2 
=log, 5+ 3 log, 3 — log, 2 
=r+iq-p 

log, (PR) b 

=loga P+logy B 

=x+z 

log, (P2 \/5) e 

= log, P? +10g, @ 
=2log, P+ 3log, Q 
=2+3y 

logy N? = 1.72 b 
2log, N =1.72 

log, N=1.72+2 

=0.86 

  

  

3 L 1 
b logx/i:l:)gZ ¢ log(s) =log (5) 

=1log2 208 —log2~? 

=—3log2 

e log5=log (%) 1 log5000 = log (20200) 

=1log 10! —log2 =1log10* —log2 
=1-log2 =4-log2 

b logy, 45 € logg, 108 

= log,(3°5) = log,(223°%) 
=2log, 3 + logy, 5 =2log, 2+ 3log; 3 

=29+ =2p+3q 

e log (%) 1 log,(0.3) 

=log, 5 — log; 2° =logy(3) 
=log, 5 — 5log, 2 =log, 2 — log, 3* 
=r—5p =p—2q 

log,(RQ?) ¢ log, (%) 
=log, R 4 log, @* 
=log, R+ 2log, Q = logy(PR) — log, @ 
=z+2 =logy P +log, R —log, @ 

=z+z—y 

@ R*VQ log, (fi t log, Ps 

= log, @° — log, R} = log, B? + log, Q% —log, P* 
=3log, @ — tlog, R =2log, R+ §log, @ — 3log, P 
=3y-1z =2z+%iy—3z 

N2 

log,(MN) < log, (—) 

=log, M +log, N VM 

=1.29+0.86 = log, N2 — log, M% 
=215 =172—}log, M 

=172 -1(1.29) 
=1075 

EXERCISE 4C. < [N 

1 y=2° 
. logy = log2® 

- logy =zlog? 

r=sva=sa 

. logT = log(Sd’}) 

+ 
. logT =logh +logd 

. log 7'~ 0.699+ } logd 

  

b y = 206° < M =ad* 

. logy = log(206%) . log M = log(ad*) 
<. logy = log20 + logb® . logM =loga +logd* 
-, logy = 130+ 3logb o logM =loga+4logd 

e R=tvi=b? ' Q= bin 

- log B = logti}) - log@ = log (bi") 
logR=logb+logl§ logQ =loga —logb™ 

. logR=logb+ %logl .. logQ =loga—nlogh
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8 y=ab® h F= % = 2—2 I L= a_b 

s logy = log(ab®) "o ¢ ab 

logy = loga + logb® 20 . logL =log (7) 
. logy =loga +xlogh . logF =log 3 . logL =logab—loge 

n 
4 o logL=loga+logh 

. logF =1log20 —logn —loge 

. log F~1.30— $logn 

m 
| N= : Kk S =200 x 2¢ 1 y::—n 

3 .. log§ = log(200 x 2) \ oz [ & 
N= (%) o log§=log200 +log2t - 8V =log (b_n) 

aod . log8 =1log200 + tlog 2 - logy =loga™ — logb™ 
. logN =log (3) o log S~ 2.30 +tlog2 o logy =mloga—nlogh 

- logN =1log (%) 

- logN =3}loga—}logb 

2 a logD=loge+log2 b log, F=log,5—log,t € logP=jlogr 

= log(e x 2) _ 5 3 . D=9 =log, (t) =logz 

_s . P=vZ 
Tt 

d log, M =2log,b+log,c ¢ logB=23logm —2logn t logN=—§logp 
— - 3 2 = log,, b22+ log, ¢ =logm® —logn’ - logp_§ 

= log, (%) o (ma) 1 

M=t = Z =log - (%) 
m 1 . B=2 . - o N 7 

8 logP=3logz+1 h log,@=2-log,= 

=logz® + log 10! =log, a® —log, = 
= log(102°) a? 

P=10s" =loea | 2 
2 

a 
L Q== 

z 

3 a y=3x2° b log,y=log, 3+ 2 {froma} 

~. logyy =log, (3 x 27) o m=logyy—log,3 
. logyy = logy 3 +log, 2° y 

. logyy=log,3+= oz =log, (3) 

¢ | When y=3, Il When y=12, M When y = 30, 

== log, (3) =g, () =gy (2) 
s z=loggl sooz=logy 4 ;.o z=logy 10 

s z=0 o z=log, 2° s 23832 

Lox=2
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& 2 logy27+logg (3) =logsz b 

. logg (27x &) =logg @ 

. logz9=logz 2 

Loz=9 

¢ log; 125 —logs v =logs = 

log, (%&) =loggx 

L oz= 55 (= 25v5) 

¢ logz +log{z+ 1) = log30 

loglz(z + 1)] = log 30 

o2 rz=30 
o 2?+z-30=0 
(@+6)(z—5)=0 

. xz=-6orb 

but x>0 for logz to exist 

x=38§ 

logs © = logs 8 — logs (6 — =) 

. logsa:=logs( 8 )   

  

66—z 
.8 Note: >0 
©FTF-z  ad 6-2>0 

. Bz—al=8 so 0<z<6 

s @ —6x+8=0 
s (=2)(z-4)=0 

Lox=2o0r4 

d logyg * = 1+ logyg 10 

logyy z = logyy 20" + logy, 10 

= logyq 200 

z = 200 

1 log(z+2) —log(z —2) =log5 

log ($+Z) =logh   

  

z— 

z+2 

z—2_5 

z+2=5z—10 

—dz=—12 

sooz=3 

Note: z+2>0and 2—2>0 

z>2 v 

EXERCISE 4D.1 [ 

1 a lne? b Ine® 

=2 {lne® =gz} =3 

1 3 e m(7) t m¥e 
€ 

=lne”? =].ne% 
=-1 =1 =3 

9 a o8 b e2lnd 

=3 =32 
{using &% =z} 

3 Ing exists only when x> 0. 

In(—2) and In{0) do not exist. 

& a Ine® b In(exe?) 
=a =Inelte 

=a+1 

Ine® x &) d 
(24 —lnett 

=a+b =ab 

  

¢ Inye d Il 
0 % =Ine 

=Ine =0 

1 
3 

1 

s n(3) 
=Ine? 

=2 

< e~ lns d 22 

— g~1llns —9-2 

=5"1 _1 

=1 Tz 
: =1 

3 

Note: If In(—2) =qa then —2=¢? 
and €* = =2 has no solutions as e® > 0 for all a. 

n@E)® e m(J)
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5 a 6=el7018 b 60 = %0943 

e 0.006 = e—5-1160 f 15 = 27081 

1 0.15=¢71897 ] 0.00015 = e~38049 

€ 6000 = 56995 
g 1500 = 73132 

  

    

6 a Inz=3 b Inxr=1 ¢ Inz=0 

. . z=¢' soz=e 
. z=em 272 soe=1 

f Inx~0.835 § khhzm2145 

- s 0835 et MS 

. &~ 0.00674 . ¢~ 2.30 . T~ 8.54 

d 06=e 05108 
h 1.5 = 04055 

  

d Ihnzg=-1 

. z=et 

. x=0.368 

h Inzm-3.2071 
- peg e 29T 

. x5 0.0370 

EXERCISE 4D.2 [ 

1 a Inl5+lkn3 b Inl5-In3 ¢ In20-lks 
=In(15 x 3) =In(%) =in(3) 
=1n45 =I5 =In4 

d Ind4+1né e In5+ In(0.2) 1 In2+In3+In5 
=1In(4 x 6) =In(5 x 0.2) =In(2x3x5) 
=In24 =Inl =1n30 

=0 

g l+hn4 h  In6-1 I In5+In8—In2 
=ine' +In4 =In6—Ine' =In(53x8+2) 
=lIn(e x 4) _ (g) =20 
= in(4e) T \e 

I 2+ln4 k In20-2 I  Wni2—In4—In3 
=lne*+Ind =1In20—Ine? =In(12+4+3) 
=1In(e? x 4) _ln(@) =Inl 

=1In(4e?) = =0 

2 a 5ln3+ln4 b 32425 ¢ 3lh2-In8 
=1n(3%) +1n4 = In(2®) + In(5%) = In(2®)—In8 
=1n(243 x 4) = In(8 x 25) —In(®) 
=1n972 =1n.200 = Ms 

=ln1=0 

d  3ln4-2In2 e iln8+ln3 i) 

= In(4%) — In(2%) =In(s¥) + 108 =m((¢)&) 
= In(%) =1n(2 x 3) = 

=In16 =6 =1n(L) 
o7% 

=In(}) 

8 —-In2 b —-In(}) i —21n(}) 

=n@™) =n(($)™) =™ 

=In(}) =2 =In(4) 
=Inl6
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3 a In27 b V3 ¢ In(3s d I3 
=n8® st (L =In6"! 
=3In3 =z =—-1ln6 

=im3 _ 
2 =1n(27%) =—Iné 

1 . =—4In2 

< (%) rom(3) 
2% =Ine! —In5 

=1-n5 =—1m2 

s 2 nis bk < ln(si) 
2 

—ms? =mn2"® 
=-5In2 T o (3) 

2 

w2t 

=—{n2 

5 a mD=lz+1 b InF=-Inp+2 ¢ InP=4ha 
InD-lnz=1 = n n InF+lnp=2 lnP:lnxi 
h(g)_ In(Fp) =2 

z Fp=¢® P=vz 

2:31 F=£ 
® P 
D=ez 

d mM=2ly+3 ¢ mB=3nt-1 ! InN=-%Ing 
InM—2lny=3 InB—Intd=-1 -3 

M w(BY InN=Ing 

n{=])=3 "\e) T -4 y - 
M E—e_1 v=e e B N= L 
v 8 5 
M=esg2 B=? 

g InQ = 3Inz + 2.159 h InD ~ 0.4Inn — 0.6582 
InQ—3lny~2.159 InD —nn®* r —0.6582 

QN . D In (28) #2159 In (W) ~ —0.6582 

Q i 02.169 D —0.6582 = € mze - 

Q D 5 8.6 5 0518 

Q =~ 8.662° D = 0.518n%% 

EXERCISE 4 | 

  

1 a 2 =10 b 3% =20 

. log2% =log 10 . log3* = log20 

. zlog2=logl0! . zlog3 =log20 

s op= 1 o= log20 

. log2 log3 

4% =100 
. log4® =log100 

. zlogd =log10® 
2 

logd 

< 

LoE=
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d 

2 a 

d 

3 a 

4 a 

5 a 

. log500%¢ = Jog (M) 

. log2™*° = 

()" =00625 e 

-, log($)” = log(F) 

. zlog(271) = log(2™%) 

  

_ —4log2 

- —log2 

z=4 

e =10 b 

z=In10 

e§=5 e 

. ;=1n5 

. x=2Inb 

R =200 x 2025 

R 0.25¢ _ TV 
2= 

R . 0.25¢ _ . log 2975 = Jog (200) 

.. 0.25tlog 2 = log R — log 200 
_ log B —log 200 

= 0.25log2 

M =20 x 57002 
M . 50022 
20 

20 

—0.02zlog 5 = log M — log 20 

_ logM —log20 

T -0.02logh 

4x27% =012 

% =0.03 

log(0.03) 

—zlog 2 = log(0.03) 

log(0.03) 

- log2 

  

  

()" =01 f =0.00001 
_ log 107 = log 0.00001 

- loa(®)” =log10™ ' 1Zglgz =1§ggoofg ° 
| wlog(d) = -1 o8 s 

1 . zlogl0= —5log10 

r=— Sowm=-=5 
log(3) 

= 1000 < =03 
s, & =In1000 e® =015 

z=1n0.15 

e =18 t E_i = 

. 2z=1In18 =% om 

. z=3 iinis _; o 

2 

z=0 

b i When R=600, 

= log 600 — log 200 

0.25log 2 

. 12 6.34 

i When R=1425, 

_ log 1425 — log 200 

- 0.251log 2 
ot 113 

b i When M =100, 

_ log100 —log20 

T —0.02log5 

Soox=-50 

I When M =232, 

_ log232 —log20 

T —0.02log5 

. xR =761 

b 300 x 5% = 1000 
. gols _ 10 - 5 

. log5%1® = log (42) 

. O.lzlogh = log (%) 

. zlog5=10log (To) 

10log (1?0) 

- o= log5
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32 x 30252 

. 3—0:252 

ol
 

. log370%% = log (1) 

—0.25zlog 3 = log (%) 

-, zlog3 = —4log (é) 

oo —4log (%) 

. log3 

50 x e~00%% = 0,05 

o €008 = 0,001 

- Ine™093% = 1n(0.001) 

—0.03z = In(0.001) 
— 32 = In(0.001) 

100 

s @ =—1221n(0.001) 

3T = 96T 

*(e®—2)=0 

e* =2 {as € >0} 

z=In2 

e —5e°+6=0 

(e —3)(e" —2)=0 
e =3or2 

z=In3 or In2 

1412 % =¢® 
e +12=¢" {xe} 

e —ef-12=0 
(€ —4)(e"+3)=0 

. e =4o0or-3 

=4 {as e >0} 

z=1In4 

y=¢ and y=e** -6 

meet when e* =e?* — 6 
s e —e®—6=0 
(" =3t +2) =0 

& =3 or =2 

oo e®=3 {as " >0} 
z=In3 and y=¢*=38 

they meetat (In3, 3). 

d 20 xe?® =840 
L =42 

. Ine® =Ind2 
© 2z =1n42 

. z=3In42 

1 41e%%% —27=0 

s 41e%3® =27 
. 0.3¢ _ 27 L =2 

0.3z _ 27 . Iné C‘—ln(fi) 

. = 27 . 08z =W (%) 
8 .= 27 
e =W (%) 

s=%m(%) 
b eF=e " 

zT=- 

25 =0 
z=0 

d e +2=3"" 
s %42 =3 {xe} 

s €425 -3=0 
(€ +3)(e® —1)=0 

e®=-3orl 

ef=1 {as & >0} 

z=Inl 

=0 

t e =3 
R e 

. ¥ 3" +1=0 

. 3%40—4 
2 

. 3+8 
) 

" m=ln(M) or ].n(sflzé) 2 

{xe"} 

. € 

. €   

#~0.962 or —0.962 

b y=2"+1and y=7—¢" 

meet when 2e® +1=7—¢° 

3" =86 

oo =2 
z=In2 and y=T7—e=5 

they meet at (In2, 5).
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< y=3—¢€” and y=5e"* -3 

meet when 3 —e® =5¢"% —3 

s 8" —e*®=5-3" {xe"} 

o €P—6e+5=0 
(e* —5)(e*-1)=0 

e =1lord 
z=0or In5 

When 2 =0, y=3—-e’=3-1=2 

When ¢ =ln5, y=3—e*5=3-5=—-2 

they meet at (0, 2) and (In5, —2). 

EXERCISE 4F [ 

    

1 a  logl2 b logy 1260 € logg(0.067)  d  logy.4(0.006984) 

_ logye12 log, 1250 _ log;0(0.067) _ log,0(0.006 984) 
logyy 3 = Tog,0(05) T logy3 T logy(0.9) 

~2.26 ~—10.3 ~ —2.46 ~5.42 

2 a 2% = 0.051 b 4° =213.8 < 325+ = 4,069 
z = log,(0.051) = =log, 213.8 2z + 1 = log;(4.069) 

In(0.051 In(213.8 In(4.069) 
o= (ln2 ! o= (1n4 ) Zm+l= (ln3 : 
7~ —4.29 2 3.87 2z +1r 1.2774 

2 % 0.2774 
z = 0.139 

3 25 —3(5%) =0 b 8(9°)-3*=0 2% —2(4%) =0 
- 5% —3(5%) =0 o 8x 337 =0 P —2x2% =0 

- 5(5—3)=0 . ¥(Bx3°-1)=0 2%(1-2x2%) =0 
o 5=3 . 8x3°-1=0 L 1-2x2°=0 

{as 5% >0 forall z} {as 3° >0 forall =} {as 2% >0 forall z} 

s z=logg3 =3 =1 
= log3 s a:=loga(%) $=1032(%) 

o5 oo loed) ) 
. log3 log2 

z=-1 

& log, 2% +log, VT =8 

loga® _ loga} oga® | logz 
    

    

    

  

log4 log2 

3logz | 3logz —s 

2log2 log2 

3logz+ logz 

2log2 = 2log2 

4logz _ 

2log2 
logz =4log2 

logz = log 2% 
z=16
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EXERCISE 4G 1 

1 a f(z)=log(z+1), z>-1 

I Werequire z+1>0 - z>-1 

So, the domainis {z |2 > —1} andtherangeis {y|yeR}. 

log(z + 1) 
log3 

Il As 2 -1%, y— —o0, ll We graph, using y = 

so z=—1 Iis a vertical asymptote. 

As & —> 00, y— 00 z 

When £ =0, y=loggl=0 

So, the y-intercept is 0. 

When y =0, logz(z+1)=0 

  

  

  

  

L oe+1=38° 
L m+l=1 - 

. =0 »       So, the x-intercept is 0.   

  

          

v If flz)=-1 v f is defined by y=logs(xz +1) 

then logg(z+1) =—1 o 7! is defined by @ =logy(y +1) 
z4+1=3"1 Sooy+1=38" 
ol L oy=3"-1 

2 Y z)=3"-1 

=73 Horizontal asymptote is y = —1. 
which checks with the graph Domainis z¢cR. 

Rangeis {y|y> -1} 

b flx)=1—logg{z+1), z>-1 

I Werequire £+1>0 - 2>-1 

So, the domainis {z |2 > —1} andtherangeis {y|yeR}. 

I As z——1%, y—oo, Wl 'We graph using y=1—1°gl(””—+l) 
so =z =—1 is a vertical asymptote. log 3 

As z— 00, Y — —00. 
When z=0, y=1—logz1l 

=1-0=1 y17 Wes(E+H1) 

So, the y-intercept is 1. 

  

by 
  

  

  

      
                        

    

   

When y=0, 1-logg(z+1)=0 & z| 

logg(z+1)=1 

z+1=3 o= 4 6.1 

So, the g-intercept is 2. 

v I fz)= v f isdefinedby y=1-logy(z+1) 

then 1 —logg(z+1) o f7Visdefined by @=1—logy(y+1) 
logg(x +1) =2 o logaly+ 1) =1-=2 

z+1=32 Loy +1=37% 
sz =8 s oy=8eo1 

which checks with the graph o fYz)=38mT 1 

Horizontal asymptote is o = —1. 

Domainis z € R. 
Rangeis {y|y>-1}.
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¢ f(z)=logg(e—2)—2, >0 

We require —-2>0 . z>2. 

So, the domain is {z | > 2} and the rangeis {y|y € R}. 

As z =2+, y— —oo, 

so x=2 Iis a vertical asymptote. 

As z — 00, y— o0 

When =0, y isundefined. 
.. there is no y-intercept. 

When y=0, logg{z—2)=2 

z—2=5° 
=25 

=27 

So, the z-intercept is 27. 

If f(z)=-1 
then logg(z—2)—2=-1 

logs(z—2) =1 

z—2=5! 

  

sooe=T 

which checks with the graph 

d f@)=1—logg(x—2), z>2 
Werequire £ —2>0 . z>2. 

log{z —2) 

  

     
     
  

  

  

  

  

  

                      

Nl We graph using y = 2 
logh 

T 
o 

le 2 
27 Ed 

2 
—4 

v f isdefined by y=logg(x—2)—2 

o f7 isdefined by x=logg(y—2)—2 
z+2=logs(y—2) 
y—2= 5542 

o y=5"12412 
Y (z) =55+ 4.2 

Horizontal asymptote is y = 2. 

Domain is € R. 
Rangeis {y|y>2}. 

So, the domain is {z |z > 2} andtherangeis {y|y € R}. 

As 2, y— o0, 
so x=2 is a vertical asymptote. 
As z — 00, y— —c0. 

When © =0, y isundefined. 

.. there is no y-intercept. 

When y=0, 1-logs(z—2)=0 

  

  

logs(z — 2} =1 

z—2=5 
z=T7 

So, z-intercept is 7. 

I f@)=-1 
then 1—logg(z —2)=-1 

logg(z — 2) 
. z—2=5 

=27 

which checks with the graph 

log(z — 2) Wl We graph usi =1- ‘e graph using y Tog 
  

y= 1 {logg(F — 2) 
  

  

  

  

  

                u » iz 
  

v f isdefined by y=1—logg(x —2) 

o f7Y isdefined by z=1—logg(y—2) 
logs(y—2)=1—= 

y—2=5"% 

oy=5""42 

fHa)=8""+2 
Horizontal asymptote is y = 2. 

Domain is = € R. 
Rangeis {y|y>2}.
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e f(z)=1-2log,®, >0 

I Werequire z > 0. 

So, the domainis {z |2 >0} andtherangeis {y|y€R}. 

2logz 
  il As z -0+, y— oo, il Wegraphusing y=1— 

so z =0 is a vertical asymptote. 

As & —> 00, y— —o0. ¥ 

When =0, y isundefined. 
there is no y-intercept. 

When y=0, logyz=3 

log2 

  

z-interceptis +/2 = 1.41. 

[ If f(z)= 

then 1—2log,z 

  

v f isdefinedby y=1—2log,z 

. f7! isdefinedby x=1-2logyy      

  

  

—2log,z = 2log,y=1—= 
logoz = 1-z 
- p=gt o gy =— 
Sow=2 iz 

—9 2 
which checks with the graph v=2" 

=2 
Horizontal asymptote is y = 0. 

Domainis z € R. Rangeis {y|y > 0}. 

a 1 flz)y=e"+5 

o y=e"+5 

has inverse function 

z=eY+5 

z—B5=e¥ 
y=In(z—5) 

  

W Domainof fis {2 |z &R}, rangeis {y|y >S5} 

Domain of f~1is {z |z > 5}, rangeis {y|y € R} 

iv FfhesaHA y=5 f~lhsaVA z=5. 
When =0, y=e°+5 

soy=6 

y-intercept of f is 6. 

When y =0, e*+5 is undefined 
£ has no z-intercept. 

the -intercept of £~ is 6, and ! has no y-intercept.    
o 1 flz) =21 -3 i 

or y=e"t1 -3 

has inverse function 

=€t -3 
T +3=ett! f@)=e"1-3 

  

y+1=In{z+3) 

FHz)=In(z+3)-1
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I Domainof fis {z|z € R}, rangeis {y|y > -3} 

Domain of f~1is {x |z > —3}, rengeis {y|y R} 

Iv fhasaHA y=-3. flhassaVA z=-3 

When =0, y=e'*1-3=¢-3 

the y-intercept of f is ¢ —3 ~ —0.282 

When y =0, e*t*—-3=0 

  

oot =3 
L x+1=In3 

. z=In3-1 

the z-intercept of f is In3 — 1 = 0.0986 

.. the g-intercept of f~1is e— 3~ —0.282 
and the y-intercept of f~1is In3 — 1 0.0986 

< 1 flz)=lnz—4, 2>0 i 

. y=lhzr—4 

and has inverse function 

z=Iny—4 

z+4=Iny 
g =+ 

Fiz) = e+ 

  

W Domain of fis {z |z >0}, rangeis {y|y € R} 

Domain of f~1 is {x |z €R}, rangeis {y|y >0} 

W fhasaVA. z=0. f~'hasaHA. y=0. 
When =0, Inz—4 isundefined. 

.. [ bas no y-intercept. 

When y =0, Inz—4=0 

. Inz 

. z=e*~546 
the z-intercept of £ is e?. 

F71 has no x-intercept and the y-intercept of f~1 is €. 

d 1 fl@)=lnz-1)+2 z>1 i 
y=In(z—1)+2 

and has inverse function 

z=In(y—1)+2 
In(y-1)=2z-2 

y—1=e"2 

soy=e"241 

@) =e*"2+1 

i Domainof fis {z|z>1}, rangeis {y|y€R}. 
Domain of f~'is {z |2 € R}, rangeis {y|y>1}. 

W fhasaVA z=1 flhsaHA y=1 
When =0, In{z—1)+2 isundefined. 

[ has no y-intercept. 

When y =0, In(z—1)+2 

          

. In(z—1)=-2 

L z—1=e? 

L z=1+e? 

the z-intercept of f is 1+e~2, 
£ has no z-intercept and the y-intercept of 1 is 1+ e 2.
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3 & fis y=e= b (gof)z)=g(f(=) 
so the inverse function £~ is =g(e”) 

=€ =2(e*") -1 
2y=Inz So, y=2e* —1 which has inverse 

s oy=3he z=2e% -1 

1) = }ina oekl=z 
(Ftog)@) = 17" (9(=)) SRt =€ 

=fee-1 
=31ln(2z—1) 

4 a y=Inz cuts the z-axis when y =0 

Ing=0 

oz=e=1 

So, graph A is that of y =Inz. 

Note: z-intercept of y = In(z —2) 

iswhen z—2=¢e"=1 

=3 

¢ y=Inz hasaVA.of £ =0. 

y=In(z —2) hasa V.A.of z=2. 

y=In(z+2) hasa VA of z=-2. 

  

5 Since y=In(z?), y=2nz {loglaw} 

the new y-values are twice the old y-values. 

Kelly is correct. 

(Note that % = Inz? is also defined for = < 0. However, we are only concemed with y = Inz? 
for £ >0.) 

6 a fl@)=e*2 12 
or y=¢e3+2 has inverse function 

z=e¥ 42 
ooz —2=ebte 

- Infe—2)=y+3 
 y=In(z-2)-3 

So, fl@)=In(z—2)—3 

b 1 f(z) <21 when e*+3+2<2.1 I Similarly, f(z) < 2.01 when 

2% < 0.1 z < In(0.01) — 3 

2+ 3 < In(0.1) @< —T6L 
z<In(0.1)-3 
* < —5.30 

Wl f(z) <2001 when v f(z) <2.0001 when 

2 < In(0.001) - 3 2 < In(0.0001) - 3 
z < —9.91 Sz -122 

‘We conjecture that the HA. is y = 2. 

€ As z—00, ¥y — 00 d fhasaHA. y=2 andrange {y|y>2} 

As £ — —00, €T3 50 - y—o2 o fl'hasaVA z=2 and 
HA is y=2. domain {z |z > 2}
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EXERCISE 4 H (N 

1 Wi =20x2015¢ grams 

a When W: = 30, 

20 x 2015 =30 
s WBE=15 
log 2°-15¢ = log(1.5) 
0.15tlog 2 = log(1.5) 

= log(1.5) 

" 015 x log2 

£ 2 3.90 hours 

it takes about 3.90 hours to reach 30 g. 

2 When M;=50, 25x ™ =50 
o1 _g 

Ine®* =2 
01t=In2 

t=10In2 

it takes 10 1n 2 hours to reach 50 g. 

  

b When W;=100, 
20 x 2%1% = 100 
. g0Ist 

. log2%1%t =log5 
0.15tlog2 = log 5 

= logh 

0.15 x log 2 

o, t~315.5 hours 

it takes about 15.5 hours to reach 100 g. 

3 a 4 A = 20006757 b When A, =10000, ¢~ 2.82 

12000 we estimate that it will take 2.82 weeks 
10000 for the infested area to reach 10000 ha. 

8000 

6000 

4000 

2000 

4 

¢ | When An =10000, 2000 x ®57" = 10000 
60.6711 =5 

Ine®5™" =I5 

0.57n =In5 

i 
0.57 

n /s 2.82 

it takes about 2.82 weeks for the infested area to reach 10 000 hectares. 

& r=107.5% = 1075, w; = 160000, 
Un41 = 250000 

Ung1 =u1 X T 

250000 = 160000 x (1.075)" 

(Lo =2 

log(1.075)™ = log(%% 

nlog(1.075) = log(%3 

25 

n= —hg(fi 
log(1.075) 

it would take 6.17 years or 6 years 62 days. 

   
  

~ 6.1709 

5w =10000, upy1 = 15000, 

r=104.8% = 1.048 

Unt+1 = ug X 7™ 

. 15000 = 10000 x (1.048)™ 
(1.048)" = 1.5 

log(1.048)" = log(L.5) 
nlog(1.048) = log(1.5) 

o los(L8) 
~ log(1.048) 

n v 8.648 
it would take 9 years. 

{interest compounded annually}
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6 a 8.4% pa. compounded monthly b u; =15000 and wun41 = 25000 

84% Unpl =L X T 

12 = 0:7% a month - 25000 = 15000 x (1.007)" 
=0.007 LTy =B =8 

3 So r=1+0.007 1og(1.007)" — log(%) 

is   

  

    

  

. r=1.007 
nlog(1.007) = log(3) 

log(8) =——3"_ 732 ™= Tgro0n) © B 
he will withdraw the money after 74 months. 

7 M; =1000e~0%4 - Mp =1000e® = 1000 g 

a For M; to halve, M; = 500 b For M;=25g, 

1000e~"-04¢ = 500 o 1000e"04 = 25 
. e =5 oo €700 = 0,025 

—0.04¢ = In(0.5) s —0.04t = In(0.025) 

. ¢ (05 | ¢ In(0.025) 
. —0.04 YT T 0,04 

. trs17.3 years o tR392.2 years 

< For M= 1% of Mo 

1000e %4 = 0.01 x 1000 
e—lLDAt =0.01 

—0.04¢ = In(0.01) 
4= (00D 
T 004 

t &2 115 years 

8 V=50(1—e"02) ms? 

So, when V =40, 50(1—¢ 

l-e¢ 

  

—0.2t = In(0.2) 
In(}) 

=In(5"%) 

-t=-In5 

. t=5Inb 

it will take 51n 5 seconds for the man’s speed to reach 40 ms™?. 

  

& When P(t)= 20000, 

1000 x 2° = 20000 
2t =20 

. log2t =log20 

s tlog2=1og20 

i= log 20 

log2 

it will take 4.32 weeks for the population 

to reach 20000 mice. 

P     
     P(t)=1000 x 2 

1000   ~4.32



  

104  Mathematics SL (3rd edn), Chapter 4 — LOGARITHMS 
  

< P = 1000 x 2¢ 
P 

2t = — 
1000 

P " log2’ =1l (—) 08 = %8\ Tom0 
. tlog2 = log P — log 1000 

. t_logP—S 

7T T leg2 

10 T=4+96x e 008 oC 

a When T =25, 

4496 x ™0 = 25 
96 x e005 =21 

—0.03¢ _ 21 
€ =96 
—0.03t = In(Z) 

_ (@ 

~-0.03 
¢ 2 50.7 minutes 

1M1 a 
1000 

W = 1000 x 27904 

  

¢ | When W=20, 
3 -log20 t=3-108%0 10 0.04log2 

it will take about 141 years for the 

weight to reach 20 grams. 

12 W =Wy x 27000028 grams 

a When W is 25% of original, 

W=1ofWo 
Wo x 2700002t — 1 

90,0002 _ 9—2 

  

0.0002¢ = 2 
oo 2 
~ 0.0002 

t = 10000 
it would take 10000 years. 

d 

  

b When T =5, 
4+96x ™00 =5 

96 x 003 =1 
—0.03t _ 1 

€ =% 
—0.03¢ = In() 

_ In(g) 

~ —0.08 
t & 152 minutes 

b W = 1000 x 270-04¢ 

9—0.04 _ w 
: 1000 

w - log 2004 — | ( ) 
8 ¢ \ 1000 

—0.04tlog 2 = log W — log 1000 

0.04tlog2 =3 — logW 

3—logW 

~ 0.04log2 

  

Il When W =0.001, 
i 3 —log(0.001) 

" T 0.04log2 
it will take about 498 years for the 

‘weight to reach 0.001 grams. 

R 498 

b When W is 0.1% of original, 

W= %L of Wo 
Wo x 2700002 — L 7, 

log 279-9002¢ — 16¢(0.001) 
—0.0002¢ log 2 = log(0.001) 

4 __log(0.001) 
~ -0.0002 x log2 

t~ 49829 
it would take about 49 800 years,
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13 I=1Ipx27°%% amps 14 V=60(1-2"9%) ms—! 

When I is 10% of its original value, When V =350, 60(1— 2—0-“) =50 

I=10%of Ip 12702t _ 83 

I x27%% =01x I s 2702 =008 
o 2:23: =01 Jog 202 = 1og 0.16 

log 27%%% = log(0.1) —0.2tlog 2 = log 0.16 
—0.02t log 2 = log(0.1) Jog0.18 

—gstlog2=-1 = Toaxlog2 

= S0 seconds £ =2 12.9 seconds 
log2 

REVIEW SET 4A I 

    

1 a log, 64 b log, 256 < log,(0.25) d logas 5 
= 3 = 8 

_ ?g‘ ¢ _ 18°g2 ? =logy(}) =logyg 25% 
- - =log, 272 =1 

=-2 

e loggl t logg 3 g logy(0.1) h log, vk 
= logg 8° = 1 
— Ee =logg, 81* logy(5) =log, k 
- =logg 9! _1 

-2 

=-1 provided % >0, 
k#1 

1 @ b+1 e a log JT b log (?/T—o) ¢ 1og(1oa+:+1lo ) 
=1log 10 =1log10 - 

,Og =log10 ¥ =a+b+1 
=3 =_1 

3 

3 & 42423 b  {In9-In2 ¢ 2In5-1 d imsl 
=1n2*+ n3? =In5%—Ine! 
—1n(16+x 9)3 ot s 525 ¢ = (s} 
=lnl4d =n3-ln2 = (?) =In3! 

=In(}) =3 

5 In b (2 In(e*®) = 2 d m{2 a (e e) = ¢ In(e?®) =2z n{ = 

=lIn(e'e®) =Ine? =In(e! %) 
=-3 =1- 

= ].ue% 2 

=3 
2 

5 a log16 + 2log 3 b log, 16 — 2log, 3 < 2+log, 5 

= log 16 + log 32 = log, 16 — log, 3% =log, 4% +log, 5 
= log(16 x 9) = logy(48) =1og,(16 X 5) 
=logl144 =log, 80



  

  

  

  

      
  

  

  

        

106 Mathematics SL (3rd edn), Chapter 4 — LOGARITHMS 

3 
& a P=3xb° b m=— 

log P = log(3 x b%) r nt 
log P = log 3 + log b logm =log (—) 

log P =log3+zlogd 7 

logm = logn® —log p? 
logm = 3logn — 2logp 

7 logy 7 x 2log; = 

1 logy 
=loggrTx 2% 

logs?y 
=2logz z 

8 a logT = 2logz — logy b log2K=10g2n+%logzt 

logT = logz® — logy 
22 log, K = log, n +log, t* 

logT =log v logy K = log,(n x V&) 

. K=m/t 
v 

9 a In32=mn2° b In125=1In5° € In729=1In3° 
=5In2 =3Inb =63 

10 log, & is defined forall = >0 So, the completed table is: 

the domainis {x | z > 0} - 

and the range is y €R. Bation @gfi@@ @gm%m 

In(z +5) is defined for all & > —5 Doz z>0 z>—5 

the domainis {z | z > —5} Hanga yeR yeR 
and the range is y € R. 

1M a  logg36 b logs54 ¢ logs(8V3) 
= logg(2% x 3%) = logg(2 x 3%) _ P 
= log 2% + log; 3° = logs 2 + log; 3° = logs(2* x 37) 3 

=2logg 2 + 2logg 3 =log; 2+ 3logz 3 = logg 2° + log 3 
=24+2B =A+3B =3logs 2+ 4 logs 3 

=34+iB 

d logs(20.25) e log5(0.8) 

=logs(§) = logs(8) 
34 

= logg (2—2) 

= logg 3% — logy 2° 
=4logg 3 — 2logg 2 

=4B-24 

23 
= logg = 

= logg 2° — logy 37 

=3A-2B 

    

=3logs 2 —2logs 3
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logy k v 1.699 + 

3 —5=—-2¢"7% b 

o 36% —Be® = —2 
{multiplying both sides by e*} 

s 8 -5 +2=0 
(3e® —2)(e* —1) =0 

. 3e°-2=0 or €€—-1=0 

L " =% or =1 

=n(%) or =0 

32 = 10%832 b 0.0013 
2 101-5051 = 10lo&(0.0013) 

~ 10—248361 

loggz=-3 b logsz = 2.743 

z=2"% T 5248 
=1 S xR 827 

3 

b log, Q =3log, P+log, R 

2lnz ~3In (l) =10 
z 

. lnz2—ln(i) =10 z3 

-1 

- Ine® +In (i) =10 
za 

- In(z® x %) = 10 

- Inz®=10 

  

REVIEW SET 4B [ 

< 8.963 x 107 
= 10hg(8.983) x 10—5 

a3 100952 % 105 

A 10—140475 

¢ logyxms —3.145 
Py 3—8.145 

= 0.0316 

¢ log A log B — 2.602 

  

- ko 2l099+e =log, P® +log, R . log A —log B® = —2.602 

. kw2109 x oF =log,(P* x R) - log (A) 2,602 

. k~325x27 .. Q=P°R 4 BS 

—2.602 =3 ~ 10 ~ 0.0025 

Bb 
L AR — ~ 10 

4 a 5*=17 b 20 x 227+ = 640 
log5® =log7 - gl _go 

zlogh=log7 log 22°+! = log 32 

oo BT (22 +1)log 2 = log 32 
Tk log 5 2z+1=log32=5 

log2 

2r=4 

=2 

5 W, = 2500 x 3~ grams 

a Wo =2500x 3° 

=2500x1 

= 2500 grams 

b We need ¢t when W; = 30% of 2500 g 

000 

7000 
2500 x 3 = 0.3 x 2500 

=10g(0.3) 
i 

~3000 X log 3 = log(0.3) 

;= —lo8(0.3) x 3000 
log3 

17 3287.7 

about 3290 years 

log 3
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< % change d W (grams) 

- (M) X 100% . 
Wa Wi = 2500 x 3700 

(200 x a8 200} 
= 2500 ° 

=% - 1) x 100% 
~ —42.3% 

So, a loss of 42.3%. 

6 16" —5x 8% =0 
2" x 8T —-5x8° =0 

8%(2° —5) =0 
2°=5 a 8 >0 forallz 

z=logy5 as required 

7 a b 3lnz+2=0 ¢ =400 

. 3lne=-2 .« =400 

D 

d 2+l =11 e 2e? =750 
© 2+1=Inll & 

. 2z=Inll-1 z -1 3 =30 

CTT 2 z=2In30 

8 P:=Pn><2% t20 

When t =0, Pp= P x2°=PF,. So the initial population was Py. 

a If P; doubles, P;=2FP 

  

. P02§ =2PF, 

. fom 
t ) 
3 

L t=38 So, it would take 3 years. 

b % increase = (Pd;Po) X% 100% or Py=Fyx 2§ 

° ‘ = Py x 2.52 
- 78 252% of Pp 

= [BX2 =R 0% : 
Po So, an increase of 152%. 

= (2§ —1) x 100% 
= 151.98% 

So, the % increase is 152%.
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9 a g(x) =2e” — 5 has inverse b 

function x=2e¥ —5 

2¥=2+5 

  

¢ domainofgis {z|x€R}, rangeis {y|y > —5} 

domain of g~ is {x |z > —5}, rangeis {y|y€R} 

d When z2=0, y=2*—5=-3 
the y-intercept of g is —3. 

When y=0, 2¢° -5 

€ 

=) 
the -intercept of g is In ($) ~ 0.916. 

  

9! has z-intercept —3 and y-intercept In (%) 2 0.916. 

As - —c0, y— 5T 

the HA. of gis y=—5. 

9 'has VA, z=-5. 

10 a 9(5) = In(5 + 4) b Fo=¢ 
=Ing =1 

(f o g)(5) = f(g(5)) v (g0 £)(0) = g(£(0)) 
—eno =In(1+4) 
=9 =In§ 

REVIEW SET 4C | 

  

  

  

  

10 10* 
1 1 1 b 1 _— 1 a log v/ 00(1 og ( W) < log (10—") 

= log (10°) o =log (10°~(-9) 

= — - +b — log10? (1 ) =log10° 
3 =a+b 

=2 
=log 10§ = 3 

2 a etlne b In(e®) =5 ¢ In (\/-) —Ine? 

= e“”’)‘ {as Ine®*=a} =3 
=zt 

log £+log 3 1 - logz? 
d 10'c8 otlos e In (E—,) =Ine f 

— 10%8% x 1qlog3 -2 logz 9 

—zx3 _ loga? 

=3z \ 2 ) 
=3 log #’ 

=log (=)}
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3 a 0= b 3000 = e'n 3000 € 0075 = €073 
~ 62,9957 ~ e&DOSl ~ e—2A5903 

4 a logz=3 b logy(z +2) = 1.732 ¢ log, (i) =067 
3 10 

z =10 o z42=3L782 . 

— . E _g-0en z = 1000 s B4+ 2R6.7046 10 
@ = 4.7046 % 062807 

% 4.70 107 
7628 

5 a In60-In20 b  Ind+lnl ¢ In200-In8+In5 
= 80 = = 200 =In(g _ln4+0 =mn(3P) +In5 

=3 =4 =In (22 x 5) 
=In125 

5 
6 a M =at" b T= 7 

- log M = log(ab™) t 
. log M =loga + logd™ - logT =log 5 

*. log M =loga+nlogh lé 

2 . logT=log5—logl* 

¢ c=%t - logT =log5— }logl 
c 

2 

logG =log (a_b) 
c 

. log G = log(a?b) — loge 

. logG =loga? +logh —loge 
. log G =2loga+logh—loge 

7 a 3% =300 b 30 x 5% = 0.15 
. log3® =log 300 - BT =0.005 
-, zlog3 =1log300 o log 5T = log(0.005) 

g e300 - (1—2)log5 = log(0.005) 
log3 g o loE(0.005) 

. z~5.19 o = Tog5 

otz oo 1—a~—3292 
¢ 3T =2 27429 

log 3°+2 = log 2% 

s {(z4+2)log3 =(1—=x)log2 

- zlog3+2log3 =log2 —zlog2 

. z(log3+log2) =log2 —2log3 

- wlog6 =log(3) 

o log(3) 
log6 

e —0.839 
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8 a b € —Te" +12=10 
s (5 =3)(e—-4)=0 

. e —-3=0 or e —4=0 
. e —3=0 {e*>0 foralz} . e*=3 or e® =4 

=3 . z=In3 or In4 
. z=In3 

9 a mP=15mQ+InT b InM=12-05InN 

= 1.5 

Pome bkt mar+mn? 212 
=In(TQ™*) In (MVF) =12 

P=TQ'® 
MVN =e? 

el.fl 

VN 
10 g(z) =logz(z +2)—2 

a Werequire ¢+2>0, so &>-—2 

the domainis {z |z > —2} andtherangeis y €R. 

b If z——2F, y——oo VA is z=—2. 
As x©—o00, y—00. 

When =0, g(0)=logg2—2~ —1.37  So, the y-intercept ~» —1.37 

When y=0, logs(z+2)=2 z+2=3% 
ox=T So, the z-intercept is 7. 

¢ g isdefinedby z=Ilogg(y+2)—2 d 
logz(y+2)=z+2 

y+2=3"" 
sooy=3"t2_2 
g z) =322 

Horizontal asymptote is y = —2. 

Domainis z €R. 
Rangeis {y|y>—2}. 

  

1M Wy =500 ¥ grams a When W:=4x8000 grams, s000e” ™ = 4000 
= 0 - Wy = 8000¢ S s 
=8000x 1 . 
= 8000 grams % 1n(0.5) 

b When W;=1000g, 

£ 2 41.6 weeks 

t = —20In(0.5) ~ 13.9 weeks 

  

€ When W; =0.1%of Wy 

=25 X800 =8¢, 

soo0e =g 

P o001 
t 55 =m(0.001) 

t = —201n(0.001) a 138 weeks



  

Chapter 5 
TRANSFORMING FUNCTIONS 

EXERCISE 5A 1N 

z-intercepts are —3, 0, and 4, y-intercept is 0 {using technology} 

(—1.69, 6.30) is a local maximum, (2.36, —10.4) isa local minimum {using technology} 

y=3o(z - 4)(z+3) is defined Y et v=La(w—2)(e+3) 
forall z € R 

there are no vertical asymptotes. 

As = — oo, y— 00 

As ¢ — —00, y— —00 

there are no horizontal asymptotes. 

Domainis {z |z € R}. 
Rangeis {y |y € R} 

z-intercepts ate = —4.97 and ~ —1.55, y-interceptis 2 {using technology} 

(—3.88, —33.5) and (0, 2) are local minima, 
(—0.805, 2.97) is a local maximum {using technology} 

   (2.36, -10.4) 

    
    

y=$a® 4+ 52% + 52% +2 is defined v (1,12.8) 
for -5<z< 1 (-5,2) 

there are no vertical asymptotes. z 
The function has no horizontal ©.2) 
asymptotes. 

We need to check the endpoints of the 

fanction. 
When z= -5, y=2. 

When z=1, y=12.8. 

So, the domain is {z|-5< <1}, 
and the range is {y | —33.5 < y < 12.8} 

(-3.88,-33.5) 

y=$at +52° + 522+ 2 
-5gz<1 

a-intercept is 0, y-interceptis 0 {using technology} 

(1.44, 0.531) is a local maximum {using technology} 

y=a2"% i3 defined for all z. v 
there are no vertical asymptotes. 

As z—o0, y—0F 

    
      

{1.44,0.531) 
As & — =00, Y= =00 

the horizontal asymptote is y = 0. 

Domainis {x |z € R} _ 
Rangeis {y |y < 0.531} y=227% 

a-intercepts are —1 and 1, y-intercept is 0.25 {using technology} 

(—0.5, 0.333) is a local maximum {using technology} 

As 2 —-27, y—o - v 

(~0.5,0.333) As z— 2%, y— —oc0 
0.25 

the vertical asymptote is z = —2. 

As ¢ — 00, y— 1% 

As z— —00, y— —1" 
*. the horizontal asymptote is y = —1. =5 _2'67\ 

Domamls {|-5<2<5 «#2} 
Rangeis {y |y < -1, —1<y<0.333} 

-5z



  

  

Graphing y = —z*+ 22 + 522 +xz+2 on 
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_ 1 

T 1t+2e 
there are no x-intercepts. 

The y-intercept is 0.5. {using technology} 

1 

T1vze 
there are no vertical asymptotes. 

As o 00, y—r 1 
As @ — —co, y—0F 

the horizontal asymptotes are y =0 

and y=1. 

Domainis {z|z€R} 
Rangeis {y|0<y<1} 

a-intercepts are —0.767, 2, and 4, y-intercept is —1  {using technology} 

(0, —1) is a local minimum, (2.89, 0.127) is a local maximum {using technology} 
2 

y=;—1—1 is defined for all = € R. v 

  Y >0 forallz il The function has no turning points. 

{using technology} 

  y is defined forall zcR. v 

  

   

    

   

¥ 2 vy 
there are no vertical asymptotes. 2% 

As z—00, y—-—1% (289,0.127) 
As ¢ — —00, y— o0 

the horizontal asymptote is y = —1. 

Domainis {z |z € R} 

Rangeis {y|y> -1} 

—0.767 

b Using technology, the other solutions are 

z® —2.14 and =~ —0.373. 

0 < 2 < 4 using technology: (2.53,28.0) 

  

Clearly the maximum value occurs at the local 

maximum, which is (2.53, 28.0), so the maximum Y=o 2 LBt 42 
value is 28.0. 

Graphing y=—22%+522+2+2 on 
—2 € @ < 2 using technology: 

‘The higher of the two maxima (1.17, 6.27) is 

the global maximumon —2 € = € 2, sothe 

maximum value is 6.27. 

The global maximumon —2 € « < 0 occurs 

at the lower maximum (—1.06, 4.03), so the 

‘maximum value on this interval is 4.03. 

The higher maximum (1.17, 6.27) is in 

0 € = € 2, so the maximum value on this 

interval is 6.27. 
   y=-20+52+5+2
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? —2? when z~—0753 or 0.753 
y=g(z} 

    
(—0.753,0.567) (0.753,0.567) 

y= f(z) z 

¢ 1 f(z)=h{z) onthedomain 
—5 < 2 < 4 has three solutions when 
O<k<l 

i f(z)=h(z) on the domain 
—5 < z < 4 has two solutions when 
k=0 or k=1 

il f(z) =h{z) on the domain 
—5 € # < 4 has one solution when 

-3<k<0or 1<k<g8 

W f(z) =h(z) on the domain 

b f(z) and g(x) intersect at one point, so —5 < # < 4 has no solutions when 

f(z) = g(z) has one solution on the domain k<-3 or k>8 
—s5gz<4 

  

6 a (<105 &  The maximum value occurs at the local maximum, 
(1,1099) which is (1, 10.99), using technology. So the 

highest blood glucose level reached in the time 

period 0 < ¢ € 12 is &= 11.0 mmol/L. This 

maximum occurs when ¢ = 1, that is, 1 hour 

4 after the evening meal. 

o5 e 

¢ Using technology, G(f) =8 when ¢~ 0.278 and i~ 2.46. From the graph, G(t) decreases 
after ¢252.46. 
So the patient should wait 2.46 hours following their evening meal before sleep. 

EXERCISE 5B [ 

   

1 flz)==2 

a fr)=2¢ b f@)+2 ¢ ;fl:):% d  2f(x)+3 
=g+2 =2z+3 

2 f(z)=g? 
2 

a fBz)=@E2)? b f(Z)=(2 ¢ 3f(x)=322 d 2f(x—1)+5 
=922 ® (f) =21 +5 

_= =2 -22+1)+5 

4 2% — 4z +7 

3 f@)=2° 
a f(az) b 11(02) e flz+1) d 2f(s+1)-3 

= (42)® = i(22) =(z+1)* =2(z+1°-3 

= 64a® =1x8° =2® +322 4+ 3z +1 =2(z*+32*+3z+1) -3 
4 =22% + 627 4621
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& fz)=2" 

a f(2z) =2 b f-=z)+1 < flz—2)+3 d 2f(z)+3 

=4 =2"%41 =22"213 =2x2°43 
=27t 43 

5 f@=2 
a f(-=z) b < 2f(z)+3 d 3fz—1)+2 

-1 —afL —3( L 
) - (;)+3 3(m—l)+2 

__1 =2+3 _3+2-1 
z z z—1 

_ 243z _ 241 

Tz Tz-1 

EXERCISE 5C | 

I If b> 0, the function is translated vertically 

upwards through b units. 

Ii If <0, the function is iranslated vertically 

downwards |b| units. 

    Summary: For y=f(z)+b y=f(z) is translated vertically through b units. 
If 5> 0 movement is vertically upwards b units. 

If b <0 movement is vertically downwards |b| units.
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3 b I If a >0, the graph is translated @ units right. 

Il If a <0, the graph is translated |a| units left. 

4 b 

< d 

y=flz+2) 
¥ 
v=1 

Summary: For y = f(z—a), y= f(r) is transiated horizontally through o units. 

If a >0 movement is to the right. If a < 0 movement is to the left. 

5 a b    

       

     VT 
y=fle+1) -4} [ 3 

i 

  

= 
y=flz+1) -4
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6 A translation of 2 units a 7 b v 
right and 3 units down. 
  

  

  

  

  

  
  

  

= FE-B 3 ] 

                                            

y=flz-2)-3 

7 To translate f(z) 3 units right, we need to find f(z — 3). 

. (@) =Ff=-3) 
=(x-3)%-2x-3)+2 
=0 —62+9-20+6+2 

. g(x) =x°—8z+17 

8 a The transformation from f(z) =2® to g(z) = (z—3)*+2 is a translation of 3 units right 
and 2 units up. 

1 (0, 0) is translated to (3, 2). I (-3, 9) is translated to (0, 11). 

W of@)=22=4 
(2, 4) is translated to (5, 6). 

b The transformation from g{z) back to f(z) is a translation of (:g) 

1 (1, 6) is translated to (—2, 4). I (=2, 27) is translated to (=5, 25). 
W (13, 44) is translated to (—1%, 22). 

EXERCISE 5D [ 
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y=(e-12 ¢ y=(h+3)i    

7  a The transformation from y = f(x) to y = 3 f(2x) is a horizontal siretch of factor % followed 

by a vertical stretch of factor 3. 

1 (3,-5)— (£, -5) = (£, -15) . (3, —5) is transformed to (£, —15) 

0 (1,2)— (3,2~ (.6) - (1,2) is transformed to (3, 6) 

W (-2,1)— (-1L1) = (-1,3) o (=2, 1) is transformed to (-1, 3)
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&  The transformation from y = 3 f(2¢) back to y = f(x) is a vertical stretch of factor § followed 

by a horizontal stretch of factor 2. 

  

-2 H-ed ~ (4 })is the point on y = f(z) 

0 (-3,2)—(-3,2) - (-6 % o (=6, 2) is the point on y = f(z} 

il (-7,3) > (-7,1) = (-14,1) oo (—14,1) is the pointon y = f(x) 

EXERCISE 5 E 

1 a K f(z)=3z b I flx)=¢" ¢ I f(z)=ga® 

then —jf(z) = —(3z) then —f(x) = —(%) then —f(z) = —(2%) 
52 2 = —¢ = -7 

     
    

  

N 
d If f(z)=Inz e I flz)=a®-2 t I flz)=2(x+1)* 

then —f(z) = —(Inz) then —f(z) = —(2° —2) then —f(z) = —(2(z +1)?) 
=-Inz =-a®+2 =-2(zx+1)* 

\ y=g°—2 y=2(z+1) 

y= —1'3+2 

wy
Y 

  

il Flx) == 

)2 4 2(—2) +1 o (=) = (—=)® 
=gt -z 

2 a | fay=2z+1 i 

    
3 If g(z) is the reflection of f(z) in &4 If g(x) is the reflection of f(z) in the y-axis, 

the z-axis, then  g(z) = —f(x) then g(z) = f(-2) 
~ g(@) = —(2* —Inz) o g@) = (-o)* = 2(-2)* - 3(—a)* + 5(-=) = 7 

=—2®+Inz =2 4+22% - 3® -5z -7 

5 a Totransform y= f(z) to g(z) = —f(z), wereflect y = f(x) in the z-axis. To do this we 

keep the z-coordinates the same and take the negative of the y-coordinates. 

I (8,0) is transformed to (3, 0) (2, —1) is transformed to (2, 1) 

il (=3, 2) is transformed to (-3, —2)
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b To find the points on f(z) corresponding to g(z), we again take the negative of the y-coordinates. 

1 The point transformed to (7, —1) is (7, 1). 

Il The point transformed to (—5, 0) is (~5, 0). 
Wi The point transformed to (=3, —2) is (=3, 2). 

6 a Totransform y= f(z) to h(z) = f(—=), wereflect y = f(x) in the y-axis. 

To do this we keep the y-coordinates the same and take the negative of the @-coordinates. 

1 (2, —1) is transformed to (-2, —1). I (0, 3) is transformed to (0, 3). 

W (—1,2) is transformed to (1, 2). 

b To find the points on f(z) corresponding to h(x), we again take the negative of the -coordinates. 

I The point transformed to (5, —4) is (-5, —4). 

Il The point transformed to (0, 3) is (0, 3). 

I The point transformed to (2, 3) is (-2, 3). 

    

    

    

    

    

      

    

    

        
    

7 a 7 b 7 

4 
=y I‘ e 

[ 

[ -2 AP - =2 4' % % 
2 2 

y=1/6) ¥                                     
    

8 a f(z) isreflected in the y-axis to give y = f(—zx), 

then reflected in the z-axis to give y = —f(—2). 

This has the effect of rotating the point about the 

origin through 180°. 

b The point (a, b) is transformed to the point 

(~a, —b). 
(8, =7) is transformed to (-3, 7) 

€ The point that transforms to (—5, —1) is (5, 1). 

EXERCISE | 

    

  

  

  

  

        
  

    

  

  

  

  

  

  

      

  

  

                

1 a - y=2>—1 has g-intercepts —1 and 1, 

A1 and y-intercept —1. 

=1 1 2 

¥y 

b L [¥] i, v 

| 4 w) =21 

f@)=¢+ 

le—— 18 (=) 

=1 VL 2f(z)       
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¢ (—1,0) and (1,0) 

3 y=—f(o) 

1 a vertical translation of (g) 

a vertical stretch with scale factor 2 

  

  

  

  

  

  

  

                

17 
o y=2°-1=£(z) 

el 4 

= 125(z) 

Y       

1 A vertical stretch with scale factor 3. 

1 A translation of 2 units downwards. 

I A vertical stretch with scale factor &. 

Il a horizontal travslation of (ll,) 

Iv  a reflection in the z-axis 

A reflection in the z-axis, followed by 

a vertical stretch with scale factor 2. 

  

is obtained from y = f(z) by reflecting it in the z-axis. 
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7 

8 

y=h(z) 

y=h(z)+1 

y=4h(z) 

¥=h(-2) 
y="hE} 

REVIEW SET 5A 

1 flg)=22-22 

a f@®) b f(2) € f(-=) 4 3f=x)-2 
=3%2-2(3) = (2x)? — 2(22) = (—z)? — 2(~a) = 3(x? —2z) — 2 
=9-6 =dz* —dx =2%+2z =32*-6z—2 
=3 

2 fz)=5-z—=z2 

a  f(-1) b flz-1) 
=5 (=1) - (-1)? =5-(@-1)— (-1 
=5+1-1 =5—z+1-[z*-2z+1] 
= =6-z-2°+22—1 

=—z+z+5 

<« 5D d 2f(z)—f(—z)[ | 
5 (2)_(z)? =206 —-z—2%) — [5~ (-2) - (—2)? 

8 £2) L(:) =10 -2z — 2% — [5 + o — 2% 
=5-gzT—4® =10 - 22— 22* —5 -z + 2? 

=—2*-3z+5 

3 fl@)=3%%-222+z+2 

If g(z) is f(z) translated {1,), then g(v)=flz—1)-2 
=3z-12 -2 -1 +{e-1)+2-2 
=3(z* -3z +3z—-1) - 2" -2z + 1) +x—1 
=32% -9 492 -3 -2 44z — 242 —1 
=3z°-112* + 14z -6
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Y2 is obtained by translating y1 ¢ units to the right. 

  

—e y=f(=) 
o0 y=f(z+2) 
——s y=f(z)+2 

  

o-es y=—f(2) 

(drawn on two graphs)    
— y=fl@)=7* 
— y=flz-1) 
——r y=3f(z 1) 
e y=8f( 1) 2 

b f(z+3)—1 isa trenslation of f(z) by (Z3). 

vertical asymptote isat ¢ =1—3=—2. 

€ A(2,0) translated by (:‘:) gives 

(2-38,0—1) whichis A’(—1, —1). 

  

REVIEW SET 55 

1 When y=0, (z+1)%2-4=0 When =0, y=12-4 

Ao (e+1)? =4 =-3 
oz +l=%2 .~ y-intercept is —3 

x=2-lor —2-1 

. z=1o0r -3 

-intercepts are 1, —3 

y={(2+1)> —4 is obtained from y = 2? under a translation of (_}). 

(@+1)2 -4 mustbe (-1, —4). 

  

y ==z hasits vertex at (0, 0), so the vertex of y 

So, the graph of y = f(z) is: 
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2 

— y= () =a? 

— y=flz+2) 

- y=2f(z +2) 
ey =2f(z+2)-3 

£ 
3 a The function does not have any axes d ¥, 

intercepts. 

b Asz—>07, yo—o0 

As 2 — 0%, y—oo (1.44,1.88) 
the vertical te i =0. 

° asymplole is @ (—4, —0.0156) 
As 200, y— oo 
As £ — —o0, y— 07 2 

the horizontal asymptote is ¢ = 0. =7 

¢ There is a local minimum at (1.44, 1.88). 

4 a y=2-° b 1 % — oo means z is very large and positive. 

¥ We see the graph approaching the x-axis. 
. y—0 . true 

1 il ® > —co means z is very large and negative. 

‘We see the graph heading for co. .. false. 

Wl When =0, y=20=1#% . false 

  

v The graph is above the z-axis for all z. 

27 >0 forallz .. troe 

5 a f(z)=(s+1)*+4 istranslatedby (Z) b We graph the function using technology, and from 
to get g(x). this we can see that the range is  {y | y > 4}. 

9@ =flz-2)+4 
=[(e-2)+1)* +4] +4 

=(z-1P+8 

¢ g(z) is f(z) trenslated by (3), so the 

minimum value of g(z) is 4+4=8. 

the range of g(z) is {y |y > 8}. 

f@) =(z+1P+44¥     
6 a | Under translation (_‘7), y= 

   
   

N For y:l, domain is {z | = # 0}, For y = —2, domeinis {z|z#1}, 
z . . rnge s {y |y # 0}, rage s {y |y # 2},
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b I Under translation {2,), y=2° 

becomes y=2""1_2 

  

For y=2%, HA. is y=0, no VA, 

For y=2°"1—2, HA.is y=-2, 
no V.A. 

fil For y=2%, 

domainis {z |z €R}, 

rangeis {y |y > 0}. 

For y=2%"1-2, 

domainis {z |z € R}, 

range is {y |y > -2} 

1 

- 
——— 

  

I Under traslation (2,), y=logys 

becomes y=log,(z—1)—2 

] : 

y=logs(e 1) -2 

  

For y=log,, VA.is =0, noHA. 

For y=log,(x—1)—2, 
VA is z=1, noHA. 

lii For y=log,z, 

domain is {z |z >0}, 

range is {y |y € R} 

For y=logy(r—1)-2, 
domain is {z |z > 1}, 

range is {y|y € R} 

y=flz)=2+1 
y=—f(z) 
y=f(2z) 
y=f@)+3 

REVIEW SET 5 [ 

1 a 

  

| The coordinates of the tuming point are 

(-2, 1.8). 
il The equation of the vertical asymptote 

is =0. 
Hl The equation of the 

asymptote is y = 2. 

v The z-intercepts are —3.2 and —0.75 . 

horizontal 

  

¢ The coordinates of the points of intersection 

are (—3.65, —2.65), 
(1.55, 2.55). 

(—0.8, 0.2), and
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2 So that you can see the answers more casily, they have been drawn on two graphs. 

c,d 

fz)=—2* -~ y=flg)=-< 
(-2) = (22) 

e y=—f2) 
z        

    

   
3 a b g(x) is obtained from f(x) by a translation of 

(s) and then a reflection in the z-axis. So, to 

get the turing point coordinates we add 1 to 

the z-coordinate and find the negative of the 

y-coordinate. 

(1,4) - (2, —4) and (3,0) — (4,0). 
So, the turning points of g(z) are (2, —4) and 

(4,0). 

  

& f(x) =22 is first reflected in the w-axis 

to become —f(z) = —z? 

‘The function is then translated by (°) 
o become 

—fz+3)+2=—(z+3)*+2 
(2 +62+9) +2 

g(@)=—2® -6z -7 

- y=f(2) 
- y=f{-2) 
e y=flz+1) 

e y=fla) -3    
6 fl@)=a"+3a2-z+4 

olz)=flz+1)+3 

=[e+1+3@+1)° - (e +1)+4] +3 

=2 +32+32+1+3* +2c+1)—z—1+4+3 

=2343%+32+143> +62+3-2—1+443 
=%+ 62% + 8z + 10 

7 a f(z)=3z+2 b f(z)=ax+b translated k units to the left gives 
1 A translation of 2 units to the left y=f=+k) 

gives y=Jf(z+2) =a(z+k)+b 
=3z+2)+2 =ax+tak+b 

=38z +8 = (az +b)+ ka 

H A transiation of 6 units upwards = f(z) + ka 
gives y=f(z)+6 which is f(z) translated ka units upwards. 

=3¢+2+6 

=32+8



  

Chapter 6 
SEQUENCES AND SERIES 

EXERCISE 6A 1N 

1 2 4,13,22,31 b 45,39, 33,27 € 2,6,18 54 d 96,48,24,12 

2 a The sequence starts at 8 and each term is 8 b The sequence starts at 2 and each term is 3 

more than the previous term. The mext two more than the previous term. The next two 

terms are 40 and 48. terms are 14 and 17. 

¢ The sequence starts at 36 and each term is d The sequence starts at 96 and each term is 

5 less than the previous term. The next two 7 less than the previous term. The next two 

terms are 16 and 11. terms are 68 and 61. 

¢ The sequence starts at 1 and each term is 4 1 The sequence starts at 2 and each term is 3 

times the previous term. The next two terms times the previous term. The next two terms 

are 256 and 1024, are 162 and 486. 

¢ The sequence starts at 480 and each term is h The sequence starts at 243 and each term is 

half the previous term. The next two terms one third of the previous term. The next two 

are 30 and 15. terms are 3 and 1. 

1 The sequence starts at 50000 and each term 

is one fifth of the previous term. The next 

two terms are 80 and 16. 

3 a Each term is the square of the number of the term. The next three terms are 25, 36, and 49. 

©  Each term is the cube of the number of the term. The next three terms are 125, 216, and 343. 

¢ Eachtermis n x (n+1) where n is the number of the term. The next three terms are 30, 42, and 

56. 

4 a 79,75 (subtracting4 each time) b 1280, 5120 (multiplying by 4 each time) 

¢ 6251296 (14,24, 3%, 4%, ..) d 13,17 (prime numbers) 

e 16,22 (the difference between terms increases by 1) f 6,12 (-1,+2,-3,44,..) 

EXERCISE 6B | 

1 a w=31)-2 b us=3(5)-2 € uy=3(27) -2 
=3-2 =15-2 =81-2 

=1 =13 =79 

2 a2 wm=21+5 uz =2(2)+5 b 
=245 =445 
=7 =9 

us =2(3) +5 ug =24 +5 
=645 =845 

=11 =13 

  

The sequence {2n} begins 2, 4, 6,8, 10 (letting n=1,2, 3,4, 5, ...). 

The sequence {2n + 2} begins 4, 6, 8,10, 12 (letting n=1,2,3,4,5, ...). 

The sequence {2n — 1) begins 1,3,5,7,9 (letting n=1,2,3,4,5, ....) 

The sequence {2n — 3} begins —1,1,3,5,7 (letting n=1,2, 3,4, 5, . 

The sequence {2n + 3} begins 5,7, 9,11, 13 (letting n=1,2,3,4,5,....). 

The sequence {2n + 11} begins 13, 15,17, 19, 21 (letting n=1,2,3,4, 5, ....). 
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8 The sequence {3n+ 1} begins 4, 7, 10, 13,16 (letting n =1, 2, 3, 4, 5, 

h The sequence {4n —3} begins 1, 5,9, 13, 17 (letting n=1,2, 3,4, 5, 

4 The sequence {2"} begins 2, 4, 8, 16, 32 (letting n=1, 2, 3,4,5,...). 

The sequence {3 x 2"} begins 6, 12, 24, 48, 96 (letting n=1,2,3,4, 5, 

The sequence {6 (3)"} begins 3, §, §, §, % (etting n=1,2,3,4,5, 
d  The sequence {(—2)"} begins —2, 4, —8, 16, —32 (letting n =1, 2, 3, 4, 5, 

  

   

5 {15 —(—2)"} generates the sequence with first five terms: 

t1=15-(-2)' =17, 1 =15-(-2)*=11, t3=15—(-2)*=23, 
ta=15—(=2)4=-1, t5=15-(-2)5=47 

EXERCISE 6.1 1N 

a The sequence begins with 19 and the common b The sequence begins with 101 and the 

difference is 25— 19 = 6. common difference is 97 — 101 = —4. 

un =u1 +(n—1)d Un =u1 +(n—1)d 

. un =194+6(n—1) S un = 1014 (—4)(n - 1) 
So, w10 =19+ 6(10—1) So, w10 = 101 + (—4)(10 — 1) 

=19+6x9 =101-4x9 

=73 =65 

¢ The sequence begins with 8 and the common 

difference is 93 —8=3. 

un =u1 +(n—1)d 

" un =8+ 3(n-1) 

So, wo=8+2(10—-1) 

=8+4x9 
=21} 

a The first term of the arithmetic sequence is 31 b The first term of the arithmetic sequence is 5 

and the common difference is 36 — 31 = 5. and the common difference is —3 — 5= —8. 

tun =u1+(n—1)d Un =u1 +(n—1)d 

. un =31+5(n—1) S un=5+(-8)(n-1) 

So, w15 =31+5(15—1) So, wis =5+ (-8)(15—1) 
=381+6x14 =5-8x14 

=101 =-107 

€ The first term of the arithmetic sequence is a un =u1 +(n—1)d 

and the common differenceis a+d—a=d. stun=a+(n—1)d 

So, wis=a+d(15—-1) 

=a+14d 

a 17-6=11 

28-17=11 

39-28=11 Assuming that the pattern continues, consecutive terms differ by 11. 
50-39=11 .. the sequence is arithmetic with w1 =6, d=11 

b un=wu+(n—1)d € uso=11(50)—5 d Let up =325=11n—5 
=6+(n—-1)11 =545 s 330=1ln 
=1ln—-5§ oo n=30 

e Let up=761=1ln—5 So, 325 is the 30th member. 

766 = 11ln 

n= 69%, but » must be an integer, so 761 is not a member of the sequence.
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83-87=—4 Assuming that the pattern continues, consecutive terms differ by —4. 

79— 83 4 .. the sequence is arithmetic with u; =87, d=—4. 

5—-79=—4 

un =u1 +(n—1)d € ugo =91 —4(40) d Let up=-297=91—4n 
=87+ (n—1)(—4) 1—160 - dn=388 
=87—4n+4 =—69 son=97 

=9l-4n So, —297 is the 97th term of 
the sequence. 

Un=8n—2, Unp1=3(n+1)-2=3n+1 

Unp1—un=3n+1)—(3n—2) Consecutive terms differ by 3. 

=3, aconstant .. the sequence is arithmetic. 

w=31)-2=1, d=3 € usr =3(57)—2=169 

Let up=430=3n—-2, so 3n=452 andhence n= 150%. 

‘We try the two values on either side of n = 150%, which are #» =150 and n = 151: 

wiso = 3(150) —2 =448 and w51 = 3(151) — 2 = 451 
So, wuiso = 448 is the largest term which is smaller than 450. 

71—"Tn 
  

  

  

  

Un=—5— = 353 —In 

T1—-7(n+1) 71-Tn—-7 64—Tn 
Unp1=——— = = — =32_§n 

Untr — un = (32 — §n) — (355 — §n) = —F, a constant 

So, consecutive terms differ by —%. .. the sequence is arithmetic. 

= o 32, d=-1 € urs = Lo —227 
2 2 

Let up=-200="22"% o _400=71-Tn . Ta=471 
2 2 n=67% 

‘We try the two values on either side of n = 67%, which are n =67 and n = 68: 

gr = “‘Tm =109 and ues = “‘T"(Gs) = 2023 
So, the terms of the sequence are less than —200 for n > 68. 

The terms are consecutive, S0 We equate b The terms are consecutive, s0 we equate 

common differences: common differences: 

k—32=3-k 
2k =35 

— 171 k=173 

The terms are consecutive, so we equate d The terms are consecutive, so we equate 

common differences: common differences: 

(2k+1)—(k+1)=13-(2k+1) @k+3)—(h-1)=(T—k) - (2k+3) 
k=12-2k Lo k+4=4-3k 
k=12 . 4k=0 

k=4 o k=0 

The terms are consecutive, so we equate f The terms are consecutive, so we equate 

common differences: common differences: 

K — k= (k*+6)— k® k-5=k -8k 
s K -k-6=0 s K -2%k-3=0 
(k+2)(k-3)=0 s (k=3 (k+1) =0 

v k=-2o0 3 n k=-lor3
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8 & w=41 . w+6d=41 ..() b Lutdd=-2 .. (D) 
wg =TT o w+12d=77 ... (2) sowmt1ld=-12% .. Q) 
Solving simultaneously, Solving simultaneously, 

—uy —6d=—41 —u—dd=2 
uy +12d =77 uy +11d = —123 

6d =36 {adding the equations} % {adding the equations} 

s d=6 sod=-3 
Soin (1), w1 +6(6)=41 Soin(l), ui+4(~) 

uy +36=41 owm 

;‘1=5) Now @n =u1+(n—1)d 
Now un=wu1+(n—1)d 3 =4+ m-1)(-% un =5+ (n—1)6 un s( u)( 2) 

Un=6n—1 Un=—zn+ 3 

€ w=1 sLouwt+6d=1 (1) d up=-16 . wm+10d=-16 .. () 
ws =—39 .. w4+ 1dd= -39 -1} L owA+Td=-114% .. Q) 
Solving simultaneously, Solving simultancously, 

—u —6d=—1 —uy —10d =16 
w1 +7d= 

{adding the equations} 

Soin(1), wi1+6(-5)=1 Soin (1), wi+10(—$)=-16 
u —30=1 v =31 w —15=—-16 

Now tn =1+ (n—1)d "= 
oW Un = Now wp =ty + (n—1)d 

. Uup =314 (n—1)(-5) o= =1+ (n— 1)(=) 

1—5n+5 e 2 
up = —5n+36 Un=—3nty 

9 a Let the numbers be b Let the numbers be —1, —1+d, —1+ 24, 

5, 5+d, 5+2d, 5+3d, 10. —143d, —14+4d, —1+5d, —1+6d, 32. 
Then 5+4d=10 Then —1+7d=32 

4d=5 
=5 _ 5 

d=§=1}% 3 
So, the numbers are So, the numbers are 

5,64, 74, 8%, 10. -1, 3%, 83, 134, 178, 224, 272, 32. 

10 a u; =36 351-36=-3 b u,=w+(n-1)d 
2 1 2 342 351 = -2 3 

So, d=— wh
o 

M w =23 36-23=13 

49-36=13 
62—-49=13 

so d=13 

—30=36+(n—1)(-3) {letting un = —30} 

  

S0, —30 is the 100th term of the sequence. 

un =1 +(n—1)d Let upn = 100000 
. un =234+ (n—1)13 =13n+10 

=23+13r-13 . 99990 = 13n 
. n =13n+10 . n="T691% 

‘We try the two values on either side of n= 7691%, which are n = 7691 and n = 7692: 

ureo1 = 13(7691) + 10 = 99993 and ureo2 = 13(7692) + 10 = 100006 

So, the first term to exceed 100000 is w7692 = 100 006.
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EXERCISE 6. [N 

1 a Month 1: 5 cars Month 2: 5413 =18 cars  Month 3: 18413 =31 cars 

Month 4: 31+ 13 =44 cars  Month 5: 44+ 13 =57 cars Month 6: 57+ 13 =70 cars 

Every month after the first, the factory assembles 13 cars, so the difference between successive 

months is always 13. Thus we have an arithmetic sequence with w3 =5 and d=13. 

un =u1+(n—1)d d u,=250=13n—-8 

=5+(n—-1)x13 - 258=13n 
=13n—8 o n=22 1985 

. w12 =13 X 12— 8 {12 months = 1 year} 13 
=148 So, the 250th car is made in the 20th month. 

So, 148 cars are made in the first year. 

41 —34=48-41=55-48=7 

Assuming the pattern continues, there is a common difference of 7, and so the number of Valéria’s 

friends forros an arithmetic sequence with %1 =34 and d=17. 

Un =u1+(n—1)d € u, =150=27+"n 
=3+ (n-1)x7 o 123=Tn 
=27+ 5 on=18 1757 

. wp=2T+7x12=111 
So, Valéria will have 150 online 

So, after 12 weeks Valéria will have 111 online friends. friends after the 18th week. 

July Ist: 100 — 2.7 x 1 = 97.3 tonnes of hay 

July 2nd: 100 — 2.7 X 2 =94.6 tonnes of hay 

July 3rd: 100 —2.7 x 3 =919 tonnes of hay 

946—-973=919—-946=-2.7 

So d = —2.7, which means the cows eat 2.7 tonnes of hay per day. 

ugs = 100 — 2.7 x 25 = 32.5 tonnes 

So, at the end of July 25th there are 32.5 tonnes of hay remaining in the barn. 

July has 31 days, so the end of day 31 is the start of August. 

ug1 = 100 — 2.7 x 31 = 16.3 tonnes. 

Hence there are 16.3 tonnes of hay in the bam at the beginning of August. 

EXERCISE 6D. 1 

b=6x3=18 and c=18x3=54 

b=5x3=2} ad c=2}x%=1% 

=12 . b=-6x-}=38 ad c=8x-}=-1} 

ug=38x 2571 =96 

ug = 2 x 56~1 = 6250 

ug =512 % (3)5"1=16 

ug = 1x 3%~1 = 6561 

up =12 (2)?"1 =307 or 12882 

1 . =1 -1 — o ouw=Fx(-2°1=16 

up=axr’l=aqar?  
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10 _ 20 _ 40 _ 
4 4 F=F=%=2 

Assuming the pattern continues, consecutive terms have a common ratio of 2. 

the sequence is geometric with w1 =5 and 7 =2, 

b Un = w7t 
. up=5x2771 

50 wis =5 x 2" =81020 

Assuming the pattern continues, consecutive terms have a 

common ratio of —%. 

the sequence is geometric with w4 =12 and r = —%. 

  

so wg =12 x (—)18? 

un =12 (-§)"7 —12x(-h 

=3 1931 = Tom 

6 _Te = —% Assuming the pattemn continues, consecutive terms have a 

® common ratio of —3. 
2 . A 

the sequence is geometric with 41 =8 and = — Bl
 

  

  

up = w1l =8 x (—§)n? So, w10 =8 x (—3)° = —0.6006774902 
~ —0.601 

g M2_V2_ 
8 2 V2 
4 

4—‘/5 = 7‘5 Assuming fl?e paflelm continues, consecutive terms have a 

common ratio of =z 

Z_fi—fi—l - th i ic with =8 and r=-L 
1 = 3 = 7; S e sequence is geometric wil u = and 7= 7; 

n—1 n—1 _ 
u,.=u1r"—1=s( 12) =2 x (z-i) —otxp b 

So, un = i-in 

8  a Since the terms are geomeiric, b Since the terms are geometric, 

k_28 . K¥=10% Sk _20-k_. 
7k o k=114 3 3k 

¢ Since the terms are geometric, S 20-k=9% 
k+8 ok S 20=10k 

k k+8 Lok=2 

(k +8)* = 9k* 
k2 + 16k + 64 = 9k? 

8%% — 16k —64=10 
8(k* —2k—8)=0 
8(k+2)(k—4)=0 andso k=—2 or 4
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10 

    
  

        

  

  

=24 . wmxrP=24 .. (1) b oug=8 . owxr? 
ur =192 - w xr®=192 ) ug=—1 .. wxr® 

6 5 ur 192 w1y 1 
_—= + =—= 2) + So. om = {@+m} So, o s (@0 

sor3=8 sor=2 o= sor=-% 

Soin(l), uyx2°=24 Soin (1), w1 x{-%)? 

u Xx8=24 Lowmxd 

wm=3 Soouw =32 

up =3 x 2771 S un=32x (-Hn! 

w=24 . wmxr®=24 ..(1) du=5 . wxri=5 
us =384 . wxr¥=3%8 ..(Q2 w=2% . wx®=% Q@ 

14 5 
mr? 334 - wr® _ (3 . So, Yy {9~} So, s {@ =} 

#=16 o r=1v2 sor=l . r=i7‘5 

Soin (1), w1 X (£v2)¢ =24 . 1z 
w X 8= 24 So in (1), ulx(iw) =5 

u =38 ulxé=5 

Now = w1 soowm=10 

Un = 3 X (VB! Now  up =uyr™ ! 

of un=3x(—V2)"! Soun=10X (715)"“ 

=10x (V2)'™" 

or up=10x (—715)"’1 

=10 x (—V2)I-" 

2,6,18,54,... has w1 =2 and r=3 

Un =wr™Tl L up =2x3771 

Let up =10000=2x3""1, so 5000=3""! 
n =2 8.7527 {using technology} 

We try the two values on either side of n = 8.7527, whichare n=8 and n=9: 

up=2x37=4374 and wp=2x3*=13122 
So, the first term to exceed 10000 is w9 = 13122, 

4,4v3,12,12V3, ... hes wm=4 eand r=+3 

tn=wr™ o up=4x (vVB)"T 

Let un=4800=4x (v3)"™', so 1200= (v3)" 
7~ 13.91 {using technology} 

‘We try the two values on either side of n = 13.91, whichare » =13 and n =14: 

wg=4x(v3)'?=2016  and  wa=4x(v3)" = 2916v3 ~ 5050.66 
So, the first term to exceed 4800 is u14 = 2916+/3 ~ 5050.66. 

12,6,3,15,... has w=12 and r=1% 
wn = upr™l o un =12 x ()71 Let 0.0001=un=12x ()" 

0.0000083 = (3)"~ 
n = 17.87 {using technology} 

‘We try the two values on cither side of n ~ 17.87, whichare n =17 and n=18: 

wr=12x (3)"* ~0.0001831 and  wis =12 (})"" ~0.00009155 
So, the first term of the sequence which is less than 0.0001 is u1s = 0.00009155.
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EXERCISE 6.2 

1 There is a fixed percentage increase each week, so the population forms a geometric sequence. 

Un41 =1 X 7, where uy =500, r=1.12 

a 1wy =500 x (1.12)1° I uz =500 x (1.12)20 
~ 1552.92 ~ 4823.15 

There will be approximately 1550 ants. There will be approximately 4820 ants. 

b For the population to reach 2000, un+1 = 500 X (1.12)™ = 2000 

112 =4 
n#12.23 {using technology} 

It will take approximately 12.2 weeks. 

2 uUny1 =w1 X 7™, where w; =555, r=0955 

a w1 = 555 x (0.955)'° 
= 278.19 The population is approximately 278 animals in the year 2010. 

b For the population to have declined to 50, 

Un42 = 555 x (0.955)" = 50 

(0.955)™ = 0.0500 
n 523 {using technology} 

So, in the 53rd year the population is 50. This is the year 2047. 

3 Up41 =w X7", where w3 =32, r=1.18 

a | ug=32x(118)° W owig =32 x (1.18)1° 
a2 73.21 ~2 167.48 

There will be approximately 73 deer. There will be approximately 167 deer. 

b For the population to reach 5000, un41 = 32 x (1.18)" = 5000 

. na3052 {using technology} 
So, it will take approximately 30.5 years. 

& upy1 =w X r®, where up =178, r =132 

a | owp =178 x (1.32)1° I use = 178 x (1.32)*° 
~ 2858.6 ~ 183979.0 

There will be approximately 2860 There will be approximately 184 000 

marsupials. marsupials. 

b  For the population to reach 10000, w541 = 178 X (1.32)™ = 10000 

. n=14.5 {using technology} 

8o, it will take approximately 14.5 years. 

EXERCISE 6D.3 

1 a Ung1 =u1 X7 b Interest = amount after 3 years — initial amount 

where 43 =3000, r=1.1, n=3 = $3993 — $3000 

uq = 3000 x (1.1)% =$993 
= 3993 

The investment will amount to $3993. 

2 Ung1=u1 X" where w1 =20000, r=112, n=4 
ug = 20000 x (1.12)* 

= 31470.39 
Interest = €31 470.39 — €20000 

= €11470.39
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3 a Uns1 =u1 X7 & Interest = amount after 4 years — initial amount 

where u; = 30000, r=11, n=4 = ¥43923 — ¥30000 
us = 30000 x (1.1)* =¥13923 

=43923 
The investment amounts to ¥43 923. 

&  upp1=uy Xr" where u; =80000, r=109, n=3 

ug = 80000 x (1.09)° 
= 103602.32 

Interest = amount after 3 years — initial amount 

= $103 602.32 — $80 000 

= $23602.32 

5 Unt1r =ug X7 where w3 = 100000, r=1+¥=1.04, n=10 

411 = 100000 x (1.04)° 
714802443 It amounts to ¥148024.43. 

6 Unt1 =u1 X 77 where wu; = 45000, 'r=1+&:5=1.01875, n="7 {21 months 

410 = 45000 x (1.01875)7 = 7 ‘quarters’} 

= 51249.06 It amounts to  £51 249.06. 

7 The initial investment u, is unknown, 

The interest rate is compounded annually, so the multiplier r = 1+ 0.075 = 1.075. 

There are 4 compounding periods, so n =4 

. Un4l=1Us 

Now ug=wu1 Xxr* {using uni1=w X"} 

>, 20000 = 1 X (1.075)* 

  

= 20000 
* = o) 

. w1~ 14976.01 So, $14976.01 should be invested now. 

8 The initial investment is unknown. 

The interest rate is compounded annually, so the multiplier » = 1 + 0.055 = 1.055. 

There are 92 =5 compounding periods, so n =5 

. Untl = U 

Now ug=uy X7° {using unt1=wu1 X"} 

15000 = uy x (1.055)° 

15000 

= 1055 
. w1 R 11477.02 The initial investment required is £11477.02. 

  .w 

  

9 The initial investment is unknown. 

The interest rate is compounded quarterly, so the multiplier =1+ % =1.02. 

There are 3 X 4 =12 compounding periods, so n = 12 

L Ungl = U3 

Now wig=wui X% {using wni1=u xr"} 

s 25000 = uy x (1.02)'2 

_ 25000 

(1.02)12 
. u R 19712.33 I should invest €19712.33 now. 

  %1
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10 The initial investment is unknown. 

The interest rate is compounded monthly, so the multiplier = 1+ %% = 1.0075. 

There are 8 x 12 =96 compounding periods, so n = 96 

Y Undl = et 

Now ugr =w1 X% {using tn41 =11 x 77} 

. 40000 = uy x (1.0075)%¢ 

w = 40000 

(1.0075)%¢ 

*. w1 &2 19522.47 The initial investment should be ¥19 522.47. 

EXERCISE 6 (N 

1 a1 311,19,27.. isaithmeticwith u1 =3, d=8, 0 up=3+(n—-1)8=8n—5 
Sn=8+11+19+27+ ...+ (82— 5) 

I Ss=3+114+19+274+35=05 

b | 42,37,32,27, ... isarithmetic with uy =42, d = —5, 
50 un =42+ (n—1)(-5)=47-5n 

Sn=42+437+32+427+ ...+ (47— 5n) 

il S5 =42+437+324+27422=160 

€ 1 12,6313, ... isgeometticwith w1 =12 r=4, so un=12x(3"! 

Sp =124 643+ 15 +... +12(3)" ! 

0 Ss=12+6+3+13+5 =23} 

d 1 2,3,43,65, ... isgeomemicwith wp=2, r=3, so un=2x(§)"? 

Spn=2+3+41+63+...+2(3"! 

Il Ss=2+3+4)+65+10% =263 

1 
n—1 
  e 1 1,443 .. isgeometricwith wa=1, r=3, s0 un=1x(F)" ' = 

1 
n—1 
  Sn=1+3+}+3+. 4+ 

 Ss=1+3+3+3+&=18 
11 1,827,64, .. 

Sp=1+8+27+64+....4+n® {since 1=1% 8=2% 27=3% 64=4%} 
Il S5=1+8+27+64+125=225 

3 6 

2 a Y 4k=4+8+12=24 b S (k+1)=2+3+4+5+6+7=27 
k=1 k=1 

4 5 

¢ > (3k—5)=-2+1+4+7=10 d > (11-26)=9+7+5+3+1=25 
k=1 k=1 

7 

e 3 k(k+1)=2+46+12+20+30+42+56 =168 
k=1 

5 

t 3710 x 25~ = 10 + 20 + 40+ 80 + 160 = 310 

- I
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3 Up=3n-1 2 

w +uz+us+... +u0 =, (3n—1) 
n=1 

=2+5+8+11+14+17+20+23+26 +29+32+35 

+ 38+ 41+ 44+ 47450453 + 56 4+ 59 

=610 

» n 
& a Sc=c+ctet..t+c=cn b 3 cap=ca1+ecaz+...+can 

= e = k=1 7 times k=1 =cla1+az+... +an) 
n 

=c) a 
k=1 

¢ fj(ak +b) = (a1 +81) + (a2 + b2) + ... + (an + bn) 
k=1 

=(ata+..+an)+(r+b2+....+bn) 
n n 

=Y an+ bk 
k=1 k=1 

n 
5 a Y k=1+2+8+..+(n—-2)+(n—-1)+n 

k=1 

b 1 + 2 + 3 4+et@m-D+n-1+ n 
n +@-D+n-2D+..+ 3 + 2 + 1 
m+)+(r+D+n+)+ .+ r+ D)+ R+ D+ (n+1)=n(n+1) 

  

€ Sn=>k=142+3+..+(n-2)+(n—-D+n {from a} 
k=1 

and 2[14+243+..+(n—2)+(n—-1)+n]=n(n+1) {fromb} 

- 28 =n(n+1) 
. Sfl=n(n+1) 

2 
n n, n 

d Y (ak+b) =3 ak+ 3 b 
k=1 k=1 k=1 

n 
=a) k+nb 

k=1 

_w_'_,w {using ¢} 

n 
But Y (ak+b)=8r+1In 

k=1 

an{n+ 1) 

2 
an? +an 

2 

n2+%'n+nb=&n2+11n 

+nb=8n%+1ln 

+nb=8n%+11n 

g 
2 

2.2 a 2 = = = 11 3" +(2+b)n 8n® +1ln 

Comparing coefficients, we get g=s and %+b=11 

. a=16 o 84b=11 

b=3
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a  The series is arithmetic with 
w=3 d=4 n=20 

Sn= g(zm +(n—1)d) 

So, Sw=%(2x3+19%x4) 

= 10(6 + 76) 
=820 

€ The series is arithmetic with 

=100, d=-T7, n=40 

Sn= g(zm +(n—1)d) 

S0, Suo =42 (2 x 100 + 39 x (~7)) 

20(200 — 273) 
= —1460 

a  The series is arithmetic with 
=5 d=3, u,=101 

Since un = 101, 

then w; + (n—1)d =101 
5+3(n—1) =101 
5+3n—-3=101 

3n =99 
n=33 

50, Sn= g(ul +un) 

=2(5+101) 

=1749 

¢ The series is arithmetic with 

w=8 d=% un=83 
Since un = 83, 

then w +(n—1)d=83 

8+3(n—-1)=83 

  

10 

a > (2k+5)=T+9+11+...+25 
k=1 

EXERCISE ¢ [N 

The series is arithmetic with 

w=4% d=§ n=50 

Sn= % (2u1 + (n— 1)d) 

So, Sso=%2(2x%+49x%) 

=25(1+122}) 

= 30874 

The series is arithmetic with 

w =5, d=-%, n=280 

Sn= ; (2u1 + (n — 1)d) 

So, Sso =12 (2x50+79 x (-2)) 

0(100 — 257) 

= —740 

  

    

The series is arithmetic with 

w =5, d=-1, un=-20 
Since uyn = —20, 

then w; + (n—1)d=—20 

50+ (—3)(n—1)=—20 

—in+3=-70 

1, — 141 
=5 

n=141 
n 

= 41(50 + (—20)) 

=2115 

So, Su= ;(ul +un) 

#(8+83) 

=1410} 

This series is arithmetic with w1 =7, d=2, and n=10. 

su =%[2u;+(n—1)d]=12—°[l4+9><2]=160 
15 

k=1 
3" (k- 50) = (—49) + (—48) + (—47) + ... + (—35) 

This series is arithmetic with u; = —49, d=1, and n=15. 

sum = %[fm +(n— 1)d] = [~98+ 14 x 1] = —630
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20 k 3 

5 (%) =24 843+ +2 
k=1 

This series is arithmetic with %y =2, d=%, and n =20. 

sum=g[zul+(n—1)d]=%[4+19x§]=135 

w =5 n=7 u,=53 5 w=6 n=11, u,=-27 
n n 

Sp = E("l + un) Sp = E(ul +un) 

=(5+853) =36+ (-27) 

=203 = _115% 

The total number of bricks can be expressed as an arithmetic series: 1+2+3+4+..+n 

‘We know that the total number of bricks is 171, so Sp =171, 

Also, w1 =1, d=1 and we need to find n, the number of members (layers) of the series. 

Sn= ;(2141 +r-1d) =171 

%(2x1+(n—1)x1)=171 
n(2+n—1) =342 

n{n+ 1) = 342 
oo nP4n-342=0 
(n—18)(n+19)=0 

n=-19 or 18 

But >0, so n=18. So, there are 18 layers placed. 

The total number of seats in n rows can be expressed as an arithmetic series: 

22+23+24+ ... tun 

Row 1 has 22 seats, so 43 =22.  Row 2 has 23 seats, so d=1. 

Sp = g(zm +(n—1)d) 

= %(2x22+1(n—1)) 

= 5(44 +n-1) 

Sp = %(n +43) which is the total number of seats in n rows. 

a Number of seats in row 44 = total no. of seats in every row — no. of seats in the first 43 rows 

=81 — 513 

=444+ 43) - L (43 +43) 

= 1914 — 1849 
=65 

b Number of seats in a section = Ss¢ = 1914 (from &) 

€ Number of seats in 25 sections = Sgq x 25 = 1914 x 25 = 47850 

a  The first 50 multiples of 11 can be expressed as an arithmetic series: 

11422433+ ...+ uso where wg =11, d=11, n=50 

Sp = % (2ur+(n—1)d) .. Sso=22(2x11+11(50 — 1)) 
= 25(22 + 539) 
=14025 

139
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b The multiples of 7 between 0 and 1000 can be expressed as an arithmetic series: 

T+14+21+28+...+un where w3 =7 d=7 

To find «y,, we need to find the largest multiple of 7 less than 1000. 

Now 10001429, 50 un =142 x7=994 

But up =u1 + (n—1)d 

994 =7+17(n—1) 
987 =Tn—7 
Tn = 994 

n =142 

So, Sz =22(74+994) = 71071 

The integers between 1 and 100 which are not divisible by 3 can be expressed as: 

1,2,4,57,8,..,100 where u; =1, wup=100. 

Alternatively, these integers can be expressed as two separate arithmetic series: 

Sa=144+47+..4974+100 where w1 =1, d=3, un=100 

and Sp=2+5+4+8+...4954+98 where w1 =2, d=3, up=98 

Now for §4, un =11+ {(n—1)d and for Sp, wn =w +(n—1)d 

100 =1+3(n—1) . 98=2+3(n—1) 
9=3n-3 S 98=3n-3 

3n =102 s 3n=99 

n=34 s o n=33 

So, S4=%(1+100)=1717 and Sp = L(2+ 98) = 1650 

The total sum = S4 + Sp = 1717 + 1650 = 3367 

9 The series of odd numbers can be expressed as an arithmetic series: 

14+34+5+7+... where w3 =1, d=2 

b 

Now wp=wm+m—-1)d=1+2(n-1) 

. up=2n-1 

We need to show that Sy, is n2. 
The sum of the first n 0dd numbers can be expressed as an arithmetic series: 

14+3454+7+..+(2n—-1) {using un=2n—1 froma} 

So, Sn=%(ul+“n) 

=§(1+(2n—1)) 

=§(2n) Hence Sp =n? as required. 

Si=1 =1=12=n for n=1 v 

Sp=1+3 =4=22=n for n=2 v 

S3=1+3+45 = 9=3=n% for n=3 v 

S4=143+54+7=16=42=n% for n=4 v 

10 ug=21, S17=0. We need to find u; and wug. 

Sn=2@u+(n-1d Also, un = +(n—1d 

So, 

1 +5d 
8d+5d {using (1)} 

      

Si7 = 2 (2u1 + 16d) = 0 
w +8d=0 

© wm=—8d .. (1) 

u1 = —8(=7) =56 and uz =56 —7 =49 
The first two terms are 56 and 49.
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11 Let the three consecutive terms be z —d, z, and = +d. 

Now, sum of terms = 12 

@-—d)+z+(e+d) =12 

3x =12 

T=4 

So, the terms are 4—d, 4, 44+4d 

So, the three terms could be 4 —6, 4, 4+ 6, which are 

(=6), 4, 4+(-6), or 4— 

Now, sum of terms = 40 

Also, product of terms = —80 

(4-daa+d)=— 
4(4? — %) = —80 
16 — d = —20 

. =38 .. d=+6 

—2,4,10 
which are 10, 4, —2. 

Let the five consecutive termsbe n—2d, n—d, n, n+d, n+2d. 

Sothetermsare 8—2d, 8—d, 8, 8+d, 8+2d 

Also, the product of the first, middle and last terms = (8 — 

So, the five terms could be 8 —2(3), 8—3, 8, 8+3, 8+2(3), 

or 8—2(-3), 8—(-3), 8, 8+(-3), 8+2(-3), 

(m-2d)+(n—d)+n+(n+d)+(n+2d)=40 

. n=40 

o n=8 

2d) x 8 x (8+2d) =224 
8(82 —4d?) =224 

64— 4d? =28 

4d* =36 
£=9 
d==3 

which are 2,5, 8,11, 14 

whichare 14,11, 8,5, 2. 

EXERCISE 6.7 [N 

1 a The series is geometric with 

n=10 w =12 r=1% 

  

  

~ 23.9766 ~ 24.0 

¢ The series is geometric with 

wm=6 r=- n=15 
_n 

Now 5'1.=—u1(1 ) 
1-7r 

6(1-(-1)") 
5 =—z4.000 15 D 

a The series is geometric with u =3, 

g (r® — 1) r=v3 
Sy = ——— 

r—1 

f((f)" (f+1) 

(3+\/')((~/')" 
-1 

  

_ 3+2f ((‘/5),,_1) 

The series is geometric with 

w =7, r=+7, n=12 
T Now §,=2l"=1 

r—1 

VI((VD2 -1 
S12=—(( ) 

V-1 
~ 189134 

The series is geometric with 

u =1, r=—7l;, n=20 

w(l—r") 
l1-r 

. S0 = w =~ 0.5852 

Now 8p= 

1- (—— 

The series is geometric with %3 = 12, 

=1 

w(l—r") i Sp=2T ) 
1-7r 

_12(1-¢3)m) 
= 1 

1-3 

=24(1-(}")
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¢ The series is geometric with d The series is geometric with 

=09, r=01 w=2, r=-} 
o 

g, = wd=r") w(l—rm)  20(1—( 
1-r Sp=———= 

1-r 
_09(1-(0.1)") 

  

3 a Si=w .. o wm=3 b up =58 —51 ¢ w=3 r=% 

=4-3=1 

=1 So, r=3 

10 

4 a Y 3x2%1=346+12+... 43844768 +1536 
k=1 

This series is geometric with 21 =3, r=2, and n=10. 

n_ 10 _ 
sum= W=D 3P -1 _ g 

r—1 1 

® 3 1Y6"2 _o5 941 1 1 1 kf_jl(i) =24+1+d 4+t + s 

This series is geometric with u; = 2, rz%, and n=12. 

1 Sl 20 gy 22 1-r 
sum   

Wi
 

_ 4095 . sum = 522 ~ 4.00 

25 

€ 36x(—2)F = —12+ 24+ (—48) + ... + 100663206+ (—201 326 592) 
k=1 

This series is geometric with u; = —12, = -2, and n=25. 

sum = % = M =—4 (1 - (_2)25) 

sum = —134217732 

5 a Ay = A; x 1.06 + 2000 
= (Ap X 1.06 +2000) x 1.06 + 2000 

= (2000 x 1.06 + 2000) x 1.06 + 2000 

Az = 2000 + 2000 x 1.06 + 2000 x (1.06)? as required 

b As = Az x 1.06 + 2000 
= [2000 + 2000 x 1.06 + 2000 x (1.06)?] x 1.06 + 2000 {from a} 

Az =2000 [1+1.06 + (1.06)* + (1.06)°] as required 

< Ag = 2000[1 + 1.06 + (1.06)% + (1.06)° + (1.06)* + (1.06)® + (1.06)° + (1.06)7 

+(1.06)® + (1.06)°] 
Ag % 26361.59 
the total bank balance after 10 years is $26 361.59 

S;=3+3=% S=3+i+3=% Si= sl
 + i 1 i T sk
 I gl
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2" —1 w(l—r" b Sn=—0 < s,.=%, where wy =%, r=4% 

_-Gr) 

- L1 
s,.=1—(§)"=1—2—n= - 

d As n— oo, (g)"—»o, andso Sp — 1 (from below) 

€ The diagram represents one whole unit divided into smaller and smaller fractions. 

As n — oo, the area which the fraction represents becomes smaller and smaller, and the total area. 

approaches the area of a 1 x 1 unit square. 

EXERCISE 6G.2 [N 

1 a 1 b We need to show that 0.3=4. 

=243 43 Now 0.3= 15+ 150 + w00 + 

248 
6 T o So,let Sn =5+ 135 + 1o55 + 

  

  

  

    

  

  

  

  

    

    

     

Since n— oo, then §= i 
1—r 

So, 0.3=1% as required 

2 & 0Z=0444444.. b 0.16 = 0.161616.... 
=4ttt =i e 

which is a geometric series with which is a geometric series with 
w1 =04, r=01 w =0.16, = 0.01 

w016 _ 16 S= =2 
99 

So, 0.T6 =35 

< 

— 312 312 312 =83 8 By 

which is a geometric series with 4, = 0.312, = 0.001 

w0312 312 14 = _ 104 
5= S ="C=—= S, 0312=1% 1 0999 999 333 353 

1 
3 Checking Exercise 6G.1 6d: S = 1‘“ ==t v T 1-1 

2 

4 a 18+12+8+... isaninfinite b 18.9—6.3+2.1—... isan infinite 
geometric series with «; =18, r= %. geometric series with u3 = 18.9, r = —%. 

s= 18 _g nos=t B8 
3 

2 3 3 3 3 & 2\k 2 2 5 a 24—k=;+fi+a+.... b kz_os(—g) =6-6x(2)+6x(2)?—... 

is an infinite geometric series with 

= =-2 w =6 r=-%§ 

S= =2 (x42)   
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6 Let the terms of the geomeiric series be w1, wir, wr?, ... 
UL 
  Then w1+ war +wmr® =19 and = =27 

w(l+r+r?) =19 1 w=27(1=1) .. 
Uy = m o (l) 

Equating (1) and (2), _1 =27(1-r) 
T+r+r2 

B=Q-r)1+r+r?) 

Substituting =2 into (2) gives w =27(1— %) =9 

the first term is 9 and the common ratio is 3. 

7 Let the terms of the geometric series be w1, w17, w172, . 

U1 
  

    Then wyr=4% and =10 
- 

w== . A wm=10-10r .. (@) 
5r 

Equating (1) and (2), 53 =10-10r 
v 

.. 8=50r —50r% 
. 50r® —50r+8=10 
2(25r2 — 25r +4) =0 
2(5r —1)(5r —4) =0 Using (2), if r=3, w1 =10-10(%)=8 

© r=1o 4 T=3 03 if r=%, w=10-10(§)=2 

either u1 =8, r= e
 = =4 or u =2, T=% 

8 a Total time of motion = 1+ (90% x 1) + (90% x 1) + (90% x 90% x 1) 

+(90% % 90% x 1) + (90% x 90% x 90% x 1) + ... 
=1+0.9+0.9+ (0.9)% + (0.9)% + (0.9)° + ... 
=1+2(0.9) +2(0.9)2 + 2(0.9)® + .... as required 

b The tofal time of motion can be written a5 [2+ 2(0.9) + 2(0.9)% + 2(0.9)° + ...] -1 

uy(1—r?) 
So, Snzl——l, where u; =2, r=09 

- 

_ 2(1-09%) 
<= ! 

2(1 - 0.97) . 21099 
- 5n 0.1 

.. Sp=20(1—-0.9") —1 
- Sn=20-20x09"—1 
. Sn=19-20x 09" 

¢ For the ball to come to rest, n must approach infinity. 

As n— o0, 09" -0 andso 20x0.9" —0 also. 

Sn— 197, 

So, it takes 19 seconds for the ball to come to rest.
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REVIEW SET 6A 

1 a arithmetic, d = —8 b geometric, »=1 or arithmetic, =10 

¢ geometric, r = —% d neither ¢ 4,8,12, 16, ... arthmetic, d=4 

2 Since the tenms are consecutive, 

(k—2)—3k=k+7—(k—2) {equating common differences} 

k—2-3k=k+7-k+2 

—2-2k=9 

2k =-11 

Assuming that the pattern continues, consecutive terms differ by —5. 

the sequence is arithmetic with w; =28, d = —5. 

  

  

up=wum+n-1)d S,.=%(2u1+(‘n—1)d) 

Tl =2@x28+(-1(-5) 
== =2@6-5n+5) 

= %(61 —5n) 

& The terms are geometric, so ; = k’k— L 

K =4k -1) 

  

= 2 _ 1243 e 

wr® _ (%% 5 ug=1 Lomxrt=18 ) So, 5= 5 {@=m} 
uo=2%8 . wuxrf=% (@ 16 

r==%2 

Substituting = 2 into (1) gives Substituting r = —2 into (1) gives 
wxP =i wx (-2 = 
ux32=4 uy % (—32) =42 

u=3% w=—% 

Now un = upr™! un=§ x2"1 or —f x(-2)"7! 

6 Let the numbers be 23, 23 +d, 23+2d, 28+ 3d, 23 +4d, 23+ 5d, 23+6d, 9 

Then 23+7d=9 

7d=-14 
d=-2 So, the numbers are 23, 21, 19, 17, 15, 13, 11, 9. 

7 a Thesequence 86, 83, 80, 77, .... is arithmetic with u; = 86, d = —3. 

Un = +(n—1)d 

un =86+ (n—1)(—3) =86—3n+3 
un =89—3n
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b 21, %, 2, ... canalsobe writtenas 2, %, %, 2, . 

So, the numerator starts at 3 and increases by 2 each time, 

‘whilst the denominator starts at 4 and increases by 1 each time. 

2 1 2 1 
The nth term is nt , andso up = nt 

n+3 n+3 

¢ The sequence 100, 90, 81, 72.9, .... is geometric with w3 =100, r = % =0.9 

Uy, = uyr™? 

un = 100(0.9)"* 

7 
8 a Y H=0+2+3814+55+62 47 

k=l =144+9+16+25+36+49 
=140 

S k+3 b Lttt iRl 
= _ 23761 

= 72520 
~9.43 

9 a 18-1248—... b 8+4vZ+4+.. 
The series is geometric with The series is geometric with 

uy =18, ru=—§ w=8 r=Js . 

=1_‘r g _ 8 ><(1+75) 
" T [ 1 18 1-r (1 75) (1+75) 

x5 8 

3 s 
1-1 

=2 or 104 z 
8+4v2 

=71 
2 

=16+8v2 

10 Total distance travelled 

=3+3x08x2+3x(0.8)?x2+3x% (0.8)°X2+.... 

=38+3x08x2[L+08+(0.8)%+ (08)° +...] 

=3+448x1_0.8 {as r=08, [r|<1 soconvergesto lujr} 

4.8 =3+48 
= 3 4+ 24 = 27 metres 

2 

N a s,.=m b Using part a, 
Un — Un—1 = [3n+1] - B(rn—1) +1] 

. Un =90 — Sp_1 

_3r+5n  3(n-1+5(n-1) 

T2 T =2 
_3n*4+5n-3(n®-2n+1)-5(n—1) - Emosr ool 

_3n?45n—3n?+6n—3-5n+5 
2 

_6n+2 

2 

. un=3n+1 

  

=3n+1-3n+3-1 

=3 

The difference between consecutive 
terms is constant for all n, so the 

sequence is arithmetic.
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REVIEW SET 65 

1 wn=6(2)"" 
6 (l)n‘f-l—l 

Unt1 _ 2\2 -1 = =6(1)® a _‘Um _—6(1)"_1 =3 for all n b ou = l, < 11.15—6(2) 

2 r=3 7 0.000183 
{un} is a geometric sequence. 

2 a Given 24,23%,22%,..,-36 wehave w1 =24, un=—36, andwe need tofindn. 
The sequence is arithmetic with d = —%. 

Now un =1 +(n—1)d 
—36=24+(n - 1)(-3) 

—60=—3n+3% 
3, — 243 
n=% 

n =81 So, —36 is the 81st term in the sequence. 

b gy =244 (35— 1)(-3) ¢ Su=ZCu+(n-1d 
= 102 
=2-5F s Sao=4(2x 24440 -1)(-3)) 

=% =13 = 20(48 — 41) 
=375 

3 a 3+9415421+.... b 24+12+4+6+3+.... 

The series is arithmetic with The series is geometric with 
w3 =3 d=6 n=23 u =24, r=%, n=12 

Now Sp= % (201 + (n — 1)d) o _m=rm) 
= T ) 

1- 

S; =2 (2x3+6(23—1)) T 
28 2 (1 _ (%)u) Sa3 = 2(8+132) o Sp=—o—i—t 

=1587 2 
=48(1- (") 

=47%8 ~ 480 

4 5,10, 20, 40, ... The sequence is geometric with uy =5, r=2 

Up = ur™~t =5 x 2771 

Let un =10000=5x 2"~! 
2000 = 2™~* 

n #1197 {using technology} 

‘We try the two values on either side of n & 11.97, whichare n =11 and n=12: 

w1 =5x2"" and wp=5x2" 
= 5120 = 10240 

So, the first term to exceed 10000 is 112 = 10240. 

5  a ug=wuxr® isthe amount after 5 years, where 4y = 6000, » = 1.07 

= 6000 x (1.07)° 
2 8415.31 So, the value of the investment will be €8415.31.
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b If interest is compounded quarterly, then » =1+ # =1.0175 

and n=5x4=20 

ug1 =uy X r¥ 

= 6000 x (1.0175)%° 
A5 8488.67 So, the value of the investment will be €8488.67. 

¢ If interest is compounded monthly, then r=1+%=1.00583 

and n=8x12=60 

ug1 = w1 X 7 

= 6000 x (1.00583)%° 
~ 8506.75 So, the value of the investment will be €8505.75 

6 a Up=5n—8 b upi1—tUn=(5(n+1)—8)—(5n—8) 
. w0 =5X10-8=42 =b6n+5—-8-5n+8 

=8 

¢ The difference between consecutive terms upn and un41 is constant for all n, so the sequence is 

arithmetic. 

d S,.=%(2u1+(n—1)d) where d=5 and w; =Bx1-8=-3 

Now, w15 +u1s + 17 + ... +uz0 = Sz0 — S14 

=20 (2(—8) +(30—1) x 5) — 3 (2(-3) + (14— 1) x 5) 

  

=1672 
10 

7 uw=24 Lowmxr =24 () so BT = % {®+m} 
w11 =768 o uxr®=768 .. ur 

=32 

r=2 

Substituting 7 =2 into (1) gives uy x 2° =24 

Up =uyr™l = (§) 2t 

n-1) 3@ -1 = (&) 27! b S, =ul"-0 _3@" -1 
* wr=(3) " Tl 2-1 

=49152 —3@ -1 

815 =3(2" — 1) =24575.25 

8 24,88 8 .. isgeometricwith w =24, r=3% 

Up =upr1 =24 (%)"_1 

Given un =0.001, weneedtofindm, 50 un=24(})""" =0.001 
n-1 _ 0.001 

( ) =T 

n = 10.18 {using technology} 

‘We try the two values on either side of n = 10.18, whichare n =10 and n=11: 

@
 

w0 =24(3)° and  un =24(3)" 
3 8 =2 ~oo0122 = ~0.000406 561 19683 © 

w11 & 0.000406 is the first term of the sequence which is less than 0.001.
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_en 
9 b Sp = w(1-r") 

1-7r 

128 (1 - (3)17) 
7= 

i-3 
=25584% 
~ 255.998 

256 

n=17 So, there are 17 terms in the sequence. 

10 a 121-11+1-.. isaninfinitc b Y4424 isan infinite 
geometric series with w, =121, r=—12. geometric series with w1 =14, r= 2. 

w121 oo 1 
ST E TR nos= X 

1 1-r % 
§ 20634 =88 2 §=1¢ or 6% 

11 upp1 =wy X" where unyq = 20000, r=1+%=1.0075, n=4x12=48 

. 20000 = u; X (1.0075)*8 

= 20000 
-+ %= [Loo7s)eE 

. w7 13972.28 So, $13972.28 should be invested. 

12 A Unpgyr =1t Xr® where u =3000, r=1.05 n=3 

Un41 = 3000 x (1.05)% 
= 3472.875 There were approximately 3470 iguanas. 

® upgr = X7 where w1 =3000, up41 =5000, r=1.08 

10000 = 3000 x (1.05)" 

n~24.68  {using technology} 

After 24.68 years the population will exceed 10000. This is during the year 2029, 

REVIEW SET 6C [N 

1 u,=68-5n 
2 upys—un = [68— 5(n+ 1)) — [68 — 5n] b u; =68—5(1)=63, d=-5 

=68-5n—5—-68+5n © ugy =68 —5(37) = —117 
=-5 foralln 

the sequence is arithmetic with common difference d = —5. 

d Let u, =—200, and we need to find n. 

un = 68 — 5n = —200 
5n = 268 

n=53% 

‘We try the two values on either side of n = 53%, which are =53 and n = 54: 

uss =68—5(53) and  uge = 68 — 5(54) 
=-197 =-202 

So, the first term of the sequence less than —200 is wus4 = —202.
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2 a 3,12, 48,192 

12 _ a8 102 _ 
5 =4 =4 s =4 
Assuming the pattern continues, consecutive terms have a common ratio of 4. 

the sequence is geometric with u; =3 and r =4. 

n—1 

     

b Up, = ur 

Uun =3 x 4771 
ug = 3 X 4% = 196608 

3 w=31 . w+6d=31 .. (1) 
ws=-17 ». w+ldd=-17 ..(Q) 
So, (w1 +14d)—(uy+6d)=—17-31 {@)— ()} 

. 8d=—48 
s d=-6 

Soin(l), ur+6(—6)=31 Now un=ui+(n—1)d 
u — 36 =31 s tn =674 (n— 1)(—6) 

wu=67 . un=67-6n+6 
Y un=T73—6n 

So, uaq=T3—6(34)=—131 

& @ 4+11+18+25+... 
The series is arithmetic with w, =4, d=7, up =u1 + (b—1)d 

=4+7(k—1) 
=7k-3 

n, 
So, the seriesis Y (Tk —3). 

k=1 
1o141 1 b lylyloay 

The series is geometric with w = §, 7=, 

—ayrk—1= 1 1yk=1 _ (12 (1yk-1 w7 = 6 () = 
n 

So, the series is Y, (3)*+1. 
k=1 

)k+1 

[
 

  

8 - s a E (31 3k 

k=1 2 

This series is arithmetic with w1 =14, n=8, and un = 3%. 

thesumis $(14+34) =170 

)=14+12%+11+9§+8+6%+5+3% 

15 
b > 50(0.8)%~1 = 50 + 40 + 32 + ... + 3.436 + 2.749 + 2.199 

k=1 

This series is geometric with %y =50, r»=0.8, and n=15. 

50 [1 - (0.8)] 
0 

  

the sum is = 241 
    

< fjs(%)k-l =5(2)° +5(2)" +5(2)° +.... 
k=T 

The series is an infinite geometric series 
2 with w =5(3)5, r=2 
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6 11416421 +264 ... is arithmetic with u; =11, d=5 

Sp = g (2u1 + (n — 1)d) Given Sy =450, we need to find m, 
n Sn = Z(5n +17) = 450 =2(2x114+5(n—1) s0 Sp=g(En+17) 

2 5.2 17 n sn*+5n—-450=0 

=3{#2+5n-5) 5 5n?4+17Tn—900=0 
_n nr —15.2, 11.8 {using technology} 

- -5(5'n+ 17) But n>0, so n= 118 

‘We try the two values on either side of n = 11.8, whichare n =11 and n =12: 

Su=3%(5(11)+17)=396 and 51z = L (5(12) +17) = 462 

12 terms of the series are required to exceed a sum of 450, 

0.0825     

  

7 a8 tpgr =1t X7 where u; =12500, r= =1.04125, n=5x2=10 

S0, tn41 = 12500 x (1.04125)1° 

~ 18726.65 The value of the investment is £18726.65. 

0.0825 
= =1.006875, n=>5x12=60   ® Unqr=w1 X7 where w =12500, r=1+ 

SO, Un41 = 12500 x (1.006875)% 
2 18855.74 The value of the investment is £18 855.74. 

8 a  Let the terms of the geometric series be w1, w1, w7, ... 

  

  

    

  

    

Then w1 +wir =90 and  wr?=24 
w(1+7)=90 u1=2—: e 

- » 7 
1_1+7‘ 

9% _ 24 
ting (1) and (2) gi == Equating (1) and 2) gives == = 3 

oo 90r® =241 + 24 
90r* —24r —-24=0 
6(15r2 —4r —4) =0 
6(5r +2)(3r—2) =0 

o or=-2or % 

Using (2), if r=—% then w = 

if r=2 then w=—g— 

cither w1 =160, r=—% or w=54 r=1% 

b Since |r| <1 in each case, both series converge. 

When w1 =150, r=—2 When w =54, r=3% 
w1 Ul 

8= oo 8= 
1-r7 1-r 

150 54 
=7 =T 

s 3 

0 o 1071 =162
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9 Since Seve walks an additional 500 m = 0.5 km each weeck, we have an arithmetic sequence with 

a1 = 10 and constant difference d=0.5. 

un =u1 +(n—1)d 
. Un =10+ (n-1)0.5 

a upa =10+ (52—-1)0.5 {52 weeks in a year} 

=355 

. Seve walks 35.5 km in the last week. 

b In total, Seve walks 10 + 10.5+ 11 + .... + 35.5, which is an arithmetic series. 

Sn = ;(u: +un) 

Sp2 = 32(10 + 35.5) 

=1183 

Seve walks 1183 km in total. 

o 
10 a Y 50(2z— 1)*=1  is a geometric series with =2z — 1 and converges if —1 <r <1 

k=1 
-1<2z-1<1 

0<2z<2 

0<z<1 

b When =03, 20—1=06-1=-04 
o 

and Y 50(2z — 1)* 71 = 50(—0.4)° + 50(—0.4)* + 50(—0.4)2 + ... 
k=1 

which is geometric with u; =50, r = —0.4 

Nowas 0<0.3<1, the seriesconvergesand S = 

 



  

Chapter 7 
THE BINOMIAL EXPANSION 

EXERCISE 7.A 1N 

1 a2  (p+gf b (@+1)? 
=p° +3p%q+3p¢° +¢° = +322(1)" + 32(1)2 + (1)° 

=2 +82> + 3z +1 

c (z—3)° d @+ 

=z° + 32%(—3) + 82(—3)* + (-3)° = 2%+ 3(2)%z + 3(2)2® + 2° 

=2° — 92% + 275 — 27 =8+ 12z +62% +2° 

¢ (3z—1)% t  (2z+5)° 

= (32)% + 3(32)2(—1) + 3(32)(—1)? + (-1)® = (22)* + 3(22)%(5) + 3(2x)(5)% + (5)° 

=272 - 272 + 9z — 1 = 82% + 60z% + 150z + 125 

s (2a-bp 
= (2a)° + 3(2a)*(—b) + 3(2a)(—b)* + (-b)° 
= 8a® — 120%b + 6ab® — b* 

h (32 — 1) = (32)° + 3(3x)2(— 1) + 8(8x)(—1)% + (-1)* 

=272 - 92" +a— 3 

1 (u + %)3 = (20)° + 3(22)? (i) 1 3(22) (1)2 + (1)3 
z z 

=:3ac3+12ac-x-§+l3 
x X 

2 a (142)*=14+4(1)%+6(1)%2% + 4(1)® + 2* 

=144z +62” +40° +2* 

b (p—q)* = p* + 4% (=) + 67 (—0)* + 4p(—0)* + (—)* 
=p' —4p°q+ 60’ — 4pg® +¢* 

¢ (z—2)* =0 + 42°(-2)' +622(-2)* + 42(-2)* + (-2)* 

=2* —82° 4 240% — 322 + 16 

d (3-2)" =3"+4(3)°(-2) + 6(3)*(-x)” + 4(3)(-=)° + (—=)* 
= 81 - 108z + 542 — 122° + 2* 

e (1+22)! = 1% +4(1)%(22) + 6(1)%(22)% + 4(1) (22)® + (2x)* 
=1+ 8z + 240 + 322° + 162* 

t (22 —3)* = (22)* + 4(22)3(—3)"! + 6(22)%(—8) + 4(2z)(—3)* + (-3)* 

= 162 — 12 x 82® + 54 x 4z — 108 x 2z + 81 
= 162" — 962> + 2162 — 2163 + 81 

g (2z45)* = (22)* + 4(22)°b + 6(22)%8° + 4(22)8° + b* 
= 162* + 322°b + 242762 + 8xb° + b* 

(o) tar @ o () (D) () 
:a:‘+4zz+6+iz+l4 

x x
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T © z 
1 (2 . l)4 = (20)* + 4(2)° (—1) +6(20)° (—i)2 +4(20) (—l)s ¥ (—1)4 

= 1624 —3zz’+24—§+g 

a (z+2)° =2+ 52%(2) + 1023(2)* + 102%(2)® + 52(2)* + 2° 

=2° + 10z* + 40z° + 802® + 80z + 32 

b (2 —2y)° = 2° + 52 (—2y) + 102°(~2y)? + 102> (—2y)° + 5(-2y)* + (—2y)° 

= a5 — 1024y + 402%y? — 802%y® + 80zy* — 32° 

€ (1+22)% =15 4+ 5(1)%(22) + 10(1)%(22)? + 10(1)%(22)3 + 5(1)(22)* + (22)° 

=1+ 10z + 402* + 802> + 80z* + 322° 
5 2 3 4 5 

d (:c - 1) =z° 4+ 5zt (—3) +102° (—l) + 1022 (—1) + 5z (—l) + (—l) 
x X x x x X 

1,5 1 = —b5eP 10— — + = — — z* ac+zm+z3 = 

a 15 10 10 5 1 = the5throw 

1 6 15 20 15 6 1 -w— the 6throw 

b | (2+2)° = 2® + 625(2) + 152°(2) + 202°(2)° + 152%(2)* + 62(2)° + (2)° 
= 2%+ 122° + 602 + 1602® + 2402% + 192z + 64 

0 (22 —1)% = (22)° + 6(22)(—1) + 15(2)*(—1)2 + 20(22)%(—1)® + 15(2x)%(—1)* 

+6(2z)(—1)° + (—1)°® 

=642% — 6 x 320° + 15 x 162* —20 x 82° + 15 x 40® — 6 x 2z +1 
= 64a° — 1922° + 240z* — 1602° + 602> — 12z + 1 

1\8 1 1\2 1\3 1\4 115, (1\6 w (w+ —) = 2%+ 6a° (—)+15z‘ (—) +203 (—) + 1522 (—) +62 (—) + (—) 
x x x x X T x 

=z° + 62 + 1527 +20+E+£+i 
22 gt b 

a (@+b)°=8+12"+ b (a+b)*=(2+¢)° 
and (a+3)°®=a® +3a’b+3ab’ +b° = 2% 4 3(2)%" + 8(2)(e%)? + (¢%)° 

* a®=8 =8+ 12¢” + 6e*® + *® 
s a=2 So, the remaining two terms are 6e?® and €3%. 

and 3¢%b =12¢° 
- 3(2)% = 12¢% 

12b=¢€” 

sob=e" 

So, a= 2 b=¢e" 

a (1+v2)® = (0 +300)? (v2) +301) (v3)* + (vB)°* 
=1+3vV2+3x2+2xV2 

=1+3v2+6+2V2 

=7+5v2 

b (VB+2)'=(vB)' +4(vB)’ @ +6(VE)" (22 +4(VB) (* +2* 
=25+8x5/5+24x5+32/5+18 
=25+40v5 + 120+ 32v5 + 16 

=161+ 72v5
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€ (2 - \/5)5 

= (2 +52)* (-v2) +102)° (-v2)” +102)* (—v2)° + 5 (-v2)* + (-v2)° 
=32 — 80vZ 4 160 — 80vZ + 40 — 4v/2 
=232 — 1642 

7 a (2+42)% =(2)° +6(2)° + 15(2)%? + 20(2)%2° + 15(2)°x* + 6(2)a® + 2° 
= 64+ 192z + 2402° + 1602® + 602" + 122° + &° 

b (2.01)% is obtained by letting = = 0.01 64 

(2.01)® = 64 + 192 x (0.01) + 240 x (0.01)% + 160 x (0.01)* 1.92 

+60 x (0.01)% + 12 x (0.01)° + (0.01)® 0.024 
0.00016 

= 65.944160 601 201 0.0000006 

0.000000001 2 
+ 0.000000000001 

65.944 160601 201 
8 2z +3)(z+1)* 
=(2z+3)(2* +40® + 6% + 424+ 1) 
=2z° + 8z% + 120° + 82° + 2z + 30* + 122° + 182 + 122+ 3 
=205 4+ 112* + 242° + 262 + 142 + 3 

9 a2 (3a+b)®=(3a)% +5(3a)'b+10(3a)%b + .... 

. the coefficient of @%b* is 10 x 3% =270 

b (224 3b)® = (26)% + 6(2a)%(3b) + 15(2a)*(3b)2 + 20(2a)3(3b) + .... 

the coefficient of a%6° is 20 x 2% x 3% = 4320 

EXERCISE 7B |    1 0=1 ! =6 x 120 = 720 

u=1 7 X 720 = 5040 

A=2x1=2 8 x 5040 = 40320 

3=3x2x1=6 9 x 40320 = 362880 

Ad=4x3x2x1=24 10! =10 x 9! = 10 x 362880 = 3628800 

Bl=5x4x3x2x1=120 

  

  

    

6l 6x5x4! 100! _ 100 x 99! 7 7 X6 x5! 
2 2220 " b —=— 20X 

z 7 0 91 991 0 ¢ SXE T Teixe 
=2 

3 nl_ nx(p—Ht b Dt D+ gt 
=D (b nl o, 

=n ={n+2)(n+1) 

ay_ 3 o__ 4 
e (1)_1!(3_1)! b (2)‘2!(4—2)! 

3 4 
Tirx2! Tax! 
_ 3 x2et _ 4x3xBxt 

T I xSk T 2X Ix2ed 

=3 _12 
T2 
=6
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. 7 10 10! 
¢ (3)=3y(7—3)! d (4)=4!(1o—4)1 

_.m _ 
T ex 4 T arxet 
_ T X6 X5 xXdxdedet _ 10X 9 X8 X 7 X-Eebrdre Bt 

73X 2 x 1 x4eBert T AX 3X 2 X 1 xbrrebrede et 
_ 210 _ 5040 
T T 
=35 =210 

8! 8 
5 a |(g)=2!(8_2)! i (:)=6!(s—6)! 

8! 8! 
~axe “Ex2 
_ 8 X T X-B3BuArBrBt _ B X T X8B3t 
72X 1 X6k xd g BNt TR B AR BRI HREX2X L 
_ 56 _ 56 
7 =7 
=28 =28 

b Row0 1 

Row 1 11 
Row 2 121 

Row 3 1331 

Row 4 14641 
Row § 15 10 10 5 1 
Row 6 16 15 20 15 6 1 
Row 7 17 21 38 35 21 7 1 
Row 8 18 56 70 56 [28 8 1 

  

(g) and (:) correspond to terms 3 and 7 of row 8 in Pascal’s triangle. These are equal because of 

the triangle’s symmetry. 

EXERCISE 7 | 

1 a2 (20" =11+ (1) 10a) + (1) 1°2=) + ... + (}3)14(22)10 + (22)1 
2415 

b (3:,; + _) 
z 

=G+ () (2) + (ear (2) .+ (e (2) 1+ ()" 
; z 

20 

< (Zz - §) 
P 

= (20)° + ('.:lo)(h)lg (_s)l 4 (?)(Zw)“ (_2)7 s (:g)(h)‘ (_2)19 + (_3)2“ 

T 

2 a For (2¢45)'%, a=(2z), b=5 and n=15 

Now Try1=(T)am"0" andletting » =5 gives Ts = (7)(22)1°5°. 

b For (a2+3)°, a=(s?), b=y, ad n=9 

Now Trgr = (T)a™ 76" and letting r =3 gives Ti = (3)(®)*(y)>. 
17 2 

) , 6=2, b=(—;), and n=17 

  

0 
= (F)e* b andleting 7 =9 gives Tio = (VV)a® (_z) . 
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2 
d For (2:::2 - l) , a=(22%), b= (—l), and n=21 

T z 
8 

Now Trir = (P)a" """ andletfing r=8 gives To = (%)(2?)1° (_l) . 
x 

a For (z+b)7, a=z, b=bh and n=7 b If a7 "=zt 

then 7—-7=4 

Sor=38 

Now Ty= (7)a*s 

the coefficient of 2% is (7)6° = 356° 

But the coefficient of z* is —280 

So, 35b° = —280 

the general term  Tryq = (:)a:""b’ 

¥ =-8 
L b= Y8 
L b=-2 

a2l (3+20%)", =3 b=(2?), md n=10 

Now Tpp1 = (’;)a""b" We now let 2r = 10 

r=5 

So, Ts= (1;))3525 210 
—— 

the coefficient is (1;’)352? 

  

b In (212-%)8, a=(22%), b= (_%) and n=6 

Now Ty = (P)a™ 76" Wenowlet 12-3r=3 

— 3\" o 3r=9 

=) () () LIS 
- (i)zs—rzu—:r (—:i)r So, Ta (3)23(—3)3 3 

z —— 
= ()2 (g the coefficient is  (3)2%(—3)°. 

: 

»anTTen We find 7 such that 
12—2r=6 and r=3 

the coefficient is (14’) 28(—1)4, 

( 
=@ (2"'2)6_’ (=3y)" =3 is the solution 

= ()T -ayy So, Ta= (5)2P(-3a%® 
— — N 

= (g)zs T(=3) 2ty the coefficient is (2)23(—3)3. 

dm (212 - %)", a=(22), b= (_i) and n=12 

Now Trir = (T)a™7b" We now let 24 —3r =12 
- () () (_l)r o= 12 

- z L= 

= (1)g1a-rgraar =T So, Ts = ('7)28(-1)* <2 
- —_— 

( 12) 9127 (_q)r24-3r -
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2\18 2 
5 a For (z+—2) , a=gw, b=—2, and n=15 

@ x 

Now Try1= (’,‘)a""’b’ The constant term does not contain . 

2\" s 18=-3r=0 

= (e () 2 =5 
- (15)115—r 2 so To= (155)2510 

T = . the constant term s (5')25. 
= (15) or18—3r s 

v 

   

Now Try1 (:)a""b" The constant term does not contain . 

3\" S 9-3r=0 (%)~ 3 
—(1)” r(_zz) s r=3 

- (a)zo—rfl so Ta= (3)(-3)%° 
=\ 2 e o 

o . . the constant term is (3) (-3)%. 

= (D3 
6 a Rowl 11 — bl suam=1+1 =2 =2! 

Row 2 121 — il si)m=1+4+241 =4 =22 

Row 3 1331 — Wl sum=1+43+3+1 =8 =2 

Row 4 14641 — W sum=1+4+6+4+1 = =2‘ 

Q2 % Row 5 15 1010 65 1 

Rowé 1 6 152015 6 1 

€ The sum of the numbers in row n of Pascal’s triangle is 27, 

d (1t 
=M1+ (1" e+ (17222 + (D173 4+ (7)) P2+ (D)2 
=B+ D2+ G+ (D) + -+ (,"y)=" "+ (3)a™  {as all powers of 1 are 1} 

Now letting = =1 gives LHS = (1+1)"* =2" 

and RES=(3) + (1) + () + () + -+ (20) + () 
@G YR = 

7 a2  (z+2)(*+1)® 

=@+2) [eM% + ) @)1+ (5 @)1 + ... + ) @)*1° + §) =*)'17 + (§)17] 
N | 

only terms which when multiplied give an 23 

. coefficient of % is 1 x (:) = (:) =28 

b 2-2)(3z+1)° 

=(2-2) [(30)° + () 32)° + () B2)" + () 3=)° + () (32)° + ... 
f_—f T 

. term containing o is 2 x (3)3%2° + () x (§)8%° = 2(5)8%° — (§)3%¢° = 918542° 

¥ sim=1+54+10+10+5+1 

  

8 In (z?y—2y%)°% a=(z%) b=(-2y?), and n=6. 

Now Try1= (:) Ty Since « and y are raised to the same power, 

=(fi)(z )07 (— 29" 12—-2r=6+7 

o 3r=6 - (E)zu — 26T (_g)ryr PR 

= () (-2 aizrryttr Ty = (6)(~2)%"® = 60a"y*
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9 2 (1+o)™ hes Ti=(}1" %% =(})2® ad n>2 

But this term is 36z (;) =36 

  

n{n—-1)="72 

. —n—72=0 and T4=(§)1"'313 
(n 9(n+8)= 

n—9 or —8 
But n>2 s0 n=9 =84z° 

b (14 kz)" =17+ (T)1" 2 (ke)! + ()17 2(ka)? + 
=14 (Dka+ (3)Fa + ... 

(Dk=-12 and (})k*=60 

  

nk=—12 and @k’:eo 

n(n — 1)k? = 120 

But k——E n(n~1)£=120 
n 

M4(n—1)=120n {n > 2} 
144n — 120n = 144 

24n =144 

n=6 andso k= -2 

10 Trpy = (P)a™ " where n=10, a=(z?), b= 

= (1) a2y ( )r 

=(1 )zzo 2r o 
a"m' 

1 10Y 20— = (1) SrXF 

Welet 20—-3r=11 

3r=9 ) 
3 - o3 So, 255 =15 

1 — (10} p11 ad Ti=(Y)e x> 1_230=15 

19) aa 
—AsJ 11 =8 ==Ly 

ad a=2 

REVIEW SET 7A I 

  

1 1 (g)=fi 2 a2 (@-2)° 

o =2+ 302(-29) + 30(-20)" + (-2 
= - =a® — 62y + 12zy® — 8° 

;1!: 52-!)<-4-x-3-x—2-x-1- b (3z+2¢ 
T ocpemaxaxl = (32)* +4(32)°(2) + 6(32)*(2)" + 4(32)(2)° + (2)* 

30 = 81z* +2162° + 2162 + 96z + 16 
=Z=15 

2
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6 

3 In the expansion of (w-l) . a=(22), b=(—l), n=86 
& €T 

Topr = ()a™ 70" For the constant term we let 12 —3r =0 
1\ sor=4 

() 2\6—7 - Gesr () (r)( ) z and Tp= 5)22(_1)420 

(e)2s—r 12— 2r( —1)z" Nt : 
i 8Yo2(_1)4 — - (:)25"(—1)"312‘3' the constant term is (()2( 1)* = 60. 

&4 The sixth row of Pascal’s triangle is 16 15 20 15 6 1 

(@ +5)° = a® + 6a°b + 15a%b? + 20a°% + 15a2b* + 6ab® + b 

a (2 —3)% =%+ 625(—3) + 152%(—3)% + 202%(—3)* + 152*(—3)* + 62(—3)° + (-3)® 
= 2% —182°% + 135¢* — 5402° + 12150 — 1458z + 729 

b (1 + %)6 

=(1)® +6(1)° (1) + 15(1)‘ (1)2 +20(1)* (i)s +15(1)2 (§)4 +6(1) (i)s + (%)6 

6 1 6 15 20 =1 o S == tot +w+ +a:5+a:5 

  

5 (VB+2)" = (v3)* +5(v3)" (@ +10(v3)* (> +10(v3)” (2)° +5 (VB)' (2% +2° 
=9v3 + 90 + 120v/3 + 240 + 80v3 + 32 
=362+ 200v3 

1\6 1 6 a n=6 sothereare 7 ferms. b In (3m=+—), a = (322, b=(_), 
z x 

¢ To find a term involving =5, we solve and n=6. 

12-3r=35 A (';) a® T 

s 8r=T 6 zs—r(l)' = 3: = 
Lor=1} (")( =) z 

But r must be an integer. = (:) 35—T312—2Tl 
. s 5 

no term in the expansion involves x°. (3) 30— 41257 
- 

‘The constant term does not contain 

12-3r=0 

L r=4 

So, T = (§)8%° =135 

7 a (a+b)* = —4e® 4 ... 

and (a+b)* = a* + 46°b + 60°b° + 4ab® +5* 

. et =t and 

. et = (%) 
. a=ée" 

  

b (a+b)* = e — 4e®® 4 6(e®)2(—e ™) 4 4e®(—e %) 4 (—e )4 

= e — 46”7 4 66776 — 4eTe £ o7 
=" — 4™ 6 —de I o7
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REVIEW SET 75 N 

1 Inthe expansion of (z+5)%, a=w b=5 n=6 

Try1 = ( )a""bT For the coefficient of z° welet 6 —r =3 

= (fi)z —rgr oo r=3 
- 

  

the coefficient is  (3)5° = 2500. 

2 (4+2)° =4°+3(4)%" +3(¢)'2* +2° 

  

=64 + 48z + 120 + 2° 

Letting = 0.02 gives (4.02)% = 64+ 48(0.02) + 12(0.02)? + (0.02)® 
= 64+ 0.96 + 0.0048 + 0.000 008 
= 64.964808 

3\12 3 3 In (zz—g) , a=(22), b= (_2_2) n=12 

Trg1 = (7)a™"b" For the coefficient of z~° we let 12 —3r = —6 
— 3\" = () e (-5) 

(g G S Tr= (P80 =(7 = S 
. i P 12 = = ()2r (g aasr .. the coefficient is (')29(—3)¢ = 43110144. 

4 2z + 3)(z — 2)® 

=(20+3) [2° + (z°(-2) + ($=*(-2* + ... 

the term containing 2° is 22 X (§)(=2)%2% +3 x (§)(-2)=° = [8(5) — 6(5)] =° = 842° 

  

5 (m—2m)'® = m'® + (V)m®(=2n) + (¥)m®(—20)* + ... + (—20)1° 

=m!® — 20m®n + 45m3(4n?) + .... + 1024n1° 

=m'® — 20m®n + 180m®n? + .... + 1024n*® 

. k=180 

6 (1+ex)(1+a)t=(1+ex)(1* + (§)132 + (31227 + (§)12° +2%) 

coefficient of 2 is 1 x (3) x 1+ex (3) x 12 =4+6¢ 

But the coefficient of 3 is 22, s0 4+ 6c =22 

6c=18 
- e=3 

7 a @+ =2+ (T)2" 2l + (3)27%2 + (3)27730° + o 4 (7)) 227 4 2 

b (D) (P24 (32 4 2t L 

=24 (D)2l 4 (5) 2% + (5)20 0+ (,2,) 202" +2, where z=1 

=@+ 
=3



  

Chapter 8 
THE UNIT CIRCLE AND RADIAN MEASURE 

EXERCISE sA [ 

  

      

  

1 a 180° = = radians b 180° =  radians < 180° = & radians 

oo 90° = ¥ radians o, 60° = Z radians o 30° = ¥ radians 

d 180° = 7 radians ¢ 180° = 7 radians t 180° =  radians 

s 18° = J; radians o 9° = 25 radians o 45° = X radians 

135° = 2Z radians 

$ 180° = « radians h 180° =  radians 1 360° =2 x 180° 

45° = £ radians o 90° = Z radians = 2 radians 

225° = 5T radians s 270° = 3F radians 

] 720° =4 x180° k 180° = 7 radians 1 180° = 7 radians 

= 4 radians o 45° = I radians . 540° = 37 radians 

815° = ZF radians 

m 180° = m radians n 180° =  radians o 180° =  radians 

36° = ¥ radians 2. 10° = & radians o 10° = radians 

80° = 82 radians o 230° = B radians 

= 42 radians 

2 a 36.7° b 137.2° < 317.9° 

=36.7 X {a5 radians = 137.2 x & radians =317.9 x & radians 

7 0.641 radians % 2.39 radians ~ 5.55 radians 

d 219.6° e 396.7° 

=219.6 X &5 radians = 3896.7 x 155 radians 

& 3.83 radians 75 6.92 radians 

3 2 3 a % b T" € = d 1—7; e % 

— 180° — 3x180° — 3x180° — 180° — 180° 
8 - 5 - 4 — 18 ] 

=36° =108° =135° =10° =20° 

CE s 5 % Lo [ 
— Ix180° — 180° — 8x180° — Ix180° — 180° 
=9 10 =" =% 8 
=140° =18° =27° =210° =225° 

4 a 2¢ b 1.53° < 0.867° 

=2x 288 gegrees =153 x 122 degress =0.867 x 182 degress 

5 114.59° v 87.66° ~ 49.68° 

d 3.179¢ ¢ 5.267¢ 

=3.179 x 182 degrees =5.267 x 122 degrees 
=2 182.14° ~ 301.78° 
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I I Y ) ) ) D T 

  

WG e (e e e e 5] 
EXERCISE 8B [N 

  

1 a arclength=ZFx9 area =1 x 1= x 9? 

2 49.5 cm ~ 223 cm® 

b arc length = 4.67 x 4.93 area = $(4.67) x 4.93° 
~23.0cm 2 56.8 cm? 

2 & 9=1079°, [=582 b area = (197:2) x m x (3.1436)* 

(‘;’;’DB) X 27 X r =592 ~9.30 m? 

,_ 592 %360 
T10T9x2xw 

re~314m 

3 a area = 46r% b perimeter ; 
2 =l+2r 

208 = 4(119) xr 1.19 X 5.912+ 2 x 5.912 2 1.19 x 5.! +2 X 5. 7| 
W08x2_ , 

110 =1 ~18.9 cm 7 

  

4 a Il=86xr b area=%€r’ 

295m . 205=0x43 . 1 2 2 " 5 30=1x8x10 
8 = 0.686 

  

T3m - . 30x2 
100 

8=10.6° 

= — 1p.2 5 a2 / sem é—gr . area = L0r 
=68x 

Som . =1(0.75) x 8 
\ -8 =24 om® 

b area = Lor? 
u Scm : 5 

= 1(1.68) x 5 

84 end =21 em® 

= 2 ¢ area = 3¢ 

317 - 2 o, . =ixHBIxe 

=126.8 om®  
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é arc length = 6r 7 zem arc length = 6r 

=2x5 z = 8(2z) 
=10cm =41 

5cm 2z em 2 

area = 16r2 area = 6r% 

=1ix2x5? =4 x(§)x (22)? 
=25 em? =22 em? 

8 a §2 =6 +10° {Pythagoras} b r=sm~117 

10cm| \eem - 8=16+107 
. 8~ 11.6619 

Som - sm1LT 
slant length is 11.7 cm. 

¢ arclength = circumference of cone base d  arc length=6r 

=2rx6 ', 37.6991 ~ 6 x 11.6619 

~ 37.6991 g~ 376991 
2 37.7 cm 11.6619 

8 = 3.23 radians 

9 a tana= 15 b 8422 =180 {angleson a line} 
o=t~ (3) 67180 -2 x 18.43 
o~ 1843 6 143.1 

< area = 2 x area of ACDB +- area of sector 

  

10 Since [AT] is a tangent, OTAisa right angle. 

. cosf= 13 

" 6~ 67.38° 

arc length BT = (350) X 2mr 

~ O xaxax5 

~ 5.88 cm 

AT? 1 OT? = OA? {Pythagoras} 
T? = 18% - 57 
AT =12 cm 

n a l_(zifl)xmrr 

- & 360x2x1r><6370km 

#1853 km 

_2x-><CD><BD+(3“)><1rx1-“ 

Now r? =52 4+ 15% =250 
. area~2><-><15x5+( 

= 387 m? 

  

- perimeter = AT 4 arc length BT + AB 

~ 124588+ (18-5) 

2 25.9 em 

b speed = 
distance 

time 

  time = 
distance 

speed 

_ _ 2130km 
"~ 480 nmilesh—! 
_ 2130 km 
" 480 x 1.853 kmh~1 
2 2.395 hours 

2 2 hours 24 min 
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12 cosf=9=3% available feeding area 
- = f A f secto 0=cosl(§) al.reao + area of sector 

9~ 48.19° mix2xVEEx6 

So, 360 — 20 ~ 263.62° + (26282) x 7w x 92 

Now MB = /9% — 62 ~ 227 m? 

=V& 

  

EXERCISE 8 C 

1 a I A(cos26° sin26°), B(cos146°, sin146°), C(cos199°, sin199°) 

il A(0.899, 0.438), B(—0.829, 0.559), C(—0.946, —0.326) 

b | A(cos123°sin123°), B(cos251°,sin251°), C(cos(—35°), sin(—35°)) 

il A(-0.545,0.839), B(—0.326, —0.946), C(0.819, —0.574) 

          

                      

  

  

  

  

  

  

  

2 [ @ | @ |50 | oo | e 
GGty | 0| = | 7 | = | o 

0 1 0 —1 

1 0 -1 0 1 

0 | undef, 0 undef. 0         

  

  

  

                            

  

  

  

  

  

  

                 

1~ 3 e ) dmomr b 

I L~ 0866 

4 a 1098 00985 Wl 0866 I 086 v 05 W 05 
vl 0.707 vili 0.707 

b sin(180° — ) =siné as the points have the same y-coordinate. 

The diagram shows P reflected in the y-axis to P/, so 

P/OB = POA =8, and P’ has coordinates {—cos8,sin6). 

But AOP' =180° —6 {AOP' + P/OB = 180°}, 
0 P/ has coordinates (cos(180° — 8), sin(180° — 6)). 

sin(180°—6) =sin@ {equating y-coordinates of P’} 

  

d 1 180° —45° =135° 0l 180° — 51° = 129° M r-%z= 27'" 

W r-Z=22 {using sin(180° — &) = 6} 

5 a I 0342 i —0.342 il 05 v —05 v 0.906 v —0.906 

vl 0174 vii —0.174 

b cos(180° — 8) = —cosf
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The diagram shows P reflected in the y-axis to P/, so 

P'OB = POA = 0, and P’ has coordinates (— cos8, sin6). 

But AGP'=180° —9 {AGP' + P'OB = 180°}, 
50 P/ has coordinates (cos(180° — 4), sin(180° — 6)). 

.-, c08(180° — ) = — cos§ {equating z-coordinates of P’} 

  

  

    

  

I 180° - 19° = 161° Wor-F=4 
v r—%:%" {using cos(180° — 8} = —cosé} 

& a §in 137° b sin 59° < cos 143° 

= sin(180 — 137)° = 5in(180 — 59)° = — cos(180 — 143)° 
= sin43° =5in121° = —cos 37° 

~2 0.6820 = 0.8572 ~ —0.7986 

d cos 24° € sin115° t cos132° 

= — cos(180 — 24)° = sin(180 — 115)° = — cos(180 — 132)° 
= —cos 156° = sin65° = —cos48° 
7~ 0.9135 = 0.9063 ~ —0.6691 

7 a b I 1and4 

I 2and3 o o 0° <6 <90 m 3 

2 90° < 8 < 180° EF<b<nm +ve W 2 

270° < 8 < 360° 

  

      

8 a AGQ=180°—0 or 7—# radians 
b [0Q)] is a reflection of [OP] in the y-axis and so Q has coordinates (— cos 6, sin@). 

€ cos(180° — ) = —cos @, sin(180° —8) =sind 

  

b Suspect that sin(—0) = —sinf and cos(—@) = cos6. 

< 1 Pis reflected in the z-axis to Q, so Q has coordinates (cosd, —sin8). 

But Q has coordinates (cos(—@), sin(—8)). 

Q(cos(—8), sin(—8)) = Q(cosd, —sin6). 
So the suspicion is correct. 

il The point Q on the unit circle comresponds to the angle (2m — 8) and the angle (—£). 

s, cos(2r — 6) = cos(—0) 

But cos(—6¢) =cosf {frome¢I} 
. cos(2m — 6) = cosf
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EXERCISE 8.7 | 

cos?f +sin®9=1 

. cos?0+(3)2=1 
3 2g=3 . oot =3 

‘. cosf = i-’? 

d cos?@+sin?6=1 

L ocos? @+ (-1)2=1 

o cos8=0 

2 a coff+sin?6=1 

s (3P 4sin?o=1 

- sin?0 =2 

. sinf =% 

d cos?@+sin6=1 
. 0®+sin?d=1 

- sinf==1 

3 a cof@+sin’d=1 

$+sin’0=1 
   

sing = +35 
But # is in quadrant 1 

where  sind >0 

sind = 335 

d  cos?d+sind=1 
25 4 Gin?0— 

1o tein®f=1 

in? 9 = 144 sin® 0 = {33 

sinf=+32 

But 8 is in quadrant 3 

where sinf <0 

4 

  

But % is in quadrant 2 

where cosz <0 

. cosz= —243@ 
. 1 

andso tanz= oo =3 _ =   

cosz 

  

b cos®§ +sinf =1 ¢ cos’f +sin®f=1 
2=1 oocosfO+0P=1 

wsz(;:% s, cosf =1 

cos€=i-§ 

cosd = +2¢2 

b cos?f +sin?0 =1 ¢ cos’f+sin?0=1 

(-8)* +sin*0=1 12 +sin?0=1 
. sin?0=-L - sin?6=0 

1 . 8inf=0 
. sing =T 

b cos’f+sin®d=1 ¢ cos*f+sin®d=1 
cof 0+ 4 =1 cos04+ & =1 

cos?f =& o cosf9=148 

cosf = £ Y2 cos = +4 

But ¢ is in quadrant 2 But 6 is in quadrant 4 

where cosf < 0 where cosé >0 
4 wsfl:—@ o cosf=% 

b cos’r+sinz=1 

  

%= +sinfz=1 

- sinfz=42 

. sinac::!:bsé 

But & is in quadrant 4 

where sinz <0 

sinm:—bfi@ 

. 2v8 
L andso tans = S2F _ _AEC =-2v5     

1 cos T t
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¢ cos’z+sin’z=1 
2 1- cos“x+ 3= 

o 
= 

cos?x = 3 
— V2 cosz = d:f% 

But « is in quadrant 3 

where  cosx <0 
—_yZ cosz = % 

    

  

  

sinxe 3 1 
andso tanz = = =% 

cosz _;\5’2 2 
3 

sing 
5 =% 

cosz 

sinz = Zcosz 

Now cos’z +sinz=1 

cos*z+ §cos’z =1 

Boos?z=1 

cosm=:!:§fi 

But & is in quadrant 1 

cosx and sine are positive. 

oosa:=731—3, sina:=72fi 

sing o g cosx 

sinz:fiséoosm 

Now cos’z4sin’e=1 

cos’z + S cos?z =1 

Yoz =1 

cos:c::!:vafi 

But z is in quadrant 3 

cosz and sing are both negative. 
—_.3 ing = — & cos® = ——xm, sinz = 

sinz 
6 =k 

cose 
sinz = kcosz 

Now cos’z+sin’z=1 
cos?z+Ah%cos’z=1 
o (Bt cosfz=1 

    

   
cosT = 

+1 
But « is in quadrant 3, 

=1 . k 
COS% = ———, sinz= 

        

d cos’z+sin’z=1 

19—6+sin21=1 

sin?:c=17—6 

sinz=i3§ 

But z is in quadrant 2 

where sinz >0 

sinz = 4 

  

i ¥ sinx 
andso tanz = B 4 

cosz -2 

sinz b - 
cosz 
  

wi
e 

 w
ls
 

sinz = 

  

Now cos®z+sinz=1 

cos?z+ P cos’e=1 

Beos?z=1 

o cosw =% 
But ¢ is in quadrant 2 

cosx is negative and sinz is positive. 
4 =—38, sinz=4% cosxz =—%, sinz=3% 

sing d —_z 
cosz s 
  

s osing = — 

  

Secos’r = 

=45 ooocosz =ty 

But z is in quadrant 4 

cosx is positive and sing is negative. 

- =35 sing=-22 o cosm=g3, sinz B   

cosz and sinz are both negative.
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EXERCISE 8D.2 

1 a tanf=4 

Using technology, 

tan—1(4) ~ 1.33 

b cos6=083 

Using technology, 

cos~1(0.83) & 0.592 

  

©. 8m1.33 or m4+1.33 

. @m1.33 or 447 

  

Using technology, 

sin~!(3%) ~ 0.0910 

. 8~0.592 or 

2m —0.592 

. 9=0.592 or 5.69 

e tanf =12 

Using technology, 
tan—1(L.2) ~ 0.876 

  

Using technology, 

sin~}(§) ~ 0.644 

  

. 6%0.644 or 

T —0.644 

. #=0.644 or 2.50 

I cos® =0.7816 

Using technology, 

cos™1(0.7816) ~ 0.674 

  

. 8~ 0.876 or 

7+ 0.876 

. 8~ 0.876 or 4.02 

h tan@ =202 

Using technology, 

tan~—1(20.2) ~ 1.52 

. @=~0674 or 

27 —0.674 

. 8= 0.674 or 5.61 

Using technology, 

sin—1(28) ~ 1.35 

  

. @~0.0910 or 

7 —0.0910 

. 6=0.0910 or 3.05 

6= 1.52 or w+1.52 

. 9~ 1.52 or 4.66 
oo 8~1.35 or w—1.35 

L 6135 or 179
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2 a cosb=-1% b sinf =0 ¢ tanf=-31 
Using techology, o sinT}(0)=0 Using technology, 
cos~H(—1) ~ 1.82 tan~1(—3.1) ~ —1.26 

    
. 6~182 or or 2m But 0<6<2r 

27— 1.82 5 8=0m or 2w s Bmm—126 or 
2r —1.26 

. 8182 or 4.46 
. 6~ 1.88 or 502 

d sinf=-0421 e tand=—6.67 f cosf=-% 
Using technology, Using technology, Using technology, 

sin~1(—0.421) ~ —0.435 tan~(—6.67) ~ —1.42 cos~1(=2) = 1.69 

  

But 0<0<2n But 0< 027 . 6=1.69 or 
. @7 40435 or S Omw—142 or 27— 1.69 

2m 0435 2r —142 s BN 169 or 459 
. 8/3.58 or 5.85 S 0172 or 4.86 

= —_ ing = —¥Z g tar‘19_—\/§ h cose_—va 1 smfl-—% 

Using technology, Using technology, Using technology, 

ton~H(—vB)  —L15 sin=}(~ ) ~ —0.685 

    
But 00 <2 

. @x=a—1.15 or 21 —2.19 
2r—1.15 

. 8~219 or But 0<0<2m 

. O~ 740685 or 
s 0m219 or 4.10 2x — 0.685 

. 8199 or 513 
", 8=3.83 or 5.60
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EXERCISE 8E   

So, cos(§) = 715 

sin(§) = 7‘5 

ton(@) = B =1 

  

%) 
You should draw separate unit 

circle diagrams for each case. 

2 y So, cos(%) =4 
C£ sin(%) = & 

x 
5 
= tan(%):%:vlg 

You should draw scparate unit 

circle diagrams for each case. 

  

   
  

3 b 

So, cogl20° = —% 

sin120° = 43 
tan120° = —v3 

sin90° 1 
4 a 9°=1Z b tan90° = == 

2 an cos90° 0 

Y tan 90° is undefined. 

c0s90° =0, sin90°=1 

5 a sin® 60° 
=sin60° x sin60° 

=By 3 2 2 
3 
1 
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¢ 4sin60° cos30° “ 58 L4     
g 

2 tan 150° Kk 2tan(—3m) _i _2tan150° 
tan sin 1— tan? 150° 

=2(-)-(-) 
=-1    

  

  

  8 = 120°, 240° 9 =135°, 225° 6 = 240°, 300°
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7 a y b ¥ < v 

@T” T° T° 
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1 tan?¢ =3 y 

tang = +v3 

L T 

_x 2 4n & =355% 
10 a tan@ is zero when m;«‘):i b tané is undefined when s‘Le=fl 

cosf  cosf cosf 0 

. when sinf=0 o, when cosf#=0 

¥ y 

T 1 z 

. g= 3 SoB=., —w, 0, 2m, L 0=, -5, 5, . 

. 8=k, for kE€Z . 0= tkn, for heZ 

EXERCISE 8F 

1 & The line has gradient m =tan60° = /3 and y-intercept 0. 

the line has equation y = v/3z. 

b The line makes an engle of % — Z =%  with the positive z-axis. 

the line has gradient m =tan% =1 and y-intercept 0. 

the line has equation y = z. 

€ The line makes an angle of # — % 57" with the positive z-axis. 

the line has gradient m = tan &F = —715 and y-intercept 0. 

i 5 = 1 the line has equation y = -7 

2 a The line makes an engle of 5 — 7 =%  with the positive z-axis. 

the line has gradient m = tanJ = /3 and y-intercept 2. 

the line has equation y = v3z +2. 

b The line makes an angle of 7 — % = ’T" with the positive z-axis. 

the line has gradient m =tanZE = —/ and y-intercept 0. 

the line has equation g = 

¢ The line makes an angle of % — £ = Z  with the positive z-axis. 
. . w1 

the line has gradient m—tane—w. 

  

=1 i y_752+c, where ¢ is a constant. 

But when =23, y=0, so 0=%+c 

Loe==2 

So, the line has equation y = 7‘§a: -2 
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REVIEW SET A 

1 a 120° b 225° € 150° d 540° 

= (120 x 1%)° =5 x45° =5x30° =3 x 180° 
_me =5xZ° =5xZ° =3n° 

3 = 5x¢ = &x¢ 
4 6 

2 a sinZ =sin(r b sin165° = sin(180 — 165)° = sin 15° 

      

   

   
   

. — 15° 6= % s 8=15 

€ cos276° = cos(360 — 276)° = cos 84° 
9 =84° 

3 a sin 159° b cos92° < cos75° 

= in(180 — 159)° = — cos(180 — 92)° — cos(180 — 75)° 
=sin21° = —cos88° —cos105° 

= 0.358 = —0.035 ~0.259 

d sin(—133°%) = sin(—47)° 

= —sin47° 

~ —0.731 

. ©14? a c0s360° =1, sin360° = 
1,0 b cos(—m)=-1, sin(—=)=0 

(-1,0) 

5 cosf@ = —sind, 

sing _ 1 and this only occurs at the 

cosf two points shown. 
= —ax T tand = —1 So, §=12F, 1% 

‘ )= 
)=-% 2 

B 
=2 

'y 
2 

-3 
7 cos’ztsinz=1 But « is in quadrant 3 where cosz < 0 

. costz+f =1 cosz = — Y 
. z 

oo =i and so ta.na:—smx— _% =4 
L cosm::‘:@ _CQSTE__AE_7fi 

8 cos?@+sin’6=1 o sin?é=T 
16 

L4sino=1 o sing=x¥T
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9 a 13 b y ¢ ¥ : 69) ) 3 
5 T z 
i T [ 

2sin(%) cos(§) tan®($) —1 cos*(%) —sin*(%) 

= 2(By(L =1?-1 2 2 b (-0 
= —2_1_1 

4 4 2 

10 sinz =_% 

COosT 

. sinz=—3cosz 

Now cos®z+sinz=1 

2 

  

" cos“:c-i-gcos z=1 

2 ‘ cosfz=1 

‘. cosz = iv’fi 

But « is in quadrant 4, so cosz is positive and sinz is negative. 
2 = ing — —-3 COST = A=, SINZ= - 

ing = — -2 So, & sinz=——fm b cose=—f= 

7" arc length = 6r 12 cos?0 +sin®6 = 1 

=1x4 . N2, e, 

= 4 units 
S ( 1.,) +sin‘fd=1 

. perimeter =2 x4+ 4 . sin? 9_ 

= 12 units . smfl—i% 

— lgp2 

area = g0r But @ is acute, .. smfl—% 

=3x1x# 

=8 units? 

  

1 a Thepointis (cos320°, sin320°) ~ (0.766, —0.643). 
b The pointis (cos 163°, sin 163°) ~ (—0.956, 0.292). 

2 a T1° b 1246° ¢ -2 
e < e = (11 x %) = (1246 x 1%5) =(-142x ) 

~1.239° ~2.175° ~ —2.478° 

3 a2 3 b 146° € 0435° d  -some 
= (3x1&)° = (146 x 180)° = (0435 x 180)° = (-5.271x 10)° 
~171.89° ~ 83.65° ~24.92° A —302.01° 

& area=}x 8% <13 

%111 em? 

5 Mcos73°, sin73°) v (0.292, 0.956), 
N(cos 190°, sin 190°) = (—0.985, —0.174), 
P(cos(—53°), sin(—53°)) = P(cos 307°, sin 307°) #~ (0.602, —0.799)
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6 The z-coordinate of A = —0.222 

cosf = —0.222 

8 = cos™1(—0.222) 
9 =~ 102.8°, 257.2° 

87 103° {taking angle to positive z-axis} 

  

@ = 120° or 300°       
  

  

  

= 2 4 B 0=75 2 dn tx 
9 & sind7® =sin(180—47)° b sin(&)=sin(r— %) ¢ cos186° = cos(360 — 186)° 

=4in133° = sin(Xx = cos174° 

6=133° e . o=17¢° 
9= lax 

- 5 

10 perimeter = 2 X 11+ (&) x 27 x 11 area = (&) x 7 x 112 
11em 2 34.1 em ~ 66.5 cm? 

1lcm 

1 perimeter = 2r + (2E)r area = £(ZE) x (8.7925)% 

. 36=r(2+ %) ~ 81.0 cm? 

’ LT = 36 cm 
T 

T oo ra8.79cm 

12 a cosf =% b sinf=—} ¢ tan6 =3 
Using technology, Using technology, Using technology, 

-1 o cos™1(Z) ~ 0.841 sin~}(—4) ~ —0.253 tan™!(3) = 1.25 

Y 

1z 

. §m0.841 or But 0<O<2m . @R 125 or 
27 — 0.841 o @~ w0253 or m+1.25 

. 90.841 or 544 2m + (—0.253) s @125 or 4.39 
. §=3.39 or 6.03
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REVIEW SET 5 [N 

      

2x _ 2x180° sm _ 5x180° Im _ 7x180° Lz _ 11x180° 
1 2 F=25 b =24 € T =" d AE =i 

=72° =1225° = 140° =330° 

2 ¥ 

both positive 

T 

both negative 

   

  

   

  

    

3 cos (3) =0 b 

sin () =-1 

4 a sin(mr — §) =siné b sin(8 + 2m) = si 

. sin(m —p) =sinp oosin(p+2r) = 

=m =m 

¢ cos?p4sinp=1 d ta.np:smp 

. cos’pt+m?=1 cosp 
o cos’p =1-m? = 

ocosp=t4/1-—m? 

But p is acute, .. cosp=+/1—m? 

5 a I 6=60° {cquilaicral triangle} Il 8 =% radians 

b arc length = 6r = £ units € sector area = 19r% = £ units? 

6 tan?(3F) 7 v cos(3£) — sin(2F) 

= (-V3)? (35 %), = - _71; _ 71; 

=3 T __ 2 3 
Tt ==k 

=—v2 

8 a2 cof@+sin’d=1 b tanf=—= 

2 +sin?o=1 . 
. sinf0=F& 

. sing=+47 
But 8 is in quadrant 2 where  sin@ >0 

- sing =L 
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9 b 

tan? 60° — sin? 45° cos(2E) — tan(3E 

= 2 1 =1_ 

=057 - () 
=3_% 3 

=2} 

10 a sin(r—6@)—sind =sinf —sind b oos0ta.n0=coso(sms) 
cosf 

=0 =sind 

11 a The line has gradient m = tan(—30°) = —7‘5 and y-intercept 0. 

the line has equation y = —7150:. 

b When 2=k y=2 .. 2=—7‘5k 

. k=-2v3 

12 [AB], [AC], and [BC] are all radi, 
so AB=AC=BC=r. 

Hence AABC is equilateral 

andso CAB = 60°. 

D 

ac 
. CD=5in60° x AC= Lr 

. sin60° = 

  

B 
. areaof A = (r)(:r) 

— 3,2 = AACT 

shaded avea of sector .. shaded area of figure 

= area of sector — area of A —3 [%r, _ J?r’] + J@rz 

= £mr? — élév-2 | 60 

2 — édér2 

n oh
 2 s%srn + ;‘51.2 

b 

ol 2_2./3.2 7" — $V8r 

n 

ol ’:'
z‘ | 3
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NON-RIGHT ANGLED TRIANGLE TRIGONOMETRY 

  

  

  

Now arcsin(2) ~ 48.6° 

6~ 48.6° or (180 — 48.6)° 
6 48.6° or 131.4° 

  

total area of 8 coins 

EXERCISE 9A 

1 a area b area < area 

= X 9% 10 X 5in40° =1 x 25X 31 x 5in82° = 3 x 10.2 x 6.4 X sin(3F) 

~ 28.9 em? ~ 384 km® ~ 28.3 em® 

2 area = 150 cm® 3 C 4 c 

4 X 17 x 2 x 5in 68° = 150 
2% 150 4om 12¢m 

= 1 x sin68° 
. T/ 190 A 6m B A B 

area area 

=2 x area AABC =2 x area AABC 

=2x 1 x4x6Xxsin52° =2x § x12* x sin72° 
~ 18.9 em? 2 137 em? 

5 12em 6 7 A 
60° 

12cm zem zm 

360° - 5= 72° zm 
o 

area = 6 X area of A area = 2 x 222 5in63° area of A = 338 

=6x § x 12° X sin60° . 2?5in63° = 50 a?sin72° = 88 
2 374 om? 2_ 50 

¥ = dmese g 2%338 
” 5 x 8in 72° 

- “”:v o g, 2x3888 

L o749 (x>0} 5 xsin72° 
So, sides are 7.49 cm long. - z~118 {z>0} 

So, OA~119m 

a If the included angle is 8 b Likewise, 

then §><5><8><sin0=15 %x45x53xsin6=800 

i = i — 800x2 ZOanz i5 sing = 8002 

mnv=1 Now arcsin (320X2) ~ 42.1° 

07 42.1° or (180 —42.1)° 
9~ 421° or 137.9° 

  

area of $10 note fraction covered 

=8x12x $r?sin30° =8rxdr _ 242 
v v =48:2(3) =32r° T 327 

360° - 12=30° =24r7 =2 . Lisnotcovered
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10 & shaded area b shaded area 
= area of sector — area of triangle = area of triangle — area of sector 

=1 x15x 122 — 1 x 12? x sin(1.5) =1 x 12 x 30 x 5in(0.66) — £ x 0.66 x 12° 
~ 36.2 cm® ~ 62.8 cm® 

< shaded area 

= area of sector — area of triangle 

=(88) x 7 x 7 - § x 7 x sin135° 

2 40.4 mm? 

n area segment AXBD 

= area sector ACBD — area AACB 

(;gg)><1r><732—-><73><73><sm100° 
a7 20.264 cm® 

area segment AXBE 

= area sector AFBE — area AAFB 

= (%) x 7 x8.72 — 1 x 8.7 x 8.7 x sin 80° 

~15.572 em® 

. shaded area = area segment AXBD — area segment AXBE 

 20.264 — 15.572 ~ 4.69 om® 

  

  EXERCISE 9B 

1 a BC? =21% + 152 — 2 x 21 x 15 x cos 105° 

BC = /212 4 152 — 2 x 21 x 15 X cos 105° = 28.8 cm 

b PQ? = 6.3% +4.82 — 2 x 6.3 x 4.8 X c0s32° 

PQ = 1/6.32 +4.82 — 2 x 6.3 X 4.8 X c0832° ~ 3.38 km 

¢ KM?=62%+14.8% -2 x 6.2 x 14.8 x cos72° 

KM=+/6.2241482 -2 x6.2x 148 xcos72° = 142 m 

~ 2 2 _ 112 —~ 2 2 _ 192 — — — 
2 cosBAC = 12418 - 117 cos ABC = 1t -1 ACB = 180° — BAC — ABC 

2x12x13 2x13x11 
- " ~ 68.7° 

" BAC = cos™! (12) o ABC = cos™! (%) 
*. BAC = 52.0° . ABC = 59.3° 

~ 52472102 
3 a cosPQR= 7 i b area::s%xsx:xsinllz" 

P ~16.2 - POR = cos™? (328) ~ 112° o 

4 a b 

13om o Tom 

v T TN 
17em 9cm 

The smallest angle is opposite the shortest side. The largest angle is opposite the longest side. 

0080_132+172—11’! cos¢—42+72_92 
T 2x18x17 T 2x4x7 

- 0 =cos™! () ~ 40.3° o ¢=cos™H (—§2) ~ 106.60° 
So, the smallest angle measures 40.3°, So, the largest angle measures about 107°.
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   02 2 _ 42 
5 a oos&:# 22 =52 4+32-2x5x3xcosf 

2x2x5 

_13 L ox=1/52+32-2x5x3x0.65 
= 20 
—0.65 . £ 3.8l 

6 a =2 +62 -2 X X 6 X cos60° 52 =22 + 3% — 2 x z X 3 X cos120° 
. 49=27 +36— 122 x (}) 

L ozf—6x—13=0 

6+ /36— 4(1)(—13) 

  

. B=22+9-62x(—}) 

L 2 +3z-16=0 

_ =3%,/9-4(D)(=16) 
.= 2 . T 2 

_6+vE8 _ —3:VB 
2 T2 

=3&vR But >0, so a:=_3+—m 
But >0, so z=3+v22 2 

c 52 = (22)% + 2% — 2 x (2) X & X cos60° 

25 = da? + 2% — 42*(}) 
322 =25 

2 _ 2! #=2 
z=2S 

@ 

But >0, so a:=755 

7 a Area = 11.6 m? 

116 =4 x6x4 xsinf 

Let the third side have length  m. 

By the cosine rule, 

2% =62 +42 -2 x 6 x 4 X c0s 75.2° 
" sinfl:% 

129 . 2=1/624+4% — 2 x 6 X 4 X c0s75.2° 
- e=an™' () o @630 

. 9~ 75.2° The third side has length 6.30 m. 

8 a 112 = 2% 4 8% — 2 x 2 x 8 X cos70° 
121 = z* + 64 — 16z cos 70° 

. 2% — (16c0s70°)z — 57 =0 
Using the quadratic formula or technology, 
z~—5.29 or 10.8. 
But ¢ >0, so 2108, 

? 52 =22 +62 -2 x z x 6 X cos40° 
- 25 =2 + 36 — 12z cos 40° 
. 2% —(12¢0840°)z +11=0 

13% = 2% 4 5% — 2 x = x 5 x cos 180° 
s 169 = 2? + 25 — 10z cos 130° 

. 2% — (10c0s130°)z — 144 =0 
Using the quadratic formula or technology, 
x~—15.8 or 9.21. 
But >0, so z/9.21. 

Using the quadratic formula or technology, 2 =1.41 or 7.78. 

EXERCISE 9.1 1N 

  

1 a By the sine rule, b By the sine rule, ¢ By the sine rule, 

z 28 x 1 x 48 

sindg>  sin37° sin115°  sin48° sin51°  sin80° 
. g 23xsinds® . g Mxsinllge . o A8xsin51° 

! sin 37° o sin48° o 5in 80° 

. 284 s 2134 . w2379
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a C b B 

2 (180 82— 25)°="73° 

18em 5B 3Mem 

63° 82° 26% 
o A 5 C 

a 18 b 
        

       
By the sine nile, o = Tmaee By the sine rule,  —-or = oee 

. o 1Bxsin63° . po Mxsin73° 
: sin 49° - 5in 25° 
. am21l.3 cm . b 769 cm 

. c 6.4 
< (180—-21-48)°=111° By the sine rule, ey Tl T 

. . _ 64xsin48° 

c T Temiane 
. ¢rs5.09 cm 

EXERCISE 9C. 2 [N 

sinC _ sin40° 
    1 By the sine rule, 

11 8 
in 40° sinC = 11 x sin40 

8 

11 X sin 40° 
C =sin~! (X+nl)) or its supplement 

Cr62.1° or (180 —62.1)° 
C~62.1° or 117.9° 

        

e o SDBAC_ sinaABC o SnABC _ sings® 
e b 438 314 
N in 65° . . sinBAC= 14.6 X sin 65 . sinABC = 43.8 x 5in43° 

174 " 314 
-~ 14.6 X sin 65° in43° 

.. BAC=sin~? (—) o _, (438X sin4g 
o 174 - ABC=sin T =g 

. or its supplement or its supplement 

-, BAC~49.5° or 180° —49.5° . ABC~ 72.0° or 108° 

. BAC~49.5° or 130.5° both of which are possible as 
Check: BAC = 130.5° is impossible as 108 +43 = 151 which is < 180. 

BAC + ABC = 130.5° + 65° is 
already over 180°, . BAC r 49.5° 

sinACB _ sin71° 
    

48 65 
~ in 71° - sinACB= 4.8 x sin 71! 

6.5 

— .8 X 8in71° 
. ACB =sin™?! (%) or its supplement 

. ACBr44.3° or 135.7° 
But 135.7+ 71 > 180, so this case is impossible. .. ACB =~ 44.3°
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3 The third angle is  180° — 85° — 68° = 27° 
850 270 

s‘;‘lsi ~008738 and SB2T & 004632 

sin85°  sin27° 

  Now   

    

    

This is not possible since —-=— 5 —=—  violates the sine rule. 

4 47 s, Now T __ 26060 

zem #=78-12 sin sin ’ . 

D . ABC =66° . a= 20 >< sin 12 

2. 78 
sin 66° 

F B . @455 

A 
. BD = 4.55 cm 

  

5 First we find the length of the diagonal, d m. 

d 22 
Sn118°  sin30° 

22 x sin 118° 
" sin30° 

- d~38.85 
Now 6=180—30—118=32 

ACD = 90° — 32° = 58° 

    

od= 

  

      

    

  

  

) ) y 38.85 2 3885 
Using the sine nle, - 0 o25 = Smeso o I80—05—58°  sm%° 

-, 3885 X sin58° 38.85 X sin 27° 
sin 95° S T nese 

Loy 331 s 17T 

. 5 . sinB _ sin 58° 

8 634 
. = 8sin58% 

5.1cm 6.84cm ;. sinB= 6.4 

. B=sin! (Ssmss") or its supplement X — c 634 

. Br83° or (180 - 83)° 

. Brg3® o 97° 

5_ 51246842 — 8 

  

b cosB= 2351 €  When faced with using either the sine rule 

* 9.1 x 6. or the cosine rule, it is better to use the 

= _1{512+6.84% — 8 cosine rule as it avoids the ambiguous 
. B=cos _ 

2x5.1x6.84 case. 

Brsgs® 

7 9% =o® + 7 -2 X & X 7 X cos 30° a 

. 81=2? 449 - 140(L) 
9em Tem 

Lo -188, 30 
Using the quadratic formula or technology, B 

c zom 
T~ —2.23 or 14.35 

but x>0, so z~14.35 

area of triangle & 1 X 7 x 14.35 X 5in 30° & 25.1 cm?
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. 2-5_ =43 _[(=6-5V2\ [2+2V2 
sind5°  sin30° T l2-2v8 J\2+2v2 

(22 — 5)sin30° = (z + 3) sin45° _ —12-12V3-10V2-10(2) 

2w—5=z+3 - 4—4(2) 

2 V2 —32- 223 
2v2z —5vV2=2x+6 = 

—6-5v2=g2(2—2VZ - ( ) =8+1v2 

EXERCISE 9D 

1 By the sine rule, and sin53° = R 

z 20 s - . = 2 sin53° 
7 hp SN2 n25° - k= ;;‘;‘251 J 

e 20 X sin 28° ~177m 

8in 25° . . 
28° m the pole is 17.7 m high. 
20m L xR 22.22 

8° +28° = 53° 
{exterior angle of a A theorem} 

L 8=25 

2207 + 340 — 1652 
2 PR?=632+1752 —2x 63 x 175 112° 3 T= * * 83 x 175 x cos cos 2% 220 x 340 

" PR= /632 + 1752 — 2 x 63 x 175 X cos112° L (136775 
. PR~ 207Tm - T'=cos (149600) 

. T=239 
the tee shot was 23.9° off line. 

& In AABD, In AACD, 
2 cos(23.6 + 15.9)° = 22 _h = 
@ 5in15.9°  sin113.6° 

p=—20 . 259.2 X sin 16.9° 
c0s39.5° - b TTse 

. A 259.2 . ATIE 

the tower is 77.5 m high. 

5 a o = 140° {co-interior angles}   - PRC = 360° — 140° — 155° 
=65° 

So, PC?=4% 462 —2 x4 x 6cos65° 

. PC=+/I6+36 — 48cos65° 
~ 5.6315 km 

Esko hikes 5.63 km. 

42 +5.6315% — 67 

2x4x56315 
o B TARC 

.. bearing = 40° + 6 
~114.9° 

Esko hikes on a bearing of 115°. 

{angles at a point} 

cos@ ~
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distance . distance 
< I speed = — = time= 

time speed 

timegitva = 228 how and timegg & 56515 . 0.9386 hours 
10 . 

2 56.32 min 

So Esko arrives at the campsite first. 

il 60— 56.32=3.68 

Esko needs to wait about 3.68 minutes before Ritva arrives. 

d ¢~ 180° — 114.9° ~ 65.1° {co-interior angles} 
o 360° — ¢ & 295° 

The return bearing is 295°. 

23% 4 26% — 5% 6 o= 
o= <2326 

. 0 =cos— 80 . §=cos™! (%) 

. 0~ 9.38° 

the angle of view is 9.38°. 

7 In AABD, In AADC, 

_AD___42 sin13.2° = AE422 
sin98.3°  sin4.9° AD 

42 x 5in98.3° . h+42 =~ 486.56 X sin13.2° 

= " sinage s h+42m 1111 
. AD # 486.56 m o hm69.1 

the hill is 69.1 m high. 

  

@ =13.2° —8.3° = 4.9° 

    

   
    

. a 150 
8 By the sine rule, Tnd0s — 7 

sz 150 x sin40° 

T sin72° 

. a®101.38 

(180 - 40— 68)°=72° 
oo oy T o0 Y 

2 in2°S T8 b o822~ {03 
. %7 101.38 X sin 22° . ¥~ 101.38 x cos22° 

. o380 o YA 840 
the tree is 38.0 m high. .. the tree is 94.0 m from the building. 

2 2 _ 2 
9 Using Pythagoras® theorem Now cos@= (VIT3)? + (V65)* - (v/BO)* 

2 x /113 x /65 
RQ=4/4? + 72 = V65 em . e 

PQ= /7 = VI3 = cos@ () = = cm 
s Qv cos™! (5) 

PR = 4/82 442 = V80 cm 
. Qm551  So, POR measures 55.1°.
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@ 12 ¥ 

1 (180 42— 67y =TI\ Sn67°  an7l°  sind2° 
_lzxsiner o 12xsindz 

sin 71° 8in71° 

Loz 1.7 ooy~ 849 

B So, C is 1.7 km from A and 8.49 km from B. 

      

   
ykm ] 

12km 

"M a QS =1/8% +122 — 2 x 8 x 12 X cos70° b 1hais100m x 100 m 

~11.93 =0.1kmx0.1km 
=0.01 km? 

1 km? = 100 ha 
area 2% 7490 ha 

arear § X 8 x 12 X sin70° 4 § x 10 x 11.93 x sin 30° 

 74.9 km? 

12 Distance = speed X time 

So, after 45 min = 0.75 h, 

AT =6 x 0.75 = 4.5 km 

AP =8 x 0.7 

Now PT=4/4.52 462 —2x 4.5 X 6 x cos120° 

PT~9.12 

So, they are 9.12 km apart. 

AC 200 

sin110°  sin38° 

_ 200 x sin110° 

T sin38° 
z 30526 

sin8°  sin30° 
. 305.?6 X 8in 8° v 84.068 

B C zmm D sin30° 
the metal strip is 85.0 mm wide. 

2 =4/62 4+ (4.5)2 —2 X 6 X 4.5 X cos 148° 

x ~10.1 

the orienteer is 10.1 km from the start. 

   

    In AABC, 

. AC = 305.26 

and in AACD,     

  

14 

  

    

In APST, tan25° = h In APMT, tanl5° = E 
z v 

=t P 
"~ tan25° S YT nise 

72 2.145h ~ 3.732h 

But STM =65°  {equal alternate angles} 

and 100% = 2% + y* — 2xy cos65° 
10000 = (2.145k)? + (3.732h)% — 2 x (2.145)(3.732)h? cos 65° 
10000 = 11.762 h* 

h? = 850.17 
. h®292  So, the tree is 29.2 m high. 
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By the cosine rule 

2% =23.8% + 31.9% — 2 x 23.8 x 31.9 x cos83.6° 

@ =4/23.8% 4 31.9%2 — 2 X 23.8 X 31.9 X cos83.6° 

. xR 3876 

B and C are 37.6 km apart. 

  

  REVIEW SET 9A 

1 area= % X 7 X 8 x sin30° 2 If the unknown is an angle, use the cosine rule to avoid 

—98x % the ambiguous case. 

=14 km? 

3 a Bythecosinerule, 72 =82 +2%—2X 8 x z x cos60° 

. 49=64+2" - 16z (}) 8om Som 

. 49=64+2 -8z Tem it em 
ooz —8z+15=0 60° 

. = 3em s (@=-3)z—5)=0 som 

. z=3 or 5 

b Kady’s response should be “Please supply me with additional 

information as there are two possibilities. Which one do you 

  

want?” 

& area =42 cm® S 3 XTx13xsing® =42 
Tem ., 43x2 

sinx” = 
7x13 

_1 
13 em — 13 

5 Total distance travelled = = + 10 km 

AB=(z+10)—4=z+6kn 
Now (z+6)? =2 +10% —2 x z x 10 X cos 120° 

oo 2+ 120+ 36 = 27 + 100 — 202(-3) 
122 + 36 = 100 + 10z 

. 20=64 
oz =232 

the boat travelled z + 10 =42 km. 

  

6 shaded area = area of sector — area of & 

X BE X 72— 4 x 7 x 7 xsin ($F) 18 

= (45 - (4F)) 

REVIEW SET 9B 

  

  

2 2 _ 112 
1 a wsm°=% b a® =158+ 17° — 2 15 X 17 X cos 72° 

- cosz® = 428 Sooz=4/152 4172 — 2% 15 X 17 X cos72° 

o - z~189 
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sinC _ sin74° 
    

  

2 AC*=112+9.82 —2x 11 x 9.8 X cos 74> Now —7==— 

s AC=4/112 4 9. .8 X cos T4° ] 11 X sin74° 
. AC~ 12,554 cm S sinCm —pmr— 

- ACm 126 em . Cresin—t (1LXsinT4° . 
. A sin (W) or its supplement 

. CRBT4 or 12[2.6“ 

impossible as 122.6 + 74 > 180 

. C measures 57.4° 

-, A measures 48.6°. 

3 DB? =72 +11% -2 x 7 x 11 X cos 110° 

. DB=4/72+112 -2 x 7 x 11 X cos 110° & 14.922 cm 

*. total area = area AABD + area ABCD 

A3 X711 X sin110° + & X 16 X 14.922 X 5in40° 

    

~ 113 cm® 

h__ B0 

sin8°  sin72° 

R 50 >< sin 8° 

sin 72° 

. hmT7.32 

So, the tree is 7.32 m high. 

  

    5 In AABD, —2— = 52 
3 D sin20° ~ sin3° 

80 x sin 20° 
L o= 50238 

T T e 
Now sin23° = h 

z 
S Bom B T . hrs522.8 X 6in23° 

- R 204 
So the building is 204 m tall. 

s ASP = 210° — 113° = 97° 
~. z? = 310% + 4302 — 2 x 310 x 430 x c0s97° 

. &= 1/3102 4+ 4302 — 2 x 310 x 430 X cos 97° 

‘.z #3559.9 

Peter and Alix are 560 m apart. 

3107 + 559.9% — 4302 

2 x 310 x 559.9 

o 0497 
and 3046~ 79.7 

the bearing of Peter from Alix is 079.7°. 

and cosf = 
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REVIEW SET 9C [N 

112 4192 — 132 

  

1 a2 wsz°=m b 2?=142+21% — 2 x 14 x 21 x cos47° 

. cosa® = 38 o o@= /142 4212 — 2 % 14 X 21 X cos47° 
Sz 154 

. @° =cos™* ( © 

. £R341.5 

2 area = 80 om® Now arcsin (fi) 475 
4 x11.3 % 19.25in2° = 80 343 

A 160 o =475 or 180 — 475 
. sinz® = 3193 o xR 475 or 1325 

3 Using Pythagoras, 
VBzm G 

ED=+/62+32=vV2%m £ 

DG=+/42+32=v/ZB=5m 
5m 

EG=+/624+42=v52m VBr 
/AE\2 2 _ 2 

Using the cosine rule, cosf = )" + 5% — (vVE2)* b 
2xV/AEx5 

. §=cost (WISE) 

. 9~ 744°  Thus EDG measures 74.4°. 

& a  BD?=120%+1257 — 2 x 120 x 125cos75° 

~. BD = 4/120% 4 1252 — 2 x 120 x 125 cos 75° 
~2149.2 m 

The area of the block = area of AABD + area of ABCD 

A 4 X 120 X 1265 X 8in75° + 3 x 149.2 x 90 X sin30° 

~ 10600 m* 

b ~1.06ba {10000 m> = 1ha} 

5 In 45 minutes, 140 X % =105 km s travelled. 

In 40 minutes, 180 x 2 =120 km is travelled. 

‘We notice that 8 + 43 4+ 32 = 180 {co-interior angles add to 180°} 

=105 

Using the cosine rule, 22 = 120% + 1052 — 2 x 120 x 105 x cos 105° 

oo @ =+4/1202 + 1052 — 2 x 120 x 105 X cos 105 

oz A 178.74 

So, the car is 179 kmn from the start. 

sin ¢° ~ sin 105° 

105 178.74 

105 X sin 105° 

178.74 

o ¢ 346 
. @~ 180105346 - 32~ 848 

So, the bearing from its starting point is 352°. 

J 
    

  

Now 

. sing® &
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6 a By the cosine rule, 6% =z%+8% — 2 x x x 8 X cos44° 
5 86 =2%+64— 16z x cos44° 

. 2 - 1151+ 280 

11.51 % /11512 — 4(1)(28) 
zm ™ T 3 

11.51 + 4.524 

A o c 2 

. 78,02 or 3.49 

Frank needs additional information as B 
there are two possible cases: 

(1) when AB~38.02m and 8.02m, 6 B 

(2) when AB % 3.49m - 340m .. 6m 

A Sm c A Tm < 
Case (1) Case (2) 

b Volume = area x depth 

=3 X8x2zxsin#4° x 0.1 and is a maximum when z~ 8.02m 

724 X 802 x 8in44° x 0.1 

~2.23 m®



  

Chapter 10 
TRIGONOMETRIC FUNCTIONS 

EXERCISE 70/ 1 

  

  

  

  

  

                        

1 a periodic b periodic ¢ periodic d not periodic e periodic 

¢ periodic g not periodic h not periodic 

2 a € The data is periodic. 

i The minimum value from the table is O 
[ goT and the maximum value is 64. 

fi So, the principal axis is y & 0484 

[ Loy 82 

267 H  The maximum valve is = 64 cm, 
_‘9 2 Wl The period is & 200 cm. 

50100 160 200 250 300 350 400 v The amplitude is ~ 32 cm.       

distance travelled (cm) 

b A curve can be fitted to the data as the distance travelled is continuous. 

JL T I [et? -1 
  

  

  

  

  

  P
P
 

      

                                
        

Data exhibits periodic behaviour. Not enough information to say data is 

periodic. 

EXERCISE 105.1 1N 

1 a y=3sinz b y=-3sinz 

has amplitude 3 and period 2T = 27 has amplitude |-3| =3 

When z=0, y=0. and period 4F =2m. 

When 2 =0, y=0. 

¥ 

     
It is the reflection of ¥ = 3sine in the 

@-axis.
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¢ y=3sinz d y=—3sinz 

has amplitude § and period 2% = 2. has amplitude | 
When z=0, y=0. and period 2% = 2m. 

      y={sinz 

  

It is the reflection of y = & sinz in the 

  

Z-axis. 

2 a y=sindz b y=sin(%) 

has amplitude 1 and period 2F. has amplitude 1 and period = = 4. 
When z=0, y=0. When © =0, y=0. 7 

! ¥ y=sin3z 

0.5 

- o 3 
-05 

€ y=sin(—2z) 

  

has amplitude 1 and period |2_”2|=7r. 

When =0, y=0. 

: 27 . 2 
3 a penod—T b penod—m 

=z x 
2 =7 

P 27 27 2 
4 a —=b5r b —=— ¢ — 5T b3 

=2 = b=3% b=3 

  

1 a Y b 3 
? y=sinz—2 

= 3 tr o dr e 
-2 
-3 

  

This is the graph of y =sinz 

translated by (3) This is the graph of y =sinz 

translated by (fB)A
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d 
3t y=sinz+2       y=sin(z+2) 

  

" = o EQ i 'z 

This is the graph of y =sinz This is the graph of y =sinz 

translated by {72). translated by (3). 

€ t y=sin(z-F)+1 " - =    
  

This is the graph of y =sinz This is the graph of y =sinz 

translated by ( _0* ) . translated by ( ? ) . 

2 a poiod=2F-2 b period = 2% =8r ¢ period = 2 =1 
@) 1-2( 

2 P 2x 2m 3 Z b LT ¢ Z =100 d ZT=5 % b 10 b 
b=2 5=20 b==3% b=%&=2% 

4 o Ataoslationof (2), orvertcally down b A translation of (?) or horizontally 
1 unit, Z units right. 

¢ A vertical stretch of factor 2. d A horizontal stretch of factor §. 

€ A vertical stretch of factor % f A horizontal stretch of factor 4. 

8 A reflection in the z-axis. h A taanslation of (:g) 

1 A vertical stretch of factor 2 followed by a 1 A translation of (f ) 
horizontal stretch of factor §. 

EXERCISE 70 C N 
  

1 a 1 2| 3| 4|5 |6|7|8]|9]|10f11]12 

14 | 15|18 (21|25 |27 | 26 (24 | 20 | 18 | 16       

3 mperamre () e ¢ ¢ o 

  

  

  

‘_‘fmmm) 

The period is 12 months so ZT” =12 Amplitude, a = w 

b=1I {assuming b> 0}. LA 

As the principal axis is midway between min. and max, then d & S22 % 205 

When T is 20.5 (midway between min. and max.), c/ 247   ~ 4.5 {average of ¢ values} 

T ~65sn(Z(t—45)) +205 where I 0524
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b Using technology, T = 6.145in(0.575¢ — 2.70) 4 20.4 

T =2 6.145in(0.575(¢ — 4.70)) + 20.4 

The model fits reasonably well. 

  

1 2 3 4 5 6 7 8 9 10 11 12 

The period is 2T‘”=12 oob=% {4>0} 

16— 

  

Amplitude, o T MR 1627 5 2 2 
o ! 16+7 

As the principal axis is midway between min. and max. then d =~ ~11.5 

Atmin, t=7 andatmax, t=2+12=14 cz%zlo.s 

So, T 45sin(E(t— 10.5)) +115 

b Using technology, T = 4.20sin(0.533t 4 0.769) +-11.2  Nete: (1) Z ~0.524 v 

T ~ 4.296in(0.533(¢ + 1.44)) + 11.2 @ 14— (=105) 

=11.94~12 

  

-4 -0[-1a 

4 Temperature (°C) 
<_€123456789101112 t 

-« @ O @ O O @D 

  

    

  
The period is 27’”:12 sob=% {b>0} 

max. —min. _ 0 - (=19) 

  

Amplitude, o~ 2T 0-(719) g5 pli am 3 8 S ~ 

dn D Fmin O+ (19) o g 
2 2 

Atmin, t=8 mdatmax, t=1412=13 - cmot 5105 

So, T~ 95ain(Z(t—105)) - 9.5 
4 Temperature (°C) 

1 2 3 4 5 6 7 8 9 10 11 12 
- t 

—10 T 9.56inE(t - 10.5) - 95 

-20 
Y 

  
b The model is reasonably appropriate.
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4 a Forthemodel H =asin(b(t—c))+d 

2 period = T" =124hous .. b= —— 0507 

We let the principal axis be 0, so d=10 

the amplitude a =7, so the min. is —7, and the max. is +7 

Let t =0 cormespond to ‘low tide’ .. t=6.2 comesponds to ‘high tide’ 
c=0+6'2=3.1 ® 
  

H ~ Tsin(0.507(¢ — 3.1))    So, H s 7sin(0.507(t — 3.1)) + 0 
H = 75in(0.507(t — 3.1)) 

5 Letthe modelbe H = asin(d(t — c)) + d metres 

‘When t=0, H=2 and when t =50, H =22 

  

T T 

o o _m jod=Z =100 . b=—m =L 
perod=3 - 100~ 50 

a=10 {from the diagram}, d=@=22—;’2=12 
0-+50 ) . 

c= =25 {values of t at min. and max.} ., H =10sin((t—25))+12 

EXERCISE 100D 1N 

1 a y=cosz+2 b y=cosz—1 

  

  

  

This is a vertical translation of This is a vertical translation of 

y =cosx through (2) y=cosz through (_01). 

¢ y=cos(x— %) d y=cos(z+%) 

y 
2 

s 
-2 

This is a horizontal translation of ‘This is a horizontal translation of 

o 
y =cosz through (%) y=cosz through (—fi)'
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e y=2cosz t y=2cosz 4y    
  ] 

™ 

This is a vertical stretch of This is a vertical stretch of 
y=cosa with factor 3. y=cosz with factor 3. 

§ y=—cosz h y=cos(z—F)+1 

  

This is a reflection of L . z 
¥ =cosa in the z-axis. This is a translation of (1 . 

I y=cos(z+§)-1 | y=cos2x 

  

This is a translation of (—{' ) This is a horizontal stretch of factor 4. 

k y=cos(%) 1 y=3cos2z 

   
This is a horizontal stretch of factor 2. This is a horizontal stretch of factor 3 

followed by a vertical stretch of factor 3. 

2 a period=2T b period= 7 =6r ¢ period:ZE"=100 
3 50 

3 a controls the amplitude {amplitude = |a|}. b controls the period {period = m . 

c controls the horizontal translation. d controls the vertical translation. 

4 a If y=acos(b(z—c))+d, then a=2, 1r=2T7r oo b=2 

c and d are O as there is no horizontal or vertical shift. .. y = 2cos(2x) 

b If y=acos(b(z—c)+d, then a=1, 47r=271r sob= 

A vertical shift of 2 units, no horizontal shift . d=2, ¢=0. 

So, y=cos(3z)+2 or y=cos (%) +2 

o
l



  

198 Mathematics SL (3rd edn), Chapter 10 — TRIGONOMETRIC FUNCTIONS 
  

¢ If y=acos(b(x—c))+d, then o= -5, s:zT" Lb=% 

c=d=0 {asthere is no translation} . y=—5cos (§z) 

EXERCISE 9 OF (N 

1 a I y=tan(z— %) is y=tanz Il y=—tanz is y=tanz reflected 

translated ( % ) 
in the z-axis. 

  

   

   
lli y=tan3z comes from y=tanz 

under a horizontal stretch of factor L. 

2 a translation through (;) b reflection in z-axis 

€ horizontal stretch, factor 2; vertical stretch, factor 2 

3 a perild=Z%=nm b period = § ¢ period=Z 

EXERCISE 1OF [N 

1  a amplitde = [1| =1 b amplitude undefined ¢ amplitude = [—1| =1 

2 a period:%:r b period=2T‘”=61r ¢ period:z?”:w 
3 
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y=tan(z +5) 

  

  

85 & y=—sinbz has maximumvalue —(—1)=1 {when sin5z = -1} 

and minimum value ~ —(1) =—1 {when sin5z =1} 

  

b y=3cosz hes maximum value  3(1) {when cosz =1} 

and minimum value 3(—1) = -3 {when cosz = -1} 

¢ y=2tanx has no maximum or minimum values. 

d y=—cos2c+3 has maximum value —(—1)+3=4 {when cos2z=-1} 

and minimum value  —(1)+3=2 {when cos2z =1} 

  

e y=1+2sinz has maximum value 1+2(1)=3  {when sinz=1} 

and minimum value 1+42(—1)=—1 {when sinz= -1} 

] y=sin(:v— %) — 3 has maximum value 

and minimum value 

  

6  a vertical stretch, factor 3 b horizontal stretch, factor 4 

¢ reflection in the z-axis d  vertical translation down 2 units 

€ horizontal translation § units to the left 1 reflection in the y-axis 

7 The amplitude is 2, so m=2. 

The principal axis is ¥ = —3, so n=-3. 

8 The periodis 2r,50 — =27 
r 

sop=3% 

The graph has undergone a vertical translation of 1 unit, so ¢ =1. 

REVIEW SET 10A 

1 a not periodic b periodic 

2 y=4sinz has amplitude 4. 
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3 a —1gsinzg1 

1+sinz has minimum 14 (—1)=0 and maximum 1+1=2. 

b -1<cos3z<1 

—2cos3z has minimum —2(1) = -2 and maximum —2(-1)=2. 

4 a period=2T"=101r b period:z%’:% 
5 

. 2r . 
¢ period = =4n d period =% 

y=—3sin({)+1 

y=tan2z 

  

6 a If y=acos(blt—c))+d b I y=acos(blzx—c))+d 

2 27 
then a=—4, T=1r then a=1, T=8 =% 

. b=2 max, +min, 341 

  

y=—4dcos2z e=0 

  

  

approximately periodic not periodic 

. L oom . 2m 
2 y=sin3z has period ZF. 3 a period = — = 61 

3 
y=sindc b period = & 

  

& y=06cos(2.3x) hasperiod 2% =~ 2.73 
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6 Minimum = mean value — amplitude = 

b 

maximum = —5°C, minimum = —79°C 

amplitude = % =37°C, so a=37 

principal axis is y = @ =—42, 50 c=—42 

Now, we see that the temperature is —68°C and rising on days 600 and 1300, so we estimate the 

period to be 700 days. 

. b ET ~0.00898 

So, T~ 37sin(0.00898n) — 42 °C 

A Mars year is equivalent to one period of the temperature pattern, so 1 Mars year 5 700 Mars days. 

   a|, maximum = mean value + amplitude = ¢ + |a. 

b y=jcosz+1 has a=3 c=1 
2 

3 

and max=1+%=1} 

  

y=>5sing—3 has a=5 ¢c=— 

0 mn=-3-5=-8 

and max=-3+5=2 

   
mn=1-1= so =l-3= 

REVIEW SET 10 1N 

1 

b 

The graph is periodic because it repeats itself over and over in a horizontal direction in intervals of 

the same length. 

1 period =8 il maximum value = 5 il minimum value = —1 

. 2 - 27 . 2m 
penod:T:fifl' b pm0d=T=% < penud=T= 

. b=} oob=24 Lob=E 

b f(x) has minimum value —1+2=1 
and maximum value 1+2=3 

f(z) =k will have solutions for 

1<k<3    
y=sin(c—F)+2     
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L 1 2 3 4 5 6 7 8 9 10 11 12 

31.5 | 31.8 | 205 | 25.4 | 21.5 | 18.8 | 17.7 | 18.3 | 20.1 | 22.4 | 25.5 | 28.8 

T 
- ——" ————+ 

  

      
35 

- - 
] 
NWf————   

1 2 3 4 5 6 7 8 9 1011 12 

a T=asinb(t—c)+d  period= S =12, . b=2F=7= 
b 126 

max. =318 . q= Te%—min  SL8—17T .. 
: 2 2 

min, = 17.7 . 3184177 

d=wz;zz4_75 

  

_7+14 
c =10.5 {values of ¢ at min. and max.} 

So, T 7.05sin(Z(t - 10.5)) + 24.75 

T 
H———— 

30 

25 

20   
1 2 3 4 5 6 7 8 9 1011 12 

b From technology, T = 7.21sin(0.488¢ + 1.082) + 24.75 

3 7.21sin(0.488(¢ + 2.22)) + 24.75 

The model fits reasonably well. 

& a translation through (%f ) 

b vertical stretch with scale factor 2, followed by a reflection in the z-axis 

€ horizontal streich with scale factor §



  

Chapter 11 
TRIGONOMETRIC EQUATIONS AND IDENTITIES 

EXERCISE 11A.1 | 

1 

  

a When sinz =03, 2~0.3,28,66,9.1,129 b When sinc=-04, z~59, 98,122 

  

a When cosz =04, z=1251,74 b When cosz=—0.3, z=44,82 107 

  

a When sin2z =0.7, =04, 1.2,35,4.3,6.7, 7.5, 9.8,10.6, 13.0, 13.7 

b When sin2z=—0.3, £~ 17,3.0,49,6.1,80,9.3,11.1, 12.4, 14.3, 156
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4 I tanl1~1.6 {point A} 

Il tan2.3~—1.1 {point B} 
Using technology, we sce that 

tanl~ 1.557 and tan2.3~ —1.119. 

| When tanz =2, z~1.1,42,74 

I When tanz=-14, £~22,53 

  

EXERCISE 11A.2 [N 

1 Using technology: 

a sinz=0431 when z = 0.446, 2.70, 6.73, 8.98 

b cosz=—0.814 when 2~ 2.52, 3.76, 8.80, 10.0 

¢ 3tanz—2=0 when 20588, 3.73, 6.87, 10.0 

2 Using technology: 

a Scoszx—4=0 when z2x —0.644,0.644 

b 2tanz+13=0 when z~ —4.56, —1.42, 1.72, 4.87 

¢ 8sinz+3=0 when =~ —2.76, —0.384, 3.53 

3 Using technology: 

a sin(z+2) =0.0652 when =z~ 1.08,4.35 

b sinz+4sing—1=0 when x~ 0.666,248 

¢ stan(Z) =2 —6o+1 when o 0.171, 492 
d 2sin(2r)cosz=Inz when z~ 1.31,2.03,2.85 

& cos(z —1) +sin{z + 1) = 6z + 5% —a® when = —0.951, 0.234, 5.98 

EXERCISE 11A.3 1N 

1 a 2c08z—1=0 b V2sinz=1 
=1 . i =1 

. COSE—2 . Sll‘lfl-—v; 

There are two points on the unit circle with There are two points on the unit circle with 
L o 

cosine 3. . sine . 

They correspond to angles £ and . They correspond to angles  and 3. 
For the domain 0 € x € 4m we have For the domain 0 € # € 4w we have 

4 solutions: = =%, &, I, or U, 4solutions: @ =%, &, 88 or LUx, 

¢ tanz=1 

There are two points on the unit circle with tangent 1. 

They correspond to angles % and 5. 

For the domein 0 < @ < 47 we have 4 solutions: @ = I, 5F, 8%, or 187,
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2 a 

< 

3 a 

d 

4 a 

d 

  

5 The three equations all have the form cosé = %. 

There are two points on the unit circle with cosine % 

They correspond to angles ¥ and 5Z. 

2sinz —V3=0 b V2cosz+1=0 
— -1 

sinz = 43 cosx = -5 
There are two points on the unit circle with There are two points on the unit circle with 

ine — L 
sineizé. cosine — 5 

3 5 They correspond to angles & and 2. They comespond to angles 2L and 2F. 

For the domain —2r < < 2 we have For the domain —27 € = < 21 we have 
jons: o — —8 3r 3 5: 

4 solutions: ¢ = —5F, _47", Z,0r z 4 solutions: @ = —3%, —3E 3% or 3%, 

tanz = -1 

There are two points on the unit circle with tangent —1. 

They correspond to angles 2% and ZT. 

For the domain —2m < % < 2 we have 4 solutions: 2 =—3%, —% 37 or Zx 

¥ 0<e<2n z< 2x < If 0z 2 

then 02z < 4m %SZT" then §<m+§<57" 

If 0z 2o Sz 2w ! If 0<z<2n 

ten —F<z-ET<im <@-Ppgp  he —Im<-2<0 
<2Ae-F)<SF 

If —r<2<w b I —w<zsn <  —w<z<w 

then —37 <3< 3w then —T<2gx ten —E<z-E<% 

If —r<a<w e If —r<esw 1 If —wg<zgn 

then —2r < 2 < 2 then 27 > —2z > —2m then 71 ——m2r—z2A—7 

andso 3 <2243 andso —2m < —22< 2 andso 0 T—2< 2 

  

a4 In this case @ is simply z, so we have the domain 0 < = < 3. 

The solutions for this domain are 

In this case @ is 2. 
0Kz 3 then 0K 22 
op— =z bx Im lm 13 
—3»3°3’°3 7’ 3" 

p—x BE Ix Uz 13w 
T 666’ 6’ 6 

cosz=—%, 0<e<sm 3 
There are two points 

on the unit circle with 
cosine —%. 

They correspond to 

angles 27 and 4%, 

For the domain 0 < z € bm: 
2r 4m 8w 10w ldmw 

T=5 %5030 s 

= x 5% 
33 

  

I 
Ol‘s. 

€ Inthiscase 8 is =+ F. 

[fO<a<3r then F<a+F< iy 
Z_x 5 oIz r+I=Fhoy 

L 2=0,4 or2r 

b 2sinz—1=0, 

1 sinz =3 

There are two points 

on the unit circle with 
sine . 
They cormespond to 

angles 30° and 150°. 
For the domain 
—360° < = < 360%: 

—360° <z < 

  

« = —330°, —210°, 30°, 150°
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¢ 2cosz+v3=0, 0<z<3m 

cosm:-éflé 

There are two points 

on the unit circle with 

cosine _;2@' 

They correspond to 5 — ,;2&5 

angles 5 and ZF. 

For the domain 0 < « < 37 
g=35E Iz Az 

T 6°86' 6 

€ 2sin(z+5)=1 -3r<a<3n 

sin(z+ 5) =} 

There are two points 

on the unit circle with 
sine . 

They correspond to 

angles % and 5°. 

The one point on the 

unit circle with cosine 
—1 correspords  to 

angle . 

0z 3m 
0< 22 < 6m 

So, 2z ==, 3, 57 

= 3m Bx 
=950 

I sin(4(z-5)) =0, 0<z<m 

There are two points 

on the unit circle with 
sine 0. 
They correspond to 

angles 0 and 7. =0 

oz 

-F<e-z<H 
—1r$4(z—%)$31r 

   

    

d cos(z—-F)=3, -2r<c<2m 

There are two points 

on the unit circle with 
cosine 4. 

They correspond to 

angles T and 5F. 

—rgr<om < 
- 

  

So, z— % =_If, 

—_5 z=—3 

t V2sin(z—Z)+1= 

oosin(z—-§) =~ 12 

There are two points 

on the unit circle with 
sine —715. 

They correspond to 

angles &% and ZT. g —7’; . 

0<z<8r    

  

There are two points 

on the unit circle with 
cosine —3. 
They correspond to 

angles 2% and 4. 

TS 

—3r <3z < 3 

There are two points 
on the unit circle with 

sine —Jzé. 

They correspond to 

angles 4% and 2. 

0z 27 
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7 tanr=+3 0<a<2r 

There are two points on the unit circle with tangent /3. They correspond to angles % and ‘T", 

a 0<wgom b 

—Zge-Fgiz 

a-F=5.% 
s=1 ¥ 

¢ tan’z=3, 0<z<2r 

tanz = £v/3 

s=rE ey 
The zeros of y =sin2x are the 

solutions of sin2z =0 {0° < = < 180°} 

0°<z<180° . 0% 
So, 2x=0°, 180°, 360° 

z =0, 90°, 180° 

2z < 360° 

  

  

10 a sine = —cosx, 0<z< 2 
sinz _ 
cosz 

oo tanz=-—1 

On the domain 0 < z < 27, 

r=5,% 

¢ sin(2z) = v3cos(2r), 0z < 2m 

sin(2z) 
=3 

cos(2z) V3 

tan(2z) = V3 

The two points on the unit circle with tangent 

/3 correspond to angles ¥ and 4Z. 

Oses2r . 0K 2c<4n 

=X 4n Ix 10w 
So, 2z=%, 3G, 

—Z 2 I 5% 
T=6 3% 

  

0o om 

04z <87 

dp=E Ar Tx 10w 13w 16m 19w 22m 
333> 3°3°°8°°8"°3 

g==5 % Iz 5z 13z 4z 10m Lx 
T 12r3*12° 67 712° 3’12’ 6 

b The zeros of y = sin{z — §) are the 

solutions of sin(z — %) =0 {0< =< 3n} 

b sin(3z) =cos(3z), 0w < 2w 

  

sin(3z) _ 1 

cos(3z) 

tan(3z) =1 

The two points on the unit circle with 

tangent 1 correspond to angles 7 and F. 

0Kz 2w 03z 6m 

So, 3z, 5% 9w 13 m 2w 

1z° 12> 40127 12’ 4
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EXERCISE 115 1 

a H(t) = 10sin (& (t — 25)) + 12 metres 
After 50 seconds, ¢ =50 and H(50) = 10sin (Z(50 — 25)) + 12 = 22 metres. 
So, the green light will be 22 metres high. 

b A full circle is completed in one period. 

period = 2T1r =27 x 52 = 100 seconds 
0 

So, it takes 100 seconds for the wheel to complete a full circle. 

¢ Weneedtosolve H(t)=16 so 10sin (Z(t—25)) +12=16. 
3 minutes = 3 x 60 = 180 seconds 

Using technology to find the intercepts of 1 = 10sin (%(t - 25)) +12 and y2 =16 for 

0<t< 180, t~ 315, 685, 132, 168 

So, in the first three minutes, the green light is 16 metres above the ground at 31.5, 68.5, 132, 

and 168 seconds. 

a  P(t) = 7500 + 3000sin( %), 0<¢<12 

P(0) = 7500 + 3000sin0 I P(5) = 7500 + 3000 sm(%) 

=7500+0 ~10271.63 

= 7500 grasshoppers 2210300 grasshoppers 

® The greatest value of P(t) occurs when sin ( 0 ) =1, so the greatest population 

is 7500 + 3000 = 10500 grasshoppers. 
The point on the unit circle with sine 1 corresponds to 

angle Z. 

012 - 0B 
t _ o F=% 

Lot=4 
So the greatest population occurs after 4 weeks. 

  

< 1 When P(t) = 9000, The points on the unit circle with sine 

7500 + 3000sin (%) = 9000 correspond to angles £ and £Z. 

3000sin (%) = 1500 0<tg12 - 0 EEE 

in (%) = 4 S0 

  

So, the population is 9000 at 1} weeks and 

  

6% weeks. 

il When P(t} = 6000, The points on the unit circle with sine —3 

7500 + 3000sin (%E) = 6000 correspond to angles 2% and L=, 

3000sin () = —1500 0gtg12 o os%‘s%" 

sin (%) = -1 So F=% 
Lot=5% 

t=91 
So, the population is 6000 at 93 weeks. 
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d If P(t)>10000, then 
7500 + 3000sin (%£) > 10000 ale

r 

  

3000sin (&) > 2500 

ain (%) > § 
Solving sin (%) = § using technology 

ta 251 or 549  So, 2.51 <t < 5.49 weeks. 

3 H(t) =20 — 19sin (32) 

  

a H(0) =20-19(0) b H is lowest when sin(%’"):l 

So, amr:emtn=o, the light is 20 m - %=%+k2” 
above the ground. %=l+}c2 

3 2 

L t=34k3 

t=3min {as k 

¢ pcfiod=§::=3mjn d 
3 

one revolution takes 3 minutes 

  

& P(z) = 400 + 250sin (%) 

  

L 
a  P(0) = 400 + 250(0) b 1 P()=400+250sin (w(;)) 

= 400 water buffalo 
_ (T 

¢ P(1) =400 + 250sin(%) =400 + 250sin(%) 

=400+250x 1 =400+250 x J2 
= 650 water buffalo 23 577 water buffalo 

I P(2) =400+ 250sin7 

= 400 + 250(0) 
= 400 water buffalo 

This is the maximum herd size. 

d  P(t) is smallest when sin (’%) =-1 

and is 400 — 250 = 150 water buffalo. 

It occurs when T z+Ic27r 
2 2 

t_3 - g=3+k2 

t=3+4k 

  

So, the first time is after 3 years.
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e If P(t)>500 then 

400 + 260sin (&t} > 500 

250sin (&) > 100 

o
 

  

#0.4115 or 7 — 0.4115 

t=50.262 or 1.74 

So, for sin (3¢) > 2, 0.262<t< 174 
the herd first exceeded 500 when t =2 0.262 years. 

5 a The period is 4 seconds. d=1+3=4 

2m _ 4 c=0 

b o H() = 3cos(Z(t — 0)) +4 metres 
=z 

oob=3 o H(t) = 3cos(5t) +4 metres 
Amplitude is 3 
e Check: When t=0, H(0)=3cos0+4=7 v 

& X enters the water when H(t) =2 

3cos("T‘)+4=2 

o (5) = -3 
Using technology, ¢~ 1.46 seconds 

6 C(t) =9.2sin(3(t — 4)) + 107.8 cents L2 

a 1 107.8 is the median value. Values are between  107.8 —9.2 and 107.8+9.2 

=986 ¢centsL™" and 117.0centsL™! 

| ! 
the statement is true. min. max. 

I period = 27‘” =14 days .. true 
T 

b C(7) = 9.2sin(Z(3)) + 107.8 = 116.8 cents L1 

¢ When C(t) = $1.00 L~} then 9.2sin(Z(t—4)) +107.8 = 110 

sin(Z(t—4) = % ~0.23913 

Z(t - 4) ~ 0.2415, 7 — 0.2415, 
2 4 0.2415, 3w — 0.2415 

~2 0.2415, 2.9001, 6.5247, 9.1833 

t —4 ~ 0.538, 6.462, 14.538, 20.462 

€ = 4.538, 10.462, 18.538, 24.462 

So, the price is $1.10 per litre on the 5th, 11th, 19th, and 25th days. 

d  The minimum cost per litte is —9.2 + 107.8 = 98.6 cents L= 

  

when sinZ(t—4)=-1 Soo2—-8=21 

Tt —4y= 2T so2=29 
’(c_4) 2 o t=145% 14k 

=3 {period is 14 days} 
So, the minimum occurred on the 1st day and the 15th day.
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EXERCISE 171C. 1 

  

    

  

    

  

  

    

  

  

  

  

  

  

1 a siné +sin 6 b 2c086 + cosf < 3sinf —siné 
=2sin@ =3cosf =2sin8 

d  3sinf—2sinf e  tanf—3tand f  2cos?6—5cos®0 
=sing =—2tand = —3cos® 8 

2 a  3sin®0+3cos’8 b —2sin®f — 2cos?9 € —cos?d—sin?g 
= 3(sin?§ + cos? §) = —2(sin? @ + cos? 6) = —(cos? 6 +sin® §) 
=3(1) = -2(1) —(1) 
=3 =-2 -1 

d 3—3sin’¢ e 4—dcos’f t  cos®0+cosfsin’@ 
=3(1-sin®6) = 4(1 — cos? 6) = cosf(cos® § + sin® §) 

=3cos? @ =4sin?@ = cos6(1) 
=cosf 

g cofo—1 b sin?6-1 I 2cos?6-2 
=1-sin?6-1 =1-cos?f—1 = —2(1 — cos? §) 

= —sin®4 = —cos?8 = —2sin%@ 

I 1—sin®4 X 1—cos? 6 \ cos?f—1 

cos? ¢ sinf —sinf 

_ cos?d _ sin®$ _1-sin®6-1 

"~ cos?d ~ sing T —sin@ 
= =sing _ —sin?g 

" —sinf 
=sing 

. . g 
3 a 3tany — S22 b smzz < tanzcosz 

cos® cos? N 
=3tans —tans _ {sinz\? =2E o cosa 
=2tanz B (cosa:) of)sz 

o =S8InT 
=tan‘z 

d sne e 3sinz + 2cosxtanz 1 Z'ianz 
tang sinz sin 

= sing < 20% = 3sinz + 2cosz: —2 sinz\ , sinz 
cosz cosx =4\ 1 
cosz =3sinz + 2sinz 

= si 2507 1 
=sne X = =5sinx = X — smz - 

cosx ST 
=cosz 1 

_ 2 

- cosx 

& a (1+sing)* b (sina —2)? 
=1+2sin0 +sin’4 =sin o —4sina +4 

< (tana —1)? d (sina+ cosa)? 
=tan’ @ —2tana+1 =sin? o+ 2sincvcos a + cos? o 

=1+2sinacosa 

e (sin B — cos 8)? 1 —(2 —cosex)? 

=sin? 8 — 2sin Bcos B +cos? § =—[4—4cosa+cos’a) 
=1-2sinfBcosf =—444cosa—cosa 

5 (sinz + tanz)(sing — tanz) =sin x — tan’«
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EXERCISE 11C. 2 

1 a 1 —sin%4 b sin? @ — cos? 
= (1+sin8)(1 —sinp) = (sin e + cos ar)(sin @ — cos ) 

€ tan’a—1 d 2sin® 8 — sin 8 

= (tana + 1)(tana — 1) =sinB(2sinf — 1} 

e 2cosp+3cos’ ¢ f 3sin® 6 — 6sing 
= cos (2 + 3cos¢) = 3sinf(sin 6 — 2) 

8§ tan’0+5tanf+6 h  2co?0+7cos6+3 
= (tand + 2)(tan6 + 3) = (2cos6 + 1)(cos 8 + 3) 

1 6cos® @ —cosa—1 

= (3cosa+ 1)(2cosax — 1) 

  

  

  

_ gin2 2g_ 2 a 1—sin®e b tan2 8 —1 

1-sing tang8 +1 

_ (14 sino)()—siray _ {tanf+ty(tan g — 1) 
_L=sirty ) - _tanft+t1 

=1+sina =tanf—1 

R cos? ¢p —sin? ¢ d cos? ¢ — sin® ¢ 

cos$+sing cos¢ —sing 

_ {cos-¢—+-siTrP)(cos ¢ — sin @) _ (cos @ + sin ¢){cos-p—sin ) 

Cosp—sTP _Ccosg—siry | 
=cos¢ —sing =cos¢+sing 

sina +cosor ¢ 3 —3sin?d _ 3(1—sin®6) 

sin? & — cos? o 6cosf  6cosf 

_ sina—cosa _136993-0'0050 
(sina-eost)(sina — cos @) Tp-6eost— 

1 _ cos8 

"~ sina —cosa 2 

3 a (cos® +sin6)? + (cosd — sin6)? b (25inf + 3cos6)* + (3sin 6 — 2cos6)? 
= cos? 0+ 2cos@aird+ sin = 4sin? 0 + 1 2sinfcos? + 9cos® 6 

+ cos? 8 —2eos ST + sin’ + 9sin? @ — 126im0coFY + 4 cos? 0 
=2cos® 6+ 25in® 0 =13sin” 0 4 13cos” @ 
= 2(cos® 4 + sin® 6) = 13(sin? 4 4 cos? §) 

=2(1)=2 =13(1) =13 

1 1 . . 2 © - (14 ) 4 (14+5) Eno—sin?0) 

=1+ 1 —cosf—1 =siad'—sin’ 6 4+ 1 — sind 
cos =1-—sin’¢ 

= L —cosf =cos?8 
cos® 

1 (coso) 
= ——— —cosf 
cos cos@ 

_ l—cos?8 

" cos8 
in? 

= 9 =tanfsinf  
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siné + 1+4cosf 

1+cosd siné 

_ sin? 6+ (14 cos8)(L + cosb) 

sin (1 + cosf) 

_ sin@+142cosf+cos?f 

sin 6(1 + cos6) 

_1+1+2c0s8 

sinf(1 + cos§) 

= 2lAeosB] 
sin 6(1 A-eos8] 

2 

sinf 

1 1 

1—sin0+1+sin9 

_ 1+sinf+1—sinf 

(1 —sin)(1 +sind) 

__ 2 
" 1-sin?g 

_ 2 
~ cos?g 

  

  

sin 8 sin @ 

T—cos6 1+cosf 
_ sind(1 + cos8) —sinf(1 — cosd) 

- (1 — cos8)(1 + cos8) 

_ gim¥+sinbcosd —gimd +sinfcosd 

- 1—cos?d 

_ 2sinfcosé 

T sind 
L ogingeoss 
" sifsing 
_ 20036 

" sin 
2 

tan6 

  

EXERCISE 11D 1N 

    

1 a sin20=2sinfcosd b cos20=cos?f—sin?f ¢ ten2g= S22 
v cos 28 

=2(3)(3) 2 
— 24 _ 35 
=15 =2z 

25 

=-u 
7 

2 a b cos2¢p=1-2sin*¢ 

=1-2(-%) 
=1-2(3) 

=1_§ 

=1 
-9 

3 a cosfa+sinfa=1 b sin2a =2sinacosa 

cofatd=1 =2(-2) (_fi) 
2 5 3 3 

. ocos‘a=g 
oosa=—3§ =495 

4 a cos® B +sin®f=1 b sin23=2sinfcosf 
4 in2 = +sin?g=1 —_ 21 (2 A -2(-) @) 

81’ = 

  

— _4/E 
sing = —¥z = 25
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5 aisacute . cosa and sina are positive 

a cos20 =2cos” @ —1 b sina=+4/1-cos?a 

-I=2cos’a—1 
=4/1-1 

2co8’ =3 ® 
—./e cofa=3% —\/; 

=1 cosa =4 —22 

6 [eos(%)+sin(%)]* 

= cosz(%) + 2ws(%)sin(%) +sin2(1"—2) 

=1+ 2cos(5)sin(F) 

Z)  {sin2A=2cos Asin A} 

  

7 a 2sinacos o b 4cosasine < sinocoso 
= sin 2 =2(2sinacosa) = L(2sincrcosa) 

=2sin2a = $sin2a 

d  2co’p-1 e 1-2cos’¢ t 1-2sin®N 
=cos28 (2cos® ¢ — 1) =cos2N   

   

    

€08 2¢ 

g 2sin? M —1 b cos? a —sin® 1 sin® a — cos® o 

= —(1—2sin®> M) =cos2a = —(cos® & — sin® o) 
= —cos2M = —cos2a 

] 2sin24cos24 k  2cos3asin3a I 2cos®48—1 
=sin2(24) = sin2(3a) = cos2(48) 
=sindA = sin 6o = cos 89 

m 1—2cos?38 n 1-2sin?5a ° 2sin®3D — 1 

=—(2c08*38 - 1) = cos 2(5cr) = —(1-2sin*3D) 
= —cos2(38) = cos 10c = —cos2(3D) 
= —cos68 = —cos6D 

P cos? 24 — sin? 24 q cos?(§) —sin?(%) r 2sin? 3P — 2 cos® 3P 

= cos2(24) =c0s2(%) = —2[cos® 3P —sin® 3P] 
=cosd4A =cosa = —2c0s2(3P) 

= —2cos6P 

8 a (sin8 + cos§)? b cos? @ —sin? @ 
= sin®  + 25in @ cos & + cos® 9 = (cos® 8 + sin? 0)(cos? § — sin® ) 
= sin® @ + cos? § + 2sin B cos P =1 X cos 26 
=1+sin28 = cos 26
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9 a sin2zx +sinz =0 b sin2z —2cosx =0 

. 2sinzcosz+sinz =0 o, 2sinzcosz —2cosr =0 

-, sinz(2cosz+1)=10 o 2cosx(sinz —1) =0 

.ocoszg=0 or sinc=1 

   

Il 
I
 fg
 =0, 2&, 4x - =0, F, 2r R 2 

¢ sin2z + 8sinz =0 

‘. 2sinzcosz + 3sinz =0 

. sinz(2cosz+3)=0 

. sinz=0 or cosz=— 

! 

ke
 

  

  

impossible 

y=0 

. =0, 2% 

1 a b +7cos260 
=1+ 4Q2cos?0-1) 

=4+cos?0—% 

=cos? 6 

EXERCISE 11E 

1 2 2sin®*z +sine =0 b 2c08’ z = cosz 
sinz(2sing 4+ 1) =0 o 2cos’r—cosz=0 

cosz(2cosz — 1) =0 

   —I 31 sx 
T= 320 

< 2cos’z+ cosz—1=0 d 2sin’z 4 3sinz +1=0 
(2cosz —1)(cosz+1)=0 o (2sinz+1)(sinz+1)=0 

cosz =1 or—1 
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e sin’z = 2 — cosx 
1-cosz=2—cose 

cos®z —cosx+1=0 

where A = (—1)% — 4(1)(1) 
=1-4 

    
no real solutions exist 

2 a cos2z —cosx =0 b cos2z +3cosz =1 

o (2cos®z—1) —cosz =0 o (2cos?z—1)+3cosz =1 

.. 2cofz—cosz—1=0 o 2c08’z+8cosz—2=0 
o (2co8z 4 1)(cosz —1) =0 o (2cosz —1)(cosz+2) =0 

. cosz=—Lorl 

   
< cos 2z +sing =0 

o (1—2sin®z) +sinz =0 
—2sin’ ¢ +sing +1=0 

o 2sin®r—sinz—1=0 

.~ (2sinz 4+ 1)(sine—1)=0 

. sing=—3 or 

d sindx = sin 2z 

2sin2zcos2x = sin2z 

2sin2zcos2z —sin2z =0 

s sin2z(2c0825—1) =0 

sin2z =0 or cos2z=3% 

—0 Z g 5z = um 22 =0, 3, ™ 3, 2m, F, 3, =5 

  

  

€ sinz+cosz=+2 

  

Squaring both sides we get: 

sin®z + 2sinzcosz + cos® x =2 

sin2z+1=2 

. sin2z=1 

22=%,5 {0<2s<4n} 

=55 

  

Since we squared the original equation, we must check our answers. 

sin%+cos§=715+715:77;=\/§ v 

sm‘?T"+cos%=—7‘5+(—7‘5)=—725=—\/§ x 

z= ] is the only solution
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1 2cos’z = 3sine 
2(1 —sin® 2) = 3sinz 

2sin’z +3sinz —2=0 
o (2sinz —1)(sinz +2) =0 

sinz=%1 {-1<sinzg1} 

z=%, 

z 
x sz 
6° & 

REVIEW SET 11A 

1 

& When cosx = —04, 0° < z < 800°, 

@ &2 115°, 245°, 475°, 605° 

2 a 2sing=-1, 0 z<4r 

ing = —1 sinz = —3 

  

The points on the unit circle with sine —% 

correspond to angles T and 14T 

Ir Ux 19w 23w 
T=%>6> 66 

3 a2 2sin3x+v3=0, 0<a< 2 

  

The points on the unit circle with sine —figé 

correspond to angles 4 and SF. 

0<e<2r ;, 0<3z<6m 

So 3z —4r 5x 10m lr lér 1Tx 
3°3°°3*°3°3°°3 

So, the 2-intercepts are 
4% Sm 10m Lz 16x 17x   

  

  

When cosz = 0.9, 0° < = < 600°, 

x ~ 25°, 335°, 385° 

V2sing—1=0, -2r<z <2 

  

The points on the unit circle with sine 715 

correspond to angles  and 3%, 

_Ix _Swm m 38m 
EET T, 

VZsin(z+£)=0, 0<e <3 

. sin(z4+5)=0 

The points on the unit circle with sine 0 

correspond to angles 0 and . 

0<z<3r o e+ Ig 

So z4+%=m 2 37 
; Sr rm lim So, the z-intercepts are <, T, 2.
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& V2eos(zx+Z3)-1=0, 0<z<4n 

cos(z+§)=71; 

The points on the unit circle with ousinevla 

correspond to angles ¥ and I 

  

  

  

  

O<a<4r o Fe+Fg 
_x Iz Pm 15w 1T So s+Z=% 00 Mz i 
—o & z z=0, T”, 2m, T",41r 

s a 1—cos? @ b sin o — cos o < 4sin®a—4 
1+cosé sin? a — cos? a 8cosax 

_ {1 3-eos(1 — cos ) _ sino —coswr 1 _ —4(1 —sin’a) 

- _Laeost | {sin & + cos o} (sine—rosT) 8cosa 

=1-cosé _ 1 _ ~teosa 
" sina+cosa 8cosa 

_ —cosa 

) 

6 cos’a+sinfa=1 sin2a = 2sin v cos & 
2 o _ cosfa+ & =1 =2(-3)(-¥) 

2 cos®a =% _ 843& 

oosa=:t—‘4 

Butin Q3, cosa<0 

cosa = —¥L 4 

sin2a —sino 2singcosa—sina y 2~ 
cos2a—cosa+1 2cos?a—1—cosa+1 

sina(2coser=T)  sina 

cosaf2cosar=T)  cosa 
  

  

1 a sine=0382, 0<z<8 b tan(2)=-0458, 0<z<8 
- @& 0.392, 2.75, 6.68 - 542 {using technology} 

{using technology} 

2 a cosz=04379, 0<2<10 b cos(—2.4)=—06014, 0<z<6 
.z~ 112,517, 7.40 s 2R 0.184, 4.62 

{using technology} {using technology} 

. . 2 o2 sin 24 
3 a sin2A=2sinAcosA b cos24A =cos’ A—sin’ A < tanZA:coszA 

=2(3)(E =3’ -6° 120 
=120 — 1a4-25 =48 
T = teo us 

=% =iz 

4 a | tanz=4 I tan(%) =4 il tan(z —1.5) =4 
. @~ 133,447, 7.61 2 5.30 o TR 2.83,5.97,9.11
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b I tanz+%)=-v3 -m<z<nw 

The points on the unit circle with tangent 

—+/3 cormrespond to angles 2% and 57 

Il tan2z=—3, —7w<z<™ 

The points on the unit circle with tangent 

—+/3 correspond to angles % and 5F. 

—r<T<T -E e+ 5 —rgrsT o 2w 2 

=_4r _x 2m 5% So z+%=_%,271r So 2z=-%F,-%, 5 F 

. —_Z & =_2r _m x 5% . e=-%,2 &z 3° 7673 6 2 

W tan’z—-3=0, —r<2z< 

. tanz =+v3 
The points on the unit circle with tangent 

=++/3 correspond to angles 3 2;', 45X 

¢ 3tan(z—12)=-2 

.z 0.612, 3.75, 6.90 

5 Using technology: 

a £~127,502 ¢ z~1.09 205 Tie o 1z 

~ 0.262, 0.785, 2.36, 2.88, 4.45, 4.97 

& P(t)=5+2sin (), 0<t<8, where P(¢) is in thousands of water beetles. 3 

a P(0)=5+2sin0 < If population is > 6000, 
=5 then P(t)>6 

So, 5000 water beetles. . 5+ 2sin ( ) >6 

b Smallest P=5+2(-1)= 

Largest P=5+2§1)i7 + 2dn (%) >1 
-, smallest is 3000 water beetles - sin (%) >4 

largest is 7000 water beetles 

  

The points on the unit circle with sine % correspond to 

angles T and 5E. 

7 3cosz+sin2z=1, 0<z<10 
. ¢/ 1.37,5.44,7.65 {using technology}
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REVIEW SET 11 1N 

    

    

    

a b sin(%) =4, -7<2<7 

= 72 0.4 

2 a sinfz —sing—2=0, 0<z<2r b 4sin’z=1 02 
~. (sinz —2)(sinz+1)=0 sosinr=3% 

sinz =2or—1 sinz::t% 

But sinz values lic 
between —1 and 
1 inclusive. 

sing = —1 
"""" = 5 oz 2=5, %, 1, 

3 3 ten(z-§)=ds 0<o<dr b cos(z+2)=1, -2r<z<am 

The points on the unit The points on the unit 

circle with mngcnt715 circle with cosine 1 

correspond fo angles £ correspond to angles 

and Z%, and &F. 

0z —2r e 2 

“F<a-FoiE ~FseeEs 
2= _ S o =59, 1 R 

r=Z 3 Sz In L o@=—m, — 22 202 

& a  cos®f+sin?Bcosd b 58 <0 
i 

= cos@(cos? § +sin §) 26 

= cos6(1) = 
= cosf 

¢ 5-—bsin’f d 
=5(1 —sin®9) 
=5cos® @ 

 



  

Mathematics SL (3rd edn), Chapter 11 — TRIGONOMETRIC EQUATIONS AND IDENTITIES 221 
  

5 a (2sina — 1)? 

=dsin’a —4sina+1 

cosd 1+siné 

1+sin cosf 

cos? § + (1 +sing)? 

{14 sin8) cos® 

_ cos?0+1+2sinf+sin@ 
- (14 sinf)cosd 

_ _2+2sing 
" (L +sin6)cosé 

__(LA-sin®) 
"~ (Asirdycosd 
_ 2 

~ cosé 

  

{cos® 6 +sin?6 =1} 

  

7 tand = — 

sinf _ 

cosf T c 

sin@ = —2k, cos@ =3k 

but cos® +sin’6 =1 

Ok +4k% = 1 
1847 =1 

= 1 

k=+7m 

, E<fl<m s 9 A 

  

wi
 

e
 

(cosa — sin@)? 
= cos® o — 2sinrcosax + sin’ o 
= cos® & + sin® & — 2sinxcos & 

=1—sin2c 

  (1 + c:s@) (coso—cos2 0) 

= cosf — cos® 6 + 1 — cest 
=1-cos’¢ 

=sin?@ 

But in Q2, 

sin® >0, cosf <0 

k= ——h 
Vi 
2 3 sind = 5 cosf = -7



  

Chapter 12 
VECTORS 

EXERCISE 12A.1 ([ 

25ms! 

   

  

2 a 

100 ms~ 
—_— 

3 a b ¢ 

¥ 
36mst 4 units 

Secale: 1cm=10ms"! 15 z 

Scale: 1om=10N 
Scale: 1cm=1unit 

d 
Seale: 1cm=30kmh™! 

  

EXERCISE 12A. < 1N 

1 If they are equal in magnitude, they have the same length. These are p, q, s, and t. 

Those paralle] are p, q, r, and t. 

Those in the same direction are: pandr, qandt. 

To be equal they must have the same direction and be equal in length .. q=t. 

p and q are negatives (equal length, but opposite direction). Likewise, p and ¢ are negatives. 

Wewrite p=—q and p=—t. 

True, as they have the same length and direction. 

True, as they are sides of an equilateral triangle. 

False, as they do not have the same direction. 

False, as they have opposite directions. 

True, as they have the same length and direction. 

False, as they do not have the same direction. -
8
 

0
 
A
T
 
o
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3 a 1 BC is the vector which originates at B and terminates at C. 

I = A_fi, as they have the same length and direction. 

b | FE and B_é are negatives of EF, as they both have the same length but opposite direction. 

il Al sides of the hexagon are equal in length 

the vectors with the same length ag ED are 

DE, EF, FE, A, AF, AB, BA, BC, CB, D, ad DC. 
¢ The vector FC is parallel to AB and twice its length. 

CF is also parallel to AB and twice its length (but in the opposite direction). 

EXERCISE 12B.1   

      

      

    
      

      

                        

      

      

      

      

                                                                    

  

  

  

    
                                      

1 a b ¢ 
[pHq 

N\ 
[ Ll 4 

* Z 

d e ! 

3 
Pta 5 lp-4a 

2 a AB+BC b BC+CD ¢ AB+BA d AB+BC+0TD 
v -8B v =AC+CB 

=0 = AD 
— — 

e AC+CB+BD 1t BC+CA+AB 
—AB+BD =BA+AB 
- B =88 

=0 

3 a | W b yes 

P 

o o 
& PE=PR+RS But P§=PQ+3 

=(@+b)+e =a+(b+o) 
(a+b)+c=a+(b+¢) {asboflnareequalme’} 

5 a Scale 1cm=100kmh™? 
N 

[_@ -1 
800 kmh~! 135° 35 kmby 

b We need to perform vector addition to find the effect of the wind on the aeroplane.
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€ Measuring the length of the resulting vector, we get 82.5 mm, or 8.25 cm. 

the resulting speed of the plane is 8.25 x 100 = 825 kmh—*. 

Using a protractor to measure the angle between “true north” and the resulting vector, we get 88°. 

the direction of the aeroplane is 88° east of north. 

EXERCISE 12B. 2 | 

  

  

    
  

                             
  

  

  

  

  

            
                                            

  

    
  

1 a b < d 

4 19 P-4 
Y 

| —f 

[ 

2 a b ar < 
N 

v/ Ja 

o P ety 

L =T 

3 a AC+03B b AD-BD ¢ AC+TR d AB+BC+CD 
= = — — =8 = AD+DB =aR =AC+CTD 

- — =aB =0 =B 
— = o o 

¢ BA-CA+CB f AB—-CB-DC 
TS TS 

=BA+AC+CB =AB+BC+CD 
=BG+CB =AC+CD 
=BB =AB 
=0 

EXERCISE 12B.3 1NN 

1 a r=-s—t € r=—-p—q-s 

p=t+s+r—q f p=-u+tt+s—r—gq 

  

2 a | OB=OA+AB I CA=CB+BA i OC=0K+AB+BC 
=r+s = _BE_AB =r+s+t 

=—t—s 

b | AD=AB+BD il BE=BB+DC W AC=AB+BD+DC 
=p+q =q+r =p+q+r 

EXERCISE 12B.4 

1 a b < d 
        

  
  

i     
  

;y y 
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s 
3 

3 

2 a b < 3 d e 

Sl e 4 b A p=3q 
p=q p=—q q » p=-3% 

1 

3 a b a parallelogram 

¥ 

4 a CB=-AB b AC=AB+BC 
=-p =p+q 

¢ AM= 230 4 BB-BC+3D 
=l(p+q z:il()—n) {using part a} 

{using part b} — 
and BM = BD 

=3a-» 

5 b PS=2P% ¢« W=@+X d B=q 
=2 =b+(-a) =b—a 

{using part a} =b-a {using part ¢} 

EXERCISE 12 

G (e () 
(o (e ()
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(e s () ()« () 
—_— —1 

2 

  

        

      

      

                                              

            

5 The zero vector in component form is ( 
) 

  

    

0 

EXERCISE 12D 

3 —4 2 @) s | () 
9416 =+16+9 =v4 

= v/25 = 5 units = /25 = 5 units = 2 units 

  
d ‘(‘f)‘: 2P +2 . (_03)’= o+ (-39 

=va+4 =va 
— /8 uaits = 3 units 

e a As 1+j={! b oAs si—12j=( 9 
1) —-12 f° 

li+jl=+/12+12 |51 — 12§ | = /52 + (-12)? 

= /2 units =2 +14 
= /169 = 13 units 

s -1 3 ._f(0 € As —l+4j=(4), d As (0) e As kj:(k), 

|—i+4j| = /(-1)2 + 42 |31 = /32 402 |k | = /0% + &2 
=vI+16 =9 =Vi? 
= V17 units = 3 units = |K| uaits
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o vERET=L by 7')“(7')“—\/3_% 
0 is a unit vector. 
-1 S 1 is a unit vector. 

vz 

- VIT- 4 ¢« SO VETE =1 
2 

( i ) is not a unit vector, ( 
1 - 

o JEPIC =VET =2 
2 

( ’ ) is not a unit vector. 

ol
 

cn
lu
 

) is @ umit vector. 

ke
 

A a length = 1 b length = 1 e length = 

V02 4Rk2=1 o Wk2+0=1 sooVER+L=1 

oo K=1 oK = k”+1_1 
k=1 oo k=1 .. k=0 

k=0 

d length = 1 € length = 1 

L VR rR =1 . 2 _ X +2k2_1 L@ +R =1 
Ty Lo t+R =1 
=3 =3 
= 1 i =ty fh=2 k=i, /3 =248 

5 If |v| =+/73units then \/82+p3:\/fi 

s B4+p? =173 
P’ = s o p=13 

EXERCISE 12E   

1 aa+tb= 

€ bte 

- L + ® Il |1
 

e
 

B
N
 N
 

+ 

o
 | 

~
—
 

Il 
N
 

11
 

~
—
 

" o + = | - a | = 
S
—
 

|
~
 

-
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e (2)-(2)-(3) e 
( 

  

  

  

  

  

                                                                

The vector expressions are equal, as each consists of 2 ps and 3 gs. Each expression is equal to 2p + 3q. 

6 alrl=y2+3 b [s|=(1F+# 
= /13 units = /17 units



  

¢ r+s 

c ) 
oo (3p]=v/82+92 

=vo+81 

=80 
= 3+/10 units 

o a=(3) 
= l4a] = /(-8 +167 

=64+ 256 

=320 
= 8+/5 units 

[4a] = VP22 
= +/5 units 
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d r—s e s—2r 

-(0)-(1)  -()-0) 

oo r—s| o |s—or 

=4/32+(-1)2 =/ + (-2)2 

= V10 wits = v/29 units 

we(i) o () 
12p| = /22 +62 o |=2p| = /(=22 + (-6 

=VIt36 — JITH 

=V -V 
= 2V/10 units = 2v/10 wits 

-3 
_3":(—9) t la(=(-22+2 

=VIiT16 
|=3p| = /(=3)% + (-9)? — 

=Vo+sl =2v5 units 
=0 
= 3v/10 units 

L |—4q] = /@ + (-16)2 
= /64 + 256 

=320 
= 8+/5 units 

(%) 1=\ —2 

|44l - VTP 
= /5 mits 

_{ ko L) 
| kv| = o/ (v1)? + (kvz)? 

B
 

kzy=a1 and kez=ag = JFRE TR 

@2 = a2 = /kHog +v2) 

Y _ [Ra) _ 
@2 )"\ tas =% 2) N oy 

=kl oZ F o7 
=1Ikl]v]
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EXERCISE 12 [N 

em-(pza)  emo(BIn)  «m-(nIn) 

()= -(E2)-() (=)= - “\4--1)" 15 R -3 

em-(pzn)  em-(btn)  em-(bTn) 
-()-(%) -()-(8) -(:3)-0) 0-5 -5 “l-1-4)7\ -5 “A0--3/713 

2  a LetB have coordinates (b1, b2). b Let C have coordinates (c1, cz). 

m-(571) - @-(122) 

§2:1)=(32) < (i22)-(3) 

  

bp—1=3 and by—4=-2 sool—ag=-1 and 4—c3=2 

s o bi=4 and b = ea1=2 and c2=2 

B has coordinates {4, 2). .. C has coordinates (2, 2). 

3 a BC= (1;(11)) b Let Q have coordinates (g1, g2). 

. B=f(u-1 

_(2) ) CQ_(quz) Al = = 
But CQ=PC 

a-1Y)_(2 

@—-2) \1 

. g —1=2 and g—-2=1 

& @ =3 and @=3 
Q has coordinates (3, 3). 

5 a A"B:(s‘l) b CD=-AB ¢ Let D have coordinates (d, da). 

-(%) (5 = (atih)-(851) 

dy—4=-5 and do+1=-1 

Sodi=-1 and d2 =-2 

D has coordinates (—1, —2). 

  

k-3 
|AB| =5 units and |AB|=+/2 + (k—3) 

kfa) =/16+ (k-3 

5 a AB= (3 (1)) Since A and B are 5 units apart,
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b |AB|=5 ¢ 7 [ &b 
16+ (k—3)2=5 

16+ k% —6k+9=25 A 

kK —6k=0 

  

  

  

(=1,3) 
  

  

  

  

  

                      

  

  

7 
5 

— 
) which is CM ( 

=-BA+B¢ _ _21 . _31 =—1?§+3R_’—1’Q2 . 

e 0@ 
() (2) 

o ows (2205 b a@-(h7)-(7) « @aa 

T el 

¢ OT=/3_ 0P +(-1-0F +(&-0) 
—AFITE 
= /26 units 
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2 a Z 
° ro,-1,2 17 

   

    

*P(0,0,-3) 

  

OP = /02 + 02 + (—3) = 3 units 

  P(3,1,4) 

  
OP = /3 + 1% + 4% = /26 units OP = /(=1)2 + (—2)% + 32 = /T4 units 

S (1_(_3)> <4) = (_3_1) (_4> 

3 a AB=| 0-1 }J=(-1}, BA=| 1-0 |=[1 
—1-2 -3 2-(-1) 3 

b (AB|= /€ + (-1 + (-3 =vPBunits, |BA|=+/(—4)°+1+3 = 6 units 

vai (D) w-(7) - (39)-(3) 
5 a The position vector of M relative to N b The position vector of N relative to M 

— (4—(—1) 5 . —1-4 _5 
=M= —2—2):(—4) =MN=(2—(—2)>=(4) 

—1-0 -1 0-(-1) 1 

€ MN=,/(-5)2+42+12=+/25F 16 + 1 = /22 units 

  

6  a The position vector of A relative to O b The position vector of B relative to A 

— -1 _ 2-(-1) 3 
=0A= 2 =AB= 0-2 =( -2 

5 3-5 -2 

0A=/(F1F+22 +52 o AB=+/3 (-2 + (-2 
=v1+4+25 =v9+4+4 

= +/30 units = /17 uaits 

¢ The position vector of C relative to A o The position vector of B relative to C 

_ —3-(-1) -2 _, 2—-(-3) 5 
=AC= 1-2 ={ -1 =CB= 0-1 =[ -1 

0-5 -5 3-0 3 

AC=+/(-2)2 + (-1)2 + (-5)? o CB=4/62+(-1)2 +32 

=v4+1+25 =v25+1+9 

= /30 units = /35 units 

@ Triangle ABC has AC = /30 units, BC = /35 units, and AB = +/T7 units. 

All the side lengths are different, and  (v/17)” + (v30)” # (v35)". 
triangle ABC is scalene, and not right angled.
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7 a The distance from Q to the Y-axis is the distence from Q to 

Y'(0, 1, 0). 

L QY =4/(3-02+(1—-1)2+(-2-0)2 

=/0+4 
= /13 units 

b The distance from Q to the origin is 

Q0= /E=0F + (- 07+ (-2-0¢ 
=VaFTHE 
= /14 units 

€ The distance from Q to the ZOY plane is the distance from Q to (0, 1, —2), which is 3 units. 

8 P(0,4,4), Q26,5), R(1,4,3) 

PQ=1/(2-0)2+ (6 —4)2 +(5—4)? PR=+/(1-0)2+(4—4)*+(3-4)2 

    

=VIFta+1 =vIF+0+1 
=3 =2 

QR=+/(1-2)2+(4—6)% + (3—5)2 

VI+a+4 
=3 . PQ=0QR andso APQR is isosceles. 

9 a2 A(00,3), B(281), C(-9618) b A(L,0,-3), B(2,2,0), C(46,6) 

AB=./(2-0)2+(8—0)2+(1-3)? AB=./(2-1)2+(2-0)2+(0—-3)2 
=V/it6i+4 =VI+4+9 
=72 =v1d 

AC=+/(-9-0)2+(6-0)2 +(18-3)2 AC=+/(4-1P+(6-0)2+(6—-3)° 
=B1+36+225 =V9+36+81 
— V33 =126 =314 

BC=+/(-9—2)2+ (6 —8)% + (18 — 1) BC=+/(4—22+(6-2)2+(6-0)* 

=VI2T+4+289 =v4+16+36 

=414 =56 =2v14 
Since BC? = AB? + AC?, Since AB + BC = AC, the points A, B, 
AABC is right angled. and C lie on 2 straight line, so they do not 

form a triangle. 

o m( 1% )=(é) m(f:&):(:‘;) 
9-(-2) 1 2-9 -7 

andso |AB|=+/12+62 + 117 andso | BC|= /(42 + (-8)2 + (—7) 
=+14+36+121 =+/164 64449 

= /158 units = /129 units 

2-5 -3 2 5 

A= 4-5 |={-2 Now, (v29)°+ (ViZ0)° =29+129 
2-(-2) 4 =158 

andso |AC|=+/(-3) + (-2 + & = (vI®)® 
=v8+4+16 So, AC? 4 BC? = AB? 

= /29 units . triangle ABC is right angled with the right 
angle at C.
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b A Area = 1 x base X height 

= i x VB x VB 
/158 units ~ its? /35 units 23 30.6 units’ 

¢ VIZ9 units B 

1 IfBis {a,b,c) then 

B a=0, b=3, c¢=5 

Bis (0, 3,5) 
A 219 r=AC=\/(-1- 22+ @12+ (4—32 

= VIFTFI 
= /3 ugits 

12 a (0,y,0) foranyy 

b The distance between (0, %, 0) and B(—1,—1,2) is /(=1)2+(-1—y)>+22% 

AT+ +4=v14 

  

   
y+1)*=9 
y+1==3 

L oy=-1%3 
y=—4or 2 .. the two points are (0, —4, 0) and (0, 2, 0). 

- < ) 6 ( ) 

c=-6 4, 2¢=2 

e=1 

1% a length = b 

B +rr+g=1 

B+E=1 =1 

=14 K2=4 

k:i@ k=%2 

15 A(-1,3,4), B(2,5 -1), C(-1,2 -2), D(r,s,1) 

—1-(-1) r-2 
a If AC = 8D then 2-3 |=[s-5 

—2-4 t+1 
r—2=0, s—5=-1, and t+1=—6 - r=2 s=4, ad t=-7 

., 2-(-1) 
b If AB =DC then 5-3 | = 

-1-4 

  

—4, §=0, and t=3 -1-r=3, 2-s=2 and -2-t=-5 ST
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. 3-1 2 . 7-5 2 
16 a AB=| 3-2|=| -5 and DC=| —4-1|={ -5 ] 

2-3 -1 5—6 -1 

b ABCD is a parallelogram since its opposite sides are parallel and equal in length. 

17 a Suppose Sisat (z, y, 2). ]3 =8 {opposite sides are parallel and equal in length} 

1—(-1) 0—z 
—2-2 = 4-y 

P(-1,2,3) Q(1, -2,5) 5-3 “1-z 

(%)-(52) 
S(z,,2) R(0,4,-1) so—e=2 d—y=—4 

] y=8 

Sisat (-2, 8, —-3). 

—140 2+4 3+(-1) 

   

  b The midpoint of [PR] is ( ) whichis (—3,3,1). 
2 2’ 2 

The midpoint of [QS] is (“’T(_Z) %, 5+T(_3)) whichis (—3, 3, 1). 

So, [PR] and [QS] have the same midpoint. v 

EXERCISE 12 

   
1 a 2x=4q b ix=n ¢ 

3@2x)=13q 2(3x)=2n 

x=1iq x=2n 

d g+2x=r e 4s—-5x=t ‘ 

2Zx=r—q s —Bx=t—4s 

Sx=4s—t 
1 x=g(4s—1t) 

2 a 2atx=b b 3x—a=2b 

. X=b-2a s 3x=a+2b 

  

€ 2b—2x=-a 

a+2b=2x 
3 

x=§(a+2b)=§(—52) {using b} 

3 
2 

=] 
5 
2
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e — o -2 1 2 1 3 
3 AB=AO+0B=-0A+0B=—-{ -1 |4+ 3 |={1 ]J+]| 38 |=[ 4 

1 -1 -1 -1 -2 

- |AB|= /T + &+ (-2 =IFI6 T4 = /25 units 

., [3-(D 4 . 
4 a AB=< —2—3) =<—5> b |AB|= /2 +(-5)2 +(-1)2 

\ 1-2 -1 =vI6+B+1 
=4i-5-k — /3 units 

5 a |a|=4/12+02+82 b |b|=+/(-22+12+12 ¢ 2|a| =210 units 

=v1+9 =vIF¥i+l {using part a} 

= /10 units = /6 units 

1 2 
d 2.=2(0>=(0) € —3[b|=-36 units {using part b} 

3 6 
-2 6 

|2a] = /22 +0% 462 f —3b=—3( 1 ) = (-3) 

=VA¥36 1 -3 
= VIO s |=8b| = 4/62 + (=3)2 + (-3)2 

= VaJ/10 =v36+9+9 

= 2v/10 units =54 
=vovE 

= 3v/6 units 

1 -2 1 —2 ,,+.,=<o>+(1> hz(o)() 
3 1 3 1 

(1—2 1-(-2) 
=|0+1 =| o0-1 

3+1) ( 3-1 ) 

-1 3 =( ) =<_1> 
4 2 

la+b|=4/(-1)2+12+ 4 o la—b|=4/324+(-1)2+22 

=V/IF¥1+16 =vo+1+4d 
=18 = /14 units 

= V8v/Z units = 3v/2 units 

6 AC=AB+BC 
=(—j+k) +(-2i+j—3K) 
=-i-2k 

7 A(2,1,-2), B(0,3,—4), C(,-2,1), D(-2,-3,2) 

. 1-2 -1 
A= -2-1 ) ={-3 

1-(=2) 3 
—2-0 —2 -1 R 

BB=( -3-3 | ={ -6)=2(-3|=2aC 
2 (-4) 6 3
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., f2--1 3 
8 AB=| 3-5 | = -2 .. Cis (2+43,3—-2,-3-5), or (51,-8), 

Dis (5+3,1-2 -8-5), or (8 —1,-13), 

Eis (8+3 -1—-2,-13—5), or (11, -3, —18). 

  

’ 5 a fi=(24_-j1)=(;) Now AB=D¢ 
A .. sides [AB] and [DC] are equal in 

— -1==2 1 length and parallel. 

b= 4-1 A3 This is sufficient to deduce that ABCD is 
C a parallelogram, 

b ., [-1-5 -6 . 
b AB=( 2-0 |={ 2 So AB=DC 

4-3 1 .. sides [AB] and [DC] are equal in 
4-10 6 length and parallel. 

DE=| -3——-5| ={ 2 | Thisis sufficient to deduce that ABCD is 
6—-5 1 a parallelogram. 

1-2 -1 — —_ = ¢ AB=(4--3]= So, AB#DC 
-1-2 -3 . ABCD cannot be a parallelogram. 

—2--1 -1 
pe={ 6--1 J={ 7 

—2-2 —4 

10 a LetDbe(a,b) b LetRbe (a,b,c). ¢ LetX be (a, b, c). 

Now CD=BA Now SR =PQ Now WX=Z¥ 

ag 3_o a—4 —2--1 a——1 3-0 
Slpo—2)=lo-l1) - [v-0)={ 5-4 ) - [ b-5 |=[-2-12 

c—7 2-3 c—8 —2-6 

. fe—-8)y_ {1 a—4 -1 a+1 3 
T\b+2 1 S 8 )=(1 {o-5)=[-6 

a=9, b=-1 =7 -1 c-8 -8 
So, Dis (9, —1). soa=3, b=1 c= soa=2b=-1¢=0 

So, Ris(3,1,6). So, Xis (2, —1,0). 

"« B3k b A8 =70 +08 ¢ BA=—7B 
=1a =—(b—1) 

2 
=-b+a or a—bh 

d OB =0B+BD A6+0B t DA=-aB 
b+l =21a-b 

12 & AB=AB+  
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14 

15 

e ()(5) + ()3 
(8- (C)(5)-() 

          

a ja|=/(-12+12 43 b (b= +(-32+22 

= V11 wnits = V14 units 

1 —2 -1 1 2 1 el - ) 2 4 6 3 4 _1 

=v/(-1)? +(-1)* +62 =B+ (1P + (-1 
—VIFITH — VB mits 
= /38 units 

1 Vi 1 -1 -7 

ce(3)-(am) (D) & 2v11 s 
i 

So, a+2b=-1 ... () Substituting (2) into (3), we get 3—a =b+3 
at+ec=3 so—a=b 

c=8-a .. Substituting into (1), we get 

  

sob=-1 

and c=-1+3=2 ({using 3)} 

a=1 b=-1, and c=2
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So, 2a+b=7 Substituting (1) into (3), we get 

b=7-2a ..(I) a+2(7T—-2a)=2 
—3a+7b=-19 a+14—4a=2 

a+2b=2 —3a=-12     

  

a= 

andso b=7-2(4)=-1 

soa=4, b=-1 

Check: —3(4) +7(-1)=—12-7=—-19 v 

EXERCISE 751 1 

-6 2 2k 
1 Since a and b are parallel, then b = ka. T =k| -1 )=| -k 

s 3 k 

2k=—6, r=—k, s=3k . k=-3, r=3 s=-9 

o3 = ) ((3) 
a=3k, 2=—k, b=2k s k=-2 a=-6, and b=—-4 

*
n
a
 

  

3 a AB = 3CD means that AB is parallel to CD b RS = —%Kl:. means that RS is parallel to 

and 3 times its length. RT, half its length, and in the opposite 
direction, 

  

A B C 

AB = 2BC means that A, B, and C are 
collinear and the length of AB is twice the 

length of BC. 

-2 -1 
= (—6) =2 (—3) =2PR andso [QS] [l [PR]. 

6 3 

b Since Q8=2PR, |Q8|=2|PR|, andso [QS]is twice as long as [PR].
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5 a The vector in the same direction as a and b The vector in the opposite direction to a and 

twice its length is 2a. half its length is —3a. 
2 4 _2 n=2(1)-(5) -4(1)-(3)-(3) 2 

6 a i+2j haslength VIZ+2Z=+Bunits .. uni:vecmr=71;(i+2j) 

b 2i —3k haslength /22402 +(=3)2 =/Z+9 =13 uits 

unit vector is 7‘1—3(2i — 3k) 

¢ 21—2)+k hasiength /22 +(=2)2 +1% = /3 = 3 units 

unit vector is  $(2i — 2j + k) 

7 a (_21) has length /2% + (—1)2 = /5 units 

the unit vector in the same direction is 7‘; ( _21) 

6 
the vector of length 3 units in the same direction is %( 2 ): ( 75 ) 

b (:1) has length /(=12 + (—4)2 = +/I7 units 

the unit vector in the opposite direction is —711-7(:1) =Vlfi( 

2 
the vector of length 2 units in the opposite direction is 725 (1) = ( f ) 

8 a ABisa vector in the same direction as ( _11 ) with length 4 units. 

Now, (_11) has length /12 + (—1)2 = /2 units 

the unit vector in the same direction is 7‘; ( _11 ) 

the vector of length 4 units in the same direction is 7“;( ! )=2\/§(_1) -1 

_( 2 
T\ -2v2 

— 272 - (23) 
= (3 = (22 = _ (3+2v2 

b 0A—(2), AB_(_2fi) c If 0B—(2_2fi), then the 

Now OB = OA+AB coordinates of B are (3 + 2v/2, 2 — 2v/2).
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S lal=EICP AR b (b= TR 
=VviTTFa =VITTFI 
= 3 units = 3 units 

the vectors of length 1 unit parallel to a .. the vectors of length 2 units parallel to b 

are i%a. are i%h 
2 
3 

| 
wi

vo
 

@l
 

wl
n 

b
 

ol
s 

the vectorsare | — and - the vectorsare | — and 

wl
b>
 
oo
l 

It
 
el
 

4 - 
3 [N

 

-1 
10 a (4) has length  /(—1)2 + 42 + 12 = /I8 = 3+/2 units 

-1 

the unit vector in the same direction is fi; ( 4 ) 
1 

1 

-1 
b ( —2) has length /(=12 + (=2)2 + (=22 = v = 3 units 

-2 

-1 -1 -2 
the vector of length 6 units in the same direction is fi; ( 4 ) =\/§< 4 ) = (4&) 

-1 1 
the unit vector in the opposite direction is —% ( -2 ) =3 (2 ) 

-2 

1 

the vector of length 5 units in the opposite direction is % ( 2 ) = 
2 

s
 

wl
s 

wi
x 

EXERCISE 1. 

B 00 -Ou@ 
—1(3) +5(2) =-1(-2) +5(4) _ (—1) . (1) 

  

=-3+10 2+20 A5 6 
=7 =22 

= —1(1) 4+ 5(6) 

=-1+30=29 

d 3req e 2pe2p ! iep 

=(3:() =00 -0)-0) 
=(;§).(—51) =(g)(2) -1 o 

= —6(-1) + 12(5) = 6(6) + 4(4) = 
=6+60=66 =36+16=52 

3 q.j=(‘51).(‘1’) h ioi:(é)o(é) 

— _1(0) +5(1) = 1(1) +0(0) 
=0+5 =140 
=5 =1
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a 

i) 
=2(-1) + 1(1) + 3(1) 
=—241+3 
=2 

2 

|.|2=(\/22+1=+32) 
=14 

ae(b+c) 

(O-[3)-G)] 
(2)(2) 

=2(-1)+1(0) +3(2) = 4 

Peq 

(2)-(%) —1 e 1 

2 3 
= 3(=2) + (-1)(1) + 2(3) 
—6—-146 

-1 

If the angle between m and n is 8, then 

coso— 
m|[n] 
  

  

w/_\/_ w/_ 

cosf = 

b bea=| 1 
1 

-1 2 
of 1 () 

=(-1)(2) +1(1) +1(3) 
=-2+1+3 

=2 

(i) 
=2(2) +1(1) +3(3) 
=14 

f aeb+taec 

peq 

()-() =2+(1)ef -1] ({usinga} 
3 1 

=242(0) + L(-1) + 3(1) 
=4 

b If the angle between p and q is &, then 

  

Iplle 

9 =cos™?! (—7’;_‘) ~140° 

0 
m=2j—k= ( 2) and ..=1+2k=( 

-1 
If the angle between m and n is 6, then 

cosé = 

=AETE 
9 = cos 

i+ji—-Ke2j+k) b 

(4)-() 
=10)+1(2) - 1)) = 

( 
=1 

(-2) ~1e° 

iei 

1 
0 
0 ) 

-1 
| /Rt (2r+2+3 

-1 
- Vv 

6 =cos™}(—&) ~941° 

  

2D+ (DB + (1) 
\/2’+( 1)7+( 1)2,/(-1)2 + 32 + 22 

1 
0 
2 

OO + @O + (D) 

-2 2 

1 
0 
0
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6 a pea=|pllq|cosd & peq=|p|lq|cost 
=2x5 x cos60° =6 X 3 X cos 120° 
=5 =-9 

a I If v and w are parallel, then they are either in the same direction (so the angle between them 

is 0°) or in opposite directions (so the angle between them is 180°). 

If the angle between them s 0°, then vew = |v||w|cos0® 
=3x4x1 
=12 

If the angle between them is 180°, then vew =|v||w|cos180° 
3x4x-1 

=-12 

il vew=|v||w]|cos60° 
=3x4x3 

=6 

b 1 aand b are not perpendicular as their dot product is not equal to 0. 

il aeb=|a||b|cosh 

If a and b are parallel, then 6=0 or 180 

cos@ =1 

—12=|a|x1xx1 

|a|==%12 but [a|>0 
|a| = 12 units 

{Note: This means that cos® must be —1, so the angle between a and b is 180° 

a and b are in opposite directions.} 

c 1 ced=|c||d|cosé n 

5= |v| || cos 
5=>5cosf 

cosf=1 

oo 8=0° 
So, ¢=d 

  

P has coordinates (cos @, sin®). 
= = e 

b BP =BO+ OP AP = AQ 4 OP 

- (5)+(i2) -(+)+() 

¢ APeBB = (cosf+ 1)(cosd — 1) +sin? 6 

=cos?6 — 1 +sin’ 0 
=1-1 {cos®8+sin*§ =1} 
=0 

d APeBP= 0, which mean AP and BP are perpendicuiar. 

Now, triangle APB is in a semi-circle, and the angle at P is 90°. 

So, we have deduced that the angle in a semi-circle is a right angle.
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9 ae(b+e) 

b 

by 
ay 
ag 
a3 

€1 
e 
c3 G- 

()32 a bte 
a3 by +c3 

=a1(b1 + 1) + az(b2 + c2) + aa(bs +ca) 
= a1b1 + @101 + azbz + azcz + asbs +ascs 

= (a1by + asbz + asbs) + (a1¢1 + a2cz + azcs) 

o) () 
—6+t=0 3t—4(t+2)=0 

=6 3—4t—8=0 

3 
i 

-2 
1 

3 
—4 

  

3 
t 

11 a If p|q then ( ) (‘12) where k # 0 

) ¢ Ifa 

ot 

& If r| s then ( 

  

1 2 

1] and 3 are perpendicular. 
5 -1 

ash bec 

3 -1 1 
=[(1 1 =[ 1 ]e| 5 

2 1 1 —4 

—1)+1(1) +2(1) 

=0 

, b, and ¢ are mutually perpendicular. 

= (=DM +1E) +1(-4 

pe{c+d)=pec+ped 

Ifwelet p=a+bh, 

(a+b)e(c+d) 

=pe(c+d) 
pect+ped 

=(a+bjec+{atb)ed 
=ce(a+b)+de(at+h) 

=ceatcoeb+deatdeb 

=aect+aed+bectbed 

t (£):(%) 
- 2—-32 42 +2t=0 

then 

   

2-3t 
t 

  

-2 +4t =0 
2 —2t=0 

Ht—2)=0 
t=0o0r2 

3=-2k ad t=k 
. 3 = _3 oo k=-3 ad t=-3 

t 23t Ib then (m)_k( . ) 
=k(2—3t) and t+2="kt 

t t+2 
TmS {equating ks} 

=(t+2)(2-38) 

o 2=2t-3t2 146t 

a?+at—d4=0 
oo +E—1=0 
which has A =12 —4(1)(-1) =5 

(o C1EV8 
T2 

aec 

3 1 
=|1]e[ 5 

2 -4 

= (3)(1) +1(5) + 2(—4) 
=0
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O ) 
3(2t) + (—-1)(-8) +¢(-4) =0 o3 =) +H(=3) + (-2)4=0 

6t+3—4t=0 s 3-3t—3t-8=0 
2t+3=0 

t=-2 

  

13 a We have three points: A(—2, 1), B(-2,5), C(3,1). 

The AB = 0 AC= 5 BC= 5 en =l4) C= o) and BC= 4 

TRaeil 0 5 
Now ABeAC= 4]0 =0+0=0 

ABis perpendicular to AC and s0 AABC is right angled at A. 

b We have three points:  A(4, 7), B(1,2), C(—1,6) 

e A (23), &= () me B0 () 
Now ABeAC= <‘3) . (’5) =15+5=20 -5 -1 

ABeBC= <:§) . (‘42) =6+ (=20)=—14 

fi:’.l?c=<j).(f)=1o+(—4)=e 

none of the sides are perpendicular to each other and so AABC is not right angled. 

¢ We have three points:  A(2, —2), B(5, 7), C(—1, —1) 

(1) % (3) = - (3) 
ow Beat = (§)e () =0 +9-0 
. AB is perpendicular to AC and so AABC is tight angled at A. 

d  We have three points:  A(10, 1), B(5, 2), C(7, 4) 

=_(-5Y za_{-3 at=(2 nm 5= (). R (), - (2) 
o= (-3 2 

Now ACeBC= 3 )2 =—64+6=0 

AC is perpendicular to BC and so AABC is right angled at C. 

14 We have three points: A(5, 1,2), B(6, —1,0), C(3,2,0) 

1 —2 -3 
Then AB=| -2 |, aé={ 1 |, and BC={ 3 

-2 -2 0 
1 -2 

Now A—B’nfi=(—2>o( 1 ):(_2)+(_2)+4=0 
-2 -2 

AB is perpendicular to AC and so AABC is right angled at A,
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( 
( 

B C | = /14 units 

  

— — 
*. AB is parallel to DC and 
— — 
BC is parallel to AD. 

*. ABCD is a parallelogram. 

— 
15 a AB A2 4,2) B(-1,2,3) = 

— 

D(©,5,5) C(-3,3,6) 

b | a8 | = /14 units and ABCD is a rhombus. 

e () 
AGis perpendicular to BD which illustrates that the diagonals of a rhombus are perpendicular. 

)(3) 
requuedveetmshavefm-mk( ) k#0. Note: k( 

)+(%) 
required vectors have form k ( ) k#0. 

) ( 
required vectors have form &k ( ) k#£0. 

)-() 
required vectors have form k(4), k#0. 

)<() ( 1 ) is one such vector. 

required vectors have form & ( 

e (3) 62 
( 2 ) » we pick two non-zero integer values for a and b, then 

) is perpendicular to ( ) 

1 
3 
2 

a )—( 5)(1) + (-1)(3) +4(2) = 

5 
2 

-2 
16 5 —10+10=0, so (_52) is one such vector. 

_25 ) k # 0 isalso acceptable. 

a 
—2 

2 
-1 

—2+2=0, so ( ) is one such vector. 

3 
-1 

1 
3 “ 

“( 

“ 

)=3—3=0, s0 ( ) is one such vector. 

—4 
3 

3 
4 

—12+12=0, so (4) is one such vector. 

2 
0 

0 
1 

1 
2 
-1 

a 
b 
c 

17 Suppose ( 

So, to find a vector perpendicular to 

solve for c. 

For example, if a=1, b=2 

1 1 

then 2 ]=0 
-1 

1 
2 

1 
2 2 N So, the vector ( 

c 5 -1 

14+4—¢c=0 Repeating this process with a different value of a (or b) will 

5—c=0 1 
c=5 give another vector which is perpendicular to 2 . 

-1
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18 Given A(3,0,1), B(-3,1,2), and C(-2,1, -1), 

. 1 _ 6 = = 
BE={ 0 | md BA=| -1 o cosf= —LSoBA 

-3 -1 | BC||BA | 
1 6 

A (3,0,1) 0 lef -1 
_\-3 -1 

B T VITOVEBFIF1 

-31,2) _6+0+48 9 

C(-2,1,-1) +10/38 /380 
. @ m625° 

It BA and CB are used we would find the exterior angle of the triangle at B, which is 117.5°. 

19 a Suppose the origin is at B, 

2 2 
Now BA=|0] and BS={2 

0 2 
{2 2 

BAeBS={0)e[ 2] =a+0+0=1 
0 2 

  

  
    

- 4 ABS= ——— oo Vitorov/atitd 
= 4 = 1 

T2x2vB 

ABS m 54.7° 
2 . (2 

b Consider vectors away from B. ¢« BP=(0 and BS=| 2 

0 2 2 2 
BR={2| and BP={0 . 2 

2 2 .. BPeBS= 0 2 
0 2 2 

. BReBP=[2|e[ 0| =0+0+2=4¢ —4t0+4=8 
2 2 

N 4 - cosPBS=—— > 
. cosRBP= —— VAitayJitata 

VOtrat+4/i+0+4 s 

-4 =7 
VExVB PBS & 35.3° 

=4 andso RBP=60° 

20 Suppose the origin is at N. 0 5 

a W= 8) and N_’x=<s> 
¥ e 3 3 

5 
W(5,0,3) 8| =0+64+9=73 

3 
% T (0,8,0) . YRX = 73 

XG.ob) 6,40 680 oo VoA TOV/BF6AF0 
B __. /s 

VT3/98 o8 

YNX = 30.3°
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0 5 
b W:(s) and 1\_115=<4) 

3 0 R 32 
YRp= —2% o (). (¢ o8 B4+ 9/ + 16 

eNP = g . 3 _ 32 

=0+32+0 VB 
=32 

21 a M is the midpoint of [BC).    i 
b Now MD={ —% 

-2 Z 

MD o MA 
cosf = ——— 

msfl:%+%+%— 

Vaivia 

2 t 
22 a t Je[3)=0 . 2+3t+4t-2)=0 

t-2 t oo B+ -2t=0 
B +3t=0 

tt+3)=0 andso t=0 or t=-3 

1 2 3 
b Given that n-(Z) b=(2>, and c=(t) are mutually perpendicular, 

3 T 1 

eb=0, bec=0, and asc=0 
1 2 S 24443 = 

2 2]=0 . 3r=-6 
3 r sor==2 

2 8 

and [ 2 Jo{t]|=0 s 28 426-2=0 
-2 1 sostt=1 .. (D) 

1 s 
and (2 |elt]= s s+2643=0 

3 1 s+ A=-3 .. Q) 
(2 —(1) gives t=—4 andso s=5 

o or=-2, 8=5 and t= 

  

23  a Let @ be the angle between the vectors = 

Then cosf =  
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0 -1 
b Let § be the angie between the vectors j = (1) and ( 1 ) 

0 = 0 3 

1]e 1 

Then mg=¥=L and so @~ 72.5°. 
VIVIFI+9 VI 

REVIEW SET 12A 

60ms~L 

  

Scale: 1cm=10ms™*      Scale: 1em=10m 

  

— = — == = = 
2 a AB-CB=AB+BC=AC b AB+BC-DC=AC+TD=AD 

3 a q=p+r 4 S?:STH—!TQ’-!—@ 

b l=k—j+tn-m =_R$+RJ-PQ 
2 -1 -4 1 

=_(_3)+(2)_(1)=(4> 

5 s B¢ =20K=2p b OM=0A+AM 
— - = 157 

Now AC=AO+OB+BC =p+3AC 

=-p+q+2p =p+3(+q 
=ptq =ip+iq 

-12 3 
6 The vectors are parallel, so —-20 |=k|m s 8k=-12, km=-20, kn=2 

2 n k=-4, m=5 n=-1 

— = —3 — 6 2 8 
7 CB=CA+AB=-AC+AB=( -1 |+ -7 =[-8 

3 4 7 

coaeas(5)(3) 0 eeer=(B)( 

  

=-3+(-10) ) (1 
—_13 soqe(p r)—( 

9 X 4 W=(Z:j)=(g) So, WY =XZ 
. [WY) is parallel to [XZ] and they 

v X3 = 4--2)_ (6 are equal in length. This is sufficient to 

wi “l1w-5/"\5 deduce that WYZX is a parallelogram. 

10 fi:(‘l_‘32)=(‘3) Now ABeAG=0 {as BAC=90°} 

e (322)- () () ()0 ae=(3-2)- Sl k-38)= 
(’“‘3) (’“‘3) L —34+k-8=0 

. k=86
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11 One vector perpendicular to (_54) is (z) as the dot product = —20 +20 =0 

all vectors have the form t(s), t#0. 

  

4 

a 1 OB 0 oM 
=0& +AB =0A +AM 
=04 +0¢ =0A +1AC 
=rta =p+3(A6+00) 

=p+i(-p+q) 
=p-3p+iq 

=ip+iq 
b We notice that OM = %fi 

[OM] | [OB] and OM = OB 

So, O, M, and B are collinear (as O is common) and hence M is the midpoint of [OB]. 

13 a asb=|a||b|cost b bec=|b||c|cosh ¢ sec=|a|[c|cosd 

=2 x4X cos120° =4 x5 X cos60° =2X5 X cos180° 
=8(-1) =20(4) =10(-1) 
=—4 =10 =-10 

6 - a+4 
1w B=[-3], T=[05-1 

-3 -1 

    

   
I£), K, and L are collinear then JK || I L{a, b,2) K(2,-2,0) 

6 a+4d J(-4,1,3) 
-3 | =k|b-1 for some k # 0 
-3 -1 

k=3 

a+4=2 and b—-1=-1 
a=-2 and b= 

    

18 e (PH)- 
L @-Bt+124+8E+1) =0 

LA +12+87+t=0 

   a DB b ac 
= = — = 

=DO0+ 0B =A0+0C — 
_o¢+08 _0B+0¢ Now KMeLM= -2 . = 

=q+r =r+q =—2(5) - 2(-38) — 1(-4) =0 
[KM] and [LM] are perpendicular. 

triangle KLM is right angled at M. 

_ — 
We see that DB = AC 

[DB] is parallel to [AC] and equal 
in length.
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REVIEW SET 125 | 

1 a     

      
                  
                    

  

  

. AB=./62 4121 (42  AC=+/0P4 22+ (-7 BC = /(—6)2 + 12 4 (-3)2 

= /53 units = /53 units = /46 units 

AB = AC, s0 ABC is an isosceles triangle. 

3 a |s|=4/(-37 + 22 = VI3 uits 

s (o (3)-() e me(3)-()-(7) 
o |r+s| = VIEF 3 = /10 units o |25 —r| = \/(=10)2 + 32 = /109 units 

(7)) (%) 
() -(2) 

  

    

—2r+3s=13 
r—ds=-24 ..(1) 

—2r+33=13 

{2x M} Now using (1), r —4(7) = —24 
r=-24+28 
r=4 and s=7 

—4-2 -6 
5 a PO=( 4-3 |={1 b PQ=|PG|=+3FI+9 =26 mnits 

2--1 3 
L 2+ -4 3+4 —1+2 . 

¢ The midpoint is at ( T T 3 ) whichis (-1, %, §) or (-1,3%, §). 

4--1 5 
¢ AB2-D B_’=( 2-5 ):(—3) But BAeBC=0 

-1-2 -3 o 20424-3(e—2)=0 
3--1 4 o 44=3(c-2) 

BC=[-3-5|=| -8 . Be—6=44 
c-2 c-2 s 8e=50 

B(-15.2) €(3,-3,0) _s €=3 

3 1 
7 a-3x=b . a-b=3 . x=ia-b=%i|-5|={-3 

—2 _2 
3
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3 
8 If the angle is & then (1 >o( 

—2 
) =+v9+1+4v4+253 1cosf 

6+5—2=v14v/30cos6 

  

cos@ 

9~ 64.0° 

9 Let Q0,0,2) be apoint on the Z-axis. 

PQ= P+ (22 +(z-572=6 
16+4+ (2 —5)° =36 

(z—5)°=16 
z—5=234 

z=lor 9 

10  Since they are perpendicular, ( 

= —4(-1) +2(3) + 1(-2) 
=8 

12 ¢ 

  

Qis (0,0,1) or (0,0,9). 

2 

3—2t)' (t_*ét) =0 

(2 +8)—23-20)=0 
32 +3t—6+4t=0 

32 +7t—6=0 
(3t-2)(t+3)=0 

t=2o0r-3 3 

b If 8 is the angle between u and v then 

  

  

uev 
50 =TaTpv] 

8 

(—4)2+ 22+ 12/(-1? + 8 + (-2)* 
_ 8 
R 

8~ 62.2° 

a AC=A0+0C BC =80 +0¢ 
=-p+r =-q+r 

P =r—gq 
b [AP] L[BC]  and [BQ] L [AC] 

~ plr—gq ~ql{r-p) 
. pe(r—q)=0 . qe(r—p)=0 

. per—peq=0 . qer—qep=0 

. per=peq . qer=peq 
ger=peg=per 

< roATB:r-(—p+q) 
=-rep+treq 

=-—peq+peq {from b} 

=0  adso rlAB . [OC]LI[AB] 

13 [8i-2+k|=+/3+(-22+12=v14 

a unit vector in the direction 3i — 2j +k is 7‘5(3i -2+ k) 

a vector 4 units long and parallel to 3i — 2j + k is :!:745(31 —2j + k).
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    1% Mis (’Hz,fl, ’3’1) or (0,3, -2). D(L-4,3) 
2 2 2 C(3,-3,2 _, 1 3 (3,-3,2) 

MB=( -7 |, MC=[ -6 
5 4 A(-2,1,-3) 

M B(2,5,-1) 
MD & MC =| MD || MC | cos 9 
3+42+20=+v1+49+25v9+36 + 16cosé L 

65 = v75vET cos6 ¢ 
6 16.1° 8, 

M 

3 
15 a 1/lc2+(7‘5)2+(—le)2=1 b 2 | haslength /3% +22 + (—1)2 = /I units 

-1 
B At 3 

. . . 1 . 2Ic2=% .. a unit vector in the opposite direction is 75(_21> 

2_ 1 
F= ‘l .. a vector of length 5 units in the opposite direction 
k=+1 

. 5 3 
is —Z= _21 . 

— = = =3 
1 a PR +RQ b PS4+ 8Q+QR 

— — 
=PQ =PQ+QR 

— 
=PR 

3 
6 

4 -3 7 
=6 )- 9 =| -3 

-8 18 —26 

6 -1 5 

¢ m+p=(—3>+(3)=(0) oo |m4+p|=v25+0+49 

1 6 7 = /74 units 

3 & If AB=LCD then [AB]| [CD] and [AB] s half the length of [CD]. 

b If AB=2AC then [AB]| [AC] and AB =2AC 
A, B and C are collinear and  AB = 2AC. 

So, C is the midpoint of [AB]. 

—1-2 -3 
4 a P‘Q’=(7——5)=<12) b PQ=+/(-32 +122+3° 

9-6 8 = /162 units 
< zZ 

P(2,-5,6) - distance 

=2-2P+(0— 52 +(0-6p 
Y =V/0+25+36 

(2,0,0) = VT wnits
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o — 
5 a OQ=O0R+RQ=r+gq d MN=MG+QN 

b PGQ=PO+OR+RA=-p+r+q =P +1R 
¢ ON=OR+RN=r+1q d-p+r+o+1i(-9) 

=—ip+irtda-14q 

  

  

=—dp+ir 

6 a p—-3x=0 b 2q—x=r 

3x=p r+x=2q 

x=%p . x=29-r1 

) E 
7 Since v is parallel to w, the angle @ between v and w is 8  As the vectors are perpendicular, 

  

either 0° or 180°. —4 t 
Now, vew=v||w|cos® <t+2)o<1+t>=0 

=3x2xc0s0° or 3x2Xcos180° t -3 
=6(1) or 6(-1) S+ (E+2)A+8)—3t=0 

— 48 oo Mt 2 426-3t=0 
s B—442=0 

i 4+,/16—41)(2) 
- 2 

:4i2‘/§:21\/§ 

o) =(5)() 
MK o ML =| MK || ML | cos M - DReIM=|IR | M| cosT 

. 6+0+0=\/1+0+1A‘/36+0+OoosM - 30+0+0=+v25 10+ 1v36F0F 0cosh 

. 6=vZx6cosM - 30 =26 x 6cosT 
s _ = 
s = cosL 

Lx~113° 

) is a unit vector if 

VLR LR 
3k*   
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11 If D is the origin, (DA) the X-axis, (DC) the Y -axis, and (DE) the Z-axis, then A is (4, 0, 0), 

Cis (0,8,0), and Gis (48, 5). 
0-4 -4 

={8-0})=1[8 () (%) SR 
0 —4 

If we let GAC be @ then (8) 0( 8 )=v0+64+25\/16+64+0c030 
5 0 

0+ 64+ 0=v39+30cos 

oosg:% andso 6 40.7° 

GAC =~ 40.7° 

12 LHS=pe(q—r) RHS=peq—per 

(B =(3)(3)-(2)-(4) 
=(_32).(:g) =(8-10-6+9) 

o 0_16= 25 =-25 o LHS=RHS v 

— 
13 MPePT=0 

Now, ( ) () 5+(=5)=0 

. P has the form k( ) where  is a scalar. 

= — o = 
Also, |WP|=|PT| Finall, OT = OM + MF +PT 

\/57+( 1)2 = \/k? + (5k)? —2 5 1 

VEBRE Sla)tla)tis 26 = V26k2 

Do 60 

  

  

  

1% a Peq b If 6 is the angle between p and q then 

2 -1 cosf = Peq _ 10 

= —41 . —24 pllal o2 (—1)2 + 2 /(12 + (-92 + 22 
10 

=2(—1) - 1(—4) + 4(2) = Jova 

=10 0 % 61.6° 

15 u=(f), v=(g) Now sin®?8+cos?f=1 

oosin?@4d=1 
2 0 5 

1)°\3 o sin?8 = 
cosf= ot AL N 2 2 Tl ~ VBTV - dn0=dd 

3 5 But ¢ is acute, so 5“19_725
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VECTOR APPLICATIONS 

EXERCISE 13A 

1 e 6ms 1ms b Sms 
—_— 

—_— —_— 
Tms™ 5mst Tmst 

If the athlete is assisted by a wind of 1 ms™? If the athlete runs into a head wind of 1 ms~1 

his speed will be 7 ms—1. his speed will be 5 ms™?. 

2 a 2 (actual speed)? = (swimming speed)? + (current)? 
=122 +0.6% 
=18 

. actual speed = VI8~ 1.3¢ ms™! 

tang = 06 

Q 06ms™ - 9 26.6° 

Mary’s actual velocity is approximately 1.34 ms—! in the direction 26.6° to the left of her 
intended line. 

b 1 P Mary needs to aim to the right of Q so the current 
will correct her direction. 

06 
sing =13 
L ¢ =30° 

. Mary should aim to swim 30° to the right 

06ms™t Q of Q. 

i (swimming speed)® = (actual speed)? + (current)? 
. (actual speed)? = 1.22 — 0.6° 

=1.08 

. Mary’s actual speed = v1.08 ~ 1.04 ms ™ 

3 a Using the cosine rule, b Using the sine rule, 

V2 =207 + 6% — 2 x 20 X 6 x cos 185° sinf _ sin185° 
0 s V246 6 24.61 

20kmb~!| \ 1 . the equivalent speed in still water - Bavsin~! (M) 

is 24.6 kmh—1. o 24.61 

. 0m39.93 

185° - the boat should head 
6kmh-? 9.93° east of south. 

a  d®=80%+20° {Pythagoras} 

. d=+/8024+202 {d>0} 

. d~ 825 

the distance from X to Y is about 82.5 m. 
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b o=tan~()~14.04° 

. 68/ 90° +14.04° 

. 6/ 104.04° 

In £ seconds, Stephanie can swim 1.8¢ metres, 

and the current will move 0.3t metres. 

]s| =18t and |¢|=10.3¢t 

Using the sine rule, 

sinf _ sind 

{exterior angle of A} 

  

0.3t 18t 
% sin=1 (043 X sin 104.04°) 

18 
o B=9.81° 

. a+fr23.3° 

Stephanie should head 23.3° to the left of 

the perpendicular across the river. 

5 
zkmh-L 

50kmh~! 

400kmbh~! 

a Using the cosine rule, 

a® = 50% + 4007 — 2 X 50 X 400 cos 135° 
. = 436.79 

The acroplane should fly so that its speed in 

still air would be 437 kmh 1. 
The wind slows the aeroplane down to 

400 kmh—1. 

  

20+ 0.3t 
¢ tan(e+f)= = 

- 20+ 0.3t ~ 80tan(23.34°) 

tr 801an(23.34°) — 20 

0.3 
.t 484 

Stephanie will take 48.4 seconds o 

cross the river. 

Using the sine rule, 

sind ~ sin 135° 

50 436.79 

. B~ 4.64° 

The acroplane should head 4.64° north of 

east. 

EXERCISE 1.3 1N 

)2 () 
Il z=3+¢ y=—4+4, tcR 

& | If the line has direction vector b 

perpendicular to (;), then 

v (3)- oo b —25=-2y+4 

- br+2y=29 

Tz +42=3y
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d 1 Take (—1, 11) as our fixed point, B z=-1-2t y=11+¢ tcR 

=(7! woe=2tl 0 
so‘_(11)‘ — =V 

The direction vector b= | 3 (1 a4 l=-2y+22 
12-1 . o+2y=21 

() 
() () () o 

2 a z=-1+2, y=4-1 teR 
b When t=0, 2=—-1+2(0)=-1 and y=4-0=4 .. the point is (=1, 4). 

When t=1, 2=—1+2(1)=1 and y=4-1=3 . the point is (1, 3). 
When t=3, x=—1+2(3)=5 ad y=4-3=1 . the point is (5, 1). 
When t=-1, 2=-1+2(—1)=-3 and y=4—(—1)=5 . the pointis (-3, 5). 

When t=—4, 2=-1+2(—4)=-9 and y=4—(—4)=8 .. the pointis (-9, 8). 

3 aIf t+2=3 and 1-3t=-2, b If (k,4) lieson 2=1-2, y=1+¢, then 

then t=1 and -3t k=1-2t and 4=1+¢ 

  

t t=3 

Since t=1 in each case, and k=1—-6 

(3, —2) lies on the line. s k=-5 

& a When t=1, r=(é)+lx(_31)=(;:_;)=(g) 

... the pointis (0, 8). 

b ( _13 ) is a non-zero scalar multiple of ( 3 ), s0 it could also be used to describe the direction 

of the line. 

1 
¢ The line passes through point (0, 8) and has direction vector 3 

8 

G 
il z=1+2 y=3+¢t z=-7+3t t€R 

() 
Il z=t y=1+¢t z2=2-2t t€R 

r= (0 ) +s ( _13> is an alternative vector equation for the lie. 

1 

< 1 Since the line is parallel to the X-axis, it has direction vector ( 0 ) 

0 

()-(3)-(0) 
Il z=-2+¢ y=2, z=1, teR
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e (E)-(7) - () (7) 
() ({3 
o (E)(3) - ()-()(3) 
(- - @-()(3) 

7 Given z=1-t, y=3+t, z2=3-2t: 

a The line meets the XOY plane when z =10 S 8-2t=0 

o t=4% 

Then z=1-3$=-1 and y=3+%=3, sothepointis (-3, 3,0) 

b The line meets the YOZ plane when z =0 s 1l—t=0 

sot=1 

Then y=3+1=4 and z=3-2=1, sothepointis (0,4, 1). 

€ The line meets the XOZ plane when y =0 S 83+E=0 

ot=-3 

Then z=1-—(-3)=4 and 2=3-2(-3)=9, sothepointis (4,0, 9). 

@ Given a line with equations £ =2—¢ y=3+2f and 2=1+4+¢, 

the distance to the point (1,0, —2) is +/(2—t—-1)2+(3+2t— 02+ (1+t+2)2 

But this distance = 5v/3 units 

L A= 02+ B+ +(t+3)2=5V3 
Q-2+ (B 22+ (E+3)2 =75 

1-2t+2+9+12t+ 42 +£2 4+ 6t +9="75 
6t% + 16t — 56 = 0 
3t2 48t -28=0 

(3t +14)(t—2) = 
wot=—M oo t=2 

    

When ¢ =32, the pointis (0,7,3), and when ¢ = —43, the point is (22, -2, —41). 

EXERCISE 13C [ 

12 
1 Ly has direction vector ( 5 ) and Ly has direction vector (_34) 

(2)-(2) 5 4136+ (=20) _ 46 
Vi1 26/0+16  13x5 

. 0=cos™" (§8) ~ 75.7° 

If 8 is the angle between them, cosf =
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Ly has direction vector ( 

If @ is the angle between them, cosf = 

Line 1 has direction vector ( _52> and line 2 has direction vector ( 4 ) 

ad (_52).(1‘;)=zo+(—20)=0 

the lines are perpendicular. 

4 
-3 

10 

) and Lo has direction vector (2) 

(%)= 
VI6+9/Z5+16  /25x4l  /25x 41 

)‘ _ |20+ (-12) 8 

s §=cos™! (m) ~ 75.5° 

the required angle measures 75.5°. 

    

3 3 
& a Line 1 has direction vector (—16) and line 2 has direction vector ( 8 ) 

T -5 

If @ is the angle between them, 

3 3 
—16 Je{ 8 

cosd = 7 —5 _lo—128—35 154 
T VOT256+149V0T 64125  314v/98 31X 98 

o 8~ 28.6° 

3 0 
Since Ly 1 L, —16 |e| -3 ) = 

7 T 

48+Tz=0 

x—y =3 hasgradient +} and so has 

direction vector (i) 

3z +2y = 11 has gradient —$ and so 

has direction vector ( _23 ) 

(1)+ (%) = vIrvaTsems 

  

8= 101.3° 

the angle is  180° — 101.3° = 78.7° 

b y=gz+2 hasgradient 1 =1 andsohas 

direction vector ( i ) . 

3 
y =1—3z has gradient —3=T and 

  

5o has direction vector ( _13 ) 

(}).(_13)=¢m\/u—9wso 
1-3=v2v10cosd 
7B = cosd 

6 =2 116.6° 

the angle is 180° — 116.6° ~ 63.4°
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¢ y+z=7 hasgradient —1==% andso d y=2—= hasgradient —1 =3 andso 

s direction vector ( 4 ) . has direction vector ( A ) 

z—3y+2=0 has gradient % and so has z—2 =7 has gradient % and so has 

direction vector (i) 

(_11> . (i’) = VIF 1o+ 1cos0 

3-1=+2v10cosd 
2 _ 
i = 

0~ 63.4° 

the angle is 63.4°. 

direction vector (?) 

(4)+(3) - viFnvaTrems 
2-1=+2V5cos0 
1 

75 = o8t 
8~ T16° 

the angle is 71.6°. 

EXERCISE 13D ([ 

1 a z(0)=1 and y(0) =2, 
the initial position is (1, 2) 

¢ The velocity vector is < _25 ) 

d In 1 second, the z-step is 2 and y-step is —5, 

which is a distance of /22 + (—5)2 = v29 cm 

the speed is /28 cms—1. 

C ()-8 o 
6 90 minutes = 1.5 hours 

When t=15 z=2+4(15)=8 

and y=3-5(1.5)=—4.5 

the boat is at (8, —4.5) after 90 minutes. 

  

(5)=(2) (). 
(:)- (%) 

b At t=25 —3+2=-3+5=2 

and —2+4t=-2410=8 

So, the position vector is ( : ) 

¢ | When the car is due north, = =0. 

-3+2t=0 

t = 1.5 seconds 

il When the car is due west, 

—24-4t=0 

t = 0.5 seconds 

y=0. 

r=a+th d 

  

€ When the boat reaches the point (5, —0.75), 

  

2+4t=5 and 3-5t=-0.75 

o 4=3 —3.75 
. t=0.75 t=0.75 

It will take 0.75 hours = 45 minutes for 

the boat to reach point (5, —0.75). 
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4 a 1 When t=0, (z):(;‘l) n Thevelocityvectoris(lsz). 

the object is at (—4, 3). 

Wi Thespeedis 122+ 52 =13 ms™! 

T 3 2 
b 1 When t=0, v)=(0 Il The velocity vectoris | —1 ]. 

z 4 -2 

the object is at (3, 0, 4). 

Wi The speed is 22 1 (-1 + (—2)? =3ms~?! 

5 a (_43) has length A/F 1 (—3)Z=5 b 2i+j=(f) has length VT FIZ = 5 

30 (_43) has length 150 . 108 ( "1’) has length 50 

. . {120 i . . [ 20V8 
the velocity vector is ( 90 ) .. the velocity vector is ( 10 \/g) 

6 —2i+ 5j — 14k haslength /(—22 + 52 + (—14 = VAT B+ 196 = V225 =15 
—2 —-12 

6 5 has length 90, so the velocity vector is 30 ). 
—14 —84 

7 Yacht A: (;:):(é)w(_lz) Yacht B: (f,:):(—ls)‘”(z)' t20 

a When t=0, (32)=(§) - Adsat (4,5) 

and (:,:)=(_18) - Bisat (1, -8). 

b For A, the velocity vector is (_12), and for B it is (?) 

¢ Speedof A = /12 + (=2)? = v/ kmh~1. Speed of B = 2% + I¥ = /5 kmh~1. 

1 
-2 

d A has direction vector ( 1 ) and B has direction vector (2) 

Since (_12) . (?) =2-—2=0, the paths of the yachts are at right angles to each other. 

8 a Ps torpedo has position (”1)=(‘45)+t(_31) andat t=0, the time is 1:34 pm 
n 

oo o) =-5+3t mE)=4—-
¢ 

b Speed = 1/32 + (—1)2 = +/10 km min~! 

€ Q fires its torpedo after a minutes. 

at time ¢, its torpedo has travelled for (£ — @) minutes. 

(::)z(lf’)flt—a)(:‘;), t>a 

 mat)=15-4(t—a) ed () =T—3(¢t—a) 
position is Q(I5 — 4(t — a), 7 — 8(t — a)).
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d They meet when zi(t) = z2(8) and () = y2(t) 

. —543=15—4(t—a) ad A—t=T—3(—a) 

      

Tt—4a=20 .. (1) and 2%-3%a=3 ..Q) 
Solving simultaneously, 21t — 12a = 60 {3 x (1} 

—8t+12a=-12 {-4x ()} 
adding 13t 

t=28 7(£)-4a=2 

€~ 3.6923 o 5.8462=4a 

t = 3 min 41.54 sec . am1.4615 ~ 1 min 27.7 sec 

So,a8 a~ 1.4615, Q fired at 1:35:28 pm, and the explosion occurred at 1:37:42 pm. 

3-6 -3 

9 a A?=(1o-9)=( 1 ) b |AB|=+/(-3)2 + 12+ (-05) 
25-3 —-0.5 — vI03E km 

¢ ( 

_ g Tt _13 teR The helicopter travels +/10.25 km in 10 minutes. 
- 3 —0s5 /) the helicopter’s speed is 

d If z=0, 3+4(-0.5)t=0 
. t=86 

6 x /10.25 = 19.2 kmh—1. 

¢ =1 represents 10 minutes, so ¢ =6 represents 60 minutes. 

the helicopter lands on the helipad after 1 hour. 

N
y
 

EXERCISE 1.3 E 

1 a  Let N be the point on the line closest to P. b Let N be the point on the line closest to Q. 

N has coordinates (2+ ¢, 3+ 2t) for N has coordinates (¢, 1—£) for some ¢ € R. 
some t€R. ) t—(-1) t+1 

s ((2FE-3Y (-1 Qs (l—t—l =\ = ) 
3+2t—2 )7\ 2t+1 ) 

= 1 1 - 
Ni N =0, o e (1) en o (o @e(B)=0 e (L) 6 
the direction vector of the line. 

direction vector of the line. t+1 1 

Tl ()0 o (1) (5) 
o 2t+1 2) 

S D+ (D= =0 
-1 +2(2+1)=0 

t—14+4t+2=0 

  

5t =—1 

t=-} 3 
—1_1 £ Thus QN = ) 

Thus PN = Z = 35 % 
241 2 

=11 
=§(—2 =3\1 

H 

and [PN|=2   ~
—
~
 

_-
— 

~
—
 

Il wi
e - v q
 - v 

  
-2\|_s and [QN|=1 1 )=V 2 

3 =%‘/§ 

So the shortest distance from P to the line is So the shortest distance fom Q to the line is 
25 units. V2 units.
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¢ Let N be the point on the line closest to R. 

N has coordinates (2+ s, 3 — 5) for some 

s€R. 

e (37020)-(39). 
Now fia(jl)=0, as (_11) is 

the direction vector of the line. 

EROR 
(s+8)+(-Nd—-9)= 

d Let N be the point on the line closest to S. 

N has coordinates (2+ 3¢, 5—7¢) for some 

teR 

= 243t—5 \_(3t—3 
SNis (5—7t—(—2))_(7—7t)' 

Now S_I\'Io(_37)=0, as (_37) is 

the direction vector of the line. 

(32)-(2) =0 
3(3t—3)—T(7T—Tt) =0 

s+b-d+s=0 9t —0— 49449t = 

  

Ze=-1 58t = 
$=-3 Soot= 

R -5+ 2 3(1)-3 0 Thus = = - -3 _ (=)= me 8- (30765) - (¢) 
1 . |SN|=0 

= 1 So S actually lies on the line, and the shortest 

  

distance is O units. — 
and |RN|= ( )‘=§\/12+12 

-2 = E‘/§ 

So the shortest distance from R to the line is 

%fiunim. 

2 a 6i— 6f 

b Thelengthof( ) VR + 2 =V/B=5 

As the speed is 10 kmh™?, the liner has velocity vector 2 (_43) (_6) 

6 I ” z\_{ 6 
the liner has position (u)—(_s) ( ) 

€ The liner is due east when y =10 

-64+8t= 

at t =12 hours 

( 6+6§t) t2 0, t%inhours. 

d The liner L is nearest the fishing boat O when OL L () 

ore( 2)=0 
4 L(6 — 6, -6 + 8f) 

66t -3 
(—6+8t)'(4)=° (_4:)\ 

(~18+18t) + (=24 +32t) =0 
50t = 42 

£ = 0.84 hours = 50.4 minutes 

_ = _( 6-6(084) \ _ (096 
and when t=0.84, OL= ( _6 +8(0.84)) = (0‘72) 

the liner is closest to the fishing boat after 0.84 hours or 50.4 minutes, when it is at (0.96, 0.72). 
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2 |b|=/(-32+(-1)*=VI0 

A ) _, . . -3 —120 s the speed is 40+/10 kmh~?, the velocity vector is 40 =T ) 

200 —120 b (:)=(wo)+t(_40 ) t>0 {t=0 at 12:00 noon} 

z 200—-120 80 
€ At1:00pm, t=1 and (y)_(100—40)_(60) 

the aircraft is at (80, 60). 

d  The distance from O(0, 0) to P1(80, 60) is 
  
(gg)‘ = VBOT T 60% = 100 kam, 

which is when it becomes visible to radar. {within 100 km of O(0, 0}} 

e A general point on the path is P(200 — 120¢, 100 — 40¢). 

= (200120 
Now OF= ( 100 — 40 ) 

L= -3 
and for the closest point OP e 1= 0 

—3(200 — 120£) — 1(100 — 40t) = 0 
—T700 + 400t = 0 

t=7 =12 hours 

the time when the aircraft is closest is 1:45 pm, and 

200 — 120(% — 
at this time 0P = (4) = 10 

100 — 40() 30 

dmin = 4/(—10)2 + 302 2 31.6 km 

1 It disappears from radar when | OB | = 100 and t>1% 

/(200 — 120£)% + (100 — 40t)? = 100 
40000 — 48 000¢ + 14400t2 + 10000 — 8000¢ + 1600t = 10000 

16 000¢% — 56 000t + 40 000 = 0 

16¢% — 56t +40 =0 { = 1000} 

2P —Tt+5=0 {+8} 
(2t—5)(t-1)=0 

t=% {as t>13} 

So, the aircraft disappears from the radar screen 2% hours after noon, or at 2:30 pm. 

  
  

a AtA, y=0 AtB, z=0 b 22+3y=36 

2 =36 o 3y=36 o 3y=36-2 
z=18 soy=12 ! 3620 

SoAis (18,0) andBis (0, 12). o ¥TT3 
any point R on the railway track can be 

= z—4 z—4 - 

¢ PR= (36—2::_0) = (36—2¢)v written R(z, 36 h), 
3 3 3 
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d The point closest to the railway track is R such that PR L AB. 

   
  

- PReAB=0 

T—4 -18 
(M).( 12 )=° 

3 

—18(z —4) +4(36 —22) = 0 622 
—18z+72+ 144 — 8z =0 

260 =216 P(4,0) 
Loz=18 

Nowwhen z =108, =2 _15_ 2,15 zqmmy-s  soris (42, 84). 

PR = /(1 -0°+ (% -0)°= /B x177km 

The closest point on the track to the camp is (%, :—;), a distance of 7.77 km. 

5 ForA, za(t)=3-1t wya(t)=2t—4 ForB, zp(t)=4-3¢ yp(t)=3-2t 

a When t=0, za(0)=3, ya(0)=-4 and 2p(0)=4, wa(0)=3 
Aisat (3, —4). o Bisat(4,3). 

b The velocity vector of A is ( 3 ) and the velocity vector of B s ( - ) . 

¢ If the angle is 6, (‘21) o (:g) = VIT4/0 T dcosd 

3—4=15v13cos8 

7576059 andso 8= 97.1° 

the acute angle between the paths is =~ 82.9°. 

d If D is the distance between them, then 

D=+/[(4-3t)— B-t)P+[(3-2t)— (2t —)]* Under the square root we 

=4 /[1 —2F [T -4 have a quadratic in ¢, so 
D is 2 minimum when 

= /1 — 4t + 412 + 49 — 56t + 16t b _ e 
t=——= 

40 

= /202 — 60t + 50 2a 
t=1.5h 

the boats are closest after 11 hours. ous 

=11 =13 

1 

Let the point (3,0, —1) be P, and A(2+ 3¢, —1+2¢t, 4+ 1) be any point on the line, 

. 2+3t-3 —143t 
PA=| -1+2e-0 | = -1+2¢ 

4+t—(-1) 5+t 
= = 

Now PA and b are perpendicular, so PAe b 

3 
6  a The direction vector of the lineis b = (2) 

  0.   

   

    

(3) —1+43t 3 
2 —14+2t Je{ 2] =0 
Ve 54t 1 

(2+38, —14+2t,4+1) 

. —349t-24+4t+5+t=0 

oo 14=0 
P(3,0,-1) o t=0 

Substituting ¢ =0 into the parametric equations, we obtain the foot of the perpendicular 

@, -1, 4).
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-1 
b When t=0, P_A'=(*1), so PA=vIFT1+25 

5 = /27 units 

the shortest distance from the point to the line is /27 units. 

2 
7  a The line has direction vector b = ( 3 ) 

1 

Let the point (1,1, 3) be Pand A(1+2t, —143t,2+1) be any point on the line. 

_, 1+26-1 2t 
PA=| —-143t—-1 )= -2+3¢ |. 

2+t-3 -1+1¢ 

Nowfiandbarepexpmd.iclflal,so P_Aob:O 

(2) P(1,1,3) . 2t 2 _ 
a . —243t |e| 3 ) =0 
‘ -1+t 1 

= 4 —6+9t—1+t=0 
      

   A(L+26-1+34,2+1) 14‘=Z 
L t=1 

Substituting ¢ = % into the parametric equations, we obtain the foot of the perpendicular 

23 %) 202 1 1 

b Whn t=1, PA= —‘H% =3 
-1+3 -3 

3 PA=,/1+§+§=\/§unns 

the shortest distance from the point to the line is. \/%- units. 

EXERCISE 13F   

  

1 s b Ais(24), Bis(8,0), Cis(46) 

¢ BC=JA-SF+G-0F = VIET 3 
= v/52 units 

AB= JE IO = VEETT 
= +/52 units 

BC = AB and s0 AABC is isosceles. 

d Line 1 and Line 2 meet at A. Line 2 and Line 3 meet at C. 

)= () o (3)=()-(5)=(¥) 
(fis,-_’s)=(_4) (:ti:)=(1%) 

Adding, 5r 

G)=()+(2)-0) -   
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. . . -1 3Y_(10 -2 
Line 1 and Line 3 meet at B. o (6)+r(_2)—(_3)+t(3> 

Sr+2t Y _ {11 
—2r—3t) | -9 

LosrH2t=11 .. (1) 
—2r—-3t=-9 .. 

9r +6t =33 {3x 1} 
—4r—6t=-18 {2x(2)} 

Adding, 5r =15 

r=3 

£ -1 3 8 = (5)=(3)(2)-(0) - 
2 b A(-4, 6), B(17, 15), C(22, 25), D(1, 16 . /T (-4.6). BU7,16), C(22,25), D{L. 16) 

201 

’ B(17,15) 

A(44,6] 

z|                   

¢ Lines (AB) and (AD) meet at A. 

-4 7 -4 1 (@@-()0) 
T—-s)_ {0 
3r—2s/ \0 

s Tr—s=0 ... (1) 

and 3r—2s=0 

—l4r+25=0 {-2x (1)} 
Adding, —11r =0 

sor=0 

z —4 

Lines (CD) and (CB) meet at C. 

PECRORG 
(322)-(2) 

—TtFu=0 .. (1) 
and —3t+2u=0 

1Ut—2u=0 {-2x()} 

Adding, 11t = 

Lines (AB) and (CB) meet at B. 

—4 7 22 -1 (H0)-()~E) 
Tr4+u Y _ {26 

3r+2w/” \ 19 

Tr+u=26 ..(1) 

and 3r+2u=19 
—14r—2u=-52 {-2x ()} 

Adding, —11r —33 
sor=38 

2\ _ (-4 7\ _ (17 (5)-(2) ()= () 1 
Lines (AD) and (CD) meet at D. 

() ()= () +(3) 
(355)- () 
s TE=26 .. (1) 

and 25+3t=19 

—23—14t=-52 {-2x ()} 

Adding, —11t= —33 
t=3 

()= (@) (3)-(4)- 
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3 a Lines (AB) and (AC) meet at A, 

(-G 
(350 0 

3 ) r+t 

2r—t=0 

  

2 
1 

@ (5) 
- Ais(2,8) 

0 
2 ) 

i 

(32)-( 
—s—t=-8 

Adding, 

-1 
-2 

—s—1 
—2s+1¢ 

23 +t=—1 

—3s =-9 

=3 

A(2,3), B(8,6), C(50) 

AB=/(8—22+(6 3P 
= VTS 
= Va5 

AC=+/(5—22 +(0—3) 
=v5¥9 
=Vi8 

Lines (QP) and (PR) meet at P. 

- 10 18 

)+( 

( 2 
3 ) 

)+ 
-8 
-1 

)+ 

269 

) 
Lines (AB) and (BC) meet at B. 

() ()-()+( 1 -1 
-2 ) 1 2 1 6 

. 2r+sY_ (8 
o r+2s ] \ 4 

oo—dr—2s=—16 

T+2s=4 

Adding, —3r =-12 
sor=4 

z 0 2 8 (5)-()()-C) 

1 
-1 ) 

z ) 
. Cis (5,0) 

8 
6 

-1 
-2 

5 
0 ( 

BC=+/(5-82+(0—6) 
=v0+36 
=V 

)++(3)-() 

The two equal sides are [AB] and [BC] and they have 

length /25 units. [AC] has length +/T8 units. 

Lines (QR) and (PR) meet at R. 

5 3 17 0 5 5) s (3)(5)-(5) (%) 
C{14r-5t\ _ (-3 Cf11s—5t\ _ (-3 

: Wr+7t )\ 19 : —9s+7t )\ 19 

. lr—5t=-3 ... (1) © 17s—5t=-3 .. (1) 
W0r+7t=19 .. Q) —9s+7t=19 ... (2 

08r —35t=—21 {7x (D} 1195 — 35t =21 {7 x ()} 
50r4+35t=95 {5x@} —4554-35t =95 {56 x ()} 

Adding, 148r =74 Adding, T4s =74 
r=% Sos=1 

Dm0 - ©)-C)E-(3) v/ \-1)1T2 10/ T\ ¢ 
. Ris (20, —10) . Pis(10,4)
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Lines (QP) and (PR) meet at Q. 

3 4 3 17 (3)+(3)=(2)~(%) 
My _ 17 (i) =+(%) 

o Qis(3,-1) 
= (3-10 -7 

v - (524)-(35) 
= (20-10 10 
PR= (—10—4) = (—14) 

and PQePR=-70+70=0 

5 a Lines (AB) and (AD) meet at A. 

(2)(2)-()(3) 
(=)= (%) 

4r+3u=1 

r—12u=—4 .. (1) 

dr+3u=1 

—4r+48u=16 {-4x (1} 

Adding, 5lu=17 
1 u=g 

3 -3 2 (5)-(2)++()-) 
. Ais(2,5) 

Lines (BC) and (CD) meet at C. 

S(3) (- 
(8)- (&) 

—8s+8t=—4 .. () 
32s+2t=16 

2s—-2t=1 

325 +2t =16 

34s =17 
. 1 

(2)-( 

{H+-4 

Adding, 

s 

()-(2)+ 
- Cis (14, 25) 

ol
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< [PQ]L[PR] .. QPR =90° 
— 

d Area=1|PG||PR| 
= V30 + 2+/100 + 196 

= 74 units? 

Lines (AB) and (BC) meet at B. 

() (1)-(3) (=) 
(+2)-(%) 

4r+8s=16 .. (1) 

r—82s=4 ..() 

r+25=4 {()+4} 
—r+32s=—4 {-1xQ)} 

Adding, 348 =0 
s=0 

xy) (18 (:)-(%) 
B is (18, 9) 

Lines (CD) and (AD) meet at D. 

($)+(9)-() () 
(_:;ff;z) - (%) 

—8t+3u=—11 .. (1) 
—2t—12u=—-2 . (2 
16t—6u=22 {(-2)x (D} 
t+6u=12 {@+-2} 

Adding, 17t =34 
oot=2 

14 -8 = (5)-()+(2)-(z) 
- Dis (=2, 21)
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b R:(;g::):(;g) ¢ The diagonals are 
perpendicular  and 

— 18— -2 20 equal in length, and 

DB=|"g_ o )=| 12 as their midpoints 
are the same (at 

I |AC| = VIZ 207 = /544 units (8, 15)), ABCD is 

  

Il |DB| = /202 + (—12)% = +/524 units a square. 
— 

Wl ACeDB =240-240=0 

EXERCISE 113G 1 

  

2 3 
1 a Line 1 has direction vector ( -1 ) and line 2 has direction vector ( -1 ) . 

1 2 

As one vector is not a scalar multiple of the other, the lines are not parallel. 

Now 142t=-243s 2-t=3-3s 34+t=142¢ 

2%—35=-3 ..() .. —t+s=1..(2) . t—28=-2..03) 

Solving (2) and (3) simultanecusly: —t+s=1 

t—2s 

s=1and t=0 

  

andin (1), LHS=2t—3s=2(0)—3(1)=-3 v 
s=1, t=0 satisfies all three equations 

the two lines meet at (1,2,3)  {using t=10 or s =1} 

. [64+1+2 9 
The acute angle between the lines has €088 = ——  — ————— = — 

a VEFTI+1/9+1+4 VB4 
andso @ 10.9° 

  

2 

b Line 1 has direction vector (—12) and line 2 has direction vector ( ; ) 
12 -1 

As one vector is not a scalar multiple of the other, the lines are not parailel. 

Now —1+2t=4s-3 2-12t=3s+2 44+12t=—-s—1 
2t—4s=-2 —12t-3s=0 2t4+s=-5 ... (3 

t—2s=-1 .. () s=—4t ... (2) 

Solving (1) and (2) simultaneously: ¢ — 2(—4t) = —1 

Lo9t=—1 

t=—% andso s=4% o s 

@), 12t+s=12(-4)+4=-4+4=-8 whichisnot 5. 
Since the system is inconsistent, the lines do not intersect, so the lines are skew. 

|8—36—12| _ 40 
V0226 V7502 

The acute angle between the lines has cos@ = and so 6~ 62.7°. 

6 3 
€ Line 1 has direction vector ( 8 ) and line 2 has direction vector (4 ) 

2 1 
6 3 

As 8|=2]14 the two lines are parallel. Hence, 6 = 0°. 
2 1 

To see if the lines are coincident, try to find a shared point. 

The point on line 1 where ¢t =1 is (6,11, 1). 

The unique point on line 2 with z-coordinate 1 is the point where 1+s=1 . s=0. 

This point is (2, 0, 1). Since (6, 11, 1) # (2,0, 1) the lines are not coincident,
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d Inlinellet 2=2—~y=2+2=¢ so z=¢t y=2—t and z=1t—-2, teR. 

1 3 
Line 1 has direction vector ( —1) and line 2 has direction vector (—2) . 

1 2 

As one vector is not a scalar multiple of the other, the lines are not parallel. 

Now t=1+3s ... (1) 2-t=-2-2s —24t=2s+1 
—t+2=-4 .. () t-25=2} .03 

Solving (1) and (2) simultaneously, —(1+ 3s)+2s=—4 

. —1-3s+2s=-4 

=8 3 

s=3 andso t=1+3(3)=10 

Substituting in (3), ¢—2s=10-2(3)=4#2% 

Since the system is inconsistent, the lines do not meet. .-, they are skew. 

3+2+2 _ T 
VIFI+1/A+d+d Va7 

6 11.4° 

  

  

  

The acute angle between the lines has  cosé = 

1 3 

¢ Line 1 has direction vector ( —1) and line 2 has direction vector (—2 ) . 
2 1 

As one vector is not a scalar multiple of the other, the lines are not parallel. 

1+t=2+3s 2-t=3-2s 3+2t=38-5 

t—3s=1 .. (1) —t4+2s=1 ... 2) A—5=-8 ...(3) 

Solving (1) and (2) simultaneously, 

  

  

s s=-2 and t—3(-2)=1 . t=-5 
Checking in (3), 2t—s=2(-5)—(-2)=—10+2=-8 « 
Since s=—2, t=—5 satisfies all three equations, the lines meet. 

They meetat = =1+ (—5), y=2—(~5), z=3+2(-5), orat (4,7, —7). 

. 3+2+2 7 
The acute angle between the lines has cosf = AriTafeist = 7 

andso 6~ 40.2° 

() (2) ¢ Line 1 has direction vector 1 and line 2 has direction vector -2 . 
0 0 

4 -2 
Now (—2) =—2( 1 ), 50 the lines are parallel and hence 8 = 0°. 

0 

All points on line 1 have z-coordinate 5 and all points on line 2 have z-coordinate 3. 

the lines are not coincident. 

2 —4 
g Line 1 has direction vector -1 and line 2 has direction vector 2 ). 

3 -6 

-6 3 

The point on line 1 where ¢t =1 is (3, -1, 4). 

The unique point on line 2 with z-coordinate 3 is the point where 3 —-45=3 .. s 

This point is (3, —1, 4). 

Lines 1 and 2 are parallel and share the point (3, —1, 4). .. they are coincident. 

-4 2 

As (2):—2(—1), the two lines are parallel. Hence 8 =0°. 

I e
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REVIEW SET 13 A | 

1 a The vector equation is b  The parametric equations are 

2 6 4 c=—6+4, y=3-3 t€R 
o)=13 )+l 5 

z+6 _y—-3 _ 
  

  

—3z—18=4y—12 
So, the Cartesian equation is 3z + 4y = —6. 

2 (—3,m) lies on the line, so <:n3) = (isg) +(_4?) 

-3=18-7t and m=-24+4 

=21 

. t=3 andso m=-2+4(3)=10 

_ _( 3 2 3+2 5 b owm i = (3)5(2) = (32)-(8) 
. the point is (5, 2). 

b (1%) is a non-zero scalar multiple of (g), so it could also be used to describe the direction 

of the line. 

¢ The line passes through point (5, 2) and has direction vector ({40 ) 

r= (g) +s(140), 8 € R is an alternative vector equation for the line. 

& P(2,0,1), Q3,4 -2), R(-13,2) 

i) 
1 

Since P_Q> = ( 4 ) and P is at (2, 0, 1), the line has parametric equations 
-3 

=2+t y=0+4 2=1-3t 

. z=2+41t, y=4, z2=1-3t tinR 

—4 
b QT{:(—l) 

4 

|73| = /BT &+ (-3 = V26 

|QR| = (4P + (1P + 22 = V5 
1 -4 

fi.fi:( 4 ) o(—l)=1><(—4)+4><(—1)+(—3)><4 
-3 4 — 20 

  

|PGeQR| _ |-201 __ 20 If 9=PQR, then cosbf=-———5 fiHQRl \/—\/— \/_\/_
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5 a Lines (AB) and (AC) meet at A. Lines (AB) and (BC) meet at B. 

(5)=@)-0) - (5)=)-()() 
(4150 - (%) e 
Lot=3u=-5 ..() Sot—8=3 

t—u=1 3t+s 

L —Bt+9u=15 {-3x(1)} Adding, 4¢ 
#-u=1 : 

- » (0)-(4)0)- 
= ()-()0-6) e 

Ais (5,2). 

Lines (BC) and (AC) meet at C. 

GEONORD 
() (0) 

4 

   

  —s—u= 

  Adding, —4u=-12 

Sou=3 

z -1 3 8 o o ()=(2)#5(2)=(3) - enwn 
b E=(;), s |AB|=vIF? B?=(f2), so |BC|=vATE 

= /10 units = v/B units 

R=(i), 50 |K(§|=w/9+1 

= /10 units 

¢ Triangle ABC is isosceles. 

6 a B As a and b are unit vectors, QABC is a rhombus. 

But the angles of a rhombus are bisected by its diagonals, 

s0 a + b bisects the angle between vector a and vector b. 

b H(9,5,-5) J_I-i=< g:; ): ( ; ) R:( é:g >=<:g) 
—-5-—4 -1 2--4 6 

Using a, we write unit vectors u; and uz in the direction of J?-l and 

L TR respectively. 

  
wnf e 

@ 
3(7,3, -5 K(1,0,2)



  

Mathematics SL (3rd edn), Chapter 13 — VECTOR APPLICATIONS 275 

wl
 
i
 

1 2 
] = — 2 = 

VaTa+i\ wl
p 

wi
v 

—6 = 1 
and S| -3} = " \/36+9+36(6) 

-1 
3 wi

vo
 

, which bisects HIK, by a. 

7 
= 3 )+t 

—4 

1-9 -8 
¢ fi = 0-5 =l -5 so0 (HK) has equation 

2—--5 7 

This line meets L where 

and uy +up= 

wl
v 

@l
 

O 
tER 

-0 
N
w
 

8 

the equation of the line L is ( 

N
 

B 
k
e
 o
 

   
7=1-8s, 3+§=—55, and —4+%=2+73 e () 

I 
3_4 

t_s 
3_4 

sot=2 

In (+), LHS=—4+§ RHS =2+7s 
—atd =2+7(-3) 

13 =8_21 
=—% 177 

=-1 v 

s=—3, t=2 satisfy all 3 equations. 

- 1 _s 1+6 7 

So, [w]= g -3 —75 =[o+1 33 

: -3/ \-a 
L meets (HK) at (7, 33, —33). 

5-3 2 1 
7 IfAis (3,—1,—2) and B(5,3, —4) then AB= ( 3--1 ) = ( 4 ) =2( 2 ) 

-4--2 
z 3 1 

the line has equation y|=|-1]+t] 2 |, teR 
z -2 -1 

and it meets 2% + 9% +2% =26 where 
B+ +(-1+2 + (-2t =26 

9+6t+12+1 -4+ 42 +4+444+22-26=0 
662 +6t—12=0 

s B4t-2=0 
E+2)(t-1)=0 

ot=-2o0r1 

(5)-(3)=(4) = (3)-(2) 
the line meets the sphere at (1, —5,0) and (4, 1, —3).
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g  Triangle ABC is isosceles. 
" line (AD) that meets the base at the 

midpoint, D, bisects the angle at A and 

is perpendicular to the base. 

The triangle ABD is right angled at D and 

angle DAB = 1°. 

angle ABD = 180 — 90 — 1 = 89°. 

If line (AB) is extended to E, then angle DBE = 180 — 89 = 91°. 

Line {AB) is the arrow’s intended path and line (BC) is the breeze, so the breeze is 91° to the 

intended direction of the arrow. 

il The speed of the breeze is the length of (BC) = 2x | BB |- 

(BB _ _lv| 
sin1°  sin90° 

| v|sin1° 

  

Using the sine rule, 

- |BB|= =[v]sin1° 

. | BC|=2(v|sin1® 
So the speed of the breeze is 2| v|sin1°. 

L zY_ {0 5 
1 The vector equation is (y)—<8>+t(4), teER 

2 a 1 The yacht is initially at (—86, 10), so its initial position vector is ( 13 ) or —6i + 10j. 

il —i—3j haslength )2+ (-3)2 = V10 

‘. 5(—i —3]) bhas length 5v/10 
the velocity vector is —5i — 15§ 

1] (;) = (;g) +t (__155) .. the position vector is —6i + 10j + ¢(—5i — 15j) 
=(—6—5¢)i+ (10— 15t)j, t>0 

© Let P be the point on the yacht’s path when it is closest to the beacon. 

Then cfi‘=(1_06_‘155"t) and fi‘.(:;)fl) 

—1(~6—5t) — 3(10— 158) =0 
. 6+5¢—30+45t=0 

L Bot=24 
. t=048h 
(or 28.8 min) 

beacon 

      

0(0,0) 

P(—6 — 51,10 — 15¢) 

_ =5 (—6-5048)) _ (-84 
¢ When ¢=045 OF= (10— 15(0.48)) = ( 28 ) 

— 
and | OP| = 4/(—8.4)2 + (2.8)2 ~ 8.85 km 

As the closest distance is 8.85 km and the radius is 8 km, the yacht will miss the reef.
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- 2 4 3 a | (y)_(_3)+t<_l>, tcR Nl z=2+4, y=-3-1t tcR 

5—(-1) 6 
b 1 The line has direction vector —2-6 | =1 -8 

0-3 

9)-(0)-(3) = 
il z=-1+6t, y=6-8t, 2=3-3t, teR 

70 4 -1 8 sinf=_— 
- 70 km b sin 350 

. §m11.5° 

So the pilot should face the plane 11.5° cast of north. 

b a? 4707 = 350% 
. % = 350% - 70% 
- %343 kmh~! 

So the speed of the plane will be 343 kmh—1. 

5 L has direction vector b,=<5_°)=(5) 

350kmb~! 

-2-3 -5 

o {62\ _[-4 
Ly has direction vector bz—( 7_4 )—(3) 

If the angle between the lines is 8, 

cosp LPrebal _ _ |-20-18 38 
Ibi||b2| ~ V25+25/16+9 /50 x5 

. §=~813° 

the angle between L1 and Lg is about 8.13°. 

@@\ _ {2 1 _ L 
6 a (y;(t)) = (4) +t(_3) where £ 0. When t=0, the timeis 2:17 pm. 

21(t) =2+t nE)=4—3¢4 t20 

©  After time ¢ has passed, submarine Y18’s torpedo has been moving for time (¢ —2). 

    

z2(t) = 11 = (£t = 2), p2(t) =83+a(t-2) 
22(t)=13—1¢ w()=[3—2a]+at, t>2 

¢ Theymeet where 2+t=13—t and 4—3t=[3—2¢]+at 

2t=11 

t=13 . the time would be 2:17 pm plus 5} min, or 2:22:30 pm 

d When t=1, with speed = 4/(—1)2 + )2 

1 23 4.54 units per minute 

tana = EiT = 3—71 

T 

. a=tan"" () m 12.7° 
.. the direction is 180° 4 a° ~ 192.7° 
So, the torpedo has speed 4.54 units per 

minute and direction 7° west of south. 

  

Y18’s torpedo has 

velocity vector  
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1 4 
7 a Line 1 has direction vector ( 2 ) and line 2 has direction vector < 1 ) . 

-1 -2 

As one vector is not a scalar multiple of the other, the lines are not parallel. 

Now, 2+t=-8+44s .. () -1+2=s ..(2) 3-t=7-28 ..(3) 

    

Substituting (2) into (1), 2+ %= —8 +4(—1+2t) 
L 24t=—8-4+8t 

L Tt=14 
=2 
s=-142(2)=3 

@), LHS=3-2=1 RHS=7-2(3)=1 v 
§=23, t=2 satisfies all three equations. 

the lines meetat (4,3, 1) {substituting ¢ =2 into line 1} 

The angle 6 between the lines has 

    

  

1 4 
2 |e 1 

o = -1 -2 _la+2+9 _ 8 
VITAFIVI6+1+4 eyl 3/ 

o B 445° 

1 -1 

& Line 1 has direction vector | —2 | and line 2 has direction vector 3 |. 
3 1 

As one vector is not a scalar multiple of the other, the lines are not parallel. 

Now, 3+t=2-3s 5-2t=1+3s —14+3t=4+3s 

L tte=—1 .. (1) A+3s=4 ..(Q) St—5=5 ..(3) 

Solving (1) and (3) simultaneously: t+s=-1 

3t—s5=5 

Adding, 4t 4 

ot=1 Sos=-2 

In(2), LHS=2(1)+3(-2)=-4 x 
the system of equations is inconsistent and so the lines are skew. 

The angle 8 between them has 

cosf = 

  

1 The direction vector is ( _31) which has length /32 + (—1)% = /10 units 

6v10 
—2v/10 

2 a z(0)=-4 and (0)=3, so tho initial positionis (-4, 3). 
b o(4)=—4+8(4)=28 and y(4)=3+6(4) =27, soat t=4 the positionis (28, 27). 

2/10 ( _31 ) has length 20.  So, the velocity vector is ( ) or 2v10(3i — j). 

¢ The velocity vector is (g) d Thespeedis +/82+62=10ms™1.
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3 a (KL) has direction vector ( _52) and (MN) has direction vector ( _25) 

Now (_52)=—(‘25), so (KL) || (MN). 

b fi=a(_52>, fi=b({40), W:c(_;) {for some constants a, b, ¢} 

o RLeNR=0b(20—20)=0 and NEeMN =bo(—20+20)=0 
. (NK) is perpendicular to both (KL) and (MN). 

¢ (KL) and (NK) meet ai K. (KL) and (ML) mest at L. 

(@) (3)- 0 (8) () (3)-(2) () 
(B7%)- () L ()= (3) 

  

L Sp—ar=1 ..(1) SoGp+1lg=31 .. (D 
W+10r=12 .. (@) —2p—16g=—24 .. (2 

L 25p—20r=5 {5x (1)} - 10p+22¢=62  {2x(1)} 
4p+20r=24 {2x ()} —10p —80g = —120 {5 x (2)} 

Adding, 29p =29 Adding, —58¢ = —58 

cop=1 cog=1 

@ 2 5 7 z 33 -11 22 w (5)=(8)+(2)-() = ()-(2)+(3)-(3) 
.. Kis(7,17). o Lis (22, 11). 

(ML) and (MN) meet at M. (NK) and (MN) mect at N. 

(B G)-(8)=(F) - () (b)-(5)() 
-- (6(,) -(2) f ()= (%) 

    

. —1llg+55=10 ... (1) s Ar4+55=40 .. (1) 
16g—25=—-4 .2 10r— 25 = —16 ... (2) 

L —22q+10s=20 {2x (1)} o Br+10s=80 {2x ()} 
80g — 10s 50r —10s=—80 {5Xx(2)} 

Adding, 58¢ Adding, 58r =0 

. g=0 andso (: =(i§) o, r=0 andso (z):(g) 

- Mis (33, —5). o Nis(3,7). 

KL=+/(22 - 7)2 + (11 - 17) d K (7,17) L(22,11) 
=225+ 36 

= +/261 units 
NED M (33,-5) 

NM=+/(33—3)2 + (57 KN=/(7-3P +(17-7)? 
— VAT = VIE¥100 

= VIOH uits = VTG wits 

arca = (—V%H2 ”044) x /TT6 = 261 units?



  

280  Mathematics SL (3rd edn), Chapter 13 — VECTOR APPLICATIONS 
  

& L, has direction vector b1=(_34), Lg has direction vector b2=(_512> 

If 8 is the angle between them, 

cosp— L0rePal ___[-20-36] __86_ 
T [bi]lb2] T VI6+9V2B+14 5x13 

. 6 r530.5° 

the angle between L and Lo is about 30.5°. 

w-(52)-(3) 5 a AB=|2--11=| 3 
-2-1 -3 

- | AB|=+vBF9F9 = v27 units 

(2)-(3)~(2) b y|=| 2 }+t| 3], ter 
z -2 -3 

z 0 -1 

<y>=(2)+)\(1>,where)\=3t 

z -2 -1 

Lor=2—2k+M(—i+j—k), where AER 

A lies on the line r when A = —3 and B lies on r when A =0. 

the line between A and B is the same line as r, so it can be described by r. 

1 
¢ The line with equation ¢(i + j 4+ k) has direction vector ( 1 ) 

(i)-(3)-() 
    

=-3+3-3 
=-3 

1 (1) s 
1 

cosf = I=3| —é l 
3/3x+/3 9 3 

62 70.5° 

the angle between the two lines is about 70.5°. 

o 15—--9 24 
6 a  Road A has direction vector (—16—2)_(—18)_6(—3)‘ 

So, Road A has equation (; = )= (=) +( 
rormwms e (275, (35 -2(5) 

D-(
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b Let A(—9+4% 2—3£) be any point on Road A. 

= ((—94at—4) _ [ -13+4 
HA_(2—3t—11)_(—9—3t) 

The closest point to H(4, 11) on Road A is such that HA L ( 4 ) -3 

13+ 4¢ 4\ _ (2)-(5) - 
=524+ 16t +27+9t =0 

s 265t =25 

L t=1 

SoAis (—9+4,2-3) or (-5, -1). 

m2_(-13+4\ _ [ -9 
. HA_(—Q—(&)_(—IZ) 

o |HA| =BT 18 =225 =15km 
Now, let B(6 + 5s, —18 + 12s) be any point on Road B. 

Cqmo( 6+se-4 \_f 245 
Tl l18412s-11 J T\ —29412 

5 
The closest point to H(4, 11) on Road B is such that HB 1 12 

. 2455 5) 
- (—29+123> . (12) =0 

10+ 255 — 348+ 1445 =0 

169s = 338 

So8=2 

SoBis (6+5(2), —18+12(2)) or (16, 6). 

= 24502 Y_ {12 
- HB= (—29+12(2) =\-5 

o |HB|=vIHT B =vI69=13km 
The hiker should head toward Road B, a distance of 13 km. 

. 2-4 -2 . 9-4 5 
aaB={ 1-2 |=(-1) ma aC={ 4-2 |={2 

5——1 6 1--1 2 

AB e AC = (—2)(5) + (—1)(2) +(6)(2) = —10— 2+12=0 

AB L AC 

x 4 -2 
b i The equation is ¥y |= 2 ]+¢t| -1}, teR 

z -1 6 

or ©=4-2t, y=2-t z=-1+6t teR 

= 4 5 
i The equation is yl={2|+s| 2], serR 

z -1 2 

or =445 y=2+2s, z2=-1+2s, scR 

281



  

Chapter 14 
INTRODUCTION TO DIFFERENTIAL CALCULUS 

EXERCISE 74/ 1N 

1 a Asz—3 2447 b Asc— -1 5—227 
lim (z+4)=7 o lm (5-2x)=7 
x—3 x——1 

€ Asz—4, 3z—-1—11 d As -2 52°—3z4+2—54)—3(2)+2=16 
lim (3z —1) =11 lim (522 — 3z +2) =16 
s— U op—2 

€ Ash—0, h®—0 and 1-h—1 f Asz2—0, z24+5—5 
. lim h2(1—R)=0x1=0 

h—0 

  

  

  

  

  

  

  

lim (22 +5)=5 
T—0 

  

  

  

  

  

2 a lim§=5 b lim7="7 ¢ limc=c¢ (when ¢ is a constant) 
z—0 h—2 =0 

2 _ 2 

3 2 Gm T3 b gm S5 
a1 @ h—z  h 

:hmz(z—:i) - h(h+5) 
z—1 z h—2 h 

= lim (z—3) since z#0 = lim (h+5) since h#0 
z—1 h—2 

=2 =7 

€ gt can be made as close as we like to d lim 2 
z+1 z—0 T 

—1 by making z sufficiently close to 0. =lim1 since z#0 
- —0 

lim 2 L = ° 
z—0z+1 = 

2 _ 2 

4 2 mZ b lm Tt 
x—0 x x—0 T 

5 o(z — 3) — lim z{z + 5) 

=0 T z=0 oz 

= lim (z—3) since z#0 = lim (z+5) since z#0 
z—0 z—0 

=-3 =5 

2 _ 2 R lir 2% — 2 d lim 2h? + 6k 

0 h—0 h 

_ (22 — 1) _ lim 2hh + 3) 
x—0 T h—0 h 

=].in:,(2'p—l) since 2 #0 ='}in':]2(h+3) since h#0 T — 

=-1 =6 

3h? —4h h® —8h 
lim ————— f 1 ¢ R R A h 

- 2 — i PBR=9) 1 D= 8) 
h—0 h h—0 h 

= Jim (8h—4) since k0 

=—4 

— 1 2 _ : —'];l_l'l":](h 8) since h#0 

=—s
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  g h lim 

  

  

(z+2)(z-3) 
z—3 z—3 

= lima(:c{-z) since # # 3 
2 

= lim 

=5 

EXERCISE 14D [N 

1 a | Asz—07, f(z)——o0 b | Asz——-37, fl)—oo 

As z— 0%, f(z)—> oo As z——-3%,  f(z) > —o0 

As z—> 00, f(z) -0t As z—o0o, f(z)—3~ 

As & — —o0, fz) =0 As ¢ — —oco, f(z)— 3t 

The vertical asymptote is = 0. The vertical asymptote is z = —3. 

The horizontal asymptote is y = 0. The horizontal asymptote is y = 3. 

il lim f(z)=0, Il lim f(z)=3, 
zo—c0 z——00 

lim f(z)=0 lim f(z}=3 
z—00 z—00 

e | Asz—-27, f(z)——oo d | Aszg—1", f@)—o 

s o= -3%, flz) > oo As 2 1%, flz) o -0 
a4 As z— 0o, fl@) —»-1" 

As w—oo,  flz)—>-% As € ——o0, flz) -1t 
As z ——o0, flz)— —§_ The vertical asymptote is = = 1. 
The vertical asymptote is @ = — % . The horizontal asymptote is y = —1. 

‘The horizontal asymptote is y = —%. i zl—‘}foe flay=-1, 

il lim =-2 i = G f@)=-3 Jim fz) = -1 

lim flx)=-% 
200 

¢ | Since there are no real values of x that  § | Since there are no real values of x that 
make z2+1 =0, f(z)is defined for make z%2+1=0, f(z) is defined for 
al zeR. all z€R. 

there are no vertical asymptotes. .. there are no vertical asymptotes. 

As z— 00, flz) > 17 As s > o0, f(z) -0t 

As z— —oo, f(z)—>1" As £ — —co, f(z)—0~ 

The horizontal asymptote is y = 1. The horizontal asymptote is y = 0. 

il lm flz)=1, I lm f(z)=0, 
z——00 z—c0 

lim f(z)=1 lim f(x)=0 
F00 z—00
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2 a v b | As z——o0, e —6— —6F 

lim (e* —6)=—6 
@~ —00 

the function has horizontal 
asymptote y = —6. 

Il As z— 00, e —6— 00 

lim (e® —6) does not exist. 
z—00 

  

3 We sketch the graph of y =2¢=% —3: As z— —00, 2% —3 > 00 

lim (2e~® — 3} does not exist. 
s——c0 

As z—o00, 2% -3 3+ 

lim (2¢=® —3)=-3. 
z—00 

  

EXERCISE 14— 

1 a F) b The graph of f(t) is not a straight line, so 
(3,408.8)     

    
452 the jumper is not travelling with constant 

Ft) =452 — 488 speed. 

t 

«© If the altitude of the jumper is given by f(t) = 452 — 4.8¢2, 
then the distance covered by the jumper d(t) = 452 — f(t) 

o d(t) = 452 — (452 — 4.8%) 

. d(t) = 452 — 452 + 4.8¢% 

) -. d(t) = 4.88% 

I We choose a fixed point F on d(t) when t =0 

seconds. This is the point (0, 0). 
‘We then choose another point M on the curve, 

for example the point (1, 4.8). 
The average speed in the interval 0 < ¢ < 1 

d(®) 

M(1,48) 

  

‘We repeat this process, moving M closer to F each 

time, and get the following results: 

  

So, as M approaches F, the gradient of [FM] approaches 0. 

the speed of the jumper at ¢ = 0 seconds is 0 ms~?,
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d(t)     ‘We now choose point F on d(£) when £ =1 

second. This is the point (1, 4.8). 
‘We then choose another point M on the curve, 

for example the point (2, 19.2). 
The average speed in the interval 1< £< 2 

19.2—-4.8 
= " —144ms~l. 2-1 144 ms 

M (2,19.2) 

‘We repeat this process, moving M closer to F each time, and get the following results: 

    
2 14.4 0 4.8 
15 12 0.5 72 
11 10.08 0.9 9.12 
1.01 9.648 0.99 9.552 
1.001 9.6048 0.999 9.5052 
1.0001 9.60048 0.9999 9.59952 
  

So, as M approaches F (from ecither direction), the gradient of [FM] approaches 9.6. 

the speed of the jumper at ¢ = 1 second is 9.6 ms~1. 
d(t) 

We now choose point F on d(t) when ¢t =2 ) M (3, 432) 

seconds. This is the point (2, 19.2). 

We then choose another point M on the curve, 

for example the point (3, 43.2). F(2,19.2) 
The average speed in the interval 2 < £ < 3 

43.2-19.2 1 
33 = 24 ms™h, ¢ 

We repeat this process, moving M closer to F each time, and get the following results: 

    
3 24 1 144 

2.5 21.6 15 16.8 
2.1 19.68 1.9 18.72 
2.01 19.248 1.99 19.152 

2.001 19.2048 1.999 19.1952 
2.0001 19.20048 1.9999 19.19952 
  

So, as M approaches F {from either direction), the gradient of [FM] approaches 19.2. 

the speed of the jumper at ¢ = 2 seconds is 19.2 ms™?. 

We choose a fixed point F on d(t) when ¢t =3 

seconds. This is the point (3, 43.2). 
‘We then choose another point M on the curve, 

for example the point (2, 19.2). 
The gradient of [MF] is 

43.2—-19.2 

3-2 

d(t)     

    

  

F(3,43.2) 

M(2,19.2) 

=24ms™ L 

‘We repeat this process, moving M closer to F each 

time, and get the following results: - 24 
. 26.4 

So, as M approaches F, the gradient of [MF] X 28.32 
approaches 28.8. 28.752 

the speed of the jumper at ¢ = 3 seconds is 28.7952 

  

288 ms—1. 28.79952
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2 

    

2 a Suppose A is the point (2, 4) and B is a point on v y=s 
— 2% wi i 2 y=2x% with coonhnat@s‘ (z, z%). B (2,27 

The chord [AB] has gradient 

2 —4 44— A(2,4) or . 
z—2 2-z 

As B moves closer to A (from either side), we get the following results: 

(5, 25) 

3.9 
(1.5, 2.25) , . (2.5, 6.25) 
(1.9, 3.61) . . (2.1, 4.41) 

(1.99, 3.9601) (2.01, 4.0401) 
1.999 | (1.999, 3.996001) 2.001 | (2.001, 4.004001) 

  

So, as B approaches A, the gradient of [AB] approaches 4. 

the gradient of the tangent to y = x® at the point (2, 4) is 4. 
2 _ 

b lim 2 4 
a2 ¢ —2 

= lim (z+2)(z-2) 
r—2 r—2 

= lim (z+2) since z#2 
z—2 

=4 

This is the gradient of the tangent to y = z? at the point where z = 2. 

EXERCISE 140> 1N 

1 a f(2)=3 

b f/(2) is the gradient of the tangent to f(zx) at the point where = =2. 

Since f(z) is a straight line, this is the same as the gradient of f(c) itself. 

(=) is a horizontal line, and hence has gradient 0. 

F@=0 

2 a fO0)=4 
b f/(0) is the gradient of the tangent to f(x) at the point where = =0. 

Since f(x) is a straight line, this is the same as the gradient of f(z) itself. 

0-4 

  

  

F(=) goes through (0, 4) and (4, 0), so it has gradient = o= -1 

FO=-1 
3 The graph shows the tangent to the curve y = f(z) at the point where = = 2. 

The tangent passes through (0, 1) and (4, 5), so its gradient is f/(2) = H =1 

The equation of the tangent is = : S =1 

Loy=a+1 
When z =2, y =3, so the point of contact is (2, 3). 

o f(2)=8 ad f(2)=1
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EXERCISE 1 4 

1 a 1 f@)== I f@) =5 

L @)= i (EHNIE  fie) = i LEHR 1) 
h A h 

_ (z+h) T i 28 

_f{lao h I!E) h 

.k i O 
=imy Py 
=lm1 {ss h#0} =lmo {as h#0} 

= =0 

U} fz)=2a° 
. fe+h) - f(z) 
f(z)_&l 0 h 

(z+h)® —a® 

=, h 
- lim A+ 32+ 3ah? + B8 — 2 

h—0 h 

= i 3R +8zR2 4+ b3 
= h 
=’1in:j3:02+3:ch+h2 {as h#0} 

= 32° 

L fl@)=g* 
Ty — i JETR) — f2) 
(=) = fim, h 

o (mth)i—at 
=) 7 

= lim A+ 453k + 622R2 + dwh® + B — X 
h—0 h 

= i J°h +62%h 4 dahd 4 bt 
" h—0 h 
=’]‘jn:)4zs+b‘mzh+4mh2+h5 {as R#0} 

= d4z3 

b From a, we predict that if f(x) =z, f/(x)=nz""!, neN 

  

2 a flzx)=2+5 b f(x)=z?-38x 

f(@) o (@) 
= jim @R - F@) = lim @R — @) 

h—0 h h—0 h 

= Jim (2(ac+h)+;':)—(2x+5) _ lim (@B — 3(z+h)l—[ — 3a 
—0 h=0 

_ lim 2R F 2 SE f’+2zh+h2 ,36 3h —a 4.8% 
h—0 h h—m 

— tim 2P i 2R A% 3R 
Py = Jim ———— 

=lim2  {as h30} =lim2+h-3 f{as h#0} 

=2 =2-3
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< f@)=—2*+5c—3 

  

+h] @)= f(w ;2 f(=z) 

[(z+h)2+5(a:+h) —3] = [-2% + 52— 3] 
h—»o 

—a — 2ech — h’+,5£+5h74+,z’ —5% 45 
hflo 

. —2wh—h%+5h = ljm —= % TO% 
h—0 h 

=Jlim —2z+5—h {as h#0} 

=-2z+5 

3 a y=flx)=4-2 b y=flg)=224+2—1 

4y L 
dz ™ 

= lim @R — @) = lim {@ R = f(2) 
h—0 h h—0 h 

— —[4— 2 -1 - 2 _ N Ll G ) el i RERP @R 1] [+ 1] 
h—0 h h—0 h 

= AR At i 2 Ash 2R Lk b X 2 ¥ 
Ao R =l R 

-k . 4sh 424k 
=3 = fim, n 
=Jim -1 {ss h#0} =Jmict1+2n  fas h#0} 

=-1 =40+1 

€ y=f(a)=a®— 222 +3 

dy _ . flzt+h) —f@) 
dz’;&‘l‘}a 7 

[(a: +h)® -2z +h)2+3] - [2° — 22 + 3] 
hflu h 

_ um;v”+3z2h+3zh2+h3 — 2" — dxh — 22 38— 2 3% B 
T hoo h 

. 3z°h+ 3zh® + A% — doh — 27 
=lim———— 

r—0 h 

='£imfl3w2+3wh+h2—4¢—2h {as h#0} 

=327 — 4z 

— 1y JEER =) 
h—0 h 

3 _ =Hm(2+h) 8 

h—0 h 

_Hm,s(+12h+6h2+h3—){ 
T o h 

. 12h+6R% + A3 
= lim ——— 

h—o0 h 

:’11_%12+6h+h’ {as h#0} 

4 a f@)=2" . F2 where f(2)=2° =8 

=12
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h b f@=s - f@=)m M where f(3) = 3% =81 

(3+h) — = lim 2T T2 
h—0 h 

- tim AT+ 108k + 5482 + 12h3 + hé — 37 
T hoo h 

. 108k + 54h% + 12A% + B 
= lim ———— T T~ 

h—0 h 

= lim 108 + 54h + 12h* + h®  {as h#0} 
h—0 

=108 

5 a flx)=3z+5 b f(z) =5—22? 

We need to find f/(—2). We need to find f(3). 

2+h) - f(-2) . f@+h) - fB3) 102) = lim L 1eg) — 
£1(=2) = Jim h 13 = bim h 

where f(—Z) =8(-2)+5=-1 where f(3) =5 —2(3)2 = —13 

m B2+ h) +5] - [-1] _ i =26+ - [13] 
h—~0 T h—o h 

7(+ 3h +,a’+/r 5— 2(9+6h+h’)+13 
- =lim —m8M8M8M8MM—— 

h—~o h h—0 

= im P i E X 12h 2h% + 15 
h—0 h 0 

=Jim3 {as h#0} = lim —12h—zha 
= A0 T 

the gradient of the tangent to = lim M 
f@)=8z+5 at z=—2 is3. h=o h 

= lim —2(6+h)  {as h#0} 

=-12 

€ flz)=22+3z—-4 
We need to find f/(3). 

fB+h) —£(3) A 
[(3 +h)2 + 3(3 +h)—4]—14 

h—»O 

,af+6h+h2 +,e’+3h A~ 
h—»o 

i 27 
Ao R 

h(9+h) 

where f(3)=3%2+3(3)—4=14 

  

= lim 
h—0 

=lm@+h) (s h#0} 

  

=9
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d f(z)=5—2z—3z? 

We nood to find F(—2). 

2y = fim LEZERZICD e ) =5 3(-2) —3(-2)* = = 
i B 24 R) 324 - 3] 

h—0 h 

~ lim 5+4—2h— 3(4 4h+ k%) +3 

h—0 

,5’+A’— 2h —,14+ 12h — 382 4.8 
h—vD 

 10h—3K? 
= lim —— 
Ao R 

— jim P(10-3R) 
h—0 

=’1i_n::)(10—3h) {as h#0} 

=10 

6 a y=g°—3z 

W _ oy F@HH) ~ $@) 
dr h—0 h 

[z +R)°® — 3 + R)] - 

  

= lim —34] 

;v"+ 322h +3zh2 + h~" — 3% — 3h—a% +3% 
hfio 

32k + 3wh? + RS — 3h 
" h—o h 

 jig P32% +32h 412 - 3) 
h—0 h 

= '}E(az’+3mh+h’ —3)  {=s h#0} 

=32"-3 

b The tangent has zero gradient when f/(x) = 

3% -3=0 
- 3% =3 
Loet=1 

L ==l 

When z=-1, y=(-1°-3(-1)=2 When ¢ =1, y=(1)%—3(1)=— 
So, the points on the graph at which the tangent has zero gradient are (—1,2) and (1, —2). 

REVIEW SET 14A [ 

1 a Wecanmake 6z —7 as close as we like to —1 by making « sufficiently close to 1. 

lim (6z—-7) = -1 
z—1 

  

    

2 _ — 2 - o fm PR CR—D) ¢ m P8 -9 
h—o h h—o h a—4 T —4  z—4 r—4 

= lim (2h—1) {as h#0} = lim (z+4) {as z#4} 
h—0 T4 

=-1 =8
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2 a flo)=ao2+22 b y=f(z)=4—322 

o P .G 
_ iy fEtR) — f@) d= = Jim Z2E0 i, L2 1) 5 
_ o [Eh)? 2+ B)] — [22 + 24] =0 = lim = — lim [4—3(x + h)?] — [4—327] 

A rhth o+ 22 -2 =0 h 
=lim———————————— . 4—3( +2ch+ k) —443° h—0 h ='Pmo+ 

. 2zh+h2+2h ! 
= Jim — == — = A 30 = G = 342 A+ 3P 
= g PEERE) h—0 h 
" a0 h = lim =82z +h) 

=jim@o+h+2) (s kA0 hmo h 
= lim —3(2z+4) {as h#0} 

=2 +2 h=o 
= —6z 

3 f(z)=5z—2? 

_ i AR - FQ) 
Fy = fim h 
i BOHR -+ R -4 

h—0 h 

i BHBR—(142h 4k -4 
h—0 h 

=Hm,5’+5h74—2h—h’74 
h—0 h 

3h—h? 

where  f(1) =5(1) - (1)2 =4 

  

  

=1i£a(3—h) {as h#0} 

4 & f(t)=452-—4.8: b To find the speed of the jumper at 

() t = 2 seconds, we need to find f/(2). 

Fe+h) - f(t) Now f/(f)=—9.6t {froma} 

h—0 h s F@)=-96x2 

. [452 — 4.8(t + h)?) — [452 — 4.8t7) =-192 
o h .. the speed of the jumper at 

455 — A.8(t2 + 2th + h2) — 458 + 4.882 t =2 seconds is 19.2 ms™1. 
- (The — sign indicates the jumper is 

R i 
—488 — 9.6th — 4.8h% + 46E° moving downwards) 

h 

= lim 
h—0 

= lim 
h—0 
i P06t —48h) 
h—0 h 

= Jim (-9.66—48h)  {as h 0} 

=-9.6t ms™!
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REVIEW SET 145 | 

  

  

  

=7, 9— 
1 a  We sketch the graph of y=3z+2A As z—-27, y—ooo 

As w—»—%*’, y— - 

As z — o0, y— 3 

As v —> —co, y—iF 

The vertical asymptote is @ = —Z. 

The horizontal asymptote is y = . 

lim (z—7)=% 
z—oo \3z+2 

2 a b lim (% -3)=-3, 
200 
lim (e®*~2 —3) does not exist. 
z—00 

€ The horizontal asymptote is y = —3. 

  

fe+h) — flz) _ 20@+h)?—2° 
3 h R 

_ 2(z® +2zh + k%) — 22 
h 

_ 24 + dwh + 202 — 20 s 

_ h(dz +2h) == 

=4z +2h provided h#0 

b If 2=3 then w=4(3)+2h {using a} 
=12+2h 

I When h=0.1, I When h=0.01, 

w —1242(0.1) w =124 2(0.01) 
=12+02 =12+002 
=12.2 =12.02 

Wl S8ERZIG) o0 
h—0 h h—0 

=12 

¢ The gradient of the tangent to y = 22 at the point (3, 18) is 12. 

& lim (2’”):-2, lim (2’”+3):_z 
zs-c0o \d—z zoo0 \4—z 
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REVIEW SET 14C 

3 _ 2 _ 2 _ 1 a lim h® —3h ® lim 3z° — 3z ¢ lim & 3z 42 

h—0  h z—=1 z—1 z—=2 22—z 

_ . h(R?-3) _ o 3z(z-1) _ . (z-D(z-2) 
=fm = =im= =9 
=Jlmh =3 {as h#£0} =lm3s {ma£l} =lm—(=-1) {sz#2} 
—_3 =3 =-1 

b Asz—47, y-o - 

As z—4f, y—o oo 

As z—o00, y— 1t 

As ¢ — —o00, y— 17 

The vertical asymptote is @ = 4. 

The horizontal asymptote is ¢ = 1. 

¢ tim ZXT_g gy 2tE_ 
@——co & —4 z—oo & —4 

    1 

  

= i FAER SO 
ho0 R 

4 _ —[— g [ R 204 W) - [-1] 
h—0 h 

_Hm/(+4h+6h2+4h3+h‘7/2—2h-yf 
T h—o R 

. h*4+4h% +6h% +2h 
= lim ——— 

h—0 h 
3 2  fim PP 4R +6h+2) 

h—0 h 

=’]z.iu:l(h3+4h’+6h+2) {as R0} 

=2 

where f(1)=1*—2(1)=-1 

5 a y=2c%—1 b The gradient of the tangent to 

dy_ o B+ R)? —1] — [222 — 1] y= 21_’ —1 at the point where 
s R z=4is 4x4=16. 

- lim 2a® +2he+h%)—1—222 +1 ¢ If the gradient of the tangent is 
o R equal to —12, then 4z 

_ pim Xt b+ 207 A - 282 A ] 
h—0 h 

. 4hz +2h% = lim ———— 
h—0 h 

h(dz + 2h) 

  

= lim 
h—0 

=Jimtz+2h  {s h#0} 

=4z



  

Chapter 15 
RULES OF DIFFERENTIATION 

EXERCISE 7.5 A 1N 

1 fla)=2* b 
F'(z) =37 

d fl@)=6/z=62% 

Fe) =6 (32) 
_ 3 
TE 

g flz) =4 -2 

f(@) =0-2(22) 
=4z 

1 flz)= %m" — 622 

F(@) = 3(42°) - 6(2x) 

  

=20 - 12z 

26—3 2=z 3 

kO E e 
=27 —3z72 

2 = —2 -3 _ _ = f'(x) =—-2a72 + 6z =-= 

s +x—3 
m flz) = 

x 

=2 +1-3c7" 
F@)=20+0+3272 

3 
=2.7:+m—2 

o fl)=(2x-1P2 =424z +1 

fllz)y=8z—4 

2 a y=252° —142% - 1.3 

. %:7.52’ 2.8 

1 1.—2 < y=§=3z 

dy _ 5 _3_ 2 
C a8 52 

¢ y=10(x+1) 
=10z + 10 

dy =10 

  

  

  

flz) =22° ¢ f(z) = 72? 

F(@) = 2(3%) f'(@) = 7(2x) 
= 6a® =14z 

f@)=3¥z=3% 1 o) =2 += 

7@ =3(48) f@)=2o+1 
_ 1 
Rz 

h f@)=2+3z-5 

Fl@)=20+3-0 
=2x+3 

I 
f(@) =0—6(-1277) 

-8 == 

1 f(z)=a':a:5=z2+5m_1 

(@) =2¢—52"2 
5 5 
= =r-a 

1 _ " fw=p=at 
g1 @)=~} 8= -21\/; 

P f@)=@+2° 
=a® +32%(2) + 3z(2%) + 2° 
=2® 4622 +122 48 

Flo) =32+ 122+ 12 

b y = na? 

dy _ 
s 2rx 

d y = 100z 
dy _ 

- g =10 

f y = dma® 

% = 12rz?
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d d d ) 
a E(em +2) b z(mm < E(s ) 

_ d 
8 ==@h T 

=24 

_ 3/ 

T2 

d d (1 d e S (@+De-2) 1 E(§+6\/E 

%(r —z-32) =£(z_2+fiz§) 

=2-1 = 25343z} 

2 3 

=tE 
d 1 d 2 (4e— — n = 1)(2z — s () & e+ 1)z -5) 
d _ _d 2 =4 (@e—5=7) =4 (#(22° ~32-5)) 

=4+1s72 =i 23 — 32% — 5 

=4+ = =622 —6x—5 

a Consider y =22 when c=2 b Consider y = % at the point (9, & 
dy & 

Now i 2¢ Now y=8z2 

. when =2, dy — _16z~% = _16 
dy dx z 2 _302)=4 dy 

dr L at(Q,%),z:Q andso —= = _,1_& 
the tangent has gradient 4. dz 

¢ Consider y =22% —3z+7 when z=—1 

dy N 24 -3 (v 

when z = -1, 

dx 

the tangent has gradient —7. 

  

Wy 1y_3=—7 

the tangent has gradient — 5. 

2 
d Consider y=   

Now y=2z— 5z 
dy s 5 Fozvmioas S 

dy 
- oat(2,3), =2 andso —= = a2 3), = andso o 

the tangent has gradient 12, 

2 _ 3 _ gy 
@ Consider y = wz: at the point (4, £ 1 Consider y = %4218 

Now y=1-4z"2 Now y=z—4a”! —8c2 

fl=o+s$—3=£ d_y=1+4z_2+162_3 
dz z3 dz 

: 1,18 at(4,3), z=4 andso = o 

dy_8 1 when z = -1, 
W B8 dy 

the tangent has gradient 3. 
—=14+4-16=-11 = + 6 

the tangent has gradient —11. 

at the point (2, 3) 
N
 

when ¢ =—1
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5 f@) =2+ b+ Dz +2, f(2)=4, and f(-1)=2 

flmy=2a+@®+1) 

But f'(-1)=2, so 2(-1)+b+1=2 

  

  

  

  

—1+b=2 
. b=3 

So, f(z)=2%+(3+1z+2 
=22 +dz+2 

But f(2)=4, so 22+4(2)+2c=4 
- 2e=-— 
Loe=—4 

6 a f@) =avEto=tod 2 b f2)= Yo =0} 

f’(z)=4(§m-i)+1 L fE=iat 
_ 1 

3Va? 

< f(a:):—%_:—Zz‘* d f(z)=2a:—\/_—2:c—:ci 
T 

. s __ -4 
@) = _2(__z_§) s fim=2 ai 

=2 — 
=% vz 
_ 1 
_$ © 

¢ t fl@)=32*—= F =30 —a¥ 

(@) =6a— Eat 
-3 

g h f(z)—Zz—v—Zz—aa: 4 

Fle)=2-3 (—52'§> 

=2+%% 
9 

2+2z2fi 

3 dy 3 
7 =dz——=4dr—-3z7' . ==4+3c"2=4+= ay Lz z £ iz = + +a:2 

Z—y is the gradient function of y=4z—§ from which the gradient at any point can be found. 
i x 

b S=2+4tm .. %—4t+4 ms™ 

% is the instantaneous rate of change in position at time ¢. It is the velocity function. 

¢ C=1785+ 3z +0.00222 dollars. 

% =3+0.002(2z) = 3+0.004c dollars per toaster 

% is the instantancous rate of change in cost as the number of toasters changes.
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EXERCISE 157 [ 

1 & g@@)=2% fl@)=2%+7 
9(f(@)) = g2 +T7) = 2z +T7)? 

€ 9@@)=v7 fl@)=3-4 
9(f(@) =98 -4e)=V3-d& 

  

  

¢ o0)=2, f@)=at+3 

o) = o +3) = 5 

t a4 g(fle) = B+ 108 
b o) = g 
¢ o(f@) = VI 
4 /(o) = gt 

  

b g(x)=2x+7 flz)=z? 

9(f(2)) = 9(®) =227 +7 

d g@@)=3-4s, fl@)=v7 
9(f(@)) =g(v7@) =3 -4/ 

1 g(z)=22+3, f(z) =§ 

g(f(w))=g(2) = (Z)2+3= 24 
z z z? 

g(x) =g f(z)=38zx+10 

o) =1, fle)=22+1 
g@) =T, flz)=2"-3z 

(=)= 1—2, fl@) =3z —<? {other answers are 
@ possible for 2} 

EXERCISE 15B.2 [ 

    

    

  

1 2 
1 a2 b 2 — 3¢ < 

(2z - 1)2 2 L VZ—22 
=(2z-1)"? =(z* —8z)7 —2(2—2%)"% 
—u? =u? —2u~% 

where u=2z—1 where uw=2z%—3z where u=2—z? 

4 10 d 308 — 22 t 
o ¢ (B3—=2)3 2 -3 

=@ -ah} —4B -2 =10(% —3)* 
=ut = au~? =10u7! 
where u =% —z? where u=3-z where u=2%-3 

1 2 a = (4z - 5)* b = ¥ (7 h) s V=55 

dy_‘; dwm u=as y=u"' where u=5—2z 
Y _ Yo 

Now dr dudz Now &y _ dydu 
= 2u(4) de  dude 

—8u =—u?(-2) 
- =22 

=84z -5) =2(5—22)2 

¢ y=1+/3z—a? d y=(1-3x)* 

- y=u'} where u = 3z —a? y=u' where u=1-3z 

dy dydu Ne dy _ dydu 

Now = i N % duds 
=4u’(-3) 

=3u *(3—2:::) - 128 

=1(3z- 12)“} (8—2x) = —12(1 - 3z)°
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e y=6(5—2)° f 

y=6u" where u=5-2 y=u& where = 2z° — ® 
dy _ dydu 

Now = dnds Now 

=18u?(-1) 

= —184% 
=-18(5 — 2)? 

__6 h _ 4 
3 Y m—ap Yo 

y=6u"? where u="5z—4 s y=4u"! where u=3z—2° 

dy _dydu dy  dydu 
2= Now 24 _SU2u 

Now e~ duds Y =T 
=—12u73(5) = —4u~%(3 - 22) 

= —60 (52 — 4)~* =-4(3x—2%) " (3-2x) 
3 

1 y=2(22—3) 
z 

y=2u® where u=g>—2s"" 

dy _ dydu 

Now e = duds 
=6u’(2z+227%) 

2 o= 2) (4 2) 
z 7 

3 ay=vIi—2% atz=1} b y=(3c+2% at z=-1 

y=+/u where u=1—1z2 o y=ub where u=3z+2 

dy _dydu _, _ N dy _ dydu 
Now T~ duds ~ ¢ 'l(—Zz) oW == oo 

=6u’(3) 
=18u® 
=18(3z +2)° 

dy 5 At z=-1, — =18(-1 ® : (—1) 

gradient of tangent = —18 

d y=6xyT—2z at z=0         
gradient of tangent = —8 At ac=0,E=3_‘/1_2 

gradient of tangent = —4
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4 

  

1,3 
e y_z+2fi at z=4 ty (z+;) at x=1 

y=4u"! where u=m+2¢§ . y=u® where u=z42"1 

dy  dydu 
N L==_ 
Y T dude 

=3u?(1—2~2) 
2 

=3(z+l) ( 
z 

dz 

gradient of tangent = 0 

  

i —-_2 gradient of tangent = —2% 

If f(z)=(2z—-b)* 

then f'(z) = a(22 —b)*"1x 2 
= 2a(2z —b)*1 

but f/(z) = 242* — 24z +6 

=6(4z® — 4z +1) 

=6(2x — 1)° 

Solving by inspection, we get a—1=2 and b=1 

. =3 and b=1 

(Note: We can also use 2a =6 when solving for a.) 

  

  

y= 11M=u(1+bz)-% %:—%a(1+bz)‘%xb 

When =3, y=1 When z =3, fl=_1 

_ s =% & 8 

VI+3b s —i=—lab(+3p)% 
L a=/148 .. (1) 1 

. a=5(1+3b)°3r ) 

fi(l+3b)\/l+3b 
Equating the RHS of (1) and (2) we get: 

\/1+3b=fi(1+3b)\/1+3b 

l=%(1+3b) {since b#0, /T+3b#0} 

  

1—— 

At z=1, d—”=3(1+1)’(1—1) 

)
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dy dydu dy . — Y _ 3.2 v=_2d 6 a y=2 = 3 b We know that rE - {chain rule} 

=t = _1,-% Leting ¢ =y, S04 _ %Y z=1y & 3V ting z =y, dudy - dy 

dy dz 271 _g. dy du ZUCT 82 (L i 
dz dy (3); du dy 

T P 
=) Letting u ==, d_y£=1 
=o2(x%)~ % {substituting y = 2%} de dy 

=) 
=a° 

=1 as required 

EXERCISE 15C [ 

1 a f(z)=2(z—1) isthe product of b f(z) =2x(z+1) is the product of 

u=2z ad v=z-1 u=2 and v=z+1 

wow'=1 ad v =1 souw=2 and =1 

Now f'(z)=v'v+uv’ {product rule} Now f'(z) =w'v+uv’ {product rule} 
=1x(z-1)+zx1 =2x+1)+2xx1 
=z-1+4=z =2z+2+2z 

=2r—1 =442 

¢ f(2)=2VTFT istheproductof w=2? and wv=(z+1)} 

L W=2% ad v=3@+1)"} 
Now f'(z)=v'v+ww {product rule} 

%@+t +e?xie+1)t 
=2s(e+ 1) + Lt (@+1)"2 

  

2 a y=2*(2c—1) is the product of b y=4dz(2x+1)® is the product of 

u=2 and w=22-1 u=4s and v=(2z+1)° 
. @' =25 and o =2 sow=4 and o =3Qzx+1)?x2 

=6(20+1) 
Now % =u'v+uv’ {product rle} @ (22 +1) 

5 Now Ey =u'v+uv’ {product mle} 

E” = 22(2z — 1) +2%(2) & 
LW 3 2 = 2(20 - 1) 4 227 o =4z 41 4+ 20e(2041) 

¢ y=z2/3—z is the product of d y=z(x—3)% is the product of 

u=o? md v=@-z)} w=go} and v = (z—3)? 

L w=2 wd o =3@-2)3-1) sow=led ad v =20-3) 
—_l@a_z)% 

a =-36-2) Now % =u'v+uv {product rule} 

Now Ey =w'v+uw’ {product mule} 4 . 
o E” =372 (z - 3)® +2vVE(z - 3) 
i 2z(3 — a:)% +3? [—%(3 - z)_é] 

=2%@-a)t - 12 (3-2)}
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e y=>5z2(3z2 —1)® istheproductof u=5z2 and w=(322—1)2 
. o/ =10z and o' =2(32° —1)*(62) 

a =12x(3? — 1) 

Now Ey =w'v+uw {product rule} 

% = 102(3z® — 1)? + 5a%(122)(3z° — 1) 

= 102(32% — 1) + 602 (322 — 1) 

! y=E@—22)? istheproductof w=z% ad v=(z—o?)? 
wou'=%277 ad o =3(x—2?)?(1-22) 

dy 
X 

Now =w'v+uw’ {product rule} 
dx 

%” = Lo (2 — 2?)° + 8V(e — a1)2(1 — 22) 

  

a y=a%(1-2z)? istheproductof u=a* and 
©ou' =42 and o' = 2(1 —22)1(—2) = —4(1 — 2z) 

Now % =u'v+uv {product ule} 

% =423(1 — 22)% — 42*(1 — 22) 

At z=-1, % =4(-1)%(3)2 —4(-1)*(3) = —48 .. gradient of tangent = —48 

b y=+/z(a® —x+1)? is the product of u=ot and v=(z?—z+1)? 

W=ls? md v =2t—z+1)(2e-1) 

Now % =w'v+uv {product ule} 

gy _ lz_Jn'(z2 —24+1)? +2v/z(2® —z +1)(2 — 1) 
dz -2 

At z=4, % = ;(4)-‘3(13)2 +2V4(18)(7) = 4063 . gradient of tangent = 4063 

¢ y=2/T=2% istheproductof w=gz amd v=(l-2z)} 

Cw=1 ad o =3(1-22)"3(-2)= —(1-20)"F 

j—a} =u'v+uww’ {product rule} 

    
  

6 —a?)~}(—2) = —a(5 — %)~ 

Now
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& a y=x(3—=)% is the product of 

w=aot and v=(3—z)’ 

w=1lo} ad o =28-2)}(-1) 
=-2(33-2) 

Now % =w'v+ww’ {product rule} 

% - #(3-@2 —2/E(3-12) 

_ B2 - eVmnE/EHE 1) = e 

_ B8-x)[(8—7)—4a] = 2 

SOOI g 

b Tangents are horizontal when their 
gradients are 0. 

B0 when (3-2)(3—52)=0 - - 

3—2=0 or 3-52=0 
3 z=3 or z=§% 

¢ % is undefined when 2z < 0 

sz 0 
Lor<0 

dy . 
T is undefined when « < 0 

{from ¢} 

Butwhen £ =0, y=+v0(3-0)? 
=0 

. dy 
So, when x =0, y is defined but — 
4 de 
is not. 

@ As we approach the point « = 0 from the right, the curve has steeper and steeper gradient and 

approaches vertical. 

5 y=-2z%(z +4) is the product of 

W _ w'v+uv’  {product rule} 

=—dz(z+4)-22? x 1 
—4g? — 16z — 227 

= —62% — 16z 

Now 

  

and w=z4+4 

and v’ =1 

@=10, —62% — 16z = 10 
dx 

- 622+ 162 +10=0 
o 822 +8x+5=0 
Bz+5)(z+1)=0 

L oz=-% and z=-1 

EXERCISE 15D 1N 

  

  

  

1 a y=1+3z is a quotient where 
2-z 

u=14+3z and v=2-g¢ 

. u'=3 and o' =-1 
s, ; 

Now Eyzuvu;uv {quotient rule} 

dy _ 3(2—2)— (1+32)(=1) 

s 2-2) 
_ 7 

C@-= 
z . . 

€ y=— is a quotient where 
z2-3 

u=zr ad v=2°-3 

ww=1 ad v =2 

No fll‘=~1M {quotient rule} 
de w3 
dy _ 1(z® —3) —x(2x) 

& (@2 -32 

_(=*-3) -2 = 

  

is a quotient where 

  

and w=22+1 

and o' =2 
Ty — 

Now % = uvv_2uv {quotient rule} 

dy _ 222z +1) —x2(2) 

dz (2z +1)2 

_ 222z +1) - 27 

T @a+12 

d y= 1‘_/522 s a quotient where 

w=zd  ad o=1-2 

dy  u'v—w . 
Now == {quotient rule} 

dy _ 330 -20) - vE(-2) 
dz (1-2z)? 

o3 -2)+2/7 
@ —22)°
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e y= @ -3 is a quotient where 
Y= 3m—a2 g 

dy  wv—ur . 
Now B {quotient rule} 

dy _ 22(3z—2?) — (22 — 3)(3 — 2z) 

dz (3¢ — x2)2 

is 2 quotient where u=gz and v= (1—3z)‘) 

Cw'=1 ad o =—2(1-32)"% 

  

dy _ wv—u 
02 

o 0= 3z)% —z (—g a —31)-’:) 

dz 1-3z 

_a-strfea—sed 
- 1-3c 

{quotient rule} g I 

__2 
T a2+l 

u=2° and v=2"+1 

. u'=32" and o =2z 

  is a quotient where   is a quotient where by 

dy  wo—uv’ 

  

  

  

Now T {quotient rule} 

dy _ 10120 —2(-2)  dy_ 32(P+1)—23(22) 
de (1-2z)? G —(m’ Py 

-1 _zt43? 
(1 =22 @ 
dy 1 1 Az=1 Fo _, dy_ 1+3 _4_ 
de (1-2)2  (-1)2 At z=-1, E_(1+1)2_Z_1 

the gradient of the tangent = 1 - the gradient of the tangent = 1 

¢ y= Zav\/-f 1 is a quotient where d 

u=z* and v=2z+1 

n u’=%m‘* and o =2 

dy  wv—uv 

    

  

Now - {quotient rule} 

1 
B m(h*' 1) - Va(2) 

- (2z +1)2 22/27 +5—z’( 

Moos _E-0_ (-9 4 - @+5) 
do 81 81 4 4 _4(3)_4(__2) 

9-16 Ate=-2 T2 "\F 
=301 dx 9 

324 124 8 

the gradient of the tangent = — 3 - = 9+ %) X% 

_ —36+8 
T 

the gradient of the tangent = —22
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  3 a y:lzfi is 2 quotient where u:Zzi and v=1-2 
-z 

  

-~ w=z% amd o 

  

dy _ wv—w/ . 
Now e {quotient rule} 

o FEOHWED g 
& 22 vz 
_(-2)+2 
T VRl -=)? 

2+l o required 
T Ve B 

o | %:O when z+1=0 .. z=-1 

However fl is not defined for = < 0 because of the +/ term. Hence % never equals 0. 

il fl is undefined when 2 < 0 and when 2z =1. 

2 
4 a y=L";’1 isa quotient where  u=a2’—3z+1 and v=2z+2 

ot LW =23 ad o' = 
dy  wv—w' . Now s {quotient rule} 

dy _ (22-3)(z+2)— (2 —3=z+1)(1) 
dz (z+2)? 

_ 2’ +42-3x-6-22+3x—1 - (z+2)? 
kil . 

_W as required 

b 1 %:0 when 2% 44z —7 =0 z=—_4i2m=—2iw/fi 
i % is undefined when (z+2)2=0 

L=   2 

€ d_y is zero when the tangent to the function is horizontal. This occurs at the function’s turning points 

or points of horizontal inflection. 

ifl—y is undefined at vertical asymptotes of the function. 

EXERCISE 1 5 

1 a fz) =€ b fl@)y=e"+3 < F(@) = exp(—2x) 

fl(w) = 4e*® o @) =€"+0 =g % 
=e° o fl@)=—2% 

d f@)=e¥ e Fla)=2e"% 1 f@)=1-2" 
F(z) = 3e¥ o Py =2%(-1) o fi(@)=0-2e7%(-1) 

et =2
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e 4 e~ 
  

  

  

    

  

  

  

  

Fla)=4e% —3e7 h e = = (e e 

Fe) =28 (3) ~5e77() o f@) = e+ (1) 
=2¢% 43¢ 

e 

) 

1) =< I fw=et K f@=10(1+e*) 
7(@) = e (—22) Fla)=er (_iz) =10 + 1062 

=20~ ° £/@) =0+ 108 (2) 
=20e%* 

Ha=m(i-e) m o f) = N s et 
=W-e )= B (ORTETE) 

. F(z)=0-20e7%(-2) — gt s 

= 40e~%® 
=1le 

f(z) = -2 p Fla) =002 

L f0) = e () . f(@) =00 x (—0.02) 

= —4zel—2a® = —0.02¢—0-022 

F(z) = ze® b 0) = e 

F(x) =1e" +ze® {product mle} F(e) = 322 + a(—e~") 

i 
{product rule} 

— 3a2e~% — g3~ % 

=< « s@-= 

7= 9%;_:’(1) {quotient rule} @)= leze;):ez {quotient rule} 

=me’—e’ 
een 1-s 

- 
T (et e 

f(z) = mzew 
1 

- §'(2) = 20e*® + 32> {product rule} - 

L @)= Wf‘/i {quotient rule} 

e == 

=vEe™™ 
_£+2 

o) e b= = 

s s %m_ée_i el .o €2(e™® +1) — (e* +2) (—e~%) 
{product e} e 

{quotient rule} 

_1+e"+1+4277 

== 
_EH242eF 
e 1y
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e f=Eaa) b =g 
=u? where u=¢e"+2 - . 

dy _dydu {chain rule} dy—i;yd‘:vhere u=2-¢ 

dr ~ dudr — = —=— {chain rule} 

= du?(e%) 
do  duds 

- =—ue) 
o F(@) = 4" + 2)3(e%) il 

=4e%(e® + 23)3 o fla)= _m 

@) =4("+2)° () P 
.y — 

-—108 PO = o7 

gradient of tangent = 108 . 

€ @)=+ +10 .. gradient of tangent = —1 

=ud where u=e*+10 

% = %% {chain rule} 

= ut(2e®) 
&2 

o )= \/EE—W 

2In3 
. I Y 
- f(lns)_m—w 

gradient of tangent = 7"5 

& fl@)=e*+z o f(z)=ket* +1 

Now f'(0)= -8, so ke’ +1=-8 
L kx1=-9 

- k=-9 

5 a y=2% 
= (e2) 

ea:ln2 

ZZ—” =e""2 xIn2 
=2"In2 

6 f(z)=a%" istheproductof  u=z? 

Lo =2 

  

Flix) =vv+u' 
=22 (e") +a? (—e") 

=2we™% — gl 

Now f(z)=0 when 2ze™%—g2e =0 

o zeT(2—2)=0 

o 2—z=0 {e">0 forallz} 

. z=0 or =2 

F(0)=0%° and f(2)=2%2 

=0 =4e2 (or i) 

So, the possible coordinates of P are (0, 0) and (2, in) 
€ 
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EXERCISE 15 [N 

1 a y = In(7x) or y = In(7x) 
y=ln7+hs L dy_ 7 

dy 1 1 vode Tz +— f(@) = =04+—-== 
dz +a: z 1 

_I 

b y=In(2z+1) 

dy_ 2 ~f) 
dz  2z+1 « f(z) 

d y=3—2nz 

dy 1 
—=0-2{- 
da 0 (z) 

=2 
T 

Ing 
! =— 

V=% 

(1)2z Ing x 2 
d_N\g)" 777 
dr (2x)2 

  

  

1 y:\/ln_m:(].nz)i 

Eimat () 
1 
  

  

  

  

= %uvine 

k y = vz n(2z) 

dy _ 1 1 

& 2filn(2x)+fi(w) 
o) 1 

YRR 

m y=3-4In(l—=2) 

dy 4 & __ -1 
dx 1—zx 

_ 4 

T1-= 

y =In(z — 2?) 

dy _1-22<fl(z) 

dz z-—a? « f(z) 

y=2’lnz 

% =2zinz+ 2’ (%) 

=2zlnz+z 

  

  

(Inz)? 

Inz—2 

Va(inz)? 

y=zln(z?+1) 

dy 
dz 

  =lIna? +1 2 n(z? + )+mz2+1 

22 

2241 
  =In(z? +1)+
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2 a y=zlnb b y=I(z%) =3Inz 

dy dy i 3 
— =Inb _= -] == 
da da 3(2) a 

€ y=In(=* + =) d » =1n(10 — 5z) 

dy _4®+1 dy_ =5 __1 
dz 2+ de 10-5¢ -2 

e« y=[nEe+DP T 
dy _ 2 2 = 8Mn(+ 1) X 2or1 dy _ (%)= —In(4z) x 1 

=% s+ 1P o o = gogq @+ _ 1-In(da) == 

—m(l) h = In(lns) 1 =Ll —(no)? s y=ln(= y= y=i— 

=—Ing B _ 5 W o2kl a1 & Tz 3 = TMme) g 
a__1 1 _ 1 
d m =zlnz _1(1n1)2 

3 a b y=ln( 1) < y = In(e® /) 
2843 

=—In{2z +3) =he® +lna:§ 

dy 2 =Ine” +jlnz 

dz~ 2x+3 =z+inz 

dy 1(1) =141z 
dz +3 z 

1 =1+ 

d y=In(zv2 -z e = n(m+::) 
1 z— 

=inetin@-a)? =In(z+3) - In(z—1) 
=lnz4 ;In(2-=2) dy 1 3 

dy_1 ;(‘_1) 
da:_:c+2 2—z 

_1 1 
Tz 22-2) 

1 w2 =1n ((3z — 4) y=lo{=— 8 f@=I(Bz-9°) 
=3In(3z — 4) 

=lna? - (3 —=) 3 9 
=9%Inz—1n(3 . fE)=38x = =2Inz—In@3-=2) 3x—4 -4 

dy_2_ -1 _2, 1 
dc = 8-z =z 3-=z 

2 

b f@=ln(e® +1) i f@=h (” +§”) o 
=Inz+In(z* +1 ;” ;'(w ) = In(x? + 2z) — In(z — 5) 

v 1 i 
L f(z)—z+m”_1  Fe)= 2z +2 1 

    

2 +2 w5
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4 y=zlnxe is the product of u=z and v=Ihzx 

. w'=1 and W=l 
T 

Now % =wv+ww’  {product rule} 

=11fl.7:+a:><l 
z 

=hz+1 

At z=e, %:lne+1=l+1=2 

gradient of tangent = 2 

  

  

  

5 f(z) = aln(2e+b) f'(z)=axh"’+b 
Now f(e)=3, . 3=aln(2e+b) 

, 6 6 2 
3 Now f(e)=-< s 

a=m e e 2e+b 

6(2e + b) = 2ae 

3(2e+b) = ae 

_3(2e+b) 

- e 

_ Ge+3b 
T e 

Ces® 
Using technology we get a=3, b=—e. 

EXERCISE 155G 1 

  

  

1 a y =sin(2z) b y=sinz +cosz 
dy d G =cos(2) T (20) o Yo —sina 

= 2 cos(2x) 

< y = cos(3z) —sinz d y =sin(z+1) 

%:-sin(Sz)x:&—cosz fi:cos(w-i'l) %(1+1) 

= —3sin(3z) — cosz = loos(z +1) 

=cos(z +1) 

¢ ¥ =cos(3 — 2z) 1 y = tan(5z) 

dy _ _ dy _ 1 
= —sin(3 — 2z) x -2 %~ e x5 

= 2sin(3 — 2z) _ 5 

~ cos?(5z) 

g y=sin (%) —3cosz h y = 3tan(wz) 
dy dy 1 
E:%cc.s(%)+3sm:n Z=3XWX" 

_ 8 

~ cos?(nz) 

1 y =4sinz — cos(2z) 

% =4cosz +sin(2z) X 2 

=4cosz + 2sin(2x)
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2 a y=a®+cosz b y=tanz — 3sinz 

dy o dy 1 = —op— v - i @ —sinz - wofa 3cosz 

€ y=e"cosx d y=e Tsing 

%:e‘cosx+e’(—sinz) %:—e"sinz+e"cosm 

=¢e"cosz — e®sinz 

e y =In(sinz) f y=etanz 
dy  cosz dy 2 L 
== == =2e*“tanz + 
dz  sinz dx cos?z 

s y=sin@) b y=cos(®) 
di & 5 22 =3cos(3z) R L C)) 

1 y = 3tan(2x) i Y=TCOSXL 

%=m§21) x2 Zm—y=lxcosz+w(—sinz) 

6 =cosz —zrsinz 

= cos?(2z) 

k y= &z I y=ctanz 
z 

dy  {(cosz)(z) —sinz x 1 —y=1><ta.nm+z>< 
-_— s s de cos?z 
da z? 

_ zcosz —sing =tanz+ —o = 

3 a y = sin(z?) b y=cos (\/5) = cos(z*) 

ds Ey = 2wcos(z?) :z—” = —sin(a}) x 2= 
1. 

= —msm(\fi) 

¢ y = Voor = (cosz)} d y=sin? 2 = (sinz)? 
ds — . 
%:%(msz) 3 X (—sinz) %:23‘mzwsz 

_ __sinz 

24/cos T 

e y = cos® & = (cosz)® f y = cosxsin (2x) 

% =3cos?z x (—sing) % = (—sin<) sin (22) + cos 2(2 cos (22)) 

= -3sinzcos’x = —sinzsin (2z) + 2 cos x cos (2x) 

g y = cos(cosz) h y = cos®(4x) = (cos (4z))® 

% = —sin(cosz) x (—sinx) 

= sinz sin(cos z) 

=1 (o)t == (sinz) 

= —1(sinz) "2 X cosz 

§l
& 

« 

cosz 
sin® 

I   

  

:z—” = 3(cos(4z))? x (—4sin (4x)) 

= —12sin(4z) cos?(4x) 

y= wszh) = (cos (22))™} 

dy — . 
== —1{cos (2%)) "2 x (—2sin (2z)) 

_ 2sin(2r) 

~ cos?(2z)
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2 
  

  

k V= = 2(sin (22)) 2 

LAy _ 
=T —4(sin(2x)) % x 2cos(2z) 

__Bcos(2x) 

T sin®(2x) 

& a f@) =sin®z 

= [sinz]® 

=u® where u=sing 

f’(m)—z—flz {chain rule} 

du () = 3u? X — F(=) u? X - 

=3sin®zcosx 

() =9 () n () 

  

| e s (I 
e (] e 

b f(z) =coszsinz is the product of 

u=cosz and wv=sing 

. w'=—sinz and v =cosz 

Now f'(z) =w'v+uv 
= —sinzsinz + cosz cosz 

=cos’ z —sin*x 

() o () - (1) 
=0 

EXERCISE 15 H I 

1 a f(z)=32% —6z+2 

. fl®)=6z—-6 

@) =6 

c flz)=22° 322 —2+5 
Flla) =62 —6x—1 

Fl@)=120—6 

¢ f(@)=(1-2)° 
F(@) = 3(1 —20)*(=2) 

—6(1 — 22)% 

  

b f(z)=%—l=2m“}—1 

  

Fa)=—o3% 

() = 3o—% 

=3 
2zg 

d Foy=2 ;23’ =278 37} 

fl(z)=—de ™3 + 3272 

Fl(z) =124 — 6272 

12-6 
Tt 
  

F(z) = —12(1 - 22)* (-2) 
=24(1 - 22) = 24— 48z 

t f@)= 22 icaquotientwith w=o+2 ad v=Ze—1 
2-1 7 ) 

Lo =1 and v =2 

s fe) = W {quotient rule} 

-5 
T (@-1)? 
=52z -1)"2 

20 
s @) =102z -1)73(2) = e
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3 2 5 2 a y=z—=z b y=2'-— < 

%:1-3;2 . 

&2 Wy + 10272 
oy _ —6z dx 
dx? 2 

y . gz =280 4 

30 =2-= 
T4 

d e y = (a? — 32)° 

%” = 3(2? — 3z)%(2z — 3) 

= (6z —9)(z% — 3x)®> which is a product where 

u=62—9 and v=(a?—3z)? 
s = and v =2(2* — 3x)' (2z - 3) 

% = 6(z® — 3z)% + (62 — 9)(2)(= — 3z)(2z - 3) 

=6(2? — 3z) [(2” — 32) + (22 — 3)?] 

=6(z® — 32)(«* — 3z + do® — 120+ 9) 

= 6(x? — 3z) (52 — 152 + 9) 

t y=2—-z+ I i < 

=22 —z+(1-=z)" 

. Ey =221+ (1)1 - 2)"%(=1) 

=2%—1+(1—=z)2 
&2 
EZ =2-2(1—2)"3(-1) 

2 
=2+ = 

3 a f@)=2*-2c+5 b f@)=2%-2z+5 

v f2)=(2° -22)+5 o P@) =37 -2 
=9 L @) =312)%-2 

=10 

< fl(z) =32 -2 {from b} d () =6 {from c} 
o (=) =6a o @) =6 

. f1(2)=6(2) - f®@) =6 
=12 

4 y= Aek® 

[ Py _d ke Ly _d oy ke a dz_Ae (k) b dz’_dzkAe {foma} ¢ dm:‘_d:tkAe {from b} 

= k(Ae*®) — i2Aek® — i3 Ak 

=ky — Ky — iy 

5 a f(z)=22° — 62> + 52 +1 So, f"(z) =0 when 125-12=0 
oo fl@)y=62"—122+5 
o () =120 —12 

o 122=12 

L e=1
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  b f(z)= ;:_ is a quotient where u=z ad v=a2+2 

z Lw=1 and =2 
1(z? + 2) — 222 . f’(:):% {quotient rule} 

_ 2-2* 

&1 
This is another quotient, this time with ~w=2—2? and o= (2?+2)? 

sow'==2c and o =2(z +2)(2) 

—2z(a? +2)? — da(a?® +2)(2 — a?) 

@ +2)t 
—2z(z% + 2)[z% + 2 + 2(2 — 2?)] 

(z2 +2)* 
_ —2z[-2% + 6] 

TP 

_ 2z — 6] 

T @@+2p 

So, f"(z) =0 when 2z[z? —6)=0 
=0 or z2—-6=0 

2=0 or z==%V6 

) = 

f@y=2%—= 

o fl@)y=62%—1 

)= 122 
By substituting the various values of x into these three 

functions, we can fill in the table as follows: 

    

f(m)=§sin31 8 a f(x) =2sin®z — 3sinz 

o f(m) =2 x (cos3z) x 3 =2(sinz)® — 3sinz 
3 s )2 f(x) =2 x 3(sinz)® X (cosz) — Jcosx 

=2cos3z NP 
" . = —3cosx(l — 28in’z) 

o (@) =2x(-sin3z) x 3 — —3cosc0os 2 

= —6sin3z b f'(x) = —3(—sinz X cos2z + cosx X (—2) sin 2z) 

o (@) =—6x (cos3z) x 3 = 3sinzcos 2¢ + 6coszsin 2z 

= —18cos 3z 

. f® (&) = —18c0s3 () 

=—18<:cus(zT7r 

=9 

a y=—lnz b y=zelnz is the product of 
dy 1 

L = =-1lx=— 
dz x 4 4 

=—zt Now Ey =u'v+uv {product rule} 

Ly -2 = l E=_(_z ) _1><lnac+z><ac 

g2 :i =lnr+1 

= L1 
dz? =z
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< y=(nz)? 

fl=2(lnw)(l)=2mz which is a quotient with u=2Inz ad v==z 
dx z z 

u’=Z and o' = 
lfi 7, g z 

wv—ur . 
Hg = {quotient rule} 

2 _2xz-2mzxl1 

e 
2—2nzx 2 

=T TEthe) 
1 1 

10 =a?-= b =z == 2 f@=dt- Ha)=a?- 2 
1 — g2 _ p—l 

- =W - L TEee 
—1-1 f(a:)=2m—(—z ) 

=0 =2c422 

= +F 

. ! =9 1 ~L )= (1)+1—2 

=2+1=3 

< fl(@y=22+2"2 {fromb} d fz)=2-2c"% {fromc} 

s flr)=2-2"° o () =62 

=z_l 6 = == 
x4 

2 Loy = 
oS (1)—2—1—3 f(s)(1)=%=5 

=2-2=0 

dy &y = 93 . = = ,3: 4 11 y =263 +5e% o E—fie”’”+206‘“E and m—l&e’+805" 

Now fl—7fl+12y=(18e3=+80e“’)—7(6e-"‘=+20e“’)+12(2e3¢+5e") 
dz? de 

= 186 + 80e%® — 426 — 140e** + 24¢%® + 60e® 
= €% [18 — 42 + 24] + ¢4 [80 — 140 + 60] 

= e%%(0) + &**(0) 

=0 

Py dy — —-7=+12y=0 T Tt 

12 If y=sin(2z+3), then % =2cos(2x +3) and % = —4sin(2z + 3) 

Py + 4y = —4sin(2x + 3) + 4sin(2z + 3) =0 a2 

13 y=sinz % = —cosz 

4y 
a T fl:—(—smw) 

d2y dat 
2 = —sin® =sinz
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14 If y=2sinz+3cosz, then y' =2cosz—3sinz and y’ =—2sinz —3cosz 

" +y=—2sinz — 3cosz +2sinr +3cosz =0 

REVIEW SET 15A I 

  

  

  

1 a fl@)=T+z—-32* b Fle)=1-6z < )= 

o f8)=T+3-3(3)=-17 o fi(3)=1-6(3)=-17 3= 

s —z 
2 a y =3z —z* b y=—( =@ 1 

dy 3 ds 1 — =6z — 4’ . _!l=1 -2 14 — ™ o =it + 

isaquotient with u=2 and v= (w’ + 1)'} 
_1 

. w=1 and v’=%(z’+1) T x 2 

=z(zz+1)_t 

Now f'(z) = 

  

{quotient rule} 

Cix @+ —axe@+n)? 
- z2+1 

2 ETT_ & 
et 

2 +1 
_ (@ +1y-« 

@@+ )V +1 
1 

T (@+)VE L 

The tangent to f(x) has gradient 1 when f(z)=1 

1 — = =1 
(* + V2T +1 

  

  

  

  

  

(z’+1)§=1 
Lot +1l=1 

©22=0 

. x=0 

and f(0)= —2— =0 
VE+T 

the tangentto  f(z) = $+1 has gradient 1 at the point (0, 0). 
z 

4 a y=etHe b y:ln(“;?’) 
=e* where u=2%+2 ® 2 

dy  dy du ; =ln(z + 3) — In(z?) 
R {chain rule} @__ 1 = 

— e x 322 dz  z+3 a2 

=322 -1 _2 

= 8g2e2"+2 T3 =
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5 y=3"—e* 

dy - &y - E—3e”—(—e "’) E—3em+(—e m) 

=3e"+e =3 —e™® 

6 a % (sin(5z) Inz) = % (sin(52)) Inz + sin(5z) % (Inx) {product rule} 

= 5cos(5z)Inz + sin(5z)   

d . d . . d 
b = (sinz cos(2x)) = = (sin z) cos(2z) + sinz = (cos(2z)) {product rule} 

= cos cos(2x) + sin (—2sin(2z)) 
= cosz cos(2z) — 2sin 2 sin(2z) 

  

  

d , _ d , _, x4 
<= (e 22 tanz) =% (e 2’) tanz + e 2’E(tmz) {product rule} 

—2% 

=-2"*tang + 7 

7 y=sin’z 

= (sinz)® =u? where u=sinz 

d—u = cot - =cose 

@ _aa o Now o duds {chain rule} 

du 
=2u = 

=2sinzcosz 

r % i (= = When == P % =2$m(3)cos(3) 

=8 2 
gradient of tangent = éflé 

8 2 f@)=(+3) b o) = ”;:’5 is a quotient with 
- Fl(e) = A(e? + 3)%(22) w=(ot 5)* and peg? 

= 8z(z* + 3)° = %(z+5)_‘} and o =22 

oy - 3e+573@) — @+t 
L d@) = 

_ lo(@+5)"% —2z+5)% 
3 

9 a f(a:)=3z’—%=3w2—z_1 b f(z):fi:w% 

o f@) =ta+a s P@=geh 
s @) =6-2c3 =6 % o ) =—tam 
Py 2-B s @) =-4zh 

o 23 4 1 1 
  

YA
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10 y=(1-%)° 
a 
@ == (D) 

=—(1—§m)2 

&2 & Dot (] - 
-30-49) 

REVIEW SET 158 I 

1 a y="5z -3zt b y= (322 +z)* 

dy _ —2 . Gy _ 3 3 5, =5+ g =AEe? +a) e+ 1) 

€ y=(22+1)(1-22)% isaproductwith w=2a?+1 and v=(1-2?)° 

. W =22 and o' = 3(1 —z%)*(—22) 

  

  

  

  

  

  

  

  

= —6z(1—2?%)? 

:—y =22(1—2%)% + (2® + 1) x —6z(1 —2?)*  {product rule} 
T 

=22(1 — 2?)® — 6x(a? + 1)(1 — 2?)? 

2 y=22%+32% — 10z +3 

dy 2 &y _ -1 5, =6a®+6c-10 

The gradient of the tangent is 2 where 622 4+ 60 —10=2 

622 +6z—12=0 
. B +z—2)=0 

. 6z+2)(x—-1)=0 
. r=-2orl 

Loy =2(-2° +3(-2)* - 10(-2)+3 or y=2(1)*+3(1)*-10(1) +3 
=-16+12+20+3 =2+3-10+3 
=19 =—2 

So, the gradient of the tangent is 2 at (-2, 19) and (1, —2). 

3 y=\F—T=(5-4)} 
dy — &2y — a Eeft-aw $ (-9 H=2-hE-w 3 (-9 

=—2(5—4z)"% = —4(5—4z)"% 

4 a siy yLe el b Using technology, the point of intersection 
is (1, 2). 

o 

s Loe 
{L2) 

2 T s 
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< ¥ y=e*t31 If y=3—e'"% 

then % =e?1 then % = —lel*“” x —1 

dy =el™® 
When 2=1, — =e'™? & 

dz When z=1, & _ -1 
= de 

- = 
. =1 
lient of tangent = 1 

g .. gradient of tangent = 1 

So, the tangents to each curve at (1, 2) both have a gradient of 1. 

d If the tangents of each curve at (1, 2) have the same gradient, then they are in fact the same line. 

That is, the two curves have a common tangent at (1, 2). 

3 e 5 a y=In(z® — 3z) b v=03 

dy 3a22-3 
= = P @ (22) — e(2: } 

de 2% -3z = el )z‘a (2) {quotient rule} 

-2 =—a 

6 Flx) =22* — 42 — 9 + 40+ 7 
() = 8% — 122% — 18z + 4 
F(z) = 2422 — 242 — 18 

So, f(z)=0 where 24z®—242—18=0 

oo 4a?—dz-3=0 
(2z+1)(2z—3)=0 

. z=-}orz=% 

7 a flgy=z—cosz b < fl(z)=1+sinz {from b} 

o f(m)=m—cosm o (@) =cosz 
=r—(-1) " (3m an 32 — ¢og (32 = 17 (35) = con (5) 

= —7‘5 (or _32@) 

8 y =3sinbz — acos 2z 

% =3 X (cosbz) X b—a X (—sin2x) x 2 

= 3bcosbz + 2asin 2z 

Py ! = =3b X (—sinbx) X b+ 2a X (cos2z) X 2 

—38b* sin bz + 4 cos 2z 
2. 

Now y+% = 6cos 2z 

. 3sinbz — acos2x + dacos 2z — 3b% sinba = 6 cos 2w 
-, 3sinbx — 3b?sinbz + 3acos 2z = Gcos 2 

(3 — 3v%) sinbz + 3acos 2z = 6 cos 2 

o, 3-8"=0 and 3a=6 
© 31— =0 and 

. 3(1+8)(1-b)=0 
146=0 or 1-5=0 
sob=-1lorl 

a=2 ad b=-lorl. 

a=2 

So,
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[ % (10 — sin(10z)) = 10 — 10.cos(10z) 

d 1 1 d 1 . 

v () -y () ina 
=cosz X % ((cosm)“) 

=cosz x (—(cosz) ™ x (—sina)) 

_ coszsinz 
> =tanz 

cos?z 

¢ % (sin(5z) In(2z)) = % (sin(5z)) In(2z) + sin(5z) % (In(2z)) {product rule} 

= 5cos(5z) In(22) + sin(5z) x % 

sin{5x) 
  = 5cos(5x) In(2x) + 

  

b u=2*—3z ad v=(z+1)% 

. wW=2-3 ad o=L1@+1)"} 

dy  Qz—3a+1)} -1z —3a)z+1)" (qvotint e} 
—_—_—_—— juotient rnule 
i z+1 g 

2 _ 1 Y 
= 4——= 4 _ 1 = 3 _ —_— 3 _ 2 a y =3z z 3z — 2z b y=a $+\/5 & —z+x 

W _ 1,3 —2 dy - =1t o Lsar o1t} 

Ly 2 _ 4.3 Py - S =8 o o et fat 

=3t;ac2—is 
& 

3 y=uxe® is the product of u=z and v=¢ 

wou'=1 and o =¢ 

Now % =u'v+uv’ {product rule} 

=1xe" +zxe® 
=e® +ze® 

=(1+z)e* 

If % =2, then (1+z)e® =2 

Solving by inspection, we get =1. When =1, y=1xel=e. 

the gradient of y =axe® is 2e at the point (1, e).
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& a2 f@) =l +3) 5 v= —i)‘ 

fl($)=e,e:_3 =(e—a? ¢ 

. gy _ —1\8 _ 

et o g =t are™ 
b f@) =1n [ET=1 118 1 

» 2) ; =4(a-3) (+ ) 
=In(z + —Inz & 3 

=3In(z+2)-Inz When =1, Ey=4(l_%) (l+1la) 

f!(z)=ziz_i :4><o><2 

6 a F(z) = 3 cos(dx) 

. f'(@) = 3o} cos(ds) + 2} (~4sin(4a))  {product rulc} 

= 2074 cos(4z) — 4o sin(de) 

and f(z) = 3o~ cos(d) + 32— (~dstn(dz)) [zz—’} sin(dz) + 428 x 4ws(4z)] 

= —2o~% cos(4s) — 4o~ ¥ sin(4z) — 160 cos(4e) 

b F(@) = 2o~ cos(4z) — aod sin(dr)  {from a} 

P (E) =3 () Feon(5) -4 (F) ein(3) ~ -0 
= —2o~# cos(4) — 40 ¥ sin(4z) — 160 cos(az) 

f @)= @) e (D)@ P () -0 () () 
=o—4(§)‘* (1)-0  {since cos (%) =0} 

“4
 & i 

 —6.38 

7 ¥ = 3sin 2 + 2cos 2z 

- % =3 X (cos2x) X 2+ 2 X (—sin2z) x 2 

= 6cos 2z — 4sin 2 

&£y _ " 
- 2 =6 x (—sin2z) X 2 —4 X (cos2z) X 2 

= —12sin2z — 8cos 2z 

o4y + % = 4(38in 2% + 2 cos 2x) + (—12sin 2z — 8cos 2z) 

= 12sin 2z + 8 cos 2z — 12sin 2x — 8cos 2z 

  

  

6z 

8 S 3+a2 
62 

Now, f(z)=—% when 3+a:2=_% 

- 12z=—(3+2%) 
o2+ 120+8=0 

_ —124+ /122 —4x1x3 

- 2 

_ —12+ VIR === 

Loz 

& —11.7 or —0.255
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6z 
  

  

    

fl@)= T4t isa quotient where ~u=6z and v=3+a? 
. wW=6 and V=2 

- 
5 ey = 22 {quotient ruie} 

v 

_ 6(3+2?) —6a(22) 
(3+22)2 

_ 18+ 6% — 1222 
T (B+ap 
_ 18—622 
T B+?P 

18 — 6a? 
Now, f'(z)=0 when Brae 

18—6z2=0 {since (3+32%)2>0 forall z€R} 

. 63—2%) =0 
e $2 = 

L 2=%V3 

~—1.73 or 1.73 

- 2 

¢ flix)= % is a quotient where ~ u=18—62° and v = (3+27%)? 
@ —12z  and o' =2(3+2%)x2z 

= 42(3 +2?) 
O 

(z)= % {quotient rule} 
v 

_ —122(3+2%)? — (18 — 62°) X 4z(3 + %) 

- (B+a2)t 
_ (842?)[—122(3 + 2?) — 42(18 — 6c2)] 
- @+a22)t 
_ —36z — 122° — T2z + 24z° 
- (3+22)? 

_ 122% — 108 
T TP 

223 — 108z 
Now, f"(z)=0 when Brer - 0 

22° —108x =0 {since 8+a*>0 forall z € R} 
12z —9) =0 

122(z + 3)(z —3) =0 

. z=0,-3,0r3 

a f(z) = —10sin2zcos2z, 0K z< ™ 

o f(x) = —5sindz {2sin Acos A =sin24} 

  b f'(z) = —20cos 4z 

If f'(z)=0, —20cosdz=0 
. cosdr =0 

' 4z =% 4 nmw, nany integer 

z=%+25L 

So, for the domain 0 z <, z=15, ST"’ ET",'{T"



  

Chapter 16 
PROPERTIES OF CURVES 

EXERCISE 16 1N 

a We seek the tangentto y =z —22%+3 
at x=2. 
When =2, y=2-2(2)2+3=-3 

the point of contact is (2, —3). 

dy Now == =1-4z, soat z=2, ow 2, soat x 

dy ZH_1-g=-7 
de 

the tangent has equation 

y=(=% VY =y 
z—2 

. y+3=-7(x—2) 

Loy=—-Te+14-3 

Loy=—Tr4+1l 

€ We seck the tangent to y = 23 — 5z 
at z=1. 

When z=1, y=1%—5(1)=—4 
the point of contact is (1, —4). 

Now %:3@2—5, soat z=1, 

dy “_3-5=-2 
dx 

the tangent has equation 

M=_2 
z—1 

Loyt+d=—2c+2 
Loy=-2x-2 

@ We seek the tangent to 

  

    

at (—1,—4). 

= —% +— soat (-1,—4). 

dy___3 4 2 

de (-1)2 (-1 
=-3-2 

=-5 

the tangent has equation 

y=(=9 _ 4 
a—(-0) 

. y+4=-52-5 
. y=-bx-9 

b We seek the tangent to 

y=fi+1=z’}+1 at z=4. 

When z =4, y=\/Z+1=3 

the point of contact is (4, 3). 

4y 
Now E:;fi, soat x =4, 

dy _ 1 _ 4 

LA 
the tangent has equation 

    d  We seek the tangentto y = 

4 
Now y=—=4m_§ 

vz 

%=_2m-’3 soat z=1, 

dy _;) 
—==-2(1 =-2 z=( 

the tangent has equation 

y-i_ o 
z—1 

y—4=-2042 
y=—-2x+6 

f We seek the tangent to 

y=3z2—i=3a:7—m_1 at z=-1 

When @ =1, y=3(-1)*- Iy =4 

the point of contact is (—1, 4). 

Now % =6z 4272 

1 
=(iz+—2 soat ¢ =—1, 

a: 

W _ g1+ o   = -5 

the tangent has equation 

y—4 _ 
z—(-1) 

. y—4=-5z—5 

L y=—bz—1 

-5
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a Weseekthe normalto y =2 at (3,9). 

dy Now E=2z soat ¢ =3, 

dy Z=2(3)=s=% 

the normal at (3, 9) has gradient —3, 

so the equation of the normal is 

  

¥=9_ 1 
z—-3 ° 

6y—54=—-x+3 

L 6y=—z+57 

¢ We seek the normal to y=i_fi at 

(1, 4). Ve 

Now y= 5:::_% —z* 

%__;z%_%m—% soat z=1, 

dy - - 
a1 -1 () 

-3-3=-3 
the normal at (1, 4) has gradient §, 

s0 the equation of the normal is 

  ¥y-4_ 
z—1 3 

y—12=z—1 
y=a+11 

a y=2%+32" — 122 +1 

%’=sz2+ez—12 

Horizontal tangents have gradient = 0 

s0 6a®+6c—12=0 
soat4r-2=0 

oo (2 (z-1)=0 

x=-2o0 =1 

Now at & = -2, 

y=2(-2)*+3(-2)> —12(-2) +1 
=21 

andat z=1, 

y=2(1)° +3(1)2 —12(1) +1 
=—6 

the points of contact are (—2, 21) and 

1, -6) 
the tangents are i =21 and y = —6. 

b We seek the normel to y =a® — 5z +2 
at x=-2. 

When z=-2, y=(-2)%-5(-2)+2 
=4 

and so the point of contact is (—2, 4). 

Now % =3z -5 soat z=—2, 

dy 2 —=3(-2)*-5=7 = 3(-20% -5 

the normal at (—2, 4) has gradient —%, 
s0 the equation of the normal is 

  

d We seek the normal to y=8‘/_—$—12 

at z=1 

When =1, y=8\/_—%=7 

the point of contact is (1, 7). 

Now y:Sf—%:Sz%—z‘“ 
& 

%= ~% 4958 soat x=1, 

dy — =442= = + 6 

the normal at (1, 7} has gradient —%, 

so the equation of the normal is 

  

b Now y=2ya+ - =20} 4o} 

  

  

  

VT 
dy _ -4 _1.-§_ 1 __1 

=7 Y A 
Horizontal tangents have gradient = 0 

11, 
B v 

Zz—1=0 

2eT 

2z—-1= 

z=3 

2P +1_ 2 

  

the only horizontal tangent touches at the 

curve at (%, 2V2).
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¢ Now y=2a+ka® -3 

dy == 6% + 2kz 

When £ =2, — =4 

. 6(2)% +2k(2) =4 
 24+4k=4 

  

4 a Now y=a"+ax+b 

%=2m+da 

Atz=1 Z_324a 
dzx 

the gradient of the tangent to the curve 

at z=1 willbe 2+ a. 

However the equation of the tangent is 

2c4+y=6 or y=—-22+6 
and so the gradient of the tangent is —2. 

. 2+a=-2 

Loa=—4 

So, the curve is y =22 —4z -+ b. 

We also know that the tangent contacts the 

curve when z =1. 

1*—41)+b=-2(1)+6 
1-4+b=4 

~ob=T 

Loa=—4, b=T 

  

] dy t the point where & =a, —b =4a at the pont where x a, o 

the gradient of the tangent at the point 

where © =a is 4a. 
Also,at z=a, y=20%2—1. 

the tangent has equation 

—(2a% — y—(22-1) ta 

r—a 

. y—20°+1=4do(z—a) 

. y—20% + 1= 4oz —40? 
L daz—y=2a"+1 

d Now y=1-3x+12s? — 8 

dy =2 = 34 245 — 245” 3, = "3+ 24z — 24 

dy When z=1, —>=-3+24—24=-3 
dx 

the tangent at (1, 2) has gradient —3 
The tangents to the curve have gradient —3 

when —3 + 24w — 242® = -3 
o 242’ — 240 =0 
o 24x{z—1)=0 

. when =0 or x=1 

So the other z-value for which the tangent to 

the curve has gradient —3is £ =0, 

and when =0, y=1-040-0=1 

the tangent to the curve at (0, 1) is 

parallel to the tangent at (1, 2). 

y=1 

z—0 =3 
  This tangent has equation 

or y=-3z+1. 

- Bt et b Now y—a\/i+fi—aw + bz 

W_o,-} L% 
de 2 2 

e o)) 
~£()-40) 
5 

the gradient of the tangent to the curve at 

a b _4a-b 
=4 willbe = - —= 

FEEVER 3T T e 
However the equation of the normal is 

dr+y=22 or y=—4x422 

the normal has gradient —4. 

the tangent has gradient &, and so 

  

a-b_, 

16 ¢ 
da-b=4 

b=da—4 .. () 
Also, at z = 4 the normal line intersects 

the curve. b 
. a\/Z+—4 =—4(4) +22 

  

7 

b - 2a+2=6 a+2 

Consequently, 2a+ 22=% ¢ {using (1)} 

" 2e+2a—-2=6 

. da=8 
. a=2 

and so b=4(2j —4=4 {from ()}
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a y=+v2Zz+1 b y:zl =@2-=z)"* 
-z 

When z=4, y=./2(4)+1=3, at z=—1, y= 1 % 

so the point of contact is (4, 3). 2-(-1) 
, i 1 

Now :m_y=%(21+1)—§(2)= 2z1+1 Sothelt)iomtofcomactls (-1, 3)- ; 

i -2 N —_==1(2- -1)= 

wocs __1__y TN g0y 
’ T AL Catw=-1, o1 _s 
h ¢ hes cquation L3 = 1 ) Cdn @-(-LF 0 

e tangent has equation z—4 32 the tangent has equation 
or 3y=zxz+5. 

€ Weseek the tangentto  f(z) = at 

  

(-1, -3). 
F(z) is a quotient where 

u=z ad v=1-3z 

wouw'=1 ad v =-3 
P— 

Now f'(z)= uvv—zuv {quotient rule} 

L gy - M1 —37) —2(-3) s )= A_5p 

_ 1 

T (1-33)2 

(==L 
- a-3(-DF T 

the tangent has equation 

v (%) _ . 
z—(-1) s 

By+a=z+1 
6y=2-3 

a We:eekfi:enorma.lm y:fi at 

1D 

As y=@E"+1)73, 
dy 2 1y-3 —dx =2 = g D3(2) = ——— I (2? +1)73(22) @1 

at =1, dy_ 4 =3=-1   

dr (1+1)@ 8 

the normal at (1, 1) has gradient 2. 

So the equation of the normal is 

  

N 

d  We seek the tangent to  f(x) =    at 

  

  

(2 —4). 1 
f(x) is a quotient where 

u=z" ad v=1l-g 
©ouw'=2 and o =-1 

P— 
Now f'(m):'”)v—zw {quotient rule} 

v 2a(l—z) — 23(=1) 1w = 2D 
_20—202422  2z—2? 

S (-ep (-2 
22)—22 4-24 

=222 2 2 " —¢ R 
As the tangent has gradient 0, it is horizontal. 

its equationis y=¢ 

Since the contact point is (2, —4), the 

tangent has equation y = —4. 

  

Now y=(3-— Zz)_é 

%’ =-1@-2)3(-2)= 3-2)% 

wo=-3 W_@g-a-gt 
—_g-3_33_- =9 §_3 _;_7 

the normal at (—3, 1) has gradient —27. 

So the equation of the normal is 

v=% _ 
z—(-3) 

y—3=-21(=+3) 
212 y=—2Tz— 5= 

—-27
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€ f2) =21 2} d 
Since f(4) = VA1 —4)® =18, 
the point of contact is (4, 18). 

Now f(z)} is a product where 

  

the point of contact is (—1, 0). 

    

  

  

u=got and v=(1-a)’ Now f(z) is a quotient where 

w=1lo% ad o =20-2)(-1) =22-1 and v=22+3 
=-2(1-2) =2 and o =2 

Now f'(z) =w'v+uv’ {product rule} Now F(z)= w'y — uo! 
3 

s fE) =3t -a —at21i-a) (e +8) - @ - 1)) 
P =2e-9P - VIR0 -9 , - (2 +3)2 

=10 29 = F e e 4 _2-1(=2+3) - (=1)* - 1)(2) 
the normal at (4, 18) has gradient —5. - (2(-1) +3)2 

So, the equation of the normal is —2(1) — (0)(2) 

i, —w 
z—4 " the normal at (—1, 0) has gradient 3. 

57(y — 18) = —4(z — 4) So, the equation of the normal is 
57y = —4z + 1042 y—0 _; 

z-(-1) 2 
or 2y=z+1 

7 The tangent has equation 3z+y=5 or y=-3z+5 

the tangent has gradient —3 ... (1) 

Also, at z=—1, y=-3(-1)+5=8 
the tangent contacts the curve at (—1, 8) ... {2) 

Now y=a(l—bm)}, so % = La(1—ba) " (-b) 

—3=1a(1+b)"}(-b) {using (1)} 
ab 
= @) 

Using (2), (—1, 8) must lic on the curve  y=a+/1—bz 

8 

  6= 

    

  

  

  

8 a @) =e L 
. et y-= 
 fh=e 1 .. the tangent has equation ‘i =1 

-, the point of contact is (l, —). m_l € 
e 

— —=}=—(x-1 Now f'(z)=—e"* L e( e) -1 
o) =— —_2 coey—l=—z+1 

F)y=—e Z oeep—z 

So, the gradient of the tangent is -1 or y__l;,;+z - = 
e e
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b y=In(2—x) 

sowhen z=-1, y=In3 

. the point of contact is (~1, In8). - he tangent has equation yz‘+]"13=_§ 
dy -1 

Now — =5, s 3y—lm3)=—(z+1) 

*. when z:—l,d—yz_;z_é 3y—-3m3=-z-1 
dz 2+1 o z+3y=3mn3-1 

So, the gradient of the tangent is —§. 

when y=—1, —1=%lnz 

Inzg=-2 

J):e_2 

1 . . 1 
z=— . the point of contact is (—2, —1) 

€ € 

dy .1 _ . y _ 1 _ & 
Now w375 so at the point of contact, sy 2 

2 

the tangent has gradient £ and the normal has gradient —12 
€ 

the normal has equation y+} =—% 
T € 

e2 

52(y+1)=—2(z— ) 

(»:211-4-2”=—2:::+£2 
€ 

2 2 
Wwtefy==-¢ o y=_6—21+2_1 

9 yo 5% . dy _ (—sinz)(1 +sinz) — cosz(cosz) 

Y= Tveme R 1+ sinz)? 
_ —sing —sin’z — cos’x 
- (1+sinz)? 

—1—sing o2 2 
= —_— =1 A Fomay {sin®z +cos®z =1} 

_ _(+sinz) 

T (1 +sing)? 
_ -1 

" 1+sine 

Since _— never equals 0, there are no horizontal tangents. 
1+4sinz 

10 a y=sinz %:cosm b y=tanz %=w517:c 

dy dy 1 When =0, —- =cos0=1 —o, %_ - en @ e cos ; When z=0, = = =50 1 

.y 
the tangent has it =1 - 

¢ angen equation z—0 .. the tangent has equation ¥ g:l 

o y==a z- 
o y=z
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11 a Considerthetangentto y=2° at z=2. 

When £ =2, y=2%=8 so the point 
of contact is (2, 8) 

  

Now %:M’ andsoat z=2, 

dy 2 —=3(2°=12 2~ 3 
the tangent at (2, 8) has gradient 12 and 

its equation is y—8:12 
z—2 

o y—8=12r—24 

o y=122-16 

the tangent meets the curve where 

122 — 16 =2* 
. 2*-1204+16=0 

Because the tangent touches the curve at 

@ = 2, there must be a repeated solution 

at this point. 

>, (z—2)® must be a factor of this cubic 

(z—2P(@x+4)=0 
the tangent meets the curve again when 

z=—4 

When z=—4, y=(—4)%=—-64 
the tangent meets the curve again at 

(—4, —64). 

  

12 a f(z):zz‘f% 

  y= sin(IZ:c) = (sin (22))~* 

ZI—” = —1(sin (2z)) "2 x 2 cos (2x) 

o _2008(2m) 
T in(2e)? 

When m=%, y=1 
2 z wa B 20D 

@& (in(3) 
the gradient of the normal is undefined, 

s0 the normal is = = §. 

Consider the tangent to 

y=—a®+2%+1 at x=-1 
When z=-1, y=—(-1 +2(-1)2 +1 

=4 

and so the point of contact is (—1, 4). 

Now %:—3@74—41 and so at * = —1, 

dy 2 Vo 81?41y = -7 Y - 1?4 
the tangent at (—1, 4) has gradient —7 

and its equation is a:y—_?fl)z_7 

L y—4=—Tz+1) 
Loy=—Tz—-3 

the tangent meets the curve where 

—72 —3=—2® +22% +1 
o222 —Tz—4=0 
Because the tangent touches the curve at 

@ = —1, there must be a repeated solution 

at this point. 

(z+1)? must be a factor of this cubic 

(#+1)2(z -4 =0 
the tangent meets the curve again when 

z=4 

When z=4, y=—(4)>+2(4)*+1 
=-64+32+1=-31 

the tangent meets the curve again at 

(4, -31). 

¢ When z= —\/5, 

  

2 4 4 
o f@=te-2x £V = (V) Yo 

8 
s ) =22— ) the horizontal tangent at (—fi, 4)is y=4. 

b Horizontal tangents have gradient 0, so When 2 =2, 
2 4 4 

-2 0 VD= (V3) +(¢§)’=2+5=4 
' 

- 2’”: =8 . the horizontal tangent at (v2, 4) is y = 4. 
= .. the tangents are the same line because they 

z=1v2 have the same equation.



  

Mathematics SL (3rd edn), Chapter 16 — PROPERTIES OF CURVES 329 
  

13 y=2a%" sowhen x=1, y=e 

  

  

the point of contact is (1, ). The tangent cuts the z-axis when 

Now ay = 2ze® + z%e” y=0 
dz 3ex = 2e 

when z=1, %:264—2:39 sow=2 

. —e and the y-axis when 
the tangent has equation z_1=3e z2=0 

y—e=3ex—3e Loomy=2e 

¥ —3ex = —2e sy =—2e 

ez —y=2e So,Ais (Z,0) and Bis (0, —2e). 

14 a Consider the tangentto y=22—x+9 at z=a. 

When z=a, y=a®>—a+9, sothe pointof contact is (a, a®> —a +9). 

Now %:2@—1 andsoat z=a, %:211—1 

the gradient of the tangent at (2, a®> —a+9) is 2a—1 

y—(a®*—a+9) 

z—a 

y—(a*—a+9) =(2a—1)z—a) 

y=(@a—Dz-2a*+a+a®-a+9 

y=02a—Dz—a®>+9 .. (1) 

But this tangent passes through (0, 0), so0 0=a®?—9 
(a+3)a—3)=0 

a=33 

the tangents are: At a =3, y=(2(3)—1z—32+9 {from (1)} 
o, y=>5x, withcontactat (3, 15). 

At a=-3, y=(2(-3)-Dz—(-3)2+9 {from (1)} 
. y=—Tz, withcontactat (-3, 21). 

the equation of the tangent is =2a-1 

b Let (a,a®) lieon y=1z° 

Now %:3@7, soat t=a, :z—y=3a2 

the gradient of the tangent at (a, a®) is 34 

y—a 
r—a 

  the equation of the tangent is =332 or y—a®=(3a®)(z—a) 

But this tangent passes through (—2,0), so  0—a® =3a?(-2—a) 
- —a¥=—6a® —34° 

2% +6a% =0 
20} (a+3)=0 

a=0o0r—3 

If a =0, the tangent equation is y = 0, with contact point (0, 0). 

If a=—3, the tangent equation is y — (—27) =27(z + 3) 

y =27z + 54, with contact point (—3, —27). 

dy _; _1 1 dy 1 N L=l =, t z=a, —=—x 
w2 T PN BTk 

1 
the gradient of the tangent at (a, is —= e gradient of the genn(a\/a)lszfi 

and the gradient of the normal at this point is —24/a.



  

330 Mathematics SL (3rd edn), Chapter 16 — PROPERTIES OF CURVES 

    

the normal has equation —2va 

—2/a(z — a). 

But this normal passes through (4, 0), so 0—+va=-2/a(d—a) 

2va(4-a)—va= 
Va8 -2a—-1)= 

© Va(T-2a) = 

» a=0or I 

But a =0 is the endpoint of the function, so there is no normal here. 

L V- ——2f(m—-) 

V2y+2VTx = T+ VT 

V2y + 2Tz = 87 

y=—v1dz +4v14d with contact point (Z, \/; ) 

15 y=¢€® sowhen z=a, y=e* Since the tangent passes through the origin, 

the point of contact is (a, e%). (0, 0) must satisfy (*) 

dy s 0—e*=e%(0—a) 
Now g =< n e 

  

ea—-1)=0 

a=1 {as €* >0} 

So the equation of the tangent is 

y—e=ex—e or y=ex     
8Y . 8 . 

1 b Let (a.,a—2) leon ()= & =8 

18 ) = -3 _ Now fi(z)=—162"°= & 

G 
fla)y= 

the gradient of the tangent at (a, %) is —1—3 
o a 

y-% 16 
  . the equation of the tangent is =——    

    

€ The tangent cuts the z-axis when y =0 d Area of triangle OAB 

162 = 24a L. (3 24 
z=ta =5X(5“)X(a_2) 

Ais (£a,0). |18I jts? 
[ 

The tangent cuts the y-axis when = =0 18 
usy =24a As a— oo, - -0 

24 . 0 
y== oo area — 

Bis (o —4).
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17 y=3e® and y=2+e° meetwhen 3e T =2+¢" 

s 3=2"+e® {xe®} 

. & 425-3=0 
(E+3)("-1)=0 

ef=—3orl 
€=1andso 2=0 {as ¢* >0} 

Now when xz=0, y=3e®=3, sothe graphs meetat (0, 3). 

  

  

For y=2+4¢€%, Ey =e", For y=3e"%, % =—3e77%, 

so at the point (0, 3), % =el=1 so at the point (0, 3), % =-3 

the gradient of the tangent at this point is 1 .. the gradient of the tangent at this point is —3 

the tangent hes direction vector G) .. the tangent has direction vector (_13) 

1) +1(-3)| 1-2| 2 
If' 8 is the acute angle between the tangents, then cosf= ————————xrot—c- = ——— = — 

€ & VIEFE/IB+ (-3 VIO V20 
-, 07~ 63.43° 

18 a y=ar? a>0 tonches y=Inz when az®=Ing 

If the curves touch when z =25 then ab® =Ind .. (1) 

dy dy 1 
= 2, _——= = —_— - Now for y = aa®, = 2ax and for y=Inz, == 

when z=b, %_mb . when m=b, :m_":% 

Since the curves touch each other, they share a common tangent. % =2ab .. (2) 

b Now ab=1 {from@)} ¢  a= 2% {from @)} 
and ab? =Ind {from (1)} 1 1 

nb=4 TR 2 
b=et =& 

When z=b=vE, y=lnz=led =1 
the point of contact is (V/e, 1). 

  

d  The tangent has gradient %: % passes through (+/€, %) 

1 
the tangent is y-%:—(z_‘/g) 

Ve 

1 
g_%=%m—1 

EXERCISE 16 1N 

Y 2,9 

(-2.2) 

3-1) 

never Ed I mever I —2<2<
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5,2 

(1.-1) 

  

  

I allrealz Nl never Lz 1 2<2<4, >4 

|| wsl,a:/s 0 z<0, 0<z<2 

2 a flx)=2% flx)=2z b flz)=—2% f(a)=-37 
Sign diagram -— L Sign diagram - - - 

of f(z): 0 of f/(z): 0 
increasing when 2 2 0, decreasing for all 2 

decreasing when « < 0 

¢ f(a:)—2:c2+3a:—4 f’(a:)—4z+3 d fz)=vE=z}, 
Sign diagram t e ! -3 L z) = 1 = 
of f(z): -3 1) =4 2z 

Sign diagram + 
increasing when > —%, of f'(z): l—> z 

decreasing when = < —$ 0 
f(z) is only defined when z > 0 
increasing when @ > 0, never decreasing 

e f flz)=a%— 622, f(z)=32"—12¢ 
=3x(z — 4) 

Sign diagram + - + = 

of f(a) o ‘ 

  

increasing when z < 0 or x> 4, 
Lz 

f(2) is only defined for z >0 decreasing when 0 < 2 < 4 
never increasing, decreasing when z > 0 

    

    

g f@)=¢* flz)=¢" h f@) =z (@) =% 
Sign diagram + - Sign diagram + 
of f/(z): of f!(z): I—’ ° 

0 
f(=) is increasing for all = f() is only defined when = >0 

increasing when & > 0, never decreasing 

| fz)=—22°+ 42 | fl@)=—-42"+152" + 18+ 3 
fl(z)=—6z®+4 F(@)=—122% + 30z +18 

= —2(3a% — 2) —6(22% — 5z — 3) 
Sign dia . =—6(25 +1)(z —3) 

of f/(z): —\/§' \/%‘ Sign diagram <_|_|_> z 

of f'(x): = 

increasing for —/§ << \/%-’ increasing when —% € 2 € 3, 1 
. R 

decreasing for @ < — 3°rz>\/%- decreasing when 2 < —} or >3



  

Mathematics SL (3rd edn), Chapter 16 — PROPERTIES OF CURVES 333 
  

m fl@)= 

k fz)=3+e2, flz)=—e" 

Sign diagram - 

of f(x): = 

F(a) is decreasing for all z. 

! — 162° + 242% — 2, 
f(z) = 120% — 4822 4 48z 

=12z(z* — 4z +4) 
=122(z — 2)? 

Sign diagram ————F 1 T 
of f'(z): 0 2 
increasing when « 2 0, 

decreasing when = < 0 

o flx)=2°—62"+3z—1, 

fl(z)=3%-122+3 
=3(z* -4z +1) 

f'(®) =0 when z=£\@=21\/5 

+ - + — T ., Sign diagram 
g0 diagr 2-v3 2443 of f'(z): 

2-v3 increasing when 2 < 

2+ V3, 
decreasing when 2 — V3 < 2 < 

or x> 

<2+V3 

  a f(o)= 24:_ 1 is a quotient with 4 

w=4c and 

w=4 and 

oo Mg?+1)—do X2 

@) =Gy 
_ 4?4482 
T T @t 

v=gi+1 

v =2z 

_ A+ )(z-1) 
T @t 

Sign diagram of f'(z): 

b f(z) isincreasingfor —1<z< 1, 

decreasing for ¢ < —1 and z> 1 

1 flz)=ze®, f'(z)=¢e"+ze® 
=e*(1+x) 

Sign diagram - + z 

of f'(x) -1 

increasing when z > —1 

decreasing when = < —1. 

n o flz) =22%+92% + 627, 
F(z) =622 +182+6 

=6(z> +3z+1) 

F@) =0 when g = =30 _ —skvE 

Sign diagram + - + - 
s —3—v8 —3+V8 of f/(z) % £ 

increasing for z < 3; sm':czfisa?@, 

decreasing for =32¥& L <o g fl’: 2 

P f(z)=w—2\/_=z—2a:‘} 

f’(z):l—z‘*:l—%:fi_l 

Sign diagram - + 

of f/(z): ] 1 

  

increasing when @ > 1, 

decreasing when 0z < 1 

  a f(z)= @ 4£1)2 is a quotient with 

=4a; and v=(z—-1)? 
=4 ad v =20z-1) 

. 4z —1)% —8z(x — 1 fo= 2ol 
_Az-D[(z-1) -2 

@—19 
_A-1-2) 

(x—1) 
_ —Az+1) 

(z-1) 

Sign diagram of f'(z): 

b f(z) isincreasing for —1<z <1, 

decreasing for < —1 and z > 1
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—g2 - 
5 a f(:n):La:7 is 2 quotient with u=-2’+40—7 ad wv=z-1 

== W =-2z4+4 and v =1 

Lo (C22 4@ — 1) — (—® +42 - T)(L) 
o i) = ey 

_ 2% 4+6s-4427—4dz+7 

- (z-1)? 
_—x®+22+43 Sign diagram of f’(z): 

=—G-1¢ . o 
-— L " 1 

_Z(@?-2-3 - 1 3 ¢ 
ST GEoie o 

b f(x) is increasing for —1< <1 
_—@t)(=-3) and 1< <3, and decreasing 

(z—1)2 for < —1 and x> 3. 

6 is a quotient with u=g® ad wv=2%-1 

W=3" ad v =2 

gy _ 3 —1)—2® x 2z 
Fl=)= @ -1 

_ 32 —32% — 204 

@*-1) Sign diagram of §'(z): 
_ 22 (@?-3) 

(- 1) 4, - i - —§—+I 
_ 2@+ vz —vE) 3 -1 o0 1 3 

(% — 1) 
f(x) is increasing for = < —v/3 and z > V3, and 

decreasing for —v3<a< -1, —1<a<1, and 1 <z < V3 

b f@=e Sign diagram of f'(x): 
2 ) — —9pa o fl(z) = —2ze® + _ —t = . 

F(z) is increasing for # < 0 and decreasing for = > 0. 

< f(:::)=z2+fi=ccz+4(a:—l)_1 

fll@)=2c—4x-1)"2x1 

4 
  

Sign diagram of f'(x): 

_ 22z’ —2e+1)—4 

- (z-1)? 
20°% —4a® 420 —4 o f(z) is increasing for x > 2, 

(z-1)2 and decreasing for x <1 
_ (z—2)(22*+2) ad 1<z<2 

T - 
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is a quotient with u=e"% 
A 
  Lo 

—Fx1 

    

. @)= 

_ —e % (z+1) == 

and v=g 

and o =1 

Sign diagram of f'(z): 

f(z) is increasing for z € —1, and decreasing for —1 < 2 <0 and 2z > 0. 

EXERCISE 146 

1 A is a local maximum, B is a stationary inflection, C is a local minimum. 

f!(z) has sign diagram: + - 

-2 

1 f() is increasing for 2 € —2 and = > 

f () has sign diagram: _ ¥ 

fey=a?-2 . fl@)= 

with sign diagram: S t 

Now f(0)= 

so there is a local minimum at (0, —2). 

  

=3(z+1){x—-1) 

+ - + 
with sign diagram: o\ 5 g 2 

Now f(-1)=4, f(1)= 
so there is a local maximum at (—1, 4), 

and a local minimum at (1, 0). 

3 Ml f(x) is decreasing for —2< z< 3 

- + 
0 5 

b flxy=a®+1 . fz)=3 

with sign diagram: 
z 

Now f(0)=1, 

so there is a stationary inflection at (0, 1). 

stationary 
infiection |7 

©1)       

  

d f(z) =2t - 222 

file) =42® — 4z 
=4x(z? - 1) 
=4z(z+ 1)z —1) 

with sign diagram: : Z +£ N E £+ 
0 

Now f(-1)=-1, f(1)=-1, f(0)=0, 
so there are local minima at (—1, —1) and 

Q , —1), and a local maximum at (0, 0). 

  

T



  

336 Mathematics SL (3rd edn), Chapter 16 — PROPERTIES OF CURVES 
  

e f(x)=0o%—6z2+120+1 

() =3 — 122+ 12 
=3(z? —dz +4) 
=3(z—2)? 

with sign diagram: 

Now f(2)=9, sothereisa 

stationary inflection at (2, 9). 

  

f@)y=o-vz 
fl@)y=1-3= 

=1 1 _ 2vT— 
TwE 2z 

with sign diagram: -t 

f(z) is defined for all « = 0 

Now f(3)=—% sothereisa 

local minimum at (3, —3)- 

  

  

f(x) is only defined when z > 0 

Now f(0)=1, sothereisa 

local maximum at (0, 1). 

f(=) 

(0,1) local max. 

  

  

t f@) =vE+2 
FE =it 

L 0 “s” 
with sign disgram:  [Jf—=—» = 

0 

no stationary points. 

f(=) 

z 

(no stationary points) 

h fl@)=a*-622+8s-3 

fl(z) =42® — 12248 

=4(z® -3z +2) 
=4z —1)? +z-2) 
=4z —1){z+2)(=z—-1) 

with sign diagram: 5 f ! 

Now f(—2) =—27, f(1}) =0, so there 

is a local minimum at (—2, —27), and a 

stationary inflection at (1, 0). 

    
    

inflection 

local min. 

I fle)=2*-22%-8 

. flz)=42% — 4o 
=da(z® - 1) =dz(z+1)(z - 1) 

with sign 2 - + 
diagram: 0 z 

Now f(-1)=-9, f{1)= -9, f(0) = - 
0 there are local minima at (—1, —9) and 

(1, —9), and a local maximum at (0, —8). 

     

   

  

local max. 
() 

{-1,-9} 
Tocal min. 

{1,-9) 
local min.
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f@) =az®+br+c a#0 

fl(®) =2az+b 

f(=) has a stationary point when f/(z) =0 

b 
"2 

There is a local meximum when @ <0 /7, end there s a local minimum when a>0 X/ 

z= 

  

a y=uxe 

% =1le"® —ge™® {product rule} 

=e"(1—zx) 

_l-= which has sign diagram: * -z 
er 1 

1 1 
When =1, y=1e~! ==, so we have a local maximum at (1, —)4 

€ € 

b y =z 

W _ oo 20 == 2ze” + af€ {product rule} 

= 2e®(2+7) which has sign diagram: O N e 

When z=—2, y=4e~2, andwhen z=0, y=0. 

So, we have a local maximum at (—2, iz), and a local minimum at (0, 0). 
€ 

o 
¢ y== 

T 

dy ez —e”(1) . 
e = {quotient rule} . 

(o — - 
= L) which has sign diagram: — Yoz 

2 0 
1 

When ¢=1, y= GT =e, so we have a local minimum at (1, e}. 

d y=e "(z+2) 

e (z+2)+e®  {product rule} 

    

=e % (-z—2+1) 
=e ¥ (-z—1) which has sign diagram: + SNz 

When z=-1, y=e(—1+2)=e, sowe havea local maximumat (-1, e). 

fl2) =20 + a2® — 24z +1 
f(2) = 62 + 202 — 24 

But f/(—4)=0, so 96—8a—24=0 
72 =8a 

a=9 

a fl@y=2®+az+b 

fle)y=3%2+a 

But f'(-2)=0 Also, f(—2)=38 

3(—2%+a=0 s (=28 -12(-2)+b=3 
12+e=0 s —84+2446=3 

Loe=-12 oo b=-13
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b Now f(z)=x%—12z—13 
f'(z) =82% — 12 

=3(z* —4) 
=3(z+2)(x —2) with sign diagram: AN L 

Now f(2) = —29, so there is a local minimum at (2, —29) and a local maximum at (—2, 3). 

7 a jf(x) is defined when Inz is defined ... f(x) is defined for = >0 

b f@)=lnc+ 2 {product rule} 

=hz+1 

which is 0 when Inz Sign diagram of f/(zr) is: lig%*z 

Sz 0 

So, there is a local minimum at (%, %ln%) 

the global minimum value of f(z) is Llne™'=-1 

8 a If f(z)=sinz then f'(z)=cosa 

Stationary points occur when f/(x) =0, 

which is when z =T, 3% 

Sign diagram for f'(z) is: 

    

+ - + 8. 
z 

0 2 2m 

There is 2 local maximum at (Z, 1) 

and a local minimum at (3F, —1). 

b If f(z)=cos(2z) then f’(z)=—2sin(2x) 

f() =0 when —2sin(2z)=0 
sin (2z) = 0 

. 2z =kn for any integer k 

.- 
T2 

On the domain 0 < z < 27, f/(x)=0 ) (E _l)y=ws{21) 

when & =0, 3, 3T, and 2 min. min. 

Sign diagram for f(z) is: s Pt 
7 T 

T z 

o 2% 

There are local maxima at (0, 1), (m, 1), (2, 1) and local minima at (%, -1), 3—2", —1). 

¢ If f(x)=sin?z then f'(z)=2sinzcosz = sin(2z) 

f'(#)=0 when sin(2z)=0 

Using b, we know that on the domain 0 € & < 2w 

  

    
&y (&) 

max, max. 

  

    
y=sin’e 

    
() =0 when =0, ¥, m 3£, and 2m. 

- . 
Sign diagram for f'(z) is: + - + - o ) @m0 

z min.  min ‘min. 
™ S 

oy ? Z Nor 

There are local mimima at (0, 0), (m, 0), (27, 0) and local maxima at (3, 1), (ST", 1).
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d If f(z)=e""" then f'(z)=e"" X cosz 

. fl(x)=0 when cosze™®=0 

. cosz = 

  

{e""% > 0 for all z} 

% +km, Kk an integer 

On the domain 0 < 2 < 2w, fl'(z)= 

  

L= 

= 3 
when z =%, 5. oo ¥ 
Sign diagram for f/(z) is: z z local max. (5, €) 

x 
oV’ 2 

  

There is 2 local maximum at (%, €) 

and a local minimum at (37”,% X 

e If f(z)=sin(2x) +2cosz then f'(x)}=2co0s(2z)— 2sinz 

. f'(x)=0 when 2cos(2¢)—2sinz=0 
2(1 — 2sin®z) — 2sinz =0 

—2(2sin®z +sinz — 1) = 
—2(2sinz — 1)(sinz+ 1) = 

  

   

when sinz=3 or sinz=-1 

On the domein 0 < 2 < 2m, whea z =%, 5%, 3%, 

Sign diagram of f'(z): -+ + 

z 

0 2 

F(F) =sin(Z) + 2c08(%) 

—fiaxfioaf 
f(s?")=Sin(m—")+2cos(5—") 

=B y-f)= 

f(aT")=m(3fl)+2005(T") 
=04+2x0=0 

& there is a local maximum at 

a local minimum at (5%, —3425) 

and a stationary point of inflection at (ST", 0). 

    

9 Let the cubic polynomial be o 3a(-12 +26(-1) +c=0  {using ()} 

P(z)=az® + b +cx+d s 3a—2b4c=0 
P(z)=3az+2%z+c ..(]) So,using (2), 3a—2b=-9 ..(3) 

Now (0, 2) lison P(x), so P(0)=2 Finally, (—1, =7) lieson P(x) 
a{0) + b(0) +c(o) +d=2 cooa(—1P +b(-1) +e(-1) +d= -7 

sod=2 s —a+b-9+2=-T7 

The tangent at (0,2) is y=9z+2, so oo b—a=0 

P'(0)=9 cooe= 
3a(0) +26(0) +c=9 So, using (3), 3a—2a=—9 

Loe=9 . soa=-9 

There is a stationary point at (—1, —7), so soe=b=-9 

P'(-1)=0 o Plz)=—92° — 922+ 9z + 2
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10 a f@)=2"—122-2, for -3<z<5 

@) =82 —-12 

=3@+2)(z-2) 
which is O when 2= —20r2 

the greatest value is 63 when 2 =5, and the least value is —18 when = = 2. 

  

b fz)=4-3z*+3% for —2<z<3 

7e) = 0+ 32 [z [0z ]3] 
Y ney e[« o] 

which is 0 when 2 =0o0r2 

greatest value is 4 when ¢ =0 or x =3, least value is —16 when © = —2. 

1 y=4esing 
dy _ o= 

. stationary points occur when —4e *sinz 4+ 4e % cosz =0 

. 4e¢ *(cosz —sinz) =0 

. cosz—sine=0 {e™* >0 forallz} 
", sinx =cosz 

—4e™"sinz 4 4¢”% cosx 

    

  

. tane =1 

. ©=2%4kn, kaninteger 
S dy . 

Sign diagram of %= L +/7\ —g 

i 

y=4e “sinz has a local maximum when z = Z. 

12 Consider f(z) = 2 
z 
1 

Jron (;)z—lnz(l) _l-Ina re=el 1 
f(z)=0 when 1-lnz=0 

Inz=1 Sign diagram of f'(z) is: L 
r=e 0 

In 1 
Now fle)=— == 

e [ 

.. there is a local maximum at (e, 1) 
e 

1 In 1 
f(z)sz for all z, and so Tzs; forall >0 

13 a f@)=z -z 

fi@w)=1- % =z ; 1 ond the sign diagram of §'(z) is: li@L’z 
0 

f{(z) has a local minimum at (1, 1—1In1) or (1, 1). This is the only turning point. 

b flx) 21 forall 2>0 

z—ng>1 

lmzgz—1 forall 2>0 
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EXERCISE 16D.1 

  

2 s flz)=2"+3 
flz)=2= 

s ) =2 

Since f"(x) #0, 
no points of inflection exist. 

  

¢ fl@)=2°—62+ 92 +1 

fl(z) =322 - 122 +9 
=3(2? —42+3) 
=3@x-3)(z—1) 

+ + 
+ z 

and f'(z) =62z—12=6(x—2) 

- + 
4—;—»0 

Now f/(x)=0 when z=2 

and f'(2)#0 
there is a non-stationary inflection at 

(2, f(2)) whichis (2, 3). 

[] f(z) = —3a* — 8z +2 

f(z) = —122° — 242? 
=-12e(z +2) 

+ _ _ 
-2 0 

and F(z) = —362% — 48z 
= —122(3z 4+ 4) 

there is a stationary inflection at (0, 2), 
and a non-stationary inflection at 

4 4 : i 4 310 —4, f(=%)), whichis (-4, 32). 

  

The turning points of y = f(z) arc point B, a 

local minimum, and point D, a local maximum. 

The inflection point of y = f(x) is point C, a 

non-stationary point of inflection. 

b flz)=2-2° 

F@) =22 ””.LT,- PRI 

fll@)y=—62 f"x) + -z 
0 

Now f"(z)=0 when =0, 

and £'(0) =0 
there is a stationary inflection at (0, 2). 

d fl@)==*+62%+122+5 

f(x) =822 + 122 +12 
=3z +4c+4) 

=3(z+2) 

+ - + - 

and f"(z) = 62 +12 = 6(z +2) 
- + — . 

Now f”(z) =0 when z=-2 

ad F(-2)=0 
there is a stationary inflection at 

(-2, f(—2)) whichis (-2, -3). 

t fl=z) = 

  

P =gt 
  and ffz) =38 = 1 s 

Now f"(z)#0 forallz 

there are no points of inflection.
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and 

flz) =22 v 
f'(z) =2z which has sign diagram: - + 

flzy=2 \ J_' J - 
There is a local minimum at (0, 0). 

There are no points of inflection as f(z) # 0. 

f(z) is increasing when z > 0, and decreasing when z < 0. 

f(z) is concave up for all z as f"(x) >0 for all z. 

  

f(w) =62 which has sign diagram: 

  

A stationary inflection at (0, 0). 

A stationary inflection at (0, 0). 

f(z) is increasing for all real . 

F(z) is concave up when z > 0, and concave down when = < 0. 

f@)=vz 

                  

peon Lk 1 . L ) + 
flz) =32 3 - e which has sign diagram: l—»u z 

0 _1,%_ -1 
i)y =—42 s 

There are no stationary points as f/(x) # 0. v ) 

There are no points of inflection as f”(z) # 0. 

f(=) is increasing for all @ > 0, never decreasing. 

f(z) is concave down forall z > 0 as f(z) <0 
for all > 0, never concave up. 

fl@)=2°-32% —242+1 

fl(z) =32% — 6z — 24 
=3(z% — 2z —8) 
=3(z —4)(z +2) which has sign diagram: 

Py = _ . 
=6z —1) which has sign diagram:  +———+—F 4z 

+ - + 
—2 

F(—2) =29, f(4) = —T79, so there is a local maximum ¥ 

at (—2, 29), and a local minimum at (4, —79). 

F(1) = —25, so there is a non-stationary inflection 

at (1, —25). 

f(z) is increasing for £ < —2 and z 2> 4, 

and decreasing for -2 2 < 4. 

F(z) is concave down for x < 1, and 

concave up for = > 1. 

  

local minimum
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e fl2)=3z"+42° -2 

F(z) = 12> + 1222 
=122%(z+1) which has sign diagram: — + & L 

and f(x) = 362 + 24x 
=12z(3z + 2) which has sign diagram: <_+|2;‘|);> z 

3 

1 There is a local minimum at (—1, f(—1)) whichis ¥ 

(—1, —3), and a stationary inflection at (0 —2). 
non-sationary 41(2) 

  

il There is a non-stationary inflection at —-, f(—z)) 

which is (—%, —%), and a stationary inflection 

at (0, —2). 

fil f{(z) is increasing for x> —1, and decreasing 

for 2 < -1 

v f(x) is concave down for —% <z<0, and 

concave up for = < -2 and 22 0. 3 

! f@)=(z-1)* 
o f'(x) =4(z —1)® which has sign diagram: %m 

and f"(z) =12(z — 1) which has sign diegram: o * 0+ _ 
1 

1 There is a local minimum at (1, 0). v 

il Since there is no sign change in f"(z) at z=1, 
there are no points of inflection, 

il f(z) is increasing for > 1, and decreasing 

for < 1. 

v f(2) is concave up for all z. 

£z} 

     

    

y=(a—1* 

  

1 

o 
local minimum 

g8 fl@)=2'-4+3 
f(2) = 42® — 8z = 42(2® - 2) 

=4z(z+V2)(z —v2) which has sign diagram: 

() = 120 — 8 = 4(3z? — 2) 

= 4(v32+ V2)(v3z — V2) which has sign diagram: 

1 There is a local maximum at (0, 3), and 

F(=v2) = f(¥2) = -1, so there arc 
local minima at (v/2, —1) and (—v/2, —1). 

05 (VE)=5(-v3)=f wbeeae v — 
; : : inflection 

non-stationary inflections at f@) ol ( \/g 1) 

- stati local >3 

VED =t yE. D sy il 
Il f(z) is increasing for —v/2< & <0 and (_\/g’ 5 o3 

2 > /2, and decreasing for © < —v2 

and 0< < V2 

v f(z) is concave down for — < 4/5, 
Vi< \/57 (-v2,-1) v2,-1) 

local minimum local minimum 

XS ~NVE S 
0 

+ - + 

  

z 

i)
 

i)
 

     

      
   

and concave up for = < —\/g and x>
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h F@)=3-—=3-4}, z>0 v 

Flo)=20"% = 2\2/; with sign dingram: [+ 

  

2 

0 

and ()= -3~ == f/_ with sign disgram: [l——» = 
X 

0 

  

1 There are no stationary points as f/(x) 3 0. 

il There are no points of inflection as f/(x) # 0. 

Wi (=) is increasing for all = > 0 and never decreasing. 

v f() is concave down for all z > 0 and never concave up. 

4 a Consider f(z)=e*-3 

f(x) cuts the z-axis at A when f(z) =0 f(z) cuts the y-axis at B when =0 

L e _3=0 o fO)=60-3 
. &= =e’-3 

2z =In3 =-2 
In3 -~ Bis (0,-2) 

ik 
Ais (%, 0) 

b flz)=¢€** -3 

o fi(e) =2 

Since €2® >0 forall z, f'(z) >0 for all 7, and hence f(z) is increasing for all . 

¢ f'"(z) = 4e*®, which is always > 0. 

. f(x} is concave up for all z. 

d 

  

e As x——0o, €250, so ¥ —3— -3t 
y = —3 is a horizontal asymptote. 

5  a The x-intercepts occur when y =0 
5 5 

  

  

For f(z)=e"-3, e’—3=0 and for gz)=3-—, 3-—2=0 
c e = 

z=In3 -5y P 

3¢ —5=0 
. B 

F(2) has z-intercept In3 €3 . 
and g(z) has a-intercept In($). z=1In(§) 

The y-intercepts occur when & =0 

Now f@)=e®—~3=—-2 and g(0)=8-—==3-5=-2 
¢ 

both f(z) and g(z) have y-intercept —2.
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b As z—o00, f(z) o0 As 2> 00, g(z)—3~ 
z— —o0, flz)— -3+ 2 —00, g(z) - —00 

¢ f(z) and g(x) meet when d 

e*—3=38—-56e"" 

s e —3eF =36 -5 {xe"} 

o @ 6" +5=0 
(e —5)(e*—1)=0 

  

e*=50rl 

z=In50r0 

Now f(In5)=e"%-3=5-3=2 

and f(0) = —2 
Ff(x) and g(z) meetat (In5,2) and (0, —2). 

6 a Consider y=¢€®—3e™" 

    

    

        

    

  

It cuts the z-axis at P when y =0 Tt cuts the y-axis at Q when =0 

e -3 T =0 Sy 

#-3=0 {xe} 
e = 

2z =In3 

z= % n3 

b % =é° +3;_’ < 

="+ = 

Since €® >0 forall z, 

dy &2 
o 0 forallz Above the paxis y>0 - L >0 

the function is increasing for all z .. the function is concave up 
d i &2y 

Below the z-axis y <0 .. =3 <0 

y=e"—3e% ... the function is concave down 

a non-stationary inflection occurs 

s when y=10 

{13, 0) 
‘non-stationary 
inflection 

7?7 flo)=I(2z-1)-3 

a f(z)=0 when In(2z—-1)=3 

o 2w—1=¢é® 
r=e’+1 

3 
2= £+1 ~10.5 . the z-intercept is £+1 

b f(0) cannot be found as In(—1) is not defined. .. there is no y-intercept. 

2 2 
! = , M) =——=2 . ient it =2 € f'{z) o1 P 5-1 . gradient of tangen 

d In(2z — 1) has meaning provided 2z —1>0 o 2¢>1 andso a:>% 

the domain of £ is {z | = > 3}



  

346 Mathematics SL (3rd edn), Chapter 16 — PROPERTIES OF CURVES 

e fl(z) =2(2¢ — 1)~ 

F"(z) = —2(2z—1)7(2) 
—4 

CED 
provided z>%, f”(z) <0 

F(=) is concave down for all z in the if f@)=In(2x-1)-3 

domain of f. 1 

1 z>4 

  

8 a f(x)=Inz is defined forall x> 0. 

b f(z)= 1 whichis >0 forall >0 
z 

f(=) is increasing on x > 0; its gradient is always positive. 

(@)= —e"2=— whichis <0 forall >0 . f(z)isconcave downon @ >0. 

  

Aty=1 1=z 
   

z=¢e=e 

. the point of contact is (e, 1) 

Now 

=
 

g 
=
 

  

§l
e 

gl
& 

at (e, 1), 

the gradient of the tangent is l, and the gradient of the nomal is —e 
e 

y—-1_ 
z—e_ 

—e soy—l=—e(z—¢) 

y—l=—ex+e® 

y=—ex+14e? 

the equation of the normal is   

& 
9 Consider f(z)=—. 

F3 

a e®3#0 forallz, so f(z) # 0 and there is no z-intercept. 
0 

0y = % is undefined, so there is also no y-intercept. 

b As z—+oo f(x) o oo, andas z— —oo, f(z)— 0~ 
(As z— 0%, y— +oo, andas z— 07, y—»—oo) 

& =0 is a vertical asymptote. 

fr—e?(l)  eF(z—1) 
¢ Using the quotient rule, f'(z) = - = 

  

with sign diagram: z 

  F()==e, 5o there is a local minimum at (1, ). 

d  Using the product and quotient rules, 

Pl = [e*(z - 1)+ e’]:: —e"(z—1)2z 

& (02 - E 

S22 sign diagram: <—S;>z 
0 

1 f(=) is concave up for = > 0. Il f(z) is concave down for = < 0.
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    vertical asymptote 

  

  

=0 

(1) , 
the equation of tangent is ———S =2 vte _ 2 

z—(-1) e z+1 e 

1 
e(y+:) =-2(z+1) 

ey+1=—20-2 
ey=-2z-3 

1 2 f@)=me 7'y s sign dingram: /N oz 
" 

F@) = e ¥ (-a) Now f(0)= A= 
i 1 

- o ha? s0 there is a local maximum at (0, 72—1') 

v The function is increasing for z < 0 
f(@)=0 when z=0 and decreasing for = > 0 

b @)= Fe—h -4 (-u—éz’) 

()= =% ((—1):;*}ac F(—a)e ¥ (—w)) {product rulc} 

= A -3 (o2 1) 

- 7_ ¢ 3 (@ 41)(@—1) which has sign disgram: ~" 4~ 1 ¥ oy 

     

  

    

e ¥ = 1 Now f(1) = ¥ e ad f-D) == 

there are non-stationary points of inflection at (1, 7215—1) and (—1, 72:—") 

€ As z — oo, e_’i‘”2—>0+ d 

f(=)—0* ! Fa) =—hm e~ 85" 
As 2o —co, e~3% Lot e 

? 4 ‘non-stationary non-stationary 
f(@)—0 inflection inflection 

1\ 1 
() Ve, 

  EXERCISE 16D.2 

1 a f(z) is quadratic, so f(x) will be linear 

and f"(z) will be constant. 

Ff(x) is decreasing for = < 1 and increasing for © > 1 

f(@)<0 for <1 and f/(z) 20 for 21 

f'{z) is an increasing linear function which cuts the 
w-axis at 1. 

As f'(x) is increasing, f(z) > 0. 

f"(2)   
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b f(z) is cubic, so f'(x) will be quadratic 

and f(z) will be linear. 

f(z) has turning points at x =~ +1 

F/(z) cuts the z-axis at these points. 

F(=) has a non-stationary inflection pointat = =0 

/(=) has a turning point at = =0, and f7(0) =0. 

F(=z) is concave down for x < 0 and concave up for z > 0 

f'(x) is decreasing for x < 0 and increasing for x > 0 

and f(z) <0 for z<0 and 20 for x> 0. 
¢ f(z) iscubic,so f'(x) will be quadratic and f/(z) will be linear. 

f(z) has turning pointsat 2~ 1 and =3 

F!() cuts the z-axis at these points. 

f(z) has a non-stationary inflection point at z =z 2 

F/(z) has a tuming point at =~ 2, and F/(2) =0 

f(x) is concave down for x < 2 and concave up for = 

F/(=z) is decreasing for = < 2 and increasing for = 

and f’(2) <0 for <2 and >0 for 2> 2 

  

=2 

=2 

ORI local 
WA 100 statiopay 

inflectiéh 

        

    

F=} 

a f'(z) has sign diagram: <—+_13;i—_> z 

F(=) is increasing for # < —3, and decreasing for = > —3 

f(z) bas a local maximum at = = —3 

f'(z) has a turning point at =~ —1.7. 

At this point, f"(z) =0, but f'(z) #0 

. f(z) has a non-stationary inflection point here. 

f!(=) has another turning pointat z = 1. 

At this point, f/(z) =0 and f'(z)=0 

F(z) has a stationary inflection point at = = 1. 

A possible graph of f(z) is shown alongside: 

b f/(z) has sign diagram: - . 

f(z} has a local minimum at z = —2 and a local 

maximum at z =4 

f'() has a turning point at = = 1. 

At this point, F/(z) =0, but f'(z) #0 

F(z) has a non-stationary inflection point at z =z 1. 

A possible graph of f(z) is shown alongside: 

local maximum ¥ 
non-siatonary 
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REVIEW SET 16A 

1 Consider y = —2¢%. When z=-1, y=—2(—1)>=—2, so the point of contact is (—1, —2). 

    

dy _ —(= 
Now E__h . the tangent has equation y—gi;=4 z— (= 

ds 
at x=-1, Ey=—4(—1)=4 or y=4do+2 

2 Consider y=1;221, When ¢ =1, y=1_1§(1)=—1, so the point of contact is (1, —1). 

I 1 2 dy_ ., 2 2 
Since y—m2 > & 2270 +227° = z3+w’ 

dy tz=1 H=_242= at z = + 0 

So, the tangent is a horizontal line, and the normal must be a vertical line of the form « = k. 

As the normal passes through (1, —1), its equation mustbe z = 1. 

  

  

  

3 a The verticel asymptote is < f’(z)=_3(m +3)_(:;’2_2)(1) 

z2+3=0 or z=-3. (z+3) 

2 _3+9-3w+2 
b When y=0, z =0 (@ +3)2 

z+3 1 

—2= = . 3z 02 P : 

Loe=% , Y . ey 

2 f/(2) has sign diagram: 
the a-intercept is £. -3 

When =0, f(0)= 32 d f/(z) #£0 foranyz, so f(z) has no 

o the y-intercept is —3 

  

  

3 stationary points. 

—a? 1 1 
& y=¢ sowhen z=1, y=e =3 5 y=uztang 

dy 1 L%y 
the point of contact is (1,;) T dw 1><tana:+zx(ws2z) 

=t 
Now %=—21e“2 mrt e 

@ Now cus%:vli and tanf =1 
when z=1, %:—k_l 

the gradient of the tangent is —% 

and the gradient of the normal is g 

the equation of the normal is 

Z(y—é)ze(z—l) 

2 
2y——=ex—e 

e    
2y=ez+2—e 

e 
2 

2y=(2+m)z— I 

y=Satic (@+m)m—2y=L as required 
2 e o

o
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ar+b 4 -3 
6 y= 7 =ayz+—==az? + bz 7 f(z)=4In(2z), P(1,4In2) 

Ti 3 : b o f@)=4x 2 y _a__ _ a - =4X— LB 2ot 2% 
-2 2° 25 2avm . 

The equation of the tangentat z =1 =z 

is 2z—y=1 ’ 4 
o y=22-1 oat z=1, f(1)=;=4 

so the gradient of the tangent is 2 the tangent has equation 

. . W_o_b_ y—4In2 
. at z=1, ="3 2—2 7=4 

n a=b=d » y—4ln2=4z—4 
a=b+4a .. (1) . y=4z+4In2-4 

Also at « =1, the tangent touches the curve 

a{l)+b 
=2(1)-1 T (1) 

Soatb=1 

b+4+b=1 {using(1)} 
s 2b=-3 

b=-3 and a=4-4=% 

@ 
8 2 fl@)=— 

z—1 
&0 

Now f(0) = == —1 so the y-intercept is —1. 

b f(z) is defined for all @ 5 1. 

     
¢ fay=2E-D ):1(1) {quotient rule} 

= % and has sign diagram: 4—_i;§;>z 

F@)<0 for <1 and 1<2<2 and f'(x)20 for 222 

F(z) is decreasing for z <1 and 1 <z < 2, and increasing for = > 2. 

iy = EE=D +e W —(afll)_2 1—): 2= 90 =DM ot and quotient rules} 

@2+ D@ —17] — 26°(z—@—1) 
(@-1) 

_ef—1(z—1)? — 2%z —2)(z-1) 

(-1 
_e@=1) [(z —-1)2 — 2(z— 2)] 

(-1 
_efz=1) [12 —2:c+1—2z+4] 

(-1 
_ e*(@® —dz+5) 

@17 where the quadratic term has A <0 

The sign diagram of f"/(z) is: [P + s @) >0 for z>1 
and f(z) <0 for x< 1. 

. f(z) is concave down forall z <1 

and concave up forall z > 1.
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e Now f(2)= 
2 

&  _ e 
2-1 ° 

Using ¢, we have a local minimum at (2, e?) 

the tangent at & = 2 is horizontal 

andis y =€ 

  

  

  

9 y=224ax+b E—Ga:’+n, 

Now as the gradient at (—2, 33) is 10, Then, since {—2, 33) lies on the curve, 

ra— d_y=10 3at z=-2 y=33 

da 2(—2)% — 14(-2) + b =133 
10=6(-2)2+a -16+28+5=33 
e=-14 b=21 

y=2z"—14z+b 

10 y=— _ =q(x+2)~2 " Y= Gror 
The gradient of the line (AB) is 

Y2—th 

@2 — %1 the gradient of the tangent at the point 

the eguation of the tangent is (1,5)is _%(1)*§ = _% 

Z—0=_2 or y=-2z+8 the equation of the tangent is 
y—5_ 5 

Now —= =—2a(z+2)"%, so for the given z—1_ 2 
— 5,45 

tangent, —2a(z+2)~% = -2 L y—B8=-—3r+3 
@y L y=—3z+ 2 

(x+2)3 ; : a=(@+2? .. () Now, P and Q are the y- and x-intercepts, so: 

. =-3 15 
The line (AB) meets the curve where Poy= 52 ©+3 

a =1 
—2z+8= 2 

(e+2) Q@ o0=-fz+1 
(z+2)* . Bp=1 

—2z+8= using (1 2 2 @27 {using (1)} L 

—2+8=2+2 So P is (0, 7.5) and Q is (3, 0). 
—3z=-6 

z=2 

andso a=(2+2)°=64 

At 2=A, F(z)=0 and f"(z)=0 

f(z) has a stationary inflection point at z = A. 

At =B, f(z)=0 but f/(z)#0 

f(x) bas a non-stationary inflection point at & = B. 

non-stationary inflection 

f/(z) is above the z-axis for z < C, and below the 
z-axisfor > C 

f(=) is increasing for = < C and decreasing for 

2 C, so f(x) has a local maximum at z = C. 
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dy 2z 
13 y=In(z?+3 —_= 

v=in@t+3) i #+3 
When ¢ =0, E=l] so the gradient of the tangent at this point is 0. 

da 
Butwhen =0, y=In(0+3)=m3 

the tangent is 4 =In3 which does not cut the z-axis. 

1 y=2®—322 -0z +2 .. %=3m’—6z—9 

Horizontal tangents occur when % 

  

327 —62-9=0 
o@t-20-3=0 
(z-3)z+1)=0 

o z=3 or z=-1 

When == 

When & = 

  

, the horizontal tangent has equation y = —25. 

1, the horizontal tangent has equation y = 7.   

2 Consider the tangentto y=22y/T—x at z=-3. 

When z=-3, y=(-382/1-(-3)=9v2=18 {y>0} 
the point of contact is (—3, 18). 

Also, y=22y/T—z isaproductwith w=2% and v=(1—z)% 

L w'=2 ad o =31-a)"H-1) 

B (-t a2y -2)7 

wo=-3 Lo g (-a)k - 3R~ (-8)H 
=-6(2) - 9(3)(3) 
=5 
=77 

  

  

the tangent at (—3, 18) has equation % =-5 

4y —T2=—-57x—171 

dy=—5Tx—99 
Now when =0, y=—% andwhen y=0, z=-2 

4 

the area of AOAB = % () () = 328 ~ 21.5 units? 

3 a f@)=2"+azx, a<0 
s fie)=8%"+a 

F(2) has a turning pointat ¢ =7, so f(v2) =0 

= 3(v3) +a=0 
Can s —6 

b f(c) =32% —6 =3(2% —2) = 3(z + V2)(z — V2) 

+ - 
F'(z) has sign diagram: 5 z 

. f(z) has a local maximum at (_"\/5! (—v23 - 6(—\/5)) or (—\/5, 4«/5), 

and a local minimum at (fi (v2)*- sfi) or (VZ —4v2).
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4 f@)=e"+prtq 
s @) =4 +p 

At the point where =0, the tangent to f(x) has equation y=5z—7, so f'(0)=5 

© 4 +p=5 

. p=1 

The tangent meets f(z) when =0 and y =5(0) —7=—7, so (0, —7) must lie on f(z) too. 

. O 4 p0)+g=-7 
14+g=-7 

- g=-8 

  

  

5 Consider the tangentto y =2x%+4z—1 at (1,5). 

  

ds dy 
Ey:612+4 oAt oz=1, %:6(1)2+4:10 

the tangent has equation y—5=10 or y=10c—5 z— 

Now the tangent meets the curve again where 10z —5 = 2¢® + 42z — 1 

. 2 —6z4+4=0 
. 2 -8e+2=0 

‘We know that (z — 1)? is a factor since the line is tangent to the curve at =z =1. 

Consequently, 2*—3z+2=(z—1)%(x+2)=0  {since the constant term is 2} 

Thus @ = —2 is the other solution and when z = —2, y=2(—2)°+4(-2)—1=-25 

the tangent meets the curve again at (—2, —25). 

6 Consider y=4(ax+1)"2. 

When =0, y=4(0+1)"2=4, so the point of contactis (0, 4). 

Now 2 — _g(az+1)-3a) = —= a_ 

  

o m ooat 2=0, = —8a 

the tangent has equation z:3=—8a o y—4=—8ax 

‘This tangent passes through (1,0), so 0—4 = —8a(1) soe=3 

7 flzm)=e"-=z 

a flz)=e"—1 b As z — oo, € — oo faster than 2 

f(@) = o0 so f'(z) =0 when 

Sign diagram of f(z) is: % z 

Now f(0)=e®—0=1 
there is a local minimum at (0, 1). 

 



  

354  Mathematics SL (3rd edn), Chapter 16 — PROPERTIES OF CURVES 
  

< Fx)=e® d 
L f(z)>0 forallz 

+ 
-~z 

Ff(z) is concave up for all z 

€ Since a local minimum exists at (0, 1), 

f(®) =1 forallz 

>1 
e zz4l foralz 

  

  

  

  

  

  

. _ =+l _ T, _1 
8 Consldcry—ma_z. 9 =2 1+2z_2 7(1+ 2z) 

141 dy — . When £=1, y= —_2 . %y 2 en z=1, y=33—p R 7(1+22)72 x 2 {chain rule} 

the point of contact is (1, —2). _ 14 

. s T (1+22)2 
is 3 quotient with The tangent is horizontal when the gradient 

z+1 and v=27-2 @ _, 
. and v =2z dz 

14 
dy  1(ax® —2) — (z +1)(22) . But ——— isnever 0, so 
== @o {quotient rule} (1+2z)? 

dy _(1-2)—-2(1+1) y=2— has no horizontal tangents. 
Loat g=1 — = —————t 142 at z = =2y +2z 

—1—-4 =—0= -5 

the normal at (1, —2) has gradient 3. 

So the normal has equation ¥ _ : 
z-1 

-~ by+10=z—1 
L y=gte-F (or a-5y=11) 

10 Let g(z)=ax®+br+ec 

9(2) has y-intercept (0, 3), s0 g(0) = a(0)® +b(0) +¢c=3 

oe=3 

g(x) =az® +bz+3 

The point (2, 7) lies on g(z), s0 g(2) = a(2)? +6(2) +3="7 
. da+2b=4 .. () 

Also, ¢'(z)=2ax+b 
. §(2)=2a(2)+b=4a+b 

the gradient of the tangent to g(z) at (2, 7) is 4a +b. 

But, the tangent at (2, 7) passes through (0, 11), so the gradient = 72%101 =-2 

oda+b=-2 .. (2 

Solving (1) and (2) simultaneously, da+2b=4 

4a+ 

subtracting: 

Using 2), 4a+6=-2, s0o a=-2 

So, g(z)=-2z*+6z+3 
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a f(z)=+kosz, 0< b fl) = ((:os::c)1 

Ff(z) is defined when cosx = 0, 

which is when 0< &< % 

ad 3 <agom 

fl@)= E(cosm)‘i(—sinz) 

_ —sinz 

= 2./cos 
f(z)=0 when —sinz=0 

For 0 < z < 2m, this is when & = 0, m, 2m. 

Sign diagram for f/(z) is: 

  

      
7 E 

f(z) has a turning pointat = =0 

o) = 
f(z) is increasing for « 2> 0, 
except at the asymptote, 

so f(z) is positive for = > 0. 

f(=x) is decreasing for = < 0, 

except at the asymptote, 

so f(z) is negative for = < 0. 

As z — oo, f(z) becomes 

closer to horizontal so f/(z) — 0. 

  

  

4 = -2 _ 7 f@=—tat=—% md f)=—17 k>0 

the gradient of the tangent to f{z) at (k, %) is —% 

v-% 4 
the equation of the tangent is kE__ = 

z—k k2 

k% — 4k = —4z + 4k 
Ky =—dz-+8k 

4 8 

V=t 
€ y= 4z+8 cuts the z-axis when y =0 y=-mc+y ; y= 

_Fm+% 0 

4 _8 
k2 k 

z=2k . Aisat (2,0) 

——4ac+8 cuts the y-axis when =0 VST v = . 
y=% . Bisa (o,;) 

d Area of triangle OAB = }(2k) (%) — 8 units?
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¢ The gradient of the tangent to f(z) at (k, %) is —— 

  

4ky — kPx =16 — k* 

This normal passes through (1, 1), so 4k — k% = 16 — k* 

o K-k +4k—16=0 

(k—2)(k+2)(k* —k+4) =0 {using technology} 

s k=%2 
But k>0, so k=2 

REVIEW SET 16C I 

1 Consider the normal to the curve y=i at z=4. vz 
When =4, y=713=%, so the point of contact is (4, 3)- 

  

Now Bt w o= Bop(eH)=p@)=-4 
the normal at (4, 3) has gradient 16. 

Sothe cquation is 2 =16 
z—4 

y—3=16c-64 

y =160 

a The tangent shown on the graph passes 

through (0, 5) and (5, 0). 
the gradient of the tangent is 

0-5 _ R 
m——l, so f/(3)=-1 

Also, since the tangent passes through (0, 5), 

¥=5 _ 
z-0 

Loy—56=—x 

s y=—x+5 

Sowhen 2=3, y=-3+5=2 

the point of contact is (3, 2), and hence 

f(3)y=2 

  it has equation -1 

  

b f(x) hes the form f(z) =ax? +br+c 

The y-intercept is 14 f(0)=14 

*. a(0)® +b(0) +c=14 
. c=14 

f3y=2 
. a(3) +b(3)+14=2 

S 9%a43b=-12 .. (1) 

@@= 
and f(2) = 

. 2a(3)+b= 
. 6a+b 

sob=—6a—1 .. (2 

Substituting (2) into (1), 
9a +3(—6a — 1) = —12 

9g — 18a — —12 

L —9a=-9 

Soa=1 

b=—6(1)—1 

    

   

   

  

Using (2), 
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3 y=adt+ar+b %:Mua 

d 
at =1, Ey=3+a 

The equation of the tangentat = =1 is y =2z, so the gradientis 2. 

3+a=2 andso a=-1 

Alsoat =1, the tangent touches the curve. 

o #*+ar+b=2z when 2=1 

WP+ (DO +b=21) 
1-14b=2 

b=2 

= 2 . W 4 2 y=oitaed-L2+3 . S =% +2e-4 

The tangent at ¢ = 1 is parallel to y = 3@, so when z =1, %:3 

o 3=3(1)2+22(1) -4 
2a=4 

a=2 

When =1, y=13+2(1)2—4(1)+3=2 

The contact point is (1, 2) and since the gradient is 3, the tangent at (1, 2) has equation 

y—2=3z-3 

y=3z—-1 

b The tangent meets the curve where =% 4222 — 4z +3 =3z —1 

2 +20° —Te+4=0 
Since the line touches the carve at # =1, (z — 1) must be a factor. 

Consequently, °+ 222 —To+4=(x—1)>(z+4)=0  {since the constant term is 4} 

the curve cuts the tangent when = = —4. 

When 2= —4, y=(—4)® +2(—4)? —4(-4)+3=—13 

the curve cuts the tangent at (—4, —13). 

  

  

  

  

s y=In(z*+3) 

o __w 
dz 7443 

3 
when z=1, %:{4‘(23=1 and y=In(1?+3)=In4 

the tangent has equation yz_h;4=l or y=z—1+In4 

Nowwhen z=0, y=In4—1, so the tangent cuts the y-axis at (0, In4 — 1). 

6 a fl@)y =22 —32% — 362 + 7 

fl(z) =62 —62—36 

=6(z* -z —6) + _ + 
=6(z —3)(x+2)  with sign diagram: = < 

Now f(—2) = 51, f(3) = —74, so there is a local maximum at (-2, 51), and a local 

minimum at (3, —74). 

fflx)=122—6 _ 4 
=6(2z—1)  with sign diagram; - T - 

Now f(3)=—2, sothere is a non-stationary inflection at (%, —2).



  

358  Mathematics SL (3rd edn), Chapter 16 — PROPERTIES OF CURVES 

b f(x) is increasing when = < —2 or = > 3, d local max. (-2,51) 

and decreasing when —2 < 
   

z< 3. 

¢ f(x) is concave up when z > % 

and concave down when z € 3. 

local min. (3, —74) 

  

  

7 Consider the normal to  f(z) = z a (2, 2). 
1+ 

f(z) is a quotient with =3z and v=1+4z 

Lo = and o = 

. 3(1+ ) — 1(3z) 3 . =202 Ao otient rul §'=) T+2)? Aoy (Guoten i) 

L F@=2=3 

the normal at (2, 2) has gradient —3 

So, the equation of the normal is ¥ _z =-3 r— 

L y—2=-3z—-2) 
. y=—-3+8 

When ¢ =0, y=8 andwhen y=0, z =% 

Band Careat (0,8) and (£,0), 

and the distance BC = 1/ (0 — 8)” + (8 — 02 = /T + 64 = /T = 8410 unis 

8 f(z)=2"—-42® 4+ 4z a f(0)=0, so the y-intercept is 0. 

=a(a® —42+4) f(2) cuts the z-axis when y =0 . a(z—22=0 
= z(x —2)? o ow=0o0r2 

the a-intercepts are 0 and 2. 

b flz)=3z"—-8z+4 < 
= (3z —2)(z — 2) vg local  non-stationary 

o 5 | maximem inflection 
which is 0 when &= 2 or 2 intma:;ts 3% 3% fr=i= 
Sign diagram of f(z) is:  +AN o 

2 3 

  

2y =32 i i Now f(%)=£2, so there is a local maximum 2.0 

at (2, 52), and a local minimum at (2, 0). 

£(2) = 60 — 8 =2(3z — 4) 

Sign diagram of F"/(z) is; *———1—F 4y 

  

    

  

  

i 
Now £(%) =132, so there is a non-stationary inflection at (3, 32). 

? a y=;=(sinz)_1 When =2, y= 1L _ 2 
sinz 3 sin(%) V3 

dy - - -2, E-—(smz) (cosz) and d_y=_005(§) __ 1 _ 2 

=282 A an(F) T (f ° 
sin®z g2 

the tangent has equation z—f =-2 whichis 3y—2v3=—-2c+2 
3 

or 2z+3y=2\/5+%"
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b y = cos(Z) When o= 3, y=cos(§)=Jg 

ds . W = —tsin(p) and % = —1sin(%) 

. . - yv- i 
the normal has gradient 2v/2, and its equation is 2 

Loy 71; =22z —nv2 

L y—2V2r= 7‘; -2 

or \/fy —dz=1-2rx 

10 f@) =3z +az? +b 
o f(2) = 92% + Zaz 

Since the tangent at (—2, 14) has gradient 0, fl-2)=0 

36—4da=0 

a=9 

As the point (=2, 14) lies on the curve, 14 = 3(—2)3 + 9(-2)% +& 
b=14+24-36 

. b=2 

Flz) =922 + 18z 

(@) =18z + 18 andso f(-2) = —36+18=—18 

11 Thecurves y=+3z+1 and y=+5c—=° meetwhen 3z +1=+bz— 22 

Squaring both sides, 3z 41 = 5z — 22 

2 —2+1=0 
-1)2=0 

z=1 

When ¢ =1, y=+3F1=2 sothe curves meetat (1,2). 

Nowfor y=v3ati=@e+1)} Check y=+/52—-a2 = (5u—2?)} 
dy_ 1 -3 dy 5—2z 
—==1Bz+1 3 W L5z —22) (5 - o) = ——2T 2z = 3¢ )"2(3) 3, = 36z —2?)7H( )zm 

& 3 3 d 5-2 at(l,2), —=———m— =32 ooat(1,2), Ho =3 v 
dr gyt ? M2 AT ¢ 

the curves have a common tangent at their point of intersection. 

The equation of the common tangent at (1, 2) is ¥- i = % z— 

4y—2) =3 —-1) 
4y=3c+5 

a f(x)=z+nz isdefined when z >0 
. 

b f@)=1+2 =21 Gich has sign disgram:  =—>2 
[ 

  

T T 

F(z) is increasing for all = > 0. 

1 . . . - 

(@)= —7 Which has sign diagram: '—- z 
0 

f(z) is concave down forall = > 0.
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d f)=1+In(1)=1 
(1, 1) is the point of contact. 

  

  

f'(1)=1L11=2 

the tangent at # = 1 has gradient 2, 

50 the normal has gradient —% 

the normal has equation y=1l_ -3 
z—1 

C 2y—2=—z+1 
ox+2y=3 

13 At 2=25B, f’(z)=0 but f'(z)#0 

f(z) has a non-stationary inflection point at z = B. 

f'(z) is above the z-axis for x < A and z > C, and below the z-axisfor A<z < C 

f(=) is increasing for @ < A, decreasing for A € z < C, then increasing for z > C 

f(z) hes a local maximum at z = A and a local minimum at & = C. 

 



  

Chapter 17 
APPLICATIONS OF DIFFERENTIAL CALCULUS 

EXERCISE 17A.1 | 

1 a s()=82+3t—2 t>0 

8(t2) — s(t1) 
ta—t4 

_ 83 —s(1) 
T3 
_16-2 
T2 
=7ms 

Average velocity = 

  

—1 

 s(1+h)—s(1) e 
= lim 5+h 

h—0 

=5ms™! 
This is the instantaneous 
velocity at ¢ = 1 second, 

or & (1). 

2 & s(t)=5-22cm 

s(t2) — s(t1) 
to—t1 

_ sl +h)y—s(1) 

T (1+m-1 

_(1+h2+30+R)—2-2 

- h 
_2h+h*+3h 
- R 

=(+5ms™!, h#0 

b Average velocity = 

d Average velocity 

8(ta) — a(t1) 
ta—t1 

_ s{t+h)—s(®) 

To+m -t 

[t +R)2 +3@+ k) —2] - [¢2+3t—2] 

R 
_2ht+h 43k 
- h 
=(2t+h+3)ms™Y, h#O 

Now lim s(t 4+ h) — s(t) i, = gy n 
=(2t+8)ms! 

This is the instantaneons velocity at ¢ seconds. 

b Average velocity = M 
ta—t 

. 8(ta) — s(ta) Average velacity = —n _ 5(2+h) — s(2) 
B o(5) — 5(2) (2+h)-2 

=% =5—2(2+h)2+3 

h 
—45) — (-3, -y o 

=-14cms™?! h 
=(-8—-2R)ems™, R#0 

¢ fm f2TR 8@ _ L (—s—2m) d lim SEHR) = s®) 
h—0 h h—0 h—0 h 

= —gcms™! 520 +h)?] - [5-22] 
This is the instantaneous velocity when = ,&‘ffln R 

# = 2 seconds, or s(2). —Ath — 2h2 
= lim —— 

h—0 h 

= lim (—4t — 2h) i (. ) 

= —4tems™! 
This is the instantaneous velocity at ¢ seconds.
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3 u(t)=2v8+3cms™L, t20 

&  Average acceleration 

_ vlta) —w(ta) 
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b Average acceleration 

_ wft2) —u(ty) 

t2— 1t ta—t 

_ v - v _ 2 +h) —o(h) 
T 4-1 (1+h)—1 

=7;s _VIFR+3-[2vI+3) 
h 

=Zcms™? 

(14 k) —v(1) 

_IFR :h—z ems—? 

o(t + h) — v(t) 

¢ A T aam—1 d o B 
. 2/IFR-2 . WEIFR-2V1 =lim ———~ = Jjm TR AVE 

h—0 h h—0 h 

—im 2(\/1+h—1)><\/'1+h+1 i 2ETR-VD VETRVE 
h—0 h VIth+1 = h Vith4+t 

- lm 2(1+h—-1) i 2h 
= L = lim —————r r=0 h(VI+h+1) A= h(VE+R+2) 

. 2h 2 = lim —————— == 
h=0 h(VI+h+1) 2vE 

= lim 2 =2 ems? 
Th0 VITRH1 Vi 
= % This is the instantaneous acceleration at 

t seconds. 
=1lems™? 
This is the instantaneous acceleration 
when ¢ =1 second. 

4  a This is the instantaneous velocity at ¢ = 4 seconds. 

b This is the instantaneous acceleration at = 4 seconds. 

EXERCISE 17A.2 I 

v{t)=2t—4 cms™! and a(t) =2 ems™2. 

-+ + oty [l—— a(t): J———— 
2 0 

the object is 3 cm right of O and is moving to the 

1 a s()=t*—-4t+3cm, t20 

+, -, + o W 
b When t=0, s(0)=3cm 

v(0) = —4 cms™? 

a(0) = 2 cms™2 

s(2) 
v(2) =0 cms™ 

a(2) = 2 cms™2 

€ When t=2, =-=1lcm 
1 

left with a velocity of 4 cms—! and slowing down, 

its acceleration being 2 cms™2 to the right. 

the object is 1 cm left of O, instantaneously 

stationary and accelerating to the right at 2 cms™2, 

d  The object reverses direction when (t) =0, which occurs at ¢ = 2 seconds. 

At t =2, the particle is 1 cm left of O. 

  

§ Speed decreases when () and a(f) have opposite signs, which is when 0 < ¢ < 2.
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2 s(t)=98—49t°m, t>0 
+ + - 

a u(t)= 98— 9.8t ms~! o . o 
a(t) = —9.8 ms™? - 

oty l———J+ 
b When t=0, s(0)=0m, v(0)=98ms! skyward o 20 

€ When t=5, s(5)=2367.5m The stone is 367.5 m above the ground and moving 

u(5) =49 ms™?! skyward at 49 ms—?. Its speed is decreasing. 

a(5) = —9.8 ms™2 

When ¢t =12, s(12)=470.4m The stone is 470.4 m above the ground and moving 

v(12) = —19.6 ms™!  groundward at 19.6 ms—2. Tts speed is increasing. 

a(12) = —9.8 ms 2 

d  The maximum height is reached when v(t) = 0 ms—! .. the maximum height is 

98-9.8t=0 5(10) = 98(10) — 4.9 (100) 
9.8t =98 =980 — 490 

t = 10 seconds =490m 

@ The stone is at ground level when s(f) =0 which is when 98t —4.9¢2 =0 

4920 -t) =0 
t = 0 or 20 seconds 

it hits the ground after 20 seconds. 

3 s(t) = 1.2+ 28.1¢ — 4.9¢% metres 

a Whenreleased, t=0 and s(0)=12m . itis released 1.2 m above the ground. 

b ¢'(t) =28.1—9.8¢ms™? is the instantaneous velocity of the ball at the time ¢ seconds after release. 

¢ When &'(t) =0, 281—-98=0 . t= % 2 2.87 seconds 

So, after 2.87 seconds the ball has reached its maximum height, and is instantaneously at rest. 

d 5(2.867) =1.2+28.1 x 2.867 — 4.9 x 2.8672 ~ 415 m 

So, the maximum height reached is about 41.5 m. 

e | #(0)=281ms? il 5'(2)=28.1-196 n §'(5) =28.1—49 
=85ms™" =-209 ms~* 

speed = 20.9 ms ™! 

If '(t) 2 0, the ball is travelling upwards. If &/(£) <0, the ball is travelling downwards. 

t s(t) =0 when 1.2 +28.1t —4.9t> =0 
492 —281t-12=0 

28.1+ 1/28.1% — 4(4.9)(—1.2) 
¢= 98 

But ¢ > 0, so the ball hits the ground after 5.78 seconds. 

g s"(t)=-98ms=2 andis the rate of change in s'(t) 

the instantaneous acceleration is constant at —9.8 ms~2 for the entire motion. 

22 —0.0424 or 5.777 

5 a s(t) = bt — 4.9 b Since  5(14.2) =0, 
S(t)=b-98¢t 5(14.2) — 4.9(14.2)2 =0 
EOET s 142(6-49x142 =0 
the initial velocity is b ms=! upwards. S b=49x142 

b= 69.58 
the initial velocity is 69.6 ms—1.
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s(t)=12t—2t*—lem ¢20 oty = 
o v(t) =12 —6¢% ems™! vz 
and o(t) = —12¢ cms ™2 oty Jl—— 

  

0 

When t=0, 3(0)=—1cm The particle was 1 cm left of O and was moving right at 

v(0) =12 cms™!  a constant speed of 12 cms~1. 

a(0) = 0 cms™2 

The particle reverses direction when v(¢) =0 which is when 12— 6t =0 

L E=2 
=v2 {t>0} 

When t=+2, s(v2)=12v2-2(2v2)—1 

=8v2-1 
the particle is (8v/2 — 1) cm to the right of O. 

1 From the sign diagrams in a, the speed increases for > +/2 seconds. 

il The velocity of the particle never increases {a(t) < 0}. 

() =t>—0t>+24tm, t>0 oy -+ 

v(E) =82 —18t+24 and  a(t)=6t—18 '._'_'_’0 2 4 
=3(* -6t +8) =6(t—3)ms? © -+, 

alt): 
=3(t— 4t —2) ms™?t .0 3 

The particle reverses direction when o(t) =0, which occurs at ¢ =2 and ¢ = 4 seconds. 

#(2)=8—36+48m and x(4) =64—144+96 
=20m =16m t=4 im0 t=2 

0 16 20 

I The speed decreases when v(t) and a(t) have the opposite sign, which is when 0 < £ < 2 

and 3<t<4 

il The velocity decreases when a(t) < 0, which is when 0< ¢ < 3. 

When ¢ =5, «(5)=5°—9(5)2+24(5) . distance travelled = 20+ 4+ 4 m 
=125—225+ 120 =28m 

=20m 

8(t) = 100t + 200e_§ em, t20 b When t=0, s(0)=200cm (right of the origin) 

o(t) = 100 — 40e~% ems—* (0) = 60 cms™? 
at) = 8e=% cms™? a(0) = 8 ems™* 

As t—r o0, et 0, 
-, v(t) — 100 cms™!  (below) 

€ When o(t) =80 cms™?, 

100 — 40e~% = 80 

  

—40e~% =20 

e_é =05 

¢ — =mos 5 
t=-5In05~347s
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8 2(t) =1 —2cost cm a When t=0, b When t=%, 

s o(t) =2/ (t) =2sint 2(0) =1—2cos0 o(E)=1- ’2 
a(t) = v'(t) = 2cost =-lcm 

v(0) = 25in0 =1-vZem 
=0cms™t o(f) = 725 =+v2cms™? 

a(0) = 2cos0 Ty 2 2 
2oms—? a(f) 7 V2 ems 

The patticle is (v2 - 1) cm left 
of the origin, moving right at 

V2 ems™! with increasing speed. 

¢ We need to look for the points where the d The particle’s speed is increasing when 

velocity equals zero. v(t) = 2sint and a(t) = 2cost have 

If v(t)=2sint=0 the same sign. 

then sint=0 If a(t) =2cost=0 

t=n (0<i<2m) then cost=0 

+ - . t=%,2 (0<t<2m) 
¢ o(t) 3 3 ;] . _ . 

™ a(t) T o t 
The particle reverses direction when ¢ = . 0 2 z 2 

At t=m, a(m)=3cm. .. the particle’s speed is increasing when 

0<t< T and m<t< 3T 

9 2 Letthe equationbe s(t) = at>+bt+c 
v(t)=2at+b 

and a(t) =2z =g {gravitational acceleration} 

a=1g and w(®)=gt+b 

Butwhen t=0, v(0)=gx0+b=5% 

the initial velocity is b 

v(t) =v(0) + gt as required 

b Nowwhen t=0, s(0)=0 

ax0?+bx0+c=0 

EXERCISE 175 [N 

1 P(f) =2t —12¢t+ 118 thousand dollars, 3 0 

a P(0) = $118000 is the current annual profit 

b % =4t —12 thousand dollars per year 

¢ % is the rate of change in profit with time. 

d 1 The profit decreases when E < 0, which occurs when 4t —-12<0 
dt 

<12 
t<3 

But t20, so 0<t<3 years. 

il The profit increases on the previous year when % >0, whichisfor ¢>3 years.
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e The profit function is a quadratic with >0 -, the shape is \/ 

So, a minimum profit occurs when % =0, whichiswhen t=3 years 

and P(3) =18 — 36+ 118 = 100 thousand dollars or $100000. 

f When t =4, % =4 thousand dollars per year. 

So, the profit is increasing at $4000 per year aficr 4 years. 

When ¢ =10, % = 28 thousand dollars per year. 

So, the profit is increasing at $28 000 per year after 10 years. 

‘When ¢ =25, % = 88 thousand dollars per year. 

So, the profit is increasing at $88 000 per year after 25 years. 

2V =200(50—£)? md 
a averagerateon 0< ¢< 5 b V'(2) = 400(50 — £)* x (—1) 

_ V(5)=V(0) o VI(5) =400 x 45 x —1 
T -0 = —18000 m® per minute 
_ 200(45) — 200(50) .. leaving at 18000 m3 per minute 

5 
= —19000 m® per minute 

leaving at 19000 m* per minute 

3 Q=100—10v% t>0 

a 1 Att=0, Q=100 units b §=_5t-%=_\/i_ 
W At £=25 @ =50 uaits . t 
W At t=100, Q=0 units I At t=25 d—?:—lunitperyear 

decreasing at 1 unit per year 

_ Q__ 5 a5, Se—p 

= —715 units per year 

.. decreasing at —L= units per year 
vz 

aQ 5 . . 5 - 
— =—— . the skin loses the chemical at the rate R = — =5~ 2 units ear. 
@& i pery 

dR 5 
Ne — =it = 

N ET /% 

Since 2t/ > 0 forall t>0, % <0 forall t>0. 

the rate at which the skin loses the chemical is decreasing for all ¢ > 0. 

  

& H=20—f_7,.—'im, t20 

a Atplanting, t=0 .. H(o)=2o—gL+'55=o.5m 

b H(4)=20—:7T55k19.17m ¢ Now %=97_5(t+5)-2=(ts);.:)2 

H(8)=20—;Zr—'55=12.5m When ¢ =0, %=%= 6 myoar- 

H(lZ):ZO—%mMBm When t=5, %=%:=0'975mym_1 

When t =10, %:”—'5~0.433myea[“
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dH _ 975 
dt  (t+5)2 

) 2 dH 
Since (¢+5)>0 forall >0, F>0 forall t>0 

  

the height of the tree is always increasing, which means that the tres is always growing. 

a C(z) = 0.0003z° + 0.022* + 4z + 2250 

C'(x) = 0.00092 + 0.04z + 4 dollars per pair 

b C’(220) = 0.0009(220)2 + 0.04(220) + 4 = $56.36 per pair 
This estimates the cost of making the 221st pair of jeans if 220 pairs are currently being made. 

€ C(221) — C(220) ~ $7348.98 — $7292.40 ~ $56.58 
This is the actual cost to make the extra pair of jeans (221 instead of 220). 

d C’(z) =0.0018z + 0.04 

C"(z) =0 when 0.0018z +0.04 =0 
0.04 = _222 #= 5008~ 

This is the point when the rate of change is a minimum. However, it is out of the bounds of our 

model, as we cannot make a negative quantity of jeans. 

  

2 C(v) = $v? +2000000~" euros 

  

  

  

    

  

  

2 
I At v=50kmh~1, C=£(50)2+ 00000 _ €4500 

200000 
il At v=100kmh~1, C = 21(100) = e v =100 C = 4100 + — 000 

ac_, .2 200000 
b —= = fv—200000v 2=2y— e 

1 At v=30kmh™?, I At »=90kmh™?, 
dc _, 200 000 e, 200000 = =2(30) — 2 = 2(90) - 
w = 200~ 5 @ = 500 -5 

~ —€210.22 per kmh~! ~ €11.31 per kmh™?! 

S0, a decrease of €210.22 per kmh—1. So, an increase of €11.31 per kmh—1. 

¢ The cost is a minimum when % =0, which occurs when %v - 20?}300 =0 

2. _ 200000 
ST 

. v® =500000 
. v 79.4kmh™! 

t3? av = -— £t &y a v 50000(1 so)’ 0<t<80 ¥ 

v _ £\? 1y t C t S = 250000 (1- 25} x (~) = -1260 (1 - 5 Lmin 
b The outflow was fastest when ¢ =0, when the tap was first opened. —1250 

av 1250, dqv 1250 125 i = E=_1250+Wt F=W=TLmln7 

Since T‘; is constant and positive, i is constantly increasing 

the outflow is decreasing at a constant rate.
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8 y=fa(z—2)(z - 3) = f(z® — 5z + 6z) 

a When y=0, £=0,20r3 

the lake is between 2 and 3 km from the shoreline. 

dj d; . . 
b fi = %327 —10c +6) When z = 3, Ey =5 land is sloping upwards. 

3% g B 
=0 "Fts When z =14, % =-g .. landis sloping downwards. 

This means the top of the hill is between z =% and = =1}, 

¢ The deepest point of the lake occurs when the slope of the iand is 0, which is when %’ =0 

$5(32* — 102 +6) =0 
. 32° —~10z+6=0 

_10+/T00—72 _ 57 
6 3 

5+V7 
3 

  = 

72 2.55 km from the sea   but it must be the value between 2 and 3km, so = = 

The depth at this point is 3(2.549) = 15(2.549)(0.549)(—0.451) 

2 —0.06311 km 

~63.1m 

9 a W=20e% sowhen t=>50hours, W=10g 

    

20e~50% = 10 
e 50k — % 

—80k=ln}=-In2 . k=7n2~00139 

b I When t=0, il When t=24, il When t=1 week 

W = 20¢° = 20e~24F =7 x 24 hours 
=2g — ane-24l88 = 168 hours 

~143g W = 20¢~ 1688 
~195g 

¢ When W=1g 20~ ¥xt=1 

Bt — 005 
In2 = -2 xt =005 

g 20005 _ o\ 0064047 
In2 

7 216 hours or 9 days and 6 minutes 

% | When &= 100 hours, i When ¢= 1000 hours, 

= 20e-% (k) wo_ ('2011‘2) g-2In2 aw _ ('201“2) £~201n2 
1n2 dt 50 dt 50 

= —205) x e~ Bft ~ —0.0693 gh™* ~ =264 x 10~7 gh™! 

aw __ —kty = _, . e = k(20 %) = kW dtecW
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10 T =5+95e~kt °C 

a T=20°C when ¢=15 b When t=0, ¢ % =0+ 95" (—k) 

. 20=5+95¢" 1% T =5 +95¢° = _(95e—*t)k 

15 = 95¢~15% =5+95 =T —5) where c=—k 
- ek — 88 =100°C sooen —0.123 

-1 

15k =1In (42) 
~ k=%n()~0128 

d = —95e~kt x k ~ —11.6902¢—0-1231¢ 

When t=0, % a2 —11.69, so the temperature is decreasing at 11.7°C min—?1. 

ar 
dt 

1 

ar —1.231 I When =10, S -10.6902 1% m —3.415, 
so the temperature is decreasing at 3.42°C min—. 

il When ¢=20, % 2 —11.6902e~2-461 ~; —0.998, 

so the temperature is decreasing at 0.998°C min—1. 

11 H(t) =20In(3t+2)+30cm, t >0 

a  The shrubs were planted when ¢ =0. H(0) =201n(2) + 30 ~ 43.9 cm 

dH 3 60 
    

  

b When H =1m=100cm, ¢ —=20x = om year—! 

201n(3t + 2) + 30 = 100 dt @Gt+2) 30+2 
20In(3t +2) = 70 | When =3, fl:%zmm 

In(3t+2) = 3.5 di 
3t42=edS . it is growing at 5.45 cm year—! 

=€ -2 dH 5o N When t=10, == =8 =187 
t= years 

3 .. it is growing at 1.88 cm year—! 
£ 25 10.4 years 

12 a2 A=s(l—e™), t>0 

When t=0, A=s(1—e" 

=s(1-1)=0 

a4 —kt b I When t=3, A=5, and s =10, i F:ske 

5=10(1 — e 3%) 
05=1—e%% .. when £=5 and s=10, 

s ek =05 dA ; Smae L Cals Z =10(in2) (e % ) 

3k=In2 #s0.728 litres per hour 

In2 
k=— ~0231 

3 

c A=s(1-e*) Now, 
A=s—gekt 
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13 Triangle PQR hesarea A =3 x6x 7 X sinf 

. A=21gind cm? 

fl =21cos6 cm? per radian 
dp 

When §=45° = Z, %:21005(%) cm? per radian 

=21><7‘; em? per radian 

;::% cm? per radian 

14 = 9.3 + 6.8¢0s(0.507t) m 

= —6.88in(0.507¢) x 0.507 &
 

o 

= —3.4476 sin(0.507¢) 

a When t=8, %’ = —3.44765in(0.507 x 8) 

~2.73 

the rate of change in the depth of water is 2.73 m per hour. 

b When t=8, %1::2.73>0 

the tide is rising. 

15 a V(t} = 340sin(100mt) b When V(2) is a maximum, 

-, V/(t) = 340 cos(100n¢) x 1007 V'(¢) must be 0 units per second. 
= 340007 cos(100t) 

When ¢ =0.01, 
V7(0.01) = 340007 X cos ™ 

= —34 0007 units per second 

16  a The distance from A(—z, 0) to P(cost, sint) is fixed at 2 m. 

cost:%:oQ 

. (cost+x)? +sin®t =22 {Pythagoras in triangle APQ} 

. {cost+)? =4—sin®¢ 

. z+cost=xv/4—sin*t 

since x>0, = =+/4—sin®¢— cost 

b Now dz _ 14 —sin® t)‘%(—hintcost) +sint 

    

dt 
—sintcosi . 

= +sint 

1 When £=0, Il When t=12%, in 

sint =0 and cosi=1 sint=1 and cost=0 

dz dz @ =0t 5 5 =0+sin(g) 
=0ms™! 
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EXERCISE 17 

1 C(x) =720+ dx + 0.022* 
p(z) =15 — 0.002z 

Revenue R(x) = zp(z) = 15z — 0.002z> 

Profit P(x) = revenue — cost 

= (152 — 0.0022%) — (720 + 4z + 0.02z%) 
02222 + 11z — 720 
044z + 11 

11 

0.044 

   P(z) = 
Now P'(z})=0 when 2= =250   

. as P"(z) = —0.044 <0, P is maximised when 250 items are produced. 

    rainimum (7.07, 28.3) 

= (m) 

3 Suppose « fittings are produced daily. 

C(x) = 1000+ 2z + 5000 
x 

= 1000 + 2z + 5000z~ euros 

5000 
x2 

Now C'(z) =0 when =? = 2500 
=50 {as = >0} 

10000 
z3 

. Cl@)=2—   

  Alo, C"(z) = 1000003 = 

which >0 when z > 0. 

the cost is minimised when 50 fittings are 

produced. 

dL _ 100 S =2-100z2=2-— 

which is 0 when 120 — 2 
22 

z? =50 

z=v50 {z>0} 

%:200m_3=%>0 for >0 

100 Ligin = 2V50 + ——= 
i V50 

=250+ 2v50 
=450 
=20v2m when £=5v2m 

min L~ 28.3 m when z=7.07m 

1414 m 

existing fence 

& C@)=%c"+8z+20 

() =233z 

Revenue R(z) = op(x) = 23 — 33° 

Profit P(z) = revenue — cost 

= (23z — 32%) — (42 + 82+ 20) 

=—32% 4152 - 20 
Play=-32+15 

Now P/(z) =0 when z=175‘=10 
2 

as P"(z) = -% <0, P is maximised 
when 10 blankets per day are produced.
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2 

5 Costperhourz'l'—o+22 

cost per hour 

km per hour 

2 
% +22 

Now, cost per km = 

. Clv) = =0.1v + 220" 

. C'(v) =0.1-220"2 

Now C'(v)=0 when 0.1= 2 
2 

. v? =220 

. v 148kmh™?! 

  

6 a At)=tlnt+1, 0<t<5 b e (5,516 +1) 
1 

/| = - A(t)y=Int+£x 3 +0 {product rule} minitmum 

=Int+1 {e71,0.632) 

/ A'(t) =0 when Int 
ot 

and the sign diagram of A'(%) is: l — S Z . 

0 

1 

e 
22 0.3679 years 

# 4.41 months 

the child’s memorising ability is a minimum at 4.41 months old. 

    
t (years) 

A(t) is a minimum when = 

7 C(z) = 0.0007z% — 0.1796z% + 14.663z + 160 for 50 < z < 150 

C'(z) = 0.002122 — 0.3592x + 14.663 
C'(z) =0 when 0.0021z* — 0.3592z + 14.663 = 0 

Using technology, « = 103.74 or @ = 67.30 

the maximum hourly cost is $680.95 

when 150 hinges are made per hour. The 

minimum hourly cost is $529.80 when 

  

   
     

  

104 hinges are made per hour. 

8 a [nner length of box = 2¢ cm b Volume = 200 ¢m® 
.2 X2 x h=200 

22%h = 200 
z2h = 100 

100 
¢ From b, h=7 d ¥ (em?) 

Area of inner surface is 
A(z) = 2(2¢ X ) + 2(22 X h) 450 

+2(zxh) 

=42 + 4zh + 2ok enimum 
=422 4 6zh (4.22,213) 

=42 + @ cm® @ (cm) 
T
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A(z) = 42 + 60021 t 
A'(z) = 8z — 6002 

=0 when 81::@ 4@ = 

  

A'z)>0 {as z>0} 

area is minimised when @ &2 4.22 cm 

600 in & 4(4.217)2 Anin % AUAT + o   

s 213 cm? 

  

  

  

9 C(z)=4lnx+(301;w)g, z> 10 
4 30—z 

C@=z +2( 0 ) (~%) 
_4 30-—= 

Tz w0 
_ 200 —2(30 — =) 

- 502 
_ 200— 30z +a? 
- 502 
_ (z—10)(z —20) 
- 502 

10  Let coordinates of D be (z, 0} where z > 0. 

the coordinates of C are (z, e"‘z). 

area ABCD = 2z~ 
dA _ == 2675 4 2065 (=2z) {product rule} 

2e7%" (1-22%) 
=277 (14 v32)(1 — V2z) 

3713 

100 Height b & —— 
eight b~ {4.217)2 ! 5.62cm 

~ 5.62 cm 
843om 4.22 cm 

C"'{x) has sign diagram: 

  

the minimum cost occurs when = = 20 
or when 20 kettles per day are produced. 

the area is a maximum when x = 

and so C is (7‘5, e_%). 

1 
2 

11 a Volume of can = mr®h b Opening the can B 

1000 = r?h  (in om) up we get: 

A 10020 om 
T 

A(r) = 7r? + 7r? + 2wrh 

=2mr? + 2xrh 
2000 

=2mr? + om’   

T
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d  A(r) = 2rr? + 200001 

  

  

  

‘ Afen) 2000 / - — —2 — 1500 A'(r) = darr — 200072 = 4nr 2 

So, A'(r)=0 whendnr= 2020 p 

3 _ 2000 
4 

r=33% S5420m 
V= 

¢ A’(r) = 4w + 4000r—3 =47 + 4020 
ke 

andas r>0, A'(r)>0 

area is a minimum when r = 5.42 cm 

1000 

7r? 

Agin = 277r? + 277k 2 554 om® 

and h= 7 10.8 cm   

a  Using the cosine rule in ABCO, 

BC? =10 + 10% — 2 x 10 x 10cos§ 

BC = 4/200 — 200 cos @ 

XY = /200 — 200cosé also 

Now BY?=BX?+XY?  {Pythagoras} 

400 = BX? + (200 — 200 cos§) 
BX? = 200 + 200 cos 6 

BX = 4/200 4 200 cos6 

The shaded area is equal to the area of the sector plus % of the area of BCYX. 

A=1(10)?0 + ¢[BX x BC| 

— 500+ §+/2007 200 cosB+/300 — 20 cos? 
=500+ £ x 200/1+ cosf+/1 — cosd 
=500+ 1501/1 — cos?0 
= 500 + 150sin 6 

=50(0 +3sin8) as required 

172 

  

b % =50+ 150 cos & = 50(1 + 3cosd) 

which is zero when cosf = —% The sign diagram of % is: 101 

05101 o " 
Since 0 < # <, A is maximised when 6~ 1.91. 

When 6=1.91, A=237 .. the maximum area is 237 cm®. 

The volume of the container is 

V=1Ibd 

= (36 — 22)(36 — 2) 
V = 2(36 — 22)? em® 
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b The container will have the greatest capacity when V(z) is maximised. 

Using the product rule, V’(z) = (36 — 2z)? — 42(36 — 2z) 
= (36 — 22)[(36 — 2) — 4] 
= (36 — 22)(36 — 62) 

V/(z)=0 when x=6 or =18 

N 
6 N8/ 

the volume is maximised when z =6 cm {0< <18} 

So, 6 cm X 6 cm squares should be cut out to maximise the capacity. 

Sign diagram of V/(z) is: 

14 a P=2rr+2 b Area of shaded rectangle A = 2xl m® 

400 = 2m(z) + 2! s A=22(200 — 7z) m? 
200 =7z +1 =400z — 272 m? 

{=200—m= Now 22 _ 400 dnx 
Nowclearly 2> 0 and {20 dx 

Tz < 200 which is 0 when 4wz = 400 

s 20 s o= 3188m 
- - 

So, D<o 20 and so I:ZOO—W(E) 
T ks 

or 0€2<63.7 =100m 
So, the maximum area of the rectangle is 

2% 100 X 100 ~ 6366 m?. 
T 

50000 
15 Plt)=—————, 0Kt 25 

© 141000e—088" =~ 7 

= 50000(1 + 1000e~%-5%)~* 

P(t) = —50000(1 + 1000e~"-%*)~2 (-500e~0-5%) 

=25 x 107e~%%¢(1 + 1000e~*5%) 2 

The wasp population is growing the fastest when % is a maximum. 

Using technology, the graph of P/(£) can be drawn and the maximum obtained. 

The maximum occurs when ¢ = 13.8 weeks. 

16 E(t) = 750te™ 3% 
- E'(t) = 75015t + 750t x —1.5¢~1:5¢ 

=750~ 1% — 1125te™15 
= ¢~ 1-54(750 — 1125¢) 

Now E'(t)=0 when 750—1125t=0 {since ¢~1*® >0 forall ¢t € R} 
1125¢ = 750 
. t=2hours (or 40 minutes) 

Sign diagram for E'(t): + r/\ - s 
B 

3 0 

So, the drug is most effective 40 minutes after the injection.
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17 a AB=zm 

. BC=(24—-z)m o D(z)=+/a®+(24—z)> {Pythagoras} 

  

b [D()]? = 2® + (24 — x)? 
= 2% + 576 — 48z + 2% ien di dD@)? Sign diagram for ————: 
=222 — 482+ 576 dx 

2 

—d[Ddf:)] =dz-48 I -\ [+ Iz 
2 

% =0 when =12 0 u 

¢ When AB=BC=12m, D(x) is a minimum, 1 

and the minimum D(z) = 12v/2 m & 17.0 m. " 

12m 

18 a The triangles have height 10 cos # and width 10sin 6. 

area A 

= area of As + area of rectangle 

=2X X 10cosd X 10sind + 10 X 10cosd 

= 100sin & cos 6 + 100cos @ 

= 100 cos (1 + sin #) 

dA . . 
b w= 100(—sin 6(1 + sin 8) + cosd X cos§) 

= 100(—sin 8 — sin® & + cos® §) 

= 100(—sinf —sin? 8 + 1 —sin?4) 

= —100(25in? 8 +sin 6 — 1) 

= —100(2sin0 — 1)(sin @ + 1) 

  

%:0 when 2sinf—1=0 or sinf+1= 

sinf=1 or sing = 

¢ The maximum carrying capacity occurs when A is maximised. 

Using b, %:0 when 6=%, ST"’orsT“‘ 

x o dA . - 
But 0< 9 < Z, sothe sign diagram for — is: + 8 

a8 s x 
0 z 

So, the maximum area occurs when 8 = Z = 30° 

When 6 =30°, A= 100cos30°(1 + sin30°) 
- 3,2 =100x E x & 
=75v3 

130 om® 

the maximum cross-sectional area is 130 cm?. 

19 a ArcAC= % X {2 Psectar) b Now arc AC forms the base of the cone. 

o 
=i(2xfl“o) 27r = — {from a} 

360 P 

ox sor=—= 
= 36 B
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¢ Height of cone = /102 — 72 {Pythagoras} e Viem®) 

92 
h=4/100— [ — ) 

wrih 

02 52 = 100 — { — 
"(36) 00 (36) 

t V(E)=ir (%)2\1100— (%)2 

w62 100 x 362 — ¢% 

3 x 362 362 
2 

=2 1 /iven—_& 38 < 3% 

L vy 
139968 

270 

139968 

  

    (294, 403) 

d V= et
 

6() I ol
 

  

  

  

    nt? (%) (120600 — 62)~3 (—26) {product 
1 

(129600 - %)% + 139968 e} Now V'(8) = 

_ @8 [2y/129600—6° 62 
~ 139968 1 /129600 — 62 

_ B 2(129 600 — §%) — > 

"~ 139968 /129600 — 62 

and V'(6) =0 when 6 =0 or 2(129600 — §%) = 6° 
259200 — 26% = 6° 

.. 36 = 259200 
Sign diagram of V'(8) is: + —Mo s 8=1/86400 {as >0} S 

® /BN e s 6 293.9° 

  

maximum V occurs when § &2 294° 

20 a Consider each boat's position # hours after 1:00 pm. 

PA=12t and QB=8t 
PB = 100 — 8¢ 

Using the cosine rule in APAB, 

D(t)* = AP> + BP? — 2AP x BP cos 60° 
= (12¢)% + (100 — 8¢)% — 2(12£)(100 — 8£)% 
= 144¢% + (100 — 8t)? — 12¢(100 — 8¢) 
= 144> + 10000 — 1600¢ + 64> — 1200¢ + 96¢° 
= 304¢% — 2800¢ + 10000 

D(£) = /30422 — 2800¢ ++ 10000 

  

  

  

  

D 2 b Now HPOP _ goer og00 = + 
- 

t . 0 ADEP _ o when ¢ = 229 460526 % 08 
D(t) is a minimum when ¢~ 4.60526 hours after 1:00 pm 

and [D(t)]Z;, ~ 304 (4.6053)% — 2800 (4.6053) + 10000 

[D(#))2;, = 3550 km?
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¢ The ships are closest when ¢ = 4.60526 hours which 

occurs when the time is 4 hours 36 minutes after 1:00 pm. 

So, the ships are closest at approximately 5:36 pm. 

%:wsfl . PQ=2PX =4cosf 

the time taken to row from P to Q is 

21 

4cosd 
  hours 

Now ¢ =26 {angle at the centre} 

But, arc length QRarc = 2¢ 
QRue = 40 

and the time taken to walk from Q to R is % 

  

. 40 
the total time from P to R, T'= % cosf + — 

5 
g:-gsmflfi a0 5 

8%
 

N =0 when —%sinfi =- 

sinf =32 and the sign diagram of % is: 

@ = 0.6435 radians + _ 

8 ~ 36.87° 36.87° 
So the maximum time occurs when 8 ~ 36.9° o 
and the maximum time is 4 c0s 0.6435 + £ X 0.6435 

22 1.581 hours 

~ 1 bour 34 min 53 5 

8 
o 

  

cos sino 

Now L=a+b 

3 4 
L= — 4 — 

cosa  sina 

= 3(cos @) ! +4(sina) ! 

  

    

% = —3(cosa) ™2 x (—sina) —4(sina) "2 X cos ;{‘ =0 

_ 3sina  dcosa when 3sin®a—4cos*a=0 
cosfa  sinfa - 3sin®a=4cos’a 

- 3sin® o —4cos® o I 

cos? asin® 3 

tana = §/4 

a~ 47.74° 
-+ 

Sign diagram of 4L is: 9 

o BN 
L is minimised when a/347.74° and L= 3 4 + 

cosa  sina 

So, the maximum possible length of the X-ray screen is 9.87 m. 

~9.87Tm    
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REVIEW SET 17A 

  

1 a s(f) =2 —9t> + 12t —5cm, t20 

v(£) = 62 — 18t + 12 o) |-+, 
=6(t2 -3t +2) v ! 2 
=6(t —2)(t - 1) ems™? _ + 

and aft) =12t — 18 a(t): I—§_' ¢ 
=6(2t — 3) ems™2 0 

b When t=0, s(0)=-5cm Initially, the particle is 5 ¢m to the left of O, moving 

v(0) = 12 cms™?! at 12 ems™! towards the|origin and decreasing in 

a(0) = —18 cms™2 speed. 

¢ When t=2, s(2)=-1lcm When t = 2, the paricle is 1 cm to the left of 

v(2) = 0ems™? O, instantaneously at rest| and increasing in speed 
a(2) = 6 ems™2 towards O. 

The particle changes direction when ¢ =1 and ¢=2, at s(1)=0cm, s(2)=—1cm. 

f The speed is increasing whan 1< ¢ < § and £ 2 

im0 £=2 =1 {v() and a(t) have the same sign} 

‘_—‘5_‘_‘_‘_—‘1_(‘)_’ s 

2 a Nowif OD =g, the coordinates of C are (z, k — z2). 

the area of ABCD = 2z x (k — 2?) 

A=2kz—22% >0 

b Now % =2k — 622 

But %:0 when AD=2\/§, and this occurs when © = V3 

2% —6(v3)2 =0 Check %4 11562 
2k—18=0 dw 2 

2% =18 76627 
k=9 =6(v3+a)(V3-2) 

3 a z(t)=3+sin(2)om, £>0s z(0) =3 cm 

v(t) = 2/(£) = 0 + 2cos(2t) cms™* v(0) =2 ems™" 

aft) = v'(£) = —4sin(2t) cms™2 a(0) =0 oms™* 

initially the particle is 3 cm right of O, moving right at a speed of 2 kms™*. 

b 2/(t)=0 when 2cos(2t)=0 @1 

cos(2t) =0 

%=T +kr 
For the interval 0 < t<w, t=For 3% 

+ - + r T ; ! t 0.-1) 

the particle reverses directionat ¢ =% s, 

z(0)=3, x(§)=38+sin(5)=4 

2(3F) =3 +ein () =3-1=3, 
z(r) =3 +sin(2r) =3 

the total distance travelled = 1+2+1 =4 cm. 

  
$x 
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& Suppose the sheet is bent 2 cm from each end. To maximise the 

water carried we need to maximise the area of cross-section. f f 
A=x(24—22), 0<e<12 i” i‘ 

=24z — 27 
24— 2 —> 

W u-te ’ 
dz 

A _ 
So, fl=0 when 2 =6, and d— has sign diagram: + € T 

do dz 0 12 
The maximum water is held when = = 6 cm 

the bends must be made 6 cm from each end. 

  

  

  

  

  

4 
5 B =2——— =2t—4(+1)"! s =% t+1 

. = -2 L w(t) =2+ 4 2— 1) ey + ) 

=2 ~1 0 + G cms’ 

soa) = -8t +1)7° a(t): I—'»t 
___8 —2 0 

Ere 

b s(1)=2(1) - a i D =0cm .. the particle is at the origin and is moving to the 

4 right with velocity 3 cms—! and slowing down, its 

(1) =2+ v 3 cms™? acceleration being 1 cms 2 to the left. 

a(ly=— 8 —1cms™? 
(1+1)2 

4 2(t+1)2+4 
=24 —— = ————— 

¢ SR T Ty 
. v(t) # 0 for any real t, so the particle never changes direction. 

d t=0 t=1 

-4 0 

e 1 The velocity is never increasing {acceleration is negative for all ¢ > 0}. 

Il The speed is never increasing, as v(t) and a(f) have different signs for all ¢ > 0. 

6 When the box is manufactured its base is (2k — 2z) by (k—22) and its height is = cm. 

V = a(2k — 2z)(k — 22) o 0w _ 6k /36K — 4(B)° 
V = 2(2? — ke — 20k + 427) 0. G =0 when == 1z 

= 2k*z — 6kx® 4 42® _ 6kEkVIZ 

W _ ok 12ke 4+ 120 12 da kg Kk 
=2(6a% — 6kx + k%) T2V 

k& k 
o — g - 573 {as < 2} 

_k 1 

=3(1-%) 
The sign diagram of fl is: ' ? \ II 

dx 0 k k 
5(1‘ 7‘5) 9 

; . _k . 
the maximum capacity occurs when & = 3 (1 - 75)
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7 a 8(t) = 30+ cos(mt) cm, t>0 

o(t) = §'(¢) = —wsin(nt) 

So, »(0) =0cms™*, v(})=—mems™?, Sign diagram of v(t) is: 

(1) =0cms™*, v(})=mems™, l_|_|_|_+ t et 

2(2) =0 cms™* o ! 2 3 

b The cork is falling when v(t) <0, whichisfor 0<¢< 1, 2<¢t<38, 4<t<5, .. 

the cork is falling for 2n<t< 2n+1, nE{O 123 -} 

REVIEW SET 178 I 

1 H(t)=60+40In(2t +1)cm, t> 0 

  

a When first planted, t=0 . H(0) =60 + 40In(1) = 60 + 40(0) = 60 cm. 

& | When H(t) =150 cm, 0 When H(t) =300 cm, 

60 +40In(2t + 1) = 150 s 60440In(2t +1) = 300 
0In(2+1) = o 40In(2t+1) = 240 

In(2t+1) = & =2.25 - In(2t+1)= 
. — b 2t+1—e“5 o 2t+1—es 

2% =22 _1 S 2=et -1 
L g (e t=5(efl'25—l) o t=3(-1) 

&% 4.2 years 1 7 201 years 

    

2 80 18) = — < H(t)_40(2t 1)_2t { o per year 

| When t=2, H'(2)=5 =16 cm per year 

il When t=20, H'(20) =22~ 1.95 cm per year 

2 s(t) =80e~T0 — 40t metres, 30 

     

2 () =(t) = —8e~T5 — 40 ms—! b When t=0, s(0)=8%0m 

at) =v'(t) = 4 ~Th ms? v(0) = —48ms™* 
2(0) = 0.8 ms™2 

€ Ast—ooo e T 50 o o) = —40ms~! (below) 

d e When v(f) = —44 ms™* 

8¢~ T5 —40=—a4 
_ge T =4 

  

t=-10In(2™") 
¢ =101n2 seconds 

  

  

2 

3 Clv)= 11_ £000 dollars per hour 

a I For ¢ =2 hours at v =45 kmh™!, Il For ¢t =5hours at v =64 kmh™?, 

2 2 

cost= (2 4+ 2200) 2 dottars cost = { 224 20%0) . 5 oltars 
30 45 30 64 

= $535.00 2 $1385.79
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2 v 9000 
b C'(v) == —9000v 2 = — — 

=5 VT T e 
1 For »=50kmh™? I For v =66kmh~! 

reoy _ 50 9000  rreey _ 86 9000 
0 = 15 502 - Cee) = 15 662 

a8 —$0.267 per kmh™? =$2.33 perkmh™? 

9000 _ v® — 135000 N o) = = — 22 o000 
¢ Now Cl)=15-=53 1807 

C'(v) =0 when +®=135000 . _ + 
s vmBL3 o v 

the minimum cost occurs when v & 51.3 kmh~! 

4 a  a(t)=3t-viti=3t—(t+)iom t>0 
1 1 v =3-L¢t+1)"T=3- o) =3-4(+1) T . 

since ¢ >0, vE+1 existsandis >0 o) Il) t 

and aft) =3¢+ 1)~F = —L—  which is always positive  a(): I—" 
4+ 1)} 0 

b 2(0)=30)—v0+1=—-1cm The particle is 1 ¢m to the left of the origin, 

1 - is travelling to the right at 2.5 cms™!, and 

v0)=3- 2/F1 25 ems accelerating at 0.25 cms—2, 

a(0) = _ - 0.25 cms™2 
40+1)% 

¢ x(8)=3(8)—+v8+1=21lcm The particle is 21 cm to the right of the origin, 

8 =3 1 2.85 cms—1 is travelling to the right at 2.83 cms™?, and 

v(®) =3~ BT oodoms accelerating at 0,009 26 cms—2. 
1 

a(8) = ——— ~ 0.00926 cms ™2 
48 +1)% 

d Since v(t)} is> O forall ¢> 0, the particle never changes direction. 

e o(t) and a(t) have the same sign for all ¢ > 0, so the speed of the particle is always increasing. 

the speed of the particle is never decreasing. 

5 a Attime t=0, V =20000e~%*° 
= 20000 dollars 

the purchase price of the car was $20000. 

bV’ = —0.4(20000)e %4 

= —8000e~0-4* 

Attime ¢=10, V' = —8000e0-4x10 
~ —146.53 dollars year—* 

after 10 years, the car is decreasing in value at $146.53 per year. 

6 P(z) =I(z) - C(z) 

- =z — [tz — 2 = [2oom(1+ mo) +1ooo] [te— 100)2 + 200] 

= 2001n (1 + 0.01z) — (z — 100)* + 800
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4P 0.01 
T e (1 T 0.0lz) -2z~ 100 

_ 2 2(z — 100) 
T 1400l 1 
_ 2 2(x — 100)(1 +0.01z) 
- 1+0.01z 
_ 2—2(z+0.01a% — 100 — x) 

- 1+0.01z 
_ 2-0.02¢% 4 200 
T 1+001z o 22 =10100 

202 — 0.0222 ;. z=v10100 {z>0} 
= T1¥o0iz o @A 100.49 

o P LN\ =, and the sign diagram of = = T00.29 z 

the maximum profit occurs when 2 = 100.49 

Now P(100) = $938.63 and P(101) » $938.63 
the maximum daily profit is $938.63 when 100 or 101 shirts are made. 

=0 when 0.022% = 202 

  

b Area of lawn = 2z X y + 3z’ 

=2z [100 —z— %z] + %flzz 

= 2000 — 22% — ma® + ma? 

. A=200c — 2z* — }ma? 

7 a P=200m 

But P=2z+42y+nz 

200 = 22 + 2y + 7z 
2y = 200 — 2z — 7z 
y=100-z—F=z 

  

  

  

  

€ A =200z - 20% — dm2® = 2002 — (2 + %)z m? 
dA 
- =200-2(2+%) s =200 (4+m)z 

dA 200 
E=O when (44 )z = 200 R 280m 

L dA . - 
and the sign diagram for = is: + oo T 56.0m 

44 

. 200 
the maximum area occurs when z = T ~28.0 m 

e 

and y=100—o — Sz =280m 

REVIEW SET 17€ 

1 a Volume=1lbd b area = &% + dzy 

aPy=1 o cost=(a? +4ay) x 2 
— 92 y= 1 sso0 C =2z +8ay 

z2’ 8 
=22% + = dollars  {using a} 

z 

dC _ dc . - 
< E:Alm—sgm 2 = has sign diagram: = \ / e 

=4z — 
2 

4(322) The minimum cost is when & = ¥/2 2 1.26 m 23— 

e . y=i2;z:0.630 
x 

and the box is 1.26m by 1.26 m by 0.630 m.
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e a2 s(t)=15t— — 2 _om, t>0 b When t=3, s(t) = 41.25 om 
(t+1)? ~ 1 

=15t — 60(t +1)"% em () ~ 16.88 ems s 
a(t) ~ —1.41 cms 

() =16+ 120(¢ + 1)~° cms™? The particle is 41.25 cm right of O, 
aft) = —360(t + 1)~ ems™? wavelling right at 16.88 cms—, and is 

120 . slowing down (decelerating) at 1.41 cms—2, 
¢ v(t)=15+ G+1e cms 

120 
v(t)=0 when 15+ CESE =0 

15(t+1)* +120=0 
L@+ =—8 ) l—*» z 

oo t=-8 0 

—360 = 
a(t) = —360(t+1)~% = e ems—2 X9 l0—> z 

where (t + 1) is always positive. .. a(t) <0 forall t>0 

Since v(t) >0 and a(t) <0 forall ¢ >0, v(t) is always decreasing. 

the particle’s speed is never increasing. 

3 Let the coordinates of B be (z, 0), so the coordinates of A are (z, e~2%). 

the area OBAC is A = ze™ 2% 

  

  

  

  

% = (1)e"** + 2(—2¢72*) {product rule} 

—e—2T(] _ _el 2(1 2z) . - .. 

— 2T . . 
=0 and has sign diagram: o 3 

So, the maximum area occurs when m:% and y—e"(‘b =e?t :% 

the coordinates of A are (%, %) 

4 a Theteewas H(0)=6(1- %) =2 metres tall when first planted. 

b t=3 H(3)=6(1-3%;) =4 metres 

t=6: H(6)=6(1— 5%3) = 43 metres 

t=9 H(9)=6(1— 52;) =5 metres 

2 12 - ¢ H(t)=6(1—t+—3) So, t=0: H/(0)= 32 =4 myear 

=6-12(t+3)7 t=3 H’(3)=g=§myear‘ 
. H'()=12(¢t+3)72 12 

12 t=6: H'(6)—9—2 7 m year ™! 

T (t+9)2 
(e+3 t=9: H'(9) :—;—fimyear‘ 

12 d H(t)= . 
® ©+3)2 

and (t43)2 >0 forall £320 
12 

>0 
(t+3)? 

. H'(t)>0 forall £20 

This means that the height of the 

tree is always increasing. 
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a s(t) =25t —10lntem, ¢>1 
1 

v(t) =25 — 10 o mint 

a(t) =10t72 = 1_2 em min~? 

¢ As t— oo, 1T0—>0 

v(t) — 25 cmmin~! (below) 

a AC=2zm 

Now ABC is an isosceles triangle. 

.. XC=g 

But BC?=BX?+XC? {Pythagoras} 
2500 = BX? + 22 

BX = /2500 — #2 

Afz) = 3(22)4/2500 — 22 = 24/2500 — 22 

b Now [A(z)]? = 22(2500 — 2?) 

A? = 25002 — z* 

ign di fi Sign diagram for i / 

  

I : > 

385 

b When t=e, 

s(e) = 25¢ — 10Ine = (25e — 10) cm 

2 58.0 em 

v(e) = (25 - E) cm min~! 
e 

2 21.3 om min~* 

afe) = 1—? em min~2 2 1.35 cm min—2 
€ 

€ When wv(t) =20 cmmin—?, 

25—£=20 

  

d[(‘;i’)]a = 5000 — 40® 
= 42(1250 — a?) 

= 4a(v/1250 + )(v1250 — ) 

the maximum area occurs when z = 25v/2 m & 35.4 m 

The corresponding maximum area = /1250 x 

  

. NA 1 
a sinf=—== 

1 z =z 

— =sin®4 = 

atA, I= \/§c2050 = /Bcos@sin? 0 
& 

dI 
b i v/8(—sin@) sin? 8 + v/Bcos §(2sin d cos §) 

= VBsind[2cos? 4 — sin? 4] 

= v/Bsind[2(1 — sin? ) — sin? 6] 

= /Bsind[2 — 3sin® 4] 

=0 when sinf=+/Z, 0<9< I 

and the sign diagram of % is: 

&
%
 

the maximum illumination at A is obtained when sing = \/g 

1250 = 1250 m?. 

  

1 
z=m=\/§ ad h=vEZT-NAZ=,/f-1=2 

the bulb is 71; m above the floor.



  

Chapter 18 
INTEGRATION 

EXERCISE 18A.1 

The rectangles are 1 = 0.2 units wide. 

Ay =0.2 x £(0.2) +02 x £(0.4) +02 x £(0.6) 
+0.2 % £(0.8)+02x £(1) 

=02x02+02x044+02x0.6 

+02x08+02x1 

= 0.6 units® 

02040608 1 

il Ar, =0.2x f(0) +0.2 x £{0.2) + 0.2 X f(0.4) 
+0.2 x £(0.6) + 0.2 x £(0.8) 

=02x0+02x02+0.2x04 
+02x064+02x08 

= 0.4 units® 

02040608 1 

  

® The area between y =z and the z-axis from =0 to £ =1 is a triangle. 

- area= 1 x base x height 

=ix1x1 

= 1 unit? 

A < area < Ay, and both Az and Ay are within 0.1 unit?, or 20%, of the actual area. 

2 The rectangles are 2 = % units wide. 

   
a b 

Ay = 3@+ 37D+ 37 + 35O AL =3F() + 3R+ O+ 3D 

+ 373 + 353 + 3@+ 350 

=ixd+ixdrixirixg =ixdadxdedadeing 
+ixdHixg +ixdHixg 

2 0.737 units? ~ 0.653 units?
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3 Using provided software, 

Ay and Ay converge to £ 

    

   

          

    

  

  

4 a 1 

0.16000 | 0.36000 0.40000 | 0.60000 

0.20250 | 0.30250 0.45000 | 0.55000 

0.24010 | 0.26010 0.49000 | 0.51000 

0.24503 | 0.25503 0.49500 | 0.50500 

0.24900 | 0.25100 0.49900 | 0.50100 

0.24950 | 0.25050 0.49950 | 0.50050 

0.24995 | 0-25005 0.49995 | 0.50006 

m 

0.54974 | 0.74974 5 0.61867 | 0.81867 

0.61051 | 0.71051 10 0.68740 | 0.78740 

0.65610 | 0.67610 50 0.73851 | 0.75851 

0.66146 | 0.67146 100 0.74441 | 0.75441 

0.66565 | 0.66765 500 0.74893 | 0.75093 

0.66616 | 0.66716 1000 | 0.74947 | 0.75047 

0.66662 | 0.66672 10000 | 0.74995 | 0.75005 

b | Apr and Ay converge to 0.25=—=3+L1 

il Az and Ay convergeto 0.5 = % =$ 

fil Ar and Ay converge to 0.66 = % = }t 

I Az and Ay converge to 0.75 = § = y% 

* 

¢ From b, it appears that the area between the graph of y = 2® and the z-axis for 0 2 < 1 

b 3% <7< 3% is approximately 

3.1408 < 7 < 3.1429 

From a, this is a better approximation than our 

estimate using n = 10, 50, 100, 200, 1000. 

Only n=10000 gives us a better estimate. 

2.9045 < 7w < 3.3045 

3.0983 < w < 3.1783 

3.1204 < 7 < 3.1604 

3.1312 < 7 < 3.1512 

3.1396 < 7 < 3.1436 

3.1414 < 7 < 3.1418 

  

EXERCISE 18A.2    
1 a 

¢ [} 7dom067
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2— 2 
b The rectangles will have width 2-0_ o 

The lower rectangle sum will be 

AL=Z>< 1+z03+3>< 1-*-::,3+“..+3><,/1+a¢,§_I 
n n n 

  

fi1+42) do Ji2-a)do fVI—dn 
= area of the shaded = area of shaded triangle = area of semi-circle, 

trapezium —1(3x3) radius 2 
2 

= (B52) 2 _45 =4(mx?) 
2 =2 

=18 

EXERCISE 158 (N 

1 a I %(mz) =2z i %(za) = 3a® 

&0 =2 g () =2 
the antiderivative of z is 2 or a;—fi . the antiderivative of #2 is }2® or é 

i %(ms) =62° v %(m_l) =-z72 

% (12%) = ° %(_m—l) g 

the antiderivative of 2% is 2% or %6 th;il;fid:rrivatilve of =% is 

T
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v %(z_a) =-3z7¢ 

& 1oy =a 
the antiderivative of 4 is 

l,-3 _ 1 =g 
d, 1 _1 

vl E(z!) =327 

ddz(zm*}) =z 

the entiderivative of 2% is 223 = 2% 
1+1 

+1 
b The antiderivative of ™ is   (n#—1). 

% (€2%) = 2¢2° 

= ( 1 ezz) — e 

the antiderivative of €2® is 1e2® 

d 

Wl %(eiz) =it 

£ (ub)- b 
the antiderivative of ¢3® is 2¢37 

d = (™) = me™ 

4 (17 o o (Rem) =e 
the antiderivative of ™ is Ze™ 

I 1 
b The antiderivative of e*® is —eb=. 

%(z3 +2%) =3z + 2 

d 

@ 
the antiderivative of 6a2 + 4z 
is 2z% + 222 

< %(z@ = %(m%) = 

(22° +22%) =62® + 4z 4 

z3 

Vo 

= (Bave)=v= 
the antiderivative of /Z is 22T 

    

d d 

& 

v 

dz 

the antiderivative of e3%+1 js ZeS2+1 

dx 

@ 
-, the antiderivative of (22 +1)% is 3(2z +1)* 

389 

d 

dz 
d 

de 

the antiderivative of 24 is 3a# 

(%) = 4at 

% (e5%) = 5e>® 

= (2e5%) = eb® 

the antiderivative of €5 is 3e%% 

d = (e%917) = 0,01¢%-01% 

(moeo.olx) = 001 

d 

d 

dz 

.. the antiderivative of €9-01% js 100%-01% 

£(4)-4 
£ ()-8 

the antiderivative of e¥ is 3¢% 

%(es""”) = 3ed+1 

(§53z+|) = 3o+l 

(2z+1)) =422 +1)> x 2 

=8(2r +1)° 

(204 1)*) = (22 +1)° 

EXERCISE 18 

1 & f(z)==2> hes antiderivative F(z)= fi 
4 

s area= ful 28 do 

= (1) — F(0) 
=1i_ 
=1 

b f(=) 

— & units? 0= 3 units’ 

;, area = f: z? do 

=22 has entiderivative F(x) = ? 

=F@2)—F(1) 
8 

3 
L — ol ynits? — 3 = 23 units’
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N =4 ¢ f@=vE=xt hsentiderivative F(c) = = 3ayE 

area = f; VT de : 

= F(1) - F(0) 

=2 x1v/1-0= £ units? 

2 a [*f(x)de="F(a)-F(a)=0 b The antiderivative of ¢ is cz. 

J? f(2) de = area of the stip between JPede = Fb) - F(a) 
z=a and z =a. =cb—ca 

This strip has 0 width, so its area = 0. =c(b—a) 

¢ [ f@de= FEu)( ,,_) F(;)( ) d I % F(z) = f(z) then 

=—[F(b) - 
e N L cre) =cf@) 

* J? e f(z) do = ¢ F(b) — c F(a) 
e i) +o(e) do = dP(t) - F(a)] 

= [F(b) + GO®)] — [F(a) + G(a)] =cf? f(z) dx 
= [F(b) - F(a)] + [G(8) — G(a)] 

=[P i@) do+ fF o(e) do 

3 a f(z)=2° hasantiderivative F(z)= % b F(z) = 2% + 32 + 2 has antiderivative 

o.oarea= ff =% dz 

= P(2) — F(1) 
=18 _1 

1" 
= 38 units? = 33 units’ 

f@)=vz= 2% has antiderivative 

F(z) = %’3— = %zfl 
3 

- 

aea= [ /5 de 
= P(2) - F(1) 
=22v2-21v1 

=43 _ 2 
3 3 

= =248 yies? 

e f@)= ‘/LE =o~} has antiderivative 

F(zg) = % =2/ 
2 

area = ; % dz 

= P(4) - F(1) 
= 2v4 - 2V1 = 2 units® 

=2 Z F(z) 3+2+w 

area = [*(2% +32+2) do 

=F@3)-F(1) 
=E+Z+6)-(3+3+2) 
=242 units® 

d  f(z) =¢® has antiderivative F(z) =¢e® 

area = 01‘5 e dz 

= F(L5)— F(0) 
—elf _ 0 

=el_1 

=2 3.48 units® 

1.25 
v, area= L (4202 + T+ 4) do 

= F(1.25) - F(1) 
=[12.38118 — 8.41667) 
s 3.96 units®
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& Using technology, area = f; VO =22 dz ~ 7.07 units? 

Check: The area is a quarter circle with radius 3 units. 

-, area=3nr? 

=1 x7x8 =2r~ 707 units® v 

5 a it % F@) = f@) then % (—F(@)) = —£(2) 

© (@) do=—F@®) - (-F(@) 
= —(F(}) - F(a)) 
= [} @ 

b Since y = —f(z) is a reflection of y = f(z) in 
the z-axis, then 

shaded area = area between the z-axis and y = —f(z) 

from z=a to z=5 

=[2(~f) dz 
=—f f@)dz {usinga} 

  

    

¢ 1 fi(-atde=- [ o?dx I [} -2)de=- [ (z—2?) dw 

Now f(z) =2 has antiderivative {z? —x <0 forall z€(0,1]} 

F(z) = %f‘s Now f(z) =2 —2° has antiderivative 

5 o (=2%) dz = - (F(1) - F(0)) F(z) = §2° - §o° 
=-(:-9) s Ji@? =) de = — (F(1) - F(0)) 
=-1 3 

  

The shaded region 

has area § units?. The shaded region 

has arca § units?.    
0 0 2 2 w0 sede=-f" -3zdx d [ (-vVI—F)dz=- [fVI-2F de 

Now f(z) = —3z has antiderivative Now f(x) =+4— 2 is the top half of a 

F(z) = _%z’ circle with radius 2 units and centre (0, 0). 

o f°, 32 dz = — (F(0) - F(-2)) 

=-(0-(-6) 

   The shaded region has area 6 units?.
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EXERCISE 780D | 

1 If y=g7 then %’:n‘ 

o frafdz=2a"+c 

7fadz=1"+c 

[afdz=12"+c 

3 If y=e*+1 then % = 2¢2%+1 

f2621+1 do = e*®H 4 ¢ 

22+l dp =+ 1 ¢ 
fe”'“ do = %e2z+l te 

B If y=2v=ab 

then Z_Z=§A=gfi 

[iVEdz=avz+e 

{fvedz=avo+c 

[vEde =42/ +c 

7 If y=cos2z 

then % = —2sin2z 

[ —2sin2zds = cos2z + ¢ 

—2 [ sin 2z de = cos 2z + ¢ 

o [sin2zdz=—%cos2e+c 

2 If y=a%+2? then %=3m2+2m 

oo @+ 2m)de=ad+2? +c 

4 If y=(2z+1)* 

then %:4(2z+1)3 x2=8(2z+1)° 

[8@z+1)Pde=(2e+1)* +c 

8f(2z+1)3dr=(2a+1) +¢c 

o J@+1)Pde=302z+ 1) +e 

  

1 6 If y=—=2"% Y 7 & 

dy _ 1 then Y= _1-%-_ 
" & b 22/ 

1 1 
i — =— [-4() - e 
_%/LM=L+C 

2T T 

1 2 —_—_dr = —— 
/a: 'z fi+c 

8 If y=sin{l — 5z) 

then %:—Ecos(l—fia:) 

o [ —Bcos(1 — 52) da = sin(1 — 5z) +¢ 

-5 f cos(1 — 5x) dz = sin(1 — bz) + ¢ 

o fcos(1—52)de = —Lsin(1-5z) +c 

9 % [* - 2)°] =3(z* - 2)*(22 - 1) 

o f32r - 1)@ -2 de= (2 -zl +c 

3[(%—1)(17—z)2dr=(z2—a:)3+c 

o @ -1 —2)? de = §(@* —2)* +c 

y=vI—Zz=(1- 1)} 

% =4 H-g) 

10 Suppose F'(z) is the antiderivative of f(z) " 

and G(z) is the antiderivative of g(z). 

2 (F@) +0E) = 1) +(0) 
S+ da 

=F(z)+G(x) +c 

= (F(z) +¢1) +(G(z) + ¢2) 

= [ f(z) dz+ [ g(z) da 
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20 -3 

5—3z+x2 

Now 5—3z+2®>0 forallz, 
as a>0 and A=-11<0 

2z —3 
/mdz=ln(5—3z+zz)+c 

d 
12 E(ln(5 -3z +2%) = 

4z —6 
/mdz_zln(s—sz+z2)+c 

EXERCISE 18E.1 | 

1 a J@t -2 —2+2)da b f(Va+e?)da < /(3e"—l) dx 
© 

5 3 2 & & i 
=8¢ —In(z|+e =?—T—?+2z+c 

    d 1 

s /(m”+§)dz i /(Se’+§zs—é)dm 
x x 

4 
=12°+3Inje|+c =5e”+§%—4ln|m|+c 

=5¢" + Ha* —4lnje| +¢ 

2 a [@sinz—2) de b f(4z—2cosz) ds ¢ [(sing—2c0osz +€*) dp 

=—3cosz—2z+c =2¢% — 2sinz +¢ = —cosz—2sinz+e°+c 

z(z — 1) 
d J(@*/z - 10sinz)dz e /( 3 +cos:c) dz t  [(-sinz+2/3)dr 

=f(z§ — 10sinz) dz /‘( =_l-(—sinz+2zi)dz 

  

1.2 _ 1 3% —3:c+cosz) dz 

—%z’}+10cosz+c s 2 =Cosa:+§a:§+c 

@ 2 - 
=2%/z +10cosz +¢ =5 g temete =cosz+4avate 

[@+3—2)de b /(«/‘—%) o« /(M_%fl) o 
— 1,3 8,2 =3z +52° -2z +e ' n 

= (fi_m E)dm 

I ) @ x 

=z -Tt¢ 
2 2 

  

=%m‘§'—2z§+c
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- 2 - 
d /(11 ‘i’”)dx e Jeotid ' /%’”3@ 

1 4 = [(4e® + 4z +1)da 3 

=[(Z2=-%)a 5 g =/(w+1——)d:c 
/(“‘/E \/E) =%+%+w+c 2 ? 

—1 _ =fe -t S S raibate =4 +o—3nfel+c 

et 4ot 
=—r -1 *c 

2 2 

=—2z_§—8:c§+c 

2—1 22 — 4z 410 
’ E* v [ 

    -| G i) - 
= (z-i s +10z-§) dz 

  

    

23 4ot 1004 
=T t—z 

I fE@+1Pde 2 2 
= [ +32 + 3+ 1) do =2¢§+81"9—%z’§+c 

=%z4+zs+%z’+w+c 

+c 

4 a  [(VF+hewa)dr b  [(2¢'—4sime)dt ¢ /(3cost7%) at 
— t = f(a} + Lcosa) dz =2¢*+4dcost+c =3sint—Int| +c 

=%m§+%sinm+c 

dy dy 2 dy 2 3 2 5 dy _ b %o 2= —2? =5z% — a Z 6 - 45 < o 5VZ — 12 =552 — & 

. y=f6do noy=[atde o y=[(5z? —a?) do 

. = . — 4,3 . y=6z+c Soy=38+e y:l—;‘zé—%zs—l-c 

L y=2av/z- 3 +c 

dy 1 _ 5 dy _ d_ . 2 d 3_1—2_1 e 5_281—5 f z—h + 3z 

L y=fa?de oy=f@e-5de . y= [(2®+32%) dx 
z! coy=2e"—Bxtc 4zt 32° 

=—+c =— — y — 2 + 3 +c 

y=_l+c y=a*+2*+c 
x 

dy . dy 2*+2-5 
6 a —=(1-2 b ¢ == P ( x) dr 2 

~y=fl-22) de 

woy=[1+227 -5 dx 

  

4?2 | 43 5z~1 
=% =z+2In|z| — z-= + 3 +c z+ || = +ec 

:a:+21n|a:|+i+c 
z  
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7 a2 f@)=2"-5vz+3 b fl(e)=2vz(1-3z) 

=w3—5m*+3 =2z} _ 6o 

o @)= [ st 1) de o @) = [@at —6ad) ae 

=gt~ Pad taae 2f ot 
=%z4—%zfi+3m+c 

() = 8% — & < f{(z) =3¢ 2 

- f@) = / (3& —g) do 

=3e" —4lnfz|+e¢ 

EXERCISE 10E.2 I 

1 a flay=2-1 b fl@)=8"+2 

f(z):f(Za:—l)dz f(z):f(!iz’+zz)dz 

22 3z° 222 
=T—m+c =T+T+c 

=z’ —z4e =z +22+c 

But f(0)=3, so 0—0+c=3 But f(2)=5, s0 8+4+c=5 

noe=3 Soe==T 

s f@)=2%-z+3 o f@)y=2®+22 -7 

€ f’(z):e“+%=e"+m‘% d j’(m):z—%:z—%_i 

F@) = f(®+o}) do s @)= fa-2hd 
=et ot e _a? 2t . 

But f(1)=1, so e'+2+c= T2 3 

L e=—-l—c¢ =1®—4/z+ec 

oo f@) = +2/3—-1-¢ But f(1)=2, so §—-4+c=2 

2 a F(@) =2® —4cosz b F(x) =2cosz — 3sinz 

f@) = [(&? - 4cosz) do f(z):f(icos:c—Ssin:c)dz 
3 

=%—4sinz+c =2sinz +3cosz +c 

Bu ()= 
But f(0)=3 . . . 

0—4sin(0)+c=3 2sin g +3cosf o= 75 
. c=3 LA +I o= 

3 

. f(w)=%—4sinz+3 °=_7‘; 

e=-2v2 

. flz) =2sinz+3cosz — 2v2
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3  a Given b Given: f"(m)=15fi+‘/i_, 

R =2+l fF1)=3 f@A)=7 PO=12 0 
. @)= f@r+1)da 

202 Now f"(z)=152% +32~% 
=—+z+c 2 , 15z? 323 
=2 +z+e - f@)= 3 +T+C 

Iy — - 
Bu f(1)=3 s “’_”'Z;‘; =10z3 + 623 4 
 F@=cf ol But f(1)=12 so 10+6+c=12 

Then f(z) = [(@®+z+1)de o= 
23 o2 f’(z)=10a:‘§+6z§—4 

Syt etk - f(z) = [(100% + 6% — g 
But f(2)=7, so §+2+2+k=7 102} 6t 

L k=7-4-§% =+ —4z+k 
. 3 3 3 

k=1 =42t 442 —ao i 
But f(0)=5, so k=5 

flz)=42% +42% — a0 +5 

¢ Given: f(z)=cosz, f(5)=0 and f(0)=3 

Now f/(z)= fooszdz sinz+¢ So, f(z)=f(sinz—1)dz 

But f'(£)=0 so sin(§)+c=0 =-—cosz—z+k 

soe=-1 But f(0)=3 so —cos0—0+k=3 

. fl(z)=sinz—1 oo —1+k=3 
. k=4 

So, f(z)=—-cosz—=z+4 

d Given: f(z)=2c andthat (1,0) and (0, 5) lic on the curve 

v 222 2 Now f(ac)=f2zd:c=T+c=a: +c 

f(z):f(z“+c)dm=§—3+w+k 

But f(0)=5 so 0+0+k=5 andso k=5 

and f(1)=0 so 3+c+5=0 andso e=-5 

flz)= 3::: -¥z45 

[
 

EXERCISE 1 8F [N 

1 4 
1 a f(u+5)3df b /mdz < /mdz 

=%x@+c =f3-2)%ds =[4@e-1)"* do 

=1@+5)+e =fix%+c =4(§)x—(2’:31)_3 + 

1 —2 = m— = 2(3 - 22) =3P te
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o . f\/m*dz ‘ /\/1‘_0_52.” 
4z -3 = - Z1xd - ® te f(sz@:i;; = 10050} do 

=1 =§(4,¢,p_3)8_'_c =3zXx % +e =10(_¢5)><(1_15w)%+c 

2 

=3@-0¥+c - T e+e 
4 

g J31-a)tde h /\/3__4$ dx 

=3[(1-x)*dw 3 
oo =[4B-4x) T do 

=3(_¢1)><T+c =4(-_11)><(3_14“)& e 

=-31-a)+c 3z 
=-2/F—dz+c 

a [sin(32) dz b f(2c05(—4z) +1) dz 

=—}cos(3z) +¢ =2x(d)sin(—4z) +z+c 

=—}sin(—4z)+z+ec 

¢ [3cos(g)de d  [@sn(2)—e)da 

=Gsin(§)+c =—2cos(2r)+e " +c 

e [26in(2z+%)de t  [-Bcos(f-z)da 

=—2cos(2z+§)+e =-3x(-1)sin(§—z)+c 

=—cos(2c+%5)+e =3sin(§ —z)+c 

g [(cos(2z) + sin(2x)) dz h [(25in(3z) + 5cos(4x)) da 

= 2 sin(2z) — } cos(2z) +¢ = -2 cos(3x) + $sin(4z) + ¢ 

1 J (3 cos (8z) — 3sin<) do 

= 3(3)sin(8z) + 3cosz +¢ 

  

  

  

  

= 35 sin(8z) +3cosz +c 

dy ¥ a F=vmT=(m-7) But y=11 when =8 
. 1 —- = _1X(2”‘7)%+ s dae-n4e=m 

¥=3 3 € LoD 4e=1 
‘(2z 7)§+ 94+c=11 andso c=2 

=352z — c 3 y=§(2¢—7)§+2 

b f(z) hes gradicnt function () = ‘/14_=4(1—z)-i 

—z)7 
f(m)=4(+l)x(1 lz) +e But y=-11 when z=-3 

2 - T e —8y/1— (-3)+e=-11 
—8VI+e=-11 
—16+e¢=—11 andso c=5 

fz)=5-8/1—-2= 

Now f(—8)=5—8,/T—(—8)=5—8(3) = —19, so the point is (—8, —19).
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4 a fcos’zdm b fsin"‘acdz 

= [(} + 4 cos (22)) da = [(3 - 4 cos(22)) d 

=32+34sin(2) +e =jz—sin(2x) +e 

< [+ cos?(22)) da d  [(3—sin?(3)) de 

=f+3+}oos(dn)) dz =[(8—(3 - }cos(6))) da 

= [(&+4cos(dn)) do = J(§ +} cos (62)) do 

=4z +Lsin(4x)+c =22+ Lsin(6z) +c 

e [icos?(42) do t [(+coszyde 

= [4(} + §cos(8z)) dz = [(1+2cosz + cos? z) dz 

= [ +1cos(8x) do = [(1+2cosz + § + } cos (2x)) de 

=la+ Fsin(8z) +c = [ (% +2cosz + § cos (2z)) de 

=%z +2sina+ $sin(2z) +c 

5 a 32z -1)2 dx b [@®-z)de ¢ f(1-32)de 
= = — 4 =3[z -1 dr =[(a* -2+ %) do - (1—3z) te 

(2:::—1)3 N 4 
=3(3) 0 +¢ 5 7T t3te =-L(1-3)+c 

_5(21—1)3+c =i° - Lot + 2P 4o 

d  fl-2?)de e [4fF-zdx t J@+1Pde 

= fa—22 +a%) de =4fG5-a) @ = [(@®+32% + 322 + 1) dz 
—z— 22841551 ¢ 2 7 3% 328 3 5 (5 —x) =L % & =4(£T)T+c 7 + 5 + 3 +z+e 

2 
=i +iS P+t 

=—5G-ni +o s 

6 a J (2¢% +5e%%) dx b [(3e5*%) da < 

=26+ 5(3)e™ +¢ =3(}e*+c 

=2"+5e* +¢ =824 

d = < [ 
=1 =imj2z-1+c 

  “fr 
)ln|1—3z 

=—§ln|1—3cc|+ 

! /(e_z_uil)h s 
4|2z +1+c 

  

  

—2lnf2s+ 1| +c 

ol
 

|+¢ 

c 

f(e’+e‘”)2dz 

f(e"+2+e‘") dx 

”‘+2z+( L)e® 4e 

®t+2w—Le @ e
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5 h o 49y 1 (— ) f(e +2)? da /z = dz 

= (e +4e2 +4)de 

=Lt 4(L)e "+t 

—%e“" —4e " +4xtec 

z? 1 
?—5(_—1)].n|1—a3|+c 

  

=4a?+5l(l-2|+c 

  

  

7 a d—”:(l—e’)’ b d—”=1—2z+ 3 

dz=1—2e=+e” * 222 e 
y=o—2%+3c* te n y=z—T+31n|z+2|+c 

c o, 4 =z-2?+3|z+2|+c 

2z —1 

  

2 44 nfer—1]+c 

=1+ |2z —1|+¢ 

8 Differentiating Tracy’s answer gives Differentiating Nadine’s answer gives 

d ;y _1f1 d /q _1fl 
E(zln(u)+c) =1 (E) X440, >0 E(;ln(m)+c) =1 (;) +0, >0 

1 1 
= = x>0 = = z>0 

Both answers give the correct derivative and both are correct. This result occurs because 

In(4z) = In4 + Inx. Their answers differ by a constant which is accounted for by c. 

9 Given: f'(z) =psin(3z), f(0)=1 and f(27)=0 

o fle)=—2pcos(}2) +¢ 

But f(0)=1, so —2pcos(0)+c=1 

—2p+c=1 

oe=142p .. (1) 

Also, f(27)=0, so —2pcos(w)+c=0 

. 2Zp+ec=0 

20+1+2p=0 {using (1)} 
R 

L e=} {fom(} 
(@) = S cos(3a) + 3 

10 ¢"(z) = —sin22 

Integrating both sides with respect to z, we get ¢’ (z) = % co82% + ¢, ¢ some constant. 

So, g(m)=3%cos(2m)+c and  g'(—7)=}cos(—2m)+¢ 

  

=i+e =i+ec 

=d'(x) 
the gradients of the tangentsto y = g(z) at =m and £ = —n are equal. 

N oa fE=2e b f’(z)=2w—12 
- 

s f@) = 2od)e v 2?3 
= —e 4 ¥ f(z)=T—_—11n|1—ac|+c 

But f(0)=3 so —e+4c=3 =z? 42l —z|+e¢ 

s e=4 But f(—1)=3 so 1+2In[2|+c=3 

o fl@)=—e® 14 s e=2-2In2 
fl@)=2*+2In|1—2|+2-2In2
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et p Ll But f(1)=0 
2 

- s E—bette=0 
f(z)=T+%(+‘)e_"+c noe=deto2 

2 

= %w% —ie " te o f@) = §z§ —le @y let- g 

12 (sinz + cosz)? =sin’ x + 2sinz cosz + cos’ = 

=14sin2x 

. [(sinz + cosz)? dw = (1 + sin2x) da 

=z —4cos(2z) +¢ 

13 (cosz + 1) = cos®z + 2cosx +1 

=(3+ 3cos2z)+2cosz+1 

=%cos2a:+2cosz+% 

s fleosw +1)2 dz = f(§ cos2z+ 20085 + §) de 

=}sin2s+2sinz+ 3z +c 

EXERCISE 108G I 

1 2 u=z%+1, %=312 b u=ga®+1, Zm—"=3w’ ¢ u=sing, Zz—u=°°” 
[82%(3 + 1)t do fac“e“‘s‘“dz s [eintzcosz de 

du 3 du =f"45d’” =1 [(32%)e” +1 da =fu =% 

=futdu =§je"3m—"dz =[utdu 
= 18 5 _fu5+c5 =§fe"du =“?+c 

=3@*+1)°+c =1 5 =g +e =isinfzte 

=§e’3+l+c 

2 a2 [4%Q+a%ide 

  

du =[P fu=2+0t, Eoted - Jo gt {u=2+e ¥ =/ (@+3) ’fxzz)dz 
=fu3du ;du du =fu2 ) 2u _ =uT¢+c fu dxda: {fu=z%+3, T 2z} 

) e =fu_idu 
=1@2+aY e 

ul = +e 
3 

=2vu+c
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¢ /L)sdz d  [VFTz@?+dr 
du 

=-1 [(1-2%)"5 x (-22)dw =[vag d {u=c+a 

= fuba B gy Ju? du = 3z2 41} 

’U/§ 

=73 te 
2 

=§u’}+c 

=§(zs+w)’}+c 

a b fZa:e’idz 

—fe"%da: {u=2a2, %‘—h} 

= fetdu 

=e*+tc 

= 4 

VE VT € € 2 
—dz=2 de d 2z —1)e* ™% dz ¢ 7 /Zfi Je Je 4 

du =-f(1-2z)e" %" de 
— u - =2f¢ Edz {u=+7z, __ "'fld@ i 

2] u g du 1 } fe dz {u=2-2% =2[e*du o 
de 2z =—fe"du fl=1—21} 

=2"+c . 

—2e‘/i+c = +: 

=—e"""" ¢ 

a Let u=a2+1, d—"~2z b Let u=2—g2, %*—Zz 

22 1 . = 1 f 
/a:“+l _/w2 1(21)‘12 o jz—z’ ’/Z—fl( 22) do 

1 du L f1du 
=[== [ g 
/u =® ’/udz 

=/ldu =—§/ldu 
u U 

=lnlul+¢ =—}3hnful+e 

=1n|z7+1|+c =—lln|2 m3[+c 

¢ Let u=22—3z, %‘:21—3 d Let u=2%—uz, E"—afi—l 

2z —3 1 6x2 —2 1 
= 2¢ - 3) dw de=2 3c? — 1) dz 

/z*—?m: /z’—h(w ) 2t - /z3—3m( ) 

1 du 1 du =22y =2 =22y 
/uda: /udz 

=/ldu = /ldu 
u u 

=Injul+e¢ =2Inlu[+¢ 

=].n|z’—3z|+c =21n|z3—z|+c
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5 a Let u=cosa, %:—sinz b Let u=cosz, %:—sinz 

sinx —sinz sinx —sinz 
de = — dz . de = — dz 

V/cosz y/cosz o / cosz cosz 

e fut g iy, 
/" i w 

=—Juta = [ lau=mp+e 
3 w 

=_uT+c = —Infcosz|+¢ 
2 

=—2(cosz)§+c 

¢ Let u=sing, %:cosm d Let w=2? %‘:h 

f\/mm”dz=fu1}32_"d, 5 Jusin(a?) de =1 [(20)sin(a?) do 
. du 

=fu§du =%fsmuadz 

=§u§+c =4 fsinudu 

=1(- 
=§(sinw)'}+c =3(-cosu)+e 

=—1lcos(z®) +c 

EXERCISE 7 6H 

1 a ['edo=flabae J-vm do= [} (-st) a0 
4 4 -[+4); - [51]; 

=3®-1m =-3®)-(-3W) 
=Y ~q67 =M~ 467 

b [o7 do=[4%]} fo=aTydz = [-42%]; 

=3-0=% =-}-0=-¢ 
Property: [ [~f()] de =~ [? f(z) dz 

2 a [lotde b [Potda ¢ [latda d  [la?ds 

=[3="]; =[] =[3=; ==, 
=4- =4 -3 =4®-0 s1-0 
=1 =1 =8 

3 3 3 

Properties: f: Flx) de + j;,c flz) de = f: f(z) d= 

f:cf(z) de = cf: f(z) dz, ca constant 

3 2 P -a)dr b [ -)de 

= [at 272 = ot 273 
=[4(16) - 2(4)] - [0~ 0] = [4(81) - 2(9)] - [2(16) — 2(9)] 
—_4 =%=625
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c j:(za — 4z) dz 3 - 215 
[481)—2(9)] —[0-0] 

2=22 

Ly 
1 

1( 
4 

4 oa =[], b [[Vie=[lade < [l@+Ba 

=3M-o0 _ [gz*}]: =l +oh)dm 

=3 =21)-0 = [la:s + 3z§]1 
=2 ° 

=3 =3 +3w]-0+0 

=1 

  

  

  

  

1 2 

5 a fzsda:=|:z4] b fn(zz—m)dm—[%a—%g] ¢ fole’d:c [€°15 
0 0 —el— e 

=1_0 =(-2)-(0-0) —e—1 
=1 =2 ~1.72 

4 9 

d f*cosmdz ¢ / (z—%)dm 1 E‘;;dm 
% 1 4 

Emj]n_s. 0 =f:(z—3z_§)dz =Lg(mé—3$ 1) do 

-1 ra _ [z’? 31’}}9 
: =l N 

2 Z . 2 2 |, 

9 
4 = (2,8 _ 

= [g_sfi] - [’zi 611}]4 

. ! = [2(27) - 6(3)] — [2(8) - 6(2)] 
=[¥-1]-G-9 = (18- 18)— (4 —12) 
=13 =62 

s 3—da:=[ln|a:|]§ h /q-smmdz=[—casm]§ 
! =In3-lnl ¥ 

=In3-0 =-cosfteosf 
=1n3 =1 
110 

6 

I fAec+1 2 de 1 / ‘/2:__3@ 
2 

=[He " +2e "+ ) dx -9t 

=[(_L2)e‘2’+2(}1)e_”+z]f : 3 s 

2z 2 _ 1 (22-3) 

=[_e2 _Ze—“‘+z]1 2 2 . 

et _ 2 _ =[ 22 —3|° 
=(—T—2e’+2)—(—7—2e 1+1) =\/§_\/I2 

2 1.52 =2
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A (S i 1 [Fsin(32) do = [~3 cos (32| 
& el = —}[cos J — cos0] 

-(%)-(5) “ S 
=e—1 =3 
~1.72 

6 01ooszzdr=£’%(%+%cos(2m))dz 7 oisinzmda:zfog(%—%ms@m))dm 

- [g +sin (Zz)]f [% —§sin (2’”)];} 

    

    

  

  

  

=[f£+4sinE)— 

=%+3 
8 Using technology: 

a jflnzdzzl.ao b f:le_’zdzzl‘ig / sin(v/p) dr ~ —0.189 

5 g Ml _do-d4+1+4 e+l 4+ 
s &—1 z—l 

—[4:£+51n|a.'—1|]3 

=4(5) +5m[5— 1| — (43) +51n|3 - 1|} 

=20+5In4—12—5In2 

=20+5m2% —12—5In2 

=8+10In2—5In2 

=8+5In2 

—2 1 21, 

10 a / de=In} b / (2z—1)de=4 
m i-z m 

Flnl4-2) =W} [z’—z]:_’"=4 
—ln4—-2/+h[4-m|=n} o (em) —2m— (m? —m) = 

- lnl4-m|-ln6=In} coAmE—2m-—mP4m=4 

: ln|4_6m|=1n% . BmPom—4=0 
4em|_, (Bm—4)(m+1)=0 

6 |”2 . m=f%or—1 

4-m T:i% 

4-m==9 

m=4£9 

. m=-50rl3 
However, the solution m = 13 is invalid, 

since the vertical asymptote = = 4 lies 

between —2 and 13. 

m = —5 is the only valid answer. 

1M1 a j:f(z)dz:meabetweenf(z)andthez-axis&om z=0to =3 

=2+3+15=65
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1% 

b Ji (@) de = —(area between f(z) and the v-axis fom =3 to z="7) 

=—(3+3+§+2)=-9 

_fi; f(z) dz = (area between f(z) and the z-axis from z=2 to z=3) 

—(area between f(x) and the z-axis from =3 to & =4) 

=15-156=0 

_];’ f(=) do = (area between f(x) and the z-axis from =0 to z =3) 

—(area between f(z) and the z-axis from z=3 to 2=7) 

=65-9=-25 

I f@yae 
= area of semi-circle with radius 2 
= %71'(2)2 =27 

f; f@ydz 
= area of semi-circle with radius 1 

=4ir(1*=% 

@) dz+ f] f(z) da b 

=J; fl@)ds 

b ] f@)de 
= —(area of 2 by 2 rectangle) 

=-(2x2)=—-4 

d  fFf@)de 

=i fe) dot [{ (@) de+ [} fz) dn 
=2r+(-9)+F=5C—-4 

JP o) da+ [P o) do+ [ g(e) de 

=[] 9(z) dz 

[P @) de+ [ f(z)do= [7 f(z) do 

F @ dz=f} f@) do— [} f(z) dz 
=(-3)-2 
=-5 

f2 f@) deo+ [} f@) do+t [[ f(z) dz =[] f(z)dx 

s i@ de=f] f@yde— [} f(2) dz— [ f(z)dz 

I @) de -1 f@) de o [ 
=(-4) 
4 

Sfo2f@ de=2" f(z)de d 
=2(-4) 
=8 

16 2@ -1 de= ] gd@)det [} —1dw 

o
 

lo(@)]3 + [~=f3 
(9(3) — 9(2) + (-3 - (-2)) 
5-4-1 
0 

NO-(=2)-©) 
4 

L@+f@) do=[1 2de+ [ f(a) do 

= [20]L, +(—4) 
=(2-(-2) -4 
=0 

Jki@) de=7 

Lok fl f@)de=7 
o k(—4)=7 

Lo k=-%
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REVIEW SET 13A [ 

    

  

  

  

1 a [ f() dz = area of semi-circle with radius 2 b [ f(z) dz = arca of squarc 
=1ixmx2? =2x2 

= 27 units? = 4 wnits? 

za/—dz4/%¢m b/3d1=3/1dz 
1-2¢ -2 

=g(-L —_ -4 T c=8/54c =3(%)Inll — 22| +¢ 

2 =-2In(1-2z|+¢ 

¢ [sin(4z —5) dz = —} cos(dx — 5) + ¢ d [et 3 dp =L 1 

= %e‘_”+c 

3 [ VTTwde=[Tl0-%) b [Fcos(2) de=[2sin(g)]F 
(1 _ 37:)% = 2sin(§) — 2sin(0) 

=[x _ 1. ()20 
-1 =2 =-ifo-st] | " 

=—§(4§—16§) 

=-2(8-64)=12% 

5 y=+2% 4= (* -0} 5 fleszde=, O<b<r 
d A E!”:%(mz_g $ o feinaf} = 2 

_ x sinb —sin0 = =, 
* 2 

(wz;‘l) smb=715 

T Vai-1 b=1Z,8 {0o<b<m} 
x dx /r —de=y/F 4o 

6 [(2-cosz)de 7 —(3av +2)% = 3(32% + 2)?(6z + 1) 

= [(4—4cos +cos?z) de f3(3z’+z)2(6¢+1) — (3P 42+ 
= f(4—4cosz+ § + } cos(22)) dz 

=22 —4sinz + §sin(28) + ¢ 

8 a  [{G@+1)ds 
=[if@)de+ [ 1dz 

=3+l 
=3+(@4-1)= 

. 3 f(822 +2)?(6z+1) de = 

o[22 +2) 6z + 1) de = 

@2 +2)®+e 

@2 +2) +c 

b [Pf@)de- [P f(z)de 

= 2 fm) do+ [} f(=) dw 

= [} fa)de 
=3
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du 
— =cosz 
dx 

" du - sin dr= | e P /e cosT /e = 

= [e"du -/ 
=e"+c 

9 If u(z)=sinz, 

10 Given: f"'(z)=2sin(2z), f'(§)=0, and 

Now f'(z) = [ 2sin(2z) de 

= —cos(2z) + ¢ 

But f/(3)=0, so — 

    

=@ +1) +c 
1 

Jo 2m(a® + 1) de 

_ [(m’+1)‘]l 
1 {using a} 

0 

_(@2+nt @+ 
T4 4 

B
 

sl
 

al
s 

407 

f0)=3 
- f(z) = f(—cos(2x) — 1) de 

=—1sin(2z) —z+k 

But f(0)=3, so —}sin(0)—0+k=3 

. k=38 

so f(@)=—%sin(2z) —c+3 

o f(F)=—}sin(m) - F+3 
=3-Z 

02 e+ 

  

—1 x2(1+2%)°% dz 

=-1[% 2(@?+1)P dx 

_ [@] 
2 4 -1 

=—% 
2 

—
 

- 

A+1)* Q+1)4 —
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lower rectangles 

  

= [(@* — 222 +1) do 
1,5 _ 2,3 =5 52°+ete 

3 Using technology: 

  

d 1 & z(lm;)’=2(1nz)‘ (;) 

_ 2hs 
- xz 

  

z 
/2'“’” do = (nz)? +e 

Ing 
/de= Lz +e 

e 1-2z 4, _ & 6 jo e dz 1 

1 1-2z]% _ € 
Zpel ] = 1 

1.1-2a 1y & _Lg Llely == (-3 - (-4 = § 
1.1-2¢ L & _ & 3€ + 271 

1—20 _ & 
4   

o [0 e drmasm 

  

  

  

  

b 

T4 
de = 3.1416 

o 1+2? 

upper rectangles (the average of Az and Ay for 

n = 500). This value agrees 

with & to 4 decimal places. 

dy _ b Y —400-20e"% 
dz 

y = f(400 — 20¢™ %) dz 

- =000 - 22 4 

=400z + 40e~% 4+ ¢ 

1 
10z 

b / de 72 2.963 
b Viz+1 
  

5 Given: f"(z)=18z+10, f(0)=-1, f(1)=18 
f(=) = [(182+10) d 

=922 +10z +c¢ 

Hz)=3z"+52 +cx+d 
But f(0)=-1 so d=-1 

fl@)=32° +52% +cx —1 

And f(1)=13 so 3+5+c—1=13 

c+7=13 

c=6 

f(z) =82 + 52 + 62— 1 

20 _ € 
el™%a = — 

2 
e 1—2a=1n(§) =Ie—In2 

1-2a=1-In2 
20=1In2 
a=1m2 

a=In2} 

a=Iv2
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4 

7 Using technology: a /; \/:WT de 2 1.23617 b j;l 22t dx 2 1.95249 

8 a F(z) = 32° + 22 b Now f(2)=2°+22-% 

323 222 =12-L / = L2 3 Py =T+ e T 
= z3 +a?+e ® 

zt g .. the normal has gradient — 
flx)= —+?+c:c+d y—3 

.. equation is =5 
But f(0)=3 so d=3 z-2 

24 2t soy—3=—F(z-2) 
f(z)——+—+w+3 

L Yy=— 25‘”"’26"‘3 

Ako, f(2)=3 so 4+§+2c+3=3 or 3z+26y=84 
2 = _2¢ 

10 
3 

  

  

f@) =42+ 3% — Rz 43 

9 a (5427 b (e +2Pdn 

= (P +3(e")2(2) + 3(e") (2 + (° = [£6™ + 32 4 127 + 8]} 
= 3% 2% Z 

=T O 412748 = (46 +362 +12e+8) — (L +3+12) 
=1 +3% +12-7%  (~541) 

¢ Using technology, f; (e® +2)% do ~ 54.1 

  

  

3 
10 [sin®zcosx dz / sin® zcosz dx 

= [(sinz)® cosz dz * 5 
in® 

=f$d {u=sinw, & =cosz} = [S“:i z] 

= fubdu I 
6 6 6 s 519" ()) 
. _ 1 

= su; Zie = 384 

REVIEW SET 15 1N 

1 a /(2e'“‘—%+3)da¢ b /(fi-%)ifl 

=—-2""—Injx|+3z+c /(z ) 

22f -2z +hjzf+c 

¢ [(B+e* ) d 

= [(9+6e** 1 4 ed*=2) da 

=9z +32 1+ {2 4
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2 fl@)=2"-3c+2 

z®  32? 

  s Pl e s F cost (2) do 
, Viz—4 o 2 

fa)= 5 - t=e =fs(3$—4)_§ o =j?(%+%cosz)dz 
2 

But f(l)—3 RS = [f=+1sina] ¥ 
so 1-2424c= 18z—4) ) i 1.1(yE 
e=1-4+41 3 5 =% 5(:)—0—0 
—ai 3 

- c_;ss 32 . =[§‘/m]z =F+34 
fla) =342 - 222+ 2z 42 =§\/§_§\/§ 

—305-v8) 
5 %(e_hsinz)z—2e'“sinz+e'“cosz {product rule} 

= e 2 (cosx — 2sinz) 

j:j' e~ (cosz — 2sinz) da = [2_2’ sin m]ér- 

  

=e (1) —e"(0) =e™" 

2 3‘n+1 1 

6 If ng-l, f(2m+3)"dm=%%+c=2(n+1)(2z+3)"+1+c 

  

1 —__ —1 = If n=-1, [(2r+3)"lde /22+3dm 

1 
2(n+1) 

32z +3+c 

  

Jez+3) de= 

7 @) =3E+ = 

  

  

VT 

= 22* + a:c“} 

fl@)= —m% +2az% +ec 

= 4a:;/_ + 2z +e 

Now f(0)=2 so c¢=2 

0 =2 0z 2 

2z +3)"* +c 

=%m2z+3 +c 

if n -1 

if m=—1 

Also, f(1)=4 so $+2+2=4 

  

2a:§ 

a=} 
_ 1 _6z+1 

fi(z)= 2f+3f s 

Now f(z) is only defined for = > 0, 

so f/(z) >0 for all z in the domain. 

the function has no stationary points. 

  

160 + 120° + 24a — 20® — 3a® — 122 = 219a 
230° — 2076 =0 

23a(a® -9) =0 
23a(a+3)(a—3)=0 

. a=0o0r a=%£3
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Ay = 05[£(0) + F(05) + F(1) + F(L5)] 
.5(4 + 3.75 + 3 + L.75) 

6.25 

A = 05[F(0.5) + F(1) + £(1.5) + £(2)] 
=0.5(3.75+ 3+ 1.75+0) 
=4.25 

    

10 a 

  

=/2z(z2_s)-é do =/3m2(z3 0} de 

= fut =gt B_ = [ut =ty g /u da:dz {u=2%-5, = 2z} u dzdz {fu=2%-1, = 32°} 

I 
Gl

 
o
 

wih
o 

w l = §|
 I | o =



  

Chapter 19 
APPLICATIONS OF INTEGRATION 

EXERCISE 19A 1NN 

  

1 a | Ara=5x6 W Area= [0 5de 
= 30 units® = (5a]? 

- —6 

= 5(0) - 5(-6) 
= 30 units® 

4+5 5 am= (122 x1 0 am= [lad 

= § wnits? =012 
= 1(25) - 1(16) 

=2 units? 2 

| Area=3x3x9 W Area= [° (-32)de 
=2 units® — [_%le‘ls 

=-30) - (- 
— 27 units? = 5 units’ 

2 I Ara=1x2x2 W Ara=-—[’-zds 

=7 wie? e P 
= (-3@ - (-H©) 

  

y=sinz 
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=[nzf} {z>0} 

=In3-Inl 

=mn3-0 

= In3 units® 

¢ The graph cuts the z-axis 

    
at y=0. y=6+z—2? 

oo 6+z—2?=0 
B-z)2+x)=0 

. oz=30r—2 

The z-intercepts are 3 and —2. 

Amn:f_sz(6+z—z2)dz 

2 2)° 
= |6z 4+ — — = 

[ 2 3 -2 

=(18+%-9)—(-12+2+%) 
=205 units® 

   
= [=-2va]} 

=E-9-G-1 
— 42 units? = 43 units
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Area= [ (e% +e%) dz 

=[eo-e] 1_1 

=(e—eN) (¢ -0 

= (Ze— 3) units? 

1 y=e*+e* 

;. area= cos3z dr 

=3 (sin(%) - sin(—%)) 

—30-(-1 
= 2 units? = 2 units’ 

  

   
A"":f:]’”d“ Area=_f1€'acsinacdz Area = :'sa:’e‘@d:c 

~ 2.55 units® = 0.699 units® % 1.06 units® 

EXERCISE 198 [ 

1 a The curve cuts the z-axis when y =0. b The curve cuts the z-axis at (0, 0). 

sozi4z-2=0 
(z+2)(z—-1)=0 

. om=-—20rl 

the z-intercepts are —2 and 1 

  

Area = 70— (e —1)] do 

=[la-e2)de 

=+ 
=(2+e72) - (0+¢) 

= (1+ €™2) units? 

  
=(-3-3+2-(¢-2-9
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¢ The curve cuts the z-axis when y = 0. 

. 32°—8z+4=0 
(Bz—2){z-2)=0 

. z=20r} 

the a-intercepts are 2 and % 

¥ y=3:2_8s+4    
2 

Area=/§ [0 - (32> — 8z + 4)] dx 

=/2(—3a:2+8m—4)dz 

2 
= [—ac“‘+41’—41]2é 

=(-8+16-8)—(-£+1-% 
= 15 units? 

@ The curve cuts the g-axis when y = 0. 

. o —4dw=0 
z(z?-4)=0 

z(x+2)(z—-2)=0 

the z-intercepts are 0 and +2 

  

g The curve cuts the z-axis when y =0. 

. sin’z =0 
. sing =0 

. z=0+Fkn, Kk aninteger 

So, the first two non-negative z-intercepts are 0, 7. 

Area = [ [sin®c— 0] d 

5 G- jenrs) e 
Ed = [4= - §sin2z]] 

= (3(m) — §sin(2m)) — (3(0) — £sin(0)) 
= T ynits? = J units’   

=[- sinac]? 

= —sin(3F) - (—sin(¥)) 

=—(-1)-(-1) 
= 2 units® 

1 y=sinz—1 Iis the graph of 
sina translated vertically —1 unit 

downwards. 

  

Area= [F 0 (sinz—1)] do 

=j?(l—sina:)dz 

=[m+oosz]§ 

= (% +cos %) — (0+cos0) 

= (5 - 1) mit?’ 

      y=sin’c
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2 y=22—2r meets y=3 

when 2 —20=3 
o2t -2-3=0 
(z-3)(=+1)=0 

A= %3~ (a? ~ 20)] do 

=ff1(3+23—w2)dx 

3 

= |:3a:+z’—£ 

  

z=3 or —1 3], 

=(0+9-9)—(-3+1+}) 

=102 units® 

3 a b The graphs meet where = —3 =22 — 3z 

22 —3z—x+3=0 
oo 2f—4z43=0 
(x—-1)(z—-3)=0 

¢=1or3 

the graphs meet at (1, —2) and (3, 0). 

¢ Area= [z —3) - (2% - 30)] dz 

=fA-3+-Md 

      

231° 
=|:—3z+222—— 

3 1 

=(-9+18-9)—(-3+2-13) 

=14 units® 

& y=+/T meets y=2a® where =2 
z=z* 

ooat-r=0 
2(z®—1)=0 

o(z—1)(z*+z+1)=0 
. z=0orl 

The factor (22 +x + 1) has no real root since A = —3 which is < 0. 

Am:fol(\/i—zz)da: 

1 =L(z;—z2)d:c 

311 
= |22% z:| 

3% -7 
[ 3o 

=2_1 
=373 
= unit? 

5 a y=¢6"—1 hasno vertical asymptotes. ¥ =2—2e~% has no vertical asymptotes. 

As x =00, € =1=>00 As z =00, e =0 

As £ — —o0, € =0 s0 2—2e"% — 2~ 
0 e —1— —1t . ¥ =2 is a horizontal asymptote. 

y=—1 is a horizontal asymptote. y=0 when 2—2¢"%=0 

y=0 when e —-1=0 soet=1 

. z=0 

S z-intercept is (0, 0). 

z-intercept is (0, 0). This is also the y-intercept. 

This is also the y-intercept.
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y=2%2¢ 

b y=e"—1 meets y=2—-2¢° ¢ A= ;"2[(2—26‘“‘)—(e’—1)]dz 
where €® —1=2—-2e"% In2 

= B—e® —2e %) da 
Lo =2e" -2 {x €%} o (3¢ ™) 

& 367 42=0 =[3-er+ 2757 
(€ —-1)(e"—-2)=0 =(3ln2-24+1)— (0—1+2) 

. F=1lor2 322 
z=00rIn2 - % 0.0794 units® 

the graphs meet at (0, 0) and (In2, 1). 

6 y=2e" meets y=e?® where 

2% = &** 
e —2¢" =0 

e“(e® —2)=0 
=2 {e>0 foralla} 

z=In2   Area = ln2(Zem —e**) dy 
o 

= e -] 
=4-2-2-3 

=1 3 =1 it 

  

7 y=2z meets y=4z> where . Area 

2 = 4a® 3 = [2e -4 do . &?-3=0 ymaz? I @z —4s?) 
22(25 —1) =0 = [ - &3 

* z=0or} 

  

y=2r 

8 a Now z°+¢°=9 ooy =9-—22 

y=+/9—-a? 

In the upper half of the circle all y-values are > 0 

y=+4v0—27 is the required equation. 

b The shaded area is A where A = [*+/5— 27 do 
This is a quarter of the area of a circle with radius 3 units. 

A= L(rx 3%) = 2 ~ 7.07 units® 
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9 a fz)=2-9z 

=w(z? - 9) 

=az(z+3)(z—3) 

= f(z) cutsthe z-axisat 0, +3 

Area= [° (2% — 92) dw+ [0 - (2° — 92)] dx 

  

__E [_z_‘J,ES 
172, 

—(%—i—l)+(—%+%‘)—0 
=404 units® 

¥ 
b f@)=—a(z—2)(z—4) y=-zz-2@-4) 

=—2°+6z" -8z 
y = f(z) cuts the z-axis at 0, 2, and 4 

  

Area= [2[0 — (—a® + 622 — 82)] dc 

+ ff (~a® + 62? — 82) da 

= [2(z® - 622 + 82) do + [} (—2° + 602 — 82) do 
4 

=[__2z W] [__+2, “"2L 

=([4—16+16] — 0) + ([—64 + 128 — 64] — [-4 + 16 — 16]) 

= 8 units® 

© flx)=a*—Ba2+4 

=(x®-1)(z?—4) 

=(@+1){z-1)(z+2)(=—-2) 

y= f(z) cuts the z-axis at +1, +2 

A= [Tl 0- (- 522+ 0)] de 

= [ (—a* +52> — Q) dx 

[, 
=G-3+0-(F-%+9 

  

— 22 ynits? = {5 units 

By symmetry, As=A1 .. area=32+ 2%+ 22 = 120 — g units? 

10 a y=sin(2r) isthecurve C; and y =sinz is the curve Ca. 
= 

® The curves meet when sin (2z) =sinz oo #=04km or ar:={3 + 2km, k an integer 

‘. 2sinzcosz —sinz =0 3 

. sinz(2cosz —1) =0 .. the z-coordinate of A = % 

. sinz=0 or cosz =3 {smallest positive solution} 

. Alsat (3,#
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¢ ares = [ (oin(20) ~sina) do + [J(sine —sin (20)) de 

= [~ 4 cos(20) +cose] & + [—Cosz+%cos(23)]g 

= (~4cos2F +cos F) — (—4c0s0 +c0s0) + (—cosm + & cos 27) 

- (o g+ fe) 
=SEHD-C3ADHHD - (1-D 
— 2L units® = 23 units’ 

    

n a f: f(z) de only gives us the correct area provided 

that f(z) is positive on the interval 1 < 2 < 7. 

But f(z) is not positive for 3 < 2 < 5, 

so [ fl@)do=As — Az + Ag 
which is not the shaded area, 

b shaded area 

3 5 7 
= [} @ do+ [J10~ f(2) do+ f] f(x) dw 

3 5 7 
= [, f(@) de — [ £(2) dz + [ f(2) do 

12 a y=cos(2z) isthecurve Cz and y=cos®’z is the curve Cy. 

b Point A lies on y = cos(2x). When =0, y=cos0O=1. . Aisat (0,1). 

Point B lieson y =cos(2z). When z=%, y=cos$ =0. . Bisat (%0). 

Point C lieson y=cos’z. When z=%, y=cos? £ =0. .. Cisat (F,0). 

Point D lies on y = cos(2z). When z=2%, y=cos¥= =0. .. Disat (3£,0). 

Point E lies where the curves meet. Now cos(27) =cos?m=1. .. Eisat (m, 1). 

= [™(cos? < A_fo (cos? & — cos (22)) dz 

= j: (% + 3 cos (22) — cos (Zz)) de 

=Jy (3 -}eos(22) 
n 

- [;—%sin@z) T (g-0-0-0)=F wi? 

13 a The graphs meet when e=® =g 1 b  The graphs meet when 2% = 4z — %z‘ 

2= +1.1307 {technology} . x~0.1832 or 2.2696 {technology} 

v y=a" 

y=da — ot    
1.1307 —a2 . . [2-2696 1 

e e e o area= [P0 (40 — it —2%) do 

a2 2.88 units®  {technology} #2497 units® {technology}
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k 1 . b 14 = = 0.2 units? 1 = Area /‘1+2sz 0.2 units’ 5 ;ma fg\/idr 

b 

3in(1+20)]} =02, 1+22>0 - Jyetdz=1 

. [ln(1 +22))f = 0.4 [%z’}]: =1 

  

  

- In(1+2k)—In3=04 2vB-0=1 
{since > 1, 14+2x >0 for all z in the shaded region} . bx/l;:% 

I (1 ;2’”) =04 Lo =15 
L +32’° — ot - b=.5)% ~ 13104 

1+ 2k = 3% 

L k= % ~ 1.7377 

16 By symmetry, the area boundedby 2 =0 and z =a is %(6a) units?. 

s e +2)de=3a 
st 

[z— +2z] =3a 

  

  

  

  

  

  
  

  

          

3 o 

3 

%+2u—0=3a 

a® +6a=9a 
. a®—3a=0 
afa® —3)=0 

a=0or V3 . a=+v3 {as a>0} 

EXERCISE 19C.1 

Vo oy @i Total distance travelled 
s = area A + area B + area C 4 area D 

2 =%(5x6)+(¥)5+5x8+%(5x8) 

2 =15+35+40+20 
e —110m 

  

  a § The graph above the t-axis indicates that the 
velocity is positive and the car is travelling 

forwards. 
I The graph below the {-axis indicates that the 

£ (1) velocity is negative and the car is travelling 

— backwards (opposite direction). 
D51 02 03 04 05 06 07 € ) 

  

  

  

            

  

        

b Total distance travelled = area above the t-axis + area below the ¢-axis 

= (% +01+9)60+ (%L +0.1+%1)20 
=12+4 

=16 km 

¢ Final displacement = area above the ¢-axis — area below the ¢-axis 
=12—-4 

=8km from the starting point (on the positive side)
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3 a £ ] - " vEideify y 

30 
2 

10 F i 

“% 2 4 6 8 1012 14 16 18 2 
¢ (min) 

b Total distance travelled 

=area A +area B+ area C +area D +area E 

=% [§(3x40)+(40><4)+(40+30)1+(10x30)+§(2x3o)] 

{the factor g accounts for the fact that the times are in minutes while the speeds arc in kmh ™'} 

  

= 260 + 160 + 35 + 300 -+ 30) 

=9.75km 

EXERCISE 19C.2 

1 a s(t)= f(1-2t)dt b The particle changes direction when 

2 v(t)=0 
=t—2(— 

(2)+C s 1-2t=0 
=t-t+e sot=3s 

But 2.7(0)=2 Now s(k)— & (4 +2 2% om 

L 0-0%4c=2 
and s(1)=1-1+2=2cm 

Soe=2 ’ - ) 

. sty =t—1*+2cm .. motion diagram is: 

¢ Displacement = s(1) — s{0) 

  

=2-2 
=0cm 

2 a s(t)=f(t*—t—-2)dt b P changes direction when v(t) =0 
=§t3—%t“—2t+c P —t—2=0 

s E=-2)t+1)=0 
But 5(0)=0, . e=0 ( . )+ 1) 

1 1.2 P changes direction when ¢t =2 

os(t) =380 — 3 -2t om (since ¢ 0) 

. 23 22 10 
« Displacement Now 5(2)=?—?—2(2)=—'3‘ 

= 5(8) — 5(0) s . 
d HN=—m——-—=-23)=-% —_s_o wd o3 =3 - S 2@ =3 

=—%com (1} cm lef of its starting point) .. motion diagram is: 

=3 

  

2 

  

] Jar s 2 0 

. total distance travelled = 32 + (42 — 2)
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3 a s(t) = [(32+4t) dt b We check for any changes in direction. 

2 These occur when v(t) =0 
=32t+4(?>+c oy 

o4t =-32 
. s(t)=32t+2+¢ - t=—8 

But 3(0) =16 But 0 < ¢ < #1, so the object does not 
. 04+0+ec=16 change direction on the interval. 

Loe=16 : . displacement = s(t,) — (0 
. s(t)=32+22+16 m R (:1) © 

= [ E2rar)d 

¢ a(t)y=v'(t) 
=4 

the object is travelling with constant acceleration of 4 ms~2. 

& s(t):f(cos(Zt)) dt 

= Lsin(2t) +¢ 

But s(Z)=1 oo 8(F)=3sin(ZE)+ 3 

gein(F)+e=1 =1xf 41 
Letd=1 =¥l 

o=} g, 
- s(t) = Lsin(2t) + % 

5 z'(t) =16t — 43 unitss™!, >0 

=44 —t?) 

=4t(2+t)(2—1t)  which has sngn diagram: l—'—’ 

a direction reversal occurs at ¢ = 

Now a(t) = f(16t—4t%) dt = 8t2 - t‘ +c 

a z(0)=c .. motion diagram for 0 < £ < 3 is: 

2(2)=32—-16+c=c+16 

w(@)=T2-81+c=c-9 B 

  

c—9 e c+16 

total distance travelled = (c+ 16 —c) + (c+ 16 — [c — 9]) 

= 41 units 

b s()=T+c=c+7 .. motion diagram for 1< ¢ < 3 is: 

c-9 c+7 c+16 

total distance travelled = (c+ 16 — [c+ 7]) + (¢ + 16 — [c — 9]) 

= 34 units 

6 a v{t)=costms™!, £320 

o(t) has sign diagram: 

  
a direction reversal ocowrs at ¢ =%, 3% Bx Tx
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s(t) = [costdt =sint +c 

s(0)=¢c 

s(—)=c+1 

()= 
o(8) = 
o) =c- 

b distance = (c+1) — (c—1) 

=2m 

7 o(t) =50 —10e~%5 ms~1, ¢t>0 

1 
a v(o)_so——g_so—m_mms 

e 

¢ The velocity reaches 45 ms™* 

when 45 = 50 — 10e~0-5¢ 

10e% =5 
d=2 

fme 
2 
t=21In2 ~ 1.39 seconds 

e a(t)=1(t) 

= —10e~%5(—0.5) 

The motion diagram is: 

=3 
T 1= 

=3 z 
z = t=% 
——— . 

c-1 < c+1 

the particle oscillates between the points 

(¢—1) and (c+1). 

10 
b u(3)=50- S5 ~AT8ms! 

d w=s50-22 

a(t) >0 forallt {e®>0 forall z} 
= Be—0-5t mg—2 .. the acceleration is always positive 

o(t) (ms™") 

  

  

  

s a u(t)=/(t;11)2dt 

=[-@¢+1)"2dt 

=@+ 4e 

But v(0)=0 

0+1+c=0 

L e+1=0 

c=-1 

g total distance travelled 

= [ (50— 10e=0%) dt 
= —0.5¢]3 = [50¢ +20e5] | 

=150 +20e™1® — 20 

~134.5m 

b s(t)=/(H+l—l)dt 

=hnft+1]—t+c¢ 

But s(0)=0 

. In1—-04+¢=0 

. =0 

. s =llt+1|-t m
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1 -1 ¢ s(2)=lh3-2m w2 = 1 o2) = . 
~ —0.901 m 2+1 2+1) 

= —% ms—! = —% ms™2 

The object is approximately 0.901 m to the left of the origin, travelling left at % ms~!, with 

acceleration —§ ms~2. 

  

_ t 60, 1 42 9 a v(t)—/(fi—3) dt b [t —3t+4530dt 
=[Ji 3,42 L (F ot = [&F -3 +45¢], 

=5%5l51- c 
1042 = 35(60)° — £(60)% + 45(60) 

=gt —3t+c ms™" =900 
The train travels a total of 3500 m But v(0) =45 

e o(0) in the first 60 seconds. 
o 2507 —3(0) +c=45 

oc=48 

. u(t) = 45t° —3t+45 ms™? 

1 ot) = de~Tms—2 

v(t) = f4;‘=‘u & Now v(0) = 20 ms™* 
- lg—;%u.c o e=100 

= o v(£) =100 —80e~ % ms™? 
=80 F +e 

a Astooo, B 0t - v(t) > 100~ mst 
the object approaches a limiting velocity of 100 ms—*. 

b The total distance travelled = ['° (100 —80e™%0) dt  {u(t) >0 for 0 <t < 10} 
10 

= [lODt + 1600e-z‘u] 
o 

= (1000 + 1600e—%) — (0+1600) 

~3704m 

EXERCISE 190.1 | 

   
Volume = 7 [ (2)? de Volume = 7 f;¥ (/)2 dx Volume = x [ (2%)2 dz 

=41rf;a:’d:c =1rj:a:da: =1rf1215dm 

=ar 3] =r 3], == [}"]; 
=4m(9 - 0) =n(8—0) =,r(1_';‘8_,_1,) 

= 36m units® = 8 units® = 1277 units®
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d 

Volume = wj;‘(cc‘})gdz 

= w_[;‘ 2® d 

=n[§a]; 
-r(-) 
= 2858 e 

g 

  Volume 

  

="[_111]: 

m(-3+1) 
units® oR

 

3 
  

3 2 
2 a Vohume=n7 5 de 

1 \Z?+1 

~5.926m {using technology} 

#5 18.6 units® 

6 © 2 

3 a V=1r/ (—+4) dz , 2 
6 

z5 | 4z? 
—W[E+T+lfia{| 

=7(18+72+96)— 0 

= 1867 units® 

  

"[(xL)Z“ 
7 [ e—1)""ds 

(4= + 42 +16) dz 
8 

o 

  

Volume = 7 f; (x2)2 dz 

=r ;a;‘dz =1r[25ct—z—3:|5 

== [3]; 2o 
= (- %) ~re- %) 
= o2yt =n(3)12 

5 1 J—— 
3 

h Y 

/ y=osl 

N 
3 1 2 

anume=1r/ (z+—) dz 
1 z 

=nfi(2?+2+27%) do 
1 3 

; 1 

—np+o-§-(3+2-1)] 
= 497 units® 

3 z = |Z you— 1r[3+ 

b Volume = [ (e%n2)” d 
739.613r  {using technology} 

~ 30.2 units® 

b V=n[la?+3)2dr 

=7 [ (s* +62% +9) de 
25 

=7 |= 
5 

w[(% 2 4+16+18) — (1 +2+9)] 

46 = () 
1467 

5 

3 2 

+& o 
3 1 

units®
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¢ Ve[l d 

=nfledn 

= 3] 
—r(ge-) 
= Z(e® — 1) units® 

  

4  a [If we take a vertical slice b Volume of revolution ¢ Capacity = f: X 16z dz 
of the bowl, we get a b o q 

circle. =rf v dz = [ 16n0 dz 
2 4 —fi 43)’ e - [sres 

=fn‘7r(4‘/5)2 dx =8m x 16 
= 128 units® 

2 402 units® 

5 a Vome=n[Fy?de b 637 cm® ~ 198 em® 

=x[fe4-a?)ds 
3 8 

=r |64 -2 
3 5 

=n[(512—22) - (320 - 42)] 
= 637 units® 

Aoy 2 
6 a2 cone of base radius r and height h ¢ V=7r/ (Tz+r) dz 

0 

ry Rz 2 J (——+1) d 
b \ R 

b 2 
z — 2 = _Z 

" = 0 (h2 h * )da: 
h cone e[ 2 

=T T 2 '”0 

b [AB] has gradient = -0 = _T =w2[(fi—h+h)—o] 
EE 3 

= 1.2 3 
its equation is y=—(%)z+r = 77" h usits 

7 a asphere of adius r b V=r[ yPde=2nf (r*-2%)dz 
317 

=27 [r’m—z— 
3 o 

3 
=2n(r® = — =0 7 (r’ 3 ) 

=2m x 2r® 

= %m‘a units®
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8 a 

Voluine = n_[? (\/oofi)2 dx Volume =7rfu:i (cosz)? dz 

=1r_[?cosmdw =7rf0§cos2zdz 

=7 [sinz] 2 =7l’f0} (% +%ws(21)) dz 

0 z 
= (sin (Z) —sin0) = [fz+sin(2e)] 7 

= nits® = (§+4an () -0) 
=22 4 = mits? 

9 a b Volume 

=1rffl* (sinz + cosz)? dr 

  

= [¥ (sin?2 4 2sinecoss + cos? ) do 

== [T (14 sin(20)) do 

=n[z—}cos(zn)] ¥ 

=n[(%-$c0s(%)) - (0§ c0s0)] 
=m(F+4) uits® 

EXERCISE 19D.2 I 

1 a The graphs meet where 4 —a? =3 b V=1|'f:1 ((4—1:2)2—32) dz 

=1 1 

nom=d1 =af (16-82+24-9) do 

- Aisat (—1,3) and Bisat (1,3). =afl (2*-82%+7) do 

2  a The graphs meet where ef=¢ 

  

ef et 

z_ 
2 =1r[ezz— "]; 
z=2 

=n[(2e* —e*) - (0-1)] 
Aidsat (2, e). 

QAR (e = 7(e? + 1) units®
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2 2 
3 @ The graphs mest where z= b V=1r/ (zi—(l))dm 

x 1 x 

=1 o {2 (g2 — g2 oo =rf (et ma) do 
z=1 {asz>0} 

Adsat (1, 1). 

&  a The curves meet where z —4= b V=r :((\/1—42—12)41 

  

. =1rf:(z—4—1)da: 

Ads at (5, 1). = fl(z-5)de 
2 8 

=1r[%—5:] 
5 

=n[(382—40) — (¥ - 25 I¢ ) — (3 )] 
— 9T ynits? = 3" units’ 

1 
5 Theshadedma:/ - dz 

=z 

t =lm [ —ds 
tflcol x 

= ti:gc [In{z)]}, z>0 

= lim Int, which is infinite 
t—o0 

%o 182 
The volume of revolution = / (—) dz 

\ z 

  

=7 lim f;'a:_’ dz 
t—oo 

= lim [—l]t 
t—oo | xl1 

1 
== li —=+1 fllm(t+) 

t—oo 

=, which is finite 

REVIEW SET 19A 

1 shadedarea = [? [f(z) — g(2)] dz + [ lo(e) - £(2)) do + [? (f(e) - g()) d&
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a [ f(x) do = area of triangle + area of 4 circle 
=1(@2x 2) + in(2)? 

= (2+ ) units® 

b f: f(z) dz = —area of triangle below z-axis 

=-1@2x2) 

= —2 units® 

¢ J3 i@ do= [ @) de+ [} fz)do 
=(24+7)+(-2) 

= 7 units® 

  

3 fia f(z) dz  gives us the correct area only if f(x) is non-negative on the interval —1 < 2 < 3. 

In this case f(z) is negative for 1 <z <3, so ffl (=) dz  does not provide the correct answer. 

(The shaded area which is below the z-axis is given by  [°[0 — f()] dz = - f f(z) dz) 

& y=Fk meets y=22 where x?=k . z=+Vk 

® 
By symmetry, j;‘/_(k—m2) de=3%x53= w

 1 
X% 

—
 

w 
—
 

a 
I oo
 

. 
@i
 

> 
@
 

Il 
B
 

s 

k=43 = ¥ 

y=¢" and y =Inx are inverse functions, so they are 

symmetrical about y ==z 

area A = area A’ 

But area A’ + area B = area of rectangle 

arcaAtarcaB=exl=e 

Sioce area A= [ Inz dr 

and maB:f;e’dw, 

j:e“dz+f:lna:dz=e 

  

6 y=s2+4c+1 meets y=3z+3 where 2?44z +1=3z+3 
o2t tr—-2=0 
z+2)(z-1)=0 

y=xt+4z+1 s z=-2orl 

area= [*,[(32 +3) - @2 +4z + 1) de 

= fiz(—c::2 —z+2)dx 
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7 a v()=t*—6t+8ms!, t> 0 
=(t-4)(t-2) which hes sign diagram: |;§‘_:1+_. : 

b Now s(t)= [ —6t+8)dt 0 
t3 

=3~ 32+ 8t+c 

s(0)=¢c - 

s(2) =c+62 o t=4 o2 
s(4)=c+5% the motion diagram is: . — T .38 

a(5) =c+62 e 
The particle moves in the positive direction initially, then at ¢ = 2, 6% m from its starting point, it 

changes direction. It changes direction again at ¢ =4, 5% m from its starting point. When t =5 

itis 62 m from its starting point. 

€ After 5 seconds, the particle is 6% m to the right of its starting point. 

d The total distance travelled = (c+ 22 — ¢) + [(c + &) — (¢ + 3)] + [(c+ ) - (c+ )] 

=9§m 

8 Consider y=4e® —1. 

The z-intercept occurs when y =0 

n 4e®—1=0 

L=l 

L z=ln}<0 

y=4¢" —1 isthe graph of y = e with a vertical stretch of factor 4 and a vertical translation of —1. 

0 

Area= | (4 —1)da 
g 

= 0 _[4e”—m]hi 

= (a"-0) - (%" —1m}) 
=4-0-4(3)+n} 

=3+1In} units® 

= (3 — In4) units® 

  

9 The slope of the straight line is 

  

the straight line has equation y = —2r+8 

the volume of revolution 

= [l (02)° detn f}(-204+8)7do 

= [latdo+w f}(4® — 320+ 64) do 

= [32°]; + 7 [$® — 1627 + 642], 

=7 (£(2)° - 0) +7 [$(4)° — 16(4) + 64(4) — ($(2)° — 16(2)* + 64(2))] 
= 32 256 _ 22¢ =7 X 5+1r(3 —3) 

— 32= 325 
-8 + 3 

— 256m >t%  as required
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REVIEW SET 195 | 

1 a aft) ='(£) b s(t) = f(2t—3t2) dt 

. at) =2 -6t ms™? coa®) =t -t +cm 

¢ Change in displacement after two seconds 

= 5(2) — 5(0) 
=22-2%+c—(0*-0°+0) 
=4-8+c—c 
=—4m (4 m to the left) 

T 

1+ 

L ey _ 11 +a%) —2(27) 
z o f(m)—w 

_ 1+2%—2° 

= arap 

2 a flz)=   {quotient rule} 

= — which has sign diagram: 

there is a local minimum at (—1, —%) and a local maximum at (1, ). 

b As x>0, f(x)— 0t ¢ 
As z— —o0, f(z)—0". =)    

      z 
0 x =)= 5 

d Area= - dz 1+ 2 

/;, [0 1+z2] . 

° —T 
= dx 

/;, 14+2? 

2 0.805 units® 

  

  

  

3 wv(t) =sint which has sign diagram: t 

Now s(t)=fsintdt 

= —cost+c metres t=4 

  

s(0)=-1+c ‘motion diagram: 
s(m)=1+c¢ 
8(4) = —cosd +c =5 c+0.654 

total distance travelled = [(c + 1) — (¢ — 1)] + [(c + 1) — (c + 0.654)] 

  

1 ¢ ¢c+0654 c+1 

  

~2.35m 

& )= (tTg)a = 100(¢ +2)2 ms™? 

a At t=0, 1:(0)=%=25ms‘1 < 

At t=3, v(3)= %=4ms_1 

b As t— o0, w(t)—0F 
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d  As v(t) is always positive, the boat is 
always travelling forwards. 

8(t) = fv(t) dt 

= f100(t+2)~2 dt 

=-100(t+2)"+c 

—100 
=Tzt 

3(0)=c—50m 

when the boat has travelled 30 m, 

s(t)=c—20m 

—100 
0—20—H_—2+c 

—100 =2 
t+2 

t+2=5 

t = 3 seconds 

a The graphs meet when cos 2z = €*° 

Using technology, =0 and z 

b Shaded area ms [0, (cos2z — €%%) do 

e a(t)=2'(t) 

  

=—200(¢t + 2)~* 

—200 _, = , t2 
Erop >0 

dv _ 200 1000 
@ (t+2° =_%(t+2)3 
  

  

_ 1 100 ¥ 
S (t+2)? 

=—1.} 
dy Z=_’“’% where k=1 

~ —0.7292 

22 0.2009 units®>  {using technology} 

j;)m sinz dz = 

o [—cosalp =1 

—cosm +cos0 = % 

cosm = § 

m=% {0<m<$} 

a The graphs meet where 

inx 

  

b arears [ (sinz — 2?) de 

~20.1357 units®  {using technology} 
. =0 or ~0.8767 {using technology} 

. a = 0.8767 

a y=cos(2x) meets the z-axis where 2z = %, o x= %. 

% % 
V=r[ cos?(2x)dz=r (% + 4 cos(42)) dz 

T % 
x 

=x [%z +3 sin(4z)] % 

=r[(5+4amn) — (F+3en(3))] 
()
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b Verfle =+ d 

=77 (e +8e=" +16) dz 

=7 [y 4 Lem® + 162] 

  

REVIEW SET 19C 1N 

1 a a(t) = 6t — 30 cms ™2 b Displacement after 6 seconds 

v(t) = [(6t - 30) dt = [f(322 — 806+ 20) 
=37 -30t+ec A A 

But v(0) =27 = [ — 158" + 27¢] | 
. 0—0+c=27 = 6% - 15(6)* +27(6) - 0 

coe=2T =—_162em 
. o(t) = 3t — 30t + 27 ems ™! (162 cm to the left of the origin) 

2 a b Area= [% (sinc —sin’c) do 

= [ (sinz — (4 - Lcos20)) de 

=j;]§ (sinz + Loos2z— 1) dz 

  

=[-cosz+ 4sin2z — %z]? 

=(0+40)-3)—(-1+0-0) 

=(1-%) units® 

3 Theareabeiween £ =0 and z=a The area between z =ao=1In3 and 2 =15 
is 2 units?, is 2 units?, 

o Jyesdz=2 

" g2 
et —el=2 

e = 

a=1In3 

  

Required area = area of A — area under sine curve 
_1 o 
=grX® j;sma:dz 

    - — [—cosa|§ 

Z- — [~ cosw +cosq] 

2 == it (——)\mlts 
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5 The graphs meet when 2z =sing 

  

=2 
. @=—%,0,F {using technology} v VoA 

o . . T ma:f_g(%z—sm:c)dw-)—f? (sinz — 2z) dz . | Y=sing 
2 i 

2 o 21% T T 
= |:w—+cosa:] + [—mm—z—] i i * 

L3 -3 T, 

=0+)-(3+0+(0-F) - (-1-0) 
=(2— %) units? 

6 The coordinates of B are (2, 4+ k) fuz(z’+k)dz=4+k 

area rectangle OABC =2 X (4 + k) ey 2 

=842k [?-X-ka:] =4+k 

since the two shaded regions are equal in area, . ° 

each area is 4 + & units?. S gt2k=4+k 
k=4-% 

k=% 

7 a V=rfa2de 4 
_”[2_3]10 

31, 

—x (i) 

      
  

V=m 41°(z+1)7da; V=1rf°"( Hnz)’ do 

[(z+1)3]‘° = [ sinx do 
=T 

3 1 = [—cosz]g 
3 3 = —_ (= = %_%) =x(1-(-1)) 

= 2 units® 
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VerfF(l-cna)dr 

=7rfo§ (1—2cosz + cos’ x) da 

='”fo§ (1—2cosz + § + 3 cos2) do 

=1r[§z—25inz+%sin2z]g' 

=7 [(3(%) - 2sin() + L sinm) - (3(0) — 2sin0+ £ sin0)] 

= (4 - 2) wits® 

= (2552) 

=irx4x8 

=1irx128 

= 1287 ypirg? 

® v gradient = =% = —1 

0.4 pine the line has equation y=—%m+4 

. = 8 1 2 8,0) RN V—rfa (—5z+4) dz 

z 8 /a2 
=7r/ (——4a:+16)da: 

o 4 

= 4r® 8 =7 |Z -2 118 a5, 
=x (48 -128+128-0) 
= 2 yits® 

9 y=sinz and y=cosz Hence Vzwfofi (cos? z — sin® z) dz 

meet where  sinz = cosz 
= '"fo; cos(2x) dx 

  

sinz 

cosx ! =z [% sin(Za:)]? 

‘“‘:1 = (4sin(Z) - Lein0) 

(30 -0) 
= & units® = 3 units



  

Chapter 20 
DESCRIPTIVE STATISTICS 

EXERCISE 20/ 1 

1 a Heights can take any value from 170 ¢m to 205 em, including decimal values such as 181.37 cm. 

The ‘height’ variable can take any real number between 170 and 205. 

b & 15, € The modal class is the class 

  

§ Helghts of baskethall players—— occurring most often. This is 

Ew 185 < H < 190 cm. 
d The distribution is slightly 

5 positively skewed, as there is 

more of a ‘tail’ to the right. 
height {cm) 

170 175 180 185 190 195 200 205 

2 a The data is continuous numerical b 
Actual time is continuous and could 
be measured to the nearest second, Hif | 

millisecond, and so on. Afier it has T AT T | 

been rounded to the nearest minute, 

it becomes discrete numerical data. Hit T 111 

Hif (111 
or skewed to the high end. Ml 

¢ The distribution is positively skewed, 

  

d The travelling time modal class was between 10 and 19 min, if considering classes. The mode is 

actually 10, as 10 occurs most frequently. 

3 a The data is discrete numerical, so a column b The data is continuous, so a frequency 

graph should be used. histogram should be used. 

frequency frequency 
15 15 

10| 10 

5 5 

o o 0 
SEIRSEBIB S8S88E S22 285 

no. of matches height (cm) 

5 a Number which are > 400 mm is 14 + 6 = 20 seedlings. 

b 124 18+ 42+ 28 + 14 + 6 = 120 seedlings have been sampled. 

42 +28 
  

  

. % between 349 and 400 = X 100% 

70 
=— x1 120 * 00% 

~ 58.3% 

< 1 Number less than 400 mm n Number between 374 mm and 425 mm 

12+ 18442+ 28 28+ 14 
—TXMGZ =% X 1462 

100 42 
—fix1462 —1—20x1462 

7 1218 seedlings a2 512 seedlings
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EXERCISE 20B.. 7 [ 

1 a 

® 

< 

2 a 

b 

€ 

d 

3 a 

b 

< 

& a 

b 

< 

d 

5 a 

< 

6 mean = 

  2+3+3+3+4+...+9+9 
1 mean= 

23 

=12 
23 

~5.61 

10+124+124+154....+204+21 
I meap = —— ——————— — 

15 

=245 
15 

~16.3 

224+246+21.8+4....+235 | mean=22"T R TE ST TE00 
11 

=273 
11 

~24.8 

34+44445+...410 
mean of set A = 

13 
= 6.46 

median of set A = Tth score = 7 

il median = 12th score (when in order) 

=6 

Ml mode =6 (6 occurs most often) 

il median = 8th score (when in order) 

=17 

Wil mode = 18 

il median = 6th score (when in order) 
=249 

il mode =23.5 

3+4+4444+54+...415 
mean of set B = 

13 
2 6.85 

median of set B = 7th score = 7 

The data sets are the same except for the last value, and the last value of set A is less than that of 

set B. So, the mean of set A is less than that of set B. 

The middle value of both data sets is the same, 50 the median is the same. 

1ean ™ 10 

median = middle score when in order of size = 

mode = $23 000 

__ 23000 + 46 000 + 23000 + .... 4+ 32000 
= $29300 

$23 000 4 $24 000 
= $23500 2 §: 

The mode is unsatisfactory because it is the lowest salary. It does not take the higher values into 
account. 

The median is too close to the lower end of the distribution since the data is positively skewed. 

So the median is not a satisfactory measure of the middle. 

3+14+040+.+14+0+0 _ 
31 - 

median = 16th score (when in order) = 0 

mode =0 (most frequently occurring score) 

mean = 2l ~3.19 

The median is not in the centre, as the data is very positively skewed. 

The mode is the lowest value. It does not take the higher values into account. 

Yes, 21 and 42. 

= ST 4y i 
1 new mean = M = 40.2 points 

¢ No, as this would ignore actual valid data. 

b another 44 points 

il 1t will increase the new mean to 40.3 points as 41 points is greater than the old mean of 

40.2 points, 

{5 xa02+41 4&3} 
6 

fotal s15467 = 2 z 2 total = $15467 x 12 = §185604
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7 man=22 . 2e= . 262 x12=3144km 
2 12 

10 

> 10 
8 11.6= :110 s D@ =116x10=116 

  

i=1 

9 Total for first 14 matches = 14 x 16.5 goals = 231 goals 

new aversge = oot 22 _ 26 _ 17 o coals per game 

146400 + 127600 + 211000 4 .... + 162500 

10 
5th+6th _ 146400 + 148000 

2 2 
These figures differ by $16 570. There are more selling prices at the lower end of the market. 

b 1 Use the mean as it tends to inflate the average house value of that district. 

I Use the median as you want to buy at the lowest price possible. 

10  a mean selling price = = $163770 

median selling price = = $147200 

5+9+11+124+13+14+17+x _ 83+0+et+at+dtatbta+3 

    

  

1 12 12 4 

8 81+ ° 4a+16 Z_12 o fetl_, 
8 9 

814+2=96 o 4a+16=36 
z=15 s 4a=20 

a=35 

13 w =35 14 Total for first 10 measurements = 10 x 15.7 

434z =7 
s = 35 Total for next 20 measurements = 20 x 14.3 

243 + 2 = 280 157 2se=286 
@=37 ean = 53—; ~148 

So, her 8th result was 37. 

15  If there are 9 measurements with a median of 12, then 12 must be one of the unknown measurements. 

So, the measurements are 7, 9, 11, 12, 13, 14, 17, 19, and a. 

_T+9+11+12+13+14+17+19+a _ 102+a 
- 9 T 9 

102+a 
=12 

9 
102+ o = 108 

. a=6 

  mean 

  

So, the other measurements are 6 and 12. 

16 Scoreswere 57 9 9 10 ¢ b where a < b say. 

5474+949+104a+b 
mean = ——————— =8 

40+7a+b=8 

40+a+b="56 
a+b=16 {a<12 b<12}
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Possibilities are: 

  

X x vV % 

L Lreject as modes are 8 and 9 

reject as modes are 9 and 10 

reject as modes are 5 and 9 

So, the missing results are 7 and 9. 

  

  

  

  

EXERCISE 20B.2 

1 a The mode is 1 head, b The median is the ¢ 

as this is the result average of the 15th 

which occurs most and 16th scores 
often. 

=1l e 
2 

2 a 1 mean = Lt I median 
0 2 = average of 25th and 26th scores 
; _ (when in order) 

3 50 _ 242 {1350mesare10[0 

4 = 2.96 phone calls T2 26 scores are 2, 1,0r 0 
g = 2 phone calls 

7 Il mode = 2 phone calls 
g {occurs most often} 

b Phone calls in a day ¢ The distribution is positively skewed. 11 is 

18 Crroquen an outlier. 

12 d The mean takes into account the larger 
9 numbers of phone calls. 
6 . 
s ‘umber of ¢ The mean, as it best represents all the data. 

‘Phone calls 
0   
0123845678010 

mode, median (2)] mean (296) 

  

  

3 a 1 mode = 49 matches {occurs most often} 

il median = average of 15th and 16th values (when in order) 

= 49;49 = 49 matches {9 are 47 or 48 and the next 11 are 49} 

I mean = 2212 b No, as they claim the average is 
E ! 50 matches per box. 

_un € The sample of only 30 is not large 

T30 enough. The company could have 

~ 49.0 matches won its case by arguing that a larger 
sample would have found an average 

of 50 matches per box. 
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&4 a I mean = Xiz ®& This school has more children per 

P family (2.61) than the average 
_1s¢ Australian family (2.2). 

59 ¢ Positive as the higher values are 
72 2.61 children more spread out. 

d The mean is higher than the mode 
and median. 

Hl mode = 2 children {occurs most often} 

lii  median = 30th score = 2 children 

5 a b Total number of donations =7 +9+2+4+8 
=30 

  

the mean donation is $2.90. 

il median = average of the 15th and 16th values (when in order) 

_2+2 
T~z 
=2 

the median donation is $2. 

I mode = $2 {occurs most often} 

d The mode can be found easily using the graph only, as it is the value with the tallest column. 

  

  

6 a mcan=sz 
> 

445_l><0+2><2-}—3)(3+4><5+5><m+6><4.+7)<1 

T 0+2+3+5+a+4+1 
64 4 5z 

. 445 = 
15+ 

. 445(15+2) =64+ 5z 
. 2.75 = 0.55z 

Lx=5 

b Fromatotalof 24+3+4+5+5+4+1=20students, 5+ 5+4+ 1= 15 students scored 4 or 

more. 

% =75% of the students passed.
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7  a Without fertiliser 

  

  

  

  

2| z 
3 (M| 3 
4 [ 1AM 4 
5 | AT I HIT KT HT 1] 5 
6 | AT AT BT T T 1T AT 6 
7| AT T KT HT 7 
8 [ 74 I 8 
9] 

1 mean = %7:%%5.63;&%5/})0«1 I mode = 6 peas/pod {occurs most often} 

' median = average of 75th and 76th sm=—6;6=6peas/pud 

b With fertiliser 

31l 
4 | I 
5 | MM 
6 | HITHT HT AT AT 111 
T | AT AT AT AT T T 
& | T T T M1 A1 I 
9 | MM 
o (il 
1 || 

13| | 

1 mem*zfszkaSlpeas/pod I mode = 7 peas/pod {occurs most often} =Sr w0 = peasp 

Il median = average of 75th and 76th scores = % =7 peas/pod 

The mean best represents the centre for this data. 

Yes, as a mean of 6.81 peas per pod is significantly greater than a mean of 5.63 peas per pod. 

Note: The total yield of the crop may not have improved as, for example, the number of pods per 

plant may have decreased when using the fertiliser. 

_75+70+80+...+83 _ 567 
8  a mean birth mass 3 =?z70.9grams 

b mean after 2 weeks — 210+200+2800+....+230 _ 16881 ~ 210 

€ mean increase ~ (210.13 — 70.88) grams ~ 139 grams 

9 The 31 scores in order are: {15 scores below 10}, 10.1, 10.4, 10.7, 10.9, {12 scores above 11} 

Median = 16th score (when in order) = 10.1 ¢cm 

    

1 a Brand A 

mean = P¥ i mean = s 
xf xf 

_ 3l _ 3045 
T 62 T el 
2 50.7 7 49.9   
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b Based on average contents, the C.P.S. should not prosecute either manufacturer. To the nearest 

toothpick, the average contents for A is 51 and for B is 50. 

1 a 1 median salary I modal salary 

= €2 - IOfll-;— 11th (when in order) €28000 {occurs most often} = 

z 

35000+ 28000 ti mean = S5F 
== 50000 

= 126000 _ 666000 
= €150 210000 T 20 

280000 = €33300 
(5 [ sssowo 

b The mode, as it is the most commonly occurring value. 

EXERCISE 20B.3 

1 2 a 70 

10000 b = 411000 litres 

14000 ~411kL 
40500 

. 77000 € mean 
4.5 149500 Z fz 

mow ] ~57 
70 | 411000 s [~ [oJao] e 

. mean result & 50 0 

317 2 5870 litres 

3 a 5+10+25+40+ 10+ 15+ 10+ 10 = 125 people 

mean 

o ST 
Xf 
14875 
T 
£ 119 marks 
15 _ 3 28 =2 scored < 100 

  

  

d There are 15+ 10 + 10 = 35 people who scored more than 130 for the test. 

35 
L %whosooredmorethan130=mx100% 

=28% 

EXERCISE 20C [ 

1 a23334445555666667788899 (n=23 

! ! ! 1 | 
min Q median Qs max 

I median =6 I Q=4 i range L} 

Q=T =9-2 

IR 
=Q@-Q
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b 10 12 12 14 15 15 16 16 17 18 18 18 18 19 20 21 22 24 (n=18) 

| 1 5 r 1 
min Q median Qs max 

I median = 17.5 Q=15 m range v IQR 

Q=19 =24-10 =Q@-Q 
=14 =4 

¢ 21.8 224 23.5 23.5 24.6 24.9 25.0 25.3 26.1 264 205 (n=11) 

1 | ! { f 
min Q median Qs max 

| median = 24.9 I Q=235 m range v IQR 
Q3 =26.1 =29.5—21.8 =QB-Q 

=77 =26 

2 .8 1.4 1.5 1.6 1.9 2.1 2.2 2.7 3.0 3.4 3.6 3.8 3.8 45 48 52 52 ?000814115 16 19 2.1 1 730343638;’»845485 51 

min @ median Q max 

a median= % Q1 =145 b rnge=52-0 IQR=Qs—Q; 
_ Q3 =38 =52 =38-145 
=245 —2.35 

¢ 1 The median = 2.45 min, so “50% of the waiting times were greater than 2.45 min.” 

il Qs = 3.8 min, so“75% of the waiting times were less than or equal to 3.8 min.” 

Hl The minimum waiting time was 0 minutes and the maximum waiting time was 5.2 minutes. 

The waiting times were spread over 5.2 minutes. 

3 109 111 113 114 114 118 119 122 122 124 124 126 128 129 129 131 132 135 138 1. 09 3 8 119 6 128 129 129 131 132 135 138 138 

| i i i ' min edian 2 max 
(n=20) QA my 3 

a 1 median = 124 cm b 1 ... 124 cm tall < 1 range =138 — 109 

il Qy=116cm I .. 130 cm tall =29 cm 

Qs =130 cm 0 IQR=Qs—Q: 
d theIQR=14cm, so ... over 14 cm =14cm 

[o+2=11]7+2=9] 18 [ 6 | 

  

  

5 Scc Exercise 20B.2, solution to question 7. 

a  Without fertiliser 

| range=9-2=7 Il median=16 il lower quartile = 38th score = 5 

v upper quartile = 113th score = 7 v interquartile range =7 —-5=2 

b With fertiliser 
I range=13-3=10 N median=7 Ml lower quartile = 38th score = 6 

¥ upper quartile = 113th score = 8 v interquartile range =8 —6 =2 

EXERCISE 20> 1 

1 a 1 median = 35 il max. value =78 il min. value = 13 

v Q3=53 v Q=26
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b | range=78—-13=65 il IQR=Qs ~ Q1 =53-26=27 

a I highest mark was 98, lowest mark was 25 il ... the median which is 70 

Wi ... Qs which is 85 W ..Q =55 and Qs =85 
b range=98—-25="73 € IQR=Q; —Q; =85-55=30 

a I 3455568667738 289 10 

1 1 ¥ 1 1 
min Q I Qs max 

median 

So, min=3, Q1 =5, median=6, Q3 =8, max =10 

i i ill range=10-3 W IQR=Q:-Q1 
=7 =8-5 A 

3 45 6 7 8 9 10 =3 

b 1 (]) 123 ATl 5667 ? 7888 ? 8 89 ? 

min Q median Q max 
So, min=0, Q =4, median=7, Q3 =8, max=9 

0 Ml range=9-0 W IQR=Q; -Q1 
-_ =9 =8-4 

> 

  

01234567809 =4 

a b For the Year 9 group For the Year 12 group 

I range=12—1 1 range=175-6 
=11 =115 

I IQR=10-5 i IQR=16-10 
=5 =6 

< 1 True, as indicated by the median. 

I There is not enough information to tell if this is true. We do not know if there are any data 

values between 5 and 6 in the Year 9 boxplot. 

2334444555555566666677773888999101213 

f ¥ 1 ¥ r 
max 

e Q a0 Qs 

a median=6, Q1 =5 Q3=38 b IQR=8-5=3 

¢ Lower boundary = Q; — 1.5 x IQR Upper boundary = Qz + 1.5 x IQR 

=5-15x3 =84+15x3 

=05 =125 

So, 13 is an outlier. 

e ¢ 
2 345 6 7 8 910111213 

the boxplot is: 

Number of beans 

a IQR = upper quartile — lower quartile 

=435-315 
=12 

b Lower boundary = Q1 — 1.5 x IQR Upper boundary = Q3 + 1.5 X IQR 

=315-15x12 =435+15x12 
=135 =615 

€ 13.2 and 65 would be outliers.
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T EEEEEeEm  ne 
H nn 4741 

1 1 r (=) 

  

min median is max 
one of these 13 scores are 35 or less 

26 scores are 36 or less 
median is 36 

Q=12 (fi = 12) Qs = 36th 
? =37 =35 = 

So, min = 33, Q1 = 35, median = 36, Qs = 37, max = 40 

b | range=40-33=7 < 

Il IQR=37-35=2 

  

30 31 32 33 34 35 36 37 38 39 40 41 

  

  

Number of bolts 

d Lower boundary = Q1 — 1.5 X IQR Upper boundary = Q3 + 1.5 x IQR 

=35—-15x2 =37+15x%x2 

=32 =40 

Since all data values are on or within these boundaries, there are no outliers. 

8 35677 88999101010 11 11 12 12 13 13 13 14 14 16 18 22 

! i L 1 ! min me max 
Q Q 

a median = 10 o =3+8 Q= 13+18 
2 2 

=8 =13 

b IQR=Q3 - Q1 
=13-8 

=5 

¢ Lower boundary = Q1 — 1.5 X IQR Upper boundary = Qs + 1.5 x IQR 

8—15x5 =13+15x5 

=0.5 =205 

d 22 is an outliey, as it is greater than 20.5. 

e 

—— * 
0 5 10 15 20 25 

Number of birds 

9 The data displayed in graph A has a minimum of 2 and a maximum of 8. There are no outliers. 

graph A matches boxplot I. 

The data displayed in graph B has a minimum of 1 and a maximum of 13. 13 is clearly an outlier, and 
there are no outliers at the lower end of the data set. 

graph B maiches boxplot IV. 

The data displayed in graph € has a minimum of 1 and a maximum of 13. 1 and 13 are clear outliers. 

graph € matches boxplot 1l 

The data displayed in graph P has a minimum of 1 and a maximum of 8. There are no outliers. 

graph P matches boxplot l.
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10 a discrete 

  

          

< 15, 15, frequency- frequency- 

10 10§ -Brett—— 

5 5| 

0 0 01 2 3 4 65 6 7 8 01 2 3 45 67 8 
wickets per innings ‘wickets per innings 

d  There are no outliers for Shane. Brett has outliers of 7 and 8 which must not be removed. 

@ Shane’s distribution is reasonably symmetrical. Brett’s distribution is positively skewed. 

1 Shane has a higher mean (= 2.89 wickets) compared with Brett (= 2.67 wickets). Shane has a 

higher median (3 wickets) compared with Brett (2.5 wickets). Shane’s modal number of wickets is 

3 (14 times) compared with Brett, who has two modal values of 2 and 3 (7 times each). 

8 Shane’s range is 6 wickets, compared with Brett’s range of 8 wickets. Shane’s IQR is 2 wickets, 

compared with Brett’s IQR of 3 wickets. Brett’s wicket taking shows greater spread or variability. 

— Stane 
— N s 

0 1 2 3 4 5 6 7 8 9 10 
‘Number of wickets 

  

1 Generally, Shane takes more wickets than Brett and is a more consistent bowler. 

11 a continuous 

¢ For the ‘new type’ globes, 191 hours could be considered an outlier. However, it could be a genuine 

piece of data, so we will include it in the analysis. 

d The mean and median are & 25% and = 19% higher for 

the ‘new type’ of globe compared with the ‘old type’. 

The range is higher for the ‘new type’ of globe (but has 

been affected by the 191 hours). 

The IQR for each type of globe is almost the same. 

110.5 132 

87,111,113 | 131,133 

56 84 

19 18.5 

  

— ot 
— e e 

A ——t——t———t—>  lifespan (hours 
60 80 100 120 140 160 180 200 pen ) 

@ For the ‘old type® of globe, the data is bunched to the right of the median, hence the distribution is 

negatively skewed. For the ‘new type’ of globe, the data is bunched to the left of the median, hence 
the distribution is slightly positively skewed. 

g The manufacturer’s claim, that the ‘new type’ of globe has a 20% longer life than the ‘old type’ 

seems fo be backed up by the 25% higher mean life and 19.5% higher median life.
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EXERCISE 20K 

1 160 , a Total frequency = 150 

o cumplativ} freqfency/ median # 61 {from the graph} 
S5 N R Y N N . b When the score = 65, 

120 

  

  

i CF ~ 91 {from the graph} 
+ .. about 91 students scored less than 65.   

€ = 36+ 40 = 76 students scored between   

50 and 70. 
  

d  For a pass mark of 45, CF ~ 23.5 
  23 or 24 students failed the exam.   
        

  

            eg @ 84% of 150 = 126 
55 f & ' sgore | So, for a CF of 126, the score value is 
  

  

75. 10 2 4 u o . 
0 2 30 40 50 60 70 & 90 100 So, the minimum credit mark would be 

75. 

P 35 
: b cumutftive freuency 

24 2<27 

27< <30 

W0Lr<33 

3BLz<36 
BLr<39 

39 <z <a2 

2<z<45 

  

median 2 35 cm 

      

  

  

  

  

                  
There are 30 data values. 
So, the median is the average of the 15th and 16th scores (when in order). 

In order they are: 

24 27 28 30 31 31 32 32 33 33 33 33 34 34 34 35 35 35 36 ... and so on. 

median = 2535 _ 545   

So, the median from the graph is a good approximation. 

For h=5, CF~9 .. 9 seedlings have height 5 cm or less 

  For h=8, CF~~43 .. % taller than 8 cm = S48 x 100% = 28.3% 

The approximate median occurs at CF = 30, .. median ~ 7 cm. 

IQR=Q:-Q 
= (h when CF = 45) — (h when CF = 15) 
~83-59 

2.4 cm 

90th percentile occurs when CF = 90% of 60 = 54 

90th percentile = 10 

This means that 90% of the seedlings have a height of 10 cm or less.
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Total frequency = 300 

a median & 26 years {from the graph} 

b when the age = 23, CF ~ 108 
108 

  

5 
30 e Tativelfrequecy 

250   

  

  

  

                      

  

200 and 300 % 100% =5 36% 

150 [ ¢ | when age is 27, CF = 158 
158 

P 2 — =0.52' 100 = (age € 27) = 300 0.527 

It when age is 26 or less, CF ~ 150 {a} 
50 when age is 27 or less, CF 2~ 158 {¢I} 

age (jyears) . 8 were 27 years old 

o 8 
o 60 80 . Plaged 27) & —— =~ 0.0267 (aged 27) 2 = 

5 a The lower quartile ocours when CF =25%0f80=20 .. Qi =27 min 

b The median occurs when CF = 50% of 80 = 40 . median = 29 min 

€ The upper quartile occurs when CF = 75% of 80 =60 .. Qa ~ 31.3 min 

d IQR=Q; — Q1 ~ 31.3 — 27 ~ 4.3 min 

e For the 40th percentile, CF = 40% of 80 = 32 

When CF =32, =282 So, the 40th percentile is about 28 min 10 sec. 

f From the cumulative frequency graph we can obtain the cumulative frequency table: 

[21<t<u[2u<e<2r]27<t<30]30<e<33]38< <36 

5 20 50 70 80 

‘We can then complete the table as follows: 
  

CE<24[24€Ct<27|27<E<30[30<¢ <3333 <36 

o=+ [a- o= il == slw-ri=1] 

  

  

200 dive freq Total frequency = 178 

a median = 2270 hours 

150 b For a life of 2700 hours CF ~s 126 

and % x 100% ~ 7T1% 

  100 So, about 71% have a life < 2700 h 

¢ For alife of 1500 h, CF = 42 

For a life of 2500 h, CF = 107.5 

and 107.5— 42 = 65.5 
D . £ 65 or 66 had a life between 
\L time [houfs) 1500 and 2500 hours. 

0 1000 2000 3000 4000 5000 

  
        2700                      
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EXERCISE 20F.1   

1 a Looking at the b Sample A: 

graphs, Sample A 

appears to have 

the wider spread. 

      

   

  

    
   

      

  

¢ Sample 4: 

   = ol 

  

O
O
 

R
O
 

= & 

The standard deviation is higher for Sample A. 

s= =/ =2 .. Sample A has a greater spread. 

d  The standard deviation is calculated using all data values, not just two. (Range only uses maximum 

and minimum; IQR only uses the upper and lower quartiles.) 

_23417+...+28+32 _ 9+29+...+38+43 
25 Brad: T= ————— =305 

   
©® Andrew, as he has the smaller standard deviation, 

0+10+1+9+11+0+8+5+6+7 _ 57 
3 & Rockets have mean = 0 o 5.7 runs 

Bullets have mean = w - % — 5.7 rums 

Rockets’ range = 11 — 0 = 11 runs Bullets’ range = 12 — 1 = 11 runs
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b We suspect the Rockets, as they have two zeros. 

€ Rockets 

[ X~ g= 4 5L 
n 

_ {1521 
"V 1w 

= 3.9 runs 

1 
greater 

variability    
d  The standard deviation, as it takes all values into account, not just the lowest and highest. 

& a 'We suspect variability in standard deviation since the factors may change every day. 

b 1 sample mean il sample standard deviation 

¢ A low standard deviation would mean less variability in the volume of soft drink per can. 

5 a = & 
n 

_ 553 
T 

=79kg 

57 6.05 kg 

  

¢ The distribution has simply shifted by 10 kg. The mean increases by 10 kg and the standard deviation 

remains the same. In general, changing the values by a constant does not affect standard deviation. 

  

6 a T= Tw 

(-0.21) : 6 | (-0.42)2 202 
(0.09)2 = . (0.18)2 =10 
(0.19)? y . (0.38)2 —202kg 

(—0.11)2 — 8 | (-0.22)2 — 

(0.19) =T 4 | (0.38)2 am /2= 2D 
(0.19)2 . (0.38)2 
(-0.11) 8 | (—0.22)2 _ [1156 
(~0.31)? 4 | (~o622 Vo 
(~0.01) 0 | (—0.02)2 =034kg 
(0.09)2 (0.18) 

¢ Doubling the values doubles the mean and the standard deviation.  
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~_084064+074+08+04+4238 ~_08+4+06+071+08+04 
7?7 afz— b= — 

6 5 
~1.017 

(-0.217)% 
(—0.417)2 
(-0.317)2 
(=0.217)2 
(—0617)2 
(1.783)    o emyfEE [0 

n 6 

= 0.809 

¢ The extreme value greatly increases the standard deviation. 

  EXERCISE 20F.2 

1 a s =+variance 2 & Usingtechnology, T~ 77.5g and 

= VBSke sp e Tddg 

~6.77T kg b Unbiased estimate of st is T~ 77.5 g 

‘We estimate the standard deviation o Estimate of o is sn~ 744 g 

by sm~6.77kg 
b Unbiased estimate of ps is T =93.8 kg 

  

  

  

EXERCISE 20F.3 

1 a 

f:EEJ:f . [Ete-m 
> 

_ 100 
=58 . [16159 

72 1.72 children 58 

a3 1.67 children 

  

b Estimate of z is % = 1.72 children. Estimate of & is s & 1.67 children. 

  

2 a 

-1t _ [Zie-r 
>f 8= S 

_ 362 
=25 _ 7624 

~ 14.5 years - 25 

= 1.75 years 

  
b Estimate of 2 is T = 14.5 years. Estimate of o is 8~ 1.75 years
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3 a 

F= iz Zf(z )2 
2 f &= Z f 

_ 1789 
= _ fior47 
2 37.3 toothpicks 48 

=2 1.45 toothpicks 

  

b Estimate of juis ¥ & 37.3 toothpicks 
Estimate of o is & ~ 1.45 toothpicks 

  

  

  

  

  

  

_ 1448 
=30 211.87 
~48.3 cm 30 

22 2.66 cm 

b Estimate of pis TR 48.3cm 

Estimate of o is s ~ 2.66 cm 

5 a 

364.995 6204.9 | 10881.53 Y 
374.995 142408 | ssssz | m— 2IZ oo, 2fET 
384,905 180048 | 1320.23 3f Xf 
394,995 22514.7 | 1259.13 78059 
404.995 72899 | 3889.62 =00 _ /50882 
414.995 4150.0 6100.9 ~ $390.30 200 
424.995 4250.0 | 12040.9 - ~ $15.87 
434 995 1305.0 | 5994.27 

b Estimate of upis T = $380.30 

Estimate of o is 5 = $15.87 

REVIEW SET 20A 

1 a 1 There are 30 colonies. il range=49-04=45cm 

. median = average of 15th and 16th colonies 

—31+32 _ 5isem 
2 Diameter of bacteria colonies 

    
  

5 diameter (om) 
¢ The distribution is slightly negatively skewed.
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2 If the mode is 6 then one of the unknown numbers must be 6. 

Suppose the other unknown number is . 

4+6+49+6+3+0 —_—= 

. 28+7=36 

. =8 

Since a >b, a=8 and b=6. 

3 a We first organise the data into tables: 

Girls: Boys: 

   
  

Both boys and girls have 20 member squads, so the median is the average of the 10th and 11th 

    

    

swimmer. 

Girls:  median = 36+36 Boys:  median = 34 ; 35 

=36s =345s 

me;m:zfz mean:Efz 
Xf >f 

_m™ _ 8 
T2 T2 
=363 =3445s 

The tallest column on the Girls histogram The tallest column on the Boys histogram 

is the ‘35” column. is the ‘35” columm. 

the modal class is  34.5 - 35.5 5. . the modal class is  34.5 - 35.5 s. 

So, 

positively skewed | approximately symmetrical 

s | wms, | 
. | ms, | 

34.5-355s 34.5-355s 

  

b The girls’ distribution is positively skewed and the boys® distribution is approximately symmetrical. 

The median and mean swim times for boys are both about 1.5 seconds lower than for girls. Despite 
this, the distributions have the same modal class because of the skewness in the girls’ distribution. 

The analysis supports the conjecture that boys generally swim faster than girls with less spread of 

times. 

4 1112 12 13 14 14 15 15 15 16 17 17 18 .___ 
N S 

t 1 t 
i t i 1 - —1 ey 
w125 U g 165 ™ m 12 13 4 15 16 17 18
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5 a median = score for CF of 40 & IQR = (score for CF of 60) — (score for CF of 20) 

= 58.5 seconds ~ 61.5 — 55.5 
~ 6 seconds 

¢ Time corresponding to the top 10% of runners = score for a CF of 8 

~ 53 seconds 

6 a 

m=6, p=12 

b The mode is the most frequently occurring score. 

o mode=9 

There are 30 values, so the median is the average of the 15th and 16th values. 

y 9+9 
. median = —— 

2 

=9 

Range = maximum — misimum S0, [ oo | modian | ranes | 
=10-6 z: [ o [ 9 [ 4 ] 

¢ mean = s 
xf 

_m 
30 
127 

T 15 

7 a When ¢t=20, CF~ 108 and when ¢ =10, CF = 20. 
So, approximately 108 — 20 = 88 students spent between 10 and 20 minutes travelling to school. 

b If 30% of students spent more than m minutes, 70% of students spent less than m minutes. 

70% of 200 students = 140 students. 
When CF = 140, ¢~ 24 minutes SomR 24, 

< 5t<10| 10<t<15 155 20€¢<25 

20 60 1 

—20= —60= 2 

  

10<t<15 | 16<t<20[20<t<25 

[ o [ o | 4 [ @ | 
25<t<30 | 30<t<35|35<t<40 

| » | v [ 5 |  
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REVIEW SET 208 | 

1 a highest =97.5 m, lowest = 64.6 m 

¢ Distances thrown by Thabiso 

70<d< 75 

75<d<80 

80<d<85 

85 

¢ Using technology: 

| T=8lLlm 

2 a mean= 

_dk+4 
T4 

_Ak+1) 
A 

  

  

=k+1 asrequired 

0 9.95 19.95 29.95 

(k—2)+k+(E+3)+(k+3) 

39.95 

  

il median =~ 83.1m 

  

49.95 

  

b The range = 97.5 — 64.6 = 32.9 

So, if intervals of length 5 are used we 

need about 7 of them. 

‘We choose 60 < d < 65, 65<d< 70, 

70 < d <75 andsoon. 

Frequency histogram displaying the 

distance Thabiso throws a baseball 

4 frequency 

    

  

  

60 65 70 75 80 8 90 95 100 
distance (m) 

  

b The members are now 
k, k+2, k+5, and k5. 
new mean 

_k+(k+2)+(k+5)+(k+5) 

- 4 
_dk+12 

4 
_ME+3) 

A 
=k+3 

  

  

& median &~ 25.9 (sec graph) 

¢ IQR=Qs - Q 
= (score for CF of 45) 

— (score for CF of 15) 

~32.0 -200 

120 

  

  

Fo ST 
>f 

=% _ [aw 
Ve 

=26 
~ 831
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4 a 
1299.38 =_2fz 32 
1607.71 T=57 5= /Zf(z—f) 
636.87 

3900 36.42 === STEial 
406.32 116 - 
1419.16 ~ 33.6 litres 116 

1348.45 R 7.63 litres 

b Estimate of pis T = 33.6 litres 

Estimate of & is 8 = 7.63 litres 

5 Usingtechnology: a | 1015 0l 98 Wi 1055 b 7.5 ¢ T=100.2, s~ 759 

Using technology, T ~ 49.6, s~ 1.60. 

b This does not justify the claim. A larger sample is needed. 

7  a Using technology, s~ 11.65 

b Using technology, Q; =117 and Qs =130. 

¢ IQR Lower boundary = Q; — 1.5 x IQR Upper boundary = Qs + 1.5 x IQR 

=130-117 =117-15x13 =130+1.5x13 

=13 =975 =149.5 

So, 93 is an outlier. 

d 

* - 
90 100 110 120" 130 140 

a7 122 

8 a Number of cats per house b The distribution is positively skewed. 
40, 

{ 
g 30 

20 

10 

0 
0 1 2 3 4 5  Number 

of cats 

  

  

§3+1 = 32nd value.   Ii  There are 63 values, so the median is the 

median = 0 cats. 

d  The mean, as it suggests that some people have cats. (The mode and median are both 0.)
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REVIEW SET 20 1N 

1 
Winning margins for basketball 

frequency The data is discrete. LY 

No, as we do not know each 40 

individual data value, only the 

intervals they fall in, 
30 

20 

10   
00 10 

  

    

    

mean = 5.7 

bz +22 

10 

. 5z +22=257 

. 5z=35 

  =57 

  

  

    

b 

_32 
Variance = Zf e —3) 

xF 
102.1 

10 

=10.21 

10.2 

3 Use technology or 

7= iz 
xF 

_ 112614 

T om 
12063.5 ~ 414 customers 
40215 

4 a Reading from the boxplots: b i range of A il IQRof A 

=13-11 =126—-11.6 
=2 =1 

range of B IQR of B 

=13.8-11.2 =132-12 

=26 =12 

€ 1 The members of squad A generally ran faster because their median time is lower. 

il The times in squad B are more varied because their range and IQR are higher. 

5 a Using technology with z values 74.995, 84.995, 94.995, and so on, 

Z ~€103.561 and s~ €19.40 

b Estimate of pis T ~ €103.51 

Estimate of o is s ~ €19.40
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& a No, it will not be the same. Extreme values have less effect on the standard deviation of a larger 

population. 

& | The mean would be used. Il The standard deviation would be used. 

€ A low standard deviation means that the weight of biscuits in each packet is, on average, close to 

250 g. 

7 Let the number of marks be . 

a When z =45, CF ~ 120 

about 120 students scored 45 marks or less. 

b When CF =400, z ~65 

the median mark was about 65 marks. 

¢ When CF =200, x ~ 54 and when CF =600, =~ 75 

the middle 50% of results lie between 54 and 75 marks. 

d IQR & 75 — 54 = 21 marks 

¢ When x =155 CF=~ 215 

about % "5 27% of students scored less than 55 

about 73% of students scored 55 or more 

1 10% of 800 students = 80 students 
When CF =800 —80=1720, =82 

a score of 82 marks is required for a ‘distinction’.



  

Chapter 21 
LINEAR MODELLING 

EXERCISE 21, 1 

1 

b 

A scatter diagram consists of points plotted on a set of axes where the independent variable is placed 

on the horizontal axis and the dependent variable on the vertical axis. 

Correlation refers to the relationship or association between two variables. 

Positive correlation describes the relationship when increasing the independent variable generally 

results in the dependent variable increasing. 

Negative correlation describes the relationship when increasing the independent variable generally 

results in the dependent variable decreasing. 

An outlier is a data point that does not fit the general trend of the data and is isolated from the main 

  

  

  

              

  

  

  

  

  

  

  

  

                            

body of data. 

I no correlation it zero fil  non-linear v no outliers 

1 positive correlation il weak Il roughly lincar v no outliers 

1 negative correlation Il moderate HI  non-linear v one outlier 

1 positive correlation il moderate Bl linear v no outliers 

1 negative correlation Il strong Ml linear v one outlier 

1 positive correlation il moderate {il non-linear v no outliers 

w0 b 1 Student C is best described 
number offerrors (y) as slow but accurate. 

30 . Il Student G is best described 
. . as fast but inaccurate. 

20 ? . lil  Student I is best described 
. as an outlier. 

10 - ¢ There is a strong, positive 
. correlation between the two 

% 2';) 40 60 20 100 vasigbles. 
sumber of words (z) d  The data is approximately linear. 

W04 FudgeB b There appears to be a strong, 
+ L . 

8 * positive correlation between Judge 

J R A’s scores and Judge B’s scores. 
6 This means that as Judge A’s scores 

1 I increase, Judge B’s scores increase. 

4 * ¢ No, it is not reasonable. The 
2 Jjudges are able to make decisions 

independently of one another. 

0 2 
0 2 4 6 8 10 

EXERCISE 1B [N 

1 B b A <D <
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el yom offnclor isits 
  

  

  

  

                        

  

T 22 g2t po_2lz-D-7) 
n n V2@ —%)2 ) (y—7)? 

- % - % 22 
o o lex 2 

~—0892 
« There is a strong, negative correlation between age and number of doctor visits. 

  

  

  

  

  

                
  

  

  

  

  

  

                  

120‘dryuu.' g time, y .l 
100 Hmin) - 

80 . 

60 

40 e 
2 . 

» 
° _\r 20 25 30 35 40 45 

temperature, z (°C) 

a 

12 beverae sales l 
10 1000} T 

8 - +le 
o | e 

6 

4 T 

2 

0 » 
o 5 10 15 20 25 30 35 

ticket sales (8 x 1000) 

b Using technology, r =~ —0.987 

¢ There is a very strong, negative 

correlation between femperature 

and drying time. 

b Using technology, r = 0.776 

¢ There is a moderate, positive 
correlation between ticket sales 
and beverage sales.
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6 a 50 

40 

30 

20 

10 

EXERCISE 21 

1 a 1 

il 

b | 

b The value of r is expected to be 

positive, since more trees can 

¢ be planted in a larger space. 

Using technology, = = 0.520 

Yes, the point (8.5, 13) is an 

. outlier. 

€ Using technology, r = 0.943 

  

4§ number offtrees 
  

  

o . - 

  

              
0 2 4 6 8 10 

size (ba) 

  

  

  

  

  

  

  

  

  

                        

C [ 

The mean of the z-values is .. the scatter diagram and line of best fit are: 

~_1+43+4+5+6+8 
z=f 10, 7 

= 8 
e mesh polpt 

=45 6 45.1) 
The mean of the y-values is 4 

__2+3+3+44+5+7 
v= 6 2 

_ | 

% % 2 4 6 8 10 
=4 

So, the mean point is (4.5, 4). 

The y-intercept of the line of best fit is 5 0.8. 

  

4-08 
The gradient of the line of best fit ~ e gradient ol e line o 11 250 

0.7 

the line of best fitis y =~ 0.7z 4+ 0.8 

The mean of the z-values is 

= 134+18+74+1+4+124+6+15+4+174+3 

10 
_ 9% 

T 10 
=96 

The mean of the y-values is 

j= 10+6+17+18+13+14+6+15+5+ 14 

10 

_us 
=118 

So, the mean point is (9.6, 11.8).
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the scatter diagram and line of best fit are: 

20, 

16 

12 

[ 

  

6 8 10 12 14 16 18 20 

il The y-intercept of the line of best fit is ~ 18.6. 

The gradient of the line of best fit ~ 
11.8—-18.6 

9.6—-0 

~—0.7 

the line of best fitis y =~ —0.7x + 18.6 

The mean of the z-values is 

F= 

_m 
~9.8 

1147+16+44....4+94+1845+12 

16 

The mean of the y-values is 

  

_ 282 
16 

~17.6 

16+12+32+5+....+15+34+6+26 

16 

So, the mean point is (9.8, 17.6). 
the scatter diagram and line of best fit are: 

40, 

32 

24 

16 

  

The points (9.8, 17.6) and (2, 3) lie on the line of best fit. 

The gradient is 
176 -3 

98—-2 
  73 1.9, so the line has form y~ 1.9z +c. 

If (2, 3) les on the line then 3x1.9Xx2+c 

. c+38~3 

.oex=—0.8 

So, the line of best fitis y ~ 1.9z — 0.8.
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2 ac¢ b There is a very strong, 
  

  

  

  

                

  

      

50 7 i . 
positive correlation between 

40 the maximum temperature and 

30 number of car break-ins. 

20 

10 

T 
0 » 

0 7 10 20 30 40 

d The points (7,0) and (23.7, 28.7) lie on the line of best fit. 

  

28.7 — 
The gradient is 22; gz1.7, 50 the line has form g = 1.7z +¢. 

If (7,0) liesonthe linethen 0m¥ 1.7 X 7+c 
. e~ 119 

. e =12 

So, the line of best fitis y =~ 1.7z — 12. 

e If £=25 then y=17x25-12 

= 30.5 

2231 {round to nearest whole number} 

So, we would expect about 31 break-ins to happen on a 25°C day. 

  

  

     
  

3 ad 60 " b Using technology, 

50 ° "’i"‘ point r = —0.878 

m (1,34 ¢ There is a strong, negative 

correlation between the number 
30 

20 

10 

  of speed cameras and the 
number of car accidents.   

                11 | 
00 5 10 15 20 25 30 

  

d The mean of the z-values is: The mean of the y-values is: 

o 7+15+20+....+25+15+19 7= 48+35+381+...+21+37+32 

16 16 
_ a2 _su4 
T 16 e 
=17 =34 

the mean point is (17, 34). 

¢ If we extend the line of best fit so that it cuts the y-axis, we see that the y-intercept /s 52. 

This means that we would expect a city with no speed cameras to have approximately 52 car accidents. 

EXERCISE 210> 1N 

1 a Using technology, the equation of the least squares regression line is  y = 0.712x + 0.797. 

b Using technology, the equation of the least squares regression line is  y ~ —0.707z + 18.6. 

¢ Using technology, the equation of the least squares regression line is y ~ 1.88z — 0.797. 

2 Using technology, the equation of the least squares regression line is 3 ~ 1.72x — 12.2. 
When @ =25, y~1.72x25—12.2~ 308 

we would expect about 31 break-ins, This matches our previous answer.
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L] 

b 

  

  

  

                  

60 £ i) b Using technology, r =s —0.219 

50 - 5 € There is a weak, negative 

. . correlation between femperature 
2 o 1 ™ and time, 
20 ° P ? d No, as there is only a weak, 

i‘» z(eg neg_ative correlation between the 

15 20 2% 30 35 40 variables. 

Using technology, r =~ —0.924 

There is a strong, negative correlation between petrol price and the number of customers. 

Using technology, the equation of the least squares regression line is y ~ —4.27z + 489. 

EXERCISE 21 I 

Using technology, the equation of the least squares regression line is y = —5.75z + 245. 

When = =28, ym~ —5.75x 28+ 245 

.y 84 

So, it will take about 84 minutes for Jill’s clothes to dry on a 28°C day. 

Since we are interpolating, and the variables are strongly correlated, the estimate is quite reliable. 

Using technology, the equation of the least squares regression line is ¥ & 0.350z — 0.293. 

I When 2 =35 y= 0.350 x 35—0.293 

", ¢ = 11.957 thousand dollars 

So, the predicted beverage sales are =~ $12 000. 

il The variables are only moderately correlated, and we are extrapolating, so the prediction is not 

very reliable. 

  

  

  

  

  

                          

12°Amg on b Using technology, r ~ —0.868 

100 . ¢ Using technology, the equation 

80 of the least squares regression 
60 M line is 
0 - y = —12.654 22z + 116.159902, 

. . 
20 which we round to 
o i RN y~ —12.70 + 116, 

0 2 4 6 8 10 

time on homemade meals, z (hours) 

gradient = —12.7. For each extra hour spent on homemade meals, a family spends about $12.70 

less each week on fast food. 

y-intercept &~ 116. If no time is spent on homemade meals, a family will spend $116 each week 

on fast food. 

When ¢ =5, y= —12.65422 x 5+ 116.159902 

.y~ 52.89 

So, the family spends about $52.89 on fast food each week. It is reasonably reliable as it is an 
interpolation and the variables are strongly correlated. 

  

  

  

                  

200 — b Usi technology, the least 

F heighcfy o) . squl:fes regressioiyli.ue is 

w0 T T 7 o & 5.979 806 13z + 79.966 882, 
100 — * which we round to 

y = 5.98z + 80.0 

50 

bt 1111 ) 
0 2 4 6 8 10 12 14 

age, x (vears)
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¢ When y =140, 5.98z+80.0 =140 

. 5.98z = 60 

s 2= 10.0 

‘We would expect children to reach a height of 140 cm when they were 10 years old. 

gradient & 5.98. Every year, a child grows about 5.98 cm taller. 

¢ When =20, y=5098x20+80.0 
7~ 199.6 

.y~ 200 

We would expect a 20 year old to be 200 cm tall. This prediction is not very reliable as it is an 
extrapolation well beyond the upper pole. Most children finish growing taller before 20 years. 

  

  

  

  

              

5 a 5 Fameter, D em) b There s a very strong, 'negatlve 

40 comrelation between fime and 
. . 

* diameter. 
30 »* 

* . 
20 -~ 

. 
10 

_: 
0 25 50 75 100 125 

time, ¢ (hours) 

¢ Using technology, the equation of the least squares regression line is 

D = —0.231994 7t + 39.966 3743, which we round to D =~ —0.232¢ + 40.0. 

d | When t =280, n When D =0, 

D~214 —0.232t +40.0=0 

the diameter of the balloon is oo —0.232t = —40.0 
21.4 cm after 80 hours. .ot 172 

It will take about 172 hours for the 
balloon to completely deflate. 

@ The prediction in part d 1 is more likely to be reliable, as it is an interpolation and the prediction in 

part d I was extrapolated. 

  

  

  

  

  

  

  

  

  

                          

  

  0 
0 1 2 3 4 5 t(days) 0 1 2 3 4 5 t(days) 

The scatter diagram of In M against ¢ is linear. 

¢ Using technology, InM == 0.467 55943t 4 0.809151 54 

which we round to  In M = 0.468¢ + 0.809 

d In M = 0.468¢ 4 0.809 @ When t=0, M = 2.25x 1.60° 
eln M, 0.468£40.809 ~2.25 

M s 0809 x (04688 There was originally about 2.25 grams of 

M R 2.25 x 1.60° as required bacteria in the culture.
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As t increases, @@ decreases. ¢ 

b The graph is not linear. 

  

Q=mvE+c is alikely model for the data, as the graph of Q against /% is approximately linear. 

Using technology, m~ —11.880144 and c = 135.373507 

. m/s—11.9 and c~ 135 

t | When t=0, @~ —11.880144v0 + 135.373507 
s Q@135 

There is approximately 135 mg of the chemical in a newly bom baby. 

Il When t=25 Q~ —11.880144v25 + 135.373507 
S QRT6.0 

There is approximately 76.0 mg of the chemical in a 25 year old. 

g The answer in part f Il is more likely to be reliable as it is an interpolation, and the answer in 

part f | was an extrapolation. 

  VO 
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¢ The graph of InV against ¢ is approximately lincar. 

. the model has the form InV =mt+c 

Using technology, InV & —0.200457 8t 4 2.494 16351 
. elnV oy o—0.2004578¢42.494 16351 

s Vo e2.49¢ 16351 X e—OJDOdS‘IBt 

V = 12.1 x (0.818)* 

d When t=5, V121 x (0.818)° e When t=0, V =12.1x (0.818)° 

. V443 s Vai21 
There is approximately 4.43 L of water When t=10, V = 12.1 x (0.818)* 
remaining in the bird bath after 5 hours. o Vo~ 1622999578 

and 1211 1622999578 L 
~105L 

So, approximately 10.5 L of water has 

evaporated after 10 hours. 

REVIEW SET 21.A | 

1 a 1 There is moderate, negative correlation between the variables. 

il The relationship is not linear. 

b I There is strong, positive correlation between the variables. 

il The relationship appears to be linear. 

  

  

  

  

e ac %0 b There is strong, negative, linear correlation 

Art medn point between Mathematics and Art marks. 
(74.8,74.1) 

80 

70 
. 

60 < 
MaflE       

60 70 80 90 

  

  

  

  

    

                    

3 a g 120 T b There is moderate, negative 

B 10 correlation between the quantity 
’?E, s of chemical and the number of 
5 6 1 1 surviving beetles. 

2. 
§o 
E o 
Z 

  

¢ There is a moderate, positive, 

linear correlation between fime 
in the store and money spent. 

  

4§ money (€) T 

  

  

                

 



  

Mathematics SL (3rd edn), Chapter 21 — LINEAR MODELLING 469 
  

  

  

  

  

  

              

8,0 ¢ i When v=>55 

t(s) t=10.03 x554+0.9 

4 L t=255 
3 The stopping time for a 

2 speed of 55 kanh~? is about 

1 2.55 seconds. 

HIEII" I When v =110, 

20 40 60 80 100 £=0.03 x 1104+ 0.9 

L t=4.2 

The stopping time for a 

speed of 110 kmh—? is about 
4.2 seconds. 

The estimate in part ¢ I is more likely to be reliable, as it is an interpolation. 

1 

  

  

  

  

  

                

fie . 
30 1 - 

25 * 4 T e 

20 — - 
15 

T(C) 
» 

30 32 34 36 38 40 

7/ —0.928 {using technology} 

There is a strong, negative, linear correlation between the temperarure and the number of kilometres 

ridden. 

d= —1.64T + 82.3 {using technology} 

If Thomas does not ride at all, d=0 Note that this is not a reliable extrapolation. 

. 03 —1.644T + 82.25 Fifty degrees lies well outside the poles of the 

1.644T 25 82.25 data set (the closest data value we have is for 

82.95 38.9 degrees) and it may be that Thomas stops 

. Trs o~ 50.0°C riding at some other temperature. 

Using technology, r = 0.314   

Y (no. customers) b 
€ Yes, the point (31, 35) is an outlier. 

d  Using technology, r = 0.801 

@ There is a moderate, positive correlation 

‘between the number of customers and the 

noon temperature at the garden centre. 

  

  

  

      

b r=0.929 

.. there is a strong, positive 

correlation between 
weight and pulse rate. 
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¢ T 61452447+.... 455 =60, p= 65+59+54+.... +58 — 645, 

13 15 

so (%, ) = (60, 64.6). 

€ Using technology, the equation of the line of best fit is y = 0.738z + 20.3. 

{ When z =65, y = 0.738 x 65+ 20.3 
y =~ 68.27 

So, the pulse rate for a 65 kg student is about 68 beats per minute. This is a reliable estimate, as it 

is an interpolation on data with a strong correlation. 

4 a The independent variable is the number of ¢ 

waterings, 7. 300" 

b F~340n+19.3 {using technology} 250 

d | Ifn=25 f~340x25+19.3~104 200 
If n=10, f = 34.0x 10+ 19.3 ~ 359 iig 

il Thecase n = 10 is unreliable as it lies 50 
outside the poles and over-watering could 

be a problem. The case n = 2.5 isa 2 4 6 n 
much more reliable estimate. 

5 b Using technology: 
  

1 With the outlier: r & 0.798 
  I Without the outlier: 7 ~ 0.993 

  ¢ Using technology: 

1 With the outlier, the least 
            

(50, 4.4) is an outlier. 

  

squares regression line is   y & 0.0672¢ +2.22. 
I Without the outlier, the least 

squares regression line is 
y 7201192 4+ 1.32. 

d  We should use the line in ll, which does not include the outlier. 

€ The outlier may have been caused by over-fertilisation, which can make plants sick or even kill them. 

REVIEW SET 21C 1N 

a There is a moderate, positive correlation between howrs of study and marks obtained. 

& The number of marks is greater than 50, so the outlier appears to be an error. It should be discarded. 

  

  

  

y (mm) 

6 — 

4 - 

2 -’               - | »! 
10 20 30 40 

b r=~ —0.951 

¢ There is a very strong, negative 

correlation between the tread depth and 

the number of kilometres travelled.
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ae 0wy b The point (20, 22) is 

20 v an outlier. 

¢ The outlier tree is 
unusually tall and thin. 

0 
¢ 25 50 k&l 100 125 

d 3= 35+47+’fi+...4+32=45, 7 11+18+fi+..4.+10=15'7, 

  

so (%, ) = (45, 15.7). 

t  Using technology, the equation of the line of best fit is  y ~ 0.289030 32z +2.72090806, which 
we round to  y ~= 0.289z + 2.72. 

§ When x =120, y~ 0.289x 120+ 2.72 
.y~ 374 

So, the height of a tree with width 120 cm will be about 37 m. This is an extrapolation, and so may 

not be reliable. 

  

  

  

  

  

  

    
  

a T b Yes, the point (1.7, 597) is an outlier. 
7004 It should not be deleted as there is no 
ggg - evidence that it is a mistake. 
200 S e ¢ s~ —116p+665 {using technology} 

ggg d 50 cents is a long way outside the poles, 
100) Pt so the prediction would therefore be 

o 5 unreliable.             

0 050 1 150 2 2.50 

    

  

  

  

    

  

  

                          

a W04 b 3 i s o 
- 

15 * . T 2 . 

10 - 
1 

5 
7| Inr| 

0 »/ 0 4 
0 5 10 15 20 0 1 2 3 4 

¢ Using technology, InS ~ 0.39583526 x Inr + 1.61811033 
£n5 y 039583526 In7+1.61811033 

S (eln r)o.ns 83526 x e1.61811033 

S 72 5.043 550 66 x 70-39383526 

S~ 5.04 x 7039 

d When r=8, S 5.04x80-3% 
S=115 

The maximum speed of the canoe if there are 8 rowers is about 11.5 kmh~1.



  

Chapter 22 
PROBABILITY 

EXERCISE 22 A [N 

- 113 . 32 
1 a P(inside a square) = 5 b P(on aline) = s 

~0.779 ~0.221 

2 Total frequency = 17+ 38 +19+4 =178 

a P(20 to 39 seconds) = 3§ ~ 0.487 b P(> 60 seconds) = 7 ~ 0.051 

¢ P(between 20 and 59 seconds inclusive) = Sot 12 ~; 0.731   

  

3 3 : a Surveylasted 2474+114+847+44+34041 
Q0 2 = 43 days 
1 7 
2 u b | POcalls) N P(>5call) M P(< 3 calls) 
3 8 2 LA+340+1 L2+7+11 
‘; Z T8 T s ) 
6 3 = 0.0465 ~0.186 2 0.465 

7 0 
8 1 

4 Total frequency a P(4 days gap) & P(at least 4 days gap) 
=37+81+48+4+174+6+1 17 174641 

=190 ~ 190 =190 
= 0.0895 ~0.126 

EXERCISE 22 1 

1 a {ABCD} 
b {BB, BG, GB, GG} 
¢ {ABCD, ABDC, ACBD, ACDB, ADBC, ADCB, BACD, BADC, BCAD, BCDA, BDAC, BDCA, 

CABD, CADB, CBAD, CBDA, CDAB, CDBA, DABC, DACB, DBAC, DBCA, DCAB, DCBA} 

d {GGG, GGB, GBG, BGG, GBB, BGB, BBG, BBB} 

     
2 a b < d 

6 
5 
4 D 

coin 3 c 
T e osow 2 B 
H 1 A 

123456 123456 
die diel 

3 a b < 
S-cent  10-cent coin spinner 

H A 
H<1‘ H<B 

c 
H A 

T< T&~+B 
T c
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EXERCISE 22C. 1 

1 Total number of marbles =54+3+7=15 

   

      

a Phed)=£ =1 b P(green) =S =% 

¢ Plblue) = £ d P(notred):% =12 o 4 

. L 5+3 
€ P(neither green nor blue) = P(red) = ¢ 1 P(green or red) = 5 = 

2 a8 are brown and so 4 are white. 

b 1 P(brown)= & =2 I P(white) =% =1 

3 a P(muitiple of 4) b P(between 6 and 9 inclusive) 

=P(4, 8, 12, 16, 20, 24, 28, 32, 36) =P(6,7,80r9) 

=% 
=1 

9 

< d P(9) 

-1 36 

e P(muitiple of 13) 1 P(odd multiple of 3} 

= P(18 or 26) =P(3, 9, 15, 21, 27, or 33) 
2 =5 36 =3 
L —1 s =% 

g P(muitiple of 4 and 6) h P(multiple of 4 or 6) 

= P(multiple of 12) =P(4, 6, 8, 12, 16, 18, 20, 24, 28, 30, 

= P(12, 24, 36) 32, 36) 
3 =4 =% 3% 

=1 =4 =3 

4 a P(on Tuesday) b P(on a weekend) ¢ P(in July) 

=1 =2 4x31 
=7 =7 = 4 iod. 

34306 Lovere dyearperiod) 
— 124 
= 1481 

d P(in January or February) 

_4x31+3x28+1x29 
3 x 365+ 1 x 366 

=2 (=1 
1461 257 

{over a 4 year period}
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5 a Let A denote Antti, K denote Kai, and N denote Neda. 

Possible orders are: {AKN, ANK, KAN, KNA, NAK, NKA} 

  

e 1 P(A in middle) n P(A at left end) 

=2 =2 5 5 
=3 =1 3 5 

Wi P(A does not sit at right end) v P(K and N are together) = § = 2 

=1 —P(A at right end) 
—1-2 
- 6 

=1 (=) 

6 Let G denote ‘a girl’ and B denote ‘a boy’. 

a Possible orders are:  {GGG, GGB, GBG, BGG, GBB, BGB, BBG, BBB} 

b 1 P(all boys) = P(BBB) = % 1l P(all girls) = F(GGG) = 2 

[ P(boy, then girl, then girl) |3 P(2 girls and a boy) 

= P(BGG) = P(GGB or GBG or BGG) 

=3 =3 

v P(girl is eldest) v P{at least one boy) 

= P(GGG or GBG or GBB or GGB) = {all except GGG} 

  

7 a {ABCD, ABDC, ACBD, ACDB, ADBC, ADCB, BACD, BADC, BCAD, BCDA, BDAC, BDCA, 

CABD, CADB, CBAD, CBDA, CDAB, CDBA, DABC, DACB, DBAC, DBCA, DCAB, DCBA} 

b | P(Asitsononeend)=42 =1 

il P(B sits on one of the two middle seats) = 42 = % 

lii P(A and B are together) = 42 = } 

W P(A, B, and C are together) = 32 = 1 

  

    

EXERCISE 22C.2 

1 a P(2heads) =% b P(2tails) = 1 

€ P(exactly 1 head) d P(at least one H) 

= P(HT or TH) = P(HT or TH or HH) 

—2 1 —3 
=13 =1 

2 a . b Thereare 2 x 5= 10 possible outcomes. 

¢ 0 P(T and 3) i P(H and even) 
_1 = P(H2 or H4) 

6 =2 o L 
1 23435 10 5 

m P(an odd) v P(Hor 5) 

= P(HL, T1, H3, T3, H5, T5) =% 

=%=% =2 {shaded)
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3 a  P(two3s) b P(5enda6) ¢ P(5ora6) die2 

=P((3,3)) =P((5, 6), (6,5)) =2 
=1 =2 5 
36 36 =2 

s 
=L 

8 

0
w
 

o
o
 

d P(at least one 6) e P(exactly one 6} 
—u — 1 -4 -4 

4 =& 4 
3 3 
2 2 

1 1 

t P(no sixes) g P(sum of 7) 

—= 
— 38 

0
w
 

e
 
o
o
 

—
o
w
 

e
 
o
 

h P(sum > 8) 1 P(sum of 7 or 11) 

  

=% 6 _6+2 6 

s 5 36 5 
=1 4 —2 4 

3 9 3 
2 2 

1 1    
1 P(sum no more than 8) 

= P(sum < 8) 
26 

= 
&l

 
=
 

[
 

  

133456 

EXERCISE 22D | 

1 We extend the table to 
include the totals: 

  

a 259 out of the 537 adults surveyed attended university. 

P(attended university) ~ 232 » 0.482



  

476 Mathematics SL (3rd edn), Chapter 22 — PROBABILITY 
  

b 197 out of the 537 adults surveyed did not attend university and are currently employed. 

P(did not attend university and is currently employed) ~ ;g; 2 0.367 

€ 115 out of the 537 adults surveyed were unemployed. 

P(unemployed) ~ H2 =~ 0.214 

d  Of the 259 adults who attended university, 225 are cuxrently employed. 

P(employed given that they attended university) ~ 259 = 0.869 

@ Ofthe 115 unemployed adults, 34 attended university. 

P(attended university given that they are currently unemployed) ~ % =~ 0.296 

2 We extend the table to P ‘ ‘ . 
include the totals: i j 

R 
[ s0m1 [ 2439 [ 7510 | 

  

a Total maich attendance was 7510. 

b 1 P(child) = 32 ~ 0.325 I P(not a season ticket holder) = 3397 ~ 0.653 

Il P(adult season ticket holder) = 1824 s 0.243 

3 We extend the table to 
include the totals: 

  

P(peak season) = 1035 R 0.428 

P(single room in the off-peak season) = 12;335 & 0.240 

P(single room or double room) = % = ;'35 ~0.758 

Of the 592 off-peak season bookings, 152 were for family rooms. 

P(family room given it was in the off-peak season) = 592 7 0.257 

€ 412+ 250 = 662 bookings were not for a single room. Of these, 

220 + 98 = 318 were in the peak season. 

P(peak season given it was not a single room) = 33 =~ 0.480 

EXERCISE 2.1 (N 

1 a P(rains on any one day) b P(rains on 2 successive days) 

= =P(R and R} 

¢ P(rains on 3 successive days) =3x3 

=P(R and R and R) = 
216 =8xEx& 216 STXTXT O 3 

2 a2  P(H, then H, then H) b P(T,thenH, then T) 
= P(H and H and H) =P(T and H and T) 
=ixixi =ixix}
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3 Let A be the event of photocopier A malfunctioning and 

B be the event of photocopier B malfunctioning. 

    

  

a P(both malfunction) b P(both work) 

=P(A and B} =P(A' and B') 
0.08 x 0.12 0.92 x 0.88 

= 0.0096 = 0.8096 

& a P(they will be happy) b P(they will be unhappy) 

= P(B, then G, then B, then G) = 1 — P(they will be happy) 

=P(B and G and B and G) —1_4 
1 1 1 1 16 =3ixixix; =z 

=41 
6 

8 Let J be the event of Jiri hitting a P(both hit) b P(both miss) 
the target and B be the event of =P(JB) =P(J'B’) 
Benita hitting the target. =0.7x08 =03x02 

=0.56 =0.06 

c P(J hits and B misses) d P(B hits and J misses) 

=P(JB") =P(BJ)} 
=0.7x02 =08x03 

=0.14 .24 

& Let H be the event the archer hits the bullseye. 

  

  

a P(3 hits) b P(2 hits then a miss) 

=P(HHH) =P(HHH') 
2 2 2 —2 2 3 
FXEX% =EXEXE 

=& =12 
126 125 

  

RH) =3 PE) =} 
< P(all misses) 

=P(H'H'H') 
3 3 3 
FXEXE 

  

  27 
— 128 

EXERCISE 22 K.2 

1 a P(all strawberry creams) b P(none is a strawberry cream) 

=P(SSS) =P(8's’s’) 
81,8 = =HXHXEG =&xdxd 
—u -1 

55 58 

2 a P(both red) b P(GR) ¢ P(a green and a red) 

=P(RR) =&x1 =P(GR or RG) 

= %x3 -z —dxi+hxi 
-z _z 

15 et 

3 a P(wins first prize) = 135 b P(wins 1st and 2nd) ¢ P(winsall 3) 

d P(wins none of them) =P(WW) =P(WWW) 
2 = P(W'W'W) =% =15 X% X% 

97 = 0.000 606 #2 0.000006 18 

  

97 96y 95 
= 700 X 99 X 98 

2 0.912
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4 a P(does not contain captain) e P(does not contain captain or vice captain) 

=p(C'CC’) =P(000)  {O = other} 

-gxgxt —gxixi 
=4 =2 

7 7 

5 a P(two boys) = P(first selected is a boy and second selected is a boy) 

= P(first selected is a boy) x P(second selected is a boy) 

—Bx4d =TX% 
=201 
T2 T2 

b P(eldest two students) = P(either of the two eldest students and the remaining student) 

= P(either of the two eldest students) x P(the remaining student) 

  

    

=2x3 

=2=2L [ 

EXERCISE 22F 

1 a b | P(male and not violin) = 0.4 x 0.7 
v & violin =0.28 

g 0.8 not violin [} P(plays the violin) 

. = P(F and V) + P(M and V) 
04 M& violin =0.6x02+04x0.3 

0.7 not violin =0.24 

2 a 0.19_, officer 
Navy 

022 fi: other rank 

0.15 . officer 
047—~ Am 

Y fi: other rank 

0.31 021 . officer 
Air Fe 

oree fi: other rank 

b | P(officer) = P(N and O) + P(A and O) + P(AF and O) {where O represents officer} 

=0.22 x 0.19+0.47 x 0.15 4 0.31 x 0.21 

=0.1774 =~ 0.177 

il P(not an officer in the navy) n P(not an army or air force officer) 

=P((N and 0)") =1 — (P(army or air force officer)) 
=1—P(N and O) =1 - (P(A and O) + P(AF and O)) 
=1-022x019 — (0.47 x 0.15 + 0.31 x 0.21) 
= 0.9582 ~ 0.958 =0.8644 ~ 0.864 

3 a 1st spin 2ndspin b P(both black) < P(both yellow) 

=P(BB) =P(YY) 

-ix4 -1xd 
=1 1 
-4 16 
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d P(both different) e P(B appears on either spin) 

= P(BR or BY or RB or RY or YB or YR) = P(BB or BR or BY or RB or YB) 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 i 1 =gxgtgxgtaxsz+aixs =gXztgXztgXz+tiXsz 

+ixpricd . +ix} 
= =45 +g 
= =3 
- 4 

[ 3 . win P(Mudlark wins) 

. rain < = P(rain and win or no rain and win) 

: T e bxirinh 
1,4 

3 L win 16+ 10 

5 no rain = % 

% lose =z 
5 

5 . P(next is spoiled) 

04_» Machine A <" Poiled = P(from A and spoiled or from B and spoiled) 
095 not spoiled =04x0.05+06 x 0.02 

08~ Machine B <=2 Poiled = 0.020 4 0.012 
0.98™ not spoiled =0.032 (3.2%) 

é 2, W P(red) 
1, AT = P(A and red or B and red) 

ow| 3w 2 R 1,341,1 =ixf+ix3 3R 1R 3w 2757274 
1 4 =3 1 

A8 TR =%+3 
4 — i 

= 

7 There arc 7 teams above Tottenham and 12 teams below Tottenham. 

Opponent Result 
1 w - P(Draw) 1 L 

3 =Lx3 421 Above %= D = XwtExs 
1i 
I L 

7 
18, = .21 24 

z %6 T 156 
Y 

> 1 oW =3 
B ™ Below i-p 

B~ 

8 $~R a P(blue) = P(A and Bl or B and Bl or C and Bl) 
A<l —ExZy2xlplxd 

2 F Bl TEXETEXETE X% 
—u %_’B<§/R =4 

5= nB1 b P(red) = 1 — P(blue) 

% ¢ %/R =1_% 

3, =19 i~ B =3
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EXERCISE 22G 

1 a P(different colours) b P(different colours) 
2P =P(PG or GP) 

© =3x343x3 
=20 a9 

2 a Draw 1 Draw 2 
i even 

P < § odd 

i odd %< even 

T~ ou 

b 1 P(both odd) I P(both even) i P(one odd and other even) 

= = P(even and even) =1 — P(both 0dd) — P(both even) 

=2x1 =1-3&_1 
5 4 10 10 

=1 =5 
=10 10 

=8 
5 

3 2R 
3. R<z-.g 5 i 

/A<%\ i.® 4 - 

3R R 5 G<%\.G 
26 6 < 

2 Z.r 
§ R 

A B \B<i%/ ;‘G 

T §-r ~ G 5 

i~ 

a P(both green) b P(different in colour) 

= P(AGG or BGG) =1 — P(both green) — P(both red) 
=4 2 1 2 7 8 - 2 =gxExg+Eixgxsg =1-% —P(ARR or BRR) 

~%+% =3-Gxdxirixdxi 
z 1 1 

=2 =5-G+% 
—2 =5 =3 

8 

& st 2nd 

3 o 
0=, 60 :]/' 4~ 

@ fe _§0 
e 5 

a | P(bothO) W P(both L) W POL) W PLO) 
—& 5 —4 .3 —8 » 4 —4 48 
=16 Xy =1 X5 =1 X3 =6 X3 
=1 =2 =4 =4 

3 15 15 15
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1 2 4 4 

b sttt 
—hrRES 
=1 whichis1 

The answer must be 1 as the four categories I, ll, I, Iv are all the possibilities that could occur. 

a b P(blue) 
Spinl  Spin2 — P(B) + P(RB) 

< ’ =i+ixi 
1 

i R< ° - % 
i R 

1st 20d 3ed a P(all red) 

iR =P(RRR) 

<o 
R LR =1 

3 B! 5 
1~ B 

2.R i 
2 4 R 8 g < i—B 

4+ R 
3Bt 

g~ 

b P(only two are red) < P(at least two are red) 

= P(RRB or RBR or BRR) = P(all red or only two are red) 

=4xExi+dxixi+ixtxt =%+% {fomaandb} 
- 24 —1 
=3x (5x5x4) -8 
=3 

3 

A B P(marble from B is W) 

- s~ R =P(RW or WW)  {paths ticked} 
R —3y342 g tewy o —ExEFEXE 

R\ /4R <3 _1 
2W 3W 2 3 R - 46 

2 o 
A B > W 

P~ w 

1st draw 2nd draw a P(wins both) b P(wins neither) 

bW =R(WW) =r(L) 
-2 _ 98 9 

L/W<§‘—;\L =t X% = x 8§ 
<wu ~ 0.000202 = 0.960 

B, 3V ¢ P(wins at least one prize) = 1 — P(wins neither) 
L=<, _ 88 91 

WL 100 

  

2 0.0398
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9 1st ond P(one white and one black) 
%~~~ R =P(WBor BW)  {paths ticked} 

z R T W - e 2 =GXE+HG XA 
4 . =% 33 
, %/ R 

B W o W 

. T~ p v 
13 
\ & R 

B —f~ W v 
T~ g 

10 There are (n + 7) markers in total. P(YY) =& 

7 5 _s 
W, nt7 nt6 18 
i 2 _ s 

7 Y nZ+13n+42 13 

nE s s 546=3n% +39n 4126 
v 3(n?+13n — 140) =0 

n 6 Y 3n—-T)(n+20)=0 

nt B n=7 {n>0} 
n-1""B there are 7 blue markers in the bag to start with. 
nF6 

EXERCISE 22H.1 

1 a A={1,236} B={246,8 10} 

b ¢ 1 n(a)=4 
il AUB={1,2,3,4,6,8, 10} 
W AnB={26} 

2 a b ¢ 

A B A B A B 
U U v 

d e t 

.3 A B A B 
v U v 

3 a b < d 

m v (; 5 v v v 
A ANEB AUB ANB
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a b < 

| | m - c v U ¢ ly 
d ¢ ! 

A B A B A B 

¢ v ¢ ly ¢ ly 

a Total number in the class =3+ 5+ 17+4=29 

b Number who study both = 17  {the intersection} 

¢ Number who study at least one = 5+ 17+ 4 =26 {the union} 

d  Number who study only Chemistry = 5 

a Total number in the survey = 37+ 9+ 15+4 =65 

b Number who liked both = 9  {the intersection} 

€ Number who liked neither = 4 

d Number who liked exactly one = 37 + 15 = 52 

a a+5=11 {since n{A)=11} 

A B Soa=6 

6+5+b=12 {since n(AUB)=12} 

sob=1 

¢ 6+c=8 {since n(B')=8} 

U Loe=2 

the completed Venn diagram is: 
A B 

2 
U 

- 
b | aU)=6+5+14+2=14 I P(A’):% 

i 

. P(AuB)="(A—;Bl _l+2 
n(U) 1 

64+5+1 —a 
=% = 

> 
g
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8 T N 

d U 

T N 

8 U 

a P(plays tennis) 

1247 
T 
1 
~ a0 

d P(plays one and only one) 

_ 12413 
T 40 

25 
40 

=8 
8 

, ' 

d U 

‘ 
12 U 

’ A‘u 
d U     

5 5 

~X
ED

 

  

T represents those playing tennis 

N represents those playing netball 

atbdb+e+d=40 

a+b=19 

b+e=20 
d=8 

So, at+b+e=32 

19+¢=32 and a+20=32 

c=13 and a =12 

Hence, 12+b=19 

b=7 

b P(does not play netball) € P(plays at least one) 

_12+8 _1247+13 
T ® T ® 
-1 — 32 
=3 % 

=4 
5 

¢ P(plays netball, but not tennis) = i% 

C represents men who gave chocolates. 

F represents men who gave flowers. 

a+b+ec+d=50 

a+b=31 

b+e=12 

b=5 

Thus ¢=7 a=26 and 26+5+7+d=50 .. d=12 

a P(C or F) b P(C but not F) 

= 26+5+7 = % 

50 _13 
_ g 9 =2 =8 o 

< P(neither C nor F) 

12 

Sl
e 

gl 

Me represents children who had measles. 

Mu represents children who had mumps. 

a+b+c+d=30 

  

a+b=24 

b=12 
a+b+c=26 

26+d =30 d=4 
244+c=26 c=2 

and a+12=24 a=12
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a P(Mu) b P(Mu, but not Me) < P(neither Mu nor Me) 

_u —z _ 4 
30 30 30 

== =1 =2 
B 5 i 

11 & 4+2+1+a=10 {10 watched a movie} 
Soe=3 

4+2+1+3+6+124+9+b=40 {40 individuals in total} 

s 37T4+b=40 

. b=3 

6+2+1+3 341 
o 1 P(spm):T=%=f—o n P(dxamaandspmt)=7=%=1‘—u 

443 _ 1243 
  Hl  P{movie but not sport) = v P(drama but not movie) = Zz 

40 20 

1243+3+1+442 _ 55 _ LN 5 ¥ P({drama or a movie) = 2 2=1 

  

  

  

      

    

EXERCISE 22H.2 

1 a 

. So A'UB’ is the region 
containing either type of 

shading. 

ANB (AN B)'is shaded 

Thus, as the regions are the same, (AN B) = A’UB’ is verified. 

b 

XN 4 V) avs 

V) snc auc 

AU(BNQ) consists of the (AUB)N(AUCQ) consists of the 

shaded region & ‘double shaded’ region. 

As the two regions are identical 

AU(BNC)=(AUB)N(AUC) is verified. 

  

A B 

4 Ans 

BUC Anc 
¢ v 

AN(BUC) consists of the (ANBYU{ANC) consists of the region 
donble shaded region shaded. (all forms \' and %7 ) 

As the regions are identical, AN(BUC)=(ANB)U(ANC) is verified.
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2 a A={7,14,21,28 35, .., 98} 
B = {5, 10, 15, 20, 25, ..., 95} 

I 85 98="7x 14, n(A) =14 Il as 95=5x 19, n(B) =19 
i ANB={3570} . n(ANB)=2 
W AUB={51,10, 14, 15, 20, 21, 25, 28, 30, 35, 40, 42, 45, 49, 50, 55, 56, 60, 63, 65, 70, 

  

  

75, 77, 80, 84, 85, 90, 91, 95, 98} - n{AUB)=31 

b n(A4) + n(B) —n(ANB) ¢ From the diagram, n(A) + n(B) —n(AN B) 

=14+19-2 ={a+b)+(b+c)—b 
=31 =a+b+c 

=n(AUB) v =n{AUB) 

3 a 1 PB) I PANB) W PAUB) 

_ n(B) _ n(ANB) _n(4UB) 
" nU) ) n(U) 

_ b+c _ b _ _a+bte 

T atbtctd Tatbtctd Tatbtetd 

a+b+bd+c—b 
W P(A B)-P(ANB) = —m8 8 

P(A4) +H(B) — AN B) a+bte+d 

_ _at+b+c 

Tatbtetd 
b P(AUB) =P(4) + P(B) —P(ANB)  {using Ml and v} 

  EXERCISE 221 

1 P(AUB) =P(A) + P(B) — P(AN B) 2 PXUY)=P(X)+P(Y)-P(XNY) 
- 0.9=04+P(B)-01 - 09=06+05-P(XNY) 

- P(B) =06 s P(XNY)=02 

3 P(AUB)=P(A)+P(B) {Aand B are mutally exclusive} 
. 0.8=P(4) +0.45 

  

  

  

  

. P(4) =035 

4 a o P a+bd+ec=50 s a+32=50, .. a=18 

a+b=40 oo 184+b=40, . b=22 

° b+c=32 S 224¢=32, . e=18 

Ul 0 

b 1 P(M but not P) n P(P given M) 

Y & 1 22 
50 = 

9 e 8+22 
T _z 

o 0 
=4 

20 So 22 study both.
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> 5 a+btetd=40 .. (1) o d=14 {using (1) and 4} 
a+b=23 .. () 234+ c=26 and o+ 18 =26 
bte=18 .. (3) . e=3 and a=8 

M a+b+c=26 .. (&) Thus b=18—c=15 
Ul 

a PF(D and B) b P(neither D nor B) 
D B _ _1a 

w o 

3 20 

U 14 € P{D, but not B) d P(B given D) 

=3 — 15 
0 =2 

=1 3 

s B a+b+c+d=50 sooe=17,a=18 

a+b=23 and 184+ 5+174+d =50 

b+c=22 d=10 

b=5 
U d 

a P(not B) b P(Bor 8) 

3 2 =K(B) _18+5+17 
—28 - 50 

50 — 40 
e _n =350 =% e 

v 10 =3 

< P(neither B nor S) d P(B, given §) ¢ 

— 5 
50 = 
s 8+5 
5 — 5 

=13 

  

  

a+b+c=100 

v o { a+b=90 c=10 and a =40 
% % b+c=60 b=50 

v % 

Vv 50 0 = =2 P(TV, given C) Hr0_ 6 

40% | 50% 

    

a+bt+ec+dte+f+g+h=100 

at+b+d+e=20 

btctet+f=16 

d+e+f+g=14 

bte=8 

d+e=5 

et+f=4 

e=2



  

488  Mathematics SL (3rd edn), Chapter 22 — PROBABILITY 
  

  

   

  

  

  

   

  

a+6+3+2=20 a=9 
e=2, f=2 d=3, b=6 { 6+c+2+2=16 e=6 

3+2+2+g=14 9=7 

a P(none) b P(at least one) < P(exactly one) 
— 85 =1— =& 1 l:inone) _ 9+lgo+7 

i3 =1-32 =& , ® _z 
=% 100 

i 
50 

d P(A or B) < P(A, given at least one) I P(C, given A or B or both) 

— 94646434242 _ 9464243 — 34242 
- 100 T BE+6+3+2+2 

28 _ 
w =3 

== -1 % =1 

—ly2.1y4 ? um marble a PR)=3x2+5x% 

2.-R =2 5 A 
1 <%\ Bl P(BNR) 

R\ /R <2 b P(B|R) ® 
3Bl 1BL é R 

- 4 1,4 
A B B<; _z 5 5 

5™ Bl B 

—2 
=3 

P T 10 1 b p(s|p=1E0D 
S<Tfi B(I) 

¥ ke 13 
< = = 

3 50 
N 31 _1 

x 2 
W~ 

n A B P(B | at least one malfunctions) 

&M _ P(BNat least one malfunctions) 

- M<_ ~ " P(at least one malfunctions) 

& M 1 7.8 7 
< _ B X IE I X 

=7 7 T <93 18 x % B, M X et s +5 X1 
M _ _1468 

100 T M T+93+63 

=2 
— 168 

12 P(B)=10.5, P(G)=0.6, P(G|B)=0.9, where B is “the boy eats his lunch” and 
@G is “the girl eats her lunch” 

a P(both at lunch) b P(B|G) 
=PBNG) _PFBNG 

=P(G| B) x P(B) {as P(G | B) = %} 0:5(5’) 

=09%05 =35 
=045 =075
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¢ P(at least one eats lunch) 

  

=PBUG) 
=¥(B)+KG) —B(BNG) 
=05+06—045 
=065 

13 095_.p a P b PCIP) 

00z ~C < —002x085+098x008 pcnp 
005 =0.0484 =5 

003 _.p _ 002x095 
098 C,< T 00484 

o ~0.393 

14 Thecoinsare HLH T, T and H, T. 

Any one of these 6 faces could be seen uppermost, . P(fallsH) = 2 =3 

P(HH coin N falls H) 

T PlsH) 
P(HH) 

~ P(Rls H) 

Now P(HH coin | falls H) = 

   

@I
 

al
ef
el
e 

EXERCISE 22 | 

  

1 PRNS) Also, P(R) x P(S) 
=P(R) +P(5) —P(RUS) =0.4x05 

.44+ 0.5 —-0.7 =02 

=02 

So, P(RNS)=P(R) x P(S) and hence R and S are independent events. 

2 a PANB) b PB|4) ¢ PA|B) A and B are ot 
=P(A4) +P(B) - P(AU B) P(BN A) P(AN B) '“d;Pe“Bdm as . 

=%ra =%rm P P(A). =2+1-1 P(a) P(B) (A| B) # P(A) 

7 z Z -3 -3 -3 
5 3 

=21 =1 
— 12 — 10 

3 a AsX andY are independent b P(X orY) 

P(X NY) =P(X) x P(Y) =PXUY) 
=05x07 =P(X)+P(¥)—P(XNY) @ 
=035 =0540.7-0.35 

  

  P(both X and Y) = 0.35 =0.85 Ul 0.15 

< P(neither X nor Y) d P(X but not ) 

=015 =0.15 

P(XNY) _035 _, 
¢ PXIV="55 “om 2 (=05)
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& P(at least one solves it) 

= 1 — P(no-one solves it} 

=1—P(A' and B’ and C') 

=1-8x} x4 {each student’s ability to solve the problem is independent} 

=1-% 
15 

n 
15 

5 a P(at least one 6) b P(at least one 6 in n throws) 

=1 —P(no 6s) =1-(&)"™ 

=1—P(6' and 6’ and 6) Sowe want 1—(3)" > 0.99 
=1-8x8x$ 
SI-gxEx3 o =) >-001 
= 125 

T me S B <ol 
— 8L &< 

18 o nlog(g) < log (0.01) 

log {0.01) 5 
————=— {as log($) <0} 
log(3) ¢ 

n > 25.2585 

n=20 

& Aand B are independent, so P(AN B) =P(A4) P(B) ... (1) 

Now P(A'nB’) 

=1-P(AUB) 
=1-[P(A)+P(B) —P(ANB)] 

  

=1-P(4)—P(B) +P(AN B) v 
=1-P(4) —P(B) + P(4) P(B) {using ()} “ne 
=[1-P(4)] (1 —¥(B)] 
=P(A") P(B') . A'and B' are also independent. 

7 ; 7 o PA)=035 
and P(ANB)=P(A)x P(B) {Aand B are independent} 

@ 5. 01=05xP(B) 
- PB) =02 

v Now P(AUB') =P(4) +P(B’) — P(AN B') 
=05+0.8-04 

=0.9 

s a 1 pc|0)=2E0D) o xcnp)=rC|D)PD) 
P(D) 

Similally, P(CND')=P(C | D') P(D') 

Now P(CND)+P(CNDY=PC) 

P(C | D) (D) + P(C | D') P(D') = P(C) 

SPD)+E-PD)=F 

SPD)+E-2PD) =% 

HHD) =1 
P(Dy=% or &
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I HCND)=PC|D)PD)=FxB=F 

Now P(C'UD')=1-P(CND) 

=1-F= 

b P(C|D)=% and P(C)=% 
C and D are not independent as  P{C | D) # P(C) 

or 
P(CND)=3 aud P(C)P(D)= g x =1l 

C and D are not independent as  P(C N D) # P(C) P(D) 

REVIEW SET 22A 

1 ABCD, ABDC, ACBD, ACDB, ADBC, ADCB, BACD, BADC, BCAD, BCDA, BDAC, BDCA, 
CABD, CADB, CBAD, CBDA, CDAB, CDBA, DABC, DACB, DBAC, DBCA, DCAB, DCBA 

a There are 24 possible orderings. b P(exactly one person between A and C) 

  

P(A is next to C) =2 {8 have one person between A and C} 
=12 {12 have A nextto C} =1 

—1 
=3 

2 a PA)=1-P4) b m can be any value between 0 and 1 inclusive. 

=1-m S 0gmgl 

< 1 P(A exactly once) n P(A at least once) 

=P(AA) +P(A'A) =1-P(A'A) 
=m(l-m)+(1-m)m =1-(-m)(1-m) 
=2m(l —-m) =1-(1-2m+m? 

=1-1+2m—m? 
=2m—m? 

3 a Consonants are B, C and D € P(T or vowel) 

P(H and a consonant) =P(Tor A) 

=$ {those witha x } =P(T) +P(A) — P(T and A) 

b R(TandC) =$+3-% 

  

2 
8 =1 ({those witha v'} 

& P(M) =3, P(W)=13, where M is the event “the man is alive in 25 years”, and 
W is the event “the woman is alive in 25 years”. 

a P(M and W) b P(at least one) < P(M’ and W) 

=§x§ =P(M or W) =(1—§)><§ 

{assuming independence} =P(M) +P(W) — P(M and W) =2x2 
1 —242_2 578 =3 T3 % _4 

5 =13 
It 

5 a P(XNY)=0 {X and Y are mutually exclusive events} 

b P(XUY)=P(X)+P(Y)-P(XNY) 
- 0.8=P(X)+0.35—0 

-, P(X)=0.45 

¢ P(X or Y butnot both) = P(X or Y) {X and ¥ mutually exclusive} 

=P(XUY) 
=08
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& a Two cvents arc independent if the occurrence of cither event does not affect the probability that the 

other occurs.  For A and B independent, P(A) X P(B) = P(A and B). 

& Two events A and B are mutually exclusive if they have no common outcomes. 

P(Aand B) =0 andso P(Aor B) =P(A4) + P(B). 

      

  

  

7 a b die2 
6 6 
5 5 
4 4 
3 3 
2 2 
1 1 

123456 123456 

P(sum of 7 or 11) P(sum of at least 8) 

=35 =1 
=36 =36 
=2 =3 
=3 =1 

8 a+bt+c=37 224+¢=237 and a+25=37 

a+b=22 c¢=15 and a=12 

b+c=25  Hence, b=22—a=10 

a P(E and L) b P(at least one) E L 

—10 — 12410415 
w =" 5 ( 

=1 a0 

10 0_2 v 2 ¢ ME|D=g'5=238=% 

9 Let L; be the event that the salesman leaves his sunglasses in store <. 

P(L1 | Ly or L) = 
P(L1 0 (Ly or L2)) 

store 1 swze 2 P(L; or Lz} 

QY2 
D ____ P 

1 T~y P(Z1L] or L{L2) 

  

1 04 ., N P(Niklas wins) 

0 Y § R % N = (0.4)(0.4) + (0.4)(0.6)(0.4) + (0.6)(0.4)(0.4) 
05~ R =0.352
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2 a P(win first 3 prizes) b P(win at least one of the 3 prizes) 
= P(WWW) = 1 — P(wins none of them) 

. 5 =1-P(W'WW) = x X 2 
500 499 498 =1— 496 x 495 495 x 494 494 

2 0.000000193 500 490 ~ 298 
2 0.0239 

  

3 016 - A a P(A)=P(MNA or FNA) 
=0.48 x 0.16 + 0.52 X 0.35 

A =0.2588 (0.259) 
P(FN A) 035 - A b P(F[A)= 05T < (F | A) A 

065> A/ _ 0.52x0.35 
" T 02588 
0.703 

048 

  

b i PRadW) 
=0.25 x 0.36 
=0.09 

n P(Ror W) 

=P(R) + P(W) — P(R and W) 
=0.25 +0.36 — 0.09 
=052 

or P(RorW)=1-PR'W) 
=1-075x0.64 
=0.52 

€ We have assumed that the two events (rain and wind) are independent. 

025 £ 
£ 

< 
0.75 < 

g 
€ 

5 P(A)=0.1, P(B)=02, P()=03 .. P(group solves it) = P(at least one solves it) 

=1 — P(no-one solves it) 

=1-P(A" and B’ and C’) 
1- (0.9 X 0.8 % 0.7) 

  

& a | PA)=1-P4) i B(B)=07 
=1-0.11 L la 7 

=0.89 A =Y 
14 

aU) = o7 

=20 

b | P(ANB)=P(4) x P(B) I P(A| B) = P(4) 
=0.11x 0.7 =011 
=0.077 

¢ P(AUB)=P(4)+P(B) 
=011+0.7 

=081
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7 a i [ B 

B -] o | e | 
g 90—-20=70 | 110—40="70 | 200 — 60 = 140 

% [m-w-m 
b | P(female non-smoker) = 7% (= 0.35) Il P(male given non-smoker) = £ = 1 

< 1 P(two non-smoking females) n P(one is a smoker and the other is not) 

=g x i =P(SS') + ('S} 
~ _ 60 . 140 . 140 . 60 ~0.121 = 50 x 104 140, 60 

=%t 
= 54 

199 

w2 0.422 

8 a i b | P(CD)=8x1 ¢ _A—D =7X3 

3 \§- D =% 
l P(at least one pet) = 1 — P(C'D’) 

2 =1-4x8& 
T 5 7 o i D o 

} D 35 

REVIEW SET 22C 

1 BBBB, BBBG, BBGB, BGBB, GBBB, BBGG, BGBG, BGGB, P(2B and 2G) 

GBBG, GBGB, GGBB, BGGG, GBGG, GGBG, GGGB, GGGG = & «— 6 have 2B and 2G 
—3 =% 

2 a P(both blue) b P(both same colour) € P(at least one R) 

=P(BB) = P(BB or RR or YY) =1 — P(no reds) 
— 1R 

=&x& =ExE+ixE+ExE —l—PB(RRs) 

=35 =2 =l-gGxXy 
=1-% 

d P(exactly one Y) - s 

=P(YY or Y'Y) =1 

=ExXH+EXG 
— 1 

3 

3 a T v atbt+ec=24 S 183+c¢=24 and a+14=24 

a+b=13 o ¢=11 and a=10 

° bt+ec=14 

Ao b=13-a T, v       
' ’ - () 

     



  

I P(TandV) 

Bl
 

6 | pTTT) 
= 12 0 
=Exuxy 
=1L 

115 
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L} P(at least one) [} PV | T") 

= 1 — P(neither) _u 
= 1 - —1-% o+ 
—u 
— 25 

il P(at least one plays tennis) 

=1 — P(none play tennis) 

< 

  

a There are now 3 red and 5 blue balls remaining. 

P(blue) = § 
P(Ri1 NR2) 

P(R1 | Rz) = PRa) 

3 2 
§X% 
2,63 

Xgtes X3 

i
 

ok
l 

P(works on at least one day) 

=0.95 x 0.95 4+ 0.95 x 0.05 4 0.05 x 0.95 

.9975 

  

Rl 0 1535 [50-2¢=26[35+36=61 

N 0 [ so [ w0 | 

  
  

      

b=235 {35 men prefer coffee} 

a+35=61 {61 people prefer coffee} 
soa=26 

35+e=50 {50 men were surveyed} 

s.oe=15 

26+35+15+d =100 {100 people were surveyed} 

Lod=24
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15424 35 
PG = 26435 

= 39 — 35 

< M = 700 =& 1 

@ =0.39 ~0.574 

24 

    the Venn diagram is: ¢ 1 PCH= 
  

8 a ——mm atb=10 {n(T) = 10} 
b+e=17 {n(M) =17} 

° d=5 {n((TUM)') =5} 

s a+b+e=30-5 {n(U)=30} 
U Soae+17=26 

soe=8 

and 8+b=10 

nob=2 

and 2+¢=17 

. e=15 u 

“ & 

      

  

o | PTNM)= W PUTOM) | M)=2 

s~
 

g 

9 b Of 100000 females born, 98 956 are still alive at age 15. 

Of 100 000 males born, 98 555 are still alive at age 15. 

  

. 98956 + 98 555 
S hing f15) = ———— (reaching the age of 15) 200000 

_ 197511 
"~ 200000 
=0.987555 

~ 0.9876 

¢ | There are 98555 boys alive at age 15, Il There are 98 956 females alive at age 15, 

and 53 942 still alive at 75. and 72 656 alive at age 75. 

. probability = 53942 . P(15 year old girl does not reach 75) 
98555 72656 

73 0.547 = "7 98956 

_ 26300 
98956 

2 0.266 

d A 20 year old of cither gender is expected to live for longer than 30 years, so it is unlikely the 

insurance company will have to pay out the policy.



  

Chapter 23 
DISCRETE RANDOM VARIABLES 

EXERCISE 23A 

1 The quantity of fat in a sausage is a continuous random variable. 

The mark out of 50 for a geography test is a discrete random variable. 

The weight of a seventeen year old student is a continuous random variable. 

The volume of water in a cup of coffee is a continuous random variable. 

The number of trout in a lake is a discrete random variable. 

The number of the hairs on a cat is a discrete random variable. 

The length of hairs on a horse is a continuous random variable. 

T 
W 

= 
0
T
 

The height of a sky-scraper is a continuous random variable. 

1 The random variable X is the height of water in the rain gauge. 

I 0< X <400 mm Ii  The variable is a continuous random variable. 

| The random variable X is the stopping distance. 

1 0K X<50m Ili  The variable is a continuous random variable. 

¢ | The random variable X is the number of times that the switch is turned on or off before it fails. 
il X can be any integer > 1 Il The variable is a discrete random variable. 

3 & Since X is the number of weighing devices that are accurate, X =0, 1,2, 3, or4. 

YYYN YNNY NNNY 
YYNY NYYN NNYN 
YNYY NYNY NYNN 

YYYY NYYY NNYY YNNN NNNN 
(X=4 (X=8 X=2) (X=1) (X=0) 

< 1 If two are accurate then X = 2. 
I If at least two are accurate then 2, 3, or 4 are accurate .. X =2, 3,0r 4. 

&  a If 3 coins are tossed then the number of heads X canbe 0, 1, 2, or 3. 

b Suppose H represents heads, T represents tails. € X=0)=3 PX=1= % 

HHT  TTH —9)=2 —3=1 oo MX=2=% PX=%=1 
HHH THH HTT TTT d 

(x=3) (X=2) (X=1) (X=0) 

  

EXERCISE 23 B [N 

2 3 

1 a S EX=z)=1 b SPEX=2z)=1 
=0 =0 

03+k+05=1 s k+2k+8k+k=1 
k=02 o Tk=1 

=1 
k=3
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2 a 

b 

< 

d 

3 a 

b 

4 a 

b 

< 

5 a 

P(2) =0.1088 (from table) 

Since this is a probability distribution, E P(z;)=1 

@+ 0.3333 4 0.1088 + 0.0084 + 0.0007 + 0.0000 = 1 

o+04512=1 

a=0.5488 

This is the probability that Jason does not hit a home run in a game. 

P(1) + P(2) + P(3) + P(4) + P(5) = 0.3333 + 0.1088 + 0.0084 + 0.0007 + 0.0000 

=0.4512 

This represents the probability that Jason hits at least one home run in a game. 

  

Sum of probabilities ) P(z;) =0.2+03+04+02=1.1 

Since this sum # 1, this is not a valid probability distribution. 

P(5)=—0.2, so notall of the probabilities licin 0 < P(z;) < 1. 

this is not a valid probability distribution. 

The random variable represents the number of hits that Sally has in each game. 

X=0,12234,0r5. 

5 

0.07+0.14+k+046+0.08+002=1 {sincc 3 P(X =z)=1} 
k+077=1 =0 

k=023 

1 PX322) 
=P(X=20 X=3 o0or X=4 or X=5) 

P(2) + P(3) + P(4) + P(5) 
.23 + 0.46 +0.08 + 0.02 

0.79 

  

When rolling a die twice, the sample space is: 

(6062666 
S [Eh]EaTe 16 o] 

4,5)|(46) 
3 (3,5) 
2 5[0 
1, 1)](L2)|(1,3)|(L4|Q,5)[(16) 

1 2 3 4 5 6 
roll 2 

     

  

      

    

  

    
roll 1    
    

    

      

probability 

g
 

gl
 
S
 

o 

12 3 45 6 7 8 9 1011 12 sum 

P(1< X<3) 
= P(1) + P(2) + P(3) 
=0.14+0.23 + 0.46 
=0.83 

PO)=0 PQ1) = 

P@)=% P@)= 

P =% P(5)= 

PE)=% P(hy= 

P@)=% PO= 
P(l0)=3% P()= 

P12 =% 

0 

3 

3 

I 
Sl
 

8l
o 

Sl
e 

gl
 

3 gl
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6 a P()=kz+2), t=123 

P(1) =3k, P(2)=4k P(3)= 

Since this is a probability distribution, 

  

499 

3k+4k+5k=1 

12k=1 

=1 
k=15 

  

k ! k ok Kk 
b P(z)=m+1, 2=0,1,23 Since ). P(z:)=1, k+§+§+z=1 

PO)=k PO =X, I2k+6k+dk+3k 
. z 12 

25k P@)==, P(B)=- =2 
=3 PO=7 =t 

k=g 

7 a2 Px=2)=k(})"(3)*" ==01,234 

PX =0)=k(}3)°(3)" = Lk cotomsk  B(X=1)= '@’ = 8k ~ 0.0088k 
3 3 81 3 3 81 

2 902 _ 4k 3 g\t 2k Px=2=k(3) (3)°= 31 00494k PX =3)=k(}) (3) = g7 ~ 002476 

=k} (2\° = i ~ PX =4 =k(})" (3)" = g = 001286 

b Since Y P(X =i)=1, P(X > 2) = P(2) + P(3) + P(4) 

16k 8 4k 2% Kk _, & 2’“ k 
81 81 81 ' 81 81 81 

31k 7k 7 81 
== =—=— X 
81 81 81 31 
k= g— =& (~0220) 

k26 

8 a P(no faulty component) b P(at least one faulty component) 

=PX=0) =PX>1) 

= (‘n") (0.04)°(0.96)10—° =1- P(none‘ :re fanity) 

= (0.06)° 53;3(50'96) 
1 0.665 = 

9 a 1s¢ selection 2nd selection Event X  Probability 

4B BB 2 Sxi=% 
T 8 7 

B 

<5/ T w1 g 
B GB 1 2x¢& 

i~ G < T 877 

i~e GG 0 Exi z 
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b Ist 2nd 3nd Event X  Probability 
‘/B<§—'B BBB 3 gx%x§i=2 

B<: E‘G BBG 2 §x#xi=41 

%/ 7\G<::2 BGB 2 fxixi=1 

<g ;"B BGG 1 gxgx§ % 
,,\G .5_,/]3<§~‘G GBB 2 £xExi=21 

< .. 086 1 dxixi=g 
1\G<§‘G GGB 1 $x2ZxE=5% 

GGG 0 Ixixi=% 

0dP(X=2) 

        

10 a Die 2 ¢ 
1 2 3 4 5 6 

i[2 3 4 5 6 7 

Die 1 g . g 2‘ g ; g d PD>s|D3e=tD280D>6) 
4|5 6 7 8 9 10 P(D > 6) 
5|6 7 8 9 10 11 PD>8 6/7 8 9 1011 12 =é3§% 

> 
36 possible results _ 15 . 26 

=13 T3 
b PD=T)=F =1 s 

=2 

1 a Die 2 € P(N:s):%:% 

3 4 
2 3 d P(N23[N>z1) 
12 

Die 1 0 1 _PEN>30N>1) 
10 P(N>1) 

i _ENZ3) 
TRW2 
= . 30 

b =5%T% 

o 
g 

  

EXERCISE 23 I 

1 P(rain) =0.28 .. we would expect rain on 0.28 x 365.25 2 102 days a year. 

2 a PHHH)=4xix} b For 200 tosses, we expect 200 X & =25 to be ‘3 heads’. 

Ol
 

po
lm

 

3 P(double) =P(1,1 or 2,2 or 3,3 or 4,4 or 5,5 or 6,6) 

& {6 of the possible 36 outcomes} 
1 
& 

when rolling the dice 180 times, we expect 180 x % = 30 doubles.
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For playing once, 

we would expect to win  § X $2+ § x (—$1) = $0.50 

for 3 games we would expect to win $1.50. 

  

5 Udo could expect to see snow falling on % X B x 7 =15 days. 

& The goalkeeper would expect to save % % 90 = 27 goals. 

7 a 1654+87+48=2300 1 PA) I P(B) W PC) 

~ 188 =055 ~ £ =029 ~ 4 =016 

b 1 We expect 7500 x 0.55 = 4125 to vote for A. 

il We expect 7500 x 0.29 = 2175 to vote for B. 

Ml We expect 7500 x 0.16 = 1200 to vote for C. 

8 a | P(wins $10) n P(wins $4) n P(wins $1) 

= P(rolls a 6) =P(rolls 4 or 5) =P(rolls 1, 2, or 3) 

=1 =% (ord) =3 (@ 

b 1 Expectation n Expectation in Expectation 

=2x%4 =2xs1 =1x$10+2x84+2 x$1 

=~ $1.33 = 30.50 = $($21) = $3.50 

€ It costs $4 to play and the expected return is $3.50. 

you expect to lose $0.50 per game. (50 cents) 

d  Over 100 games you expect to lose 100 x $0.50 = $50. 

9 a Expecttowin 3 X€l+3x€+2x€+§x€+5xE+3xE6 

=1 x €21 =€3.50 
b The expected gain is €3.50 — €4 = —€0.50 

the player should not play several games, as on each occasion he would expect to lose an average 

of €0.50. 

1 The game is fair when the expected gain is 0. il k>350 

350—k=0, so k=350, 

a Expectation= } x £10+ 2 x £3+ 4 x (—£5) = £2.75 

b Expected win per game (payout) = £2.75 

the organiser would charge £2.75 + £1.00 = £3.75 

to play each game. 

    

a 054+026+0.15+%k+0.01+001=1 

kE+097=1 

k=003 

b p= Eiflipi 

=0x054+1x026+2x0.15+3x0.03+4x0.01+5x0.01 

= 0.26 +0.30 + 0.09 + 0.04 + 0.05 

=0.74 So, over a long period the mean number of deaths per dozen crayfish is 0.74.
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24z 
12 P(X=2)= fc =12, ( z) % for 3 

B=Y TP 
=1x01+2x03+3x06 

=25 

13 Die 2 

1 2 3 4 5 6 
1|1 2 3 4 5 6 
2|12 2 3 4 5 8 

Die 1 3|3 3 3 4 5 6 

e s —1() +ad) +a()+ 
515 5 5 5 5 6 — L 6 4,15 28, 45 66 
6|6 6 6 6 6 6 =% tataetaetaetse 

161 o =5y m447 

14 a Die 2 

1 2 3 4 5 
1|2 3 4 5 6 
213 4 5 6 7 

Dicl 3[4 5 6 7 8 9 

415 6 7 8 9 10 
516 7 8 9 10 11 
6|7 8 9 10 11 12 

36 possible results 

b The expected gain is ¢ The game is fair when the expected gain is 0. 

a o 3(36-Ta)=0 (&+%) (-2)+3m+iED-a 370 =0 
=_%+§+%1_a o a=5 

:_7_6"+3_::§(35—7a) dollars, as roquired. 

d If =4, expected gain = § (35 — 7(4)) e If a=6, expected gain= £ (35— 7(6)) 

= Z dollars =~ dollars 
So, the people playing would expect to win Expectation from 2406 games is —% X 2406 

about $1.17 per game, which means the = —2807 

organisets expect to lose $1.17 per game. .. the organisers would expect to gain $2807. 

EXERCISE 230D .1 | 

  

1 a2 (p+of b P(3 heads) = 4p°q 

=p* +4°0 +60°¢" + 4p® +¢* {ss p=q=1} 

2 a (p+)° =1° +5p'q+10p%7 + 10p°¢° + Bpe* + ¢° 
b | P(4H and 1T) i P(2H and 3T) i P(HHHHT) 

~ ~ - (1) x4 
=5)' @) =10 () - 

10 
5 = = 
33 32 

=& 
16
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e G =@ @G e @B D B+ () 
b P(S)=32 P(§)=3 S represents an almond centre 

  

1 P(all S) I P(two of each) i P(at least 2 strawberry creams) 

- (§)4 [ (§)2 (§)2 = P(:ll‘s or 33, ;s’lor 28, 25’)2 e 

=1 =% =@+ D) +s(3)°(3) 
-+ gl 
= 

81 

=8 
9 

o2 G =@ D ) 0@ E 0 E @ R D+ @)° 
b P(‘nomal’ kiwi) = 3, P(‘flat back’) = % 

1 P(2 “flat backs”) i P(at least 3 ‘flat backs) 

= P(3F', 2F) =P(2F, 3F or 1F,4F or 5F) 

=10x(3)°(3) =1003)" @) +5 (@) @)+ @) 
=3 =$%  on simplifying 

Hl P(at most 3 ‘normal” kiwis) = 1 — P(4 or 5 normal kiwis) 

=1—P(4F, IF or 5F') 
4 5 —1-(5(®' W)+ ®") 

— AT 
= 128 

5 Let X be the number of Huy’s hits. 

a Using the binomial expansion, b P(X >2) 

P(X=2)=6(4)"(})* ~ 0154 =1-P(X<1) 

~1- () @)+ 3)) 
~0.973 

EXERCISE 23D.2 | 

1  a The binomial distribution applies, as tossing a coin has two possible outcomes (a head or a tail) and 

each toss is independent of every other toss. 

b The binomial distribution applies, as this is equivalent to tossing one coin 100 times. 

¢ The binomial distribution applies as we can draw out a red or a blue marble with the same chances 
each time. 

d  The binomial distribution does not apply as the result of each draw is dependent upon the results of 

previous draws. 

¢ The binomial distribution does not apply, assuming that ten bolts are drawn without replacement, as 

we do not have a repetition of independent trials. 

2 Let X be the number of defective light bulbs. 

a P(X =2)~0.0305 {using technology} b P(X >1)~0.265 

3 If X is the number of questions Raj answers P(Raj passes) = P(X > 7) 
correctly, then X is binomial. There are 2 0.000864 {or about § in 10000} 
n =10 independent trials with probability 
p=1% of acormect answer for each.
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4 X is the random variable for the number working night-shift. 

X=0,1234567 and X~ B(7,0.35). 

a P(X=3) b P(X<4) ¢ P(at least 4 work night-shift) 
= (;)(0.35)3(0.65)4 =P(X <3) =P(X >4) 

2 0.268 =2 0.800 = 0.200 

5 X is the number of faulty items. 

  X=0,1,23,..,12 and X ~ B(12, 0.06). 

a P(X =0) = ({)(0.06)°(0.94)'? b P(at most one is faulty) = P(X < 1) 

~0.476 ~ 0840 

¢ P(at least two are faulty) = P(X > 2) d  P(less than four are faulty) = P(X < 4) 

~0.160 =P(X £3) 
~0.996 

& X is the random variable for the number of apples with a blemish. 

X=0123,..,25 and X ~ B(25, 0.05). 

a PX=2) b PX>1) ¢ E(X)=np 
= (225) (0.05)2(0.95)% ~0.723 =25 x0.05 

= 1.25 apples 
72 0.231 

7 X is the random variable for the number of times in a week that the bus is on time. 

Since it is late 2 in every 5 days, and on time 3 in every 5 days, 

X=01,234560r7 and X ~ B(7,0.6). 

a P(X =7)=(7)(0.6)7(0.4)° b P(on time only on Monday) = 0.6 x (0.4)° 
 0.0280 ~ 0.00246 

¢ P(X =6) = ({)(0.6)°(0.4) d P(X > 4)~0.710 

~0.131 

8 X is the random variable for the number of students with the flu. 
X=0,1,23,..,25 and X ~B(250.3). 

a | P(X>2)~0998 il P(test cancelled) = P(X > 6)  {20% of 25 = 5} 
=~ 0.807 

b Expected absentees from 350 students = 0.3 x 350 

= 105 students 

9 X is the random variable for the number of successful shots from the free throw line. 

X=0,1,23,..20 and X ~ B(20,0.94). 

a | P(X =20) = (3)(0.94)*(0.06)° Il P(X > 18) ~ 0.885 

~0.290 

b E(X)=np=20x094 
= 18.8 successful throws 

10 P(M wins a game against J) =2 . P(Mwins) =3  P(Jwins) = } 

P(J wins a set 6 games to 4) = P(J wins 5 of the first 9 games and J wins the 10th game) 

this is binomial with n =9 trials of probability p = % 

~0.1024 % § 
~0.0341
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11 If there are n dice thrown, P(no sixes) = (%)" 

P(at least 1 six) = 1 — (%)" 

  

  

need to find the smallest integer » such that 1 — (%) >05 

®" <os 
nlog (%) < log (0.5) 

log (0.5) 5 
log (2) <O w(p) <0 

n>3.80 

at least 4 dice are needed. 

12 If a fair coin is tossed 200 times, then n =200 and p = %, 

a P90 < X <110) b P(95< X < 105) 
~0.863 =P(96 < X < 104) 

0475 

13 n=38 p=0.75 
P(24 < X < 31) ~ 0.837 

EXERCISE 23D.3 

1 a | pu=np a=+/np(l-p) 

=6x05 =Ex05x08 
=3 ~1.22 

il 0 1 2 3 4 5 6 

i 0.0156 | 0.0938 | 0.2344 | 0.3125 | 0.2344 | 0.0938 | 0.0156 

probability 
03 

02 

01 

o 1 2 3 4 5 6 =& 

{il The distribution is bell-shaped. 

b | u=np o =+/np(l —p) 
=6x02 =v6x02x08 
=12 ~ 0.980 
  

  

Probability 
04 

03 

0.2 

01 

0 1 2 3 4 5 6 T 

Hl The distribution is positively skewed.
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¢ | p=np o =+/np(l —p) 
=6x08 =v6x08x02 
=48 ~ 0.980 

  

  

      
0 1 2 3 4 5 6 z 

lii The distribution is negatively skewed, and is the exact reflection of the distribution in b. 

2 n=10, p=%, mean u=np and  varance o2 =np(l—p) 
=10x % =10x3ix1 

=5 =25 

3 a n=30 p=004 b n=30, p=096 

n=mnp p=mnp 
=30 x 0.04 =30 x 0.96 

=12 =288 

o =+/np(1—p) o =+/np(1—p) 
= /30 x 0.04 x 0.96 =+/30 x 0.96 x 0.04 

~1.07 =~ 1.07 

4 n=30, p=013 

.omean p=np and  standard deviation o = /np(1 —p) 

=30x0.13 =30 % 0.13 x 0.87 
=39 ~1.84 

REVIEW SET 23A 

a 

a2 41 
  1 a P(X=z)= for =0,1,2,3 

  

Now at2484 %01 fas MP(X=0)=1} 
275 10 — 

10a + 5a +2a +a =10 

182 =10 
a=% 

b PX>1)=P(X=12 or 3) o PX21)=1-PX<1) 
=P(X =1)+P(X =2) +P(X = 3) =1-P(X=0) 

= & —EiE =i-3 

- =4 
3 3 
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2 Let X be the number of defective toothbrushes. 

  

  

  

X ~ B(120, 0.04) p=np 
=120 x 0.04 

= 4.8 defectives 

3 4 

— k 

a If this is a probability distribution then Y P(z;) =1 b P(X>3) 

0.1+03+045+0.1+k=1 =P(X =3)+P(X =4) 
095+k=1 =0.10 4+ 0.05 

k=0.05 =0.15 

€ E(X) =3 wip 
= 0(0.1) + 1(0.3) + 2(0.45) + 3(0.1) + 4(0.05) 
=0+0.3+09403+02 

=17 

e ) = O B O @) 

  

    
   

       

      

4B 3B 2B 1B 4B/ 
1B’ 2B/ 3B’ 

b 1 P(2 Blue inks) it P(at most 2 Blue inks) 

= P(2B and 2B) =P(2B and 2B’ or 1B and 3B’ or 4B') 
= 2 (2)2 _ 2 2 3 4 
e ONG) =s(3) (3 B G) +B) 
_6x9x4 _6X9x4+4x3x8+16 

5¢ - 625 
21 

% = 625 

5 a 1tdraw 2™ draw Event X  Probability 

<§/ G 66 2 Ex 5 ‘ 
G 

<§/ i~y GY 1 Ex2=3 

23— 
N, o Y6 1 Exi=g 

Y 
T~y YY 0 Eixi=% 

b BX)=0x&H+ixi+exFF=¢ (=1} 

6 a Expectation 

=IxE2+LxE4+LxL6+Lx£8+1x L1041 x £12 
=1x4£42 
=£7 

b Expected gainis £7 — £8 = —£1. 

advise Lakshmi against playing several games, as £1 is expected 

to be lost per game in the long run. 

7 a
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b 

and o =np(l—p) 

=7x3x3% 

— 14 ~ =1 (~156) 

8 a Pentagonal  Square b P(exactly one red) = P(RR') + P(R'R) 
spinner spinner —3yx3.2 

1. =Exi+ixi 
R —8 41 3 — =311 

3 R 
i =1 
1 20 

% Rli/-k 

TTw i 

¢ I n=10 p=4 I (11°)=(‘9°)=10 so we need only consider the 

1 9 uyl(e\® 1y (83! PX =1)= () (1) (&) parts (33) SE) 9“’“‘ @)’ &) 
oy _ {10y {11Y% (8 \! Now, 11x9°<11° x9, and the denominators 

X =9)=(3) () (%) are the same in each case. 
it is more likely that exactly one red will occur 

9 times. 

for 2=0,1,2,3 

(a2 1yt 9k 
PERy=k(2)"(}) =g 

_a(8y\3f1y0 _ 27k 
PE)=k(3)" (4 =% 

3k 9%k 27k Now —4om 28 2% P(z) =1 o e tatalT® {as Y P(zi)=1} 

40k = 
6: 

k=% (=16) 

b PX>1)=1-PX=0) € B(X)=Y wip: 

1k =O0X 48+ 1308 o5 806 4 3 26 

6 =255 
—1-1% 

64 

=0.975 

2 X is the number of defectives. Then X ~ B(10,0.18). X =0,1,2,3, ..., 10. 

a PX=1) b P(X =2) P P(X > 2) 

= (Y)0.18) 082 = (¥)(0.18)%(0.82)° 0,561 

~0.302 ~0.298 

3 Expected number of major knee surgeries = np 

= 487 x 0.0132 

~6.43
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& If X is the number of X-rays which show the fracture, then X =0, 1,2, 3,4 and X ~ B(4, 0.96). 

& PX=9 b  PX=0) 

= (D (096)(0.00)° = (£)(0.96)°(0.00)* 

~0.849 ~2.56 x 108 

¢ P(X > 3) d P(X=1) 

~0.591 = (8)(096)!0.047 
22 0.000 246 

5 X is the number of visitors who make a voluntary donation upon entry. 

Then X =0,1,2,3,..,175 and X ~ B(175, 0.24). 

a E(X)=np b P(X < 40) =P(X < 39) 
=175x0.24 ~0.334 
=42 

6 X is the number of players who turn up to a game. 

Then X =0,1,2,3,..,8 and X ~ B(8, 0.75). 

a | P(X =8)=(§)(0.75)%(0.25)° Il P(team has to forfeit) = P(X < 4) 

~ 0.100 =~ 0.114 

  

b Expected number of games forfeited in 30 = np 

30 % 0.1138 {from ail} 
~3.41 

7 a Ifthe meanis 30 then np=30 .. (1) 

If the variance is 22.5 then np(l —p) =225 ... (2) 

Substituting (1) into (2), we get  30(1 — p) = 22.5 

. p=025 
andso 7= X 0.25=30 

. n=120 

So, n=120 and p=025 (or ). 

® I P(X = 25) n P(X > 25) n P(15< X < 25) 
# 0.0501 ~0.878 ~0.172 

REVIEW SET 23¢ 

      

1 a YPX=z)=1 b S P@)=1 

E kL F _, o E o2+ mros=1 
2x1" 2x2 2x3 2 2 

ok k P4 k41=2 
ztzte=? oo 2P4+k—1=0 

. 6k+3k+2k=12 S (@k=Dk+1) =0 
sok=-1,1 

11k =12 
If k=—1, then P(0)= 3 <0, so P(z) would 

not be a valid probability distribution function. 

k=1 
2 
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I IO RO P =2= () (4)* (4) =091 
P=0= (5 (1)°(3) =005 POr=9)= () (1)° (1) =028 
Px=n=()(#) @) =03 pr=s=() (3 () =00 

  

b p=YoP(X =) 

  

E+3)’ =@ +s( (G +10()° @) + 10’ G+ B+ @) 
& Let X = the number of goals scored 

I P(3 goals then 2 misses) i P(3 goals and 2 misses) 

=P(GGGG'G) =P(X=3) 
= (0.8)% .2)2 3 1\2 = QX0 —0(1)’ () 

e ~0.205 

& X ~ B(1200, 0.4) 

So, mean of X = np and  standard deviation of X = {/np(1 —p) 

=1200x 0.4 = /1200 X 0.4 X 0.6 
- =480 . eN170 

5 X is the number of trees that survive the first year. 

X=012345 and X ~ B, 0.4) 

a p(x =1) = (§)(0.4)*(0.6)* b P(X <1)~0.337 € P(X > 1)~0.922 

0.259 

& a 1 In the numbers 1 to 20, there are 10 even numbers. 

However, ‘4’ and ‘16’ are square numbers, so 8 of the numbers in the bag win $3. 

P(player wins $3) = £ = 2 

il 1, 4,9, and 16 are the only square numbers in the bag. 

But ‘4’ and ‘16 are even, so 2 of the numbers in the bag win $6. 

P(player wins $6) = & = & 

Hli 2 numbers are both even and square (4 and 16). 

P(player wins $9) = :_0 = 1_10 

b Expected winnings = £ x $3 + 3 x $6 + {5 x $9 

=$2.70 

for the game to be fair, players should be charged $2.70 per game. 

7 Suppose X is the event that a 6 is rolled. 

n=2360, p=3% 

a P(X < 50) =P(X < 49) b P(55 < X < 65) ~ 0.563 
~ 0.0660



  

Chapter 24 
THE NORMAL DISTRIBUTION 

EXERCISE 24 A 1N 

1   

  

  

  

  
    

  

          
  

  

    
169 174 179 184 189 194 199 

‘We need the percentage greater than 189 cm, 

Thisis  13.59% + 2.15% + 0.13% 

~ 15.9% 

  

169 174 179 184 189 194 199 

‘We need the percentage between 174 cm and 

199 cm. 
Thisis  13.59% + 34.13% + 34.13% 

+ 13.59% + 2.15% 
~ 97.6% 

  

30 36 42 48 54 60 66 

2 a b The mean volume (or diameter) 
is likely to occur most often 

with variations around the mean 
occurring symmetrically as a 

result of random variations in the 
production process. 

a P(value between p— o and p+ o) 

~ 34.13% + 34.13% 

= 0.683 

b P(value between p and p + 20) 
~2 34.13% + 13.5% 

=~ 0.477 

34.13% 

  

169 174 179 184 189 194 199 

We need the percentage greater than 179 cm, 

Thisis  34.13% + 34.13% + 13.59% 

+2.15% +0.13% 

~84.1% 

     
0.13% 

169 174 179 184 189 194 199 

We need the percentage greater than 199 cm. 

This is 0.13%. 

The chance of there being less than 42 mm of 

rain during August is 

0.13% + 2.15% + 13.59% = 15.87% 

and 15.87% of 20 = 3.174 

So, over a 20 year period, there would be less 

than 42 mm of rain during August three times.
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6 a 2.15% + 0.13% = 2.28% of 
i competitors took over 11 minutes, 

2.15% and  2.28% of 200 = 4.56 
0.13% So, 5 competitors took longer than 

      

      

1 i : : - z 11 minutes. 
9m45s 10m15s  10m45s  11m15s 

10m00s  10m30s  1lmO0s 

b 0.13% + 2.15% + 13.59% = 15.87% 
of competitors took less than 10 minutes 

13.59% 
15 seconds, 

0.13% and 15.87% of 200 = 31.74 

. z So, 32 competitors took less than 

9m45s  10m15s 10m45s  1lm15s 10 minutes 15 seconds. 
10m 00s 10m 30s 11m 00s 

< 34.13% 34.13% 34.13% + 34.13% = 68.26% of    competitors took between 10 minutes 

15 seconds and 10 minutes 45 seconds, 

and 68.26% of 200 = 136.52 
4‘ L So, 137 competitors took between 

9m45s  10m15s  10m45s  1lm15s 10 minutes 15 seconds and 10 minutes 
10m00s  10m30s  11m00s 45 seconds. 

0.13% + 2.15% + 13.59% + 34.13% 
+ 34.13% = 84,13% of babies born 
weighed less than 3.2 kg, and 

84.13% of 545 = 458.5085 
So, 459 babies born weighed less than 

24 26 28 30kg 32 34 36 3.2kg. 

34.13%+34.13%+13.59% = 81.85% 
of babies born weighed between 2.8 kg 

and 3.4 kg, and 

81.85% of 545 = 446.0825 
So, 446 babies bom weighed between 

24 26 28 30kg 32 34 36 2.8 kg and 3.4 kg. 

  

8 a P(value is within 2 standard deviations 

of the mean) 

=P(28< X < 3.2) 
~ 13.59% + 34.13% + 34.13% + 13.59% 

2 0.954 

b The value 1 standard deviation below the mean 
is X=3-01=29 

  

27 28 29 380 31 32 33
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0.13%  2.15% 215% 0.13% 

p-3c p-2% w—¢ p  pio  ptde  ptdc 

84% of the crop weigh more than 152 g .. p—o =152 

16% of the crop weigh more than 200 g ... p+o =200 ... (1) 

Adding: 2u =352, andso p=176g 
Substifuting 4= 176 into (1) gives 0 =200— =24 g. 

b For u=176g and o =24g, 152g=p—o0, and 224g=p+ 2. 
between 152 g and 224 g, the percentage is  34.13% + 34.13% + 13.59% =~ 81.9% 

  

         
     

  

         

  

10 

£ 34.13% | 84.13% ) 

0.13% 215% 2.15% 0.13% 

- 1 i - z 
146 154 162 170 178 186 194 

a | P(162< X < 170) ~34.1% I P(170 < X < 186) ~ 34.13% + 13.59% 
= 47.7% 

b 1 P(178 < X < 186) il P(X < 162) n P(X < 154) 

~ 13.59% ~1—(0.5+0.3413) ~ 0.0215 4 0.0013 

~0.136 ~ 0.159 = 0.0228 

] P(X > 162) 
~1—0.159 {using b} 

~0.841 

¢ 16% of students are taller than 178 cm  {13.59% + 2.15% + 0.13% =~ 16%} 

k=178 

1" 

(34.13% | 34.13% ) 
0.13% 2.15% 2.15% 0.13% 

L L L L L z 
u—3c p-2 p-o R pto  ptle  pide 

a 97.72% of 13 year old boys are taller than 131 cm .. g — 20 = 131 

2.28% of 13 year old boys are taller than 179 em . p+20 =179 .. (1) 

Adding: 2u =310, andso u=155cm 

179—p _ 24 Substituting 4 = 155 cm into (1) gives o =   3 _?=120m 

b For p=155¢cm and o =12cm, 143cm = —o, and 191 cm = p+ 30 

.. between 143 cm and 191 cm, the percentage is 34.13% 4 34.13%+ 13.59% +2.15% = 84.0% 

So the probability is 0.84.
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12 Without fertiliser With fertiliser 
34.13% 34.13% . 

13.59% 

2.15% 
0.13% 0.13% 

    

      

   
    

10 20 30 40 50 60 7 20 60 100 140 180 220 260 

a P(without and < 50) b P(with and < 60) 

~ 50% + 34.13% ~ 0.13% + 2.15% 

2 84.1% ~ 2.28% 

< 1 P(with and 20 < X < 60) n P(without and 20 < X < 60) 

~2.15% 5 2(34.13% + 13.50%) 
~ 95.4% 

d | P(withand X 3 60) I P(withoutand X 3 60) 
~ 13.59% + 34.13% + 50% = 2.15% + 0.13% 
~97.7% ~ 2.28% 

13 a  P(X < 18000) 
34.13% . ~1-0.5-0.3413 

a2 0.1587 

we expect that less than 18 000 bottles 
are filled on 260 x 0.1587 ~s 41 days. 

0.13% 

      
16000 20000 24000 

  

            

14000 18000 22000 26000 

b P(X > 16000) < P(18000 < X < 24000) 

=~ 0.1359 + 0.3413 + 0.5 ~0.3413 x 2+ 0.1359 

= 0.9772 ~0.8185 

we expect that over 16 000 bottles are .. we expect that between 18000 and 24 000 

filled on 260 x 0.9772 ~ 254 days. bottles are filled on 260 x 0.8185 
22 213 days. 

EXERCISE 24B 

1 a b < 

A z ’A. z ’A~ z 
70 74 687072 65 70 

P70 < X < T4) = 0.341 P(68 < X < 72) ~ 0.383 P(X < 65) ~ 0.106 

2 a b < 

z i z = x 
60 65 60t 67 60 64 

62 

P(60 < X < 65) ~ 0.341 P(62 < X < 67) ~ 0.264 P(X > 64) ~0.212
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d e ! 

z z z 
60 68 [ 61 575 62.5 

P(X < 68) = 0.945 P(X < 61) = 0.579 P(57.5 < X < 62.5) ~ 0.383 

3 If X is the length of a bolt in cm, then X is normally distributed with 1 =198 and o =0.3. 

P(19.7 < X < 20) ~ 0.378 

4 If X is the money collected in dollars, then X is normally distributed with 1 =40 and ¢ =86. 

a P(30.00 < X < 50.00) ~ 0.904 b P(X > 50) ~ 0.0478 
~ 90.4% ~ 4.78% 

5 If X is the length of an eel in cm, then X is normally distributed with =41 and o =+/1L 

a P(X > 50) ~ 0.00333 b P(40< X < 50) = 0.615 
~ 61.5% 

€ P(X > 45)~0.114 
So, we would expect 200 x 0.114 =2 23 eels to be at least 45 cm long. 

6 If X is the speed of a car in kmh—? then X is normally distributed with 1 =156.3 and o =74. 

a P(B0< X <75)~0303 b P(X<70)~0.968 ¢ P(X > 60) =~ 0.309 

7 If X is the weight of an apple in grams, then X is normally distributed with 2 =173 and o =34. 

a P(X < 130) = 0.102988 39 
2 0.103 

So, 10.3% of the apples from this crop were too 
small to sell. 

et z 
130 173 

b The chance of one apple being too small to sell is 0.10298839. 

the distribution is B(100, 0.102988 39) 

P(X < 10) ~ 0.544 
So, the probability that up to 10 apples were too small to sell is 0.544. 

8 If X is the drop in blood pressure (in units) then X is 

normally distributed with ¢ =59 and oc=19 

a P(X >4)~ 084134474 
So, 84.1% of people show a drop of more than 
4 units., 

4 59 

b The chance of one person showing a drop of more than 4 units is 0.84134474. 

the distribution is B(8, 0.841 34474) 

. P(X>5)=P(X>6) 
~0.880 

So, the probability that more than 5 people show a drop of more than 4 wnits is 0.880.
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EXERCISE < :C. 

48 -40 

4.4 

~1.82 

84-55 

18 

2 1.61 

84 —50 

15 

~ 227 

b Mandarin, Maths, English, Geography, Biology 

1 a For English, z-score =   

For Geography, z-score =   

For Maths, z-score =   

  

  

  

. 73— 78 
2 a For Physics, Z = 08 a3 —0.463 

76— 74 
For Maths, Z = o1~ 0.198 

For Biology, 2 = 585_262 2 —0.769 

& German, Chemistry, Maths, Physics, Biology 

-3 -2 -1 ¢ 1 2 3 

. P(—1 < Z <1) = 34.13% + 34.13% 
7 0.683 

34.13% 

_ 
-3 -2 -1 0 1 2 3 

n P(-1<Z <0)~3413% 
= 0.341 

  

  

  

  

For Mandarin, z-score = 8160 

= 2.33 

68 — 50 
For Biology, z- = or Biology, z-score o 

=09 

77-72 
For Chemistry, Z = ~2 0.431 ‘or Chemistry, 16 

For German, Z = 919_686 0,521 

  

-3 -2 -1 0 1 2 3 

P(-1<Z<3) 
~ 34.18% + 34.13% + 18.59% + 2.15% 
~0.84 

d 34.13% 
13.50% 34.13% 
    

-3 -2 -1 0 1 2 3 

s PZ<2) 
~ 0.18% + 2.15% + 13.59% + 34.13% 

+34.13% + 13.59% 
~ 97.72% 
~0.977
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¢ 1 

34.13% 

0.13% 

2 D 
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 

P(-1< 2) o MZ321) 
=P(Z>-1) ~ 13.59% + 2.15% + 0.13% 
A 34.13% + 34.13% + 13.59% + 2.15% #0.159 

+0.13% 
~0.841 

4 aIf Plu—o<X<p+20)=Pa<Z<b) 

then PO =B _ . g wt20) - 

  

  

  

  

=b 
o o 

s 
o 

=2 

a=-1, b=2 

b If Plu—08c<X<u)=Pla<Z<b) 
then W05 -p and EZE_y s - 

a=—0.50 =0 

o 

=-05 
a=-05 b=0 

¢ If POSZ<3)=Plu—ao< 
X< p+bo) 

ten WZWTB_ g gy (BbO)w 
o a 

op—ar—p=0 
oo p+bo—p=30 

—ac =0 oo bo =380 
soa=0 oo b=3 

a=0, b=3 

5 Z~N(, 1) 
a b < 

086 0-032 ® 23 0 15 * 0 12 

P(=0.86 < Z < 0.32) o P(-23<Z<15) L P(Z<12) 
2 0.431 2 0.922 % 0.885
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d e 1 

* —053 0 >z - 0 13 2 14 0 -z 

P(Z < —0.53) o KZ213) o P(Z2-14) 
~0.208 # 0.0968 ~0.919 

s 

2 
0 4 

B(Z > 4) % 0.0000317 
(38.17x107%) 

6 a | zF% I Z~N@© 1) 
- P(—0.859375 < Z < 1.183035714) 

A= _g'zgg‘m ~ 068653567 
s ~ 0.687 
_ 68.9-583 
T 898 
~1.183035714 
~1.18 

b X ~ N(58.3, 8.96%) 
P(50.6 < X < 68.9) ~0.687 v 

EXERCISE 24D.1 

1 a b < 

0.81 . 0.58 0.17 . 

0k = o[k -2 kG * 

P(Z < k) =081 P(Z < k) = 0.58 P(Z < k) = 017 
k2 0.878 - k0202 o ke —0.954 

2 a b < 

0.878 
0.5 

k%0 s 0k ° 20 ¢ 
k 

P(X < k) = 0.348 P(X < k) = 0.878 PX <k)=05 
k= 18.8 oo k=235 S k=20
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3 a b 

0.9, b 

  

38.7 k k387 

P(X < k) =0.9 P(X > k) =08 
L k492 L PX<k)=1-08=02 

. k=318 

0.378 

  

p 
a 23 a 23 

P(X < a) = 0378 P(X > a) = 0.592 
. am2l4 o P(X <a)=1-0592 

=0.408 
- ars218 

0427 r 3—a 23 23+a 

P(28—a < X < 234 a) = 0.427 
1—2xP(X < 23— a) = 0.427 
—2xP(X <23 —a) = —0.573 

. P(X < 23— a) = 0.2865 
.. 23— a = 20.1818062 

.. ax23—20.1818062 
. am282 

5 Let X be the result of the Physics test, so X ~ N(46, 252). 
‘We need to find & such that P(X > k) = 0.07 

1-P(X < k) =0.07 
. P(X < k) =093 

.k~ 82.894 

k= 829 

X ~N(35, 8%) 

‘We need to find & such that 

01 PX<k)=01 

: o k2247475875 

g = T So, the length of the smallest fish to be harvested is 

24.7 cm.
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7 X ~N(75, 0.12) 

‘We need to find k such that 

0.01 

75 k 

56 — 50.2 

15.8 

z —58.7 

18.7 

x — 58.7 2 6.86 

= 65.6 

8 Z-score for algebra = 7 0.3671 

=0.3671   we need to solve 

  

EXERCISE 24D.2 

1 Let the mean IQ of a student at school be p. 

Z-score for geometry = 

P(X > k) =001 
. P(X < k)=0.99 

. kR 75.2326348 

So, the length of the smallest screw to be rejected is 

75.2 mm. 

x —58.7 

187 
  

So, Pedro needs a result of 65.6%. 

X ~ N(503, 0.5%) 

‘We need to find a such that 

P(X < a)=001 

. 6502 

‘We also need to find b such that P(X > b) = 0.02 

. P(X <b)=098 
. br 504 

So, the range of volumes in the bottles that are kept 

is 502 mL to 504 mL. 

  

If X is the IQ of a student at the school, then X ~ N(g, 15%). 

Now, P(X > 125)=02 

. P(X_”> 125_”) =02     

  

  

  

It 5 

P (z > 125;5_”) =02 

P (z < 12515_“) =08 

12515_ E 08416 

L pm 1124 
The mean IQ at the school is 112. 

2 Let the standard deviation of the distances jumped be o m. 

If X is the distance jumped by the athlete, then X ~ N(5.2, o?). 

Now, P(X <5)=0.15 
: P(X—S.Z < 5—5.2) —015 

o o 

. P(z< —%) =015 
o 

_92 ~ —1.036 
T 

. o=~ 0193 

    

So, the standard deviation of the distances jumped is 0.193 m,
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Let the standard deviation of the weekly income be $a. 

If X denotes the weekly income of the bakery, then X ~ N(6100, o2). 

Now, P(X > 6000) =0.85 

P (Z > 6000 — 6100 

o 

. P (Z < 6000 — 6100 

o 

) =0.85 

) =015 

Using invNorm for N(0, 12), 100 10364334 
o 

__—100 
7% 10364334 

. o R 96.5 

So, the standard deviation is $96.50. 

Let the mean arrival time be p minutes after midday. 

If X denotes the arrival time of a bus, then X ~ N{g, 5%). 

Now, PB(X <235)=0.1 {3:55 pm =3 x 60+ 55 = 235 minutes after midday} 

P (Z < 2355‘ “) =01 

235 —p 

  

Using invNorm for N(0, 12), ~ —1.2815516 

235 — p~ —6.407758 

S g 235+ 6.407758 

. p R 241.407 758 minutes after midday 

and 241.407758 minutes =4h 1 m 24 s 

So, the mean arrival time of buses at the depot is 4:01:24 pm. 

  

a X ~N(p, 02) where we have to find y and 0. 

‘We start by finding 2; and 2z which correspond to 23 =30 and z2 = 80. 

    

   
    

  

  

  

  

Now P(X < 30)=0.15 ad  P(X >80)=01 
- _ . P =o i} P(x B 30 u)=0'15 L (g;<so) 0.9 
o o — — 

30— P( < ”):049 
P(Z< “)=0.15 o o 

o 80— p 0 P(Z< — )=0.9 
z = =~ —1.0364 

° C =30 0816 30 — p &~ —1.03640 .... (1) o mE— g 
80 — p v 1.28160 .... (2) 

Solving (1) and (2) simultanecusly, =~ 52.36~52.4 and o = 21.57 % 21.6. 
©  Let X be the result of the mathematics exam. 

X is normally distributed with mean 4 and standard deviation o. 

We know that P(X >80)=0.1 and P(X < 30)=0.15. 
So, froma, p~524 and o= 21.6. 

If part marks can be given, P(X > 50) =~ 0.544 

~ 54.4% 

So, 54.4% of students scored more than 50.



  

522 Mathematics SL (3rd edn), Chapter 24 — THE NORMAL DISTRIBUTION 
  

6 a X ~ N(u, 02) where we have to find i and 0. 

We find 21 and 2z which correspond to 

1 =3.994 and x2 =4.006 

0.04 0.05 

%,=3.994 1 27= 4.000 
z1 z2 

Now P(X <a@1) =004 ad  P(X > 22) =005 
994 — 4,006 — - P(Zs%%):fl.m P(zs%) =095 

394w _ ) 7506861 o A006 -k ) easesa6s 
o o 

. 3.994—p=—175068610 ... (1) .. 4.008—u=1644853630 ... ) 
Solving simultancously, 4~ 4.000187009 and o & 0.00353404788 

. #2400 cm and ¢ = 0.00353 cm 

b Froma, p~4.000 and o = 0.003534 

X ~ N(4.000, 0.003534%) 

P(3.997 < X < 4.003) =~ 0.604 

So, the probability that a randomly chosen piston has diameter between 3.997 cm and 4.003 cm is 
0.604. 

7 a X ~N(u 0% where we have to find y and o. 
We start by finding 21 and 22 which correspond to  ®3 =1.94 and z2 = 2.06. 

    

  

  

  

  

  

Now P(X <1.04) = 0.02 and P(X > 2.06) = 0.03 

. P(u<1'94—_“)=0.02 P(X_”>2‘°6_”)=0.03 
o o T o 

P(Z< 1'94"“) =002 P(z> 2‘06_”) =003 
o o 

194 _ a= B o 9,054 - P (z < 208 “) —0.97 
o o 

194y —2.0540 ... (1 06 — b o - ) = 20‘2 B 1881 

2.06 — p = 1.8810 ... (2) 

Solving (1) and (2) simultancously, we get = 2.00cm and o = 0.0305 cm. 

©® Let Y be the number of tokens which will not operate the machine. This is a binomial situation with 

the probability p = 0.02+0.03 = 0.05 of failure to operate and n = 20. So, ¥ ~ B(20, 0.05). 

P(at most one will not operate) = P(Y' < 1) 

~ 0.736
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REVIEW SET 25A 

1 X is the height of a 17 year old boy. 

X is normally distributed with £ =179 cm and o =8 cm. 

     0.13% 

¢ F z 
155 163 171 179 187 195 203 155 163 171 179 187 195 203 

P(X > 195) ~ 2.15% + 0.13% P(163 < X < 195) 

~2.28% 5 13.59% + 34.13% + 34.13% + 13.59% 

2 95.44% 
7 95.4% 

P(171 € X < 187) =~ 34.13% + 34.13% 

~ 68.26% 
~ 68.3% 

  

156 163 171 179 187 195 203 

2 [f X is the contents of the container in mL, then X ~ N(377, 4.2?). 

a | P(X <3686) I P(372.8 < X < 380.6) 
~ 2.15% + 0.13% 722 X 34.13% + 13.59% + 2.15% 

~ 2.28% ~ 84.0% 

b P(377 < X < 381.2) 

~0.341 

      2.15% 0.13% 

         113.50% 
3812 3854 3806 

     
3644 3686 3728 377 

3 If X is the mass of a Coffin Bay Oyster, then X ~ N(38.6, 6.3). 

a P(38.6 —a < X < 386 +a) = 0.6826 
» (3&6 —[:3— 86 X ;gs.e L 388 +:3— 38.6) 06826 

P —%szs %) =0.6826 

by symmety, P(zs_(:_;;) _ 1—02.6826 

P (z < —%) = 0.1587 ... (%) 

% 2~ 100 
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b P(X > b) = 0.8413 
P(X < b) =0.1587 

X —386 b—386 P (— < ) =0.1887 i i 5-386 _ o 6.3 3 Comparing with (%), 53 53 

P (z < b 38‘6) = 0.1587 . b—38.6= —6.30 

63 br32.3g 

4 a Harri’s score is 2 standard deviations below the mean. 

b € p=151 and p—20 =117 
34.13% 34.13% 181 —20 =117 

  

   

  

13.59% 13.59% 
2,15% 0.13% 

  

      
The standard deviation was 17.   

pto ptlo pt3c 

  

p—30 u=20 p—0 & 

Harri’s Score 

Proportion of students who scored better than Harri 

~13.59% + 34.13% + 34.13% + 13.59% + 2.16% + 0.13% 

~97.72% 

= 97.7% 

5 The shaded part of the diagram has an area of 

approximately 0.95. 

. P(—2< Z<2)~095 

  

  

  

    

  

L k=2 

6 Jarrod’s z-score is —35 =15 

z—25 
‘. Paul needs = such that =15 

. #=25+45=295 

Paul needs to throw a tennis ball 28.5 m to perform as well as Jarrod. 

7 a Plu+o <X <p+20)~1359% 

~0.136 

b P(u< X <p+o) =~ 3413% 
~0.341 

u—3c p-20 p-o #  ptoc  pt2c ptde
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8 If X is the number of bottles sold per day, then X ~ N(2500, 3002). 

34.13% 34.13% 

13.59% 

215% 0.13% 

  

     

13.59% 

0.13% 2.15% 

  

1600 1900 2200 2500 2800 3100 3400 

a P(X < 1900) ~ 0.13% + 2.15% b P(X > 2200) 
~ 2.28% %2 x 34.13% + 13.59% + 2.15% + 0.13% 

~ 84.13% 
~ 84.1% 

¢ P(2200 < X < 3100) ~ 34.13% + 34.13% + 13.59% 
~ 81.85% 
~ 81.9% 

REVIEW SET 245 | 

1 X ~ N(150,122) 

34.13% 34.13% 

13.50% 13.59% 

0.13%2.15% 215% 0.13% 

      

       
114 126 138 150 16z 174 186 

a  P(138< X <162) b P126< X < 174) 
~ 34.13% + 34.13% ~ 13.59% + 34.13% + 34.13% + 13.59% 
~ 68.26% ~ 95.44% 
~ 68.3% ~ 95.4% 

©  P(126< X < 162) d  P(162< X <174) 
~13.59% + 34.13% + 34.13% ~13.59% 
2 81.85% 2~ 13.6% 
~ 81.9% 

2 [If random varisble X is the arm length in cm then X ~ N(64, 42). 

a 1 PEO<X<T2) I P(X >60) 
~ 2 x 34.13% + 13.59% ~ 50% + 34.13% 

~ 81.9% ~84.1% 

b P(56 < X < 64) a2 0.3413 + 0.1359 
~ 0477 

¢ PX>z)=07 
. P(X <2)=03 % %6 0 o 6 1w 

. @ rs61.9 {using technology} 
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3 £ X is the rod length in mm, then X ~ N(, 32). 
Now  P(X < 25)=0.02 

    

  

  

X—p 25— u) 25 — 
P =0.02 . L ( 3~ 3 L g M 20887 

P(Z< 253—#) —0.02 o 25— ps —6.161 

pr 312 

the mean rod length is 31.2 mm. 

& a Since Area A= Area B, 20 and 38 must be equal distances away from the mean u, because of 

the symmetry of the normal distribution. 

4 is halfway between 20 and 38,50 u= 

Now P(X €20)=0.2 

. P(X_29< 20—29)=0'2 

o 

20438 _ = 29.   

    

  

o 

_8 ~ —0.8416 
o 

. o= 10.69 

L ow=29, o=10.7 

& Using the values obtained for 4 and o in a and technology: 

I P(X < 35) ~0.713 I P23 < X < 30) = 0.250 

. P(z< —2) =02 

5 X ~N(503, 22) 
a P(X < 500) b This is a binomial distribution where X is the 

= 0.066 807 2 number of underweight bags, 

2 0.0668 n=20 and p=0.0668072 

So, approximately 6.68% of the bags are P(X £ 2)~0.854 
{using technology} underweight. 

6 If X is the marks in the cxamination, then X ~ N(49, 152). 

a P(X > 45) ~ 0.6051 
So, 2376 x 0.6051 = 1438 candidates passed the examination. 

b Let k be the minimum mark required for a “7°. 

P(X > k) = 0.07 
P(X <k)=1-0.07=093 

k=TL1 

So the minimum mark required to obtain a *7’ is 71.1 marks. 

7 X is the life of a battery in weeks. 

X is normally distributed with p=33.2 and o =2.8. 

a P(X > 35) ~ 0.260 
b We need to find & such that P(X < k) = 0.08 

k=2 29.3 

So, the manufacturer can expect the batteries to last 29.3 weeks before 8% of them fail.
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8 a P(X < 30) = 0.0832 and P(X > 90) = 0.101 
] P(X—[L < 30—)‘) — 0.0832 P(X < 90) = 0.899 

o G X — - 
30— 4 P( B0 “):n.sss 

LP (Z < = 0.0832 o o 
a 90 — p _ P (z < ) =0.899 
30k o 1383864 < 

o 0—p 
30 -~ —1.3838640 ... (1) 5 1275874 

90 — % 1.2758740 ... (2) 
Solving (1) and (2) simultaneously, we get u~ 61.218~61.2 and o =5 22.559 ~ 22.6. 

b P(-7T<X-—pu<T)~P(-T< X —61218< 7) 
=~ P(54.218 < X < 68.218) 
2 0.244 

9 a Therelative difficulty of each test is not known. We would need the mean mark and standard deviation 

for each test. 

b Kemy’s English z-score = 26-22 

  

4 
1 

=1 

Kerry’s Chemistry z-score = 
82— 75 

7 
  

z 
7 

=1 

Since the z-scores are the same, Kerry’s performance relative to the rest of the class is the same in 

both tests. 

REVIEW SET 24 | 

1 a The middle 68% of the distribution lies between 16.2 and 21.4, and the middle 68% of data lies 

between one standard deviation of the mean. 

e 202124 and  om~188—162 2 
37.6 L oR26 

et 
. pR18.8 

b The middle 95% of the data lies between 2 standard deviations of the mean. 

p—20=188-2x286 p+20=1884+2x% 

~13.6 240 

the middle 95% of the data lies between 13.6 and 24.0. 

and 

2 Using technology: 

a P(X >22)~0.364 b P(18< X < 22) = 0.356 

-0524 X -p 
2 2 

=P (-0.262 < Z < 0.262) 
220.207 {using technology} 

  3 P(-0524< X —p<0524) = P( < @) 
2 

2.6 

¢ X<k =03 
. km18.2
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& If X is the length of a rod, then X ~ N(g, 62). 

Now P(X > 89.52) = 0.0563 
P(X < 89.52) = 1 - 0.0563 

X—pu  8952— 4 P 8952 p 
( 5 < 6 

8952 u) 

  ) =0.9437 

P (z < = 09437 

89.52 — 
6 

89.52 —  ~ 0.52 
17800 

So, the mean is 80.0 cm. 

5 P(X < 90) ~ 0.975 

(X —50 _90—50 
P < 

o a 

P (z < fl) ~0.975 
o 

£ ~ 1.959 96 
o 

o 2 20.409 

= 1.5866 

    ) ~0.975 
So, 

Mathematics SL (3rd edn), Chapter 24 — THE NORMAL DISTRIBUTION 

X ~ N(50, 20.409%) 

Now, the shaded area = P(X > 80) 

~ 0.0708 units® 

6 If X is the weight of an apple, then X ~ N(800, 502). 

a  P(250 < X < 350) 
~20.68268949 

~ 68.3% 

b This is a binomial distribution where X is the number of 
apples that are fit for sale. 

n=100 and p = 0.68268949 

P(X > 75) =1—P(X < 74) 
~1-0.01164543 
20,0884 

7 If X is the volume of drink in mL, then 

X ~ N(376, 02). 
Now P(X < 375) = 0.023 

(X —376 375 —376 
. P < — 

o o 

  ) =0.023 

P (z < _—1) =0023 
o 

L 1005 
T 

. o 0501 

the standard deviation is 0.501 mL. 

If X is the height of an 18 year old boy, then 

X ~ N(187, 62). 
Now P(X >193)=0.15 

. P(X < 193) =0.85 

- p(x_187 < M) =0.85 
o o 

  

  

So, P(X > 185) =~ 0.635 

the probability that two 18 year old boys 

are taller than 185 cm v 0.635% 
~ 0.403



  

Chapter 25 
MISCELLANEQUS QUESTIONS 

EXERCISE 25/ 1N 

1 a Si=wui=2 ad Se=wi+ups=38 

. w3 =2 and uwp =6 

But uz =wr 

s 6=2r 

. r=38 

2 n2+nd+In8+Inl6+ ... 

=In2+mn2®+m2®+m2* +... 
=in24+2mn2+4+3In2+4In2+.... 

which is arithmetic with v1 =In2 and d=1n2 

3 f(ox)=be® and g(z)=In(bz) 

a (fog)(@) = fla(=)) b (g0 f)(=) = g(f(=)) 

b ugo=uir'® 
=2x 3% 

Now Snp= %(2111 +(n—1)d) 

Si0 = 202102+ 391n2) 
=20x41In2 
=820ln2 

(fog)z")=(go f)(a") 
= f(In(bz)) = g(be”) b’ = 2Inb+ z* 
= peln(b) = In(bbe®) (#* —1)z* =2Inb 

= b(bz) = In(b%e®) o+ = 200 

=bz = +Ine® [ 

=2lnd+z 

& a Thevertexis (b, 2). b f(0)=-202+2 

  

—2z—b)+2+b 
—2(z% — 2z +82) +2+0 
—22% +4bz — 26* + b+ 2 

which has discriminant 

A = (4b)® — 4(~2)(=26° + b+ 2) 
=160 — 166> + 8b+ 16 
=8b+16 

  

. b 

the y-intercept is 2 — 262 

f(x) cuts the x-axis when f(z) =0 

-2z - +2=0 
o (z-bP=1 

Loe—b==1 

L z=bx1l 

the z-intercepts are b—1 and b+ 1 

i g has exactly one z-intercept if 86416 =0 

ob=-2 

il g has no z-intercepts if 85416 < 0 

. 8b< —16 

b<—-2 

lil g passes through the origin if g(0) =0 

—20® +b+2=0 

1-4(-2)(2) 
—4 

_ 117 
T4 

-1+ b= 
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5 a (x—2)° b (3z® —7)(z — 2)° 
= 2% +32%(~2) + 32(-2) + (-2)° =(@32% ~7)(2® —62° + 122 - 8) 
=32%—62+12c -8 

  

coefficient of 2% is 3 x 12+ (—T) x 1 

=29 

8 flz)=+v1-2z 

a f0)=vI=1 d As f(x)=+T- 23, 
20 for all = in the domain. b f(-4)=/I-2(=D) i) > 

-5 o, therangeis {y|y>0, yeR} 

=3 Check: 

¢ f(x) is defined when 1—2x3>0 v 

1> 2 4 

Y 4.3 3 

So, the domainis {z |z < 3, z€R} 

F@)=vi-2z 2 

7 a sin 160° 
=sin20° {siné = sin(180 — )} 

=a 

b tan(—50°) 
= —tan50° {tan(—6) = —tand} 
=-b 

< cos 70° 
=sin(90 — 70)° {cosd = sin(90 — 8)} 
= sin20° 

=a 

  

sin 20° 

c0s 20° 

Now cos?8+sin?0 =1, so cosf =£4/1—sin?0 

But c0s20° > 0, so in this case co320° = /1 —sin?20° = T — a2 

d tan20° =   

  

So, tan20° = 

8 a (fogm)=1 b (gof)z)=1 
-~ flel@) =1 o a{f(=) =1 

o fer)=1 (1,0) o gleosz) =1 
. cos2r =1 S 2c08z =1 

. 26=0+4+k2r, k€EZ 

. a=kr, k€L    

. =0, or 2w
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9 

10 

Consider f(z) =aa® +bz+c. 

f(z) is concave up, s0 a > 0. 

The y-intercept of f(z) is positive, so ¢ > 0. 

The axis of symmetry is to the right of the 

Consider g(z) =dz? + ez + h. 

g(z) is concave down, so d < 0. 

g(z) passes through the origin, so h = 0. 

The axis of symmetry is to the right of the 

  

  

  

  

5,50 250 s, s0 2 >0 y-axis, $0 2a> ¥ 5 2d 

. 6<0 {a>0} . e>0 {d<0} 

F(=) does not cut the z-axis, so A < 0. g(z) cuts the z-axis twice, so A > 0. 

a b e h [Aoff(a:) A of g(z) 

>0|<0|>0]<0]>0 <0 >0 

a A Perimeter of sector is 7+ 7+ 6r 

6 cm . 6+6+60=12+27 

12+ 68 =12+ 27 

o . 60 =2m 

L 8= 
B 

b Consider AQAB: 0o 

B 
A 

Now OBA=OAB=q {base angles of isosceles A} 

Ftata=~x 

—z2x . 2a= 2 
©a=Z 3 

{angles of A} 

AOAB is equilateral, since all angles are the same size. 

chord [AB] is 6 cm long. 

a flz)=3 

L @ +6=3 
22 = -3 

which has no real solution. 
f(z) =3 cannot be solved. 

a ulv 

S nev=0 

L O+ EAE Q1) =0 
. 8-2%p-1=0 

L p=2 
. p=1 

¢ v—u=@i+pi—k) —(i—-2i+k) 
=2i+(p+2)j -2k 

b This tells us that 3 is not in the range of f. 

In fact, the range of f is {y |y > 6}. 

b [u][v|=VIFZF1/94p2 41 

=v6/p? +10 

= 1/6p* + 60 

For v — u to be parallel to u, there must exist some scalar s such that 

s(i—2+k) =2+ (p+2)j — 2k 
. 5=2, —26=p+2, and s=—2 
There is no common solution to these equations, so no value of p exists such that v — u and u 

are parallel,
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i (118)- (1) = = ()= (4) 13 BA = 1-0 =[|1 and BC= 1-0 = 1 

5-4 1 1-4 -3 

b |BA|=vOF+I1+1 |BC|=vIFIF9 
= VI units = V1T units 

¢ ABCD is a parallelogram, so the opposite sides are equal in length, and |fl|=|fi| from b. 

all the sides are equal in length, so ABCD is a thombus. 

— 
d I cos(cBa)= 2L°B4 Il sin?(CBA) + cos?(CBA) = 

|BE(1BA| e 1 3413 . sin?(CBA) + gy = VIZ0 

== A . ein(CBA) = X128 VIIVIL -, sin(CBA) = 4B o 
1 

T 

lii area = 2 x area of AABC 

=2 x  |BA||BC| sin(CBA) 

= VIV x /B 
=120 

= 2v/30 uaits® 

13+1 
14 a There are 13 daia values, and T=7 

the median = 7th data value = g 

b I range=m-—a 

labcdefoghijklm 
N ) e’ 

1 upper lower median ppe: 

  

  

Q1 = median of lower balf = < ; d Qs = median of upper half = % 

S 
15 The data set {a, b, c} has mean 17.5 and standard deviation 3.2 

_ 2 _ 2 _ 2 a+:l;+c=17_5 and [e—1152+ (b ;7.5) H (1T _ ., 

a For the data set {2a, 2b, 2c}, 

p et oo [(20.— 35)° + (25— 35)2 + (2c — 35)° 
= 3 N =3 

=2 (%”“) _ [Pa- 1752 + PO —1750 + P(c— 175)° 
- 3 —2x175 

=35 o [@175P + 1757 + c—175) 
- 3 
=2x32 

=64
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b Forthedataset {a+2,b+2,c+2)}, 
@+2)+ B+ +(c+2) 

3 

atbte == + 

=175+2=195 

_ f(a+2-10572+ (b+2— 1952 + (c+2—195) 
- 3 

_ [(a-17572+ (b—17T5P + (c— 1752 
- 3 
=32 

¢ For the dataset {3a+5, 3b+5, 3¢+ 5}, 

_ (3a+5)+ (3b+5)+ (3¢ +5) 
3 

_3a+b+e) 15 

- 3 *3 
=3x%x17.5+5=575 

(3a+ 5 — 57.5)2 4 (3b + 5 — 57.5)% + (3c + 5 — 57.5)? 
3 

(3a — 52.5)2 + (3b — 52.5)2 + (3c — 52.5) 
3 

32(a — 17.5)2 + 32(b — 17.5)2 + 3%(c — 17.5)? 
3 

[(@a =175 + (b— 17.5)% + (c— 17.5) 
=3 S 

=3x32=96 

16 Let the circle have radius ». The equal angles are ’?’" radians. 

‘The area of each triangle = £ X 7 X r X sin(2Z) 

21‘ sm(z") 

a2 — (%r’ sin(%")) x5 

2 

;w’ 5% sin(2E) 
Ju"l TemE 

=1- sm(z") 

17  f(z) is a quedratic, so f*(z) is linear and ”/(z) is constant. Let f(z)=az?+bz+ec. 

a  f(x) is concave down, so f/(z) is decreasing. b f/(z) is decreasing, so f/(z) is negative. 

*. P(lands on shaded region | lands on board) = 

f'(z) =0 when f(z) is maximised F'(x)=2a 
fl(x) =2az+b 

¥ ¥ 

  

f2) )
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18 g(z) =3 — 2cos(22) 

a g'(z) =0-2x —2sin(2z) b 
= 4sin(2x) 

  

¢ g'(z)=0 when sin(2z)=0 d If ¢’(z) >0, y=g'(x) is increasing 
. Misat (—m,0), (0,0), or (m,0) 

(The point (0, 0) is marked on the diagram above.) 

s x=—m -0, L L e=-n,-5,0, %, 7 

there are 5 solutions. 

19 a P(B)=1-P(B)=057 b Weneed to solve z+0.57 =0.73 
As A and B are mutually exclusive, . ox=016 

ANB=@ adso P(ANB)=0. 

*. P(AU B) =P(A4) +P(B) 
=z+057 

   
20 J(0)=0 and ¢”(0)=0 

. there is a stationary inflection point at A(0, 2) 

S =0 md g@)£0 
.. there is a non-stationary inflection point at B(2, 0) 

S =0 and ¢'(4)>0 
there is a local minimum at C(4, —2) 

y=4(z) 
non-stationary 
inflection      

2 f(z) =zt 
a f'(z) = 1e'% 4 zel "2 (-2) ¢ | f(z)>0 when ze"2* >0 

= el (1 - 23) But ' ~2* is always >0 
o f(z) >0 when & >0 

1 il f(x)>0 when 1—-22>0 

1 : 1-2(3) — 1 1>2 and f(3)=te =1 L a<t 
the tangent is horizontal at (%, 3) 

b f'(z)=0 when 1-22=0 

22 s(t) =3 —4e® + kt metres 

a () =0-4e2(2)+k b v»(ln3) =0 
=k_se2tms—l k_sezlnazo 

k—8ent® = ¢ 
k—8x9=0 

s k=T2 

23 a log;27T==w b S =g 
oo =27 s 5—2c=In8 

. 8 =38% o 2z=5—In8 
Loz=3 5—1n8 
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< In(z? — 3) — In(2z) = 0 

  

(z—3)(z+1)=0 

soe=3er—1 

But 22 —3 and 2z mustbe >0 

535 

. =3 is the only solution 

2% a2 v(0)=1ms~! and is the initial velocity. b v(t) =2, aconstantfor 1<¢t<3 

sov(t)=0 e 1<£<3 

. V(2)=0 

This is the acceleration at ¢ = 2. 
The velocity is constant at this time. 

¢ [o(t) dt =area under y=o(z) from t=1to t=3 
=2x2 

=4 

This is the displacement in metres of the particle for 1 < ¢< 3. 

5 a2 [ (fe)-6) d 

= [’ f@ do— [* 6dx 

=10-[62]2, 
=10— (12— -6) 

10-18 
8   

26 a (sin@ — cos 8)? 

=sin®§ — 2sinf cos @ 4 cos® @ 

=5in* 6 + cos® § — sin 260 
=1-sin28 

27 E(X)=Y pim; 
02-a+0+b+03 

=b-a+01 

But E(X)=0 
©oa—b=01 .. (1) 

Ao, Y pi=1 

. 01+a+025+b+015=1 

. a+b=05 .2 

Adding (1) and (2) gives 2a = 0.6 

  

. =03 andso b= 

b [Tkf@)de=-5 

o L2 kf)dz=5 

. kf2, f@)do=5 
. B(10)=5 

k=1 
2 

b f?(sitw — cos8)? df 

= fFQ —sin20)d0 

= [6+4cos20]d 

(3+1s08) - (0+3) 

I 
sl
 

o=
 

0.2
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. u1 
28  a The common ratio b wo =wur'® ¢ 5= 

3 1 100 1-r 

r=2== =ex (e_i) == e ¢ -3 
—exe—200 ¢ 

— o199 e e 
2 

    

9 a v =0 
. (§=1 

< 

= (©)2° + D=°C-2 + ()o' 2%+ ()2°(-2° + (P* -2 + (§)=(-2° + () (-2° 
=1x2°+6x2°x(-2)+15x 2% Xx4+20 x 2® X (—8) + 15 x 22 x 16 + 6 x = x (—32) 

+1x64 

= 2% — 122° + 602* — 1602° + 2400% — 192z + 64 

30 ab ¢ | M(X>k)=1-07=03 
i P(u< X <k)=07-05=02 
1] Plu—o< X <k) 

=Pp—o< X <p)+Pp<X <k) 

#0.341 4 0.2 ~ 0.541 

d  Pr<X<H) 
T X< -PX <) 

=08-07 
=01 

  

31 a 200 — 60 = 140 out of 200 students passed 200 

70% passed 

b | m=Q~27 
150 

il n=Q~35 
M p=Qs~d2 
v g = maximum score = 100 100 

50 

  
% 20f f4} 6 80 100 120 

Q
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32 y=(tan(§)z s y= V3z 

a (10,p) leson L if p=+v3x 10 

L p=10\/§ 

33 a a(t)=1-—3cos(2t+F)oms™? 

o(t) = [ [1—3cos(2t+ F)] dt 

=t—3(1)sin(2+ F)+c 

But v(0) =5 —$sin(§)+c=5 

  

   
v(t) =t — $sin(2t + £) + 65 oms™! 

    

3% a f(@)=e**"%+1 has inverse 

=¥ 441 

O e | 

. 3y—4=Ihn(z-1) 

Sy=In(z—1)+4 
_ In(x—1)+4 

o f jl(afi)=% 

3/ a sinA=3% 

Now cos?A+sin?A=1 

L oeosfA+ A =1 

et A=F 

L cmA:i@ 

But T < A<, so cosA is negative 

- 
_sinA _ % 

b twA_cosA__A@ 

— 2 
-V 

b The gradient of L is v/3 
the gradient of the perpendicular line is —715 

. c y—10v3 1 
. its equatic AL A its equation is 2-10 7 

o V3y—30=-z+10 
. z++3y=40 

b v(E)=Z%—Zsinw+63 

—5+¥ 

b e - 
_ln7+4 244 
    

3 3 
_In7+4-In2-4 

- 3 
=i 

  

¢ sin24 =2sinAcos A 

=2)-Z) 
— 421 
=TT=%
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wi(l—r") 

r 

  

1 
-z 

160 (1 - W) 

160 (1- &) 

160 x & 

5 x 31 Xfi 

1—7‘5 V2 

155v2 V241 

a1t 
165V2(vVZ +1) 
21 

=310+ 155v/2 

_ 1-3 -2 
37 PQ=( 3-1 )=<2) 

1-(-2) 6 

3 
¢ The line has equation r:(l) ( ) 

0 
160{ 1 

S10 = 

V2+1 

  

_ 320+ 160v2 
2o 

= 320 + 160v2 

=v4+4436 

= v/34 units 

v, speed = 3@ units s~ 

= V11 units s1 

b |RQ 

e=3-2t, y=1+4+2t, z=-2+6t, t> 

  10 a 

o 
o 

  

  

  

  

  

  

  

                            

39 

  
b The point (7, 9) does not fit the general trend of the 

data. 
the data point (Camera A =7, CameraB =9) 

is an outlier. 

€ The online reviews for these cameras are moderately 

consistent. 

b Therangeofgis {y|l<y< 

d Thedomainofg~tis {z|1< 

The range of g~ is {y|0<y 

e The inverse of y=ef‘ is 

z=ef 

-\ mz=2 
4 

. y=4lnz 

So, g7 }(z)=4lnz
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By the cosine rule, 

(QS)?=32+52-2x3x5x%xcosd 
=9+425-30cos¢ 

=34—30cos¢ 

. QS =4/34—30cos¢ cm {QS >0} 

1 If ¢=60° Qs=,/34—30(§) 

  

7(% 
- sin0=(—2 7 

V19 " 2vi8 
i Let RS=zcm 

. Q82 =72+22 —2XT7x2xcos30° {cosine rule} 

19 = 49 4 2% — 142(3§3) 
o 2? —TV3z+30=0 

7v/3 + /147 — 4(1)(30) 
2 .= 

g VBV 
- 2 

g B3V 
- 2 

L oa=108 o &5 

. z=5V3 or 2V3 

L e=5vE  {if e=2V5 c059=19+12_4g 
2419 x 2v/3 

So, the length of [RS] is 5v/3 cm. 

W Perimeter =5+ 3+ 7+ 5v3 
=15+5V3 em 

Area = 1(3)(5) sin 60° + (7)(5v/3) sin 30° 

=L +3vE 
=23 

=BV3em? 

flay=-%2® +3z+4 

oo Pe)=-32+3 

| f@=-1+3=2 
the normal has gradient —1, and passes through (2, 9). 

y-9__1 
r—2 2 

2y—18=—g+2 
L+ 2=20 

  . its equation is 

whichis <0 .,  is obtuse}
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The normal has equation x4 2y =20 

_20-2 
S V==   

20—z 
the normal meets f(x) where —%zz +3z+4= 

  

. —2? +122+16 =40 — 2z 
st —14T+24=0 
(z—2)z-12)=0 

. z=2o0r12 

  

when z=12, y=20712 ¢4 

So, the normal meets y = f(z) again at the point (12, 4). 

2 8 

area = [§ (~1s2 432 +4) do i areg=[_l—;z3+3%+4z] 
2 

=(-18+54+24) — (-3 +6+8) 
volume = 1rf: (~12? +82+ 4)2 da 

=462 units® 

13 

    

    

   

  

a2 a ) r==2=- I s =wr 
=4x(—3)" or —4x38 

c—2 2r-—7 . . 
b 1 == Il When z =4, sequenceis 4,2,1,.. with r=% 

s (@-22=2(22-T) .. series converges with S = 

Loat—drta=2% Tz 
o2 —30—-4=0 When = —1, sequenceis —1, —3, =9, ... 

o (z—E+1)=0 with v =3 
. z=4or -1 .. the series does not converge, and 5 does not exist 

{8 only exists if —1 <r <1} 

¢ The sequence is arithmetic if Uz — UL = Uz — Uz 
z—2-2=22-T—(z~-2) 

22 —-7T—+2 

| When o =3, the sequenceis 3,1, —1, 0 S50 =22 [2(3) +49(-2)] 
which is arithmetic with u1 =3 and d=-2. =25[6- 98] 

. ugo =u1+29d =25%x —92 
= —2300 

— 3 — 2 — 1 
43 a OA= 2 ], OB=|( -1 b BA= |3 

-1 -8 7 

AB = A0 +0B - |BA|=vITOT a8 =59 
2 1 

= +{ -1 . theunitvectoru = —k= [ 3 |. 
s V5 7
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— — 1 
€ us QA d OC=(1) 

1 3 e 
=% 3 ]ef 2 R 4 

=7‘5—9(3+6—7) 

=735_9¢0 . Ba= 

nand(fiarenotperpendic\flar. - 

5 3 

e Mis (g -9 tn=31 )+t] 2 ), teRr 
. 1 -9 -1 
. OM= 3(Si+j—9k) 

m 
1 3 

3 2 
1 L and Ly are not parallel as <2 )#k(—:}) forany k€R. 

1 - 1 
Il If Ly and L; intersect then 2 +3t=m+2s, 3+26=1-3s and —2—t=—1+s 

=1 

{SH%_i, 3at+2:=1} 
sHt=—3 —25—2t=7 

adding: s=7% andso t=-11 
2+ (-83)=m+15 

-303 =m+15 

. om=—45} 
il Using Ly, when ¢t=-11, 

1 
5 3 —303 

n=3 1 |)-ul 2 |=|-214 
-9 ~1 63 

So, Pisat (—30%, —213,63). 

4% a Thegradientof y=3z—1 is} b (fog)(2)=flg(=)) 

  

. tanf=1% =4(v32)-1 

. 0=tan"'(}) =33z —1 which has gradient 13 

. ta.n0=32§ 

0 =tan"1(:f) 

&5 a | y=—22+122-20 has a=-1<0 

its shape is /\,andsothe quadratic has a maximum value. 

U yis maximised when ¢ = 2 = 22— 
2a -2 

W When =86, y=—62+12(6)—20=—36+72—20=16 
the maximum value of y = —x% + 12z — 20 is 16. 

b | The perimeter is 20. n y? =22 482 —2x 2 x8xcosh 

. z+y+8=20 o y? =2+ 64— 16z cosd 
y=12-=
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W Since y=12—-2, (12-z)° =2>+64—16zcosd 

144 — 242 + 2° = 2° + 64 — 16z cos § 
16z cos @ = 24x — 80 

. cosp= 2280 _32-10 
: T 16z 2¢ 

v Area A=%xa:><8xsin9 ¥l A is maximised when A? is maximised 
= dzsing since A > 0. 

A? — 1627 sin? 6 From &, —z? + 122 — 20 has a maximum 
: = Loz value of 16 when = =6. 

v A% =162%(1 — cos? ) When = =6, A®=20(16) 

3z — 1012 =320 1622 |1 
=16z [1 ( % )] . A=VED {A>0) 

=8V5 2 _ 

=162 [1 - MZ—:+M] the maximum area of the triangle is 

5 2 8+/5 units?, 
= 1622 — 4(9a% — 60z + 100) Wl When 5=6, y=12—6 
= 162% — 362" + 240z — 400 —6 
= 2 
= —202° + 240z — 400 the triangle is isosceles with AB = BC. 
= 20(—2? + 12z — 20) 

46 a f(z)=4c—3 hasioverse c=4y—3 b (fog™")(2) = flg" (=) 

  

  

  

Lo 2+3=4y 

o1, _%t3 
s @ == 

g(z)=2+2 hasinverse z=y+2 

L y=x—2 

g N a)=z-2 

4x—3 
d Liv H(z) = - 72 

_io-3_ 
HO=5r3 2 

So the y-intercept is —11. 

When H(z)=0, 42-3=0 

  

the z-intercept is 2. 

g(z) =0 when z=-2, so 
= —2 is a vertical asymptote. 

As z—-27, H(@)— o 

As z— 2%, H(z)— —oo 

40-3_4-2 
z+2 1+ 

  

       H(z) = 
T 

H(x) > 4~ 
H(z) — 4t 

so y =4 is a horizontal asymptote. 

As =z — o0, 

As =z — —o0, 

=f=-2) 
=4(z—2)-3 
=4z —11 

¢ (fog ) =Y 
z+3 

4 

16z —44=2+3 

15z = 47 

node—11=   

s=4 
18 

 



  

47 

48 

49 
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4:::—3=A+ B 

z+2 z+2 

_Alz+2)+B 

- z+2 

o Az+2A+B=4x—3 forallz 
. A=4 and 2A+B=-3 

. 8+B=-3 

. B=-11 

2 2 —11 

w | HE)de= (4+—) dz 
1 (@) do /_1 z+2 

=[4z—11In(z+2)]%;, {z+2>0 for —-1<2z<2} 

=(8—11In4) — (—4—11In1) 
=8—1llnd+4 
=12—-11ln4 

  

4 Hannahis wrongas 0.1+4+03+03+02+02=11#1 

b 024+a4+034+54+02=1 

. a+b=03, 0<a<03, 

2x4 

0<b<03 

  ¢ 1 PX=2)= =0.16 I PX#£2)=1-PX=2) 
50 

=084 

a A b P(a yellow drawn from D) 

5 ~B =P(D and Y) 

c =$x3 
3 i~y =2 

€ P(a yellow drawn from either bag) 

3 i B =P(CNY or DNY) 

>y ¥ 
=1 

d P(D|B) e PB)=2x2+2x2=38 

_BkDNB) PY)=3xg+ExE=§ 

P(B) expected return 
4,2 = 2": - =32 x$6+ 45 x$9 

§Xs+gxg _ 396 $126 
__8 T30 " 30 

8+8 = $3.20 + $4.20 
=1 =$7.40 

& jdie2 b The possible values of X range from 1+1 =2 to 
44-4=8. 

4 the possible values of X are 2, 3,4, 5, 6,7, and 8. 
3 

2 

1   
12 3 4
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< 1 3 of the 16 possible outcomes result in a sum of 4. {those shaded} 

PX=0)=F 
il 10 of the 16 possible outcomes result in a sum greater than 4. 

PX>4=1=5 

d Fome, P(X<4)=1-F£-8=2 

Expectation= % x5+ 5 x1- & xd 

  

  

2 _3d 
T 16 16 i 

25 _ 34 The expectation = €0 when 25 —3d =0 
= . =81 ( T )euros s d=8L (~833) 

50 a(t) =3t —sint cms™2 

a a(0) =3(0) —sin0 =0 cms™? ¢ [Fowa 

a(3) =3(3) —sin(§) = (F D oems™* % (32 
= — +cost+2) dt 

b o(t) = [a(t) dt o \ 2 
32 3 % 

. u(t)=7+cost+ccms-‘ = [%+sint+2t] 

But v(0) = 3 - ° 
. O+cos0+c=3 =(_+1+,,)_(0) 

16 
noe=2 

Thus o(t) = §42 + cost +2 cms™* - (fi+w+1) om 
16 

d  This integral represents the displacement of the -3 

particle in the first £ seconds of motion. As 7314, 1_6+,,+1 >0 

ff v(t)dt >0 

51 f(¢)=asinb(t—c)+d 

a o=amplitde =172 =7 

period:zT"=13——3=16 

. =% 

¢ = the z-coordinate of the point halfway between the first minimum and the following maximum 

_ —3+5 -1 

2 

The equation of the principal axis is y = % =10 .. d=10 

b | Underawanslationof (2},  A(5, 17) — Au(7, 14) 

Under a vertical stretch with scale factor 2, Ax(7, 14) — A'(7, 28) 

. A(5, 17) — A'(7, 28) 

H  Under a translation of (_’3) y=7sinF(z—1)+10 becomes 

y=TsinZ(r—1-2)+10-3 

L y=Tsinf(x—8)+7 

and then under a vertical stretch of factor 2 it becomes y=2 [7 sinZ(z-3)+ 7] 

. y=g(x) =14sinE(z —3) + 14 

i To map g back to f, we perform the inverse transformations in the reverse order. 

So, the transformation is a vertical stretch of factor % followed by a translation of (_32)
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52 a 47 -2 - 20 2%(2*-1)=20 But 2% is never negative 

=(2%)2 - 2% —20 22T _20=0 =5 
=(2*+4)(2° -5) o (2% +4) (2" -5 < 

v log2® =k 
. 2°=—4o0r5 8 og5 

. zlog2=logh 

s= logh 

log2 

or log,5 

€ | If p=logg2 then ] 8° =52 

_ log2 oo =gl 
p= log5 - 3zlog2=(1-z)logh 

o1 11—« _log2 _ 

: z_; 3¢ _log5_p 

1—2z=23px 

L z(3p+1)=1 
_ 1 
T 3p+1 

53 a f(z) = acos2z + bsin’x 
= acos2z + bsinz]? 

o f'(z) = a(—2sin2z) + 2b[sin=]' cos 
= —2asin2z + bsin 2z 

= (b— 2a)sin2z 

b b<2a - b—2a<0 
the max value of f(z) is 2a—b 

when sin2z = -1 

2e=3E ko, kEZ 

  

L o=3 +kr 

So, the maximum value of f/(z) is 2a—b when ¢ =2L or ZX {0<z< 2n} K3 

¢ f'(z)=0 when sin2z=0 

L 2e=0+kn, KEZ 

Sign diagram of f/(z): 

  

£(0) = acos0+ bsin?0 

f(§)=acosw+ bsin2(%) =b-a 

  

f(7) =acos2r +bsin’r=a 

f(sT") =acos3w + bs'm’(sT") =b—-0a 

F(27) = acosdn + bsin?*(21) = 

So, the maximum turning points are (0, @), (=, @), and (27, a), 

and the minimum turning points are (%, b—a) and (3£, b—a).
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@ —z\ 2 @ _ o~z \2 

2 [CEN - P = (‘e e ) - (e - ) 
e +e % +e‘—e“ e +e " _e’—e“ 

2 2 2 2 

(22’p ) 2e—* 

2 2 

0 

    

        

  

  

  

  

  

=e 

=1 

v Ls@i=i(E-cen) re) - 58 
e®+e 

- . L (1)) < $@CE) -~ 5@)C@) _ C(z)z 2 (@T@) e 

CcEP - [S@P , . 
¢ Lic@l=1 (e +e-n) OO O (g, g 

-5 
=1 {using a} 2 - o 

=5(z) [C)] 

55 P =220 5o 
1+2% 

= 60000 (1 + 2e-i) - 

a P(0)= ff:::, b P(t) = —60000 (1 + 2;&)” 2% (-3) 

— 8000 __30000e—% 
3 — 

=20000 (1 + 2e-i) 

2 

¢ Sincc e% >0 forallz and (1+2e-%) >0 forallt, P/(t) >0 forall £30. 
This means P(t) is increasing for all ¢ > 0. 

30000~ () (1+ 2e-7ir)2 - 30000~ x 2 (1+ 2«;‘%)1 2e~% (-1) 

(1+2e-i)‘ 

~ —7500e=% 1 14+2¢7% ) +30000e% 

B (1+2e—i)s 

_ —7500"% — 15000e—% +30000e~% 

(1 +2e-%)3 

_ 15000¢~ % — 7500 % 

(1 +2e—¥t)3 

75006 % (Ze-i - 1) 

(1+2e-i)3 

d Pi(t)=  
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€ The growth is given by P’(t) which is maximised when P/(t) =0 

w2k 
e k= % 

i s 
1 

. t=—4In(0.5) 

. t=4In2 
30000(3 Attis time,  P/(8) = —2003)_ 15000 
(1+2(3) 4 

the maximum growth rate is 3750 per year at ¢ = 41n2 years. 

1 Astooo, e %0 3 
60000 

1+2(0) 

. P(t) — 60000~ 

. P(t)—   

  

   
56 a u=1-2° b 

du 2 = 
du 2 _ o =-% = 

57 f(x) =cos®z = [cosz]® 

a As —1<cosz<1 then —1< cos®zg1 ¢ f'(x) = 3[cos z]*(—sinzx) 

therangeis {y|-1<y<1} 
b Bcos’z=1 

= —3sinzcosz 

d Volume = wj? [\/§cosm/sinz]2 ds 

  

coslz =1 
cosz =3 =1rj?(3wszacsin:c)da: 

x=3, =—1rjo§(—35inzcos’z)dz 

So, there are 2 solutions. =-xr [(cos 1)3]? 

=—n(0® —1%) 

= 7 units®



  

548  Mathematics SL (3rd edn), Chapter 25 — MISCELLANEOUS QUESTIONS 

58 a  Areaof APQR 
= 1(5%)sina+ 4(5%)sin(180° — o) 

=L(sina+sina) 

= 25sinx em? 

b A=}r(5%)—25sina 

(& — 25sin o) om? 

¢ Now 0g<sinegl {as 0} 

the area is a minimum when sina =1 

o Amin = BT —25(1) 

=25(3 —1) cm® when o= % 

  

The area is a maximum when sine = 0. 

Amax =BT cm® when a=0orm. 

59 & Thevertexis (XfZ,18) whichis (4, 18). 

Thus | h=4 I k=18 n Now f(1)=0 

f(@) =a(z—4)2+18 o a(-3)2+18=0 
- 9a=-18 
Loa=-2 

b f(z)=-2(z—4)2+18 

=-2(z® -8z +16) + 18 

=227+ 162 — 14 

. the shaded area = [(~20? + 16z — 14) dr 

=[-2* + 822 — 1]} 

=(-3@n)+8(0)-42) - (-3+8-14) 

=12+ 6% = 182 wnits? 

  

  

0 a | 2 =05=} Il log,7=5 
. gl=2 — g1 g 

1-2z=-1 . z=¥7 
Loe=1 

b 25% - 6(5°) +5=0 < 2% =3i—® 

o (5%)2—6(5%) +5=0 Lo B 
(-1 —5) =0 o 3= 

5 =1lor5 o 67=3 
- z=porl . z=logg3 

1— cos 2! 1 a |1 1% _ 5 o<o<z 0 AsO<B<E, 6 
sin 20 2 2 

— (1—2sin?8) 
—_—l 3 

2sinfcos V3 

Ao _ g 
Zsinfcost 

sinf _ . = coso_‘/§ {sin6#0 on 0<0<3} 

. tand =3
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b If cos2zr=2cosz then 2cos’z —1=2cosz 
. 2cos?z —2cosz—1=0 

24 /1= 4Q2)(-1) 

  

  

  

  

S COsSE = 2 

_2xvI2 
T4 

_2+2v3 
T4 

_1£43 
T2 

- cosap:l_z‘/§ {-1<cosz <1} 

2 Sp=n*+2n-1 
Now tn =58, —8p—1, n>1 

=nP+2m—1-[(n-1°+2n-1)-1] 
=nf4+2n—1-[n®—3n+3n—1+2m—-2-1] 
=3 + 20 A — 7 + 0% — 3n X — U0+ 3 

=38n%—3n+38, n>1 

and up =51 =2 

LU =2 up=3n2—3n+3, n>1 

63 sinz+sinz—2=0, -2r<z<2r 
(sinz +2)(sinz —1) =0 4o 

s sing=-2 or 1 

  

sinz=1 {as —1<sinz g1} 

. =% +k27, kan integer 

" 1-‘=—3T" or % 

64 f(z)=Inz hasinverse f~(z)=e® 

g(z) =3+2 hasinverse givenby z=3+y 

oy=x—3 

so g Hz)=x-3 

a [T@)xgT) 
=e?x -1 
=—e? 

b (fog)(z) = fg(x)) = f3+ ) 
=In(3+2) 

-, the inverse of (fog)(z) is z=In(3+y) 
L 3+y=e” 

  

oy=e*-3 

So, (fog) l(z)=e*—3 

and (fog) '(2)=¢"-3 
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2-t -1 
65 OA=(t-3) endv=| 1 

~, 1-t -1 

The shortest distance occurs when OA v =0 

oo —2-+i-34+(-1)(1-t)=0 
z ot—2+t—3-1+t=0 

. Bt=6 
©.0.0 not=2 

    
A(2—t, ~3+t,1-1) 

So, the point on L that is nearest the origin is 

(2—2,-3+42,1—2), whichis (0, -1, —1). 

66 f'(z)>0 and f'(z) <0 forallz 

J(=) is increasing and concave downwards for all . 

a f(2)=1and f'(2)=2 
(2,1) lies on the curve and the tangent at this point has gradient 2 

the equation of the tangentis y =2z +c¢ 

and 1=2(2)+¢ so c=-3 

the tangent has equation y = 2z — 3. 

€ As f(=) is increasing it has at most one zero. 

But f(x) is also concave downwards for all 
@, so it always lies below the tangent shown. 

So, for # < £, the tangent’s y-values are 

negative and so f(x) is also negative. 

Thus f(x) has exactly one zero. 

d From the graph, the z-intercept of y = f(z) 

lies inside £ <z <2. 

  

67 a at+bt+et+dtet+ f+g+h=30 

a+b+d+e=13 

btcte+f=12 

dte+f+g=13 
e=2 

bte=5 

e+ f=4 

dte=3 

So, b=3, f=2, and d=1 

a+3+1+2=13 
34c+242=12 
1+2+2+9=13 

o T+3+5+1+2+2+8+h=30 

. h=2 

  

@ 
0 

8 
I 

o 
o
~
y
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3+2 b i PTNH) ===} 

i PP =% 

345 WopEAP) =TIk 

v PTUP)= W 

v TNH'NP)=% 

68  After labelling the triangles, 

AABC and AABD are isosceles {equal base angles} 

and BOC = 20 {exterior angle of AABD} 
ABDC is isosceles {equal base angles} 

Thus AD = BD = BC =z, say. 

Now AADE and ABDE are congruent  {AAcorS} 

. AE=EB 

If we let AE =EB =1 unit, then AC=2 and DC=2—=. 

Now AABC and ABCD ere similar {equiangular} 

BC 2 
  

2 

—24+2v5 = N2 
2 

ooe=-12VE 

L z=+5-1 

Now Bo = 180° 

. o=36° 

  so in ABED, cos36° = 

69 

  @+2P & _ 5 
3 3 s 

. A +6a2+12a+8-4 _ 4 =% 

120 + 242 + 16 = 31 

120° + 242 —15=0 

. 4a®+8-5=0 

(26— 1)(2a+5) =0 
=1or -8 . a=gor—3 

But 2>0, so a= e
 

  

T—4(-9) 

{as = must be > 0} 

{angle sum of a triangle} 

VE+1) _1+VE 
VE+1) 4 
    

551 

-2 
30 
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70 If X and Y are independent events then P(X NY) = P(X)P(Y) 

Thus P((ANB)N(AUB))=P(ANB)P(AUB) 
. P(ANB)=P(ANB)P(AUB) {since ANBC AUB} 

. P(ANB)=0 or P(AUB)=1 

    
  

  

4] L 
1 
4 

L 
2 

20=% +h2m or 3 +k2r, kEZ 

20=%,-Mr ST T8 fp —27<20< 2} 
f=-Lr _Tx x St 

12 127 120 12 

72 a f(z)=In(z(z —2)) is defined b fx) =lnz+In(c —2) {log law} 

when z(z—2)>0 ’ 1 1 
s @)=t 

+ - + 
g "c ¢ F8)=3+1=% at (3,In3) 

.. the tangent has equation 

. 2<0 o0t 2>2 y—In3 4 

So the domainis {x & <0 or z > 2} z—-3 3 
. 4z—12 =3y —3In3 

. 4z —3y=12-3In3 

7 b P(G from (2) | both different) a 

ig ;GB _ P(G from (2) N both different) 
- P(both different) 

[O) @ 

  

_ P(G from (2) and B from (1)) 

P{both same colour) 1— % 

= P(GG or BB) $x4 
—3,414.3 == 
=Fxztzx37 3 
2 =1 = 2 

7h  a P(X < 85)~0.1587 

    

From the diagram, 

P(90 < X < 95) 0.1587 
=P(85 < X < 90) { i 

0.5 —0.1587 85 90 95 

20.341 [t 

b As roughly 34.1% of scores lie between p and g+ o for the normal distribution, then o = 5. 

78 P(X =z)=a(})" where 2=0,1,2,3, ... 

ca(®)’+a(@) +a (B’ =1 {TR@=1} 
2 I — 

  {infinite geometric series, u1 =1, r= %} 

I - 

o 
—
 

- 
. 
o
=
 

- 
i)
 

i 
o 

ok
l 

S
~
 
N
 

I - 
I e
t
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77 

78 

  

  

  

  

  

  

  

  

  

  

  

                            

=logsy? 

£ 8 
81=y® andso log,81=— 

z 

ad b There is a strong, negative, linear correlation 

20§ Epod eafenl(e] between temperature and food eaten. 
18 
16 

1 
12 
10 s 

6 5 12) 
4 

g Te tire (°C) 
0246 81012141618202224 

¢ 3ot 7= Xy 
n n 

_10+16+12+419420 _154+1241349+11 

- 5 - 5 
_m - =3 = 

=154 =12 

the mean point is (15.4, 12). 

@ The y-intercept is = 19.2, so the line of best fit has the form y =mx +19.2. 

Now, the point (15.4, 12) lics on the line, so 12 = 15.4m + 19.2 
  15.4m = —7.2 

m=2 047 54 
. the equation of the line of best fitis F =~ —0.47¢ + 19.2 

t When t=5 Fr~-047x5+19.2 

~16.9 

Pug would eat about 16.9 g of food on a 5°C day. 

g This prediction may be unreliable as it is an extrapolation. 

8 y=f(z—2)+1 is obtained from y = f(x) by a translation of (3). 

A(2,3) s A0, 4). 
b y=2f(z—2) isobtained from y = f(z) by a translation of (g) followed by a vertical stretch 

of factor 2. .. A(=2, 3) — A'(0, 3) — A"(0, 6). 

¢ y=f(2x) -3 is obtained from y = f(z) by a translation of (%) followed by a horizontal 

stretch of factor 3. . A(=2, 8) > A’(—2, 0) — A"(-1, 0). 

d Consider y = f~!(z). For an inverse function, the point is reflected in the line y = 2. 

A(=2, 3) — A(3, —2).
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” y=asin{d(z—c))+d    
The amplitude =@ =4.  The peried =4 = 

b 
The basic sine curve has been translated through { °,). . c¢=0, d=-1 

Thus y=4sin (%z) -1 

Check: y(3) =dsin () —1=4(-1)-1=-5 v 

y(6) =4sin(3r) -1 =4(0)—-1=-1 v 

80 a A and B are mutuelly exclusive if ANB = 2. In this case P(ANB) =0, so z=0. 

b If A and B are independent, then ~ P(AN B) = P(A)P(B) 

. 2={03+<)(02+=x) 

. =006+ 0.5z + 2? 
s #* —0.52+0.06=0 

o (2—02)(z—-03)=0 

  

  

  

          

. 2=020r03 

81 a gloga 11 b log,, 1 X log,, m? 
logg 11 

= (32) = logpm log, m?  {change of base rule} 
- (31.,;3 11)2 log,, m 

1 {peames) =L« 2ogsm {logA™ =nlog A} 
Joggm 

=121 —1x2 

=2 

82 Comulative frequency curve of watermelon weight data a I median ~ 4 kg 

i IQR=0Qs - Qu 
~53-32 

~21kg 

b | ek () 
0gw<1 

lgw<?2 

2€w<3 

3gw<4 

4<w<b 

5gw<6 

6sw<T 

TSw<8 

  

BLw<9  
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So, the mean weight of the 

‘watermelons is about 4.25 kg. 

  

el has inverse z=&1 
-2 y—2 
  83 2 (fog)(@) = flgle) b oy= 

=1(553) 
=2(z+1)+1 

  

  

-2 

_2x+2+x-2 

- T—2 

_ 3 

Tz-2 

  

  

8% a If Aand B are mumally exclusive then P(AUB) = P(4) + P(B) =L+ 2 =1 

b P(AUB)=P(A)+P(B) —P(AN B) 
=P(A)+P(B) —P(A)P(B) {A and B independent} 
—l42_Llx2=U 
_S+7 3X7_ 

8s log,(z+2) =log, z +2 

. log,(z+2) —loga 2 =2 

  

  

  

. since a>1, #= 
a?—1 

86 a (a—b)® =a®—5ah+10a%h? — 10a?b° + Bab? — b 

& This expression is the binomial expansion of (0.4 + 0.6)®> = 1° 
=1 

e (24 %)5 

= (20° +5(22)* (3) + 10(0)° (i)2 +10(22)° (é)s +5(22) (5)‘ + (1)“ 
T 

=325 48000 4800+ 24 0 L 
z oz oz
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N . 1N s 
87 a (ac+—) =dq b (m+—) =a 

z @ 

1 2 3 

. 9:2+2+-w—2=a2 o 2t 4377 (l)+3m(l) +(l) =a® 
z z z 

1 
z’+§=a2—2 

88 a 1 The ellipse cuts the x-axis when y =0 I The ellipse cuts the y-axis when =0 

2 2 
=1 s 

16 4 

. @ =16 sy =4 
Soz=34 Soy=32 

So, A is (4, 0) and B is (—4, 0). So, Cis (0, 2) and D is (0, —2). 

b Since Loo1_Z d Volume=r [* y? de 
4 16 -4 

4 2 =2x [y da 
then 1y 2_g-Z fil 

4 =or fH4- 1) do 
z? 374 Ly=hyfe- T _2"[“7:% 

0 
2 = — 18y _ 

But y>0, so y=4/4— = 2n {(16 - 1) - (O} 
4 =2rx & 

_ w3 
/ 4——d:c is the area of one quarter of = 5T units’ 

the ellipse 

2 
flreaoftheellipse=4f 4-%@ 

o 

     

   

o € When 2 =%, sinz= 

I 
—
 

u|-
. 

1\2 Ly=(3)= 

d Therangeis {y|0<y<1} 

¢ Area= ["sin’z do 

= Ji (% - }cos2z) dz 

= [%z - %(%)sirflz]:; 

=(3-i®)-(0-0 
J — = 7 units’ 

-r-
l.-

 

0   

1 f'(x) = 2(sinz)! cosx 

=sin2z 

. F(F)=sinf=1 

the slope of the tangent is % at (%, %) 

"o
l the equation of the tangent is z—y:%—
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90 flz)=z+az! 

” 

72 

  

flxy=1—2"2, and f/(z)=0 b Sign diagram of f'(z): 

‘;‘;fl 
0 

f has a minimum at z =1. 

fy=14+}=2 

z=1 {as >0} s Aldsat (1,2) 

  

Since the minimum value of f(z) =z + 1 for @ > 0 is 2, the sum of  positive number and 
z 

its reciprocal is at least 2. 

1 1 
1 Since the minimum value of f(x) =2+~ for >0 is2, 2+==1 hasnosolutions. 

z z 
. 1 

il Theline y=2 touches y=z+; at A, 

1 e - 
So, ®4+ — =2 has one positive solution. 

z 

fil Theline y =3 cuts ;,I=:1:+l in two places. So, a:+l =3 has two positive 
x x 

solutions. 

2 1 

r= 0 |+t] -1], teR b z=2+¢t y=—t z=-3+2 teR 
-3 2 

(2+1¢, —t,—3+2t) represents any point on the line. 

[ 2+t--1 t+3 
BP=| -t-3 |=[-t-3 

34265 2 -8 

BPe(i—j+2K) = (¢+3)1 + (<t — 3)(—1) + (2t — 8)2 
=t+3+t+3+4t—16 
=6t—10 

  

A(2,0,-3) 
    

      

[BP] is perpendicular to the original line when 6f—10=10 P24, -1, -3 +2t) 

. t=% 

When t =5, Pisat (2+5,-%,-3+2) ; ( ) 
. B(-1,3,5) 2 

4, -2, 1) isclosest to B. 

I a is the minimum value of X. I bis Qi, the lower quartile. 

il cis Q, the median. v dis Qa, the upper quartile. 

¥ e is the maximum valve of X. 

1 maximum value — minimum value = e — o is the range. 

Il Q3 — Q1 =d—b is the interquartile range or IQR. 

I 75% of the scores are less than d, and 25% of the scores are less than b. 

P(b< X <d)=0.75—0.25=05 
il 75% of the scores are greater than b. 

P(X >b) =0.75 
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EXERCISE 5B 1N 

1 fj(zk— 31)=0 
k=1 

(—29) + (-2 + (-25) + ... + (2n —31) =0 

The LHS is arithmetic with u3 = —29, d=2 and “n” = n. 

% (=58 +(n—1)2)=0 

g(2n —60)=0 

. n{n—30)=0 

. n=230 a n#0 

2 f(@)=5l(z—4)+2 

   

    

ae¢ y=F() b f(z)=1 when x~4.82 {technology} 
. , 1 

d  f@)=5 (m) +0 

f5)y=5 

the normal has gradient —§ when z =5, 

f(5)=6ln(l)+2=2 
y—2 
  

  

t (5,2) th 1 i =-% at (5, 2) the normal is =5 § 

Sy—10=-z+5 
y= z+5y=15 

i 9) 91 1y" 3 The general term is Try1 = (r)az (—5?) 

=)' (-3)=™ 
Qe 

Ifwelet 9—3r=0 then r=3 s Ta= () (-1)°a° 
=84x -3z 

— 84 
125 

So, the constant term is —3%. 

A a When t=0, V=7500x2° 
= 7500 

So, the initial value of the cash investment is $7500. 

b | When t=5, V =7500x2%%%% Il When t=15 V =7500 x 20-09%15 
/10245 ~ 19118 

The value of the investment after 5 years The value of the investment afier 15 years 

is $102485. is $19118. 

€ Percentage increase = % x 100% 

= 36.6% 

d  If the investment doubles in value it will be worth $15 000. 

So, we solve 7500 x 2%-9% = 15000 for ¢ 
o 20002 

s 0.09t=1 
. tre11.1 years



  

900, —750, —600, —450, ... 
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a4 ugo =wu +19d 

) 

  

£ 
20 

= 3 

=+ 

P =50m 

2+ r(ZE) =507 

. (24 3) =50m 

  

50m 
r= T = 35.3507 

9 

. & 354 cem 

  

b 

< 

is arithmetic with u; = —900, d = 150 

Sa0 = 22 [2(—900) + 19(150)] 

=10[—1800 + 19 x 150] 
= 10500 

flz) =22 and g(z) =1—ba? 

F(x)y=g'(x) implies that 

2=-10z 
L op=_1 L=y 

flx) is y=2z 

s fTHe) i z=2y 
_I 

v=3 
—1y_ T =3 

Thus %:1—5:02 

2 T 
Z.1= 5z +2 0 

. 10245 -2=0 

s Qe+ 1)(GEr—2)=0 
L ow=—jord 

area = L6r2 

~ £(5%£)(35.3507)° 

~1526.77 
2 1530 em?® 

area of triangle = } X @ X = X sin60° 

122(32) ~ 1526.77 

Ba? s 1526.77 
- o® 35259 

. 2594 {z>0} 

the sides are 59.4 cm long. 

  

  

  

  

  

                      
01 2 3 45 6 7 8 910 

Time sleoping (h) 

b 

< 

Using technology, r = —0.937 

There is a strong, negative correlation 

between Time sleeping and Cups of 

coffee.
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9 a b | The equation of the 

principal axis is 
0+2 y=——=1 

  

  

  

. y=1 
  

Il The maximum value is 2. 
lil  Assuming that the pattern 

                        

  

  
%05 10 15 20 25 30 3 40 45 50 55 @0 continues, the period is 60. 

tv  The amplitude is 
2-0_, 

5 =1L 

¢ From b, we obtein a =1, b=";—’0'=%, and e=1. 

the equation that models the data is y:sin(;'—uz)+14 

10 f(z) =mcosn(z—p)+7 

. 12-4 . 
a The amplitude m=T=4 maximum value = m +r =12 

o44r=12 
period = 2(5 —1) =8 r—8 

2—‘”:8 The maximum value occurs when = = 1. 

n - when 2 =1, cosn(z—p)=1 
- R=7 .= = s El-p=0 

Lop=1 
z Thus, m=4, n=% p=1,r=8 

b fl)=doosZ@—1)+8 ¢ Fz) =10 
£(6) = doos(T x 5) +8 ;. doosZ(@—1)+8=10 

=4cos(22) +8 ooesFe-1)=4 

=8-2/2~5.17 o Fle-D =25 +kem 

  

. w—1=%% 48k 

.z =2} is the smallest positive 

4 6 
1" a Iy and L have direction vectors ( -1 ) and (—5) respectively. 

3 15 

Let @ be the acute angle between Ly and La. 

|24+ 5+ 45| 
VIB+T+9v36 + 25+ 225 

__ 
V261286 

. f=cos™! (\/‘%) ~ 30.9° 

-2 4 -10 
b When t=-2, n=| 1 |-2|-1}= 3 

4 3 -2 

(—10, 3, —2) lies on L. 

. cosf = 
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a The x-axis intercepts are —1 and 8. 

b g(@)=—f(z—1) is obtained by 

-10 —5+6s 
¢ We require 3 = —bs for some s €R 

-2 T+15s 

o 3=-6s andso s=—% 

But —5+6s=—5+6(—%) 
= 3 =-8% 

#-10 
P does not lie on L. 

—2+4t=-5+65 ... (1) 
d If Ly and Lo meet then { 1—t=-5s @ 

4+3t=T+15s .. (3) 

6s—dt=3 From (1) and (2), {t=1+55 

. 6s—4(1+5s)=3 

. 68 —4-208=3 

—l4s=7 
s=-1 

and t=1+5(-3)=—% 

Checkin (3): LHS=4+3t=4 

RHS =7+15s = 

Ly and L2 meet where s = 

they meet at (-8, 24, —3). 

wi
 

   " e < 

-~ ( 
it
 1 3 

- (3))- 
. da—2424=0 

o da=-22 

. a=-5% 2 

fO)=)(-B)=-8 
the y-intercept is —3 

translating f(z) 1 unit to the right, then 

reflecting the result in the z-axis. 

€ The z-intercepts of g(z) are 1 unit to the 

right of the z-intercepts of f(z). 

the z-intercepts of g(z) are 0 and 

B+1 
The y-intercept is 0. 
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13 a 150, 

<10 D25l . 
<20 100 + 

<30 75 [ 

<40 50 

<50 ; 

<60 w & G0 %    
® | median = 35 min (= Q2) I IQR=Q3—Q1 

44— 26.5 

~17.5 min 

I = 50% of the data is less than 35 min 
the probability =7 0.5 

14 Total number of seats = 16 + 18 + 20+ 22+ .... (n =30) 
which is arithmetic with 43 =16, d =2, and n =30 

Sa0 =32 (2 x 16 + 29(2)) and  ugo =1 +29d 
= 15(32 + 58) =16+ 29(2) 

=15x 90 =74 
=1350 

P(seated in last row) = 2a; = =& ~ 0.0548 

15 If X is the number of successful shots, then X ~ B(5, 0.86). 

a P(X =5)=(0.86)° ~ 0.470 

b P(X =3) = (3)(0.86)%(0.14) as there are (§) =10 different ways of scoring 3 from 5. 

These are: SSSMM SMSSM 
SSMSM MSSSM 

SSMMS MSSMS {S = score, M = miss} 
SMMSS MSMSS 
SMSMS MMSSS 

Max used only one of these. So, he is incorrect. 

16 (1+32)7 has 8 terms in its expansion 

=1+ ()3 + ()= + (1) Go)® + () 32 + ()(32)° + () 30)° + (7) (3o 
=1+ 21z + 189z + 9452° + 2835x:* + 51082° + 5103x® + 2187z7 
So, the coefficients of the last 4 terms are greater than 1000. 

the probability is 3 = 3. 

17  a Carl’s z-score for the 100 m = 299 - 10.20 His z-score for the 200 m = 17.30— 18.50 
0.113 0.706 

=~ —1.86 & —1.70 

b His z-score is further from the mean O for the 100 m, indicating that his performance is better in that 

event.
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18 f(z) =sin(z®), 0< o< 
a  f(z) cuts the z-axis when 

sin(z®) =0 (-1,0), (1,0 
2 =0+km, IcEZ 

. a=0, ¥m, Vo, 

. =0 or £~ 1.46 {0 z< 5} 

So, the z-intercepts are 0, = 1.46. 

  

< f'(z) = cos(e®) x 3z 

s F(§)=cos (’;—:) x3 (’1"—:) 

= 1.64 

So, at (%, f(%)) the tangent has gradient 2 1.64 

and since  f(§) = sin (";—j) 22 0.466 the tangent has equation 

y — 0.466 
—z 

-9 
.y —0.466 ~ 1.64x — 1.286 

.y & 1.64¢ — 0.820 

d f(z) = —sin(z®)32%(32?) + cos(z®)6z 

= 6z cos(z®) — 92 sin(z®) 

=3z [2 cos(z®) — 3z° sin(za)] 

~1.64 

So, f“(x)=0 when z=0 orwhen 2cos(z®) = 32°sin(z®) 
- 0903 {technology} 

From the graph in b, z 2 0.903 is the only solution where f(z) >0 and f'(z) > 0. 

Pis (0.903,0.671) 

1208 

1797 

~0.672 

415 

8D 
= 0.705 

b This is not strictly a binomial situation as the probability of selecting a successfully treated person 
changes with each selection. 

However, as the population is very large, the binomial model provides a very good approximation. 

So, Harry’s method is valid to obtain a very good approximation. 

Note: If X ~ B(10, 0.672), P(X = 8)=0.202 

a | P(successfully treated) = 

P(over 35 | unsuccessful) = 

  

) =381~ 
2 fl(z) =3¢ 7"(—4) b [f(=)de ¢« fieds 

= 12!~ = [3el74 do - [—%e“" z 

I e 
=% =3(e—e™)



  

  

    

564  Mathematics SL (3rd edn), Chapter 25 — MISCELLANEOUS QUESTIONS 

21  a y=(lnz)sinz cutsthe z-axis when y =0 b Cis = (2.128,0.641) 

Inz=0 or sinz=0 {using technology} 

z=1or x=kn, k€Zt -10) w0 

{since z > 0} 

Ais (1,0) and Bis (m, 0) 

%‘ = (%) sinz + (Inz)cosz 

From the graph, the point we are seeking is the point where % is a maximum, between =1 

and ¢ ~22.128. 

This is when « # 1.101 {technology} 
the point is (1.101, 0.086) 

A non-stationary inflection. 

.04 20 r=1+$=1400375 
41 = 2000 

otpgr = X" 
= 2000 x (1.00375)™ 

The investment doubles when wpn41 = 2000(1.003 75)" = 4000 

- (L00375)™ =2 
. nlog1.00375 =log2 

e log 2 

log 1.00375 
', n = 185.19 months 

So, it will take 185 months for the investment value to double. 

The investment value will quadruple when (1.00375)™ =4 

*. nlog(1.00375) = log4 

. n370.37 

8o, it will take 370 months for the investment to quadruple in value. 

23 (22 +2)% has b [(@2+2) de 

Ty = (%) (%)° " 2" = [ (=° + 1028 + 402° + 80z* + 8002 + 32) do 
. Ti=(8) (+*)°2° = 80 = &'t + Xa° + Lo +162° + R’ + 32z + ¢ 

T = (§) (=7)" 2 = 80a? 
To=2°=32 

25 f@)=e(z-1)2+4 b The curves meet where (¢ — 1)% = —4(z — 1) 4+ 4 
But f(0)=0 oo BE—1)2= 

24— a(-1)2 +4= p_1mi 
SLoa=-14 

So, f(s) = —4(@— 17 +4 na=1kft 
- x/0.106, 1.89 

1A [i5 [f@) —9@] de W Am [ [-4e-1)?+4-(@-1P] & 

2 4.77 units?
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2% 2 P(AU B) = P(A) + P(B) —P(AN B) 
But A and B are independent . P(AN B) =P(A)P(B) 

P(B) P(B) 
. 068= —= +P(B) - ——P(B) 

. 2.04=P(B)+3P(B) — [P(B)] 

[P(B)]? —4P(B) +2.04=0 

b The solutions are P(B)=3.4 or 0.6 {technology} 

But 0S P(B) <1 
. P(B)=06 and P(A)=02 

2 a E=63+76+?g+""+83=70.5kg 

b Total weight of the students = 12 X 70.5 = 846 kg. 

Let  be the weight of the student who left 84}‘11_ z 

. 846 —z =770 
. =78 

=70   

the student weighed 76 kg. 

¢ | s=151kg {technology} 

il The heaviest student is 99 kg. 

99 — 70 

15.1 

2 1.92 

the heaviest student is about 1.92 standard deviations above the mean. 

The z-score   

27 [If X is the number of correct answers, then X ~ B(30, %) 

a P(X =10)~0.0355 {technology} 

b P(no more than 10 correct) = P(X < 10) 

"5 0.974 {technology} 

28  a If D is the number of defective batteries, then D ~ B(20, 0.03). 

I P(D=0)=~054 il P(at least one is defective) = P(D > 1) 
~0.456 

b X ~B(n, 0.03) 

1 P(X =r) = (7)(0.03)"(0.97)" " n P(X>1)203 

. P(X =0) = (})(0.03)°(0.97)" s 1-P(X=0)>03 

= (0.97)" 5 072 P(X =0) 
(097" < 0.7 

nlog(0.97) € log(0.7) 

a> log(0.7) 

1og(0.97) 
{log(0.97) < 0} 

. w2 11709 
the smallest » is 12.
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29 a I Ist 2nd i P(same colour) 
LW & =P(WW or GG) 

m/W<i\G — {10y (8 5 4 &% =@ @+ ) &) 
Fe B-w — 1o 

G = 210 

&€ —u 
1 

b Ist . 2nd If P(WW)=%, then 

v () () - 5w 5+n/ \4+n T 

5+n =0 o+ 4)(n+5) =110 
5 sonP49n—90=0 

Tip-W o (n—8)(n+15) =0 n 
5+n G som=6o0r-15 

As n >0, the only solution is n =6. 2 | =, Q 

| x 3 

30 If X is the mass of a sea lion, then X ~ N{u, 02). 

‘We start by finding 21 and z2 which correspond to 1 = 500 and z2 = 900. 

  

    

  

  

  

P(X < 500) =0.15 Also (X >900) =0.1 
P(Z< 500—u) —ous . P(X < 900) =09 

o X—p_ 90— 500 - P( E< ”)=o.9 
L a= ~ —1.0364 v v 

v . 900—p 
- 500 — pms —1.036d0 ... (1) P (Z < ) =09 

o= B 0m16 
o 

- 900 — p& 1.28160 ... (2) 

Solving (1) and (2) simultaneously, we obtain = 679 kg and o = 173 kg. 

  

  

  

    

3 a When d=0, b We need to solve 

H =4 x 03442x0 4x 042 =200 fort 
=4 - 03442 _ g 

So, 4 horses were initially infected. . 0.3442¢ =1n$50 

. g 1n50 
© T 03442 

7 11.4 days 

32 a P(A)=02 .- P(4)=08 b P4|B)=—2 =05 
= y+z 

soz+y=08 .. (1) . 1 

PAUB)=z+y+2=09 - y=3ly+2) 
. 08+2=09 {using (1)} y=y+z 

. z=0.1 Soy=2z=01 

¢ From(l), z+0.1=08 

. T=07
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8
=
 33 a y=1 meets y=o+2 whee zH2= 

x 

L2t 2z=1 
L2 4+2r-1=0 

_ —2=/2-a(D) 

      

L= 

- —2+V8 

2 
222 

LT —_— 
2 

L e=-1£v2 

om=-1 n=2 

  

b I y= 1 under a translation of (_02) becomes y = 1 which under a reflection in the 
@ z+2 

@-axis becomes y = — L 
¥= z+2 

1 

W= 
il g(z) is undefined when z+2=0 

. & =—2 is a vertical asymptote. 

As 00, glz)—> 0~ 
As z— —oo, g(x)— 0" 
.y =0 is a horizontal asymptote. 

W og0y=-% 

the y-intercept is —%. 

  

3% a | When t=0, nn= (;‘) 

So, the initial position of the first object is (—1, 3). 

Il When ¢ =10, 1. = (3")+ (53 

=G 
So, the first object is at (39, 23} after 10 seconds. 

b dismce=\/m ¢ When t=1, l"2=(2)+(i) 

- Vi -0 
447 m ... the second object passes through (9, 8). 

d  We consider (g) = (_;) +t(;) 

. 9=-1+4¢ and 

8=3+2t 
. t=2.5 is the common solution 

So, both objects pass through (9, 8), but they do not collide since they pass through (9, 8) at different 

times.
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35 area of A = area of B 

o = fF fe) de= [} fla) dz 
n JT i@ de = [P f(e) de 

4 93 Bg? -2 
[—%+%+%—6:{| =53 {technology} 

& 

B2 ok —4— 16 =+ =4+ = - =51 (-4 % +10+12) (4+3+2 Gk) 51 
4 23 2 

o2k s L 
T T TS0 

3k — 8k® —30k* + 72k +88 =0 
. k=~ —0969 {technology} 

36 y= P 

a When =0, y=e"=1 and b Area:j:e'“‘zdz 
when x=2, y=e* # 0.882 units? 

: . 1 
Ais (0,1) and Bis (2, e—A)A 

  

  

  

37 & As the results are independent, b Let X = the number of heads obtained. 

P(H N H) = P(H) x P(H) X ~ B(10, 0.8) 
- [P(ED]? = 0.64 I P(X =6)~0.0881 {technology} 

. P(H)=08 {P(H) >0} il P(X > 6) ~0.967 

38 If X is height of a maize plant, then X ~ N(g, 6.82). 

a P(X <45)=0.75 < 

- P(u < 45_“) =075 
6.8 6.8 

. P(Z< 45_“) =075 
6.8 B i 2 (om) 

- 25 ~40.4 
456 £ 06745 # ¢ 
45— 450 If P(X <25)=P(X >a) then 

. w404 p=—2B=a—p 
- 2 oa=2u—25 

b X ~ N(40.41, 6.82) | e 558 
P(X < 25) ~ 0.0117 

39 a b Using technology, « = 0.1934 

   
  

(01934, 2.4724)
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&0 f(z) =zsin(22), 0<z<3 

a v b Using technology, the maximum value 

(1.01,0.910) of f(z) is 0.910, and the minimum 

value is —2.41. 

the range is 

{y| —2.41 € y < 0910} 

      

    (246,-241) 

¢ F(@)=0 when sin(2x)=0 {0<z<3} d A= [Foin(z)ds 
#~0.785 {technology} 

2e=0+kr, K€EZ 1 

kx 
r=— 

2 1 

b=z 

M flx)=e¢"sinz, —3<<3 

a f'(z) =e"3%(-3)sinz +e " cosz b ()= ¥ (cos Z —3sin %) 

  

=e ¥ (cosz — 3sinzx) =% 0-31) 
€ ¥ 3 

v=1() TTE 
the tangent has equation 

s 3 z y—e =——(z-Z 26-9) 
. egflly—e—%x' (e%’L) =-3z-3(-%) 

L esf'y—1=—3ac+37" 

  

area = [} =97 sing do s ossteFy=14 

2 0.0847 units® 

sinz  cosz 
    

  

& f(z) = —, 0<2< % 
cosT sinz 

in2 2 

a fr)=SmEros e b sin2z=0 1 
W:”“”” ) . 2e=0+kr, KEZL 

= - - =k= 

sinzcosccx(2) ow=ky, kel 1 
9 soz=0or ¥ 

~ sin2z 

i 
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€ The least vaiue of f(z) is 

when sin2z=1 

w2=% {0<2z< 7} 

=2 o
 

oz 1 SR
 

vl 

  

d sina=% so a=sin"}(}) 

. _ 2 

o F0 = 
_ 2 

~ sin (4sin_1(%)) 

7 2.046 

43 If F is the weight of a female and M is the weight of a male, 

then F ~ N(78.6,5.03%) and M ~ N(91.3, 6.29%). 

a | P(M < 80)~0.0362 

b P(F <k)=02 
.k~ T44 

06096 <80ke 
F < 082 > 80kg 

0 00362 <80ke .18 
M < 

>80kg 

P(< 80 kg) 
~0.82 x 0.6096 + 0.18 x 0.0362 
# 0.506 

., 3 
48 a BA= 

b 

A(3,2,-1) 

  

B(L,-1,4) €@07 

¢ LetFbe (p,gr). 

.. BF= (fi:—i) = (—63) 
r—4 -6 

nop=T g=-4, r=-2 

So,Fisat (7, —4, —2). 

Il P(F < 80) ~0.610 il P(70 < F < 80) = 0.566 

< 

5% 5% 

o 91.3 b 

P(M < a) = 0.05 
. am81.0 

a+b 

2 

. 810+ b~ 182.6 

. bms 102 

and   =913 
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€ Area ABFE = 2 X area AABF 

=2x 1 |BA||BF| sin(ABF) 

=s/3_8><9><\/1—wsz(A§F) 

121 
—s/."fix9><1/1—9x38   

=v38x9x 3 

V221 
=+/38x9x 

3v/38 
= 3v/221 units® 

  

48 a Sp=1 
t 3 2 - TRt Ao =1 

Y 3_ 24+ gt-3=0 

. 8% 410t -3=0 

oo (at—-1)(2t+3)=0 

L t= % or —% 

But t>0 . t=% 

46 f(z)=5c+e~"" —2, —1<z<2 
a f(0)=0+e'—2 

the y-intercept is e — 2/ 0.718 

¢ z-intercept = —0.134 {technology} 

d Fl@)=5+ o= (—22) 

s F()=5+€%(-2)=3 
So the tangent has gradient 3 when « 

&7 If X is the length of a zucchini, then X ~ 

a P(X<a)=015 and P(X >b)=02 

L em172 . KX <b) =08 
. b~ 30.0 

b Using technology: 

I PAT.2<X <300) W P20 <X <26) W P(X <243) 
72 0.649 72 0.334 =05 

(Compare this with 

1-0.15— 0.2 =0.65.) 

9x38-121 

x 88 

b E(Y) = wn 

=) +2(3) +3(F) +4(3) +5(3) 
= 2.675 

€ 2.675 is the mean of the V" distribution. 

=1 

“1-6 

N(24.3, 6.832). 

571 
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[ b As 2 -3, y——oo 
As z— -3, y— oo 

z=—3 is a vertical asymptote. 

As z— 00, y——2F 

As & — —c0, y— -2 
y=—2 is a horizontal asymptote. 

¢ hm =T, oy S22 
z==co T+3 z=co £+3 

4 a 3+s=-2 . s=-5 b Theymectif 24+s=6+2t ... (1) 
9 . _3 “1-5=-3 .. 

= -1 )+ -1]={ 4 3+s=4—t ..(3) 

3 1 -2 5 5=2 andin(3), 
So, Ais at (—3, 4, —2). 

¢ The lines have direction vectors Soin(l), 2+s=4 and 6+2t=4 v 

1 2 oo L1 and Lo meet at (4, -3, 5). 
-1} and o . 
1 -1 

2+0-1| 1 L eosfm e L 
= ATIT VAT 07T Va5 

. 6=cos? (711-5) ~75.0° 

50 f(z)=e*(x® —3z+2) 

  

a y=f(z) cuts the z-axis when yy=0 b As ¢ — —oo, f(z)—0t 

2?3z +2=0 {as >0} . ¥ =0 is a horizontal asymptote. 

s (e-1)(z—-2)=0 ¢ @) =e(z" — 3z +2) +e°(2 —3) 
L oz=1lor2 =e®(2® —3s+2+2—3) 

So, Aisat (1,0) andBisat (2,0). =e*(a?—z—1) 
y = f(z) cuts the y-axis when £ =0 d f@) =0 when 22 —z-1=0 

y=e2)=2 . @~ —0.618 or 1.62 
Cisat (0,2). ¥ 

H.s z 

the local maximum has x-coordinate =5 —0.618 
and the local minimum has z-coordinate = 1.62. 

e fl)=e(l-1-1)=—e t z—ey=1 meets y=e(z?—3z+2) 

  

  

.. the normal at A(1, 0) has gradient % where =1 — e¥(z® — 3z +2) 

and the equation of the normal is s oE—1= e"“(a: —)@—-2) 

-0 1 
Z_1=; LE-D[1-etz-2)] =0 

soey=z—1 s z=1 or z20475 {technology} 

. s—ey=1 .. the z-coordinate of D = 2.05 

g Arawm [P0 [l _em(x? — 30+ 2)] do 

72 0.959 units®
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51 a f(z)=xze® b fi(z)=e® +2e™® x (—1) 

fO)=0xe =& —ge® 
=0 which is O when e™* —ze™ =0 

the y-intercept is 0. e (l-z)=0 

1-2=0 {7 >0 forallz} 
Loz=1 

11 
and f()=1xe ‘== 

€ 

Adsat (1,1). 

< f@=e2(1-2) d Area= [Pze=" dr 

s @)= —eTH(1-2) + e x (1) = 0.330 units® 
=—ePtage ¥ —e® 

=ge % -2 * 

which is O when ze™® — 2™ =0 

e (z—2)=0 

. x—2=0 {e* >0 forallz} 
L =2 

d @) =2xe?=2 ad f)=2xeT == 

Bisat (2, %). 

52 a2 die2 b P(E)=31 {enclosed points} 

6‘ ¢ If X is the number of times E occurs, then 

5 X ~B(10, &). 
4 
3 i P(X =2)~0227 
2 I P(at most 3 times) = P(X < 3) 
1 . 2 0.635 

T2 456 

., [-2-2 -4 
53 a AB=|[4 1= 5 ¢ Theymeetif 2—4t=3s—-5 ... (1) 

-1-3 —4 Bt—1=5—-16 .. (2 
. Ln has equation 3-4t=16—-3s .. (3 

2 —4 2-4t From (2) and (3), 5¢—1= —(3—4t) 
n=[ -1+t 5 |=[ -1+5 Bt 1= —344t 

3 -4 3—dat Tl + 

Som=Q2-4i+ (5t —1)j+ (3 -4tk and 5(—2)—1=s—16 

4 2-4¢ ¥ 

b a]l=(-1+5 

b 3—4t 

  

—16 

  

8=5 

In(l), LHS=2—-4t=248=10 

RHS=3s-5=15-5=10 v 

all 3 equations are satisfied by 

t=-2 s=5 

So, the lines meet at 

(2-4(-2),5(-2) — 1,3 - 4(-2)) 

Disat (10, —11, 11).
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54 a DB>=7.6"+81>-2x7.6x8.1xcos30° 
. DB~4.09m 
BC? =162 4 8.1 — 2 x 16 x 8.1 x c0s30° {AC=7.6 +8.4=16} 

. BCx~9.86m 

b Let ABE=4¢ Let DBC=¢ 
sin@ _ sin30° sing _ sin(30° 4 68.22° . 

In AABD, 75~ 2oz S~ % {exterior angle of a A} 

: 3.8 8.4 x sin(98.22° L slnfl%m . sind:z#) 

. 0=68.2° . sing ~0.8435 
. ABE~68.2° o ¢ 5750 

-, DBC = 57.5° 

¢  AreaBCD d In AAME, 
= 4 x BC x DB x sin(DBC) cos68.2° ns 208 
al i o x 2 1 x 9.86 X 4.09 x sin(57.5°) 405 

~17.0 m? ~ cs(68.2°) 

. %109 
. AE~109m 

AT m M B 

55 a As z— oo ;—»0 b f(z)——l+; 
T (z— 1)z +b) (z—D(z+2) 

. y—a SOy =-1+2=—21 
But y=—1 isthe HA. the y-intercept is —24. 

oa=-—1 

The vertical asymptotes are =1, &= -2 

L b=2 

¢ The function cuts the z-axis when y = 0. 

3 

G-DE+) * 
(—1)(z+2)=3 
w2 +z-2=3 
L PP 4+z—5=0 

-1+ +/T—4a(-5) 
LT = 2 

_-1vA 
2 

z-intercepts are “—‘2@ and ‘—“;J@ 

V1 

* 3 e 1 A=—/ (—1+—)dz 
VEI-1 224z —2 V-1 

d f@)=—-1+3E"+5-2)7! 

s P (@) =0-3(%+z—2)"2 (2w +1) 

_ =320+ 
(=2 +z-2)? 

o F(@=0 when —3(2c+1)=0 
=1 L =3 

  

Disat (-4, —23). 

21-1 

3 
A= 14— dz 

/., ( +zz+z—2) 

2 0.558 units?



  

Mathematics SL (3rd edn), Chapter 25 — MISCELLANEOUS QUESTIONS 575 
  

56 a2 | PGUT)=PG)+PT)—PGNT) 
1-042=03+04-P(GNT) 
- 058=07-P(GNT) 

. P(GNT)=0.7-058 

   
=012 

The probability of a randomly selected customer buying both 2 goldfish and a tortoise is 0.12. 

il e+012=03 So, the completed Venn diagram is: 

soa=018 

b+ 0.12=04 

. b=0.28 

il P(G)xP(T) =03x04 
=0.12 

=PGNT) 
G and T are independent events. 

b | Since P(T)=2P(G), il Since G and T are independent, 

b+c=2(a+b) PG NT) =PG)KT) 
. bte=2a+2b b= (a+b)(B+c) 

- c=2%+b o b=(a+b)(b+2a+b) {fomi} 

i As a+btc=058, S b= (04 8)(2a+20) 
a+b+2+b=058 o b=2at by 

. 3a+2b=058 - astp=t 
; 2 

b . 3(\/;—b)+2b=0.58 a+b:\/g (a5 atb>0} 

b - 3\/;—b=0.58 a:\/g_b 
So, br0104 {0<b<1} 
and a 0,124 

W P(G)=a+b0228 

57 & When t=0, Wo=1800x (0.95° b | When t=75 Wz =1800Xx (0.95)"° 
=1800 g 1225 g 

the initial quantity of DDT was il When ¢ =40, Wy = 1800 x (0.95)4° 
1800 g. ~23lg 

¢ d From the graph, when W;=900g, 

t~135 
the half-life of DDT is approximately 

13.5 years. 

e We need to solve 1800 x (0.95)* =100 fort 

Using technology, ¢ = 56.3 years. 
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58  a Let the smaller semi-circle have radius » cm. 

In APTR, we have: 

P Thus (64 )2 =624 (12 —r)? 

6+7)cm oo 86+ 120 472 =36+ 144 — 24r +7* 

Gom . 86r=144 
. r=4 

T (2-rjem R 

b | cos(TPR) =& =06 Il PRT ~ 90° — 53.1° 
| TPR ¢ 53.1° % 0.927° ~ 36.9° & 0.644° 

< 1 Area of A = area APTR — (area sector PQT + area sector RQS) 

~ (8 x 6) — (£(0.927)(6%) + £(0.644)(4%)) 

24— 16.69 — 5.15 

~ 2.16 cm? 

il Area of B = area of quarter circle — area of semi-circles — area of A 

~ im(12?) — 1n(6%) — 3x(4%) — 216 

~ 36m — 187 — 8w — 2.16 

  

  

  

  

  

  

~ 107 — 2.16 
~ 20.3 cm? 

59  a logy(a® — 22+ 1) =1+logy(x—1) b 3%+l — 5(3%) +2 

. logy(z — 1)? —logy(x — 1) =1 o 3(3%)2—5(3%)—2=0 

n. 2logy(z—1) —logy(w—1) =1 s 3mP—5m—2=0 {m=3%} 

s logy(—1)=1 s (Bmti)m—2)=0 
L oo—1=2" om=—}or2 

L oz=3 o8 =—} o 87 =2 
The first equation is impossible as 3% > 0 

for all . 
=2 

In2 
L E=T or logz 2 

0 2w b Using technology, r = 0.962. 

¢ There is very strong, positive, linear 

e * correlation between Length and Weight. 

e .. - d Using technology, the equation of the 
  least squares regression line is 

y = 0.0729z — 1.57.   

              ER
T
 

O 
S
-
S
 

o 

  

¢ I When z =110 mm, il When z =70 mm, 

¥~ 0.0729 x 110 — 1.57 ¥~ 0.0729 x 70 — 1.57 

~645g 353 g 

§ The prediction in € li is more likely to be reliable, as it is an interpolation.
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b We need tosolve 2p% —p* > 1 

  

  

61 a 
— 

(1), We graph y=22% —2* for <2< L 

A B y 

@) . 1 

1 
P(current flows) 2 

=P((1) closed U (2) closed) > 

=P((1) closed) 4 P((2) closed) 

—P((1) and (2) closed; 
((1) and (2) closed) So,for 2p% —p*> 3, p>0.541 

_Pa +P2 4 2 

= —P .. the least value of p is A 0.541 
=2p% —p* 

62 a A Let the angle at B be 8 and at A be 20 
in 2 N 

260 5em By the sine rule: sn:; 0 = # 

zom . 2sinfcosd _6 

¢ o sinf 5 
. =3 i o Som . cosf@=¢ {as sin6 # 0} 

B 

b let AB=zcom. ¢ Using the cosine rule, 

5 _ z 52 = 22 + 6 — 22(6) cos 8 

sing  sin(180 — 36) . 25=2%+36-12¢ (%) 

5 2)) et -Bry11=0 = —————=— xsin(180 — 3 x cos*(§ z=- 
sin(cos™(3) o B —36z4+55=0 

. =22 s (@—5)z—11)=0 
the length of [AB] is 2.2 cm. sox=8or % 

s AB=5cm or 2.2cm 

So, using the cosine rule would give 
tWo answers. 

Using the cosine rule in AABP, 

524107 6% 4 
o =8 _pg9 

2(5)(10) 100 
s e 27.127° 

o 60° — o ns 32.873° 

So, in AAPC, 2? = 10% + 5% — 2(10)(5) cos 32.873° 
- a? & 41.0127 

. xR 6.40 

P is about 6.40 cm from C. 

63 

cosa = 

  

64 Let F be the event of a faulty chip. 

P(F)=0.03 and P(F')=097 

If X is the number which are faulty, then X ~ B(500, 0.03). 

So, P(5K X <10)~0.114 {1%is5, 2% is 10}
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65 X ~ N(u, 2.832) 

  

-4 X-u_ 4 
P-d<X-p<y=P (2.83 283 © 2.83) 

~P(—1.4134 < Z < 1.4134) 
7 0.842      (30, 25) 

We model the Ferris wheel using  A(t) = a + bsin (c(t — d)). 

2 The amplitude = 6 =12, The period = 7" =60 .. e= gk
 

d = the ¢-coordinate of the point halfway between the first minimum and the following maximum 

_ 0430 _ === 

The equation of the principal axis is y=——=13 

15 

oe=13 

Thus a=13, =12, c=%, d 

So, A(t) = 12sin (¢t —15)) +13 

Check:  h(0) =12sin (F) +18=12(-1) +13=1 v 

h(30) = 12sin (3) +13=12(1) +18=25 v 

T X 76 

30 
  b When ¢t =91, h(91)=125in( )+13z24A9m 

67  a The period is 

e
l
 

vl
 

b z-intercepts occur when 

tan2z — v3=10 
L a=2 

The y-intercept is —/3. . 
b=—v3 Now, if —2F 

a=2 b=—/3 

68 f(z)=en’s, 0z 

2 f'(z) =% x 2sinzeose 
— 2% ginog Sign diagram: + 

which is O when sin2x =0 

. 20=0+kr, k€EZ 

kn 
oz=0+4+ 7 o f(z) has maximum value when z = %, 

x and this maximum value is e. . z=0, 3, ® 

15. 

o
 

4
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b f(z) = @ x sin2sin 2z + & *2 cos 2z 
= efin’ #(sin® 2z + 2 cos 2z) 

¢ f’()=0 when sin®2z+42c0os2c=0 on 0™ 

. sin® 2z = —2cos 2z 
Using technology, « = 0.999 or 2.14 

So, £(0.999) ~2.03 and f(2.14) ~2.03 
the points of inflection are (0.999, 2.03) and (2.14, 2.03). 

  

  6 =49 ad wr=10 When r=2, w =35 u=10, ug=2 =2¢ 
1_0=49(1_r) When r=5%, w1 =14, uz=10, us =L =7¢ 

’ Thus Sp =35+ 10 + 2§ = 478 
s 10 =49r — 4912 : : 

s 49— 49r +10=0 or S5 =14+10+7F =313 
o (= r—5)= T —2)(Tr —5) =0 

Lr=lat 

_ pel—2a? 70 f(z) =ze 

2 f@) =12 L2t (Laz) b f(z) =2 (1+20)(1 - 22) 
=2 (1 42?) 

F(x) = _4261—212(1 —4a?) + 21—212(_82) ‘%x 

= 1=2% (4 + 162 — 8z) ? 
= &5 (165% _ 120) . there is a local minimum at (~%, —¥€) 

¢ f”(x)=0 when 162° —122=0 and a local maximum at (%, 3%). 
. dz(4x® —3)=0 e 

. #=00r :!:32é 

d Asz—o0, fla)—0F 
As z— —o0, fla) — 0~ 

  

10x24+12X74....4+20x 5 
n 

58 
B a mean = 

9<¢X <11 ~ 16.0 

nsX<13 b standard deviation & 2.48 {technology} 
1B X <15 
BLX <17 

7T<X<19 

19X <21 
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72 a |a| = y/cos?8 +5in? @ + cos2 @ b As —1<cosfg1 forallh, 

=4/1+cos?8 then 0<cos?9<1 

o1 14+cos®952 

L 1< y/1+cos20<v2 

. 1< ol < V2 
< asb=0 {alb} 

. cosfsing —sin? @ +cos?8 =0 

45in20+ cos® 6 —sin® 8 =0 

§8in26 +cos26 =0 

.. 1sin20 = —cos20 

. tan20 = -2 

s 20m —L10TL+kx, kEZ 

9~—0.5536+% 

o, 61,02, 259, 4.16, or 5.73 

73 a 3+2sinz=0 

- sinz =—% which is impossible as —1 < sinz < 1 
no solutions exist 

& 3cos(2)+1=0 

s (2) =3 
gzfli1.23l+k21r, keZ 

~1.231 
. @~ 2m £ 2.462 + kdw 

-~ z~382 {0gog2n 

4 

76 a As Y P(X=gz)=1, b 
2=0 

1+k 4+2  9+3k  16+4k _tx fusi} =1 
% T T T 0 

w—l 3 16 , 45 | 96 
50 =0+ +gtHntn 

. 80+ 10k =50 =10 
. k=2 =32 

¢ PX>N=F+8+24 
=47 
~ w0 

75 f(z) =sinzcos(2z), 0Kz ™ 

a f'(z) = cosz cos(2z) + sinz (—2sin(2z)) 

= cosz(2cos?x — 1) — 2sinx(2sinx cos x) 
=2cos® ¢ — cosz — 4sin® v cos 

=2cos®z — cosz — 4cosz(l — cos’ z) 

=2cos® 2 — cosz —dcosz +4cos* 

=6cos’z —5cosx
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b f'(x)=0 if 6cos’z—Bcosz =0 

-, cosz(6cos’z —5) =0 

. cosz=0 or cos’z=3 

*. cosz=0 or :!:\/— 

€ cosz=0 or £0.91287 

. z=% or xrs0421, 272 
Sign diagram of f’(z): 

  

there is a local maximum at (0.421, 0.272) and (2.72, 0.272) 

and a local minimum at (%, —1). 

  

  

  

  

  

  

  

                
              

  

  

  

  

  

  

  

  

d 
y 

(0.421,0.272) (2.72,0.272) 

76 a I 

2§ D (day 

20 . 

15 
10 ° 

5 . 0 T= . I 
o 5 10 15 20 2 30 

w 
4 (ED @y 
3 

. 
2 

. 1 o 
. nTCC) 

0 T + 3 > 

-1 . 
-2         
  

b The graph of In D against T (part alf) illustrates a linear relationship. 

The equation of the least squares regression line in this case is In.D &~ —0.172T + 3.10. 

¢ InDw~-0.172T +3.10 d When T=7, D= 222x(0.842)" 
- D g 0-1T2T+3.10 . D2 6.66 days 

. Dy edl0 x g 01T2T 

. D~ 22.2 x (0.842)7



Third edition - 2013 first reprint

ERRATA

MATHEMATICS FOR THE INTERNATIONAL STUDENT

MATHEMATICS SL third edition - WORKED SOLUTIONS

page 209  EXERCISE  , should not give population as a measure of years:11B question 4

The following errata were made on 25/May/2016

page 139  EXERCISE  , should read:6F question 3 c

3     

= 135

and n = 20.

c
20P
k=1

³
k + 3

2

´
= 2 + 5

2
+ 3 + ::::+ 23

2

This series is arithmetic with

) sum =
n

2
[2u1 + (n¡ 1)d] = 20

2
[4 + 19£ 1

2
]

u1 = 2, d = 1
2
,

The following errata were made on or before 16/Feb/2016

4 P (t) = 400 + 250 sin
¡
¼t
2

¢

c lim
x!4

x2 ¡ 16

x¡ 4
= lim

x!4

(x+ 4)(x¡ 4)

x¡ 4

= lim
x!4

(x+ 4) fas x 6= 4g

= 8

page 290  REVIEW SET  , should read:14A question 1 c

1

e We seek the tangent to

y =
3

x
¡ 1

x2
= 3x¡1¡x¡2 at (¡1, ¡4).

Now
dy

dx
= ¡3x¡2 + 2x¡3

= ¡ 3

x2
+

2

x3
so at

dy

dx
= ¡ 3

(¡1)2
+

2

(¡1)3

= ¡3¡ 2

= ¡5

) the tangent has equation
y ¡ (¡4)

x¡ (¡1)
= ¡5

) y + 4 = ¡5x¡ 5

) y = ¡5x¡ 9

(¡1, ¡4).

page 322  EXERCISE  , should read:16A question 1 e

1



Third edition - 2012 initial print

ERRATA

MATHEMATICS FOR THE INTERNATIONAL STUDENT

MATHEMATICS SL third edition - WORKED SOLUTIONS

page 186  EXERCISE  , should read:9D question 9

9 Using Pythagoras’ theorem

RQ =
p

42 + 72 =
p
65 cm

4 h 2p¡ q+ 1
3
r =

µ
2
10

¶
¡
µ
¡2
4

¶
+

µ
¡1

¡ 1
3

¶
page 228  EXERCISE  , should read:12E question 4 h

(1, -25)

(4, -79)

(-2, 29)

x

f(x)¡

local minimum

local maximum non-stationary
inflection

-80

-4 4

page 342  EXERCISE  , diagram should have correct local maximum:16D.1 question 3 d v

3     d   v

page 358  REVIEW SET 16C  , should include sign diagram: question 8 b

8     b Sign diagram of f 00(x) is: +-
Re

x

t10
+ - t

-

00
v(t): a(t):t

20

+

0
s(t):

20 20

page 363  EXERCISE 17A.2  , should have sign diagrams on the interval from 0 to 20: question 2

2

Possibilities are: a 5 6 7 8

b 11 10 9 8

X
reject as modes are 8 and 9

reject as modes are 9 and 10

reject as modes are 5 and 9

So, the missing results are 7 and 9.

page 439  EXERCISE 20B.1  , should have diagram shown: question 16

16

page 508  REVIEW SET 23B  , disregard part  question 1 d.

page 360  REVIEW SET 16C  , should have properly labelled functions: question 12 c

(1,¡1)
x

y

f(x) = x + ln_x

3
2

3

x + 2y = 3

12    c


