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Features of International Mathematics for
the Middle Years

International Mathematics for the Middle Years is organised with the international student in mind.
Examples and exercises are not restricted to a particular syllabus and so provide students with a
global perspective.

Each edition has a review section for students who may have gaps in the Mathematics they have
studied previously. Sections on the language of Mathematics and terminology will help students
for whom English is a second language.

Areas of Interaction are given for each chapter and Assessment Grids for Investigations provide
teachers with aids to assessing Analysis and Reasoning, Communication, and Reflection and
Evaluation as part of the International Baccalaureate Middle Years Program (IBMYP). The
Assessment Grids will also assist students in addressing these criteria and will enhance students’
understanding of the subject content.

How is International Mathematics for the Middle Years organised?

As well as the student coursebook, additional support for both students and teachers is provided:
 Interactive Student CD — free with each coursebook

e Companion Website

e Teacher’s Resource — printout and CD.

Coursebook

Chapter-opening pages summarise the key content and present the learning outcomes addressed in
each chapter.

Areas of Interaction references are included in the chapter-opening pages to make reporting easier.
For example, Homo faber.

Prep Quizzes review skills needed to complete a topic. These anticipate problems and save time in the
long run. These quizzes offer an excellent way to start a lesson.

Well-graded exercises — Within each exercise, levels of difficulty are indicated by the colour of
the question number.
Bl green ... foundation  [fJ blue...core  [EJ red ... extension

F] 2 An equilateral triangle has a side of length 4.68 m. What is its perimeter?
Solve the following equations.

XX PP _
2+3 5 b6+2 8

] 2 A radio on sale for $50 is to be reduced in price by 30%. Later, the discounted price is
increased by 30%. What is the final price? By what percentage (to the nearest per cent)
must the first discounted price be increased to give the original price?

a

Worked examples are used extensively and are easy for students to identify.
worked examples
1 Express the following in scientific notation.

a 243 b 60 000 c 93800000

INTERNATIONAL MATHEMATICS 4



Important rules and concepts are clearly highlighted at regular intervals throughout the text.

The table of
values looks

Cartoons are used to give students friendly advice or tips. like thig]

Foundation Worksheets provide alternative exercises for students who
need to consolidate earlier work or who need additional work at an ?:’"gig;)y;" ';g's

easier level. Students can access these on the CD by clicking on the 2a (8-2)x3
Foundation Worksheet icons. These can also be copied from the S Gas

Teacher’s Resource CD or from the Teacher’s Resource Centre on the Companion Website.

Challenge activities and worksheets provide more difficult investigations and exercises. They can be challe,,
used to extend more able students. \ i)

Fun Spots provide amusement and interest, while often reinforcing course work. They encourage

Lun o,
creativity and divergent thinking, and show that Mathematics is enjoyable. %
Investigations and Practical Activities encourage students to seek knowledge and develop research \westj,

. . . ) . o %
skills. They are an essential part of any Mathematics course. Where applicable, investigations are ”'%
accompanied by a set of assessment criteria to assist teachers in assessing criteria B, C and D as
prescribed by the MYP.

Diagnostic Tests at the end of each chapter test students’ achievement of outcomes. More §980
importantly, they indicate the weaknesses that need to be addressed by going back to the section %
in the text or on the CD listed beside the test question. ]
~
Assignments are provided at the end of each chapter. Where there are two assignments, the first ssign,
revises the content of the chapter, while the second concentrates on developing the student’s 2 2o
>
Cad

ability to work mathematically.

The See cross-references direct students to other sections of the coursebook relevant to a particular cee

section. h

The Algebra Card (see p xx) is used to practise basic algebra skills. Corresponding terms in
columns can be added, subtracted, multiplied or divided by each other or by other numbers.
This is a great way to start a lesson.
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The Language of Mathematics
Within the coursebook, Mathematics literacy is addressed in three specific ways:

ID Cards (see pp xiv—xix) review the language of Mathematics by asking students to identify
common terms, shapes and symbols. They should be used as often as possible, either at the
beginning of a lesson or as part of a test or examination.

Mathematical Terms met during the chapter are defined at the end of each chapter. These terms are
also tested in a Drag and Drop interactive that follows this section.

Reading Mathematics help students to develop maths literacy skills and provide opportunities for
students to communicate mathematical ideas. They present Mathematics in the context of everyday
experiences.

An Answers section provides answers to all the exercises in the coursebook, including the ID Cards.

Interactive Student CD

This is provided at the back of the coursebook and is an important part of the total learning
package.

Bookmarks and links allow easy navigation within and between the different electronic components
of the CD that contains:

* A copy of the student coursebook.
e Appendixes A-D for enrichment and review work, linked from the coursebook.

 Printable copies of the Foundation Worksheets and Challenge Worksheets, linked from the
coursebook.

e An archived, offline version of the Companion Website, including:
e Chapter Review Questions and Quick Quizzes
o All the Technology Applications: activities and investigations and drag-and-drops
e Destinations (links to useful websites)

All these items are clearly linked from the coursebook via the Companion Website.

e A link to the live Companion Website.

Companion Website

The Companion Website contains a wealth of support material for students and teachers:

e Chapter Review Questions which can be used as a diagnostic tool or for revision. These are self-
correcting and include multiple-choice, pattern-matching and fill-in the-gaps-style questions. Results
can be emailed directly to the teacher or parents.

e Quick Quizzes for most chapters.
e Destinations — links to useful websites which relate directly to the chapter content.

e Technology Applications — activities that apply concepts covered in most chapters and are
designed for students to work independently:

INTERNATIONAL MATHEMATICS 4



Properties of 2D shapes
technolog,, L

epiceto,  Activities and investigations using technology, such as : N
Excel spreadsheets and The Geometer’s Sketchpad. :

)

Activitie®

Technolog,, . . .
seeo,  Drag and Drop interactives to improve mastery of

basic skills.

@
‘-t

99 and ©*°

tedrolsy,  Animations to develop key skills by

N,Phcqlio,,‘

manipulating visually stimulating and interactive
L7 demonstrations of key mathematical concepts.
'Nim atio'

Sample Animation

¢ Teacher’s Resource Centre — provides a wealth of teacher support material and is password
protected:
— Coursebook corrections
— Topic Review Tests and answers
— Foundation and Challenge Worksheets and answers

Teacher’s resource

ersRes,  This material is provided as both a printout and as an electronic copy on CD:
&0‘%  Electronic copy of the complete Student Coursebook in PDF format
e Teaching Program, including treatment of learning outcomes, in both PDF and editable
Microsoft Word formats
* Practice Tests and Answers
e Foundation and Challenge Worksheets and answers
e Answers to some of the Technology Application Activities and Investigations

5, 3
*actice 1°

Most of this material is also available in the Teacher’s Resource Centre of the Companion Website.
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Using this Book for Teaching MYP for
the IB

e Holistic Learning
¢ Intercultural Awareness
e Communication

These elements of the MYP Mathematics course are integrated throughout the text. Links are made
possible between subjects, and different methods of communicating solutions to problems through
investigations allow students to explore their own ideas.

The Areas of Interaction

e Approaches to Learning

e Community and Service

e Health and Social Education
e Environment

Homo Faber

Areas of Interaction covered are outlined at the start of each chapter, allowing teachers to develop
links between subjects and formulate their own Interdisciplinary Units with additional assistance in
the Teacher’s Resource.

Addressing the Objectives

Assessment grids are provided for Investigations throughout the text to not only help teachers
assess criteria B, C and D of the MYP, but also to assist students in addressing the criteria. The
assessment grids should be modified to suit the student where necessary.

A Knowledge and Understanding
This criterion is addressed in the Diagnostic Tests and Revision Assignments that accompany
each chapter. Teachers can also use the worksheets from the CD to add to material for this
criterion.

B Investigating Patterns
It is possible to address this criterion using the Working Mathematically sections accompanying
each chapter, and also using the Investigations throughout the text.

C Communication
This can be assessed using the Investigations throughout the book.

D Reflection in Mathematics
This can be assessed using the Investigations throughout the book.

Fulfilling the Framework for Mathematics

The content of the text covers the five broad areas required to fulfil the Framework:
e Number

Algebra

e Geometry

e Statistics

¢ Discrete Mathematics

Although the material in the text is not exhaustive, it covers the required areas in sufficient depth.
Teachers can use the text as a resource to build on as they develop their own scheme of work
within their school.

INTERNATIONAL MATHEMATICS 4



Metric Equivalents

1 m = 1000 mm

=100 cm
=10 dm
1l cm=10 mm
1 km = 1000 m

1 m? = 10000 cm?
1 ha = 10000 m?
1 km? = 100 ha

1 kg =1000 g
1 t=1000 kg
1 g=1000 mg

1 m? = 1000000 cm?

= 1000 dm?
1L =1000 mL
1 kL = 1000 L
1m3=1kL
1cm?=1mL
1000 cm?> =1L

1 min =60 s
1 h = 60 min
lday=24h
1 year = 365 days
1 leap year = 366 days

Months of the year

30 days each has September,

April, June and November.

All the rest have 31, except February alone,
Which has 28 days clear and 29 each leap year.

Seasons

Southern Hemisphere

Summer: December, January, February
Autumn/Fall: March, April, May

Winter: June, July, August

Spring: September, October, November
Northern Hemisphere

Summer: June, July, August
Autumn/Fall: September, October, November
Winter: December, January, February
Spring: March, April, May

It is important
that you learn
these facts
off by heart.




The Language of Mathematics

You should regularly test your knowledge by identifying the items on each card.

5 6 7 8
km m? cm? km?
9 10 1 12
ha m> cm? s
13 14 15 16
min h m/s km/h
17 18 19 20
g mg kg t
21 22 23 24
L mL kL °C

5 6 7 8

= < > =
9 10 n 12

42 4 N2 e
13 14 15 16

L I = I
17 18 19 20

% eg ie
21 22 23 24

m 2, X P(E)

See page 610 for answers.
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edch chapter.

See ‘Maths
Terms’ at
the end of

See page 610 for answers.




6 minus 2 the sum of divide subtract
6 and 2 6 by 2 2 from 6
5 6 3 7 3 8
the quotient of 2)6 2)6 6 lots of 2
6 and 2 the divisor the dividend
is.... is....
9 10 n 12
decrease the product 6 more than 2 2 less than 6
6 by 2 of 6 and 2
13 14 15 16
6 squared the square 6 take away 2 multiply
root of 36 6 by 2
17 18 19 20
average of add 6 and 2 6 to the 6 less 2
6 and 2 power of 2
21 22 23 24
the difference increase share the total of
between 6 and 2 6 by 2 6 between 2 6 and 2

See page 610 for answers.

‘six squared’
but we write

We say

6%




XVi

|
]

2

<>

1 [
| | Q
9 10
All sides
different
1 14
1 18
1

2

-
Ly
\4

See page 610 for answers.
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6 7 8
s o 5| e S
Cisthe ............ | ... | ..
9 B 10 1 12 =
A c Q /O\ AAC
all angles less one angle 90° one angle greater A, B and C are
than 90° than 90° | ... of the triangle.
1 1 16
: bO
A c c e
Use the vertices BC is the ......... of A Cc D
to name the A. the right-angled A. ZBCD = .........
18 19 20
m
Which () a° <b°
is true? (b) a’=b° '
(c) a>b° @ = covconoconeos Angle sum = ............
21 22 23
c /
A B
Name of distance (@) ABiS A ccooeevenn..
ABisa ............... around the circle. CDisan ...............
OCiS @ e | i | EFisa...............

See page 610 for answers.




7 8
(between
90° and 180°)
(90°)
..................... angle ceereeeeneeeeene. ADgle
1 12
(180°) (between (2]
180° and
/\ 3600) 5

C

|/ an angle

See page 610 for answers.
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oo D............ bocconn... (O
5 6
100 m
: J
o
= A
areais 1 ........... [ shapes
9 10
| ST L2
13 14
1 ~ 5,
| T | SO | ST | SO
174 18 19 Money collected 20 Money collected
8 Cars sold Mon (@ @ @ @ 70
2 Mon || Tues (@ ® ® @ 2e0
1 Tues [ i | Wed |@ ¢ 8
0 Wed |l L I Thursle @ @ @ 830
ABCDEF Fr Twwi o Siands fo 570 10
The C.o........... ands for $ MTWT F
of the dot are E2 beverirene Peooeeeeenns graph Covrrrannen graph
21 John’s height 22 Use of time 23 24 .
100 ° Smoking
80 People present = [,
60} B[ ..
40} S| 2 |8 | s
20 I 2 0] m 8’ o
1 1 1 1 (0)
123 45 —!Cigarettes smoked
Age (years)
Lo, graph |2 graph S decveae.

See page 610 for answers.




Algebra Card

1 2m 3 X X
3 21 7 m 3 3m | 5m 5x A 3x -3 x+2|x—3[2x+1({3x—8
1l 1] m 3 X 2| X _ _
1 0-4 3 4m 7 2m |—2m°| 3x 3 5x 7 Xx+7|x—6[4x+2({x—-1
1 m 2x 2x
5 (08| = |10m| —= |-5m | 8m° | 10x | -= | -8x | = |x+5[x+5|6x+2|x—5
3 4 7 5
1 3m X X
2 |15| = |- I 2 -1 — 4| = |x+1|x- + +
5 50 8m ) m | 6m 5x 0 4x 5 X x—9(3x+3[2x+4
-8 |-25 % 2m —%1 10m| m2 | 7x %" 2,63 ’3-‘ x+8|x+2(3x+8[3x+1
19 |07 2 | s | 22 | g |m| @ | 22| @ | |peali—Tmnen w7
7 7 5 5
-6 [-1-2 2 8m | =™ | om | 2m6 | —6x 2 5x2 it x+6|x—1|x+8|2x—5
8 6 6 3
12 | 05| = |20m| 2% | —4m |=3m3|=12x| 3* | 42 | =X k+10x—8|5x+2|x—10
20 5 4 7
7 1] 2 | sw | 22 iea| ar | 3 | 2| 28| =22 e 2] s 5l 24 2 4
4 5 7 7
5 1206 L | —om |-3™ | _7m |—gm*| —3xc | =X | —755| 2X _
5 |—0-6 10 oOm 5 7m |—8m 3x A ¢ ) x+1|x—7[5x+4|x+7
1 m X 3| X
11 [-1-8 10 m 5 8m | —4m 4x 5 X 3 x+9|x+6[2x+7|x—06
4 |-14 % 3m | 3| 12m | 7m? | ~Tx —54’-‘ X0 | Z x4 3k —102x+3|2c+3

How to use this card
If the instruction is ‘column D + column F’, then you add corresponding terms in columns D and F.

eg 1 m+ (=3m) 2 (=4m) +2m 3 10m + (-5m)
4 (—8m)+7m 5 2m+ 10m 6 (-5m) + (—6m)
7 8m+9m 8 20m + (—4m) 9 5m+ (=10m)
10 (-9m) + (=7m) 1 (—=7m) + (=8m) 12 3m+ 12m
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Basic Skills
and Number —
Review of Book 3

Did we learn
dll thig?

Did | teach
dll this?

Chapter Contents
1:01 Basic number skills 1:02 Algebraic expressions
A Order of operations 1:03 Probability
B Fractions 1:04 Geometry
C Decimals 1:05 Indices
D Percentages 1:06 Measurement
E Ratio 1:07 Equations and inequations
F Rates 1:08 Coordinate geometry
G Significant figures 1:09 Statistics
H Approximations 1:10 Formulae and problem-solving
I Estimation 1:11  Graphs of physical phenomena
Working Mathematically

Learning Outcomes

Students will be able to:

« Compare, order and calculate with integers.

« Operate with fractions, decimals, percentages, ratios and rates.

- ldentify special angles and make use of the relationships between them.

« Classify, construct and determine the properties of triangles and quadrilaterals.

Areas of Interaction
Approaches to Learning (Knowledge Acquisition, Problem Solving, Logical Thinking,

Reflection)

. Note: A complete review of Book 3 content is found in Appendix A located
on the Interactive Student CD.




This chapter is a summary of the work covered in International Mathematics 3. For an explanation
of the work, refer to the cross-reference on the right-hand side of the page which will direct you to
the Appendix on the Interactive Student CD.

1.01 | Basic Number Skills

Rational numbers: Integers, fractions, decimals and percentages (both positive and negative) are
rational numbers. They can all be written as a terminating or recurring decimal. The following
exercises will remind you of the skills you should have mastered.

A Order of operations

@ Exercise 1:01A

Answer these questions without using a calculator.

mb:4-G-3 b 6-(9-4)
d 6+4x2 e 9-3x4
g 10x4—-4x7 h 30+3+40+2
i 5x22 k 3x102
mo6+3x4+1 n 8+4+2+1
Ha2ao6xG6-49+3 b 27+-3+6)-3
g 30+10 . 15445
30-10 45+5
g (6+3)? h (10 +4)?
B Fractions
@ Exercise 1:01B
I} Change to mixed numerals.
7 49 15
a 3 b 3 C P
F] Change to improper fractions.
1 1 3
E] Simplify the fractions.
48 70 200
? & b 5 5w
] Complete the following equivalent fractions.
324 57 50 7 28
7 1 13 _2 5.3
H: 55 b %3 €5t 1o
1 3 3 3 3 1
3.4 18 ., 15 4 3
a 53 R € 5%
B a2 6x: b 23 x13 c 13 x15
9 .2 3.3 4 .
H - — =2 b 2 +: c :+6

2
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—-4+G+1)

16 +4 + 4

5X8+6X%X5

32+ 42

6—(-6-06)

16 — [10 — (6 — 2)]
14

14-7

(19 — 9)2
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C Decimals

Exercise 1:01C CD Appenix @
Bl Putin order, smallest to largest. A:01C,
a {0-606, 0-6, 0-66, 0-066} b {1.53,0-153, 1-053}
¢ {0-7,0-017,7,0-77} d {35,345, 3.05, 34}
F1 Do not use your calculator to do these. A:01C,
a 7301 +2 b 3.05+04
c 0.004+3-1 d 6+03+0-02
e 867-67 f 9.12-1.015
g 8-3112 h 162:3-3
El a2 0012x3 b 0.03x0-2 c 045x13 d (0-05)? A:01C,
B a 314x10 b 0-5x 1000 c 0-0003x100 d 3-8x10* A:01C,
B a2 015+5 b 1.06+4 c 1535+5 d 001+4 A:01C4
A a13+3 b 91+11 c 14+9 d 6+7 A:01Cy
a 48.04 + 10 b 1.6+ 100 c 09+ 1000 d 6.5+10* A:01C,
B a 84+04 b 0836+008 ¢ 7:5+0-005 d 1405 A:01Cq
EJ] Express as a simplified fraction or mixed numeral. A:01C,
a 3.017 b 0.04 c 086 d 16-005
[T] Express as a decimal. A:01C,,
4 7 5 8
25 ® 200 5 M
Ml Express these recurring decimals as fractions. A:01Cy,
a 0-5555... b 02572572... c 0.72 d 0642
[B] Express these recurring decimals as fractions. A:01Cy,
a 0-8333... b 09151515... c 0-435 d 0-8942
D Percentages
Exercise 1:01D <D Appendix @
Bl Express as a fraction. A:01D,
a 54% b 203% ¢ 121% d 91%
B Explrless as a percentagj 1 , A:01D,
a > b 3 c 1z d 3
EJ] Express as a decimal. A:01D,
a 16% b 86% c 3% d 18%
] Express as a percentage. A:01D,
a 047 b 0-06 c 0375 d 13
B 2 36%of400 m b 9% of84¢g c 8% % of $32 A:01Dg
d At the local Anglican church, the offertories for 2005 amounted to $127 000.
If 68% of this money was used to pay the salary of the two full-time ministers,
how much was paid to the ministers?
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9% of Dahn’s money was spent on fares. If $5.40 was spent on fares,

how much money did Dahn have?

70% of Alana’s weight is 17-5 kg. How much does Alana weigh?

Lyn bought a book for a reduced price of 70 cents. This was 14% of the
book’s recommended retail price. What was the recommended retail price?
54 minutes of mathematics lesson time was lost in one week because of
other activities. If this represents 30% of the allocated weekly time for
mathematics, what is this allocated time?

Express 85 cents as a percentage of $2.

b 4 kg of sugar, 9 kg of flour and 7 kg of mixed fruit were mixed. What is
the percentage (by weight) of flour in the mixture?

¢ Of 32 birds in Rachel’s aviary, 6 are canaries. What percentage of her birds
are canaries?

d When Australian cricketer Steve Waugh retired from test cricket in 2003,
he had scored 32 centuries from 260 innings. In what percentage of his
innings did he score centuries?

E Ratio

@ Exercise 1:01E

4

h-

Simplify each ratio.

i $15:$25 i 9kg:90 kg i 75m:35m iv. 120 m?:40 m?

Find the ratio in simplest terms of 5-6 m to 40 cm.

Giang spends $8 of $20 she was given by her grandparents and saves the rest.

What is the ratio of money spent to money saved?

Three-quarters of the class walk to school while % ride bicycles. Find the ratio

of those who walk to those who ride bicycles.

At the end of their test cricket careers, Australian Steve Waugh had scored

50 fifties and 32 hundreds from 260 innings, while his brother Mark Waugh

had scored 47 fifties and 20 hundreds from 209 innings.

i Find the ratio of the number of hundreds scored by Steve to the number
scored by Mark.

i Find the ratio of the number of times Steve scored 50 or more to the
number of innings.

Express each ratio in the form X: 1.

i 3:5 i 2:7 i 10:3 iv 25:4

Express each ratio in fin the form 1:Y.

If x: 15 =10 : 3, find the value of x.

If the ratio of the populations of Africa and Europe is 5 : 4, find the

population of Africa if Europe’s population is 728 million.

The ratio of the average population density per km? of Asia to that of

Australia is 60 : 1. If the average in Asia is 152 people per km?, what is

the average in Australia?

The ratio of the population of Sydney to the population of Melbourne is 7: 6.

If 4.2 million people live in Sydney, how many people live in Melbourne?

INTERNATIONAL MATHEMATICS 4
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If 84 jellybeans are divided between Naomi and Luke in the ratio 4:3,
how many jellybeans does each receive?

The sizes of the angles
of a triangle are in the
ratio 2:3: 4. Find the
size of each angle.

A total of 22 million
people live in the cities
of Tokyo and Moscow.
If the ratio of the
populations of Tokyo and Moscow is 6: 5, what is the population of each city?
At Christ Church, Cobargo, in 1914, there were 60 baptisms. The ratio of
males to females who were baptised was 3 :2. How many of each were baptised?

F Rates

Exercise 1:01F

Il Complete these equivalent rates.

a
Cc

H -

5 km/min = . . . km/h b 8km/L =... m/mL
600 kg/h = . . . vday d 2.075 cm¥g=...cm/kg

At Cobargo in 1915, the Rector, H. E. Hyde, travelled 3396 miles by horse
and trap. Find his average speed (to the nearest mile per hour) if it took

a total of 564 hours to cover the distance.

Over a period of 30 working days, Adam earned $1386. Find his average
daily rate of pay.

Sharon marked 90 books in 7 hours. What rate is this in minutes per book?
On a hot day, our family used an average of 36 L of water per hour.
Change this rate to cm? per second (cm?/s).

G Significant figures

Exercise 1:01G

] State the number of significant figures in each of the following.

a
e
i
m
q
u
y
z

a
e

21 b 4.6 c 252 d 0616
16-32 f 106 g 3004 h 2.03
1.06 j 50.04 k 05 I 0-003
0-00032 n 0-06 o 0-006 p 30
25-0 r 2-60 s 13-000 t 640
41235 v 600 (to nearest ~w 482000 (to nearest x 700 (to nearest
1600 hundred) thousand) ten)
16000

F] State the number of significant figures in each of the following.
3-0 b 3.00 c 03 d 003
0.030 f 0.0030 g 0.0300 h 3.0300
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H Approximations

@ Exercise 1:01H CD Appendix
Bl Approximate each of the following correct to one decimal place. A:01H
a 463 b 081 c 317 d 0-062
e 15176 f 8.099 g 099 h 121.62
i 0119 j 47417 k 035 I 275
F] Approximate each of the following correct to two decimal places. A:01H
a 0537 b 2613 c 7134 d 1.169
e 12.0163 f 8399 g 412.678 h 00756
i 04367 j 100-333 k 0.015 I 0.005
E] Approximate each number correct to: i 1 sig. fig. ii 2 sig. figs. A:01H
a 731 b 849 c 063 d 2.58
e 4.16 f 0-0073 g 0-0828 h 3.05
i 0-00934 j 0-0098 k 752 I 00359
] Approximate each of the following numbers correct to the number of
significant figures indicated. A:01H
a 2.3 (1 sig. fig.) b 14.63 (3 sig. figs.) c 215 (2 sig. figs.)
d 093 (1 sig. fig.) e 4.07 (2 sig. figs.) f 736894 (3 sig. figs.)
g 0724138 (3 sig. figs.) h 5.716 (1 sig. fig.) i 31-685 (4 sig. figs.)
j 0-00716 (1 sig. fig.) k 078 (1 sig. fig.) I 0-007 16 (2 sig. figs.)
] Approximate each of the following numbers correct to the number of decimal
places indicated. A:01H
a 561 (1 dec. pl.) b 0-16 (1 dec. pl.) c 0437 (2 dec. pl.)
d 1537 (1 dec. pl.) e 8333 (2 dec. pl) f 413.789 (1 dec. pl.)
g 71.98 (1 dec. pl.) h 3.0672 (3 dec. pl.) i 999 (1 dec. pl.)
j 47998 (3 dec. pl.) l 0-075 (2 dec. pl.) I 0-0035 (3 dec. pl.)
| Estimation
@ ExerCise 1:01 I CD Appendix
Bl Give estimates for each of the following. A:011

6

a 12.7x58
d 156 +2.165

b
e

g (093+1.72)(85-17) h

0-68 x51
0-25x 78

m A/41.7x5-6
4-1 X ,/48-12

26-23
0-65 0-75x3:6
0-01  0.478
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0-55 x 210
(4-62 +21.7) x 421
43.7+18-2
78+29
11.6-3.92
12-7+6-58

A4:26 X A/105-6

15.72
11-3x3-1

c 17.8x5-1x%x0-336
f 7.8%x52+21.7x0-89

101.6 -51.7
21-3-14-8

I 3.522x4/17-9

o 3.1°x1.8%




1:02 | Algebraic Expressions

Exercise 1:02

CD Appendix
[l Simplify these expressions. A:02A
a a+5a b 5y+3y+2y c 5m-—3m
d 3x?-2x? e 7k+3k—2k f 20y — 10y — 5y
g 3a+2b+5a h 7n+10m - 3m i 6m—-5+5m+7
i 6x—y2+x+2y? k 3ab - 5a + 2ab I 7x? 4+ 2xy — x2 + 3xy
m 5a+7—2a+4b n 9%k +5m-3-2m o 8 +2y—-3z-7x
F] Simplify these products. A:02B
a 5yx7 b 3 x10q c 2xx3y d 5ax4b
e 9mxn f 3mx2m g 5ab X 2a h 5mn x 2mn
i (=5x) x 4 i 4 x(3) k (=10p) X (=3 pg)
I 2mXx3nx7 m 6ax2bx5a n (=5p)x2qx (=3r)
Y ofe
1:03 | Probability
Exercise 1:03 CD Appendix
Bl Using the figures shown in the table, find the probability of selecting at random A:03A
a matchbox containing:
Number of matches | 48 | 49 | 50 | 51 | 52
Number of boxes 3 6 | 10 7 4
a 50 matches b 48 matches ¢ more than 50 d at least 50
F] A single dice is rolled. What is the probability of getting: A:03B
a afive? b lessthan 3?7 ¢ an even number? d less than 7?
E] A bag contains 3 red, 4 white and 5 blue marbles. If one is selected from the bag
at random, find the probability that it is: A:03B
a white b red or white c not red d pink
B} A pack of cards has four suits, hearts and diamonds (both red), and spades and A:03C

clubs (both black). In each suit there are 13 cards: Ace, 2, 3, 4, 5,6, 7, 8, 9, 10,
Jack, Queen and King. The Jack, Queen and King are called court cards.

A card is drawn from a standard pack. What is the probability that the card is:

a red? b not red? c asix? d not a six?
e acourtcard? f aredAce? g aspade? h ared thirteen?
i either a red five or a ten? j either a heart or a black Ace?
k either a blue five or a seven? | either a heart or a black card?

CHAPTER 1 REVIEW OF BOOK 3

7




In each of these cases, the events may not be mutually exclusive.
m either a court card or a diamond?

n either a number larger than two or a club?
o either a heart or a five?

p either a Queen or a black court card?

q

Since there are 4 suits with
13 cards in each suit, the
number of cards in a standard
pack is 52. (In some games a

either a number between two and eight or o el )

an even-numbered heart?

1:04 | Geometry

@ ExerCise 1 :04 CD Appendix
n a A (o} b A A:04A
790 xO E ? F
E F @ A 76
G x°/C _ H
B D /
D
Find x. Find the size of x.
Give reasons. Give reasons.
c A , B . A
F A
}\ 36
55K 130°
@ D E be
B © D
Find the size of x. Find the value of b.
Give reasons. Give reasons.
e A B f
/ Xo
105°/D
C E
F
ABDC is a parallelogram. Find Find the value of x and y.
the size of x. Give reasons. Give reasons.
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] 2 Whatis the sum of the interior angles of: A:04B
i ahexagon? ii adecagon?
b What is the size of each interior angle in these regular polygons?
i ii

¢ What is the sum of the exterior angles of an octagon?
d Flnd the size of each exterior angle of these regular polygons.

L (A

1:0§ | Indices

ExerCise 1 :05 CD Appendix @

B} Write in index form. A:05A
a axaxa b 2x2x2x2
C NXNXnXnXn d 10x10x10
] Simplify, giving your answers in index form. A:05B
a 2%x25 b axa? c mxmt d 10°x10?
e al%+a? f oyt+y3 g b>+b h 10°+ 102
i (m3)4 j (a2)3 k (X4)2 I (105)2
m a®x3 n b0+ o 6y° p eb+eb
q 6a*x5 ro6m’+3 s 6aX5a t (4x*)?
E Simplify. A:05B
a 6a*x 5ab’ b 7a’b* x 8a’b c 4a’b? x 6a’b*
d 104’ x a’b? e (7x3)? f Qm)?
g () h (5xy2)* i 30a5 + 543
j 100x* + 20x k 36a°b* + 12a%b* | 8y’z2+y'Z?
B} Rewrite without a negative index. A:05C
a 47! b 10! c x! d 2a!
e 572 f 233 g m>3 h 5x?
Rewrite each of the following with a negative index. A:05C
g g
a E b L c L d E
3 8 a X
1 1 1 5
2 F 2 h 2
¢ 7 106 g 4 n
A Find the value of the followmg A:05D
1 1 1
a 92 b 362 c 8 d 273
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Rewrite, using fractional indices. A:05D
a Ja b 3y c 5Jm d .Jl6x

n Write these numbers in scientific (or standard) notation. A:05E
a 148000000 b 68000 c 0-00015 d 0-000001 65

El Write these as basic numerals. A:05E
a 6-2x10*% b 1-15x 10° c 74x103 d 691x10°

1:06 | Measurement

@ Exercise 1:06 <D Appendix
[} Find the perimeter of the following figures. A:06A
a b (o
10-4m (Answer correct
Eﬁ m to 1 dec. pl.)
2:8m 6m
9-6 m 8:6m
(Use m = 3-142)
F] Find the area of each plane shape. (Answer to 2 dec. pl.) A:06B
a b > c A B
/ o / '
| 7-8cm | fic=360m
BD =6-4 cm
[F] Find the area of the following shaded figures (correct to 3 sig. figs.). A:06C
a b - | _ 517 km
3:14 km
A1 m, | 1
9m >
S 9.65 km
1 ! [
10-1m s
] Find the surface area of the following solids. A:06D
a 11-3cm b 12m c
: 10 m xm
E 6cm
e e e Qi 9m 126 m
o 6-8.cm Triangular prism
Rectangular prism 15m . . (Note: use Pythagoras’
Trapezoidal prism theorem to find x.)
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1:07/ | Equations and Inequations

ExerCise 1 207 CD Appendix
Solve the following. A:07A
a a+7=25 b m-6=-1 c 5x=75
d 10-y=12 e 3p=7 f %:3
g 2x+3=7 h 3qg-5=1 8m+5 =21
i Sy+2=3 k 2x—7=10 | 9k—-1=5
m 5+3x=11 n 10-7y=3 o 15-2q=38
Solve the following. A:07B
a Sm+2=4m+7 b 3x-7=2x-3 c 5x+2=6x-5
d 49p+2=2p+10 e 5n—-6=3n+2 f Tm-3=2m+7
g 2a+3=3a-5 h 3m-2=5m-10 i q+7=8q+14
j 10-2x=x+4 k 2y+5=2-y I 3+8p=29-5p
m 2k—3=4k+8 n 3z+7=z+10 o 6y—-3=2y+8
p S5n+4=8n+2 q 10-q=9+3¢q r 13-2m=9-5m
Solve these equations involving grouping symbols. A:07C
a 5(a+1)=15 b 4(x-3)=16 c 45-x)=8
d 32x+5)=33 e 9(1+2m) =0 f 2Qk-7)=15
g 356-2a)=27 h 43 -2x) =36 i 32m-5)=11
j 3(a+2)+2@a+5) =36 k 2(p+3)+p+1=31
I 2(x+5)=x+16 m2(y-3)=3@uy+1)

n 4Q2b+7)=23b-4) o 4Qy+3)+3(y—1)=2y
p 3(m—-4)-(m+2)=0 q 2m—-3(1-m) =22
r 5(y-3)-31-2y)=4 s 42x—-1)-2(x+3)=5
Solve these equations. A:07D

5x 2a 3m

= = 1 b —_— = —_— =

5 0 3 6 == 4

1 x—4 2p+5

d 2o => s P f 2F2 -

5 ) 3
Write the set of x that has been graphed below. A:07E
a 1 I I I I I b 1 I I Lyl I

-4 -3 -2 -1 0 ? 2 3 -2 -1 0 1 2 3 4 5
C I I T I »l d le I L I I

3 4 5 6 7 8 9 10 -6 5 4 3 -2 -1 0 1
Solve these inequations and show the solution to each on a number line. A:07E
a x+7>11 b a—5<3 c 10-y=8
d 3m=<21 e 15<4x f %‘sl
g 2x+1>5 h 5m-3=6 i 7-3n=4
j S5x+6>x+18 k 3x-5<x+6 Il m+3=2m-7
m3-as5-2a
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1:08 | Coordinate Geometry

ExerCise 1 :08 CD Appendix

What are the coordinates of the origin? A:09A
What is the name of the vertical axis?
What is the name of the horizontal axis?
In which quadrant does (-3, —2) lie?

QN oo

[} On the same number plane, graph these straight lines. A:09B
a y=3x-2 b x+y=4 c y=-2x+3

EFl 2 Which of the following points lie on the line y = 3x — 11? A:09C
{(0,0), 3,-2), (1,4, (5,4, (10, 41)}
b Which of the following lines pass through the point (0, 2)?
[y=2x,y=2x-2,y=x+2,y=5x+2, x+y=2}

B} a Write down the equation of the line which is: A:09D
i parallel to the x-axis and 2 units above it
i parallel to the x-axis and 3 units below it
iii the x-axis
v parallel to the y-axis and 2 units to the right of it
v parallel to the y-axis and 1 unit to the left of it
vi the y-axis
b On the same number plane, graph the following lines.

i y=3 i y=-1 iii x=4 iv x=-2
B a Find the gradient of AB in each case. A:00G
i y ii y
6 6
5r 5F L
at at s
3f 3 -
Al j (23 4%
| | ~\B(2,-2)
30 0 -
i+ —1 .
A Find the gradient and y-intercept of the following lines. A:09H
a y=4x+7 b y=x-3 c y=-2x+5
Find the equation of a line that has: A:09H

a a gradient of 4 and a y-intercept of 5

b a gradient of —% and a y-intercept of 3

¢ a gradient of 2 and passes through the point (0, —4)
d a y-intercept of —3 and a gradient of —7
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1.00 | Statistics

Exercise 1:09

Bl Ina game, a dice was rolled 50 times, yielding the results below. Organise these
results into a frequency distribution table and answer the questions.
5 4 1 3 2 2 1 4 5
5 1 3 2 6
6 2 5 1 6
6 3 4 2 4
2 3 1 5 4
a  Which number on the dice was
rolled most often?
b Which number had the lowest
frequency?

D — O WO
N RO
W N Ut b
NI NGV IEN
— AN

¢ How often did a 3 appear?

d For how many throws was the
result an odd number?

e On how many occasions was
the result greater than 3?

F] Use the information in question 1 to draw, on separate diagrams:
a a frequency histogram
b a frequency polygon

] 2 Forthescores5,1,8,4,3,5,5, 2,4, find:
i the range i the mode iii the mean iv the median
b Use your table from question 1 to find, for the scores in question 1:
i the range ii the mode iii the mean iv the median
¢ Copy your table from question 1 and add a cumulative frequency column.
i What is the cumulative frequency of the score 4?
ii How many students scored 3 or less?
iii Does the last figure in your cumulative frequency column equal the total
of the frequency column?

B} Use your table in question 3 to draw on the same diagram:
a a cumulative frequency histogram
b a cumulative frequency polygon

CHAPTER1 REVIEW OF BOOK3 13
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[H The number of cans of drink sold by a shop each day was as follows: A:10E

30 28 42 21 47 36
37 22 25 26 43 50

23 29 30 19 28 20 40

33 35 31 27 42 26 44

53 50 29 20 32 41 36

51 46 37 42 27 28 31

29 32 41 36 32 41 35

41 29 39 46 36 36 33

29 37 38 25 27 19 28

47 51 28 47 36 35 40

The highest and lowest scores are circled.

a Tabulate these results using classes of 16-22, 23-29, 30-36, 37-43, 44-50,
51-57. Make up a table using these column headings: Class, Class centre,
Tally, Frequency, Cumulative frequency.

b What was the mean number of cans sold?

¢ Construct a cumulative frequency histogram and cumulative frequency
polygon (or ogive) and find the median class.

d What is the modal class?

e Over how many days was the survey held?

1:10 | Formulae and Problem-Solving

ExerCise 110 CD Appendix

Bl Write down expressions for: A:11A
a the sum of 3a and 4b b the product of 3a and 4b
c the difference between k and m, if k is greater than m
d the average of x, y and z e twice the sum of m and 5
f  the square of the difference between a and b
g the square root of the sum of 5m and 4n
h the sum of three consecutive integers, if the first one is m
Bl fa=3,b=5andc=-6, find the value of: A:11B
a atc b 2a+3b c at+tb+c
d %CZ e ac—Db? f a2+¢
3b-c¢ : 3¢
h -
g > sab + ¢ i o
EF fx=21,y=35and z=238, evaluate P if: A:11C
a P=2x+3y b p=X+Y 2 peiiZ
Z X—=z
[ 4 | Ifs=ut+%atz,ﬁndsifu=9,t=4anda=7. A:11C

b Given F=p+gqr, find Fifp=23,q=3-9 and r = 0-9.
¢ FortheformulaT=a+ n—-1)d,find Tifa=92,n=6and d=1-3.
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1:11 | Graphs of Physical Phenomena

Exercise 1:11 CD Appendix @

The travel graph shows the A:12A
journeys of Jamar and Tyrell
between town A and town B.
(They travel on the same road.)
a How far from A is Tyrell when

he commences his journey?
b How far is Jamar from B at

2:30 pm?
10 / ¢ When do Jamar and Tyrell
/ first meet?
Asp 0 d Who reaches town B first?

10 11 noon ]I'ime 2 3 4 5 e At what time does Tyrell
stop to rest?

o
4
(o))
(=}

o
o
!

Jamar

Distance (km)
w
(=]

N
o
WreT—

f How far does Jamar travel?
g How far apart are Jamar and Tyrell when Tyrell is at town A?
h How far does Tyrell travel?
] 2 What did the baby weigh at EEEEEEEEE A:12B
birth? 70001 | Baby's waight

b What was the baby’s weight
at 4 weeks of age?

¢ By how much did the baby’s 6000
weight increase in the first
two weeks of age?

d By how much did the baby’s
weight increase from 2 weeks
of age to 4 weeks of age?

e Considering your answer to
parts c and d, in which period, 4000
(0-2) or (2—4) was the baby’s
rate of growth the greatest?

5000 F

Weight (g)

3000
Age (weeks)
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g U Chapter 1 |
1 Complete a table of values for each matchstick pattern below, and hence find the rule for

1

&

Appendix B

each, linking the number of coloured triangles (t) to the number of matches (m).

NVANRVAVANRVAVAVAN JEENE

o

LA G, B

m

Divide this shape into
three pieces that have
the same shape.

Ryan answered all 50 questions in a maths
competition in which he received 4 marks
for each correct answer but lost one mark
for each incorrect answer.
a What is Ryan’s score if he answered
47 questions correctly?
b How many answers did he get right if
his score was 1352

It takes 3 min 15 s to join two pieces of
pipe. How long would it take to join
6 pieces of pipe into one length?

A number of cards can be shared between
4 people with no remainder. When shared
between 5 or 6 people, there are two cards
left over. If there are fewer than 53 cards,

how many are there?

1 6 INTERNATIONAL MATHEMATICS 4

6 From August 2003 to August 2004, the

unemployment rate fell from 6-0% to 5-6%.

%  Unemployment rate
6.5 ploy

——Trend
5.5
Source:
Australian
sOp | e
Aug Nov Feb May AUg abour Force,
2003 2004 October 2004.

a If the number of unemployed in August
2000 was 576 400, how many were
unemployed in August 2003? Answer
correct to four significant figures.

b 1If 576 400 represents 5-6% of the total
workforce, what is the size of the total
workforce? Answer correct to four
significant figures.

c If the rate of 5:6% is only correct to one
decimal place, the rate could really be
from 5-55% to 5-65%. How many
people does this approximation range of
0-1% represent?
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Students will be able to:

+ Solve problems relating to direct proportion.
+ Solve problems relating to inverse proportion.
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2.01 | Review — Proportional Change

In Book 3 you learnt that if all parts of an object or shape are increased or decreased by the same
ratio or fraction then the original shape or object and the new shape or object are said to be in
proportion.

worked examples

1 A photograph and its enlargement are in
proportion. One of the photographs measures
10 cm long and 8 cm wide. If the other is 15 cm
long, how wide is it?

A ratio is the
sdme ds d
fraction.

2 Three girls can paint 18 m of fence in one day.
How many metres of fence can 5 girls paint if
they all paint at the same rate?

Solutions
1 The two lengths and the two widths go together. Let the unknown width be w.
w15
"8 10 The ratio of the widths = the ratio of the lengths
15
w= F) X 8
w=12 cm

2 The number of girls and the amount of fencing go together. Let the unknown amount of

fencing be f.
L .2
18 3 The ratio of the number of girls = the ratio of the fencing
5
==Xx18
J 3
f=30m

These are examples of direct proportion because as one item increases (eg: the number of
girls) the other item (the amount of fencing) increases as well. Sometimes these examples
are also called direct variation.

Exercise 2:01

Bl 150 kg of fertiliser costs $975. How much would 180 kg of the same fertiliser cost?

E It costs Ben €3.36 in fuel costs to drive his car 550 km.
a How much would it cost him to drive 800 km?
b How far can he drive for $100? (Answer to the nearest whole kilometre.)

E] Cycling at a steady pace, Bob can cycle 260 km in 4 days.
a How long would it take him to cycle 585 km?
b How far would he be able to cycle in 6 days?
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When making a cake for 4 people, Lotty needs 6 eggs.
a How many eggs would she need if she were making a cake for 10 people?
b How big a cake could she make with 9 eggs?

It has been estimated that 38 000-kilojoule survival pack would be enough to sustain 4 people
for a period of 5 days. Keeping this proportion:

a How many kilojoules would be required for 7 people for 3 days?

b How many days would a 133 000 kilojoule pack last 4 people?

¢ How many people could survive on a 114 000 kilojoule pack for 3 days?

As a general rule a minimum of 60 m? is required for every 5 people working in an office.
Keeping this proportion:

a How much space would be required for 4 people?

b What would be the maximum number of people that could work in a space of 200 m??

A telephone call lasting 4 minutes 20 seconds cost $6.50. If the cost is proportional to the
length of the call:

a How much would be the cost of a 5 minute, 10 second call?

b How long could your call be if you had $9.00 to spend?

A leaky tap leaks 2.25 L of water in 3 hours. At this rate:
a How much will leak in 5 hours?
b How long will it take for 5 litres to leak?

Fourteen cans of cat food can feed 10 cats for 3 days. At this rate:
a How many days would 21 cans feed 10 cats?

b How many cans would be needed to feed 10 cats for 9 days?

¢ How many cans would be needed to feed 15 cats for 3 days?

For a certain species of tree, 5 mature trees can produce the same amount of oxygen inhaled
by 250 people over a 4-year period.
a Over a 4-year period, how many people inhale the oxygen produced by 7 mature trees?
b How many trees would be required to produce the oxygen needed for 100 people over
a 4-year period?
¢ How many trees would be required to produce the oxygen inhaled by 250 people over
a 10-year period?
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2:02 | A New Approach

0 ==
i

-

IE YT ¥AT 4»4
16t

The symbol o= means ‘is proportional to’ so if we look again at example 1 from the previous section:

Any length on the enlargement (L) is proportional to the corresponding length on the original
photograph ().

We can write this as Lol
Since, to be in proportion, all the lengths are multiplied by the same factor we can write
Lo<l

. L=kl where k = the proportional constant or constant of variation

So for example 1 Lol
L=kl Now substitute values that are known:
2 15=kx 10 the lengths of the two photographs.
oo 15
10

So now we know that for any length on the original photograph (1), the corresponding length
on the enlargement (L) is given by

15
L=2
10 !
So if the width of the original is 8 cm, the corresponding width of the enlargement is given by
15
L= 0 X 8 =12 cm

You can see the same ratio appearing in the working out for both methods.
Now, let’s try example 2 from the previous section:

We are looking for the amount of fencing (f) which is proportional to the number of girls (g).

feg

o f=kg
S 18=hkx3
_ 18 _
k= 3 =06
s f=06g
Now f=6x5
f=30m

This may seem like a long way round to get to the answer but it will help in the next section.
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Exercise 2:02

Set up a proportion statement using the proportional constant to solve the following questions.

I The height (h) of a plant is directly proportional to the number of days (d) it has been growing.
a Write a proportional statement to help you find the height of the plant.
b If the plant is 80 cm high after 3 days
i what is the proportional constant?
ii how high will it be after 5 days?

E The mass (m) of a liquid varies directly as its volume (v).
a Write a proportional statement to help you find the volume of the liquid.
b Four litres of the liquid has a mass of 11 kg.
i What is the constant of variation?
i If the mass of the liquid is 5 kg, what volume is present?

] The amount of sealing paint (p) required for a job is proportional to the area (a) to be painted.
a Write a proportional statement to help you find the area to be painted.
b If 5 litres of paint covers an area of 37 m?
i what is the proportional constant?
ii what area could be covered with 9 litres of paint?

] The number of toys (n) produced by a machine is directly proportional to the length of time (t)
it operates.
a Write a proportional statement to help you find the number of toys made.
b If the machine can make 19 toys in 5 hours
i what is the proportional constant?
ii how many whole toys could be made in 12 hours?

B The length of a ditch (1) is directly proportional to both the number of men (n) and the amount
of time (t) they spend digging it.
a Write two proportional statements to help you find the length of the ditch.
b 1If it takes 6 men 4 days to dig a ditch 10 m long, find the length of a ditch that could be dug
by 9 men in 6 days.
¢ Write the ratio of men:days:length for each case. What do you notice?
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& Investigation 2:02 | A proportional flip
Please use the Assessment Grid on the following page to help you understand what is required
S for this Investigation.
Consider the following situations:
1 It takes 5 men 15 hours to build brick wall. How long would it take:
a 1 man? b 3 men?
2 Four women can row a boat 25 km in 3 hours. How long will it take:
a 1 woman to row the same distance?
b 3 women to row the same distance?
3 18 tins of ‘Yum’ dog food can will last 3 dogs an
average of 5 days.
How long will the same amount of dog food last:
a 1dog? b 5 dogs? —
4 12 boy scouts can paint a fence in a day. | " X
How long would it take:

wAA

WA Jwek ==

woh WA

Wk fwon

a 1 scout? b 15 scouts? i -
Complete the table with answers from the questions. = L (L
1 Time for 5 men Time for 1 man Time for 3 men
15 hours
2 Time for 4 women Time for 1 woman Time for 3 women
3 hours
3 Time for 3 dogs Time for 1 dog Time for 5 dogs
5 days
4 Time for 12 scouts Time for 1 scout Time for 15 scouts
1 day

5 What do you notice about the answers for the time in each case as the number of men,
women, dogs and scouts
i decreases? ii increases?

6 Do you think that these types of problems still refer to proportion? Explain your answer
in as much detail as you can.

7 Try to write two more examples of this type of situation.
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|
Assessment Grid for Investigation 2:02 | A proportional flip

The following is a sample assessment grid for this investigation. You should carefully read the
criteria before beginning the investigation so that you know what is required.

Assessment Criteria (B, C, D) for this investigation Achieved v/
a | None of the following descriptors has been achieved. 0
b Some help was needed to apply mathematical techniques 1
é) and problem solving to recognise the patterns. 2
o Q:; Mathematical problem solving techniques have been 3
= A& | c | applied and patterns recognised. A general rule has been
S
£ %D suggested. 4
=i
52 The correct techniques have been applied and patterns 5
é’ d | recognised are described as a general rule. Conclusions
£ have been drawn consistent with the results. 6
. All of the above have been achieved and conclusions are l
justified with a proof or further examples. 8
® | a | None of the following descriptors has been achieved. 0
=
< . . .
E |y There is a basic use of mathematical language and 1
.&: representation. Lines of reasoning are hard to follow. 2
<
Lé = There is a sufficient use of mathematical language and 3
2 E ¢ | representation. Lines of reasoning are clear but not always
g9 logical or complete. 4
= =
<
22 5
E d A good use of mathematical language and representation.
g Lines of reasoning are complete and concise. 6
)
a | None of the following descriptors has been achieved. 0
n
'é An attempt has been made to explain whether the results 1
£ | b | make sense. An attempt has been made to draw a
Q) . .
A= connection to real-life problems. 2
o
2 = There is a correct but brief explanation of whether the 3
P E | ¢ | results make sense. A description of a real life application
S .5 is given in question 7. 4
—
o . e .
= There is a critical explanation of whether the results make | 5
& | d | sense. Examples given in question 7 provide detailed
applications of inverse proportion. 6
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2.03 | Inverse Proportion (Inverse Variation)

In Investigation 2:02 you found that as the number of one thing in the problem decreased, the other
increased.

For example, if it takes 5 men 15 hours to do a job, it will take 1 man 15 X 5 = 75 hours to do the
same job. So, as the number of men decreases, the time taken to do the job increases.

Likewise, if it takes 1 man 75 hours to do the job, it will take 3 men ? = 25 hours to do the same
job. So, as the number of men increases, the time taken to do the job decreases.

These are examples of inverse proportion (sometimes referred to as inverse variation).

worked example

If I travel at 50 km/h it will take me 3 hours to
complete my journey. How long will it take to
complete the journey if I travel at 60 km/h?

The tfime faken is inversely
proportional to the gpeed
travelled. [n other words:

hasta la vista baby!

The faster I travel, the less time it takes, so this is an
example of inverse proportion.

There are 2 methods of solving problems of this type:

Method 1:  Unitary method
This requires us to find out how long it
takes when travelling at 1 km/h and then
at 60 km/h.

At 50 km/h it takes 3 hours
At 1 km/h it will take 3 x 50 = 150 hours

At 60 km/h it will take % = 2% hours

Remember: write the
proportiondl statement
theh work out k.

Method 2:  Using a proportional statement
Since this is an example of inverse
proportion, time (t) is inversely
proportional to speed (s).

1
toee =
s
'.t=’3 thisiskxl
$ s
Using the information we have been given: 3 = S_kO
S k=3x50=150
fh=120
150 ’
So to solve the problem: t= 0

Lt= 2% hours
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Exercise 2:03

A water tank is leaking so that after 4 hours the water in the tank is only 20 cm deep. How
deep will the water be after 10 hours?

Eight people can survive on the provisions in a life raft for 6 days. For how long could 3 people
survive on the same provisions?

If 4 boys can mow 10 lawns in three days, how many days would it take 6 boys?

Five teenage boys can eat 3 jumbo pizzas in 30 minutes. How long would the pizzas last if
there were 4 teenage boys sharing them?

A Boeing 747 jumbo jet with a cruising speed of Mach 0.85 flies from Singapore to London in
14 hours. How long would it take an Airbus A320 with a cruising speed of Mach 0.82 to fly the
same route? Answer to the nearest minute.

A team of 10 fruit pickers can clear 4 hectares
of fruit in a week.

a How many days would it take 14 fruit pickers?
b 1If the 4 hectares had to be cleared in 2 days,
how many fruit pickers would be needed?

Typing at 30 words per minute, Michael will be
able to finish his essay in 2 hours. His friend
Michelle says that she would be able to finish it
in 1 and a half hours. At what speed must she be
able to type to do this?

] If it takes 5 cats 2 days to catch 6 mice, how
many days will it take 3 cats to catch 9 mice?
Hint: It might be useful to set up a table with
the headings shown.

Cats Days Mice

E] 1 3 boys take 2 days to mow 3 lawns, how many boys can mow 6 lawns in 3 days?

[} If 2 workers can paint 12 metres of fence in 3 hours, how many metres of fence can 4 workers
paint in 2 hours?

CHAPTER 2 PROPORTION 25



Mathematical Terms 2

Ser; Ratio Direct proportion
2 e A comparison of two quantities e When both variables increase at a given
Proportion ratio, ie if one number is multiplied by
 When all aspects of an object or shape a constant then the other is multiplied
are increased or decreased by the by the same value
same amount Inverse proportion
Proportional constant *  When one variable increase at a given
e The numerical factor by which both ratio as the other decreases, ie if one
objects are increased or decreased in number is multiplied by a constant then
the given ratio the other is divided by the same value
reeansy

Mathematical terms 2

Diagnostic Test 2: | Proportion

e Each section of the test has similar items that test a certain type of example.
2 e Failure in more than one item will identify an area of weakness.
e Each weakness should be treated by going back to the section listed.

Section

1 Which of the following are examples of direct proportion and which are | 2:01 to 2:03
examples of inverse proportion?
a The ingredients of a cake and the number of people that are going

to eat it.

The number of people eating a cake and the time taken to eat it.

The speed at which you travel and the time taken to finish the journey.

d The speed at which you travel and the distance you are from your
starting point.

e The number of horses in a stable and the amount of fodder for
required to feed them.

n o

2 If I am travelling at 50 km/h, T am 40 km from my starting point. 2:01
How far would I be if I had been travelling at 80 km/h?
3 The SRC has estimated that 30 pieces of pizza will be needed to feed the 2:01

12 people attending a meeting. How many pieces would be needed to
feed 18 people?

4 The 30 pieces of pizza in the previous question will last the 12 people 2:03
20 minutes. How long would the same number of pieces last 18 people?

5 The amount of water in a leaking tank is inversely proportional to the 2:03
time it has been leaking. If, after 4 hours there are 50 litres left in
the tank, how many litres will be left after 5 hours?
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Section

6 It is estimated that when travelling from Singapore to Frankfurt, 2:02, 2:03
a distance of approximately 10000 km, a person is responsible for
releasing 1300 kg of CO, into the atmosphere. If emissions are
proportional to the distance flown
a what is the proportional constant and what does it represent?

b how many kilograms of CO, is a person responsible for if they fly
from Bangkok to Sydney, a distance of 7500 km? Answer to the
nearest kilogram.

7 Ata particular, time Emma’s distance from home is directly proportional 2:01, 2:02
to the speed at which she travels. If her proportional constant is 8
a how far is she from home if she travels at 55 km/h?
b at what speed must she be traveling if she is 240 km from home?
¢ what does the proportional constant represent in the context of
the problem?

8 When swimming the 1500 m freestyle, the time Marko has remaining to 2:02, 2:03
swim is inversely proportional to the speed at which he is swimming.
If his proportional constant is 600:
a What time has he left when swimming at 100 metres/minute?
b How fast must he be swimming if he has 12% minutes left?
¢ What does the proportional constant represent?
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& m Chapter 2 |
1 When cooking rice, the ratio of water to Eg, if AUD$1.00 is worth USD$0.7370,
2A rice is 4:3. How much water will I need to then USD$15.00 = 0-7370 = AUD$20.35.
cook 500 grams of rice? Use the information above and below to

answer parts a and b:

AUD$1.00 is worth 6-03 Chinese yuan,
or 78-14 Japanese yen.

a Convert these amounts to AUDS$.

2 Jasmine receives a pay increase in the
ratio 9:7. If her weekly income was $550,
what will be her new weekly wage?

3 A 4 litre can of paint will cover 18 m? of USD$50.00
wall. Write down a formula connecting the 30.00 yuan
number of litres, n, and the area covered, 2000 yen
A. How many litres would be needed to b When arriving overseas, Australian
paint a room with wall area 40-5 m?? tourists convert Australian dollars into

the local currency. Convert
AUD$100.00 into USD$, Chinese yuan
and Japanese yen.

4 The speed of a falling object is directly
proportional to the time from release. If the
speed after 5 seconds is 49 m per second:

a what will the speed of the object be at 6 1If it takes me 2 hours to drive to my beach
8 seconds? house at 80 km/h, how long would it take
b how long till the object reaches me if I drove at 100 km/h?
100 m/sec? 7 1f 35 workers could do a job in 5 days
5 In order to buy goods from overseas you a how long would it take 20 workers?
must work out how many Australian b how many workers are required to
dollars (AUDS) are equal to the amount complete the job in 3 days?

in the overseas currency.
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Your pay has arrived)

Well it’s about time.

Chapter Contents

3:01 Working for others

3:02 Extra payments
Investigation: Jobs in the papers

3:03 Wage deductions

3:04 Taxation
Fun Spot: What is brought to the table,
cut, but never eaten?

3:05 Budgeting

3:06 Best buy, shopping lists and change

Learning Outcomes
Students will be able to:

+ Solve problems involving earning and spending money.

« Solve problems involving compound interest, depreciation and successive discounts.

Areas of Interaction

Consumer
Arithmetic

3:07 Sales tax

Investigation: Shopper dockets
3:08 Ways of paying and discounts

Fun Spot: The puzzle of the

missing dollar
3:09 Working for a profit

Investigation: Let’s plan a disco
Mathematical Terms, Diagnostic Test, Revision
Assignment, Working Mathematically

Approaches to Learning (Knowledge Acquisition, Reflection), Human Ingenuity,

Environments, Community & Service
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3:01 | Working for Others

Some people work for themselves and charge a fee for their services or sell for a profit, but most
people work for others to obtain an income. In the chart below, the main ways of earning an
income from an employer are introduced.

paid for the year’s
work even though it
may be paid weekly
or fortnightly.

a fixed amount for
each piece of work
completed.

per hour. The
person is not
permanent but is
employed when
needed.

usually a percentage
of the value of
goods sold.

Employment
Salary Piece work Casual Commission Wages
Meaning
A fixed amount is | The worker is paid |A fixed rate is paid | This payment is Usually paid weekly

to a permanent
employee and based
on an hourly rate,
for an agreed
number of hours

Holiday and sick
pay. Superannuation.
A bonus may be
given as an incentive
or time off for
working outside
normal working

earn. You can
choose how much
work you do and in
some cases the work
may be done in your
own home.

compensation for
other benefits lost.
Part time work may
suit some or casual
work may be a
second job.
Superannuation.

paid. Some firms
pay a low wage plus
a commission to act
as an incentive.

per week.
Advantages
Permanent The harder you A higher rate of pay | The more you sell | Permanent
employment. work, the more you |is given as a the more you are employment.

Holiday and sick
pay. Superannuation.
If additional hours
are worked,
additional money

is earned, sometimes
at a higher hourly

periods, additional
hours might be
worked, without
additional pay. Very

pay. No fringe
benefits. No

permanency of
employment in

pay. No permanency
of employment.
Few fringe benefits.
Less job satisfaction.

holiday or sick pay.
If you sell nothing
you are paid
nothing. Your

hours. rate of pay.
Disadvantages
During busy No holiday or sick |No holiday or sick | There may be no There is little

incentive to work
harder, since your
pay is fixed to time
not effort. Little

little flexibility in | most piece work. security depends on | flexibility in

working times the popularity of working times

eg 9 am-5 pm your product. eg 9 am-5 pm
Salary Piece work Casual Commission Wages

teachers

dressmakers

« __,))

swimming instructors

sales people

mechanics
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Superannuation, sometimes called a pension fund or pension plan, is an investment
fund usually contributed to by both employer and employee on the employee’s behalf.
It provides benefits for employees upon retirement, or for the widow or widower if the
member dies.

worked examples

1 Use the information on the right to answer these

. POSITIONS VACANT
questions. 5 people required to

a How much would an employee earn in a week promote our nationally
if no sales were made? known building product in

b If Jane sold $18 000 worth of building products ﬂ.1e suburbs.
in one week, how much would she earn? Pay: $100 pw and

1 2% commission.

c If Peter sold $24 000 worth of materials in Please phone YRU-POOR
one week and $5000 worth in the next, during business hours.
find his average weekly income for the
two weeks.

2 Luke has a casual job from 4:00 pm till 5:30 pm Monday to Friday. He also works from
9 am till 12:30 pm on Saturdays. Find his weekly income if his casual rate is $8.80 per
hour Monday to Friday, and $11.50 an hour on Saturdays.

Solutions
1 a Week’s earnings = $100 + 2% of $0
=$100 + $0
. Employee making no sales is paid $100.

b Jane’s earnings = $100 + 2% of $18 000
=$100 + 0-02 x $18 000
= $460 in the week

c Week 1
Peter’s earnings = $100 + 2% of $24 000
=100+ 0-02 x 24 000
.. Earnings week 1 = $580
Week 2
Peter’s earnings = $100 + 2% of $5000

=$100 + 0-02 x $5000
.. Earnings week 2 = $200

. Peter’s average weekly wage = ($580 + $200) + 2
=$390

2 Luke’s weekly income = (hours, Mon-Fri) x $8.80 + (hours, Sat) x $11.50
= (13 X 5) X $8.80 + 33 X $11.50
=1.5x5%%$8.80+3-5%x$11.50
=$106.25
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Bl Write answers in your own words. Refer to page 30 if necessary.

a

Q. N O

S0Q —h 0

Exercise 3:01

What are the advantages of working for a wage?
What is piece work?

What is a salary?

What form of payment gives the worker a percentage
of the value of goods sold?

What advantages are there in casual work?

What are the disadvantages of being on a salary?
What are wages?

Which forms of payment depend on success or the
amount of work completed?

What are the disadvantages of casual work?
Which two forms of payment are often combined
in determining a worker’s pay?

Wages and salaries

H -
b

A man is paid $18.50 an hour for a 35-hour week.
What is his normal weekly wage?
A boy is paid a wage based on $9.15 an hour.
How much is he paid for an 8-hour day of work?
For a 38-hour working week a woman is paid $731.50.
Find her hourly rate of pay?
Adam is paid €16.05 an hour for a 35-hour week.
Luke receives €15.75 for a 38-hour week. Who has
the higher weekly wage and by how much?
Irene is paid $594.70 for a 38-hour week, while Shireen
is paid $565.25 for a 35-hour week. Who has the higher
rate of pay and by how much?
A painter works a 38-hour week for an hourly rate of
£19.65. An extra height allowance of 95 pence per hour
is paid. Find his total weekly wage.
A woman is paid a salary of $46 089 per year. How much
would she receive each week if it is calculated on
52.178 weeks in a year? (Answer to nearest dollar.)
Find the weekly income (assuming there are 52-178 weeks
in the year) for a salary of:
i €43000 i $26400
iii ¥895 000 iv $58 200
(Give answers to the nearest cent.)
Find the yearly salary of a person whose monthly income is:
i €4600 i $3150.50 iii $5305

Use your calculator]

Salary
It is assumed that each
day of the year, the
salaried person earns

L : of the salary.
3653

There are 365}} days,
on average, in a year.
.. On average, 52-178
(approximately) weeks
are in each year.

iv CNY 194 750

Two jobs are advertised: one with a salary of $55 000, the other a salary with a fortnightly
payment of $2165.60. Which is the greater weekly salary and by how much? Use ‘one year
equals 52-178 weeks.” (Give your answer correct to the nearest cent.)
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k Two jobs are advertised. One is based on 37 hours per week at $20.15 an hour, the other is
a yearly salary of $39400. If one year is taken to be 52-178 weeks, which weekly income is
higher and by how much? (Answer to the nearest cent.)

Commission, piece work and casual work

] 2 i Does this job guarantee an income? CLEAN-U-UP PTY LTD
i If you have never heard of the products Selling cleaning machinery,

. o o T8 equipment and chemicals.
Of. 1tlhls Hcompa;ny% 1;“, hkel}é tha?t you Sales people required to sell on
il e b CLl @it Leelt Pl total commission of 23% of sales.

iii Is any compensation mentioned for Great potential!
petrol used or provision of a vehicle? Excellent reward!

iv Find the commission paid on sales of: Ring: Ugo Broke. YRU-000.
1 €300 2 €743
3 €1658 4 €92

b Janice is offered a sales position with a retainer (guaranteed wage) of $140 plus a
commission of 7% on sales.
i How much could she make in one week if her weekly sales total were:
1 $800? 2 $3500? 3 $4865? 4 $5213?
ii She is told that the average weekly sales per person is $6300. What is the average
weekly income?
iii If Janice is a shy person who has no previous sales experience, is it likely that she will
succeed in this job?
¢ John works as a sales assistant receiving $300 per week plus 10% commission on sales in
excess of $5000. Find his weekly income if, in one week, the amount of his sales was:
i $3400 ii $5700 iii $8424 iv $6129.50

B} 2 Heather works in a supermarket on a casual basis. She is paid £16.60 an hour from
Monday to Friday and £20.85 an hour on Saturdays. Find her week’s income if she
works from 3:30 pm till 5:30 pm, Monday to Friday, and from 8:30 am till 1:00 pm
on Saturday.

b Edward works as a waiter from 6:00 pm till 1:30 am four days in one week. His hourly rate
of pay is £18.35 and he gets an average of £6.50 as tips per working night. Find his income
for the week. (A ‘tip’ is a payment in appreciation of good service.)

¢ An electrician charged £35.80 per hour for labour. Find the charge for labour if he works
from 11:20 am till 1:50 pm.

B 2 A factory worker was paid $2.16 for each garment completed. How much would be earned
if 240 garments were completed?

b A doctor charges each patient $37.50 for a consultation. If she works for 5 hours during one
day and sees an average of six patients per hour, find the amount of money received that
day. Her costs per day are $343. What was her profit for the day?

¢ Smokey and Smiley were two shearers who were paid $2.15 for each sheep shorn. By how
much was Smokey’s pay greater than Smiley’s, if Smokey was able to shear 673 sheep while
Smiley was able to shear only 489?
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d A tiler charges $30.40 per square metre to lay tiles. Find how much he would charge to lay

an area of:
i 9-4m? i 6-25 m? iii 18-2 m? iv 152 m?

e Flo works at home altering dresses for a dress shop. She is paid €14.95 for a major
alteration and €6.80 for a small alteration. In the week before Christmas she completed
13 major alterations and 27 small alterations. Find her income for the week. If she spent
39 hours working on the alterations what was her hourly rate of pay? (Answer to the
nearest cent.)

3:02 | Extra Payments

There are several additional payments that may add to a
person’s income. Terms needed are listed below.

I’m working
overtime . . .

Overtime: This is time worked in excess of a standard
day or week. Often rates of 11 or 2 times the normal
rate of pay are paid for overtime.

Bonus: This is money, or an equivalent, given in addition
to an employee’s usual income.

Holiday bonus: A payment calculated as a fixed
percentage of the normal pay over a fixed number
of weeks. It may be paid at the beginning of annual
holidays to meet the increased expenses often
occurring then.

Time card: This card is used to record the number of
hours worked in a week. A time clock is used to stamp
the times onto the card. Therefore a worker ‘clocks on’
in the morning and ‘clocks off” in the evening.

Mt 2 Whit. Pty Ltd
Name: Tom McSeveny TIME CARD 4
Week Fri Fri Fri Fri Fri
ending 21 Jan 28 Jan 4 Feb Il Feb 18 Feb

Day IN ouT IN ouT IN ouT IN ouT IN ouT
Sat - - - - 8:00 10:02 8:00 12:00 8:02 11:30
Sun - - - - - - - - _ -
Mon 7:57 4:00 8:00 4:04 7:59 4:00 8:00 4:02 7:57 3:59
Tues 7:58 4:02 7:55 3:59 7:56 4:02 8:00 4:05 8:00 4:05
Wed 8:00 4.01 8:00 4:02 8:03 4.0l 7:56 3:02 7:58 4:.07
Thu 8:02 4:05 7:58 7:00 7:58 4:03 8:01 4:02 7:55 6:00
Fri 8:00 4:00 8:00 4:00 8:00 4:.01 8:02 6:31 7:59 6:30
Hourly rate: $16.20

Lunch: 12 noon till 1:00 pm (unpaid)

Normal hours: Mon-Fri, 8:00 a.m. — 4:00 p.m.

Overtime: ‘Time-and-a-half is paid and ‘double-time’ for overtime in excess of 3 hours (on any one day)
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Note: 1 In the week ending 21 Jan, no overtime was worked.
Total of hours worked = (8 hours X 5) — 5 hours for lunch

=35 hours A few minutes
2 In the week ending 11 Feb, only 34 normal hours were variation from the hour
worked, as Tom left work 1 hour early on Wednesday. or half-hour will not be
However, 21 hours overtime was worked on Friday considered in determining
and 4 hours on the Saturday. Three of the hours worked hours worked.

on Saturday are time-and-a-half and one (that in excess
of 3 h) was at double-time.

worked examples

1 During one week Peter worked 35 hours at the normal rate
of $11.60 per hour. He also worked 6 hours overtime: | don’t get paid
4 at ‘time-and-a-half’ and 2 at ‘double-time’. How much did $or lunch . . .
he earn?

2 Use the time card on the previous page to calculate
Tom McSeveny’s wage for the week ending Friday,
18 February.

3 Calculate Diane’s holiday bonus if she is given 17% % of
four weeks salary and she earns $980 per fortnight.

) time-and-a-half double-time
Solutions

1 Peter’s earnings = (35 hat $11.60) + (4 hat $11.60 x 13) + (2 h at $11.60 x 2)
=(35%x11-6)+(4x11.6x1.5)+(2x11-6 x2) dollars
=$522 (using a calculator)

2 For the week ending Friday, 18 February, Tom worked:
‘Normal hours 35 hours (8-4, Mon—Fri with 1 hour lunch)
Overtime—Time-and-a-half’: 7% hours (8-11 on Sat, 4—6 on Thur, 4—6:30 on Fri)
‘Double-time’: % hour (11-11:30 on Sat as double-time
is paid only after 3 hours)
< Tom’s earnings = (35 h at $16.20) + (73 h at $16.20 x 13) + (3 h at $16.20 x 2)
=(35%x16-2) + (7-5%x16-:2x 1-5) + (0-5 X 16-2 x 2) dollars
=$765.45 (using a calculator)

3 Diane’s holiday loading = 17% % of four weeks salary

L, 175
=175 % of ($980 x 2) 175% = 150
=0-175 % (980 X 2) dollars =17.5+ 100
=$343 =0-175
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( Exercise 3:02

Extra payments
1 Calculate:

Bill earns $9.60 per hour. Calculate his wages for a$15x 15 x4 b$17.50x 15 x7
the week if he worked 35 hours at the normal rate (L .
and 5 hours overtime at ‘time-and-a-half’. : iz ;( jZ: i;i i i% ;(2
b At Bigfoot Enterprises a wage rate of $12.70 per hour :
is paid on the first 37 hours and ‘time-and-a-half” after that.
What is the wage for a 42-hour week?
¢ Each day Pauline receives $18.10 per hour for the first 7 hours, ‘time-and-a-half’ for the
next 2 hours, and ‘double-time’ thereafter. Find her wage for:
i a 6-hour day
ii a 9-hour day
iii an 8% -hour day
iv an 11-hour day
d An electrician earns a wage of €22.40 per hour for a 35-hour week and ‘time-and-a-half’
after that. How much would he earn in a week in which he works:
i 30 hours
ii 37 hours
iii 41% hours
iv 45% hours

e A pipe factory asks a labourer to work 8 hours on Saturday at ‘time-and-a-half’ for the first
3 hours and ‘double-time’ after that. If his normal rate of pay is $20.40, how much is he
paid for the day’s work?

f Brian earns $17.60 an hour, while his boss earns $23.20 an hour. How much more than
Brian is the boss paid for a 7-hour day? If Brian gets
‘time-and-a-half for overtime, how many additional

hours would he need to work in a day to get the same The tricky parts of the
wage as his boss? time card on page 34 are
g By referring to the time card on page 34, in colour.

complete the summary below.

Number of hours at:

21 Jan
28 Jan

4 Feb
11 Feb
18 Feb
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H i 17% % holiday bonus is given on 4 weeks normal pay, find the holiday bonus for:

i John, who earns $4000 in 4 weeks
ii Mary, who earns $822 in a fortnight
iili Wilkes, who earns $495 a week
iv. Conway, who earns $19.80 an hour (for a 35-hour week)
(Assume that in each case no extra payments are included.)
b When June was given her holiday pay she received 4 weeks pay and a 17% % holiday bonus.
If her normal wage is €427 per week, how much holiday pay did she receive?

¢ Franko works a 35-hour week at a rate of $17.60 per hour. Calculate his holiday bonus
if 17% % is given on 4 weeks wage.

d Mr Bigsuccess earns a salary of $96 000 per year. At the end of the year he is given a bonus
equal to 80% of one month’s pay. How much did he earn in the year?

e Alana managed a small business for a salary of $56 400. At the end of a successful year in
which the business made a profit of $211 000, she was given a bonus of 1-2% of the profits.
What was her bonus and what was her income for the year?

f Luke works for a mining company at a wage rate of $22.80 per hour. If he works
underground he is paid a penalty rate of $3.65 per hour in addition to his normal pay.
Find his weekly wage if during the normal 38 hours he works underground for 16 hours.

g Mary works in a food processing plant at a wage rate of $15.95 per hour. From time to time
she is required to work beside ovens where the temperature is uncomfortable. When this is
necessary she is paid an additional 95 cents an hour. Calculate her wage for a normal
working week of 36 hours where 5 hours were beside the ovens.

h Lyn received a 171 % holiday bonus on four weeks normal wages. (She works a 36-hour
week.) Find her normal weekly wage if the total of four weeks wages and the holiday
bonus was:

i $2350 i $2162

i Sundeep received a holiday bonus payment of £364 that represented 17% % on
four weeks wages. What is his weekly wage? What percentage of his total income for
the year (containing 52 weeks) does the holiday bonus represent? (Answer correct
to 2 decimal places.)

E] Ayse’s salary is €47 300, but she expects it to rise 2% each year to keep pace with inflation.
a After the beginning of the second year, what would Ayse expect her salary to be?
b What would the salary be at the beginning of the third year?
¢ What would the salary be at the beginning of:
i the sixth year? i the eleventh year?

.\(\\lest/éb/.
Investigation 3:02 | Jobs in the papers 3
1 Look in the careers section of a newspaper to see what salaries are offered for various
employment opportunities. 3202

2 Examine the positions vacant columns for casual jobs. How many mention the pay offered?
What level of pay is offered in different fields of employment?

3 What other benefits are mentioned in employment advertisements, other than the wage
or salary?
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3:03 | Wage Deductions

A person’s weekly wage or salary is referred to as the weekly gross pay. After deductions have been
made the amount actually received is called the weekly net pay.

Possible deductions

Income tax The Commonwealth government takes a part of all incomes earned to
finance federal, state and local government activities. Employers deduct this
tax on the government’s behalf at the end of each pay period. It is called
PAYE (pay-as-you-earn). The rate of tax varies according to the amount of
money earned and the number of dependants.

Superannuation This is a form of insurance or investment. Usually both the employee and the
or pension fund employer contribute to this fund on behalf of the employee. It provides for
an income or lump-sum payment on retirement, and in the event of the
member’s death, it provides a pension for the family.

Miscellaneous  Other deductions could be for medical insurance, life insurance, home
payments, credit union savings and union membership fees.

Here is a pay advice slip representing two weeks’ pay.

@ ®

Serial |Dept.|Location Grossl Super Units | Fortnight Netl Pay
No. Salary Ended Pay " | Advice

Peter or Wage No.
Newby Rate Entld.| Held

6552750 | AA | 8436 |46884.70 | I3 | 113 [4/11/02 |1192.20 | 1238]

* Reasons for Adjustments

A —increment B — award agreement C — national wage D — promotion

E -LW.OP F — allowance G — termination H — resumed duty
I —reduction Z — combination of

in salary reasons
Deductions this fortnight Pay this fortnight
Taxation| S’annuation | M’laneous | Total Normal | Adjustments| Overtime| Gross
Pay Earnings

400.50 40.60 163.80 ||604.90 |[I797.10 |- - 1797.10

@ ® ©® @ —O— O

38 INTERNATIONAL MATHEMATICS 4



Peter Newby has a gross yearly salary or wage ‘ of $46884.70, earns $1797.10 ‘ per fortnight
and in the fortnight ending 4/11/02 had no adjustments or overtime ‘ This means that his gross
earnings were $1797.10 ‘ His net pay ‘ was only $1192.20 because his total deductions ‘
were $604.90.

Peter paid $400.50 tax ‘ on an income of $1797.10. This is about 22%. His contribution to
superannuation ‘ was $40.60.

worked examples

Find the net pay for the week if John earns $423.60, is taxed $67.80, pays $32.10 for
superannuation and has miscellaneous deductions totalling $76.30. What percentage of
his gross pay did he pay in tax?

Solution
Total deductions = Tax + Superannuation + Miscellaneous

=$67.80 + $32.10 + $76.30
=$176.20 ['ve just collected my net pay.
John’s net pay = $423.60 — $176.20

=$247.40
John’s tax payment = $67.80

Tax as a percentage of gross pay
_ tax
B gross pay
_ $67.80
" $423.60
= 16%

X 100%

x 100%
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Exercise 3:03

Bl Find the net pay if:

a gross pay is $315.60 and total deductions are €115

b gross pay is $518.20, tax is $99.70, superannuation
is $20.70 and miscellaneous is $94.80

c gross pay is $214.55, tax is $22.20, superannuation
is $4.80 and union fees are $2.60

d gross pay (for a fortnight) is £1030.40,
superannuation is £48.50, miscellaneous is £174.70
and tax is £303.55

e gross salary is $612.10, superannuation is $31.90,
medical insurance is $21.60, life insurance is $4.10,
house payment is $76.50, credit union savings are s 3%
$11.00, union fees are $2.45 and tax is $131.60

Wow! You must have
some fighing spot]

At the
river bank/

[} 2 Vicki Turner receives a yearly salary of $32 096, pays 16% of her weekly gross
(calculated on 52-18 weeks in the year) in income tax, pays 5% of her weekly gross
to her superannuation fund and has $86 in miscellaneous deductions each week.

Find her:

i weekly gross salary

ii weekly tax deductions ‘Net pay’ is what
iii weekly superannuation payment you take home.

iv weekly net pay
b Use question 2a to complete this pay advice slip.

Serial No. | Gross Salary Super Units | Week Net | Pay Advice
or Wage Rate Ended Pay | No.
Turner,
Vicki Entld. | Held
6841672 98 98 18/11/02 11364

* Reasons for Adjustments

A —increment B —award agreement C — national wage D — promotion
E -LW.O.P F —allowance G — termination H — resumed duty
I —reduction Z — combination of
in salary reasons
Deductions this week Pay this week

Taxation |S’annuation |M’laneous | Total | Normal |Adjustments|Overtime| Gross
Pay Earnings
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[EF] Find the net pay and the tax as a percentage of the gross pay for each person.

Name Gross Pay Tax Net Pay Tax as % of
Gross Pay
a | R. Collison $ 385.70 $ 56.40
b | G. Foster $1450.00 $500.75
c | B.Jones $ 947.50 $265.15
d | R. Sinclair $ 591.60 $124.65

]l 2 Upon retirement, Joe Simmons received annual superannuation payments of 68% of his
final year’s salary. If his salary at that time was €62 600, how much is his annual
superannuation (before tax)?

b Ellen’s annual superannuation is 63% of her finishing wage of €52 186. How much would
her net monthly income be if she pays 22% of her gross income in taxation payments?
(Answer correct to the nearest cent.)

¢ John earns €32 492 a year. If he were to die, his widow would receive 65% of this figure in
superannuation payments each year. What would be her weekly income (before tax) taking
1 year to be 52-18 weeks?

d Jim has just retired. He has the option of receiving a monthly payment of €3667 or €330 000
as a lump sum’ (a final single payment).

i Find the yearly superannuation payment.
ii What yearly income would result if the

lump sum could be invested at 12% p.a.? Challenge
iii Which option seems most attractive 1 Expected returns in superannuation,
and why? based on average life span, could be
calculated.

iv. What would his yearly income be if he
elected to receive 30% of the monthly
payment, and 70% of the lump sum of
which he invested 40% at 12% p.a.?

e Janice retired in 1995 on a fixed income of
€2400 per month. How many toothbrushes
costing €1.80 could she buy with a month’s income?

One year later inflation had caused the cost

of toothbrushes to rise by 8%. How many toothbrushes could she buy with a month’s

income after the rise? (As years pass, inflation greatly affects the purchasing power of people

on fixed incomes.)

2 Effects of inflation (with or without
indexation) on these expected
returns could be considered.

B Maryanne’s gross pay for a week is $874.20. Her employer must pay an additional 9% of this
amount into a superannuation fund for Maryanne. Maryanne chooses to also pay 5% of her
weekly pay into this fund.

a How much is being paid into the superannuation fund each week?

b What is the total cost to the employer each week of employing Maryanne?

¢ Maryanne receives a 4% pay rise. By how much will the superannuation contributions
increase?
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3.04 | Taxation

* Many countries have an Income Tax Return form which is filled out each year, to determine the
exact amount of tax that has to be paid, for the preceding 12 months. Since most people have
been paying tax as they have earned their income, this exercise may mean that a tax refund is given.

e Some expenses, such as those necessary in the earning of our income, are classified as tax
deductions and the tax we have paid on this money will be returned to us. On the other hand, if
we have additional income (such as interest on savings) that has not yet been taxed, additional
taxes will have to be paid.

The tax deductions are subtracted from the total income to provide the taxable income.

* The table below gives an example of an index taxation system in which the amount of tax you pay
varies according to your taxable income.

TABLE 1—Resident for full year

Taxable income Tax on this income

$1-$6000 Nil

$6001-$20 000 17 cents for each $1 over $6000
$20001-$50000 | $2380 + 30 cents for each $1 over $20 000
$50001-$60000 | $11380 + 42 cents for each $1 over $50 000
$60001 and over | $15580 + 47 cents for each $1 over $60 000

worked examples

Alan received a salary of $47 542 and a total from other income

(investments) of $496. His total tax deductions were $1150. During the

year he had already paid tax instalments amounting to $10 710.75. Find:

1 his total income

2 his taxable income

3 the tax payable on his taxable income

4 his refund due or balance payable

5 how much extra Alan would receive each week if he is given a wage rise
of $10 per week

Solution
1 Alan’s total income 2 Alan’s taxable income
= $47 542 + $496 = total income — tax deductions
=$48038 =$48038 — $1150
= $46 888
3 Taxable income = $46 888 (or $20 000 + $26 888)

Tax on $20 000 = $2380.00 (from the table on page 304) ... A
Tax on $26 888 at 30 cents = $8066.40 (30¢/$ for amount over $20000) ... ' B

*. Tax on $46888=(A + (B

= $2380 + $8066.40
=$10446.40
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4 Tax on $46 888 =$10446.40
Tax instalments paid = $10710.75
". Refund due =$10710.75 — $10446.40
=$264.35

5 For salaries over $20 000 and less than $50 001, for each additional $1 earned you pay
30 cents tax.
". Tax on an extra $10 per week = 10 x $0.30
=$3.00
. Amount left after tax = $10 — $3.00
= $7.00 per week

Exercise 3:04
¢ Taxation
1 Find:
n Use the table on page 42 to determine the tax payable a30c X 7300 b 42cx 5600
. 2 Calculate the tax payable on
on a taxable income of: a taxable income of:
a $3963 b $12587 ¢ $31460 a$15000 b $40000
d $67346 e $284914

[} Mrs Short has a salary of $33 600, receives income from other sources of $342, has tax
deductions of $655, and has paid PAYE tax instalments throughout the year of $6570.
Find:

a her total income

b her taxable income

c tax payable on her taxable income
d her refund or balance payable

[F} When joy left school she had a weekly wage of $488. During the financial year, there were
52 weeks’ pay received. (Note: In a normal year of 52 weeks and one day, there could be
53 paydays.) She had no extra income and calculated her tax deductions to be $217.
Find the tax payable on her taxable income.

B} Karl earned $52 850 as a tiler in 2002/03. His employer deducted tax payments of $13 110.
However, Karl earned a further $4156 on weekends and during his holidays. His tax deductions
came to $2096 as his expenses in earning the additional income were considerable. Find:

a Karl’s total income

b Karl’s taxable income

¢ the tax on his taxable income

d additional tax payable (balance).

[ Eight workers in a factory were each given a pay rise of $2000 per annum. How much of the
$2000 would each have received after tax?
Their yearly taxable incomes are listed below.
(Use the tax table on page 42.)
a M. Callow: $3900 b A.Smith: $9322
c¢ P.Farmer: $16112 d M. Awad: $28155
e R. Sissi: $41300 f P.Mifsud: $55788
g R Ringe:  $63950 h S. Sze $82 000
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) Fun Spot 3:04 | What is brought to the table, cut, but never eaten?
Work out the answer to each question and put the letter for that part in the box that is above

3:04 the correct answer.

Express as a percentage:
A 076 A 0-125 A2

12% of $81 250 C $13.50x 38+ $20.25%6

Sid is paid $22.80 an hour for a 40-hour week. What is his normal weekly wage?

For a 38-hour week Naomi is paid $744.80. Find her hourly rate of pay.

mono

My salary is $31 306.80 per year. How much would I receive each week if it is calculated
on 52-178 weeks in a year?

(7]

Alana has a casual job from 4:00 pm till 5:30 pm Monday to Friday. What is her weekly
income if her casual rate is $9.20 per hour?

P A tiler charges $28.50 per square metre to lay tiles. How much would he charge to lay an
area of 8 square metres?

K Find the net pay for one week if Anne earns $520.50, is taxed $104.10, pays $8 for
superannuation and has miscellaneous deductions totalling $77.40.

R In the previous question, what percentage of Anne’s gross pay was paid in tax?

X OV LK O 24 O 9O A KR KL
E N F n o n o 4 1 & ©
S O R & ™ x © o Do g
- N = NIRRT S\ =)
© i — -

i

« Itis important to
balance your budget!
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3:05 | Budgeting

A budget is a plan for the use of expected income.

A budget helps to
keep the balance!

Job Egsential
Gitfs Non—egsential
Interest savings.

Other

Suggested steps for compiling a budget
1 Determine expected income. .
2 Analyse present spending habits. Budgeting is
3 Minimise non-essential expenses. money management.
4 Tabulate income versus expenses.
5 Determine savings.
When trying to minimise non-essential expenses it is helpful to group ! /
expenses under the heading ‘fixed’ and ‘variable’. Fixed expenses N I l7, o

would include rent, electricity, water, local government rates,
insurance and hire purchase repayments. Variable expenses would

\
~ “,

- o

include food, clothing, fares, entertainment, gifts, petrol and car % @

repairs, dentist and the like. e =

worked examples

Mr Jones analysed the family income to see if €800 could be found for a holiday. He decided to
make up a monthly budget.

Monthly income (net) Fixed expenses Variable expenses
Job 41 weeks) €2480 House payment € 740 Food' € 740
3 Car payment € 280 Clothing € 250
lhiresamenits € 8 Electricity € 80 Fares € 00
E?ﬁﬁfl W,°r11: d g ?‘ég Water € 46 Entertainment € 190
}11 Tens boar € Local government rates € 62 Petrol & Repairs € 185
Oz 43 Insurance € 70 Telephone € 88
Medical € 104 Other € 360

Other € 20

{} Total: €3349 €1402 €1873

| Assume that Mr Jones has already paid the tax.

continued =»=»=%
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1 What is the monthly balance (surplus)? Could they save enough for the holiday in
12 months?

2 How much is left of the yearly balance if holiday money is removed?

Is it wise to save so little, or should the variable expenses be reduced?
Where could the reductions most easily be made?

Solutions
1 Balance (surplus) = income — expenses
=€3349 - €3275
.. Monthly balance = €74
. Yearly balance = €74 x 12 or €888
.. Sufficient money can be saved.

2 Money left = yearly balance — €800
= €888 — €800
=€88

3 It is not wise to save so little unless savings are already substantial. Emergencies are likely
to occur that will destroy your budget unless you have savings on hand. If the holiday is
important, then sacrifices can be made in the areas of entertainment, food, clothing,
telephone and especially ‘other’.

Exercise 3:05

Il Rhonda earns $200 per month from odd jobs, $42 as an allowance from her parents and $24
average from other sources. In each month she must spend $50 on food, $36 repaying a loan
and $16 on school needs. She would like to save $20 per month and divide what remains
equally between clothes, entertainment and gifts.

a Make up a budget as in the example above.
b What percentage of her total income does she save?

] James earns €428 a week gross. His weekly tax payment is €86. Here is a list of his monthly

expenses. Rent €608; electricity/telephone/water €86; medical expenses €164; food €182;

fares €72; clothing €44; entertainment/sport €84 and other €50.

a Make up a budget as in the example, using 41 weeks for 1 month.

b How much can James save each month? What is this as a percentage of his net income?

¢ James would like to buy a car. He estimates that payments, including registration, would
amount to €180 per month; repairs and servicing the car, €60 per month; and petrol €36 per
month. He no longer would have to pay fares. Is it possible? Can you suggest a solution?

[F] Using similar headings to those in question 2, make up a budget for a school-leaver with an
income of $500 per week who is:
a living at home
b renting a room for $80 a week

] Make up your own monthly budget based on your real income and expenses. Consider all
sources of income, essential expenditure, non-essential expenditure and savings.
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3:06 | Best Buy, Shopping Lists
and Change

m n

2 b ¢ d ' 3 FOR °
L1PRICE ga .  SALE WERES$12  g3000 VALUE
10-50% $'\118\£V0 BARGAIN
20% QL v ;
20% FoR . COMPARE
] SAVE PRICES e
AR THE BEST SPECIAL  40% OF 3
®0  BUYsS . g
i BUY 3 SUPER SAVE
FREE GET ONE SPECIAL ¢ UP TO
P 9 prizes  FREE < ro $20
FREE TO BE LOW SAVE BUY
TRIP HHEHY PRICES ~ OVER  DIRECT
30%
Let’s consider the signs above.
1| @ I price b Save $6 d 10-50% off
2 f ’ When shopping ask:
k 20% off | Were $12, now $10.20 1 Do I really need this
q Save up to $20 s Save over 30% v Save 40% item?
2 Is this the best price

These statements assume that the original price was
reasonable. I could have a pencil for sale for $9, reduce its : .

] : 3 Is it worth the price?
price by 90% or $8.10 (whichever sounds best) and attempt 4 s i e el )
to sell it for 90 cents. If the pencil is worth only 30 cents (Will it last?) .
this is not a bargain.

available?

c Sale e Special n Value 0 Bargain t Low prices
U Super Special
Some stores have ‘sale’ signs displayed all year round. When advertising, stores are more
interested in selling their product than in examining the meaning of words.
f Buy 3, get one free g Prizes to be won h Free trip i Free tin of stain

You never really get anything for nothing. The ‘free’ gift or slim chance at a prize are
alternatives to giving you a lower price. In most competitions, the value of the postage stamps
used to send in the entries would be greater than the total value of the prizes.

j From $9.50 q Save up to $20
It is amazing how often the lower priced items are those you don’t want.
f Buy 3, get one free m 3 for $30.00 P Limit of 3

Do you really need three hammers, or whatever they are? Even when they seem to be
restricting you to three, you may not need them.

El r Buy direct

Many firms give companies and tradespeople a good discount but they charge the ordinary
customer as much as they can.
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worked examples

1 Determine the best buy on a ‘front door’. Assume that the
quality of each door is the same.
Y-Mart: 32% off marked price of $435.
N-Boss Discounts: $120 off marked price of $426.
Cottonworths: Buy 3 doors for $1005 and get one free.
Walgrams: Buy a door for $360 and get a tin of stain free.

2 Smooth coffee costs $14.80 for 500 g, Ringin coffee costs
$9.60 for 300 g. Which brand is the best value?
(Assume similar quality.)

Solutions
1 Y-MART N-BOSS DISCOUNTS
Cost = $435 — 0-32 X $435 Cost = $426 — $120
=$295.80 = $306
COTTONWORTHS! WALGRAMS
Cost =4 doors for $1005 Cost = $360 less value of stain
=$251.25 per door Is a tin of stain worth $64.20?

The cheapest cost per door is from Cottonworths but we want to buy one front door not
four, so the best buy is from Y-Mart.

2 500g of Smooth coffee costs $14.80 300 g of Ringin coffee costs $9.60
. 100 g of Smooth coffee costs . 100 g of Ringin coffee costs
$14.80 +5=1%2.96 $9.60 + 3 =$3.20

Clearly Smooth coffee is less expensive.

Exercise 3:06

Best buy, shopping lists, change
1 Find:

Bl 2 If the marked price of an item is €137 find the price R IG R R G
2 What percentage is:

that must be paid if the discount in sign (@ from a$500$252 b $7.50 of $60?
2 Which is cheaper:

page 47 were applied. Do the same for signs a 500 g for $12 or 750 g for $17?
b f 'k and (v . Forsign (q give the range

of prices that might have to be paid.

b An item has a marked price of €85 in two shops. One offers a 14% discount (reduction in
price) and the other a discount of €10.65. Which is the better buy and by how much?
¢ Paint is advertised: ‘Was €12. Now €10.20.
i What has been the reduction?
ii Express the reduction as a percentage of the original price.
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John travelled to a factory for a ‘direct buy’ purchase of 60 litres of paint for €690.

He noticed that the same paint was being sold at a local store for a ‘sale’ price of €46.60 for
4 litres. Which was the less expensive and by how much? If John spent an hour of travelling
and €4.60 worth of petrol, which do you think was the better buy? Why?

Jane bought a new tyre for €160, Robyn bought one for €130 and Diane bought a retread for
€76. 1f Jane’s tyre lasted 32 000 km, Robyn’s 27 500 km, and Diane’s 16 000 km, which was
the best buy? (Assume that safety and performance for the tyres are the same.)

Frozen peas come in three brands,
Yip peas at 84c for 200 g, Hap peas

at $1.56 for 440 g and Nap peas at
$1.84 for 600 g. Which is the

best buy?

If Coco Pops are sold at $4.90 per

750 g box, Rice Bubbles at $3.20

per 500 g box and Corn Flakes at
$1.30 per 250 g box, which is the
cheapest per unit of weight?

James and Maree go shopping for
ice-cream. James like Strawberry

and Maree likes Vanilla. They decide
to buy the container that represents
the best value. The Strawberry is
$6.90 for 4L or $3.90 for 2L, the
Vanilla is $5.20 for 3L or $10 for 6 L.
Which did they buy? What is their
change from $20?

Alice wants to buy the least expensive
tea. Which will she buy if Paa tea costs
$2.50 for 250 g, Katt tea costs $6.20 for
600 g, Jet tea costs $11 for 1 kg and
Yet tea costs $7.65 for 800 g?

Which is the least expensive sauce:
Soy at $1.45 for 200 mL, Barbecue at
$2.30 for 250 mL, Chilli at $2.25

for 300 mL or Tomato sauce at

$1.80 for 750 mL? Which is the

most expensive?
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A quick way to find change

$3.75 up to $4 is 25 cents
$4 up to $20  is $16
. Change is $16.25

eg Change from $20 if $3.75 is spent.

a Use the method in the box to find
the change from $20 if the bill is:

Do you have
any change?

No, but if you read
the box behind you,
ou’ll find gome . . .

i $2.95 i $7.80 iii $12.15 iv $17.10 v $8.05 vi $4.30
b Find the total cost of each list below and find the change from $100.

i |Item Price | No. | Cost | ii |Item Price | No. | Cost
Peanut butter $1.40 | 2 Pickles $0.85 3
Vegetable soup | $0.80 | 5 Cake mix $2.30 1
Vitamin C $1.70 1 Baby food $0.55| 15
Mousetrap $0.30 | 7 Strawberry jam | $3.95 1
Icing mix $0.80 | 2 Gravy mix $2.55 2
100 mL oil $2.40 1 Vitamins $5.30 1
Tin of cream $0.85| 3 Honey $1.30 2
Flavouring $220 | 2 Salt $0.75 1

Total = Total =

Change from $100 =

Change from $100 =

¢ Make up your own table to find the cost of the following list and change from $100.

e 3 packets of tea at $2.45

e 2 tins of mixed vegetables at $2.10

¢ a bottle of tomato sauce at $1.80

e 2 packets of instant pudding at 95 cents

e 2 jars of stock cubes at $2.15
* 3 tins of tuna at $3.95
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e 5 tins of mushrooms at 70 cents
e 8 tins of sardines at 70 cents

e 7 tins of cat food at $1.75

e 1 tub of ice-cream at $7.45

¢ 4 tins of beans at 80 cents

« | do my shopping
on the internet!




3.07 | Sales Tax

&&U2 | Find 10% of: 120 2 $3.50 3 $7.10 4 $14.36

R )
Qa Calculate: 5 $66+11 6 $9.24+11 7 $5.6x1-1 8 $127x1-1
307 9 S66x 0 10 $9.24x

11 11

A sales tax is a broad-based tax on most goods and services you buy. Usually the sales tax is
included in the price you pay. However, in some countries no sales tax is applied to some items
such as basic food goods. In these cases a bill or shopping receipt may itemise each product
showing whether the sales tax was charged and how much tax was included in the bill.

A sales tax is sometimes called a goods and services tax (GST) or value added tax (VAT).

In the following exercises the sales tax will be referred to as a GST which will be taxed at a rate
of 10%. It is simple to calculate the GST included in a price in these cases by dividing by 11, since

the base price has been increased by 10% or -

1

E 5

worked examples

Find the GST that needs to be applied to a price of $325.

2 What is the retail price of a DVD player worth $325 after the GST has been applied?
3 How much GST is contained in a price of $357.50?
4 What was the price of an item retailing at $357.50 before the GST was applied?
Solutions
1 The GST is 10% of the price. To calculate the
- GST =$325 x 10% GST to add on to a
=$32.50 price, simply find
2 The GST is added on to get the retail price. 10% of the price.
.. Retail price = $325 + $32.50
= $357.50

Note: The retail price can also be calculated by multiplying the original price by 110%
(or 1-1) since 10% is added on

ie Retail price =$325x1-1

=$357.50
To find the GST contained in a price, we divide it by 11. To find the GST
(If the original price is increased by 1—16 , then the retail price, included in a price,
including the GST, is %(—1) of the original price.) divide the price
< GST=$357.50 + 11 5711

=$32.50
continued =»=»=%
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4 To find the original price, simply subtract the GST from the retail price.
. Original price = $357.50 — $32.50
=$325
Note: The original price can also be found by multiplying the retail price by }—(i) .
ie Original price = $357.50 x %)

=$325
Exercise 3:07
Goods and services tax
1 Find 10% of:
[l Determine the GST that needs to be added to original prices of: askr - bs2350 e sl
2 it D 1Y : Fi;igod: b$26.40 ¢ $62.48
¢ $46.20 d $59.70 e e
e $863 f $12740
g $97.63 h $142.37
i $124.55 j $742.15
[} Determine the retail price after the GST of 10% is added to the following.
a €60 b €150 c €220 d €740
e €75 f €112 g €343 h €947
i €8.60 j €27.40 k €56.45 I €19.63
[Fl How much GST is contained in the following retail prices?
a $22 b $110 c $165 d $286
e $61.60 f $57.20 g $13.20 h $860.20
i $46.75 j $349.80 k $1004.30 I $1237.50

. Find the total GST paid on the
camping gear shown if its retail
price is $1130.

52 INTERNATIONAL MATHEMATICS 4




] What was the original price before the GST of 10% was added to each of these retail prices?

a $77 b $132 c $198 d $275

e $15.40 f $28.60 g $106.70 h $126.50

i $13.86 j $41.25 k $237.05 | $1238.38

B When retailers sell a mixture of goods where the

GST is only applied to some, they normally indicate SHORQUICK

which items on the bill include the GST. This bill Sauce $ 1.20

indicates the items which include the GST with an Biscuits*® $ 1.35

asterisk (*). Determine the amount of GST that Bread $ 3.60

would be included in the total on this bill. Toothbrush* $ 3.10
Soap* $ 1.93
Total $11.18
GST incl= ?

A The retailer indicates the GST items with a percentage sign (%). Determine the GST included
in these bills.

2% Magazine $ 2.85 > Bread $ 2.70 ¢ | Bananas $ 3.50
% Deodorant $ 4.00 Flour $ 0.90 % Soap $ 3.92
Milk $ 5.60 % Ice creams $ 4.48 % Detergent $ 3.31
Muffins $ 2.60 % Soap pads $ 0.98 Tea bags $ 4.46
% Biscuits $ 2.17 % Tissues $ 5.10 Eggs $ 2.89
Total $17.22 Total $14.16 % Bath salts  $ 6.05
GST incl = ? GST incl = ? Wee $ 1.54

— — % Biscuits $ 2.56
Total $28.23
GST incl = ?

a The prices of three items were €10.56, €10.30 and €21.00. The total of the GST included in
the bill was €0.96. Which was the only price that included a 10% GST?
b Four prices on a bill were €5.60, €7.70, €9.30 and €10.56. The total of the bill, excluding
GST, was €31.50. Which of the four prices did not include GST?
c Five articles cost €20.90, €37.40, €52.80, €61.60 and €45.10. GST of 10% was then added to
some of these prices. The total bill was then €230.56. Which prices had GST added to them?

.\“\Jest/é},ez.
Investigation 3:07 | Shopper dockets 2
1 Collect ‘shopper dockets’ from as many different supermarkets you can. Examine them to
see how they indicate the GST charges. 397

2 Draw up a list of all the items you can that do not include GST.

3 When was the GST introduced in Australia?
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3!08 | Ways of Paying and Discounts

When buying the things we need, we can pay cash (or cheque or use electronic transfer of funds),
buy on terms or use credit cards. The wise buyer will seek discounts wherever possible, comparing
prices at different stores.

Using money

Seeking discount

Buying with
credit card

Buying on terms

Paying cash or
transferring funds

Meaning

A process of bargaining
to seek a reduced price.

A readily acceptable
method of making
credit purchases.
‘Buy now pay later’.

A way of having the
item and spreading the
payment over a period
of time. (Hire-purchase)

An immediate payment
with cheque, electronic
transfer of funds card
or money.

Advantages

You pay less because
you can challenge one
shop to beat the price of
another. Taking time
allows you to compare
the quality of items.

Convenient. Safer than
carrying large sums of
money. Useful in
meeting unexpected
costs. If payment is
made promptly the
charge is small. Many
stores accept credit
cards.

You can buy essential
items and make use of
them as you pay. Buying
a house on terms saves
rent. The item bought
may be used to generate
income. Little
immediate cost.

Paying cash may help
you get a discount.
Money is accepted
anywhere. You own the
item. You keep out of
debt. It doesn’t
encourage impulse
buying. With cheque
or electronic transfer
of funds card you don’t
have to carry a lot of
money.

Disadvantages

It takes time and energy
to compare prices. To
get the best price you
may have less choice in
things like colour, after
sales service and maybe
condition of the item.
‘Specials’ are discounts.

There is a tendency

to overspend, buy on
impulse and not out

of need. The interest
charged on the debt is
high. Hidden costs
(stamp duty and charge
on stores) generally lift
prices.

Relies on a regular
income and, if you
cannot continue
payments, the item can
be repossessed, sold
and, if its value has
depreciated (dropped),
you still may owe
money. High interest
rates. You are in debt.

Carrying large sums

of money can be
dangerous (risk of loss)
and many shops won’t
accept cheques or
electronic transfer of
funds cards. You may
miss out on a good buy
if you don’t carry much
money with you.
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Using money

Seeking discount Buying with Buying on terms Paying cash or
credit card transferring funds
? The payments are 5o high, ook at the bulging pockets

| can't afford petroll

Nah, that's just
loose change,

SALE

Trougers
50% off l( "

_'_J

worked examples

1 Brenda bought a car on terms of $100 deposit and 60 monthly repayments of $179.80.

The price of the car was $5000.

a How much did she pay for the car?

b How much interest did she pay on the money borrowed?

¢ How much money had she borrowed?

a Greg was given 12% % discount on a rug with a marked price of $248. How much did
he pay?

b A television marked at $2240 was eventually sold for $2128. What was the discount and
what was the percentage discount given on the marked price?

¢ After a discount of 14% was given, I paid $5848 for my yellow Holden. What was the
original marked price?

3 Brenda bought a TV priced at $1200 after it was discounted by 10%. Brenda received a
further 5% discount because she was a member of staff. How much did she pay for the TV?

Solutions
1 a Total payments for car = deposit + payments
=$100+ 60 x $179.80
=$10888
b Interest = extra money paid
=$10888 — $5000

=$5888
¢ Amount borrowed = price of car — deposit
=$5000 — $100
= $4900
2 a Discount on rug=12-5% of $248
=0-125x$248
=$31
Amount paid = $248 — $31
=$217 continued =¥=»=>
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b Discount on TV =$2240 — $2128

=$112
Percentage discount = ($112 + $2240) x 100%
=5%
c Price paid = (100 — 14)% of marked price

= 86% of marked price
1% of marked price = $5848 + 86
= $68
100% of marked price = $6800

3 Price after original 10% discount = (100 — 10)% of $1200
=90% of $1200
=$1080
Price after a further 5% discount = (100 — 5)% of $1080
=95% of $1080
=$1026
(Note: This is not the same as a 15% discount off the original price
ie 85% of $1200 = $1020)

Exercise 3:08

Bl Use the table on page 54 to answer these questions in your own words.
a  What are the disadvantages of buying on terms?
b What are the advantages of paying cash?
¢ What are the advantages of seeking out discounts?
d What are the disadvantages of buying with credit cards?

] 2 Find the amount John will pay for a fishing line worth $87 if he pays $7 deposit and $5.70
per month for 24 months. How much extra does he pay in interest charges?
b How much will Ingrid pay for her wedding dress worth $1290 if she pays $90 deposit and
$74 per month for two years? How much interest did she pay on the money borrowed?
¢ When Robyn said that she could buy an item marked at $640 for $610 at another store, the
salesman offered her the item for $601.60 if she bought it immediately. She bought it on
terms, paying a deposit of $20 and monthly repayments of $23.30 for four years. How much
did she pay all together? How much extra did she pay in interest charges?
d Joshua wants to buy a tent with a marked price of $730. He wants to pay it off on terms.
For each of the following, work out how much he pays altogether and the interest charged.
i Deposit of $100 and monthly payments of $64.50 for one year.
ii Deposit of $100 and monthly payments of $38.30 for two years.
iii Deposit of $100 and monthly payments of $29.60 for three years.
iv Deposit of $100 and monthly payments of $25.20 for four years.
v Deposit of $100 and monthly payments of $22.60 for five years.
vi Deposit of $100 and monthly payments of $17.35 for ten years.
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e A man bought a car for $8250 paying a deposit <
of $250, $130 in extra charges, and paying >
$280 per month over five years. How much would
he have to pay altogether? After paying four payments o ﬂmg
he finds it too expensive. The car is repossessed and N ﬁ )
sold for $6400. The finance company then sent him Z
a bill for $1066.70 being the difference between what When borrowing money:
he owed and what they received for the car. He paid 1 read the terms

the bill and had no car. How much money had he % Evork out t(}ile costs o
paid altogether? e prepared to say N

o

] 2 Rachel was given a discount of 45% on a T-shirt with a marked price of €32. How much did

she pay?

b Katherine was given a 7% discount on all purchases because she was a store employee.
If the total of her purchases came to €85, how much did she pay?

¢ After bargaining, I purchased a chess set for €240 that was originally advertised for €320.
What discount was I given and what is this as a percentage of the advertised price?

d My airline ticket was to cost me €550 but, because I booked more than six weeks ahead,
I was given a discount price of €385. What percentage discount was I given?

e After a discount of 10% was given, Luke paid €585 for an additional hard disk drive for his
computer. What was the original price of this hard disk drive?

f My mother paid €21.70 to attend the exhibit. She had been given a discount of 65% because
she was a pensioner. What was the original price?

g Because Helen was prepared to pay cash for a yellow car with a marked price of €9200, she
was given a discount of €1012. What percentage was the discount of the marked price?

h Greg was given a discount of 10% on the marked price of a kitchen table. If the discount
was €22, how much did he pay?

Calculate the final price if successive discounts of 20% and 10% were applied to a price of $100.

A bookstore discounted all its books by 15%. A further discount of 10% was given to the local
school. How much did they pay for books which originally sold for a total of $1750?

B Apply the following successive discounts
to the given prices.
a 10%, 10%, $500

b 15%, 25%, $720

c 5%, 20%, $260

d 12%%, 15%, $965
e 75%, 175 %, $2230

Does it matter in
which order the

discounts are
applied?

a A radio on sale for £50 is to be reduced in
price by 30%. Later, the discounted price is
then increased by 30%. What is the final
price? By what percentage (to the nearest
per cent) must the first discounted price
be increased to give the original price?
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b Edna bought a caravan, priced at £10 050,
on terms of £300 deposit and 60 monthly
repayments of £369.30. Find the total
amount paid. Find also the interest paid
expressed as a percentage of the money
borrowed. (Answer correct to 1 decimal place.)

c Stephen bought a computer that had a marked
price of £960. He received a discount of 15%. He
paid a deposit of £81.60 and monthly repayments
of £67.30 for one year. Find the interest paid
expressed as a percentage of the money borrowed.

d John had to pay interest on his credit card. He pays 1-7% per month on the greatest amount
owing during each month. The greatest amount owing in April was £166, in May £294 and,
in June, £408. Find the total interest charged for the three months.

Only £9750
was borrowed.

E] A hardware store was offering multiple discounts of 12% and 15% on a chain saw with a list
price of $480. The first discount is given on the list price, the second on the first net price.

What is the final purchase price?

What is the final purchase price, if the 15% discount is applied first?

Are the answers to a and b the same?

Is the multiple discount equivalent to a single discount of 27%?

What single discount is equivalent to multiple discounts of 12% and 15%?

What single discount is equivalent to multiple discounts of 10% and 20%?

=0 O N oL

The following formula converts multiple discounts to a single discount. Single discount rate
8 p g 8
=[1-(1-d) A-dy) (1-4dy) ... ] x100% where d;, d,, d;, ... are the successive discounts
expressed as decimals. Use the formula to find a single discount equal to the multiple discounts

of:
a 11% and 8% b 16%, 12% and 7%
c 10%, 9% and 5% d 12% %, 4}}% and 2-1%

o0 SPoz
1 Fun Spot 3:08 | The puzzle of the missing dollar

Three men had lunch in a busy restaurant.
3:08 When it came time to pay their bill, each of

the men gave to the waiter a ten-dollar note.

Thus the waiter received $30 altogether.

But when the waiter added up the bill, he found
it only came to $25. Knowing that $5 would not
divide among the three men evenly, the waiter
decided to give each of the men $1 change and
put the remaining $2 in his pocket.

Now it appears that each of the men have paid
$9 for their meal, and the waiter has $2; a total
of $29.

Where is the missing dollar?
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3:09 | Working for a Profit

People who work for themselves may charge a fee for their services or sell for a profit. However,
they are not the only people concerned with profit and loss. We all, from time to time, will need to
consider whether our investment of time, money and effort is justified by the results. This may be
in our work for charity, organisations or in our hobbies.

@ ¢ When buying and selling:
Selling price = Cost price + Profit

or

Profit = Selling price — Cost price

Note: If the profit is negative we have made a loss.
e When calculating money made:
K Profit = Money received — Expenses

worked examples

1 Rhonda bought a parachute for
$80 and sold it for $340. Find the @)
profit as a percentage of the cost.

2 We held a dance at school to
make money to support the
work of a charity organisation.
We charged each of the
400 people who came
an entrance fee of $8.

The band cost $780,
decorations cost $88.50,
prizes $36, food $180,
cleaning $147 and
advertising $385.

How much money did we
make and what percentage
is this of the sum received?

Okay, anything!
I'll pay!
JustT give me the
parachute!

Solutions
1 Rhonda’s profit = Selling price — Cost price
=$340 - $80
=$260
Profit

p t fit= ———— x 1009
ercentage profit = = price %

_ $260 .
=380 x 100%

=325% continued =»=»=»
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Income = Money received — Expenses
Money received =400 X $8

=$3200
Expenses = $780 + $88.50 + $36 + $180 + $147 + $385
=$1616.50
Income = $3200 — $1616.50
=$1583.50
Percentage of sum received = —-———1—1199—111‘3,——-— % 100%
Money received
_ $1583.50 .
= T§3200 < 100%
= 49-5%
Exercise 3:09
Complete the tables below.
Selling Cost Profit Money Expenses Profit
price price (or loss) received (or loss)
a $2146 $1645 f | €3816.50 | €1308.50
b | $468 —$179 g | €491.80 €846.60
c $58.75 $95.50 h €916 €8423
d | $27940 $13 650 i | €27648 €2494
e $85420 $36 190 j €7684 €15 686

For parts a to e of question 1, find the profit or loss as a percentage of the cost price.
(Answer correct to 1 decimal place.)

For parts f to j of question 1, find the profit or loss as a percentage of the money received.
(Answer correct to 1 decimal place.)

For parts i to j of question 1, find the profit as a percentage of the expenses
(correct to 1 decimal place).

Luke bought a microphone for $28 and sold it for $50. Find:
a his profit from the sale

b the profit as a percentage of the cost price

¢ the profit as a percentage of the selling price

When selling products in a store, a percentage mark-up is added to the cost price to obtain the
marked (or selling) price. If sporting gear has a mark-up of 60%, toys 40% and clothing 45%
what will be the marked price of:

a a baseball bat with a cost price of £24?

b a doll with a cost price of £15?

¢ a T-shirt with a cost price of £8.60?

A discount of 10% is given on the price of a car marked at $32 860. Find the discount price
of the car.
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E] Heather works for a toy store where the percentage mark-up is 40% of the cost price. She is
offered 10% discount on any item and can have this on the cost price before mark-up occurs,
or on the marked price. Use each method to find the discount price Heather would have to pay
on a game that has a cost price of $32. What do you notice?

worked example

A shop owner marks everything up by 30% and the selling price of an article is $78.
What is the cost price and the profit on this article?

Solution
First, find the ratio of Cost: Profit: Selling price.
s C:P:SP=100:30:130

Cost _ 100 Profit 30

Selling price = 130 Selling price = 130

Cost _ 100 Profit _ 30

$78 130 $78 130

oo 100  profit = 20
..Cost—130><$78 ..Prof1t-130><$78

=$60 =$18

A store marks up everything by 40%. If the selling price of a tennis racquet is $308, what is the
cost price and the profit on the racquet?

A travelling salesman marks up each item by 110%. Find the cost price and the profit on an
item with a selling price of:
a $630 b $8.40 c $127.05

During a clearance sale, clothing was sold for 20% below cost. A dress was sold for $144.
Calculate the cost price and the loss.

Unwanted stock was sold for 70% of the cost. If the amount received from sales was ¥1 092 000,
what was the cost price of the stock sold and what was the loss?

The ratio Cost price : Profit : Selling price is 100:30: 130. If the profit is $24 what is the selling
price?

The ratio Cost price : Profit: Selling price is 8:3: 11. If the cost price is $74.20 what will be the
selling price?

Michael bought DVD players for $320 each. He wants to make a profit of 30% after passing on
a 10% GST to the government. How much should he charge for each DVD player?

Lounge suites initially bought for $1100 each are to be sold at a loss of 40%. However, GST
must still be charged and passed on to the government. What must be the sale price of each
suite?

A machine was sold for a 25% profit of €270 on the cost price.

a What was the selling price if an additional GST of 10% has to be added?

b What was the cost price?
¢ What percentage was the selling price, including the GST, of the cost price?
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Investigation 3:09 | Let’s plan a disco
Please use the Assessment Grid on the following page to help you understand what is required

for this Investigation.

Plan a disco to raise money for charity.
Step 1

Estimate the cost of music, decorations, prizes, tickets, food, cleaning, advertising, etc.

Step 2

Estimate the number of people you expect to come.

Step 3
Set a ticket price to provide a profit of $300.

Use these estimates to draw on the same set of axes:

e a graph of costs ($) versus number of tickets sold (n)

e a graph of income ($) versus number of tickets sold (n)

Use the graphs to determine how many tickets need to be sold to:

e break even e make $200

Mathematical Terms 3

budget

e A plan for the use of expected income.

commission

e Income usually calculated as a percentage
of the value of the goods sold.

discount

e To reduce the price of goods sold (v).

e The amount or percentage a price is
reduced (n).

GST

* Goods and services tax.

e 10% of a base price is added onto the cost
of most goods and services and included
in the advertised retail price.

gross pay

e The amount of pay before any deductions
such as income tax are subtracted.

income tax

e Tax paid to the government which is
based on the level of income received.

net pay

e The amount of pay an employee receives
after deductions such as income tax have
been subtracted.

overtime

e Time worked by an employee in excess of
a standard day or week.

INTERNATIONAL MATHEMATICS 4

e make $300

e Usually rates of pay 1% or 2 times the
normal rate of pay are paid for overtime.

profit

e The gain when a good is sold for a higher
price than its cost price.

o If the selling price is lower a negative
profit, or loss, is made.

salary

e A fixed amount paid for a year’s
employment. It may be paid weekly or
fortnightly.

superannuation

e An investment fund usually contributed to
by both employer and employee on the
employee’s behalf.

e It provides benefits for employees upon
retirement, or for relatives if the member
dies.

taxable income

e Amount after allowable deductions are
subtracted from the gross pay.

e Income tax is calculated on this amount.

wages

e Pay given to an employee often based on
an agreed hourly rate.

e Usually paid weekly or fortnightly.

fechnolog,,
N,p\lcaha,':
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Assessment Grid for Investigation 3:09 | Let’s plan a disco

The following is a sample assessment grid for this investigation. You should carefully read the
criteria before beginning the investigation so that you know what is required.

Assessment Criteria (B, C, D) for this investigation

Achieved v/

Criterion B
Investigating Patterns

None of the following descriptors has been achieved.

Some help was needed to apply mathematical techniques
and to graph the linear relationships given.

Mathematical problem-solving techniques have been
selected and applied to accurately graph the lines
required.

The student has graphed the required lines and attempted
to use their graphs to determine the ticket sales required.

The student has effectively graphed the required lines and
been able to use and interpret their graphs to determine
the correct ticket sales required, with some reference to
the equation of a line.

~N| |V A WIN[] O

o]

Criterion C
Communication in Mathematics

None of the following descriptors has been achieved.

There is a basic use of mathematical language and
representation. Lines of reasoning are insufficient.

There is satisfactory use of mathematical language and
representation. Graphs and explanations are clear but not
always logical or complete.

A good use of mathematical language and representation.
Graphs are accurate, to scale and fully labelled.
Explanations are complete and concise.

U | | W|N| | O

Criterion D
Reflection in Mathematics

None of the following descriptors has been achieved.

An attempt has been made to explain whether the results
make sense. An attempt has been made to make
connection to the real-life aspects raised.

—

There is a correct but brief explanation of whether results
make sense and how they were found. A description of
the important aspects of the graphs is given along with
their relation to finding ticket sales.

W N

There is a critical explanation of the graphs obtained and
their related equations. The ticket sales are explained with
consideration of the accuracy of the results obtained and
possible further applications discussed.
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Diagnostic Test 3 | Consumer Arithmetic
e These questions reflect the important skills introduced in this chapter.

3 e Errors made will indicate areas of weakness.
e Each weakness should be treated by going back to the section listed.

dagng,

Section

1 a John sells cars for a living. He is paid a retainer (a base wage) of $150 3:01
a week as well as 2% commission on sales made. Find his income for
the week, if in one week he sells cars to the value of:
i $8000 i $21500

b Luke has a casual job from 4:00 pm till 5:30 pm Monday to Friday.

He also works from 9 am till 12:30 pm on Saturdays. Find his weekly
income if his casual rate is $9.80 per hour Monday to Friday, and
$14.70 an hour on Saturdays.

2 a During one week Petra worked 35 hours at the normal rate of €12.60 3:02
per hour. She also worked 6 hours overtime: 4 at ‘time-and-a-half’
and 2 at ‘double-time’. How much did she earn?

b Calculate Diane’s holiday loading if she is given 172 % of four weeks
2
salary and she earns €860 per fortnight.

3 a Find the net pay for the week if John earns £586.80, is taxed 3:03
£107.95, pays £43.50 for superannuation and has miscellaneous
deductions totalling £79.40.

b What percentage of John’s gross pay did he pay in tax?

4 Alana received a salary of $38 465 and a total from other income 3:04
(investments) of $965. Her total tax deductions were $2804. During the
year she had already paid tax instalments amounting to $13 800.50.
Find:

a her total income

her taxable income

the tax payable on her taxable income using the table on page 42

her refund due or balance payable

how much extra Alana would receive each week if she is given a wage

rise of $100 per week.

® QO N o

5 a A lawn fertiliser comes in three sizes: 20 kg (for $11.60), 50 kg 3:06
(for $24.80) and 110kg (for $56.60). Which size is the best buy?
b Rich Red strawberry flavouring can be purchased at 240 mL for $1.70,
660 mL for $3.75, or 1L for $6.25. Which buy represents the best
value?

6 a Determine the GST that needs to be added to a base price of $73.70. 3:07
b Determine the retail price after 10% GST is added to a base price
of $53.90.
¢ How much GST is contained in a retail price of $32.45?
d What was the base price before 10% GST was added to give a retail
price of $21.45?
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Jim bought a car with a marked price of €3000. He paid a deposit of
€100 and 36 monthly payments of €136.20. How much did he pay?
How much more than the marked price did he pay?

Pauline bought a lawnmower marked at $692. She paid a deposit of
$40 and 24 monthly payments of $39.20. How much did she pay?
By how far did that exceed the marked price?

Naomi was given 12% % discount on a rug with a marked price of
$460. How much did she pay?

A television marked at $4200 was eventually sold for $3612. What
was the discount and what was the percentage discount given on the
marked price?

After a discount of 13% was given, I paid $27 840 for my yellow
Holden. What was the original marked price?

Jane bought a desk with a marked price of $650. She was given a
discount of 10% for paying cash, and then received a further 10%
off the discounted price because it was scratched. How much did
she pay?

What is the final price if successive discounts of 15% and 20% are
applied to a retail price of $1250?

Rachel bought a painting for $250 and sold it for $575. Find the
profit as a percentage of the cost.

We held a games night to raise money for The House with no Steps.
We charged each of the 287 people who came an entrance fee of
$17.50. Hire of the hall cost $110, decorations cost $63, prizes
$185.60, food $687, cleaning $96 and advertising $240.

How much money did we make and what percentage is this of the
money received?

Section

3:08

3:08

3:08

3:09

CHAPTER 3 CONSUMER ARITHMETIC 65




. o\Men.

N
-]

3A

Chapter 3 |

1

a A woman works for wages of $16.80

per hour. How much will she earn in a
week in which she works
i 40 hours at normal time?
ii 40 hours of normal time and 5 hours
of overtime if overtime is paid at
1% times the normal rate of pay?

A salesman works for a wage of $500
per week plus 3% commission. How
much will he earn in a week if he sells
$4500 worth of goods?

A factory worker is paid a wage of $540
a week. The factory has a special bonus
system which enables a worker to be
paid an extra 25c per article for every
article in excess of the weekly quota of
5000. How much will the worker earn
in a week in which 7200 articles are
made?

How much holiday pay will a girl
receive if she is to be paid 4 weeks’
holiday pay plus a holiday loading of
17% % of 4 weeks’ pay? Her weekly
wage is $452.

Fibreglass resin comes in the following

sizes: 1 kg for $9.80; 5 kg for $26.80,

and 21 kg for $59.60.

i What is the best value for money?

ii What is the most economical way of
buying 17 kg?

A TV set with a cash price of $680
is bought for a deposit of $68 and
48 monthly payments of $15.68.
Find the difference between the cash
price and the price paid.

Calculate the amount of GST included
in items which retailed for $736, $245
and $579.

3 Mary-Ann is paid an annual salary of

$53 350. Her allowable tax deductions total

$1340. During the year her employer paid

income tax instalments on her behalf of

$12732.

a  What is Mary-Ann’s taxable income?

b How much income tax should she pay
for the year?

¢ What is the amount of her refund from
the tax office?

4 Jeremy added 10% GST onto the price of a
book valued at $29.90 to get its retail price.
He then discounted the retail price by 10%
to get a sales price.

a  What is the retail price?

b What is the sales price?

¢ Is the sales price the same as the
original value of the book?

d By what percentage should Jeremy have
discounted the retail price to get back
to the original value of the book?

5 a Vicki sold azaleas in her nursery for
$15.90. She bought them for $11.35.
What percentage profit does she make?

b Michael sold a bike he bought for $350
to a friend two years later for $230.
What percentage loss is this?

hnol, hnol T ter Re, .
~ppicatioy repicargy 1 Finding the weekly wage L=,
Wages 2 Going shopping
v 3 GST o0®
Activitie %05 and O°° 3 Questio®
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1 Use ID Card 2 on page xiv to identify:
a 10 b 12 ¢ 17 d 18 e 19
f 20 g 21 h 22 i 23 | 24

2 Use ID Card 4 on page xvi to identify:
a1l b2 ¢3 d4 e5
f 6 g7 h 8 i 9 j 13

3 Through how many degrees does the hour
hand of a clock turn in half an hour?

2

4 Tom was given a cheque for an amount
between $31 and $32. The bank teller
made a mistake and exchanged dollars and
cents on the cheque. Tom took the money
without examining it and gave 5 cents to
his son. He now found that he had twice
the value of the original cheque. If he had
no money before entering the bank, what
was the amount of the cheque.
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Time

This travel graph shows the journeys of
John and Bill between town A and town B.
(They travel on the same road.)
a How far from A is Bill when he
commences his journey?
How far is John from B at 2:30 pm?
When do John and Bill first meet?
Who reaches town B first?
At what time does Bill stop to rest?
How far does John travel?
How far apart are John and Bill when
Bill is at town A?
h How far does Bill travel?

gQ o o n o

A loan of @ Loan repayments
$1000isto

be repaid at 8 2000

an interest g 1800

rate of 20% pa. < 1600

The faster the = 1400

loan is repaid, § -

the less interest £

. <

is charged. 1. 2 3 45
The graph Time taken to repay

a loan, in years
shows how the

amount to be repaid varies according to the

time taken to repay the loan.

a How much has to be repaid if 3% years
is taken to repay the loan?

b If a person wished to repay the loan in
2 years what amount would have to be
repaid?

¢ How much must be paid monthly if this
loan is to be repaid in 4 years?
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Algebraic

Expressions

Chapter Contents
4:01 Generalised arithmetic
Challenge: Let’s play with blocks
4:02 Substitution
Investigation: The history of algebra
4:03 Simplifying algebraic expressions
4:04 Algebraic fractions
A Addition and subtraction
B Multiplication and division
Fun Spot: Try this maths-word puzzle
4:05 Simplifying expressions with grouping
symbols
Fun Spot: What is taken off last before
you get into bed?

Learning Outcomes

Students will be able to:
+ Use the algebraic symbols to represent word problems.

« Simplify, expand and factorise simple algebraic expressions.
« Work with expressions involving algebraic fractions.

« Expand binomial products.

Areas of Interaction

4:06 Binomial products
4:07 Special products
A Perfect squares
Investigation: The square of a binomial
B Difference of two squares
4:08 Miscellaneous examples
Challenge: Patterns in products
Investigation: Using special products
in arithmetic
Mathematical Terms, Diagnostic Test, Revision
Assignment, Working Mathematically

Approaches to Learning (Knowledge Acquisition, Problem Solving, Communication,
Logical Thinking, Reflection), Human Ingenuity




4.01 | Generalised Arithmetic

the number of times 23 can be taken from 138
the number 8 less than the product of 4 and 5

Find: QrEP 94,4
1 the sum of 7 and 5 2 the difference between 9 and 2
3 the number 8 less than 25 4 the quotient of 48 and 6
5 the product of 7 and 3 6 12 more than 8 401
7 the average of 41 and 47 8 the total of 13 and 21
9
(o]

In mathematics, the method of solving a problem is sometimes hard to express in words. In cases
like this, pronumerals are often used. The result could be a simple formula.

Some numbers in a pattern are known. How can we find the others?

For example: 9,8,7,6,... or 3,5,7,9,...

Patterns like these can be written in a table of values, where n represents the position of the
number in the pattern, and T the actual number (or term).

112 |3]4]5 n|1|[2]|3]|4]5
T|9 8|76 T |3 |5 |79
Here we can see that: Here we can see that:
T=10-n T=2n+1
So an algebraic expression that So an algebraic expression that
represents this pattern would be: represents this pattern would be:
10-n 2n+1

Two angles of a triangle are known. How can we find the third?
A Consider a numerical example.

The angle sum of

(7
0 =180°- (72 + 54)° a triangle is 180°.
= 54°
B Show the general result. 72°  54°

0=180° — (a+Db)°
or 180° —a°—b°

180° — (a + b)° is called the general case.

worked examples

The sum of 8 and 12 =8+12
so thesumof xandy =x+y

2 The cost of 6 books at 30c each =6 x30c

so the cost of x books at 30c each =x x 30
= 30x cents

continued =»=»=%
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9+13

3 The average of 9 and 13 =

2
b ¢ a+b The aim of ‘generalised
so the average of aand b = > arithmetic’ is to write an

) algebraic expression that
4 The change from $10 after buying 3 books shows the steps to be

at $2 each =10 — (2 x 3) dollars taken, no matter which

so the change from $10 after buying x books RS are fnveikvedl

at $2 each =10-2xx
=10 — 2x dollars

Exercise 4:01 Foundation Worksheet 4:01
Generalised arithmetic
1 Write expressions for:
Il Match each table of values with the correct 2 e smm off 3 vl 2y
. . . . b the average of m and n
algebraic expression from the given list to 2 a Find the cost of x books at
complete the statement T=... 75¢ each.

b Find the age of Bill, who is

a n 1 2 3 4 b n 1 2 3 4 ;SYZE:;S old, in another
T | 3 4 5 6 T |-2|-1] 0 1
c 1 (23] 4 d|n|1|2]|3]|4 A 3n
B n?
T | 3 6 9 | 16 T | 5 8 | 11 | 18 C n+?2
D 3n+2
E 2n-1
e n 1 2 3 4 f n 1 2 3 4 F n-3
T 1 4 9 | 16 T 1 3 5 7

F] Write down an algebraic expression that represents each pattern of numbers, using n to
represent the position of each number in the pattern.

a 2,4,6,8, ... b 4,5,6,7, ...

c 7.6.5 4 d 57911 Use a table of values
T T if you need to.

e 5,1,15,2,... f -3,-1,1,3, ...

For questions 3 to 8 write expressions for each.

E]l 2 thesumof5and7 ] a2 the product of 3 and 7
b the sum of 5 and y b the product of a and 7
¢ thesumof xand y ¢ the product of a and b
[ 2 the difference between 8 and 3 3 a2 theaverage of 8 and 12
the difference between 8 and p b the average of 8 and x
the difference between q and p c the average of w and x
a the cost of 5 books at 75c¢ each F] 2 dividing 30 cm into 5 equal lengths
the cost of a books at 75¢ each b dividing 30 cm into t equal lengths
the cost of a books at b cents each ¢ dividing A cm into t equal lengths

INTERNATIONAL MATHEMATICS 4



B H

If Steve is 15 years old, how old will he be in 6 years?
How old will Steve be in y years?

o o

a

If a car travels at 60 km/h for 3 hours, how far does it travel?
If the same car travels for h hours, how far does it travel?

o

a If three lengths of rope, each 2 m long, are cut from a piece of rope 10 m long, what length
is left?

b 1f two lengths of rope, each xm long, are cut from a piece of rope X m long, what length is
left?

a A student buys x books and y pens. If each book costs 85c and each pen costs 63¢, what is
the total cost?
b If the books cost C cents each and the pens D cents each, what is the total cost?

Mr Smith is Y years old; his son is 22 years younger. How old is his son? How old will the son
be in x years’ time?

a If I travel x km in 2 hours, and then y km in the next 3 hours, how far have I travelled
altogether?
b What is my average speed for the whole journey?

Bob and Tom have $1 between them. If Bob has x cents, how much has Tom?

a What is the next even number after 62
b What is the next even number after y, if y is an even number?
¢ What is the largest odd number less than y, if y is even?

The expression 2n will give an even number for all values of ‘n’, where n is an integer. Write
down an expression that will always give an odd number.

a Two angles of a triangle are 25° and 79°. What is the size of the third angle?
b Two angles of a triangle are a® and b°. What is the size of the third angle?

How far will a person walk at m km/h in h hours?
What is the average speed of a car that travels k km in h hours?
¢ How long will it take to travel k km at m km/h?

a A TV set is bought for $P. If it is sold for $R, what is the profit?
b 1If a gain of $G is to be made, what should the selling price of the TV be?

o o

Write an expression for the perimeter of each figure below.
All measurements are in centimetres.

a b : c i d X+5
a b 1 al f
x =+ 41 1
= F X

4 y : f

CHAPTER 4 ALGEBRAIC EXPRESSIONS
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EZl Write an expression for the area of each figure.
a : b x+2 c d
4 1 ' y h’J\
T = x

EE] In each of the following, use grouping symbols to make the meaning clear.

a the product of 4 and a + 2 b subtract x + y from 8

¢ twice the sum of p and ¢ d the square of 2a

e the difference between 3a and b + ¢ f the square of x + 2

g the product of xand y — 5 h the square root of 2m + 3n
EZl a What s the cost of 3 books at p cents and 4 pens at q cents each?

b What is the change from $5 (in cents)?

EH Translate the following algebraic expressions into words.

a xy b 5-a
c 2p+q d 3m-2n
e 5(x+y) f (a+Db)?

x+y m-n
& 2 h a

i Ju+v j Wa

F] Translate the following into words to explain the difference between each pair of expressions.

a abc and a+b+c b a-b and b-a
c 3(a+b) and 3a+b d 2+y> and (x+y)?
a 2 a+2
e Ja+.Jb and Ja+b f }—)+§ and 23
29'5\\3"89
/| Challenge 4:01 | Let’s play with blocks
4

Eight blocks have been stacked together here to form a cube.
401 If the outside of the cube were painted, how many sides of
each block would be painted?

How many blocks make up the second cube? If this cube
were painted, how many blocks would have 3 sides, 2 sides,
1 side or even no sides painted?

What would be the result of painting a cube that had four
blocks along each edge?
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4.02 | Substitution

Write the following algebraic expressions in their simplest form. QP g, .

1 axb 2 XXyXy 3 2Xx+3Xy 5

Simplify the following:

4 2+4x3 5 3x4+2x5 6 4x52 s
1 8-2
7 3(6_10) 8 §X6—5 9 _3
5 3
R

Algebra involves the use of ‘pronumerals’ as well as numbers. A pronumeral is usually a letter, such
as x, that takes the place of a number in an expression like 3x + 7.

If a number is substituted for each pronumeral, a value for the expression can then be obtained.

worked examples

Find the value of the following expressions, given that a =10, b=4, x=5 and y = -3.

1 3a+2b 2 xX2+y? 3 %ab2 4 1,1
=3x10+2x4 =524 (-3)2 B , x Y
~30+8 =25+9 =5 X 10x4 _1, 1
=38 =34 =1 %160 5 (53)
2
B 5 3
__2
15
Exercise 4:02
: Substitution
1 Find the value of:
Bl Evaluate the following expressions if x =3,y =4 and z=8. s ?fi": :ybii’; fc3;y_ N o
a x+y b 3x+ Zy c 2x-— y the value of:
d xly e (x+y)2 f x2+y2 a a’+ bc
g zlx+y) h xz-10 i xy—xz
9 xX+y k )_C X | 2 _
) ——-—2 5 + ) < Z
m xy? + x%y n xz-—ygz o 4(x-2y)
p x(y*—2%) q x-—3y roy*—2
X x+y
S T=Xy t ; + 31_6 = W Expressions
x+y 1 have no

v oy w ixyz2 X A3xy equals symbols.

hnol
;:\'\ml;g,:; . .
4:02 Substitution

4:02 Magic squares

Activitie®
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] Find the value of the following expressions if a=3,b=—4 and ¢ = % .

a a+b b a-b c ab d ab?
e (ab)? f bc g abc h 10-ab
i 1.1 i cQa+b) k 1ic
a b a 1 |
| (a+b)(a—-Dh) m b2 — b3 n 1.1 7=1l+3=2
a b a b ¢ ¢ b 2
° 7-= p E+Z+Zi q ab+bc+ac
] 2 Find the value of mx + c if:
im=3,x=10,c=1 im=5x=4c=-3 iiim=-2x=7,c=-4
b Find the value of g(a+b) if:
ih=4,a=7,b=5 iih=7,a=4,b=6 iii h=34,a=92b=37
¢ Find the value of 7r? if:
i 1=31,r=8 i T=314,r=25 i 7=3.142, r=100
Aé‘.‘gaﬁ"'?
£ Investigation 4:02 | The history of algebra

Find out as much as you can about the early history of algebra.
402 | You might consider:

e Ahmes Papyrus (Egyptian c. 1700 BC)

e Diophantus (Greek c. AD 250)

¢ Mohammed ibn Musa al-Khowarizmi (Arab c. AD 825)

¢ Bhaskara (Hindu c. AD 1150)

4:03 | Simplifying Algebraic Expressions

9 1 7x+ 2x 2 9x—8x 3 3x X2y 4 S5xXx
5 12x+4 6 10ab + 5a 7 3a+2b+5a+3b 8 Ox+2y—-x-y
4:03 9 3 X (=2a) X 4a 10 3a+ (-9b)

&Qéj? Write these expressions in their simplest forms.

worked examples

Remember that only terms that are alike
may be added or subtracted.
1 5a+2b-3a+b=5a—-3a+2b+Db
=2a+3b
2 5p*+2p—3p*=5p*-3p>+2p
=2p>+2p
(Note: p? and p are not like terms.)
3 6ab — 4ba = 6ab — 4ab
=2ab

‘Like” terms contain
identical pronumerdl
parts. eg 5x + Zx.

Did you realise
that the + or — sign
belongs to the term
after it?
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u7-p*+p->5 V2a+al+7+a

Simplify these products.

a 8yx3 b 4 x4a c 3x X2y

f 5x % x g 5aX3a h ab X ac

ke 4mn x Sn | 9b x a? m 64> X (~7a)

p l4abx (—3ab) q (-ab) x (-hc) r 2k x 3k x 4k

w 8x — 7 — 7x — 3x?

- “3xv2 = 21322
4 —TxXx=3xy" =21y Remember the order in which
3pq X 4qr = 12pqqr operations should be done.
= 12pq?r |
6 12ac+ 8ab — 3]2;45 Grouping symbols
_ 3¢ X +
"~ 2b
) 1
7 —6x+ 18xy= — BX Multiply oo
3]/8)(}’ ;
numbers first In 12pgPr
= _l and then 01’11_)/ the 4q’
3y pronumerals, is squared.
8 10a—-3x2a=10a - 6a
=4a
9 (5a+7a)x (3b—2b)=12axb
= 12ab
3m X 2n + mn = 6mn + mn
_ Gyt
mp
- <3
7p+8p-3p _ 12y
2px3q  6pq
_2
q
Exercise 4:03
Bl Collect the like terms to simplify these expressions.
a 3x+ 2x b 8a+ 5a c 10p+21p d x+7x
e 7a—4a f 9b-3b g llg—¢q h 12e¢+ 9e
i 3p+5p—6p j 4x+2x+x k 10x — 9x + 3x I x+2x—3x
m22a+p-—a+3p nat+tm-a+m 0 8+2x—-5x-7 p 8 -1-8y-1
qxX*+2x+2*—-x v pP+4p+3p*+p s 3¢+8q-4q—-q¢ t yY+y+y*-y

X 5ab— 7+ 3ba -9

d 8px4q e 6axb

i 3pqgx2p j 5mn X mp

n —5x X —2x 0 XX 2y X 3x

s —2XTxx-5y t rmxd4nx(-p)
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& quiz

4:04A

76

E] Simplify:
a 12x+4 b 12x+4x c 9x?+3 d 8x+8x
e 15m+10n f 32a+12b g 5+20a h 48ab + 6b
i a+3a j 45ab + 20ba k —20p +4p I —xy +xz
m 14a + (—a) n (-15x) + (=5xy) o —28mnp + Tmp p 8a’h + 16ab?
B} Simplify:
a mnxnp b 7+m+6+3m c 14-2a+5 d 5x2x0
e 3xy X 2yx f 8x2+2x+7x>+3x g 3 x4y X5z h —4xx 7x
i 15ab—9%ba+ab j 6m-—Tm k 8b+3b-11b | 18ab + 9bc
m x =+ 3x n 2pq X 9pq o 3a+b+2a-c p 3y X (=52
q 3y+3Y r m+n-—m+n s 3ax2bxc t 15at + 10tx
[ Write the simplest expression for:
a (Qa+3a)x4 b (10x-3x)+7 ¢ (9b-3b)x2 d Gm+9m)+4
e 12x+ 2x+x) f 5ax(10a + 2a) g 3mx(10m—-9m) h 15y + (9y —2y)
i Sax7+a j 8x x4y =+ 2xy k 10a+ 5% 3a I 9xy + 3x X 2y
m 2x+3x X 4 n 5x X 3x+ 10x2 o 20y —5X2y p 18m—12m+6
q 3X2n+5nx4 r 7x+3x2x—-10x s 8x+4-—x t 1lm+ 18m =+ 2
6 X 3x 3p+2p-1p w 11y -y 5ax4bx2c
2x X5 2X2p 6y +4y 10¢ X b x 8¢
[ ] ° °
4.04 | Algebraic Fractions
4:04A Addition and subtraction
Answer the following:
3 1 7 3 1 1
1 —+-= 2 — - = 3 - +=
5 5 10 10 4 3
1.2 z_L c L_L

4 37% > 573 1273

Simplify the expressions:

7 Tx+4x 8 3ab+ab 9 6x—5x 10 9a—a
Rewrite each fraction as two equivalent fractions with a common denominator, then
add or subtract the numerators.

worked examples
] 3x  2x _ 3x+2x 5 3_5-3
5 5 5 a a a
. In these two examples,
_ Bx _ 2 each fraction already had
- ¥ T a a common denominator.
=x
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>_c+>_c=x><2+x><3 4 @_g=4ax3_ax5
3 2 3x2 2X 5 3 5%x3 3X5
_ 2, 3x _12a_5a
6 6 15 15
_ X 7a
6 15
Smm _5m mx4 6 3x_ 2y _ 9% 8y
8 2 8 2x4 4 3 12 12
_5m, 4m _9x=8y
8 8 12
_om
8

9 2 27 2 5a 2a _15a 4a

= ==+ = 8§ ———=="—-—

x 3x x 3x 2x  3x 6x 6x

2 _la
3x 6x
Exercise 4:04A
: Simplifying algebraic fractions
1 Simplify: a %+;
Simplify the following. 2 Simplify: a Z-2
o da,a p 3x 2x _a da 4 9m 3m sSm i
2 5 5 3 3 10 10

e )_C+X f _5.2__2..}_) g 2+§ h Z+l
4 4 3 3 a a X X

. 3 2 . 9 1 5a 2a 2x  3x

i === j =-= k —+=— I ==
y oy m m X X y oy

m 24 L n S>_1 o 84, 2a m_3m
31 3n X 2x 5b " 5b P %

Reduce each of these expressions to its simplest form.

a X% b 4.9 c X1 X d m_m
3 5 2 5 3 4 2 4
2a  a 5x | 2x 3n n 4p 3p
—+= f =+= ——- h L_-L

€ 373 373 & 373 5 10

i )_(+X i 2_61_27 k 3_11’1+E | k_z;l
4 3 3 2 5 2 6 4
2 4 1 2 7 2 5 1

m =+ — n —+— 0 — —— p ———
x 3x 3a 4a 2m  5m 8x 2x
2a  3a y X _2x g 2m, 3m p 22X,

T 3557 3m m 2n " 4n 3a" 4a
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4:04B Multiplication and division

quiz : 1.3 2 3 4.3
& A he foll . Sx2 “x2 Tx?2
Qa nswer the following 1 2><4 2 5><4 3 9><8

1,3 3,3 6 2.0

4:04B 42.4 55.10 34

Simplify these expressions. 7 5Xo6x 8 3ax2a
9 15a+5 10 12ab + 6b
When multiplying Cancel any common factors, then
e multiply the numerators together and multiply the
denominators together.
When dividing Turn the second fraction upside down, then
e multiply as above (invert and multiply).
worked examples
2.5 _ 2x5 5.x 3t X! 3b 4 3y _#
1 =Xz = IX = ==X —X—= ==
a”“b  axb 2 X707 470, 3 27557 2, 55
10 _1xd _3x2
ab S 1x2 - 1x5
_ 1 =9 o1l
=3 =5 or 15
, b _at s 8a_ 2a _Bd 9¥
27572 7, > 3p70p 3B 2d
_ax5 _4X%3
x 1 C1x1
Sa
2
Don’t forget
to invert the
gecond fraction
when dividing.
Exercise 4'O4B
: Simplifying algebraic fractions
) ) 1 Simplify: a %x;
B} Simplify these products. St o L
Xy a m_m a a 3 Simplify: a 4:¢
ZX b = — X — I —
373 4 © 275 ¢ 310 -
e é X .4_ f 2 g l X A_" h l X ..].'_
a m pe P p n 3n
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can be arranged to form another ‘mystery’ maths word.

q"y b 273 5 5 " Ox
m b2 ) Xy o om, 15 8x  2a
3 b y X 5a  2m P 5p 3x
B Simplify these divisions.
o p . o 28,24 d X 3%
2 4 3°5 379 510
5.2 3 1 a 3x | x
-+ = T - = h =—-+—
¢ a7 a 2m  3m g5 y 10y
gL | 22.%¢e o Lo 2 | 4.4
by 13479 30 On 273
Xy, ¥ b, ab Xy, ) 9a . 4a
M3 "37% ° T P 373
[ Simplify these expressions.
a_12 2 p 15 6
=X = b =x& ==+ d + =
4 375, p 3 <X > 3b b
o X, 22 g ab_ a o D G B2 X
zZ X c c 2 3 y 2y
.o Ar Fodd K tab. o xy | 9bc 06D
pqa q a b X  2ac 2a  4a
ERE NS - n 2x&xd o Sbc a1 8,24.8
x“37°% c“a”h 3¢ b 4 P a"1373
Fun Spot 4:04 | Try this maths-word puzzle
Hid(;le‘n in t}}1le maze oi/l{etlzers ltherefar}le Inaln}cl1 words RIEITIEIMIATTIDIC
used in mathematics. Make a list of the words you aEREEREED
find and, at the same time, put a line through the
letters you use. Words may be written in any direction: E|T|C|X|R]Y[O|H|B
up, down, backwards, even diagonally. Also, a letter LIE|I|TIR|AIN|T|E
may be used more than once, but you cannot change L|S|[Q|U[A|R|E|G|L
direction in order to form a word, ie the letters must AlLIPILIAINIEINIA
be in a straight line. RlolLlali i TalElU
When you have found all the words there should be A|P|U|L[C|IN[A|L|Q
four letters that have not been used. These four letters PlElsIMIMIEITIRIE

4:04

CHAPTER 4 ALGEBRAIC EXPRESSIONS 7 9



4.05 | Simplifying Expressions
with Grouping Symbols

& qQuz | Simplify: 1 7x+ 3x 2 4a’>-a?
1 5 3y’ +5y+2y° -y
7 3&x-17) 8 9(2-5y)

3 4x+34+2x+5
6 7-3a+6+5a
9 2a(a+3) 10 S5x+7)

We are talking about }
symbolg hot cymbals.

4 2x+7—-—x-5

Expand:

The two most commonly used
grouping symbols are:
parentheses ()
brackets [ ]

@a(bic)zabia}

To expand an expression, such as

a(b + ¢), each term inside the grouping
symbols is multiplied by the term
outside the grouping symbols.

worked examples

=
1 plp+3)=pXp+px3
=p*+3p
— An expression like 4
2 3a(5—-2a)=3ax5-3ax2a —(7 = 2m) means
= 15a — 6a2 the same as
—1(7 —2m)

—_
3 S53x +4) = (=5) X 3x + (=5) x 4
=-15x- 20

=
4 —(7-2m)=(-1)x7—-(-1)x2m
=-7+2m
Exercise 4:05

Bl The area of rectangle A =3 x n=3n

5 x(x—1)-x24+5=x*-x—-x*+5
=—x+5

6 2a(a+b) —a(Ba—4b) =2a? + 2ab — 3a? + 4ab
= 6ab — a?

Foundation Worksheet 4:05

Grouping symbols

1 Simplify: a 3 x4y

2 Complete the following:
a3@2m+5)=3x2m+3x...

<—n—><—4—>

The area of rectangle B=3 x4 =12 . 3l Remove (thelproupingisymbols:
The area of the combined rectangle = 3(n + 4) 3| AL B B 3@ +5)
S 3n+4)=3n+12 T —
Following the example given above, write down
the area of each of the following rectangles in two ways.
a b 7 5% o m___n

5
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8 y
a X
p

Expand:

a 3(x+4) b 4(a+5)

e 3Qa+3) f 4m+n)

i x(x+5) iy -2

m x(x +t) n 2h(3h-1)

q yGs+1t) r ab(a+D)

Expand by removing the parentheses.
a 3(x+4) b —4(a+5)

e —-72m+5) f -72m-5)
i —(a-3) j —(4m-3)
m —a(2a + 1) n —3x(3x+ 1)
Simplify:

4x+D+x+3

5y —2)+3y+7
3p+2)-2p+4
5a+6+2(a+7)
m—-4+3(n-1)
6x+2(x+1)+5
3a+10-2(a+1)

6-2(y—4) +4y
5x+7+2Q2x+7)
10m+6-32m—1)

U)_DOST“UQ('D(\N

> Ttho o o xwUq N w O X0 N

——

f
a
b
C

3(y - 2) d 5(x-3)
6(3x + 2y) h 7Q2a - 4b)
2g(g—1) I 3wlw +2v)
2q2-¢q) p 8x(2—8x)
6xy(x — 5) t 5rQ2r + 2s)
—4(a - 2) d 3(p-3)
—7(5 = 2m) h -8(1-x)
-3 + 6y) I —(Q2a-40)
-3mGm - 1) p —9h(Gh —j)

3(x+5)+7x—8
4a-1)+6a-5
10m+3) — 11m — 15
2x+7+5(kx—1)
4h—-1+7Ch+2)

4y +6(y +2) — 10
10m+4—-5(m+4)
20 —4(x—2) + 5x
4Ba+1)—10a+ 2
8x —3(1-2x) +10

Simplify each expression by expanding the grouping symbols and then collecting like terms.

4(x+ 1) +2(x+3)
ata+4) +3(a+2)
4(3x+2) +5(x—4)
5x+7)—-3(x+4)
9(a+5)—7(a—-3)
x(x+3)+3(x+1)
m(m+3) —4(m + 3)
ala + 2b) + aRa + b)

OST_'OQCDGN

b

> "h o

——

6(m+3)+3(m+2)
8m—-3)+5(m+2)
6(x+7)+22x—-1)
6(m+1)—3(m+2)
5n—5)-3m+7)
ala+3) +7(a—3)
t(t—5) —4(t—5)
x(x+y)+ylx+y)

Challenge worksheet 4:05 Fractions and grouping symbols
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Fun Spot 4:05 | What is taken off last before you get into bed?

Work out the answer to each part and put the
4:05 letter for that part in the box that is above the
correct answer.

Write down the expression that is:

H 2 more than x L twice x

K half of x N 2 less than x
R the square of x

Find the value of u + 10t if:

R u=12t=4 R u=-10,t=2
Simplify:
T x+x T llx—x
T x+x+x F xXxx2 F x?-x—x F 7x+3y—x+3y
F 3x X2y A —2x X -3x A 12x+2 Y 12m+4m
X, X 2x X 5 x
O 14 -3x+ E =+= == O —-x—
Fooxao 272 510 X" 10
X 1 X X be
= U == E =+= E =+2
© 1 Y78 376 2
Write an expression for the perimeter of:
E | E 3x
4 +x
» + x
THEL R v E T H R TFE ST
O e} |
=
A2y &Y YA 4 &2
R ;'; | |
& = S
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4206 | Binomial Products

Simplify: 1 5x+7x 2 2a—a 3 x2+3x—5x+3 Q'ep %
Expand: 4 2(x+5) 5 x(x—2) 6 3(a+1)

7 G-y
Expand and simplify: 8 x(x+ 1) +3(x+ 1) 9 5(a+5)—ala+5) o0

10 2x(3x—2) —53x+2)

A binomial expression is one that contains two terms, such as 2x — 7 or a + b. Thus a binomial
product is the product of two such expressions. For example, (2x 4+ 7)(a + 5) is a binomial product.

Long multiplication is like a binomial product.

26 x 19 by areas
26X 19=(20+6) x (10 +9)
() 19
=20(10+9)+6(10+9)
=[20 x 10] + [20 x 9] + [6 x 10] + [6 x 9]
=200 + 180 + 60 + 54
= 494 19 AY
Each part of one number must multiply X 26 26
each part of the other. 54
e 60
(20+6) (10+9) 180
~— 7 200
As you can see, the products form a face. 404 G916
10 9

Multiplying binomial expressions

The expansion of binomial products may also be
demonstrated by considering the area of a
rectangle. This rectangle has dimensions (2a + 6)
and (a +9).

(2a + 6)(a + 9) by areas

(a + 9)

e The area of the whole rectangle must be equal
to the sum of the four smaller areas.

e Area= (2a+6)(a+9)

=2a(a+9) +6(a+9) [ 2a
=2a% + 18a + 6a + 54 (2a + 6)
=202 + 24a + 54

e We can see that the product of two binomials
yields four terms. Often two of these may be
added together to simplify the answer.

a 9
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worked examples

(a+2)b+4)=ab+4) +2(b+4)
=ab+4a+2b+8
ala+7)—2(a+7)
a4+ 7a—2a- 14
=a’+5a-14

(a=2)(a+7)

(x+2Y)2x+y) =xQ2x+y) +2yQ2x +y)

= 2x% + xy + 4xy + 2y?
= 2x% + 5xy + 2y?
1-x)Kx=-3)=1x-3) —x(x-3)
=x-3-x%+3x
=4x-x2-3

Q

=ac + ad + bc + bd

(a+b)(c+d)=a(c+d)+b(c+dD

You should notice that each term in
the first binomial is multiplied by each
term in the second; ie

2x2 —-15
(+5)2x—3) S
\Jo /G
—3x =~

=2x°+10x—-3x-15
=22+ 7x-15

Exercise 4:06

a (a+2)(b+3)
e (p+3)@+4
i Ga+1)2b-7)

b
f

i

Expand the following binomial products.

x+Dy+4 C
2x+ Dy +3) g
Tx+5Q2p+1) k

Expand the following and collect the like terms.

m+7)(n+5) d
(a+6)Cp+2)
(Gp+3)(x—4) I

(a+3)(x+2)
(4x+ 12y +3)
(2x + y)(a + 2b)

=

a (a+2)(a+3) b (x+1D(x+5) c mM+3)(n+4) d (p+2(p+5)
e (m+1(m-23) f G+7y-2) g x+Dx-06) h (t+2)(t—-4)
i (x—-2)(x—-4) j m=7)(n-1) k (a-6)a-3) I (x-10)(x-9)
my-1Dy+7) n (a-2)(a+1) o (x—8)(x—-18) p (m—9)(m-2)
q (@a—-3)(a+3) r (x—7)(x+3) s (y+12)(y +5) t (a—8)(a+8)
u (g+5(@+5) v (x—-1D(x-9) w (t+3)(t+10) x (k—8)(k+11)

[F] Find these products and simplify.
a (a+3)Q2a+1) b
d +3)@y+1) e
g (2x+3)@x+3) h
i Bp+DBp-2) k
m (3x+ 2)(6x—2) n
p Bk-2)(5k-3) q
s Gx+4)(BGx+4) t
v (10g - 1)(q - 10) w

Expand and simplify:
a B+x@+x)

d B-n@B+n

g O+ k)(k+10)

o +y)x+2y)

m Cp-q@Qp+9q)

p Ow—-5x)0w — 5x)
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2x+ 1D(x+2)
2x+ 1D2x+3)
5t +2)2t + 3)
Gm-2)2m - 5)
2n+3)2n - 3)
(Tp-D(Tp-1)
Yy -Gy +2)
(4a+3)(Ba+4)

G-a2-a)
@+ +5)
a+1)3+a)
Qn+m)(n + 2m)
Gx+y)(2x - 5y)

BGm+2)(m+5)
Bn+2)2n+1)
2x-2)(5x-1)
GBq+ D(7q-2)
B8y —-1)(@8y+1)
Bx—-1D(Bx-3)
Gp+2(p-7)

(Tp+5)(Tp-5)

X £~ 0 —— -n

(7+m)(1 —m)
x-=7(05B-x)
Gn+ 1)(7 - 2n)
(a—b)(2a + 3b)
(Ba + 2b)(2a + 3b)

O — = —h N

at get—ou
lookg familiar.
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4.07 | Special Products

Simplify: 1 42 2 7? 3 (-2)? €LY, .

23
4 (-10)? 5 (3x)?
Complete: 6 (x+2)x+7)=x2+9x+ ........
7 (@+3)a+3)=a*+6a+ ... 4:07A
8 2m-1)2m—-1)=....... m2 —4m+ 1
9 N+5m+5 =n>+ ... n+25
10 (x-3)x-3)=x2—........ x+9

4:07A Perfect squares
When a binomial is multiplied by itself, we call this product
a perfect square. If a perfect square is expanded, we get:
x+y)2=Kx+ykx+y)

=x(x+y)+ylx+y)

=x2 4+ xy + yx + y?

=x2 4+ 2xy + y?
Similarly ~ (x —y)? = x> — 2xy + y?
In words, we could say: ‘The square of a binomial is equal to the square of the first term, plus twice
the product of the two terms, plus the square of the second term.’

worked examples

1 (a+3)2=a?+23a) + 32 2 (m-5)2=m?-2[5m] + 52
=a*+6a+9 =m? - 10m + 25
first twice the second first twice the second
term product of term term product of term
squared| |the 2 terms | | squared squared | |the 2 terms | | squared
3 Gy-12= DByl - 2021yl + [-7] Cetyr =+ 2y +y2
=0y2 — 42y + 49 (x—-y)?=x*-2xy +y

W - - o0
Investigation 4:07 | The square of a binomial C
Please use the Assessment Grid on the following page to help you understand what is required
for this Investigation.

The Prep Quiz above suggests that there might be a pattern formed when a binomial is squared.
Copy and complete this table.

4:07

X y | 2|y xy | k+y)? | X+2xy+y2 | (x=—y)? | x2—2xy +y?

51 3
6 | 1
10 | 4

What were your findings?
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'
Assessment Grid for Investigation 4:07 | The square of a binomial

The following is a sample assessment grid for this investigation. You should carefully read the
criteria before beginning the investigation so that you know what is required.

Assessment Criteria (B, C) for this investigation Achieved v/
a | None of the following descriptors has been achieved. 0
b Some help was needed to be able to expand the brackets 1
é’ and complete the table. 2
1
m = Mathematical techniques have been selected and applied 3
g C:o ¢ | to complete the table and suggest relationships or general
5 £ rules. 4
=5
S & The student has completed the table and accurately
s |d . . .
o described the rules for the square of a binomial. 6
=
- The above has been completed with justification using the
e | patterns within the columns of the table and further
examples. 8
& | a | None of the following descriptors has been achieved. 0
)
<
g b There is a basic use of mathematical language and 1
= representation. Lines of reasoning are insufficient.
<
9
o ;2: There is satisfactory use of mathematical language and 3
2 % | ¢ | representation. Explanations are clear but not always
.*::j 2 complete. 4
O g 5
g An efficient use of mathematical language and
E d | representation has been shown. Explanations of all rules
S are complete and concise. 6
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Exercise 4:07A

[} Find the missing term in each example to make the statements true.

a (x+2)2=x2+4x+ ... b (a+6)2=a’+12a+........

c (y=3)2=y?—6y+.... d (m—10)2=m2—-20m+ ........

e (x+1)2=x2+.... +1 f G+7)2=y>+ ... + 49

g n-2Y2=n>— ... +4 h p-52%=p?>—....... + 25

i (q+8)?=.... + 16q + 64 j x=—42=..... —8x + 16

k o+ 2=x2+6x+9 I (a+.... )2=a?+ 18a + 81
m@y—.... )2 =y2— 14x + 49 n (m—.... )2=m?—22m+ 121

o 2x+3)2= ... +12x+9

p Gn+1)2=.... +10n+1

q Gm+7)?2=9m?+ ...... + 49

ro(4x+52=16x2+ ........ +25 Uge the formula,
s Qa-12=4a—. +1 iP5 quicker.
t (9y—7)2=8ly*— ....... +49

] Expand these perfect squares and simplify.

a (x+3)2 b (x+5)2 c (x+1)2
d (x-6)? e (m-1)? f (n-5)2
g (x+2)? h (n-8)2 i (m+11)2
i (a+12)? k (x+10)2 I (p-9)?
m (x +y)? n (a+m)? o (x+1)?
p (a—h)? q (k-m)? r (p-q)°
E] Expand and simplify:
a (2x+3)? b (2x+1)?2 c (Bx+5)? d (4a+1)?
e (3a+7)? f(7t+2)? g (2x— 1) h (Ga-2)?
i (5m—4)? j 4t-7)? k (6q-1)2 I (9n+4)2
m (2x + y)? n (a+3b)? o (3t-—2x)?
4:07B Difference of two squares
This is an Evaluate: 1 72-32 2 (7+3)(7-3) Qe g,
investigation of a 3 42-22 4 4+2)4-2)
gpecidl relationship. 5 52 _ 12 6 G-1)5B+1)
7 62-32 8 (6-3)(6+3) 4:07B
9 10%-09? 10 (10+9)(10-9)

If the sum of two terms is multiplied by their difference, another
special type of product is formed. If (x + y) is multiplied by
(x —y) we get:
(x+y)x-y)=x(x-y) +yx-y)

=xr—xy+yx—y?

=x2—y?
In words, we could say: ‘The sum of two terms multiplied by their difference is equal to the square
of the first term minus the square of the second term.

CHAPTER 4 ALGEBRAIC EXPRESSIONS 87

™



38

worked examples

1 (x+3)(x—3)=xr-32 2 (2a-3b)(2a + 3b) = 2a)? — (3b)?
first term| | second term first term| | second term
squared squared squared squared
=x2-9 = 4a? — Ob?
3 p-NDp+7N=p>-72 4 OGx+y)BGx—y) =06x)2-y?
=p?>—-49 =25x% — y?

x+y)x—y)=x2—y?

Exercise 4:07B

[l Expand these products and simplify.

a (x+4x-4) b (a+1)a-1) c (m+2)(m-2) d m+7(n-7)
e (p-5@p+5) f (q—6)(q+6) g (x=3)(x+3) h G-90+9)
i (10+x)(10-x) i G+aG-a) k (8—-x)(8+x) I (11 -m)(11 +m)
m (x+t)(x—t) n (a—b)la+b) o (m+m)(m—n) p -9+

] Express as the difference of two squares.
a a+1)Qa-1) Bx+2)3x—-2)
d (9q+2)(9q-2) (4t = 3)(4t + 3)
g (Bn-5)(8n+5) (10x — 3)(10x + 3)
j (4a+3b)(4a - 3b) Gp +2¢)(5p - 29)
m 2m—5n)2m + 5n) 2p -39)2p + 3q)
p (12x—5y)(12x + 5y)

(5m + 3)(5m — 3)
(7x—1)(7x+ 1)
2x+y)2x—y)
Bm—-n)(3m +n)
(x = 5y)(x + 5y)

S &~ 0 o
O — = —hnNn

4 o8 | Miscellaneous Examples

It is important that you are able to expand and simplify
algebralc expressions readily and accurately, if you
are to use algebra in later problem-solving exercises.

e Work through the miscellaneous questions of
Exercise 4:08 after examining the following two
examples.

Watch out for
tricky mihug

worked examples

1T (x+3)2-(x—D+2)=[x2+6x+9] - [x2+x-2]
=x2+6x+9—x2—x+2
=5x+ 11
2 Bx+5)x-—D+x+2)2-2x+1)2x—-1)=[3x2+2x—5] + [x2 + 4x + 4] — [4x2 - 1]
=3x2+2x—5+x2+4x+4—4x2+1
= 6x
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Exercise 4:08

Expand and simplify, where possible, each of the following expressions.

“_'_':'OQ'H(DQ.ﬁU'N‘<E:U)_QO§T_'0QfDﬁN

a 5x+3(x-7) b (x+2)(x-1) c 2x+1Dx-1)

d 5(x+2)—x(x+1) e (Bx-1)2 f (x+5)(x-5)

g x—-7)3Bx-1) h 5x-1)5x+1) i 4x+7+x(x+2)

j 9x—(x+5)+5 k (x+10)(x-3) I ©O-y)O+y)

m 3x(x —5) — 2x? n 3(x+2)(x+1) o (x+y)?

p (x+2y)2x+y) q 5x—2(x+y)+2y r (a+2b)(a—2b)

s alx+2)—x(a+2) t Ga+7)(5Ba-3) u (2m - 5n)?

v (1-5y)(Q +5y) w 3x—7(x—3) x (9x —8y)(9x + 8y)
(x+1)2+5kx+2) b (a-3)>-3(+1)

x+2)(x+3)-7(x-2)
(x+3)2+ (x+1Dx+2)
m+6)2—(m-1Dm+1)
(x+2)2+ (x+1)2
x+1Dx+2)+(x+2)(x+3)
(x+3)x—-1)—(x+2)(x—-5)
2x+ 1)2-5(x+3)
Gx+Dx-3)+Qx+1)?2
p+3)p-3)-(@+3)(q-3)
(a+b)(a+ 2b) + (a+ b)?
3x+ 12 +5kx+1)

(2x + 3y)? — 2x — 3y)(2x + 3y)

e+ 12+ (x+2)2+ (x+3)?

(a-D@+ D+ @+ 1%+ @-1)?
(x+2)2+(x+3)2—-(x+2)(x+3)

Ax+1D0Cx-D+ x+2)2-(x-3)x+23)
5(m—5)2—8(m —4)? + 3(m — 3)?

(x+3y)2— (2x+2y)? + Bx + y)?
20— +y) — (x+y)2 — (x—y)?

S ~h Q

——

N X < = =T =S

x+Dx+2)+x+2)x+3)+ (x+3)(x+4)

(3a + 2b)(2a + 3b) + (3a — 2b)(3a + 2b) + (2a + 3b)(2a — 3b)

Gx+2y)CBx—-2y) —2x+y)2x—y) —(x+ D(x—-1)

8x+2)+(x—-7)x+1)
(a+5)(a+3)—(a+4)?
G+DY-71 -G +7)?
(a+3)2—-(a+2)?
(a+D@-2)+@+2)(a-1)
G+Dy-2-G+ Dy +3)
2x(x+5) + (x + 7)2
2x+1DGBx+1) - 2x—-1)Bx—-1)
x+y)?2-Gx=-ykx+y)
(m-=n)2+ (m+n)?

2(x— D(x+ 1) +3(x+ 1)?2
(3a + 2b)(2a + 3b) — 6(a + b)?

Ahal A
challenge!

©

c\\alleo
. N Se
Challenge 4:08 | Patterns in products \
The examples below involve the sum of a series of products. Can you see the patterns b
involved and, hence, find the simplest expression for each sum? 4:08

1 (x+1)2+G+2)?2.. . +0x+9)2%2+ (x+10)2

2 X+Dx+2)+x+2D)x+3)+... +x+9Kx+10)
3 (@-52+@-49*+...+a*+...+@+49*+(a+5)?
4 Gm-—n)(5Gm+n)+ 4m —2n)4m + 2n) + Gm — 3n)(3m + 3n) +

2m —4n) 2m + 4n) + (m — 5n)(m + 5n)
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£ Investigation 4:08 | Using special products in arithmetic

A Perfect squares

4:08

Example 1
Using (a = b)? = a? + 2ab + b?, evaluate (103)2.

Solution 1
Writing 103 as (100 + 3)
Then 1032 = (100 + 3)2
=100%+ 2 x 100 x 3 + 32
=10000 + 600 + 9
=10609
Similarly, the square of a number like 98 could be found by writing 98 as (100 — 2).

Exercise A

Following the example above, evaluate:

a 1012 b 2052 c 10042 d 722
e 982 f 1992 g 9952 h 672

B Difference of two squares

Example 2
Using (a — b)(a + b) = a* — b?, evaluate 1002 — 972,
Solution 2
100% — 97% = (100 — 97)(100 + 97)
=3x197
=591
This method can be useful when finding a shorter side of a right-angled triangle.
eg x? =50% — 482
50 = (50 — 48)(50 + 48)
x =2Xx098
=196
48 s x= /196
=14
Exercise B
1 Evaluate:
a 1002 - 982 b 732-672 c 1452 - 140° d 6512 - 6412
2 Use the method above to find the value of x for each triangle. (Leave your answer in
surd form.)

a b o c d
5 77
15 x 47 A
22 32 42 83
13 X
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Mathematical Terms 4

algebra

e A branch of mathematics where numbers
are represented by symbols, usually
letters.

algebraic expression
e A group of terms that are joined by
addition or subtraction signs.

binomial

e An algebraic expression consisting of two
terms.
eg 2x +4,3x — 2y

brackets
e The name given to these grouping
symbols: [ ]

cancel
* To simplify a fraction by dividing the
numerator and denominator by a
common factor.
g 2xy +7x _ 3y
x +Tx 2

denominator
e The bottom of a fraction.

difference of two squares
e The result of multiplying two binomials
which are the sum and difference of the

same terms.
eg (a+3)a-3)=a*>-3?
=a2-9

expand
e To remove grouping symbols by 4
multiplying the terms in each pair of
grouping symbols by the term or terms
outside.

like terms

e Terms that have identical pronumeral
parts.
eg 7x and 10x

5a’b and —3a’b

e Only like terms may be added or
subtracted together. This is called
‘collecting like terms’.

numerator
e The ‘top’ of a fraction.

parentheses
e The name given to these grouping
symbols: ()

perfect square
e When a binomial is multiplied by itself.
eg (x+ 5)% or 2a — 3b)?

pronumeral
e A symbol, usually a letter, that is used to
represent a number.

substitution
e The replacing of a pronumeral with a
numeral in an expression.
eg to substitute 3 for a in the expression
4a — 2 would give:
43)-2=10

chnol
;;P\icao‘,?';"l:

)
Mathematical terms 4
&)

709 and 0

« A machine counts coins by weight.
What is the value of a pile of $M
coins that weighs W grams if each
coin weighs w grams?
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Diagnostic Test 4: | Algebraic expressions

e These questions reflect the important skills introduced in this chapter.
4 e Errors made will indicate areas of weakness.
e Each weakness should be treated by going back to the section listed.

d\agn,

Section
1 For each table of values, find the expression in x that completes the rule 4:01
y=...
a b (o
x|O0[1|2]3 x|5|6|7|8 x| 12|34
y|o|4]8]|12 y [12]14|16|18 y|1]|4]|9]|16
2 Write an algebraic expression for the following: 4:01
a the sum of x and y
b the average of 5 and m
¢ the cost of b books at p dollars each
d $2 was shared between Sue and Jenny. If Sue received x cents, how
many cents did Jenny receive?
3 fm=2,x=6,c=1,h=10,a=3,b=6,t=23-1 and r = 10, evaluate: 4:02
a mx+c b g(a+b) c 7r?
4 Simplify: 4:03
a 7x+6-3x-2 b 6¢>+ 79— ¢*
c 5xy — 3yx d 5m+2n-3m—-4-3n+7
5 Simplify: 4:03
a —5yXxa b 2xy xx
¢ 12a x (=3b) d 3x2 X 4xy
6 Simplify: 4:03
a 18m+6 b 24ab + 4a
2
107 d —5mn + 10m?
8x
7 Simplify: 4:04A
a 3_X o 2_X b o e
5 5 3 2
4a a Sm m
Vo4 o] 2hL o I
5 3 )
8 Simplify: 4:04B
a § X n b g X é
4 3 a b
c Dy X d 3b x
x 10 2 5b
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9 Simplify: 4:04B

L2, L B
2 4 376
. 8a_ 2 4 ab b
3b 9b 25
10 Expand: 4:05
a 4(x-23) b 4(Q2x+3)
c 4x(2x —3) d 3a(5-a)
11 Expand: 4:05
a —4(x—-3) b —4x(x+ 3)
c —5mQ3m — 3) d —4aBa+7)
12 Expand and simplify: 4:05
a x(x—-1) —x? b Tnh-4+3(n-1) c 2a(a+b) —a(Ba — 4b)
13 Expand and simplify: 4:06
a (x+3)(x+4) b (a-3)2a-1) c 2Q-y)3B+y)
d (2x+ y)(x—3y)
14 Expand and simplify: 4:07A
a (x+2)? b (a-7) c 2y+5)? d (m—n)?
15 Expand and simplify: 4:07B
a (x+3)(x-3) b -7y +7) ¢ Qa+5)Q2a-5)

d x+y)(x-y)

1 Three darts are thrown
and all land in the ‘20’
sector. What are the
possible total scores
for the three darts if all
darts can land on either
the 20, double 20 or
triple 20?

2 Three darts are thrown
and all land in the x’
sector. Write an algebraic
expression for the
possible total scores.

3 Three darts are thrown
and all land in the same
sector. The total score is
102. In what sector did
the darts land?
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©
1

Simplify the following. 6 Find an expression for the shaded area of

4A a 6a+a b 6xx3x this rectangle. Expand and simplify your
c a->5a d x2+x? answer.
e 18x+3x f 12y +8
g 2x+ 3y h 3ab x 2b
i 12a%b + 6a j 5ab+ 7ab x+1
k 6a*>—a I 4x -3y —5x
m 12 +6x+7—x n 6x+2xxX3 5% — 2
o —3x+2x+3x* p 12x—6x+3

7 Find the simplest expression for the

2 Expand and simplify where possible. Therlatl pyen e e

a (x—-Dx+2) b 5x+3(x—-1)
c 20x+3)-2x-3 d x+Dx-7) fog—
e (x+5)(x-5) f Gx+2)? "
g x(x-3)+2x+1) h 2-x0@-x) Pl
i (x+Gy-x i 2x-y)? T 7 ) T T
k 5[x+3(xx+1)] I Bx-(x-2)]2 x—5
3 Simplify: i
X X p 24_4a =
2 3 5 10
3a_ 5b 10y | ’ ]
= H
¢ T X% d 3 +5
e IX_X f 2m,m_ m 5x
5 3 5 3 2
6n_10 3 h X+3, x+1
& 5 T =3 L .
4x + 3
4 Find the simplest expression for the
perimeter of this figure. All angles are 90°. C 4 B
Lx X
' AC = (2x + 4)
= 4 o
Y
2x
D C
y ABCD is a square.
5 Find the algebraic rule for these tables of X and Y bisect AE

values.
a x | O 1 2 | 3
y [12| 9 6 | 3

and CE respectively.

bt |[-1]1]3]5
s | 2| 2 |10| 26
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Chapter 4 |

1 Use ID Card 4 on page xiv to give the
mathematical term for:

a 1 b 2 c 3 d 4 e 5
fe g7 hs io9o j11
2 a What geometric
shape has

inspired the
design of this
coffee cup?

b What would you estimate the capacity
of the cup to be?

3 Diane and Garry married and had three

children. Each child married and had three

children. Assuming that no one has died,

how many people are now in this extended

family altogether?

6 Education of children, ages 5 to 14

Source: 1861 and 1921 Censuses

Can read and write
Cannot read
—  —

4 The numerals 1 to 10 are written on ten
separate cards, one on each card.
a How many pairs of cards have a sum
of 10?
b How many groups of three cards are
there that have a sum of 18?

5 A particular country’s exports are shown
in the bar graph below (reduced in size).
Find what percentage of the country’s
exports are taken up by:

a beef b minerals

wheat beef wool

5'Tn_m l«~— 4 cm—>l
<~—— 10 cm or 100 mm

minerals—

Y

/
O —=-MNWPHoOoo N O
'000 Per 10 000 children

a In 1861, which state had the greatest number per 10000 children that could read and

write? What percentage was this?

b In 1921, which state had the greatest percentage of children that could read and write?

What percentage was this?

¢ Which state had 4000 per 10000 children that could read and write in 1861? About how
many in that state could not read in 18617

d Consider Western Australia in 1861. Approximately what percentage could read and
write? Approximately what percentage could not read? (To determine this, measure the
height of this column and measure this height on the scale.)

Technolog,,
poplicatio,,

@,

. 3 Grouping symbols

9, R
799 and ©°

1 Addition and subtraction of algebraic fractions
2 Multiplication and division of algebraic fractions

4 Binomial products
5 Special products

Question®

opter Re, .
[ &y

2SS igﬂz

R

4B
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ndices and Surds

|

NXNXNOXN XN

Chapter Contents

5:01 Indices and the index laws

5:02 Negative indices

5:03 Fractional indices
Fun Spot: Why is a room full of married
people always empty?
Investigation: Reasoning with fractional
indices

5:04 Scientific (or standard) notation
Investigation: Multiplying and dividing
by powers of 10

5:05 Scientific notation and the calculator
Investigation: Using scientific notation

5:06 The real number system
Reading Mathematics: Proof that ./2
is irrational
Challenge: fstops and /2

Learning Outcomes

Students will be able to:
Apply index laws to evaluate arithmetic expressions.
Apply index laws to simplify algebraic expressions.
Use standard (scientific) notation to write small and large numbers.
Understand the difference between rational and irrational numbers.
Perform operations with surds and indices.

Areas of Interaction

What a great
gpace saver]

5:07 Surds

5:08 Addition and subtraction of surds

5:09 Multiplication and division of surds
Investigation: Iteration to find square roots

5:10 Binomial products

5:11 Rationalising the denominator
Fun Spot: What do Eskimos sing at
birthday parties?
Challenge: Rationalising binomial
denominators

Mathematical Terms, Diagnostic Test, Revision

Assignment, Working Mathematically

Approaches to Learning (Knowledge Acquisition, Logical Thinking, IT Skills, Reflection),

Human Ingenuity




5:01 | Indices and the Index Laws

5X5X5X5=625"°5is called the base.
e 4 is called the index.

54 =625 e 625 is called the basic numeral.

5% i the 'index form’
(base 5 ) of 625

XT=xXxXxX...X xxX x (where n is a positive integer)

n factors

For: n X is the base
n is the index.

5% is called
a power of 5.

Multiplication using indices

533 %x52=(5Xx5%5)%x (5%5) X =(xXXXXXXXX)X(xXxXXX)
=55 [=53+2] =x8 [=x5+3]

C% Law 1 When multiplying terms, add the indices: x™ X x" = x™ + " >

Division using indices

56+5L:5x5x5x5x5x5 .ﬁ+x3=XXXXXXX
BXEIXB XX XXX
=53 [56—3=53] =xl [=X4—3]

@ Law 2 When dividing terms, subtract the indices: x™ =+ x" = x™ " >

Powers of indices

(52)3=52x52x5% [Using Law 1] () =2 X X% X X% X X
=52+2+2 [=52%3] =x>*3+5+5 [Using Law 1]
=x20  [=x5%4]

You should
learn thege

@ Law 3 For powers of a power, multiply the indices: (x™)" = x"">

If we simplify the division x" + x", using the second law above:
XMy =xn—n
= xo
But any expression divided by itself must equal 1.

53 = ]l
Therefore x° must be equal to 1. @ Law 4 x° = 1>
x0=1

CHAPTER 5 INDICES AND SURDS 97



worked examples

1 Simplify:
a 33 b 11¢ c (-3)?
2 Simplify:
a 52x5% b a’xat c 3x%y x5x%y?
3 Simplify:
a a@+a b 18x6+6x? c 24x°y3 + 6xy
4 Simplify:
a () b (3x)* c ()= ()’
5 Simplify:
a 7° b 18x3+6x3 c (2y)F+ (4992
Solutions
1 a 3¥=3x3x%x3 Another name for an
=27 INDEX is an EXPONENT.

b 11*=11x11x11x11

Using the calculator
to evaluate 11*

PRESS 11 [] 4 [=]

119 =14 641
c (-3)2=-3x-3

Remember the x’ button.
Enter the base x first,

press

then enter the index y.

=9
2 Using index law 1:
a 52x5%=32+4

=56
b @xat=x2+4
= a6
¢ 3xtyx5xy2=3x5xxtt2xyl*?2
= 15x%3
3 Using index law 2:
5.g=g5-1 6+ gy3 — 18X° 593
a a+a=a b 16x76x——6—~3— c 24x°y’ + bxy
=at 18X ” _ 24x%y3
Rl 0xy
24 x> y?
=3x3 = —=—X=X
6 x vy
= 4xty?
4 Using index law 3:
a (x5)3=x5%3 b (3x3)* = 3* x (:3)* ¢ (3 + (x2)3 =12+ x6
= x> =81 x x3*4 =xb
= 81x!?
5 Using index law 4:
18x3 24 % (}’3)4
a 7°=1 b 18¢+6x3=— c ()= (4y9)2 = ==
0= (2y°)* + (4y°) X (y0)?
- 3-3
With practice, many of =3xx _16 « ¥
the steps in the above =30 16yt
solutions can be left out. =3x1 =1xy°
=3
=1
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Foundation Worksheet 5:01

The index laws

Exercise 5:01

1 Evaluate:
Bl Simplify each expression by writing in index form. a2’ b3t 5
4 3 2 Use your calculator to evaluate:
a 3 b 8 a 63 b 45 c 8+
c 122 d 53
e 6% f (3%
g 32x23 h 43x23
i 9tx3* j 252x5* This sure is
owerful
F] Determine the basic numeral for: pgmw

a 5X5X5X%5
b 4x4x4
c 10x10x10x10x10x10
d XXXXXXXXXXXXX
e yxy f 3 xx?
g axa*xa’ h (m?)3
.oy7 .owoX w3
| )‘/—2 J w4
E] Simplify the following, writing answers in index form.
a x*xx? b d°xd
c m’>Xxm? d 4a°x3a’
e —5y2x3y3 f x°+x3
g ml+m h a®+d’
i 16y8 + 4yt j 27d1% + (=3d%) \\\
k (3)3 I (mo)°
m (3x3)2 n (4a)*
o (6y5)3
Bl Simplify:
a x4 b 5x57 c 7*xX7
d 4x2° e 10*x 1000 f 57+5
g 3%+33 h 10*+10* i 30+9
j 3°+27 k (523 | @)
m (23 x 8)? n (4x163)3 o (27 x33)*
B Simplify:
a 8x*xx? b 5a’°xa c 4méxm?
d 8xt+x* e 5a’+a f 4mé+m*
g 10y3 x5y h 16m?x2m? i 8a°x4at
j 10y>+5y k 16m?+2m? | 8a®+4at
m 12x5 X 6x3 n 9da’ x 3a? o 18y°x 6y
12x5 9a7 18y°
e 132 " ey
a3 5 21a®
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Simplify:

6a°

ab?®

(2m?)3

x2y3 X x5

x2y2 X xy2

(x2y3)2

5x%y X 2xy
axaxax3a
12x% — 5x3 + 10x?

X < wT 370 aw

Simplify:

a 5x2x2x3 X 3x

d 4x* =+ 8x

g ()3 xx2

i (@3 =+at

m (y9)2 x (y3)3

p Fxx')+x°
5x3 X 4x7

10x>

Expand and simplify:

a x*(x*-1)

d x(x*+y)

g 3a’*Q2a’® + 3a)

i x(5x*—=3x+7)
m x2(x—7) —x3
Simplify:

a 3¢ x 3+ 1

d er +1 X eX

TOO INTERNATIONAL MATHEMATICS 4

+~ 05 x>0 o Ng~aos x>0 o

S &~ 0 o

o

6(a3)°

X0y3

(4n3)2

a’b’ x b*

a’b x a*b

(abc)?

4a’b? x 7ab?

3a X 2axX—4a
4xBx+2)—(x-1)

5% 2a X 4a?
7y3 + 49y?
(a2 X @
(m3)* + m1o
(2a*)3 x (a®)?
(4a3 x 5a%) + 10a®
(3x3)2 x 4x5
6x* X x

a*(5—a?)

m(7 —m?2)
5x(3x2 — x)
x2(2x% + 7x — 14)
y(4y3+2) =2y

52y+5y+1
62x+1+ex

X £~ 0 — = -n

=~ 0 —=—-n

=

O — = —h N

(o]

--

(6a°)°

mon0

2p»H*

xy3 x x*

m2n X mn3
(pg)?

11a> X 4a%b?
5¢* X 4¢2 + 10¢?

5y X y2 X xy
100x3 + 10x*
(473 %y
n8+ (n?)3
(b3 = (123
¢ + (p2q)?
X2 X (xy)®
(2x)*

a*(5a — a3)
y(y* = xy)
2m3(n? — m?)
yO2=7y-1

x(x2=7x+1)— (3 —x2)

(2x)2 = (21 —x)Z
(ex+ 2)2 e 1



5:02

Consider the problem 8 What happens it the

Negative Indices

32 ) . e
By dividing by the highest common factor, 8: 3% = % index:is negative?
Also, 8 =23 and 32 = 2°
8 22
So —===2+2
° 2T
—23-5
= 272
1 1
Therefore, 272 = = = -
erefore, %= 3

In general, the meaning of a negative index can be
. _ 1
summarised by the rules: XM= —,(x#0)
x

x™ is the reciprocal of x™, since x™ X x™ =1

worked examples

1 Simplify the following, writing answers with only positive indices.

a 572 b 771 c xtxx? d 943 +3a e 4y+12y3 f (%)-2
2 Evaluate, using the calculator.
2 3\-3
a 3 b (;)
Solutions . ) 0
o 1 5 3.345= 2 3-5
1 a 52—;5—5 b 71—:/-3 ¢ xtxx?=x1 d 9a3+3a 54
1 1
[ p— = — = — = X —2
25 7 x1 3xa
1 1
=— =3X—
x a?
_3
32 1 a’
+12y3= L yl-3 fl{2)] =—
¢ Hrlyeny (5) (3 :
1 5
= - X -2
37 1
-1 _1 (2)
§Xy_2 25
=1 _ 2
e :
_al
=32

continued ===
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3\-2 5)2
b (5) = (3) On the calculator 5 2 El 25
= 25 On the calculator 3 2 El 8]

9
_ 57
=2}
Exercise 5:02
* Negative indices
1 Write down the value of:
[l Write down the value of each of the following. a4t b2? 37
2 Write with a negative index.
a 37! b 57! c 21! 1 b L 1
d 62 e 472 f 107 ta » 3
g 2 h 10 i 52
Write each with a negative index.
g
1 1 1 1 1
a ﬁ b 3 C 3 d 7 e 3 f —S-Z
1 1 1 1 1 1
- h = i — i — k — I —
& 33 72 SRR TP TIE 106 105
[EF] Write true or false for:
a 1024 =210 b 8=2¢ c 32=1 2(3)2=36
e 23)'=1 fo4l=1 g 2l<1 h —28=(-2)8
B} Simplify, writing your answers without negative indices.
a xX>xx? b a?xa® ¢ mtxm! d n>xn>
e 3a’xa'l f 6x2x5xt g a?’x5a h 15m™t x2m3
i xFxx j 2a?xa’ k 4y x2y=? I 15m*x2m™!
B Simplify, writing your answers without negative indices.
a m*+m! b x2+x72 c yo+y® d B3+x!
e a?’+a? f yl+y3 g y?2+y h x2+x!
i 6x2+2x7! j 10a®+ 5a’ k 24a2+a’ | 18n!+9n=?
Simplify, writing your answers without negative indices.
phly gy g
a (a3)2 b (x2)! ¢ (y2)2 d (m2)-2
e (2x9)1! f (Bx)?2 g (5x1)? h (7x2)?
i (abo)™! j (a*b?cH)! k (2a%bh)7! I 2(a%h)!
_ _ _1 .
Ifx=2,y=3and z= 5o evaluate:
a x1+y! b (xy)! c (xp)! d xlylz
B Simplify:
a 3¥+ 3> b 5v+52-y c e¥+tlsel-x d (¢9)2xe&-D

« The formula for the volume
of a sphere is:

V=1

where 7 = 3-142 and r is the
radius of the sphere.
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5:03 | Fractional Indices

Complete:

1

52=25 2

N25 =

Consider the following:

5

50 % 54 = 52

I 5% 50 =5

what is the value of n?
X% X x4 = x4

If x"xx"=xl,

what is the value of n?
51 3¢ 51 3¢ G = 5P

If 5"x5"%x5"=51

what is the value of n?

3

6

10

9= 4

V8 =...

8¢ x 84 = 82
If 8"x8r=81,
what is the value of n?

ya X ya = yZa
If yn X yn = yl’
what is the value of n?
X4 X x9 X x4 = x3a
If x"xx"xx"=x!
what is the value of n?

53=125

125 = ..

What is the meaning of a fractional index?

The meaning is shown in the examples below.

1 Jox .o =9

1 1
1 92x92=9
9

=9
1
92 multiplied by itself gives 9 and /9 multiplied by itself gives 9.
1

So 92 is the square root of 9.
1

. 92=/9

That's neat!
(57) =5

E E (1 + 1) That means that
3o=3 _ =22 :

2 57X _51 57 ig the square
=3 root of 5.
=5

Now /5x./5 =5 The number that multiplies itself to give 5
1 1
So 52 =,/5 (ie 52) is the square root of 5.

3 Similarly:

r 1 1 (l+l+l)
83X83X83:83 3 3 2X2X2=8
_gl 3/8x3/8x3/8 =8
| =8 Two is the cube root of 8.
So 83 = %, (the cube root of 8) s
1 Since (3/x)” = x,
83 =2 1
x = 3
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1 1 1
. x2 = Jx, x3 = 3/x, x" = nth root of x

x3 is the number that, when used three times in a product, gives x.

worked examples

1 Simplify the following:
1 1

1 1 1 2
a 25?2 b 273 c 3x2X4x? d (49mo)2 e 8 fo:?
2 Evaluate using your calculator:
1 1 1 4
a 1962 b 322 c 256 1% d 1253
Solutions
1 1 1 1 1.1
1 a 252 =25 b 27 =327 C 3x2x4x? =12x2"2
=5 =3 =12x
1 1 6x1 2 12 3 13
d (49mS)2 = 49:xm”2 e 85 =(83) f 92=(972)
= 49 xm’ = /8y’ = (/oy”
=7m3 =22 _ 1
= BEE
-1
- 27

Note from examples e and f the rule:

Qe waer) @ Sl
196

1
2 a 1962 = ./
Using the square root key

196 = 14

1
b To evaluate 325 [or cube root (% ), if your calculator has a

Press: 32 5 E 3/ key], the x'¥ or x/ key can be used.

You may need to use the inverse button.

—

For roots higher than a square root (%)

1
Answer: 325 = 2

1 4
¢ To evaluate 256 * d To evaluate 125 3
Press: 256 [x19] 4 [] [=] Press 125 [x19] 3 [¢] 4 [7] [=]
1 4
Answer: 256 *+ = 0-25 Answer: 1253 = 0-0016
Exercise 5:03
° Fractional indices
1 Simplify:
[l Write each of the following using a square root sign. a 36 b.64 c 121
1 1 1 2 Evaluate:
2 2 2 1 1 1
a s 1 o 10 1 c 2 1 a362  b642 ¢ 1212
d 3x22 e 4x32 f 7x62

] Use a fractional index to write:

a 3 b 3.2 c 311 d 7.3
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] Find the value of the following:

1 1
b 492 c 8 d 16+

[T

a 4
1 1 1 1
e 162 f 1002 g 1442 h 12
1 1 1 1
i 1212 j 325 k 812 I 81%

B} Assuming that all pronumerals used are positive, simplify:

1 1 1 2 1 1
a x2Xx? b a’xa? c m:xm?
1 1 1 3 2 1
d 6x2x2x2 e 3ytx2y* f 9n3x2n3
1 1 1
g (x2)? h (y%)? i (4a%)?
1 1 1
i (a?b*)? k (9x*y®) I (8x%y3)°
B Evaluate:
1 1 1
a 9:? b 25? c 83
3 3 B
d 92 e 42 f 42
3 2 2
g 16* h 1253 i 83
5 4 3
i o k 325 | 167

A Evaluate using your calculator, leaving answers as
decimal numerals:

1 1 1
a 2252 b 7842 c 10242
1 1 1
d 7293 e 33753 f 80003
3 2 5
g 2252 h 7293 i 80003
2 5 3
i (0-125)7 k (0-25)2 I (0-01)2
If a=4,b=28and c =9, evaluate the following:
1 1 1 3 1
a a’+b’ b (ab)> c 2¢? d %(ac)2
1 1 1 1 1 3
e al+b) f (2b)7 g (2ab)® h (2bo)i- a2
p
E] Use the fact that x4 = 9/xp | to simplify: As x% = K
2 2 2 1 ’
a (27a%)3 b (xfy!2)3 c (8m%)3 x2 stands for the
iti fx.
a3\ 1612 YO\ positive square root o
d (};3) (36—4)4 f (—23) Note ,\/;2 = |x|.
Technolog,,
ppplicatio,

5:03 Who wants to be a millionaire?
it Challenge worksheet 5:03 Algebraic expressions and indices

CHAPTER 5 INDICES AND SURDS 1O '§



Q§05P91

¢ Fun Spot 5:03 | Why is a room full of married people always empty?
Work out the answer to each part and put the letter for that part in the box that is above the
5:03 correct answer.

Write in index form:

E 10x10 E 8x8x8 E yyyyaa

Find the value of:

= 3% E 23 E 52-5

A 10° A 23-32

Find the value of x in:

I 2¥=16 I 3*=9

Write as a basic numeral:

I 1.7x102 I 6:04-+10

Evaluate:

O x° O 7°+9 U 11y°
-2 =3 25\-1

N 2 ! N 10l N (3)

N 362 B 273 C 7axal

H To fill a jar in 6 minutes, Jan doubled the number of peanuts in the jar every minute.
After how many minutes was the jar half full?

Simplify:
S 3x-x S 3xXxXx T 5X%5x R 10x+10
T x2xx3 T x10+x2 S (x?)3 L 60x3+5x°
S ety R x9xx3 P x3+x! c L
ab 102
A B« TN PO A B SR S T T T N <
— ™M o\l
E ¥+ s 2 F %R R %= C ‘*ﬁlgﬁ *
S 2 S > 8 =
S
« o2
zg\'\gatlo,,
.é . (] A . . h f . I . d.
S Investigation 5:03 | Reasoning with fractional indices
Please use the Assessment Grid on the following page to help you understand what is required
503 for this Investigation.

o Write /x, J/x2, Jx3, Jx*, x5, ... as expressions with fractional indices and describe the
pattern that emerges.

e Find the value of b if (x?)3 = x

3
* Explain why J8 =21 =2./2 = (J2).
e Find some values that x, p and ¢q could take if x¢ = 2.
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Assessment Grid for Investigation 5:03 | Reasoning with fractional

indices

The following is a sample assessment grid for this investigation. You should carefully read the
criteria before beginning the investigation so that you know what is required.

Assessment Criteria (B, C) for this investigation Achieved v/
None of the following descriptors has been achieved. 0
Some help was needed to be able to write the fractional 1
2 indices. 2
P
- 2 Mathematical techniques have been selected and applied 3
= to write each fractional index and suggest an emerging
2 pattern. 4
&=
‘5 0 The student has completed all fractional indices and 5
@ accurately described the rules for the square of a binomial.
Z Some attempt at the final two parts has been made. 6
L]
The above has been completed with specific justification 7
using the patterns and index lawns shown and the further
questions have been completed accurately. 8
s None of the following descriptors has been achieved. 0
-
< . . .
£ There is a basic use of mathematical language and 1
.&: notation, with some errors or inconsistencies evident.
@) § Lines of reasoning are insufficient. 2
=
2 E There is sufficient use of mathematical language and
g9 notation. Explanations are clear but not always complete.
S
O g 5
o=
g Correct use of mathematical language and notation has
E been shown. Explanations of all rules are complete and
5] concise. 6
)
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5:04 | Scientific (or Standard) Notation

‘gatio
Aee‘\ ” . [] . . . . .
5 Investigation 5.04 | Multiplying and dividing by powers of 10
Please use the Assessment Grid on the following page to help you understand what is required
5:04 for this Investigation.

e Use the ¥’ button on your calculator to answer these questions.
e Look for a connection between questions and answers and then fill in the

rules at the end of the investigation.

Exercise

1 a 18x10! b 1.8 x 102 c
d 4.05x 10! e 405 x 102 f
g 62x10* h 62x10° i
j 31416 x 107 k 3-1416 x 103 |

1.8 x 103
4.05 x 103
6-2 x 10°
3-1416 x 10*

@ To multiply by 10" move the decimal point places to the . >

2 a 18-=10! b 1.8+ 102 c
d 9685+ 102 e 9685+ 103 f

1.8+103
9685 + 10*

@ To divide by 10" move the decimal point places to the . >

The investigation above should have reminded you that:
1 when we multiply a decimal by 10, 100 or 1000, we move the d
the right

ecimal point 1, 2 or 3 places to

2 when we divide a decimal by 10, 100 or 1000, we move the decimal point 1, 2 or 3 places to the left.

as the product of a number between 1 and 10, and a power of 10.

When expressing numbers in scientific (or standard) notation each number is written>

e This number is written in scientific notation
(or standard form).

6-1 X 105 e The first part is between 1 and 10.

e The second part is a power of 10.

‘Scientific notation’
is sometimes called
‘standard notation’
or ‘standard form’.

Scientific notation is useful when writing very large or very small numbers.

Numbers greater than 1 To multiply 597 by 10%, we

SVm- =5.97 x 103

To write 5970 in standard form:

e put a decimal point after the first digit

e count the number of places you have to move the
decimal point to the left from its original position.
This will be the power needed.

1 08 INTERNATIONAL MATHEMATICS 4
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Assessment Grid for Investigation 5:04 | Multiplying and dividing by

powers of 10

The following is a sample assessment grid for this investigation. You should carefully read the
criteria before beginning the investigation so that you know what is required.

Assessment Criteria (B, C) for this investigation Achieved v/
None of the following descriptors has been achieved. 0
) 1
a Some help was needed to complete the exercises.
§ 2
A3 3
g A The student independently completes the exercises.
2 X 4
g
5 ) The student has correctly done all exercises and 5
- .
§ attempted to complete the rules following. 6
= All exercises and rules are completed correctly with 7
thorough explanation and justification, possibly with
further examples for support. 8
8 None of the following descriptors has been achieved. 0
i~
-
g There is a basic use of mathematical language and 1
& notation, with some errors or inconsistencies evident.
o 5 Lines of reasoning are insufficient. 2
=
= There is sufficient use of mathematical language and 3
S g notation. Explanations are clear and the student generally
'5 = moves between the different forms of representation well. 4
o
g Correct use of mathematical language and notation has 5
£ been shown with complete working. Explanations of all
g rules are complete and the student easily moves between 6
o the different forms of representation.
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worked examples

1 Express the following in scientific notation.

a 243 b 60000 ¢ 93800000
2 Write the following as a basic numeral.

a 1.3x10% b 2.431x10? c 463 x107
Solutions If end zeros are significant,
1 a 243=243x100 write them in your answer.

=243 x 10? eg 60 000 (to nearest 100) = 6-00 x 10*
b 60000 =6x 10000
=6x10*

We have moved the decimal point
¢ 93800000 =9-38 x 10000000 7 places from its original position.

=938 x 107

aA
2 a 13x102=1-30x 100
=130

A
b 2431 x10%2=2:431x100
=243.1 To multiply by 107, move the
decimal point 7 places right.

MAYYYYYYY
¢ 463 %107 =4-6300000 % 10000000
=46 300000

597 x107?
Multiplying by 1072 is the
same as dividing by 10% 50 we
would move the decimal point
3 places left to get 0005 97.

Numbers less than 1
0-00597 =5.97 x 103

To write 0-005 97 in scientific notation:

e put a decimal point after the first non-zero digit

e count the number of places you have moved the
decimal point to the right from its original position.
This will show the negative number needed as
the power of 10.

@ 5.97 x 1073 is the same as 5-97 +~ 103. >

worked examples

1 Express each number in scientific notation. Short-cut method:
a 0043 b 0-0000597 0-043
c 0-004 ¢ How many places must we move the
) decimal point for scientific notation?
2 Write the basic numeral for: Answer = 2
a 29x107 b 9-38x107 * Is 0-043 bigger or smaller than 1?
c 1.004x 107 Answer = smaller
¢ So the power of 10 is =2’
2 0:043=43x 1072
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Solutions

1 a 0:043=43-+100 b 0.0000597=5-97 + 100000 c 0-004=4-+1000
=4.3x 1072 =5.97x107 =4x1073
N YYYYY
2 a 29x1072=0029+100 b 9.38x1072=000009-38 + 100 000
=0-029 =0-0000938
lAAA
¢ 1.004 x 103 =0001-004 + 1000
=0-001 004
Exercise 5:04
Scientific notation
1 Evaluate:
Il 2 Explain the difference between 2 x 10* and 2*. a6x10' b6x107 c6x10°
2 Write in scientific notation.
b Explain the difference between 5 x 1072 and 572 a 430 b 4300 ¢ 43000
¢ How many seconds are in 50 000 years?
d Have you lived 8-2 x 10* hours?
e Order the following, from smallest to largest.
3.24 x 103 6 9.8 x 107 5.6 X 1072
1.2 x 10* 2.04 5-499 x 102 0-0034

f Write the thickness of a sheet of paper in scientific notation if 500 sheets of paper have a
thickness of 3-8 cm.
g Estimate the thickness of the cover of this book. Write your estimate in scientific notation.

] Write the basic numeral for:

a 2.1x10! b 2.1+10! c 21x107
d 7.04x10% e 7.04+10% f 7.04x10
g 1375x10° h 1.375+103 i 1.375x1073

[F] Express in scientific notation.

(Assume that final zeros are not significant.) 1$ you're stuck with this

a 470 b 2600 c 53000 exercige, think back to
d 700 e 50000 f 700000 Investigation 6:0Z . . .
g 65 h 342 i 90
j 4970 k 63500 I 2941000
m 297-1 n 693 o 4976-5
p 9310000 q 67000000 r 190100
s 600000 t 501700 u 100000
B} Express in scientific notation.
a 0.075 b 0-0063 c 059
d 008 e 0-0003 f 0.009
g 03 h 0.0301 i 0000529
j 0426 k 0-001 I 0-000009 7
m 0-000 06 n 0-000907 o 0-000000004

CHAPTER 5 INDICES AND SURDS | 111



B Write the basic numeral for:

a 23x102 b 94x10* c 3.7x103 d 2.95x 102
e 874x10! f 7.63x10° g 1.075 % 103 h 2.0x10*
i 8x10! j 2.9x 1072 k 1.9x1073 I 95x101
m 3.76 x 1073 n 4.63x10™* o 1.07x107? p 7X 1072
q 80x 1071 r 5x10° s 9.73x10° t 63x1073
u 4.7 x 107 v 9.142 x 102 w 1.032 x 1072 x 1.0x108
Y ° ° °
§:05 | Scientific Notation and
the Calculator
R Quiz | Write in scientific notation:
9 1 690 2 4000 3 963-2 4 0-073 5 0-0003
Rewrite as basic numerals:
36 2.9x10° 7 80x10° 8 4.6x1072 9 5x107 10 814x107!
¢ On a calculator: / R

Some cdlculators are
called ‘Scientific
Cdlculators’ because
they can give answers in
scientitic (or standard)
hotation.

5.517 x 10'? is shown as [5.517 12
3.841 x 107% is shown as |3.841 —06

This is the calculator’'s way of showing scientific notation.

* To enter scientific notation, press:

5.517 12, to enter 5517 x 10'2, and

3-841 6 [/, to enter 3.841 x 10-°.

To convert calculator answers into decimal form:

1 Locate the decimal point in the first part of the
number (the part betwen 1 and 10).

2 Look at the sign of the second part. This tells

you in which direction to move the decimal

point. If it is negative the point moves to the

left. If it is positive the point moves to the right.

Look at the size of the second part. This tells

you how many places the decimal point has to

be moved.

4 Move the decimal point to its new position,
filling in any gaps, where necessary, with zeros.

216 -03

First part 3
Second part

YN
0-002 16

worked examples

Use a calculator to find the answers for:
630 000 x (47 000)2

45 + (8614)°

(84 x 10%) + (3-8 x 107)

A1-44x10°°

A calculator will give an
dnswer in scientific hotation

-

if the number is too large or
gmall to fit on the screen.

S W N
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Solutions

1630000 X (47 000)2 2 45+ (8614)3 The answers to 1 and 2
=[139167 15 = [7.040409359 —11] are too long to fit on
the screen.
=139167 x 101 = 7.040409359 x 10~11
=1391 670 000 000 000 = 0-000 000 000 070 404 093 59
3 (84x10% + (3:8x107) 4 A1-44x10°°
Press: 8-4 6 [¥] 38 7 Press: [f] 1-44 6 [ 5]
= 46400 000 =0.0012

Note: Not all calculators work the same way.

Exercise 5:05

I Enter each of these on your calculator using the key, and copy the calculator readout.

a 63x10V b 1.4x10712 c 92x10!
] Rewrite these calculator readouts in scientific notation using powers of 10.

a 3.02 05 b 4.631 09 c 137 15

d 131 -04 e 69 -08 f 4.6327 -10

g 7.6514 08 h 1.03124 -12 i 6.9333 -05
1-402 x 107

Explain why a calculator readout of has a

has 4 significant fi
different value to 2%. as  sighiticant tgures,

as four figures are used
[F] Place the nine numbers in question 2 in order of in the decimal part.
size from smallest to largest.

B} Give the answers to these in scientific notation,

G o ] index 1
correct to 5 significant figures. R LI L

to check the size

a 38144 b 0-0004 + 84002 of your answer.
¢ (0:0007)° d 93000000 +0-00013
e (65 847)3 f(0-0045)% x (0-0038)>
9865 x 8380 , 6800
0-000 021 (0-0007)°

[ Use a calculator to answer correct to 4 significant figures, then use the index laws to check
your answer.

a 13.85x(2:3x10% b (814 x1072)2 c (2:1x108) + (8:6x108)

d (3:8x1073)? e 468 x (1-8x107) f (91x10%) + (6:8x10%)

g AJ7-45%x10° h 3/9-1x10-8 i 3/6-714x 10712

A 2 An American reported that the diameter of the sun is approximately 8-656 X 10° miles.
Write this in kilometres, using scientific notation written correct to four significant figures.
There are 1-609 km in a mile. If the sun’s diameter is 109 times that of the earth, what is the
earth’s diameter, correct to three significant figures?

b The distance to the sun varies from 1.47 X 108 km in January to 1-52 X 108 km in July. This
is because the earth’s orbit is an ellipse. What is the difference between these distances?
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c If we use the average distance to the sun (1-50 x 108km), how long would it take light
travelling at 3-0 X 108 m/s to reach the earth? (Answer correct to the nearest minute.)

d The mass of the earth is approximately 6 x 102! tonnes. The sun’s mass is about
333400 times greater than the mass of the earth. What is the mass of the sun correct
to one significant figure?

e We belong to the galaxy known as the Milky Way. It contains about 1 x 10!! stars. If the
sun is taken to have average mass [see part d], what is the total mass, correct to 1 significant
figure, of the stars in the Milky Way?

é\‘\gatioo
5 (& | Using scientific notation
1 The speed of light is 3-0 x 108 m/s. Use reference books and your calculator to complete this
5:05 table for five stars of your choice (eg Vega, Dog Star, Pole Star, Sirius).
Name of star Distance from Time taken for light
the earth to travel to the earth

10° is 1 million.
The sun 1.5 x 108 km 109 is 1 billion.

Alpha Centauri 4.2 x 108 km

Order the distances of the five stars from the earth, from smallest to largest.

2 Research nanotechnology, which involves the use of very small machine parts. Parts are often
measured in micrometres. Make comparisons between the sizes of components.

- Distances in astronomy are measured in light years, which is the distance that light
travels in a year. A light year is approximately 9.6 X 10'2km.
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5:06 | The Real Number System

The real number system is made up of two groups of numbers: rational and irrational numbers.

Rational numbers

Any number that can be written as a fraction, % where a and b are whole numbers and b # 0, is a

rational number. These include integers, fractions, mixed numbers, terminating decimals and
recurring decimals.

eg g 6%, 1.25,0-07, 0-4, /81

These examples can all be written as fractions.

735 7 49

8°5°4°100°9° 1

Note: An integer is a rational number whose denominator is 1.

Irrational numbers

It follows that irrational numbers cannot be written as a
fraction, ¢ where a and b are whole numbers. We have
met a few numbers like this in our study of the circle and
Pythagoras’ theorem.

eg M, 2, 34, J3+2

The calculator can only give approximations for these
numbers. The decimals continue without terminating
or repeating.

3-14159265 ..., 141421356 . . ., 1.58740105 . . ., 3-73205080 . . .

Irrational numbers on the number line

Although irrational numbers cannot be given an exact decimal value, their positions can still be
plotted on the number line. As can be seen from exercises on Pythagoras’ theorem, a number such
as /2 can correspond to the length of a side of a triangle, and so this length can be shown on a
number line.

Examine the diagram on the right.

If the length of the hypotenuse of this triangle is transferred, V2 1

using compasses, to the number line as shown, we have the 1 *
position of ﬁ on the number line. (This agrees with the
decimal approximation from the calculator of 1-414213 56.)

The previous construction can be extended to
give the position of other square roots on the
number line.

Another irrational number you have met before
is . You should know that it has an approximate
value of 3-142, so it would lie on the number
line in the position shown. 7 0 1 2 3 4 5
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Exercise 5:06

n For each number write rational or irrational. (A calculator might help you to decide.)

a =& b 2 c 03 d 13

3 That looks
e 16 f n g 5 h i irhational.
i /16 i 099 k2 I 9
m /625 n 0-666 o 70 p 13
q 1% r 1+J§ S ﬁ t ﬂ+J§

u 0-0005 v 1-.09 w -3 x J7T+.2
y 27 z 310

[} Use your calculator to find an approximation correct to 1 decimal place for the following.
Also use these values to show the position of each number on the number line.

a 2 b /3 c 5 d .Jo e A7
f .8 g 10 h J12 i 20 j

[F} Between which two consecutive integers does each number below lie?

a J11 b /18 c J4 d /78 e .95
f /125 g /180 h /250 i /390 j /001

B} Arrange each set of numbers below in order, from smallest to largest.
a J52.3 b 8,37 c J10,4/12,3
d 7,440, /50,65 2,21, /12 f 5.6,426,6,30
g 8:1,.65,7-9, .60 h /98,10, /102, 10-1 i 31,7 49,32
i +20,4.1,4.5, .21 k 20, /390, 21, /420 I /600, /610, 24, 25

(]

B This diagram shows another construction
for locating square roots on the number
line.

Use a set square to draw the triangles on
graph paper, then use compasses to draw
the arcs on the number line.

Extend your diagram to show /6.
Check the accuracy of your constructions
with your calculator.

>

1 243 245
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To show multiples of a square root on the number line we can use a pair of compasses to mark
off equal intervals.
a Repeat the instructions in question 5 to

find the position of /2 on the number line.

Then use a pair of compasses to mark the

position of 2.2 and 3.2. 0 1
b Draw a diagram and show the position of

A/§ , ZA/§ and —A/§ on a number line.

The position of © on the number line can be shown by doing the
following. Use the diameter of a ten cent coin to mark off units
on a number line.

V2 2 32

Q
Baeper]
N

Then mark a point on the circumference of the coin, align it with zero
on the number line, then roll it along the line carefully until the mark
meets the number line again. This will show the position of 7 on the
number line.

&

Reading mathematics 5:06 | Proof that ./2 is irrational

Let us suppose that /2 is rational and,
therefore, can be written as a fraction in

the form £ where p and q are positive Thege numbers
are absurd.
integers with no common factor. They can’t
(This assumption is essential.) be written as
p dn exact
S0 V2 = q decimal.

2
then 2= p_2 (squaring both sides)
q

and  2q*=p?
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This last step implies that p> must be divisible
by 2 (since 2 is prime). Therefore 2 must divide
into p exactly.

Perhaps

that’s
.. p can be expressed in the form 2k for some why they
integer k. called them

o 2q% = (2k)?
2q* = 4k?
qz = 2k2

Now, as for p above, it can be argued from this last step that ¢ must be divisible by 2.
But p and q were said to have no common factor, hence a contradiction exists. So our original
assumption was wrong.

Therefore p and g cannot be found so that ﬁ = g . Hence ﬁ must be irrational.

e Try to use the method above to prove that these are irrational.

1 3 2 5 3 W11

\enge

“ /| Challenge 5:06 | f-stops and ./2
g Professional photographers have cameras that can ” —
5:06 alter shutter time and aperture settings using what

are called f-stops.

N5 o
2 15 12 19 08 &

1811 8 g 022

5-65685425
2-8284271 11-313708

1-:4142136 22:627417

The f-stops 2, 4, 8 and 16 are accurate. More accurate readings for the rest are given below
the scale.
 Find the pattern in the accurate f-stops.
* Try squaring each accurate f-stop number.
* Try dividing each f-stop number by the one before it.
e Try to discover how f-stops are used.
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5.07 | Surds

Find the value of: Qrep %
1 /16 2 .9 3 36 4 J16+9 5 J16+ .9 5
6 J16x9 7 J16x./9 8 % 9 %6 10 (J16)° 5:07

9

So V5, 3\#, 2+\3 and
VIl = V10 are dll surds.

? EN’%
)
ey

Surds are numerical expressions that involve
irrational roots. They are irrational numbers.

Surds obey the following rules, which are
suggested by Prep Quiz 5:07.

@Rulel Jxy = A/3_c><A/51>

worked examples 7
1 4100 = /4% .25 2 27 = /9% .3 3 J5x7T =./5x7
=2x%5 =3x./3 =35
= 10 (which is true) =3.3
Note: ,\/)_c means the positive
Rule 2 ﬁ — ﬁ‘ square root of x when x > 0.
y A/g’ A/)_c = 0 when x=0.

worked examples
%:%6 2 J125+./5 = J/125+5 3 J30+45=.30+5
! - /35 = /6

ieﬂ=g 5

= 2 (which is true)

@ Rule 3 («/3_6)2 = x> Note: For +/x to exist, x cannot be negative.

worked examples

1 (J25)% = (5)? 2 (JT) =7 3 (342)" =32x(J2)°
=25 =0x2
=18
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A surd is in its simplest form when the number under the square root sign is as small as possible.
To simplify a surd we make use of Rule 1 by expressing the square root as the product of two
smaller square roots, one being the root of a square number. Examine the examples below.

worked examples
Simplify the following surds.

1 /18 = Jox .2 2 J75=25%x.3 3 5448 =5%x.416%x .43
=3x.2 =5x.3 =5x%x4x./3
=3.2 =543 =203

Exercise 5:07
1 Simplify:
n Simplify: aJ6x.5 bJTxSB
a Jf3x.5 b J/5x.3 c J71x.J6 d Jox.J7 Z:i‘y%fy: 36
e J10x.3 f J/23x42 g J13x.5 h J11x.3
i J5x2 i JTx A2 k J11xJ10 | J13x.7
m J26+42 n J355+5 o JT7+J11  p JB34+J17
58 N
J2 3 J10 J11
n Square each of the surds below (Rule 3).
a 16 b .9 c J1 d J100
e 5 f .8 g 15 h /73
i 2.2 i 345 k 2.3 | 5.3
m 7.3 n 2.7 o 9411 P 6./5
q 10410 r 9420 s 6./50 t 15,15
E] Simplify each of these surds.
a .8 b .20 c J12 d ./50
e 24 f /32 g J45 h /54
i /28 NIV k /56 I /63
m /44 n /52 o /108 p 40
q /99 r 460 s 496 t W76
u /68 v J126 w4200 x /162
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B} Simplify each surd and then, taking M2 =141 and 3 = 1.73, give a decimal
approximation correct to 1 decimal place.

a JI_EE b JT? c
e 32 f /48 g
B Write each surd below in its simplest form.
a 212 b 3.8 c
e 5,20 f 2.J75 g
i 2125 i 4445 k
m 7./56 n 3.J72 o
q 6+/200 r 5.98 s

NG d J12
30 h J162
2./50 d 4.18
10./27 h 3./56
3424 I 2./54
3./44 p 5490
9./108 t 5.68

A Simplified surds can be written as an entire root by reversing the above process. For example,
4.3 = J16 x /3 = /48 . Express the following as entire square roots.

a 2.3 b 3.2
e 4.2 f 5.3
i 642 i 5.6
m 6ﬁ n 5@
q 9.3 r 8.4

C

~ 0q

o

2./5 d 3./6
347 h 5.2
310 | 4.7
742 p 1042
7.9 t 12./3

5208 | Addition and Subtraction of Surds

Simplify: 1 J12
Evaluate: 5 J4+ .9
7 J16-./4
9 25+./36

2 20

3 32 4 /350 S
6 ./4+9 (to 1 decimal place) 5
8 .J16-4 (to 1 decimal place) 5:08

10 /25 + 36 (to 1 decimal place)

As can be seen from the Prep Quiz, if x and y are two positive numbers,

Jx+ Jy does not equal /x +y and
Jx =4y does not equal /x—y

For example:

,\/§ + J§ does not equal ,\/1_3 .
,\/ﬁ) - ﬁ does not equal ﬁ .

Surds are
0Q\( irrational.
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Only ‘like’ surds can be added or subtracted. For example:
23+4.3 =63 and 5./2-442 =2

However, we can only tell whether surds are like or unlike
if each is expressed in its simplest form.
Examine the following examples. “
A
When adding or subtracting surds

e write each surd in its simplest form
e add or subtract like surds only.

| think I’m beginhing
to like this.

Remember how
in algebra only
like terms could

worked examples be aded or

Simplify each of the following. e ?;C 4_' 2;6 z ix
1 4ﬁ+7ﬁ—2ﬁ 2 8ﬁ+ﬁ—ﬁ+2ﬁ

=9./3 =72+3.5
3 A/8+./18 4 JT5+27-2.3

=2.2+3.2 =53+3.3-2.3

=542 = 6.3
5 2.12+3./48 6 2475 ./45+2.20

= 2(24/3) +3(443) = 2(5.3) =345+ 2(24/5)

=4.3+12.3 =10./3-3./5+4.5

=16./3 =103+ .5

Exercise 5:08

of surds
n Simplify: 1 Simplify.

3/5+45 b 24747
3«/5.'!'2«/5. b 4«/§+7'\/§ c 5'\/8"'2"\/6 2aCollectlikesurds,

a

d 10./3-7.3 e 9./5-6.5 f 42-3.2 a5.3+.2+.3
b6./5-4.3+7.3

g JT+4J7 h 5.3+.3 i 9.J6-.6

i 95+2/5+3.5 k 4410+ 7410-2./10 | 43-3./3+5.3

m 102 -22-5.2 n J3+73-5.3 o 2J7+3J7-5.47

F] Simplify by collecting like surds.

2./5+3J7+4.5 b J7+3J7+2.5 c 23+3.5+2.3+5.5
93 +2/2-73+3.2 e 6J/10+5J7-510-47 f 3.B3+6/5-3-4.5
611 =2/7+2/11+57 h 92+3.3+9.3-842 i 5J2+4/5-3./5-642
104/7-24/5-8.7-3./5

(4] Q o

—
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E] Simplify completely:
2.2+ .18 d 2.5+.20

a J8+.2 b J12+2.3 c
e J27+2.3 f 3.J6+.24 g 2./8-2 h 3./5- .20
i J32-342 i J18+.432 k 20+ ./45 | 2.27-./48
m J/75-2.12 n /98 +3./50 o 3.50+2./32 p 5.28+2./63
q 4.J45-2.20 r 2.75-3./48

Bl Simplify:
a 2./8-./18+3.2 b 2.5+ ./45- .20 c J27+2./48-5.3
d 5.7-.J63+2.28 e 5.3+.50-.12 f 245+ 20+ /32

g 9.8+3.J12-./27 h 5J18+ /7275

5:09 | Multiplication and Division of Surds

worked examples

Simplify the following. Using the surd

1 J7x./3 2 3.2x52 rules, Thes;e are
3 5.8x%x3.J6 4 96+ /12 s
4.3 %18 6 BB
12 L xxy =
Solutions 2 Jx+y = Jx+y
1 J7Tx3 =73 2 3J2%x5/2 =3x5x2x.2, (J2x.2=2)
=30
3 5.8x%x3./6 4 96+ .12 = o6+ 12
=5x3x./8x./6 - /8
= 15 x /48 =242
=15><4ﬁ
= 60./3
g WLXAM8 _BOS § [o B - Bxafofx
m b -
_4X3X,\/§X,\/§ =2X3-.3X%X5
- T

_12./6
2.3 At this point we could
6 cancel like this:
- [3 9x3x BN _ ¢ g
- =
6.2 5,
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Exercise 5:09

Simplify these products:

a J2%x.3

d J5x.2

g A2x.8

i AB3x.J6
m Zﬁxﬁ
p 542x2.2
s 442x3.410
v 2&x3&
Simplify:

a 10+ 42

d J27+.3

g 5J2+.42

i 16./8+8
m 12./10+2./5
p ~20+2

s J2x+ 2

Simplify fully:
2./3x2./6
4
J15x /3
3.5
2./6 x5./5
10.4/15

Expand and simplify:

a J2(J3+42)
d J3(5-43)
g 2J2(J2+1)
i 3J6(/5+/6)

m 2J2(/3+2.42)

p a(Ja+1)

T2 INTERNATIONAL MATHEMATICS 4

J3x 11
J10 x 7
5% 420
J2x 10
7ﬁx2ﬁ
4./5% /5
4«/§><2A/f5
an/x X a/x

b /5% .7 C
e S3xJT7 f
h J/3x.J12 i
k /5% .10 |
n 3ﬁ><4ﬁ o
q 3.3%x2.3 r
t 2«/6><A/E_3 u
w /8x % 2 X
b J12+./4
e Af32+./8
h 6/5+.45
k 3045+ 10
n 9JT2+3J6
q J75+5
t JSa+.a
b 4,./5%2./6
J10
e Zﬁxﬁ
J12
h 0x2x./6
4.3
b 5(/5+42)
e J2(243-1)
h 3./5(/5+2)
k 2J7(J7-2)
n 4./5(/2-2.5)
q Jx(24x+3)

-h N

= - n

o

Foundation Worksheet 5:09

Multiplication and division

of surds
1 Simplify:

a J7x .5

2 Simplify:

b2./3%3.2

am+ﬁ bA/i)+J6

J6+ .3
J45+ A5
1043 +54/3
24,/7+24
10415 +5./5
5.8+10
~20p +24/p

2./5%3./8
6420
3.7 %246
J21
J12x 27
J8x2./6

JT247 - 42)
J10(542-4)
43(J2-3)
M3(7-3.3)

5.6(24/6 —3.42)
2./y(3y +24%)

Technolog),
s \nccho,,'

5:09 Golden ratio investigations

Activitie®
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Investigation 5:09 | Iteration to find square roots 2

To iterate, repeat the
process over and over

Iteration is the repetition of a process.
We can use a simple process to find
square roots.

5:09

Example
Find /3 correct to 4 decimal places without
using a calculator.

Step 1
Estimate ﬁ
Let E=1-6
(We want E? to be close to 3.)

To iterate, repeat the
process over dnd

over dgdin.
Step 2 g
Divide 3 by your estimate.
3+1.6=1.875

Since 1.6 X 1-875 = 3, the correct answer
must lie between 1.6 and 1-875.

Step 3
Avgrage these two numbers to get a better Can you $ind
estimate. other uges for
1-6+1-875 _ 1.7375 iteration?
2
~ W3 = 17375

Use 1.7375 as the new estimate and
repeat the steps above (iterate).
E=1.7375
3+17375 = 172662
1.7375 +21~72662 R

- A3 =1.73206

If we use 1-73206 as our next estimate we get a better approximation (ie ﬁ = 1.732051).
Since ﬁ lies between 1-73206 and 1-732051 then ﬁ =1.7321 correct to 4 decimal places.

1 Use iteration to find, correct to 4 decimal places:

a J2 b /5 c J70 d /110

2 Investigate finding the square root of a number n, using iteration of the formula:
x2+n
2x

where x is your last estimate and we wish to find /n .

New estimate =
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5.10 | Binomial Products

X Quz | Simplify the following:
1 1 S3x.5 2 J18x .2 3 (J5)° 4 (342)° 5 3.2+7.42
so | 6 93-3 7 3/5-343
Expand and simplify where possible:
8 5(J/7-4) 9 J10(/10+.3) 10 2/3342-.3)
cee In Chapter 4, you saw how to expand a binomial product.
h " | (a+b)(c+d)=alc+d) +blc+d
A 'O =ac + ad + bc + bd
406 The same procedure is used if some of the terms are not
pronumerals, but surds. Examine the following examples.
worked examples
Expand and simplify:
1a (J2+3)(42-5) b (342-45)(242+3./5)
2 a (243+5) (N7-3)*
3 3 (S5-A2)(B+42) (582 =NT) (5424 47)
Solutions
1 a (J2+3)(42-5) b (342-45)(242+3./5)
= V2(/2-5)+3(42-5) = 342242 +3./5) - /5242 +3./5)
= (J2)"=52+3./2-15 =12+9/10-2./10-15
:2_2ﬁ_15 =7«/E—3 Thege are
=-13-2.2 ‘pertect
e 2 2 (2ﬁ+5)2 b (ﬁ—ﬁ)z squares’. @
h = (23 +2x23x5+(5)2 = (J1)!=2xTx 3+ (3) M
=12+20.3+25 =7-2.21+3 Remember!
. 2_ 2 2
NI so-2m e
we [ 32 (BB = () - (2)
of two squares’. =5-2
p -
478 b (542524 7) = (542)* - (J7)°
Remember! =507
(a+Db)(a—b) =a*>-b? =43
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Exercise 5:10

Expand and simplify the following:
b2 (2+3)(2+1)

c (J7T-2)(J7-5)

e (J7-42)(5-42)
(5+42)(J3+42)
(/6 - 4/2)(5 - /6)
(3 +245)(J3+45)
(542 - JT)(JT-242)
(J7-542)(J2-5.7)
q (10410 + 4/7)(24/7 + J/10)
(942 - B)(42+243)
u (6.3+5)(7-23)
(JJm+ Jn)(2/m + J/n)

a (J2+1)
d (V3+42)°
g

J

ogr—'m

(7]

2B+1)°
(242 + J7)
(543 +242)°
p (Jx+4y)

(V2+1)(V2-1)

¢ (J10-7)(J10+7)

e (J2+.3)(J2-3)

g (J10-./8)(J/10 + /8)

i (23-5)23+5)

k (J7+23)(J7-243)

I (3J5-3)35+43)

(542-2.3)(542+2.43)
n (2/3+342)(2/3-342)
o (Jx+Y)(Jx=4y)

p (2Ja+3Jb)(24a-3./b)

o

~ =SS5 o

Foundation Worksheet 5:10

Binomial products — surds

1 Expand and simplify:
a(x+2)(x+3)
b (/5+2)(/5+3)

2 Simplify:
a (x+2)?

(B3 +5)(J3-1)

(V2 +3)(J2+/5)
(V10 + 4/2) (/5 + 43)
(2-3)2-5)
(V2+3)(242+1)
(243 + 42)(J3+242)
(245 - B)5/3+45)
(53 +2J7)(243-57)
(53 +742)(743-242)
(B5NT+4)(2J7-7)

b (/3+2)2

v (Jx+3)(Jx+2)

x  (3Ja-2.b)(2.a+3.b)
(\3-5)° ¢ (J5+2)°
(52 f (J3+4/10)
(342-4)° i (5+245)°
(34/5 + 4/10) | (J7-345)
(7.3 -2./5) o (5410-10.3)*
(2/m+5)* r (3Jp-249)°

(5+3)(5-43)

(4= 2)(4+42)

(T = 5)(ST+ 45)
(V11 + J7) (11 - J7)
(6-3.42)(6+342)

>SS ~h o o

—

Important notice!
The two binomials in each part of
question 3 are said to be conjugate
surds.
Note that when a binomial surd is
multiplied by its ‘conjugate’, the
answer is always a rational number.
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5.11 | Rationalising the Denominator

& Quiz | Simplify the following:

“ 1 BxB 2 JI0xJI0 32Bx.5B 4 5SixE 5 2/6x46
6 (JV2+1)(J2-1) 7 (S3-J2)(B+42) 8 (5-42)(5+42)
9 (2J3-42)23+42) 10 (542-33)(542+3.43)

5

If a fraction has a surd (ie an irrational number) in its denominator, we generally rewrite the
fraction with a ‘rational’ denominator by using the method shown below.

worked examples

Rewrite with rational denominators:
For these fractions, we multiply Top )
1 =X 2 L 3 —[5-— 4 2+ ﬁ and bottom by the square root in
3 542 J12 2.3

the denomihator.

Solutions
y 33 , Lo L2
NERRNERINE 502 542 2
_ 3 _ 2
3 5x2
_ A _ 2
10
, BB 205 243 5
1202303 23 23 3
15 W15 32+ 43
= 2/\/_73 Multiplying by % is the = %
/15 same as multiplying by 1. _2.3+3
T 6 "6
Exercise 5:11
Il Rationalise the denominator for each of the following:
1 1 2 5 3 6
a — b — = d = e = f =
N2 5 NE J10 A2 NE
g 10 h L P a2 e B E
NE; NiT NE 5 J10 J15
m n 2 o L o 10 q L& i
2.2 5.3 2.5 2.3 2.3 5.2
s g—-@ t -5-3[2 u 2+.3 v L+4/5 w T+ 43 X -——-——-——-—m_“/g
3.2 3.5 NE 2 2.7 5,10
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Evaluate each fraction correct to 3 significant figures (using your calculator). Then rationalise
the denominator and evaluate the fraction again. Compare this answer with your first
calculation.

2 3 J3 4 A7

a — b —

7 77 Y 3.5

Rationalise each denominator, then express as a single fraction.

a L.{.i b i_i C L.}.i d L_B e i+i
NG B £ o 5 05 NG
f2o L 25 b 2
23 32 T 5L Jlo 2B 5h

Fun Spot 5:11 | What do Eskimos sing at birthday parties?

Answer each question and put the letter
for that question in the box above the
correct answer.

X X _ X _
A§:5 E§_3 EE—1-86
X _ X _ _ X
L 2 =0185 E $=05 (0] 0-560 = £
Simplify:
L 5x—x O 5x=+x Y 5xXx
E 2xx3y L x3xx° O x0+x?
F (2x%)3 G 5x0%x 4 D 35x102
E /169 F J7x.J7 G (3.3)° H /[2+.2
I /50 ] J3x.6 L 3J7-.7 N /50 +./18
O 5./2x32 R J32+.2 s J6+./2 T 3+2.3
Solve:
W 5x+3 =21 Y 1—4 =1 Z 2x-5=7-06x
X
Q9 g Ty R T T AR Y e
@\l
- I € I T g
= = % = %
=
Nowxgﬁ‘\'x'\op*xmﬁme\m@
=z RN B B I S
I — I
= Il =
=
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enge
/ Challenge s5:11 | Rationalising binomial denominators
Examples For these fractions,
51 Rationalise the denominators for we :“”ﬁy fop
each expression. :_l:e :ZnJ\T:a::
] 5 2 1 of the denominator.,
5- 42 NEEIWG)
3 Zﬁ + ﬁ
23-.5
Solutions
, 5 5 . 5+42 ) 1 __ 1  B-42
5_2 502 5442 Bl B Bk
_5(5+4/2) fs fz
- 25=2 —
25+ 542
= &L 2Ne = 5
23 B2

2ﬁ+[ 2ﬁ+f 2J§+J—
2B-5 25— 2B+ A5

Note:
_ (23 +45)° The product of a binomial
12-5 surd and its conjugate is
always rational.
_17+4415
7

Now try these exercises!
1 Express with a rational denominator.

a — b — ¢ —— d ——
1+.2 V3-1 NT-.5 V10 + 42
3 5 10 12
e f g —— h ———
V3+2 5- 2 V5- 42 NEEIE
i 1 l 2 k 3 | 1
2./3+5 5-2.42 3J2+2.3 +3-3.2
o 32 R o B-4B p 3:42-43
5- 42 4-43 J5+43 3.2+ .43
2 Rationalise each denominator, then express as a single fraction.
1 1 1 1 5 3
+ b - c ——+
2-3 2+43 5B JT+45 6-43 5+43
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Mathematical Terms g

base
e The term which is operated on by the
index.
eg for x", x is the base
for 53, 5 is the base.

conjugate

e The binomials that multiply to give the
difference of two squares are the
‘conjugate’ of each other.
eg (a—Db) and (a +b)

(/3 +5) and (/3-5)

These are conjugate pairs.

exponent

e Another term for a power or index.

e Equations which involve a power are
called exponential equations.
eg 3% =27

fractional indices
e Another way of writing the ‘root’ of a
number or term.

1 1 1
° xzz,\/)_c’x3:§\/;c,x"=“x

index
e A number indicating how many of a base
term need to be multiplied together.
eg for x", n is the index
XT=XXXXXX ... ... XX

n factors
e The plural of index is indices.

irrational numbers

e Numbers that cannot be expressed in the

a

b

e They cannot be given an exact decimal
value.

eg Tl:,ﬁ,3ﬁ+l

form - where a and b are integers.

negative indices

e Indicate the reciprocal of a term. 5
1 1
eg x1 ==, x"=—
& X x"
1 1 1
fe 51=2,23=— ==
5 23 8
power

e Another term for an index or exponent.

rational numbers
e Numbers that can be written in the form

a where a and b are integers (b # 0).

b

e They can be expressed as a terminating or
repeating decimal.
eg integers, fractions, percentages

real numbers
e The combination of rational and irrational
numbers.

scientific (standard) notation
o A useful way to write very big or very small
numbers.
e Numbers are written as the product of a
number between 1 and 10 and a power
of 10.
eg 76000000 = 7-6 x 107
0-0000054 =5-4 x 10°°

surds
e Numerical expressions that involve
irrational roots.

eg /3,35, 2J7+5

zero index

e A term or number with a zero index is
equal to 1.
eg x'=1,4=1

technolog,,
N,phcur,o s

Mathematical terms 5

o, <
09 and 0
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Diagnostic Test 5: | Indices and Surds

e These questions reflect the important skills introduced in this chapter.
5 e Errors made will indicate areas of weakness.
e Each weakness should be treated by going back to the section listed.

dagng,

Section
1 Express in index form: 5:01
a 3Xx3x3x3 b 5x5 cC mXmxXm
2 Evaluate: 5:01
a 32 b 2¢ c 103
3 Simplify: 5:01
a 32x3° b x3x x2 c 6m2n X mnt
4 Simplify: 5:01
a x' +x2 b 15a4° + 3a? ¢ 20a’°b? + 10ab
5 Simplify: 5:01
a (a*)? b (3)* c (a3
6 Simplify: 5:01
a 7° b 5p° c 183 +6x3
7 Simplify: 5:02
a 372 b 51 c (§ )3
8 Simplify, writing answers without negative indices: 5:02
a x' xXx3 b 6x%+ 3x* c (Bx 12
9 Simplify: 5:03
1 1 1
a 252 b 273 c 83
10 If x >0 and m > 0, simplify: 5:03
1 1 1 1
a 3x2X4x? b (49m?®)?2 c (8x3)3
11 Express in scientific notation: 5:04
a 243 b 67000 c 93800000
12 Write as a basic numeral: 5:04
a 13x10? b 2431 x 102 c 463 x 107
13 Express in scientific notation: 5:04
a 0043 b 0-0000597 c 0-004
14 Write the basic numeral for: 5:04
a 29x107? b 938 x 107 c 1004 x 1073
15 Simplify, giving answers in scientific notation: 5:05
a (31x108)?2 b (84 x10° + (3-8 x 107)
c A/1-96x 1024 d J/1-44x10°°
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16

17

18

19

20

21

22

23

24

For each, write rational or irrational.

a /50 b 0-4 c 2 d J16
Evaluate correct to 3 decimal places:

a /5 b /13 c 21 d /47
Simplify each surd.

a 420 b 27 c 3.8 d 2.75

Express each of the following as an entire square root.

a 2.5 b 3.2 c 5.7 d 4./5

Simplify completely:
a 23+443 b 6/5-.5

Simplify:

(o]

a J5x./6 b f3xJ/12 ¢ 2.3x./5 d 3.J8x2.J2

Simplify:

a Jf12+42 b 32+.8
Expand and simplify:

a (2+4/5)3+4/5)

¢ (JT+.3)° d (5-43)(5+.3)

Rationalise the denominator of:

(o]

o

.3 b 3 J3+1 4 3-A2

72 75 W

N8-2  d 27+2.3

53«3 d 10J10+2./5

(243 + 4/2)(\3-3.42)

5.2

5:06

5:06

5:07

5:07

5:08

5:09

5:09

5:10

511

« Can you use your calculator to find the value
of 25°°? What is the largest power of 2 that
can be calculated using your calculator?
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Chapter 5 |

Simplify, writing the answers in index

form:
a a‘xa’ b 3a?x4a’
¢ a*bxab d 3a*b x 4ab?
e 32x33 f a®+a
g Tm?>+m h 12y6+3y?
i 20a%h3 = 10a2h? | 47+ 43
k (324 | ()3
m (a3)? X a® n m’+ (m?)3
12x2 4q3
6x P 8a

Express in simplest form:
a (2x2)9 b 6x°
d (10a%)°

c (5x3)3

e (4x?)3+8x°

Write each of the following in standard
form (scientific notation).

a 21600 b 125
c 0-00007 d 0-000156

Write each of the following as a basic
numeral.

a 81x10° b 1267 x10°
c 35x107? d 1.06x107*
Use your calculator to evaluate:

a 210 b 312

c 5°x6° d PPx4

Find the value of n, if:
a 2"=128 b 3"=243
c 10"=100000000

Simplify and evaluate:
a 3?x3%5 b 107+10* ¢ (292

Simplify:
7% m6
a T b () x (3a*)?
m
8x7 x 9x*

C S —
6x0 X 6x° s

1
Noting that x> = (x3)2, evaluate without

using a calculator:
3 . 3 3
a 42 b 8 c 92 d 10003

134 | INTERNATIONAL MATHEMATICS 4.

10 Simplify:
1 1

a 5x2X4x2 b 10x2 + 5x*

c (36m4n6)%

11 Simplify each expression.
a 5420 b 28+3.7
c 3./8-2/18 d 2J7x3.2
e 2.5% 420 f 15412+5.3
g BGLB+J15) h (J7+42)
i (/5+/6)(/2+45)
i Jmxan k  (Jm+ )’
| (Jm+ Jn)(Jm = )

12 Rationalise the denominator of each

expression:
L b 23
2.5 3.2
0 Aa L o2 2
N2 3 25 342
Extension

13 Rationalise the denominator of each

expression.

2 b 1
N5-1 NT+.2
J5-2 d S2+ 3
N5 +2 N2-43

14 Simplify each expression, writing your
answer with a rational denominator.

S __2 b —3 w2
3B -1 J5+2 5+1
JT+2 2.3+1
B+l 207-1



Chapter 5 |

1 Use ID Card 7 on page xix to identify:
a 5 b 8 c 17 d 18 e 19
f 20 g 21 h 22 i 23 | 24

2 Use ID Card 6 on page xviii to identify
numbers 1 to 12.

How many diagonals

can be drawn from one

vertex of a regular

hexagon? How many

vertices has a hexagon?

b Each diagonal joins two vertices and a

diagonal cannot be drawn from a vertex
to the two adjacent vertices or to itself.
The number of diagonals of a hexagon

6(6-3)
2

3 a

is . How many diagonals has:
i a regular octagon?
ii a regular decagon?

iii a regular polygon that has 30 sides?

5 In the decibel scale, for measuring noise, 10 decibels is a noise
that is barely audible. A noise 10 times as intense is 20 decibels,
and so on up to 140 decibels, which is the threshold of pain.
Study the table and answer the questions below.

4 Tom was given a

2SS ig”/b

R

$2162Z ...
.. $62-312

cheque for an amount
between $31 and $32.
The bank teller made ?,
a mistake and exchanged
dollars and cents on the
cheque. Tom took the
money without examining
it and gave 5 cents to
his son. He now found
that he had twice the
value of the original
cheque. If he had no
money before entering the bank,
what was the amount of the cheque?

5B

Noise Relative intensity Decibels

Minimum of audible sound 1 0

Soft wind on leaves 10 10

Whisper at 1 metre 102 20

Bush quiet 10° 30
a If ordinary conversation has a relative intensity of 10°, what is its loudness in decibels?
b If a lawn mower has a relative intensity of 10'2, what is its loudness in decibels?
¢ By how many times is the relative intensity of the mower greater than that of conversation?
d By how many times is the relative intensity of heavy traffic (loudness 80 dB) greater than

that of bush quiet?

e From the above it would appear that heavy traffic (80 dB) is four times as noisy as a
whisper at 1 metre (20 dB). However, a rise of 10 dB corresponds to a doubling in the
subjective loudness to the human ear. How much louder to the human ear is:

i the average office (50 dB) than bush quiet (30 dB)?
ii heavy traffic (80 dB) than a whisper at 1 metre (20 dB)?
iii a rock group (110 dB) than a business office (60 dB)?

Technolog,,

ey 1 Index laws

4 Simplifying surds
2 Negative indices 5 Operations with surds

P) » 3 Fractional indices
%99 and O°° 3

opter Re, .
5y loy,
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Equations, Inequations
and Formulae

It's easy when you follow
the rules!

15+x _ x+5 Rules:
> - 3 1. Remove fractions
3(15+x) =2(x+5) 2. Remove grouping
45+ 3x=2x+ 10 Symbols That’s eagy for
45 +x=10 3. Collect like . him to sayl
x=10-45 +
erms

x=-35
. Divide out

Chapter Contents
6:01 Equivalent equations Reading Mathematics: Read carefully
6:02 Equations with grouping symbols (and think)!
Investigation: Solving equations using 6:07 Formulae: Evaluating the subject
a spreadsheet 6:08 Formulae: Equations arising from
6:03 Equations with fractions (1) substitution
6:04 Equations with fractions (2) 6:09 Solving literal equations (1)
Challenge: Equations with pronumerals 6:10 Solving literal equations (2)
in the denominator 6:11 Solving problems with formulae
6:05 Solving problems using equations Mathematical Terms, Diagnostic Test, Revision
6:06 Inequations Assignment, Working Mathematically
Investigation: Solutions to inequations

Learning Outcomes
Students will be able to:
Solve linear equations using algebraic techniques.
Solve simple linear inequalities using algebraic techniques.
Solve equations involving algebraic fractions.
Solve literal problems with the use of equations.
Change the subject of formulae.
Solve problems using formulae.

Areas of Interaction
Approaches to Learning (Knowledge Acquisition, Problem Solving, Communication,
Logical Thinking, Reflection), Human Ingenuity




e Equations are number sentences where one or more of the numbers is missing or unknown.
Because it is unknown, the number is represented by a pronumeral.

¢ When we solve an equation, we are trying to find the numerical value of the pronumeral that
makes the sentence true. With some equations it is easy to find this value or solution. With
harder equations more work has to be done before the solution is found.

e A solution is correct if it gives a true number sentence when it replaces the pronumeral in the
equation. We say that the solution satisfies the equation.

An equation is a number sentence where one or more of the numbers has been replaced
by a pronumeral.

6:01 | Equivalent Equations

e Solving equations is like balancing scales. With equations we know
that one side of the equation is equal to the other side. We could
say that the two sides are balanced.

e The solution of the equation is the value of the pronumeral that
balances the equation.

The sides are balanced.

x+10=15

11-3 8
x =5 balances the scale. y =11 balances the scale.
x =5 is the solution. y =11 is the solution.

¢ Solving difficult equations requires us to change the equation into a simpler equation. We change
equations into simpler equations by performing the same operation on both sides of the
equation.

e We may add (4), subtract (=), multiply (x) or divide (+) by any number, provided we do the
same to both sides of the equation.

e If we do not do the same to both sides of the equation, the equation becomes unbalanced and
the sides no longer remain equal.

¢ If we commence with an equation and do the same thing to both sides of the equation, then
the sides will remain equal or balanced and the new equation will have the same solution
as the original equation.

If one equation can be changed into another by performing the same operation on both
sides, then the equations are said to be equivalent.

CHAPTER 6 EQUATIONS, INEQUATIONS AND FORMULAE 1 37



We solve equations by making a series of equivalent equations, each one in the series being simpler
than the one before it. In this way we reduce a complicated equation to a simple one. We must
remember to perform the same operation on both sides of the equation.

worked examples

Examples 1
1 8a+6=15 2 1-3b=7 3 S5a—-7=a+2 4 7T—y=5-2
Solutions
1 8a+6=15 2 1-3b=7
-6 —0 Subtract 6 from -1 -1 Subtract 1 from
8a=9 both sides. —3b=6 both sides.
+8 +8 Divide both sides by 8. +-3 =+ -3 Divide both sides by 3.
8a _ 9 b _6
8 8 -3 -3
1
ca=1lg “bh=-2
3 S5a-7=a+2 4 T—-y=5-=2
—a=-a Subtract a from +2y +2y Add 2y to
4a—-7=2 both sides. 7+y=5 both sides.
+7 47 Add 7 to both sides. -7 =7 Subtract 7
4a=9 y=5—7 from both sides.
+4 +4  Divide both sides by 4. SLy=-2
4a _ 9
73
1
a= 21
Examples 2
Check to see if each given solution is correct by substituting it into the equation.
1 x+7=2x-5 2 5a-9=3-a
x=12 a=>5
Solutions
1 LHS. =x+7 RHS. =2x-5
=12+7 =2x12-5 Smart people like me
=19 =19 dlways check solutions
- LHS. =RHS. by substituting.
s x =12 1is correct
2 LHS. =5a-9 RHS. =3-a
=5%X5-9 =3-5
=16 =-2
- LHS. #RH.S.

. a =5 is incorrect.
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Exercise 6:01

Foundation Worksheet 6:01

Equivalent equations

1 Solve:

Solve the following equations. a r3n +_1§2= 32 bn-12=27
a x—125=917 b 152+p=171 c a+113=201 » o
d h-18=62 e b-32=1.7 f 1l6+y=3 a2a+3i9 b4x-1=3
g x+7=1 h p_1=_3 i 2_p:5 c/n-6=8
j 7—a=1 k 21+y=14 | 3+y=17
m-5-y=1 n 5p=17 o 8x=24
p 35y=175 q 11p=0-11 r %‘: 1

b _ X a
S 5 =12 t 7 == u 11 = 3.2

Find the value of the variable in each of the following.

All solutions are integral.

a 5b+1=26 b 2m+9=23

c 5Sm+7=82 d 15=3p-57

e 15=3x+6 f 1=7x-48

g 3=7p-10 h 12-2a=18

i S5y+17=2 j 1-3x=10

k 8-3b=20 I 10 -5b=-30
Solve the following equations.

a 3a+17=28 b 4p+6=37
c 9y +15=2820 d 17+3x=88
e Sm—13=42 f 11x-8=52
g 17=3y-3 h 28=7m-14
i 15-4b=3 i 10-2a=1
I 10m-4=8 m7=17+7a
o 15-6a=-10 p 3a+5=-10
r 12a-36=42 s 23-14x=02

Solve the following equations. (Answers are all integers.)

4x-5=3x—4
4x+3=x—-06
3x—-9=x-1
4q +5 =3q
p—-4=2p+ 14
3m—-12=6m -6
5x —4=8x+ 20
8t—-9=3t-9
9-3b=b+1
7g-12=20-¢
8y — 12 =4y

5x — 20 =3x+ 30

SScwoo3*~—wm@OONSD

b 4a+3=5a+4
4x=3x+2
55+ 1=x-11
Tm—1=4m+ 17
2Xx+5=4x-5
a—4=3a+10
7b+9=b-9
3r+7=r+9
7z=10z-6
3x+9=14-2x
4a+10=5-a
12-3d=2d-3

St ~h O

X < =+ ~7| 3 ——

Check your dnswerg by substituting
info the original equation.

3a+15=4

44 + 6a = 10
2:5x+7=10
15+ 0:9a =177

+ 0 S5 X

Collect the pronumerdls on
the side where most are found.
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[ Substitute the given solution to see if it is correct.

a 5x+3=7x-3 b 3y—-7=5y+3 c 7a+4=2a-6
x=3 y=5 a=-2

d 9p+1=10p-3 e 12a-8=10a+2 f m-8=2m+3
p=4 a=>5 m=-5

g 3x—1=x-5 h 4¢+2=16-3g i 7x+1=3x-3
x=-2 g=2 x=-1

i 4x+9=5x k Oh—4=10+1 | 15y —5=11y—11

A Solve these equations.

a 6a+3=2a-5 b 5m+3=2m+10 C 4x—-5=2-x

d 3y+6=5-2y e 8+5t=3t-2 f 6x=2x-20

g 12x-9=x+1 h 10-3d=2d+5 i 9t=3t+5

j 5m-3=9 k 2x—-3+4x=5-x Il 4y=2y-9+7y

m4a+9=2a—-4 n 12=5-6b o 18-5s=4s+27

p 2l +4x=3x-5-x q 21-7¢g=3-¢ r 32+%x=20—x
%x—Szl—%x t 5-8y=2y+5 u 12+4d=5-3d

technolog,,
P hcnho,,‘_
6:01 Flowcharts

Activitie®

6:02 | Equations with Grouping Symbols

,&Qéfz Rewrite these expressions without grouping symbols.
Y

1 7(x+4) 2 2(a-3) 3 5a+9) 4 6Q2p-T7) 5 —3(x—4)
Solve these one-step equations.
02 " 6 x+9=4 7 x—8=-2 8 3p=-27 9 10p=5 10 6+x=-1

If you remember how to ‘expand’ grouping symbols, these equations are no harder than the ones
you have already seen. Look at these worked examples.

worked examples

1 Expand the grouping symbols and then solve the equation.

a 2(x+3)=8 b 5a-3)=3 c 32m-4)=4m-6
2x+6=8 5a—15=3 om—12=4m—-=6
-6 -6 +15 +15 —4m —4m
2x=2 5a=18 2m—-12=-6
+2 +2 +5 +5 +12 +12
Sox=1 .'.a=%8 or3§ 2m=06
=2 =2
m=3

14O INTERNATIONAL MATHEMATICS 4.



2 Expand each set of grouping symbols
and then solve the equations.
a 3a+7)=4@@-2) b 3x+4)+2(x+5)=4

Just fake it
ohe step atf a Tfime.

3a+21=4a-8 3x+ 12 +2x+10=4
-3a —3a Collect like terms.
21=a-8 5x+22=4
+8 +38 -22 =22
29=a 5x=-18
L a=29 +5 =+ 53
x=—3§
Exercise 6:02
Equations with grouping symbols
1 Expand these grouping symbols.
I Expand the grouping symbols and then X 20515’; J:hile equ;’t;(]i‘ “ €9y +3)
solve each equation. (Answers are all integers.) a2(a+3)=8 b5m-1=10 c7@n+1)=21
a 4(x+1)=20 b 8(a-3)=56
c 6(y—-3)=18 d 3Q2x+1)=21 e 53-4m)=75
f 72b+3)=12b-9 g a+1=3(5-2a) h 9Q2x+3)=3(7x-1)
i 14+4Q2x-1)=2Gx-2) j 30x-2)+2(5x—-2)=5x+10
[} Solve each equation using the worked examples as a guide.
a 4(x-3)=5(x+1) b 7(a+5)=35-a) c 656—-y)=3(y+1)
d 4¢-1)=2(t+3) e 32x-1)=7(x-5) f 7(x+1)=202x-3)
g 9x—-5)=43x-1)+9 h 2(4m-3)=5m+52m+1) i 4Qa+7)+3a-6=0
j 3t+2(6-5t)—-4=9-10t k 52a-1)+3Qa-1)=10 | 3(5-3y)+12(y+5)=90
m 4Ga-1)+2(5a+6)=10 n 6(5-3n)+5CBn+1)=5 o 22y-9)+(y+8) =5
p 5x+5(x+5)—-9=0 q 71-2)+5t—-8)+5=0 r 4@ +30)+3Q-a)=7
[} Solve each equation. Use Worked Example 2(b) as a guide.
a 3a+2)+a+5=15 b 5s(m—-1)+2m=2 ¢ 2(m+3)+5(m+2)=23
d 3(x+2)+2(x-3)=10 e 5p+D+2(p+4)=20 f 4t-2)+2(t+5) =14
g 4Qa+3)+2(a-5)=22 h 2Q2m+3)+3(m-5)=5 i 5(a-3)+3Q2+3a)=19

] Solve these equations, but first read the warning sign!
a 3(x-2)-5x+2)=0 b 72a+3)-3(a-5)=12 92t-3)-(t+5)=2
d 5@y-5)-6(1-y)=11 e 4(6-3b)-2(7b-1)=26 9Bq+7) -6(2q+5) =14
g 2C8w+1) -3 -4w) =4Q2w +3) h 17-6(2x-5) =17
i L3 -200-D=7 | 2@x-9)- ;6x-9)=15

B Try solving these equations, but first read the warning sign!

(g}

-

Warning!
a 3(a+2)—2(a+1)=6 b 5(m+3)-4(m+2)=10 Remember how to expand
c 5(n+4)-3(n-2)=30 d 6(a+2)—-4(a-1)=20 with a negative term:
e 4(a+3)—(a+2)=13 f 24(p+5 -(p+38) =11 2(x+4)=-2x-8

or
—3(a-1)=-3a+3
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Investigation 6:02 | Solving equations using a spreadsheet

A spreadsheet such as Excel can be used to solve equations using the ‘formula bar’. To solve an
equation such as 2x + 5 =11 we need to enter the numbers into the appropriate ‘cells’ and tell
the spreadsheet how to arrive at the answer for x.

e The equation 2x+5 =11
is of the form ax+ b =c.

¢ Enter the letters a, x,
b and c in the first roy—>
as shown. These will

act as headings.

B2

v

fx

=(D2-C2)/A2 <—

A

C

D

11

W=

4

e The numbers 2, 5 and 11 are then placed in cells A2, C2 and D2.

e To solve 2x+5 =11 we would need to complete these steps:

e Matching the ‘cells’ with these numbers we would have:

2x+5=11
2x=11-5
‘= 11-5
2
X_DZ—C2
A2
e In cell B2 we type
‘=(D2 - C2)/A2".

This also shows in the
formula bar.

e When we press ENTER the answer 3 —|

appears in cell B2.

We can now change any of the values for a, b or ¢ and the value for x, ie the answer will

automatically change.

Try entering other values including negative numbers and decimals.
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6203 | Equations with Fractions (1)

@ Remove the fractions by multiplying by the denominator of the fraction. >

worked examples

Find the value of the pronumeral in each of the following equations.

a x—7 2-3x
3-2=2 el =5
! 5 2 3 3 T3
Solutions
a X — 2-3x
——:2 _— = =
1 3 5 2 3 5 3 7
X5 X5 X3 X3 X4 x4
a F(x-7) A(2-3x)
5/3—=|=2X%X5 — < =5X%X3 — 2 =5X%X4
( 5) ¥ %
15—%“:10 x-7=15 2-3x=20
15-a=10 Sox=22 —3x=18
—a:—S .'.X:_6
s.a=>5

Can you think of an alternative way of solving example 1?

1 Make sure you multiply both sides of the equation by the same number.
2 Make sure you remove the parentheses correctly.
43+2)=4%x3+4x2

S0
4(x+2)=4xXx+4x2
=4x+8
Exercise 6'03
¢ Equations with fractions (1)
1 Solve:
Il Solve the following equations. 3 az=2 bf=-2 2—3"-“ =6
a %1+3=6 b 9—%‘:12 2 Simplify:
. as5x @ b 6(2 - 3)
t
s=L_1 d5=3-:
c 2 3X
3p S5m
e == =9 f —H = =
5 7
3y—-4 3+5b _
g 5 e h 2 & The denomihator is
6x—5 2 the bottom number
[ 7 = -1 ] E(Zq -1) =6 of a fraction.
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Check to see if the given solution is correct or incorrect.

3+=-=5
a +2
a=-1
4m -6
d =7
5
m=10%

t
b 9—=- =7

3
t=6

6 —5x
=18

¢ 73

x=0

C 7 =8
c=
2+ 5y
f ——= =9
g 1
y =4z

In each of the following, check to see if the solution is correct or incorrect. If it is incorrect,
write down the letter of the first incorrect line.

2*_1=7
5
3k
5| —-1]=7x%x5
(5-)
Bk 1235
5
3k-1=35
3k=36
k=12

Solve these equations which have variables on both sides.

37m—4=m

d+5

T4 4 INTERNATIONAL MATHEMATICS 4

mgo 0 ©@

b

b 2x+1=

3 5 C ) =9
3(2x+1):5 A 2(5x—7)=9><2 A
3 2
2x+1=5 5x—7=18 B
2x=4 C 5x =25 C
x=2 D x=5 D
37)(+1 = 2x c q-3 =
Remember:
2p+7 _ _6t-1
—'—3—'— = 2p—3 f 2t—5 = ——9'—— %(2y+3)
1 _2y+3
Z(3x—11) = 2x+1 3
7-9y
l-y = —==
7 6



6:04 | Equations with Fractions (2)

What are the first three multiples of: QP g, .

1 2? 2 52 b

What is the lowest common multiple of:

3 2and 62 4 3,4and5? 5 xand 3x? 6104
Simplify:

a 3x 32x+1) 4(2x-1) (Zx—l)
6 5><5 7 10><2 8 — 9 - 10 5X3 5

In the last set, the equations only had a single denominator. The equations in this set have more
than one denominator. To simplify these equations we must multiply by the lowest common
multiple of all the denominators. (Or, in other words, we must multiply by some number that
will cancel out every denominator.)

worked examples

Solve:
3x X a 3a-1 m+2 m-5
2X_X_ 4 1= + =2 _ 6
5 3 25 7t 3 73 3
Solutions
» XX 2 dop=30liy
5 4 5 2
Multiply both sides by 20. o a _3a-1 5
20(%"—’3{‘)=1><20 5 2
Multiply both sides by 10.
. 60x_20x_20 5 s
5 T T T . Wa 10 (3a-1)
R = + 50
S 12x—5x=20 3, 2,
7X=22% ~2a=5Ba-1) +50
x=7 s 2a=15a-5+50
. s o —13a=45
..X=2_—] . 45

m+2 m-5 _ 6
3 - 4 - LS. a:_?)%
Multiply both sides by 12.
.-.12(’"*2—”‘—‘5) —6x12
3 4
S4m+2)-3(m=5)=72
SL4Am+8-3m+15=72
m+23=72
. m=49
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Exercise 6:04

Equations with fractions (2)

1 Simplify:
[l Solve the following equations. All solutions are integers. a5x [Za + 1} b 6x [47"— 1}
You should check all solutions by substituting your - >
q q g 2 Simplify:
solution into the equation. a6x[’5+’f} blZX[)—(—i—g—)—c—i—%J
X, X _ 5 b P+P g 2 3 4
2 3 6 2
m_ m _ y y _ m m _
my™ =20 d -2 =3 m_nog
©37% 2% €375
3k k 5x  4x
A ] 2245214 h 242X =37
375 & 373 375
. 3p.,p x 2x 5Sm m
PP X X-3 Kk 22T -7y
273 1375 6 4
2a m _ m 3p P
| 4a-=2 = 18 n-n 2P_4=P_g
3 mTT3 " 10 2
X X 2x b+4 _b+10
0 =+—==+4 p — =
2 10 5 2 3
m+6 _ 2m+4 ; k-1 _ k-5
13 4 3 2
B Solve:
. X+3) (x+5) _ g b oat) (a+1) _ g
2 5 3 4
p=3.p=-2 _ d 2b—-3 1+3b _
e 7 —t 5 6
e 223,P%%_ fo1-p=bto
2 3 10
1 1 T 2(a+1) 3(1+a) _
g §(X+2) 5(2)( 1)—5 h 3 — 7 =a

2a+43 a-2 _a-1
2 3 4
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Challenge 6:04 | Equations with pronumerals in the denominator \ ¥
Some equations may have pronumerals in the denominators. Examine the following examples
and then attempt the following questions. 6:04
Examples
Solve each equation:
3 _ a_ _
1 5 +1 =4 2 3" 4
X 2b x 2b X(a-3) x(a-3)
3 a
“2bl=+1)=4%x2b = -
(2b ) la—37 x =~ 4 x (a—3)
6b sLa=4a-12
“~ —+2b =8b
2b So—3a=-12
- 3+2b=8b L a=4
. 3=06b
_1
T2
3 2
3 —_—

x+1 x+4
Multiply both sides by (x + 1)(x + 4)
Remove the fraction by
3et)(x+4) _ 20x+ )(x+47 multiplying by the denominator
(eAT) (xeA4) of the fraction.
L3k +4) =2(x+ 1)
S 3x+12=2x+2
Lx+12=2
Sox=-10

1 Solve the following equations.

2 =5 b 2 =18 c = =4 d 2+1=12
pe a 2x p
4 3 1 1
F_4=3 f 5+2 =2 10-1 =3 h - =4
€ 3a X g p x-3
2 4 a X
. S S| k 1=6 1 20- -
s © ) 337 Ja+l 0 O-5—1 =
2 Solve:
1 1 9 3 2 5 3
—_— = - —_— = = e — R — = 2
3 351 P itnTi c % 3-8 9w 10
301 1 2 4 1 o
2t g 5 2(-+2)_5—- v L h -
€ a a-2 a a g X 2x e 2x+7 e
2b-5 301 5 o 1
= - = — 4+ =4 = k -3=1 | —-1 =
b3 70 b oata™ %3 Tt s 3

CHAPTER 6 EQUATIONS, INEQUATIONS AND FORMULAE 1 47



6!05 | Solving Problems Using Equations

& Quiz | What is the sum of:
Q

1 3and 4? 2 xand 3? 3 xandy?
What is the product of:
6:05 4 3and 4? 5 xand 3? 6 xandy?

7 I have $50. I spend $x. How much do I have left?

8 There are x books and each one costs $5. What is the total cost of the books?

9 There are x cars with y people in each car. How many people are there altogether?
10 A man is x years old. How old will he be in 5 years time?

Consider the following simple problem.
‘I think of a number. If T add 7 to the number the result is 22. What is the number?’

* This problem can be solved by forming an equation. If the missing number is represented by the
pronumeral x, then the equation x + 7 = 22 represents the information given in the problem.
Solving the equation then yields the answer to the original problem.

worked examples

Translate the following into number sentences.
In all cases use the X’ to represent the unknown number.

. ) We often use X’
1 I multiply a number by 2 and the result is 50. to represent an

2 IfIadd 6 to a number the answer is 11. TG TRTTTTINEE.

3 I subtract a number from 6 and the answer is 2.

4 A certain number is multiplied by 3 then 6 is
added and the result is 17.

Solutions
1 I multiply a number by 2 and the result is 50.

. g Ll
2 XX =50

The equation is 2x = 50.

‘is” medns

2 IfIadd 6 to a number the answer is 11.

. g VNS
6+x =11

The equation is 6 + x=11.

3 I subtract a number from 6 and the answer is 2
. - !
6—x =2

The equation is 6 —x = 2.
4 A certain number is multiplied by 3, then 6 is added and the result is 17.

- , \L\L
XxX3 +6 =17

The equation is 3x+ 6 =17.
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To use equations to solve problems we must be able to analyse
a written problem, translate it into an equation and then solve it.

Draw a
diagram.

Approach
¢ Read the problem carefully, examining the wording of the question.
¢ Establish what is to be found and what information is given.
e Ask yourself whether any other information can be assumed,
eg that a pack of cards mentioned is a standard pack. 3x
e Try to connect the given information to form an
equation. This will often require a knowledge of
a formula or the meaning of mathematical terms. 3x

worked examples

Example 1
A rectangle is three times longer than it is wide. If it has 3¢
a perimeter of 192 m, what are its dimensions?

Solution 1 x x
Let the width be x metres.
. The length = 3 X x metres
= 3x metres
Now perimeter means the sum of the lengths of the sides
(or the distance around the outside of the figure).
So3x+x+3x+x=192
o 8x=192
Sox=24
. The width =24 m
and the length =3 X 24m
=72m

3x

In the first line of each
solution, indicate what the
pronumeral represents.

Example 2

My father was 28 years old when I was born.

If he is now three times as old as I am, what are
our present ages?

Solution 2

Let my present age be x years.

. My father’s present age is 3 X x years.

When I was born my father was 28.

.. The difference in our ages is 28 years.

.. Father’s age — my age always equals 28 years.

It he wag 28 yeadrs older than me
when [ wag bornh, then he’ll always
be 28 years older than me, won't he?

S 3x—x=28
2x =28
x=14

- Tam 14 years old and my father is 42 years old (ie 3 x 14 years).

Example 3

Car A left London for Manchester at 6:00 am and travelled at an average speed of 80 km/h.
At 7:30 am car B left London for Manchester. If car B travels at an average speed of 100 km/h,
at what time will it catch car A? continued =»=»=»
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Solution 3
Car B will catch car A when both have travelled the same distance
and distance travelled = average speed X time.

Now let car B catch up to car A thours after car B starts.
. Car B has been travelling for t hours.
. Car A has been travelling for (t + 1 %) hours (since it started at 6 am).
.. Distance travelled by car A Distance travelled by car B
=80 x (t+13) =100 %t
< 80(t+13) =100t

. 80t + 80 x 1% =100t

o120 =20t
L t=6
.. Car B catches car A 6 hours after it starts, ie at 1:30 am.

CARA

Speed = 8okm/h

Starts at 6:00 am

Travels for (t+11) hours
Distance travelled =80o(t +11)

CAR B

Speed =100 km/h

Starts at 7:30 am

Travels for t hours
Distance travelled = 100t

Foundation Worksheet 6:05

Solving problems using equations
1 Write equations for:

] Translate the following sentences into a the sum of @ and 5 equals 8
X . C, b the product of 7 and x equals 42.
equations, using the pronumeral X to 2 Write equations for the following
represent the unknown number. andl spllie.
. . a If I subtract 9 from 3 times
Then solve the equation to find the 2 number the result is 27.

value of the unknown number.

9 subtract 3 a If 5is added to a number the answer is 22.

(eorim A @eriaim b If T subtract 3 from a certain number the result is 10.

number’ translates ¢ I multiply a number by 8 and the result is 32.

to x—3. d Dividing a certain number by 8 gives an answer of 7.

ST (A ——— e A number is multiplied by 2, then 6 is added and the result is 14.

number from 3’ f Three times a certain number is added to 5 and the result is 20.

iermalEies i@ 3 = 5. g A certain number is multiplied by 5, then 8 is subtracted and the
result is 22.

ﬁllzosjr;jaj}nf; h 1If 5 is added to a certain number and the result is multiplied by 4
the answer is 56.

i When 5 is subtracted from half of a number the result is 3.

T50 | INTERNATIONAL MATHEMATICS 4



[} For each of the following problems form an equation and then solve it.
a [ think of a number, double it, add 3 and the result is 33. What is the number?

The result
is 3%

Kehn ((2x+3:33?

b I think of a number and multiply it by 4. If I then subtract 3, the answer is 25.
Find the number.
¢ I think of a number, add 3 and then double that result. If the answer is 22, find the number.
d I think of a number. After dividing it by 4 and subtracting 7 the result is 1.
What is the number?
e I think of a number. If T add 4 and then divide by 3 the result is 8. Find the number.

[EF] Solve each of the following problems by first forming an equation.
a If 5is added to 3 times a certain number the result is 38. What is the number?
b If I subtract 6 from 5 times a certain number the result is 29. What is the number?
c If 5 is subtracted from a certain number and that result is then halved, the answer is 6.
What is the number?
d A number is doubled and then 5 is added. When this is divided by 3 the result is 7.
What is the number?

B} 2 My father is three times as old as I am. If he is 26 years older than I, what are our ages?

b Two men have $560 between them. If one man has six times as much money as the other,
how much has each man?

¢ Jalena has $7 less than Mina. Together they have $43. How much does each girl have?

d Prizemoney of $500 is divided between Alex and Zarko so that Alex receives $170 more
than Zarko. How much does each receive?

e If a father is five times as old as his son at present, how old is he if he was 32 years old
when his son was born?

Do you remember how
to uge the speed
triangle?

H a In a class of 32 students, it is known that there are
6 more boys than girls. How many girls are there
in the class?

b A rectangle is 6 cm longer than it is wide. Find its
dimensions if its perimeter is 64 cm.

c If a quarter of the weight of a leg of lamb is lost in
roasting, what weight of lamb should be bought
in order to have 3 kg of roasted meat?

d A town B is between towns A and C. B is five times
as far from C as it is from A. The distance from
A to Cis 144 km. How far is it from A to B?
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Six kilograms of an inferior tea is mixed with 3 kilograms of tea that costs $2 a kilogram
more. The total price of the mixture is $24.

What was the price of the inferior tea?

Two bike riders X and Y both start at 2 pm riding towards each other from 40 km apart.

X rides at 30 km/h, Y at 20 km/h. If they meet after t hours, find when and where they meet.
A man is twice as old as his son. If 9 years ago the sum of their ages was 66 years, find their
present ages.

A man notices that a tank is half full. After emptying 600 litres from the tank, he observes
that it is now one-third full. How much does the tank hold when it is full?

Franco is 25 years older than Alejandro and,
in 5 years, he will be twice as old as Alejandro.
Find their present ages.

A bank teller notices that he has 50 coins all
of which are 5¢ or 10c pieces. He finds that
the value of the coins is $4.20. How many of
each must he have?

A tennis player has won 36 out of 54 matches.
His sponsor says that he must win 60% of his
total number of matches to qualify for a bonus.
If there are 26 matches remaining on the

tour, how many more must he win to collect
his bonus?

One tank holds 300 litres more than another.
If the smaller is two-thirds full, it holds as
much as the larger when it is half full. What . 0 ey — km/h1
is the capacity of each? ’ A ’ B ’
A certain journey took 40 min to complete.

I'm hot ag old ag

If half the distance was travelled at an average dime e
speed of 100 km/h and the other half at an forA forB
average speed of 60 km/h, what was the 40 min = % h

length of the journey?

Pump A delivers water at twice the rate of pump B. If both pumps operate together, a tank
of 18000 litres capacity can be filled in 30 minutes. Find the pumping rate of each pump,
in litres per minute.

A car travels between A and B at an average speed of 60 km/h. If the car increased its
average speed to 100 km/h it would take 10 minutes less to make the trip. How far is it
between the towns?

Car A is travelling along a freeway at 100 km/h when it is passed by car B. If both cars
maintain a constant speed and the end of the freeway is 10 km away, find the speed at
which car B must travel to beat car A to the end of the freeway by 1 minute.

A sum of money is divided between A, B and C in the ratio 1:2:3. However, before the
money is divided C dies and it is decided to divide his share between A and B in the

ratio 1:3. If After C’s share is divided B has $2000 more than A, how much money was
there altogether?

Rectangles A and B are both four times as long as they are wide and the length of
rectangle A is three times the length of rectangle B. If the difference in the perimeters

is 16 cm, find the dimensions of each rectangle.
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6:06 | Inequations

An inequation is a number sentence where the ‘equals’ sign has been replaced by an inequality sign.
The most common inequality signs are:

=> < = =

‘is greater than’ ‘is less than’ ‘is greater than or equal to’ ‘is less than or equal to’

Inequations, unlike equations, usually have more than one solution. For instance:

e the equation x + 6 = 10 has one solution, namely x = 4.

¢ the inequation x + 6 > 10 has an infinite number of solutions. The numbers 4% ,8,9:5, 30 are
some solutions. The full set of solutions is written as x > 4.

The solutions of inequations are often graphed on a number line.

worked examples

1 2-1012 3 4 2 210123 4
This shows the solution x = 2. This shows the solution x = 2.

3 210123 4
This shows the solution x < 2.

A
4 2101 2 3 4 ‘2’ is hot included
This shows the solution x < 2. in the solution set.

‘2’ is included in
the solution set.

5 -2-101 2 3 4
This shows the solution x > 2.

WSt
Investigation 6:06 | Solutions to inequations 3
x — 1 > 3 is an inequation because it has an inequality sign rather than an equal sign.
Complete the table below to investigate some solutions to this inequation. 6:06
x= x—1= x—1>3?

4 3 No

5 4 Yes

6

7

8

9

This would suggest that x could take any value bigger than or equal to 5. Can you find any
values between 4 and 5 that also satisfy this inequation?
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Try to write an expression that includes all the solutions to this inequation. Do the same with
the inequation x + 3 < 5 with the following values of x.

5= x+3 x+3<5?

By examining values of x close to your last ‘No’ answer, try to write an expression that includes
all the solutions to this inequation.

Try to work out a method for the solution of these inequations using algebra, rather than trial
and error. Explain your method in full using examples.

Does your new method work for the following inequations? Prove this by substitution:
2x<8,2x+3211,5+3x <14

Now fully investigate solutions to the following inequations in the same way. Outline the
algebraic steps you are taking to solve each inequation, the answers you get and whether or
not they satisfy the inequation.

5-x<3,5-x>3,3-2x=13

Write down any patterns you notice in the answers when the coefficient of x is negative. Try to
work out a method for the solution of inequations in which the coefficient of x is a negative.

Then you're
still Taller
than John!

f | wag taller than
John last year. . .

.. .dnd we both
grew < Cm.

From the investigation, you should have noticed that solving inequations is
exactly the same as solving equations except that if you need to multiply
(or divide) by a negative the inequality sign needs to be reversed.

When multiplying or dividing an inequation by a negative
numeral, the inequality sign must be reversed to obtain an
equivalent inequality.

the game ag
x = =1
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Solve the following inequations.

1 2x—-3>7
4 3—-4+2t)>5

Solutions
1 2x—-3 > 7
+3 +3
so2x > 10
=2 =2
x> 5

4 3-(M4+21)
3—-4-2t
-1-2t
+1

> 5
> 5
> 5
+1
=2t > 6
+(=2) +(=2)
(reverse sign)
t <=3

Exercise 6:06

2

[l Solve the following inequations.

a 4x-1<7

c 6+5a>21
e 12+5q<2

h =4 <5

b

d
f

1 Solve the following inequations.

a 3at+7<a-2

d 7<3y+13

g 3t—-8=5t+2

j 3Q2x+5)+x>-6

b
e
h

worked examples

+2=<7 3
Yy
2 +2 <7
5 3
-2 -2
Y <5
5
X 5 X 5
Sy
-1<xis
the game dg
x = -1
3y+5=3
t
- <14
7
8>2n-5 g
3y
= >15
5 )
2x+8=5x-2 C

5(x—3)—-202x+1) <5 f

19>7-3(n+2) i

[F] Find the solution to each of the following inequations.

a — <1

d 2 W <5

b

8—-a
— =2
5 (o}
6-Y>9 f
b
3<4 - -
6 1
3 -5x
=— I
7 3
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7—3a =28

7—3a =28
-7 =7
—3a =21

+(=3) =+(=3)

(reverse sign)

a =s-7

Foundation Worksheet 6:06

Solving inequations

1 Show on a number line:
ax>3 bx=<2

2 Solve:
ax+3>5 bm-2<6 cn+7<4

@z =l

5m—-—8=3m

q-9

3 <

3(5-2b) >27
16 -3(m—-6)>1
6—-(x+1)=<-3

%—6>1
22 <3
z<6—§




] Solve the following inequations and sketch a graph

of the result.
a 3m>21
c 12m<24
e 15>4x

g =<5

WiR

> Tho o

op < 42
S5y =42 Draw only the
—20< 10x part of the line
that you nheed.
Yy b
=~ >0
2
X
= <-10
5
X
_4 <L =
3

B Solve the following inequations and sketch a graph

of the result.
a —3m<24
—5p < 20
15 < —6x
—-x>4

5= —x

- ga ® N

1
——-—x>1
5

~

o —=>3

A Solve:

2x+5>11
2p+1=7
4+5p =10
3x—-8=<+4
4y-3<2
3<2x-1
2(x+3)< 14
32x—-5) =<6
q 4<22m-3)

og:r-'crqmnm

Solve:
5-3m>11
12 <6—4x
2-m=-4
9—-4p<7
34-y)>15
23-5y) <=4
4=3(1-2x)
3(1-2x) >2

|

OgT"UQ('DﬁN
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—

> tha o

——

> tho o

——

Remember: Change
<’ to >’ or vice

—4x> 16

versa, if you mulfiply
or divide by a negative.

4m+3<19
10+3p=7
13+2x<6
5p—1=9
12>5x-3
3=8x-9
3(m+2)>15
4(x-3)=5
25p—4) > 22

Get them out
Just like equations!

10-2y< 14
10—-x=<12
17-2m =<1
2(1-x)<6
3(4-2x) =18
23-2p)>8
2(5—-2a) <-5



E] Find the solution of each of the following inequations.

a 5x+6>x+18 b 3x-5<x+6 m+3=2m-7

d 3-a<5-2a e 12-b=2b+21 3(m +4) < 2(m + 6)

g ’-2‘+1<6 h §—1>4 i 3TX—5>1

i 5—%X<6 k J~[—’-;-—1<2 | 2p2+3>7

m 4%x>1 n )—2(+§>5 o %+g<6
3b—%7<5 q ’E‘—%"q r %—3y>4
1_3701>_3 t 1_32X<6 u 1—43x<2(13—x)

E] Write an inequation for each of the following problems, then solve it.

a Three times a number is always smaller than eight. What could the number be?

b Four less than twice a number is greater than nine. What values could the number take?

¢ When four times a number is subtracted from one hundred the answer must be less than
twenty five. What is the smallest integer that satisfies this condition?

d Donella has scored 94 points in the last six basketball games. If she earns two points per
basket, how many baskets must she shoot in the next six games for her average points
per game to be greater than 16?2

e Jacky sells ice creams at the football. If she gets 25 cents for each ice cream she sells, how
many must she sell to have at least $20, after she has given her brother Aaron the $5.40 she
owed him?

eading
. . . %
Reading mathematics 6:06 | Read carefully (and think)! brcsl &
Answer each problem below. : 4&?
1 Which weighs more: 3 kg of lead or 3 kg of feathers? Be careful, 6:06

2 A company has 5943 employees. All but 742 of them
attended the company picnic. How many did not attend?

3 There are 27 students in Mr Han’s class, of which 18 were boys.
How many were not girls?

4 Mrs Glumicic left for work at 7:45 am, half an hour earlier
than normal. She arrived at work at 6:25 am, worked for
8 hours and then went home. The trip home took
10 minutes longer than the trip to work. What time did
Mrs Glumicic usually leave for work in the morning.
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6:07 | Formulae: Evaluating the Subject

Formulae are special equations that represent
relationships between quantities. For example
A =L X Wis a formula that represents the
relationship between the area of a rectangle
and its length and width.

A formula has more than one variable. To find the
value of one variable, you must know the value of
all the others in the formula.

worked examples

1 Given that v=u+at find vwhenu=6,a=10and t = 5.

2 IfA = l-;—v,findAifw=9andl=5.

The ‘subject”’ of
a formula is the
pronumeral by
itself, on the left—
hand side.

3 Given that d = +/h?+ 2rh, find d when h = 0.00175 and r = 6400.

4 V= gﬂﬁ , find V when r = 6 (use the 7 value from your calculator).

Solutions
1 u=6,a=10and t=5 2 w=9andl=5
v=u-+at A= lw
v=6+10x%5 92 S
v =56 _ 22X
A 2
a5l
A= 22i
3 h=0.00175 and r = 6400 4 Vwhenr=6
d= Jn2+2rh V= gnﬁ
d = A/(0.00175)2 + 2 x 6400 x 0.00175 4
d =4.73 (correct to 2 decimal places) V= 3 XX 63

V =904.78 (correct to 2 decimal places)

Remember:

¢ Replace the pronumerals
with the given numerals.
e To find the value of one
of the pronumerals you
must be given the value of
every other pronumeral.

1 58 INTERNATIONAL MATHEMATICS 4



Exercise 6:07

Formulae
1 Find the value of:
asm,ifm=7

2
X
O - If:}-c-l,evaluatey when x =12 and a = 4. IS

21fx=3,y=5,2=-2,
b T=a+ (n—-1)d. Find the value of T when a=7, d = 6 and find the )v/alue ozf:
n=736. axy bx2+z2  cxyz

n

c Given that A = P(l + FFO) , evaluate A to the nearest whole number if P = 2500, r = 0.07
and n = 10.

d If T=ar""! find the value of Tif a=-3, r=3 and n = 10.

e T= Zmﬁ. Find the value of Tif m =4.8, L=3.6 and g=0.1.
g

f Given that S = g (2a + (n — 1)d), find the value of Sifa=7,d=6 and n = 36.

If x = —b+.b?—4ac
J B 2a

h mz%.Evaluatemwhenxl=3,x2=5,y1=4andy2= 12.
3=

, evaluate x when a =2, b = -5 and ¢ = -3.

[} If the sides of a non-right angle triangle are given, the area can be calculated using the formula

A = Js(s—a)(s—b)(s—c), where a, b and ¢ are the lengths of the sides of the triangle

and s = &F b+c '
2 a
If the lengths of the sides of a triangle are 5 cm, 6 cm and 7 cm
a Find the value of s for this triangle. b
b Find the area of the triangle correct to 1 decimal place.
C
] 2 Sofia works out that the formula for the surface area,

S, of the square pyramid shown is:

S = x2+x4/4h? +x2

Use Sofia’s formula to find S when x =6 and h = 12.
b Heron’s formula states that the area of a triangle with sides

of lengths a, b and ¢ and semi-perimeter s is

A = Js(s—a)(s—b)(s—c) =

Find Awhena=7,b=8,c=11and s = 13.

¢ Giventhat M= X-Y)(X?2+ XY+ Y?) and N= (X + Y)(X2 — XY + Y?) find M and N when
X=8and Y=-3.

d GivenS=(X+ Y+ 2)*-3(XY + XZ + YZ)3 + (XYZ)2 find S when X=-3,Y=—4and Z=5.

« Formulae are used in many
occupations when solving
everyday problems.
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6:08 | Formulae: Equations Arising
from Substitution

Consider some of the formulae from the previous section:

v=u-+at d= Jh2+2rh A=P(1+L) T=2mJ1

100 g

The variable that is on the left-hand side of each of these formulae (on the own side of the equals
sign) is called the subject of the formula. In the exercises so far, you have been asked to evaluate
the subject of the formula.

Often the value of the subject is known and one of the other variables has to be evaluated. To do
this, the known values are substituted which results in an equation that has to be solved.

worked examples

1 Given that v=u + at, evaluate a, when v=48, u=16 and t = 4.
2 S= g(a+l). Find the value of aif S=144, n=12 and | = 2.

3 UT= Zmﬁ,find the value of 1 if T=72, m=3 and g = 10.

Solutions 2 )
emember:
1 v=48u=16and =4 Substitute then Caution!
v=u+tat solve the Equation
48=16+4a equation. solving ability
32=4a heeded here.
~a=8

2 S=144,n=12and =2

S=5%(a+D)
144=2(a+2)
144 = 6(a +2)
144 = 6a + 12
132 = 6a
La=22

3 T=72,m=3and g=10

T=2mA/i
g
I
2=2 —
7 ><3A/;)
1
mﬁ)

I
144 = 75

o 1=1440
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Exercise 6:08

Ifu=v—at, find:

a vwhenu=16,a=3,t=5 b awhenu=24,v=3,t=7

¢ vwhenu=8,a=5,t=2 d twhenu=0,v=6,a=3

e awhenu=-10,v=-6,t=8 f twhenu=6,v=15a=-
h .

If A= i(a+b),flnd:

a hwhenA=36,a=2,b=4 b hwhenA=48a=9,t=6

¢ awhenA=9 h=6,b=3 d awhenA=21h=5b=6

e bwhenA=60h=8 a=8 f bwhenA=49 h=7a=9
mv? .

IfF=T,f1nd:

a mwhenF=20,v=2,r=5 b mwhenF=35v=5r=8

¢ rwhenF=50,m=10,v=15 d rwhenF=10,m=3,v=7

e vwhenF=18 m=9,r=8 f vwhenF=32 m=8,r=9

a If V=IR, find the value of R when V=30and I=7

gmym, A T _ _ _
s— , find the value of g if F =60, m; =12, my;=8 and r=4
;

c S= li.FindAWhenS=8and r=0.5.

b IfF=

d v= /31\131 Find the value of Tif V=4, R=2 and M =5.
e Given that F=32 + gC, evaluate C if F = 95.

1 1

a Given that 5= + o evaluate B when A=3 and C =5.
b m=22"21 Evaluate x, if m=2,y,=6,y, =4 and x, = 2.

¢ Ifx?+y?=r? find the value of xif y =15 and r = 17.
d E=mgh+ %mvz. Evaluate m if E=336, ¢g=10,h=4and v=2

e Given that A= P(l + 1—60) , find the value of P if A =3993, r =10 and n = 3.

a Given that d= A/)\Cigy , find A given that d=12,B=3,x=9 and y = 2.

b IfX= i ,evaluateKWhenX—Zz,x 2 and y=4.

c D—H Find the value of nif T=6-1,a=1-6 and D =0.3.

d Given that R= ﬁ ,evaluate Hif R=7-2, S=600, 1 =3-14 and L = 10-6.
e y=3li Find the value of x when y =0-8.
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Q

Q;: quiz

6:09

6:09 | Solving Literal Equations (1)

Complete the following:

1 x+25=93 2 x+a=b
Sox=93-7? “x=b-2?

4 X—m=n 5 5x =170
SLX=n+? x=70+"7?
X X

7 5—3 8 ;1—1’1
SLox=3X%X? X=nx?

A formula such as A = Ib is written
with A as its subject. This means

that we can quite easily calculate A

if we know the values of I and b.
Sometimes, however, we need to
rearrange the formula so that one

of the other pronumerals is the subject.
To do this, the same procedures as

for solving equations are used.

In the examples, compare the solving
of each equation with the changing
of the subject of the formula to x,

on the right.

3 x—27=53
SLx=53+7?
6 ax=Dhb
Lx=b+?
Solve:
9 2a+15=17

10 3(x-5)=10

Remember:
“+ is the opposite of
‘— is the opposite of +
X’ is the opposite of
‘+” is the opposite of X

Another name for a formula
is a ‘literal equation’.

worked examples

1 Solve for x. 2
a 3x+1=13 —1 both sides
3x=12 +3 both sides
x=4
b 5-2x=1 +2x both sides
5=1+2x -1 both sides
4 =2x +2 both sides
2=x
iex=2

Make x the subject.

a ax+b=c —b both sides

ax=c—b +a both sides
_c-b
a
b m-nx=p +nx both sides
m=p+nx  —p both sides
m-—p=nx +n both sides
m-p _.
n
jex="-P
n

Note:

Another way of saying ‘make x the subject of this formula’ is: ‘solve this literal equation for x’.
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c 3x+2)=5 Expand c alx+b)=c Expand

3x+6=5 —6 both sides ax+ab=c —ab both sides
3x=-1 +3 both sides ax=c—ab +a both sides
v -1 vz = ab
3 a

3 Each formula below has had its subject changed to the capital letter.
The operation done to each side is shown for each step.

a v=u+aT —u both sides b m= % (x+Y) X2 both sides
v—u=aTl +a both sides 2m=x+Y —x both sides
v-u _ T 2m—x=Y

a SLY=2m-x
L T=11
a
C t=a+ (N—-1)d Expand d a=2nr(r + H) Expand
t=a+Nd-d —a both sides a=2mrt+2nrH —2mr? both sides
t—a=Nd-d +d both sides a—2mnr* =2mrH +21r both sides
t—a+d=Nd +d both sides a-2mnr? -

t—a+d _ 2nr

T - N T 2mr?
t—a+d T 2mr
. N= 7

To change the subject of a formula (solve a literal equation):
1 Expand parentheses if applicable.
2 By using inverse operations, isolate the pronumeral required to be the subject.

Exercise 6:09

Solving literal equations
1 Make x the subject of:

[l Make x the subject of each formula. dzeasy - bAsed
2 Solve for x:

a p=x+m b m=x+np C n=pq-—x adx+m=n bIZf=y
d ax=b e 3x=y f a’>x=b+c
g b—ax=2d h ax-b=c i c—2b=ax+b
: X a X

= - k = - I —:b
)y a y o y
m a=2—5 n a—X—C o :Z_X

X b P=T7

[} After first expanding the grouping symbols, solve each literal equation for x.

a a=2x+y) b p=5t+x c y=3(x-7)
d p=qx-1 e 6a—x)=b f w=tlv—x)
g R=2rCc+2) h p=5q0x-y) i A=m(r-x)
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[F} Solve each literal equation for the pronumeral shown in the brackets.

a A=x+y [yl b P=2L+2B [L] c C=mnd [d]
d v=u+at [u] e v=u-+at [a] f E=mc [m]
_D v . | PRI
g 5=z Dl h R= V1= (P]
j P=RI? [R] k vZ=u’+2as [s] | F=ac+p [al
m P=a(m+n) [n] n x=2alp+q [pl o K= %sz [m]
2
p P=m(kv-u [ul q V= %EI [H] r V= 7.‘13_}.1 [h]
s S=mnr2+mnrh [h] t E=mgh+ %mv2 [h] u P=2ab-2ak [k]
v A=9tb @ wa=0arbh oy o R [r]
2 2 r
y T=a+®m-1d [ z S-= “(:"_‘11) la]

6:10 | Solving Literal Equations (2)

X qQuz | Solve the equations:

X x _ 3 x+2
—=3 = = = _=5 2_9
'35 2871 3 3 v
6:10 5 Jx=5 6 (x+3)2=25 7 Jx-3=2
Factorise fully:
8 3x+12 9 x2—2x 10 5a’+ 10ab

In this section the formulae may also
contain a squared term or a square root
sign, or the pronumeral to become the
subject may appear more than once.

Remember!
Jis the opposite of ( ).
( )2 is the opposite of /.

worked examples

Change the subject of the formula to the letter indicated in brackets.

1 E=mc? [c] 2 v?’=u?-2as [u] 3 r= [= [A]
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Solutions

22 .
1 E=ma + m both sides 2 vZ=u?—2as  + 2as both sides

v+ 2as = u? . both sides
= = both sid / =
oo - both sides TJv2+2as =u
=+ [E sou=+Wv2+ 2as
T TAm
12 .
n 4 a=6-—= X R both sides

Square both sides R

aR =6R - 12 — OR both sides
24 % 1 both sides dR — 6R =-12 Factorise L.H.S.
T R(a—-6) =-12 + (a — 6) both sides
nrr=A -12
T, W R= ==
.A=mr a—=6
-_A X (A + 2) both sides
g YT A2
yA+2)=A Expand L.H.S. Rerpember!
A _ . Sometimes formulae are called
y+2y=A —Ay both sides . . .
. literal equations. When literal
2y=A-Ay Factorise R.H.S. . ‘solved’ f
_ - o b eid equations are ‘solved’ for a
2y =A(1-y) # (1 - ) both sides certain pronumeral, it is the
2y _ A same as changing the subject of
l-y the formula to that pronumeral.
A= 2y
AT

If the pronumeral that is to be the subject appears in more than one term in the
formula, gather the terms together and factorise as in examples 4 and 5.

Exercise 6:10

Il Change the subject of each formula to x.

a mxt=n b a=bx? c x*—a=b d h=k-x%
x2 nx? B
—_ = 'r = = L: 2 _ 42 h A=__

e — = m - g x2—y =

[l Make a the subject of each formula.
a Jab =c b u=.3a c c=4a-b d ¢=Ja-b
e P=L+MJa f M-NJa=L g Jf3a-1=1L h P=.b-2a
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[F} Make N the subject of each formula after first multiplying each term by the lowest common

denominator.
_ 3N 3N x _N_
a== b a=1L 5 € 3=5 1
N M N+a -1 M+1
d L=12+% e x= M Foxs N1 M
N+u _m+u h N-a L+b
& 37773 b a
B} Solve each literal equation for x.
a a+x=b-x b ax=px+gq c x+a=ax+b
d m—nx=n-mx e px*=qx*+2 f L=Ax+ ({1 +B)x
id=g h a=—2>- i =X
g 573 Y =355
j m=x+3 k A=a+bx | p=Xta
1+x 1+x x—a
[ Solve each equation for the letter shown in brackets.
A B C
a A=ILB [B] A=X-Y [X] V=u+at [t]
- M =3 —R[2
b - = [V] D_T [S] P=RI [1]
c v=4 [ V=l M S=4nr [r]
d M:”%l.’ bl A=lhGc+y) Bl PP s [s]
e xX=ay—y? [a] S=2nr(r + h) (h] T=§[2a+(n—1)d] [d]
f a= .bc [c] Y = aJX [X] X =2Ja-b [a]
g X=/\/§ [Y] R:P [x] m = a+b [b]
a b n
h T=27'c/\/1 [1] A=2x/\/r£ [u] u = A/v:-2as [s]
g u
_a,b X,y b
A 03 [a] Z—4+3 [X] A= = [c]
. A+x _ A4y _N-1 N+1 X _X-a
) ) [A] L= ) [N] PRl [X]
k a X
k h_2k+1 [kl y_a+2 lal Z_x—3 Ix]

6:08-6:10 Substituting and transposing formulae

Activitie®
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6:11 | Solving Problems with Formulae

Often the solution of a problem requires the use of a formula. You have met formulae before in
other areas of mathematics, such as finding the area and volume of shapes and solids.

In this section you will be asked to solve problems which involve formulae. Sometimes they are
given, while at other times you will have to recall the relevant formula yourself.

worked examples

1 The density of a solid, D, in grams per cm? is given by the formula D = M , where M is the
mass in grams and V is the volume in cm?. Find: v
a the density of a 92 gram block of steel if it has a volume of 9-6 cm?
b the volume of a block of iron that has a density of 7-5 g/cm? and a mass of 450 grams.

2 The time, T, taken by a pendulum for one swing is given by the

formula T = 2n£ where g = 9-8m/s? and [ is the length of the

string in metres.

a Express the formula with | as the subject.

b If the time for one swing is 3-5s, what must be the length of the pendulum, to the
nearest cm?

Solutions u
1 D= v b If D=75g/cm?>and M =450¢g
a If M=92gand V=9-6cm’ then 7.5= ‘ivo
92
then D= % ie V= ‘;i;)
=0-58 g/cm? (to 2 dec. pl.) 50 V = 60 cm?
l T\?
2 T= ZnJ: = o —
g ° l g(Zn)
a Rearranging this formula gives: If ¢g=9-8and T=35

2
T= 271:/\/1 then = 98(2)
g 21

Using a calculator:
[=3.04m

5~
I
T =
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Note: If the solving of a problem requires the evaluation of a pronumeral that is not
the subject, we may do it in two ways.

1 Substitute the given values into the formula and solve the resulting equation; or
2 Change the subject of the formula before substituting the given values.

Exercise 6:11

If the perimeter of a square is 16-8 m, what is its area?
Calculate the area of a rectangle that has a perimeter of 150 cm if its width is 25 cm.

o o

Write down the formula for the area of a circle.
Determine the diameter of a circle, to the nearest cm, if its area is 38-5 cm?.

|
o o

B The temperature in degrees Fahrenheit (F)
is related to the Celsius measure (C) by

the formula: F = gC + 32

a If the temperature is 65°C, what is it
in degrees Fahrenheit?

b If the temperature is 104°F, what is it
in degrees Celsius?

B The volume of a cube is given by the formula V = x3, where x is the side length of the cube.
Find the side length of the cube if the volume is 1728 cm?.

2
[H The volume of a cone is given by the formula V = Tchh , where h is

the height of the cone and r is the radius of the cone. If the volume
of a cone is 12-6 m?, find, to the nearest cm:

a the height, if the radius is 1-4m

b the radius, if the height is 2.2 m

A Find the radius of a sphere, correct to 2 significant figures, if its surface area is 45 cm?.
The surface area, S, is given by the formula S = 4nr?, where r is the radius.

The diagram shows an oval made up of a rectangle with two XM
semicircular ends. Calculate a formula for the perimeter, P, ' IDm 0

in terms of D and x. Calculate the value of D needed to give
a perimeter of 400 m if:
a x=80m b x=100m

B} f a body has an initial velocity of um/s and it accelerates at a rate of am/s? for a time period of
t seconds, its velocity v is given by the formula:
v=u+at
If the final velocity, v, of a certain body is 25 m/s, find:
a its initial velocity, u, if a = 5-6 m/s? and t = 3-2 seconds
b its acceleration, a, if u = 13 m/s and t = 2-5 seconds
c the time, t, taken if u = 14-6 m/s and a = 1-6 m/s?
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The kinetic energy K (in joules) of a particle of mass m kg, moving with a velocity of vm/s, is
given by the formula:

_ 1 2
K—va

If the kinetic energy of a particle is 4-6 joules, find:
a its mass, if the velocity is 1.9 m/s
b its velocity, if the mass is 1-26 kg

(Give answers correct to 1 decimal place.)

A cylindrical tank holds 1200 litres of water. Its radius is 0-8 metres,
what is the depth of the water? (Note: 1 cubic metre = 1000 litres.)
Give your answer correct to the nearest centimetre.

The formula for compound interest is:

r n
A= P(l + —)
100

where A is the amount accumulated after investing P dollars for n years at a rate of % pa.
Find:
a the amount A after investing $2000 for 8 years at 11% pa.
b the original investment, P, if it accumulated to $11886 in 12 years at 9% % pa.

(Answer correct to the nearest dollar.)
¢ At what rate must $10 000 be invested to accumulate to $19 254 in 5 years?

Answer correct to 2 significant figures.

Construct a formula for the area of this annulus.
IfR=6-9cm and r = 4-1 cm, find its area.

If its area is 45 cm? and R = 5-2 cm, find r.

If its area is 75 cm? and r = 3-9 cm, find R.

(Give answers correct to 1 decimal place.)

Construct a formula for the volume of this solid.

Find its volume if r =2-6 m and h = 5-1 m. ‘

¢ Find h if its volume is 290 m?2 and r = 3-2m. .
(Give answers correct to 3 significant figures.) J

(Volume of sphere = %n’ﬁ)

QN oo

o o

The formula V = —1 gives the potential V volts, at a distance r metres from a point charge
of q coulombs. T
a Find Vif ¢ =1.0 x 108 coulombs, r = 0-2m and 4me, = 9-0 x 10°.

b Find rif ¢ =3:0 X 1077 coulombs, V = 54 000 volts and 4me, = 9-0x 10°.

Kq,q,

The formula F =
)

gives the force between two point charges of ¢, and ¢, coulombs that

are r metres apart. If two equally charged balls are placed 0-1 m apart and the force between the
balls is 9-8 x 10~* newtons, calculate the charge on each ball. K =9-0 x 10°.
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Mathematical Terms 6

equation

e A number sentence where one or more of
the numbers is missing or unknown.

e The unknown number is represented by a

pronumeral.
3x+1 _ x-5
+5=8 = —
eg x = 5
expression

* An algebraic expression consists of one
or more terms joined together by
operation signs.

eg a+5,x2—x+4, =

7
* An expression does not have an ‘equals’
sign like an equation.

formula (plural: formulae)
e A formula represents a relationship
between physical quantities.
e It will always have more than one
pronumeral.
eg A =L x B represents the relationship
between the area (A) of a rectangle
and its length (L) and breadth (B).
grouping symbols
e The most common types are:

parentheses )
brackets [ ]
braces { 1

e Used to ‘group’ a number of terms
together in an expression.
eg 5(x+3)
inequality signs
e > greater than, < less than
e = greater than or equal to,
< less than or equal to
eg X+ 3 <4 means that
x+ 3 is less than 4

Mathematical terms 6
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inequation
* An equation where the ‘equals’ sign has
been replaced by an inequality sign.
eg 4x—1>50r)3—( <4
inverse operation
e The operation that will reverse or ‘undo’ a
previous operation.
eg addition is the inverse operation of
subtraction; division is the inverse
operation of multiplication

pronumeral
* A symbol used to represent a number.
e Usually a letter such as x.

solution
e Method of finding the answer to a problem
OR

the answer to a problem.

e The solution to an equation is the number
or numbers that satisfy the equation or
make it a true sentence.
eg x =3 is the solution to x+2 =5

solve
e Find the solution or answer to a problem or
equation.

subject

e The subject of a formula is the pronumeral
by itself, on the left-hand side.
eg in the formula v = u + at the subject is v.

substitution
e The replacing of a pronumeral with a
numeral in a formula or expression.
eg to substitute 3 for a in the expression
4a — 2 would give:
4(3) -2
=12-2
=10



I —————.
a,\agno e

Diagnostic Test 6: | Equations, Inequations and Formulae

e Each part of this test has similar items which test a certain type of question.

 Failure in more than one item will identify an area of weakness. 6
e Each weakness should be treated by going back to the section listed.

15912

Section
1 Solve: 6:01
a 4p+3=31 b 2m-7=17 c 25=5-2m

2 Solve: 6:01
a 3x+5=2x+1 b 5a—-7=3a-1 c 4b+7=b-8
3 Solve: 6:02
a 3(x+1)=9 b 4(a-3)=24 c 6(x—3)+4x=8

4 Solve: 6:02
a 3x+4)=2(x-3) b 3(a—-1)+5(a+3)=20
c 22m+3)-3(m-5)=7
5 Solve: 6:03
Yy1=7 b Zo1-= =13-E
a 2+ 7 ) 5 ¢ 4 3 5
6 Solve: 6:03
m+3 m—6 3p-7
= b D
T 3 2 5
7 Solve: 6:03

Il
—
(o]

Il
~
o

Il
Ut

I
(08}
I
Q

8 Solve: 6:04
2m m X X 2y +1
24%-10 b L T X=X3 ¢

373 37 2°7°%75 4 3
9 Form an equation from the given data for each of these. 6:05

(In each case let a represent the unknown number.)
a I think of a number, multiply it by 2, add 7 and the result is 10.
b T think of a number, divide it by 3, subtract 4 and the result is 4.

c I think of a number, add 6, then multiply by 3 and the result is 32.

10 Form an equation for each question. (Let the unknown quantity be x.) 6:05
a The sum of a brother’s and sister’s ages is 57 years. If the brother is
5 years older than his sister, find their ages.
b A rectangle is three times longer than it is wide. If its perimeter is
48 cm, find its length and width.
c A father is presently three times as old as his son. In 10 years he will
be twice as old as his son. Find their present ages.

11 Graph the following on a number line. 6:06
ax>3 b x=-1 c x=0 d x<5
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Section

12 Solve: 1 6:06
a 2x+5=6 b X3‘ <6 c 3x-7>x+3

13 Solve: 6:06
a 5-3x>11 b —§x>21 c 3—-4a>2—a

14 a Ifv=u+at, find vwhen u=6-8,a=9-8and ¢t = 3. 6:07

b If C = 2nr?, find C when 1t = 2—72 and r = 0-77.
c Given A = %h(a +b), find A when h=2.6,a=9-4and b = 16-4.

15 a If M=2m+ 3n, find m when M =175 and n = 0.5. 6:08
b IfV = A?H, find H when V=6.03 and A = 1.2,
¢ Given that V = 4mr?, find r when m = 3-14 and V = 153-86.

16 Change the subject of each formula to a. 6:09
_ s _ D(a+b)
a x=3a-2b b V2=u?+2as c A_T
17 Change the subject of each formula to y. 6:10
B y
2= T=A|[- p=_—2_
a ay’=x b J; c Ty

« Many equations need to be solved in the design and construction of aircraft.
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Chapter 6 |
1 Solve:
a 5m-7=8 b 3y+7=4

c om—-1=17 d 4n+10=2

e 3x+7=5x—4 f x—-5=6x+3
g 10+4x=3x—1 h 8-3x=7+2x
i 12-5x=10-3x

2 Solve these equations which involve

grouping symbols.
5(x+7) =30
8m—-1)=4

5(n—2)=3(n+4)

a b 7a-3)=21
C
e
f 10(x—7)=7(—10)
g
h
i
j

d 4(x+3)=3(x+2)

42a+3)+3(a-3)=5
5B3n+4)+2(5-2n)=7
6(m+4)—-5m+3)=6
7(4x+3)—-3(8x-5)=0

3 Solve:
X m
-+3 =5 b ==2 =1
° 3 5
2x a+7
X _4=2 d 2L -¢
© 3 4
e Y22 - £ 3+l _y
3 5
g 2?m—l=m h 5m4_1=2m
-1 . x+5 x-3
2 = =
i n+5 J 5 7
kK 2_2_+ | 29+l _q_¢
5 2 2 3 4
4 Solve and graph each solution on a
number line.
a m+7=5 b 2x-1<7
c 5n+1>3 d 3x+7=x+10
e y-5>3y-8 f 4n+7=7n-4
g 6-2x>14 h -2 =6
i 10-3as<7-a

5 Write an equation for each of the following
and then solve it.
a A number is multiplied by 3, then 7 is
added and the result is 15.
b Nine is subtracted from a number and
the result is multiplied by five to equal
thirty.

2SS ig’7@

R

¢ Eight times a certain number plus ten is
equal to twelve times the same number |  ga
minus seven.

d A boy is 12 years older than his sister.
If in 4 years time he will be twice her
age, what are their present ages?

e Two sisters are presently 2 years old
and 12 years old respectively. How
many years will have to pass before the
elder sister is 1% times the age of the
younger sister?

a Given that S=ut + %atz, find S when
u=7,t=3,a=10.
b 1f C =2mr, find m when C = 17-6 and
r=1-1.
1

c IfP = a+l,findehena=O-4and

b
b=0-625.
M .
a IfD = V,fmd V when D = 1.5 and
M=0-5.
Ab .
b If E= —— , find b when E = 15 and
A+b
A=04.
¢ Given that M = %<+ find a when

M=275,X=15b=3.

X
b K

Rearrange each formula to make P the

subject.
PRT
A = S b V=RP?
: 100
3P 1 1
T = e d X = - = —
. R P 0
Challenge question
Solve the following equations.
a - 5 b 2 3
X x—-1
X 4 2
X -4 d L_2=5
© X7l 3x x
X 1 1 1
_3=2 § 1__-~ _
® x-1°73 " 3750170
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g U Chapter 6 |
1 Use ID Card 7 on page xix to identify:

6B a 13 b 14 c 15 d 16 e 19
f 20 g 21 h 22 i 23 j 24
2 Use the Algebra Card on page xx to:
a multiply column H by column J b multiply column N by column A
¢ square column G d multiply column O by column H

3 Ten students lined up at a tap to get a drink. Each person took one minute to drink.
a How long did it take before the last student finished drinking?
b What was the total time spent by all ten students in waiting and drinking?

4 Find the basic numeral for:

a=bed-bed-brd-hrd-bed-pr¢-bed-bed-p

5 In computing, the units kilobyte, megabyte and gigabyte are used. Because computers use the
binary system, which is based on powers of 2, each prefix is given the value of the power of
2 nearest to its true value.
For example:
kilo = 1000
210=1024
This is the power of 2 nearest to 1000.
So 1 kilobyte = 1024 bytes.

a Find what power of 2 is closest in value to: b How many bytes are there in:
i 1000000 ii 1000000000 i a megabyte? ii a gigabyte?
6 a How long does it take the water to reach
a temperature of 80°C? 100
b What is the temperature of the water N Temperature of
N .
after 10 min? 90 H— Ib:zt”?d Watler
¢ What is the temperature of the water 8 eriocoo
after 20 min? 80 -
d From the graph it can be seen that the
water doesn’t cool at a constant rate. & 1
(O]
The dotted line represents a constant % 60 -
cooling rate. If the water had cooled o
at a constant rate, what would its £ 50+
temperature have been after 10 min? =
40}
xe;\;.::"?gy 1 Equations with fractions
Y =%~ 2 Solving inequations 30 |
3 Formulae
%ap oo 4 Equations from formulae 20 |
5 Solving literal equations
opter kev,'s 10 | | | | | |
Y v 5 10 15 20 25 30
Time in minutes
Question®
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Cah you crack the
code, Mr. x?

r/’ N
7, 4
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Chapter Contents

Factorising using common factors
Factorising by grouping in pairs
Factorising using the difference of
two squares

Challenge: The difference of two cubes
Factorising quadratic trinomials

Factorising: Miscellaneous types

Fun Spot: What did the caterpillar say
when it saw the butterfly?

Simplifying algebraic fractions:
Multiplication and division

Addition and subtraction of algebraic

Fun Spot: How much logic do you have? fractions
Factorising further quadratic Mathematical Terms, Diagnostic Test, Revision
trinomials Assignment, Working Mathematically

Challenge: Another factorising method
for harder trinomials

Learning Outcomes

Students will be able to:

« Factorise using common factors.

« Factorise by grouping in pairs.

« Factorise using the difference of two squares.

« Factorise quadratic trinomials.

« Simplify algebraic fractions by factorising.

« Perform operations with algebraic fractions.

Areas of Interaction

Approaches to Learning (Knowledge Acquisition, Problem Solving, Logical Thinking,
Reflection), Human Ingenuity
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In Chapter 4, Algebraic Expressions, you were shown how to expand various algebraic products
that were written in a factorised form; that is, each product had to be rewritten without grouping
symbols.

For example:
3a(5 — 2a) — 15a — 6a2
(a=2)(a+7) — a*+5a- 14
(x+5)2 > x2+10x+ 25
m+2)(m—-2) >m?2—4

This chapter will show you how to reverse this process. You will learn how to factorise various
algebraic expressions.

/-O1 | Factorising Using Common Factors

To factorise an algebraic expression, we must determine the highest
common factor (HCF) of the terms and insert grouping symbols,
usually parentheses.

A factor of a given
number is another
number that will divide

If we expand the expression 5a(a — 2) we obtain 5a*> — 10a. into the given number
To factorise 5a> — 10a we simply reverse the process. We notice that with no remainder.
5a is the HCF of 5a2 and 2, so 5a is written outside the brackets and eg{1,2,3,6,9,18} is

the set of factors of 18.

the remainder is written inside the brackets: 5a% — 10a = 5a(a — 2).

expand . c,
reverge of ‘expdanding’.
/\
S5ala—2) 5a? — 10a
\—/ It’s “factorising’,
factorise you dummy!
worked examples
1 5y+15=5xy+5x%x3 (HCFis 5) 2 2lx—24y=3x7x—3 X8y (HCF is 3)
=5(y+3) =3(7x — 8y)
3 12ab + 18a = 6a X b + 6a x 3 (HCF is 6a) 4 5x*—30x=5x X x— 5x X 6 (HCF is 5x)
=6a(b + 3) =5x(x—6)
5 —12x? — 3x = —3x X 4x — 3x X 1 (HCF is —3x)
=-3x(4x + 1)
6 3a%b — 9ab?+ 15ab =3ab X a — 3ab X b+ 3ab X 5
=3ab(a—b+5)

@abwwlc:a(lﬂrc))

17 6 INTERNATIONAL MATHEMATICS 4



Exercise 7:01

Bl Factorise the following completely.

a

c
e
g
i

[} Factorise each of the following.

V]

c
e
g
i

[F] Examine this example

5x + 15y
6xy — 2x
15pq — 20q
—18xy — 6x
7x%y + xy

a*+ab+ 3a
12st — 43 + 8t

3ab — 9a%b + 12ab? + a?b?

3+5m-—2n
12x2 + 8x — 4

b
d
f
h

i

> thaoa o

—

—-3m — m?
15p — 20q
12st? + 15st
at — at?
a’+ab

xy — 3x2 + 2x

36 — 12ab + 18b
4m — 8n — 12mn
—3n — 5mn + 2n?

12x2 y2 + 8xy? — 4y?

Foundation Worksheet 7:01

Common factors

1 Complete the following.
aba+12=6(..+2)

2 Factorise.
aSx+15

3 Factorise.
a—-6m—15 b-2x?+4x

b a’ - 3a

x(x+ 1) — 2(x+ 1) has a common factor of (x + 1) so it can be taken out as a common factor
sox(x+1)—2(x+1)=0x+1Dx-2)

Now factorise these similar types.

a

c
e
g
i

x(x+4)+ylx+4)

mim—-—1)-3(m—-1)
2a(a—1)—(a—-1)
x(x—5) +203x—-15)
x(3—-x) +5(x—-3)

b
d

f 3m(9 —2m) +2(9 — 2m)
h yiy+5) +2(-y-5)
ab(9 —a) —2(a-9)

j

4(a+2) —bla+2)
2(s = 3) +s(s —3)

B} Factorise fully the following algebraic expressions.

a

d
.
j

9%+ 6
X2+ 7x
ab — bx
—4m + 6n

m 3x + x%2 — ax

p
s

2(a+x) + bla+ x)
5ab — 15ac + 10ad

b

0 35 >0

10 + 15a
2a% - 3a

st—s

—x? — 3x

ax + ay + azg
x(3+b) +2(3+b)
X2 —Tx+xy

Note:
x+Dx-2)=x-2)(x+1)

c 4m—o6n

f 12y - 6y?

i 4ab + 10bc

| —15a + 5ab

o 4m—8n+ 6p

r y(x—1)—-3(x—-1)
u ala+3)—(a+3)
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/-O2 | Factorising by Grouping in Pairs

X qQuiz | Factorise these 1 3a+18 2 5x+ax 3 pq-—px
expressions. 4 3ax—9bx 5 x> —2x 6 a+a’
7 9-3a 8 —5m— 10

— 9 9a+1)+x(a+1)
10 x(x+y)—1x+y)
For some algebraic expressions, there may not be a factor common to every term. For example,
there is no factor common to every term in the expression:
3x+3+mx+m
But the first two terms have a common factor of 3 and the
remaining terms have a common factor of m. So:
3x+3+mx+m=3(x+1)+mx+1)
Now it can be seen that (x + 1) is a common factor for
each term.
3x+ 1D +mkx+1)=x+13B+m)
Therefore:
3x+3+mx+m=(x+1)3 +m)
The original expression has been factorised by grouping
the terms in pairs.

worked examples

1 2x+2y+ax+ay=2(x+y) +alx+y) 2 a*+3a+ax+3x=ala+3)+x(a+3)
=x+y)2+a) =(a+3)(a+x)

3 ax—bx+am—bm=x(a—Db)+m(a—->b) 4 ab+b*—a-b=bla+b)—1(a+b)
=(a—-b)(x+m) =(@a+b)-1)

5 5x+2y+xy+10=5x+10+ 2y + xy
=5(x+2)+y2+x)
=(x+2)5+y)

ab +ac+bd+ cd=alb+c) +db + c)
=MB+c)a+d)

Note: Terms had to be rearranged
to pair those with common factors.
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( Exercise 7:02

Il Complete the factorisation of each expression below.

a 2(a+Db)+x(a+Db)
c mx—y)+nlx—-y)
e a2Q-x)+72-x)
g (x+y)+alkx+y)

Factorise these expressions.

a pa+pb+qa+qb
d a?+ab+ac+bc
g ab+3c+3a+bc
j pq+5r+5p+qr
mmn+m+n+1

p X2+ yz+xz+xy

Factorise the following.

a xy+Xxz—wy—wg
d 6x—24—-xy+4y

b
d
f
h

LD S x>0 O

ax+7) +px+7)
x(m +n) —y(m + n)
q(q—2) —2(q-2)
x(1 = 3y) —2(1 - 3y)

3a + 3b + ax + bx
Ox* — 12x + 3xy — 4y
xy+y+4x+4
xy—-x+y-—1

X%+ my + xy + mx
1la + 4c + 44 + ac

ab +bc —ad — cd
11y + 22 — xy — 2x

=0 —=—-n

(g}

Foundation Worksheet 7:02

Grouping in pairs

1 Complete the factorising.
a3(x+2)+alx+2)

2 Factorise.
aam+ 5a+2m+ 10

mn + 3np + 5m + 15p
12p* — 16p + 3pq — 44
dtatta+tl
8a—2+4ay —y

— Xy +xXW — yw
ad-a*+a-1

5a+ 15 —ab - 3b
ax* —ax—x+1

« This is an exercise you can sink your teeth into!
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703 | Factorising Using the Difference
of Two Squares

&zQ Quiz | Simplify: 1 /16 2 /49 3 J121
If x is positive, simplify: 4 Jx? 5 A/9x? 6 ./04x?
Expand and simplify: 7 (x—=2)(x+2) 8 (x+5)(x—-5)
7:03

9 (7T—-a)(7+a) 10 (Bm+2n)(3m — 2n)

If the expression we want to factorise is the expand
difference of two squares, we can simply 0
reverse the procedure seen in section 3:07B.
P (x—a)(x+a) x? —a?
factorise

worked examples

1 x2-9=x2-32 2 25a%—Db?= (5a)% - b?
=(x-3)(x+3) = (5a - b)(5a + b)
3 a*-64=(a%)?2- 82 4 36m?—49n? = (6m)2 — (7n)?
= (a2 -8)(a* +8) = (6m — 7Tn)(6m + 7n)

C% X2y = (x—y)(x+y)> Note: (x —y)(x+y) = (x+y)(x-y)

Exercise 7:03

[l Factorise each of these expressions.

a x*-4 b a’-16 c m>-25 d p?-81

e y2-100 f x2-121 g 9-x2 h 1-n?

i 49 —y? j a?z-b? k x2—a? I y2—a?

m 9a’ — 4 n lex?—1 o 25p>-9 p 49 —4a®

q 25p? —a? r m?-—8ln? s 100a? — 9b? t 8lx2—121y?
[} Factorise by first taking out a common factor.

a 2x?-32 b 3x?-108

¢ 4a?-100 d 5y2-20 worked example

e 24a— 612 f 3x2 - 27y2

g 8y?-128 h 80p? - 5¢* 18x% — 50 = 2(9x2 — 25)

i 4x2— 64 j 3x2-3 =2([3x]* - 5%)

k 72p>-2 | 2-18x? =203Bx-50Cx+5)

m 8a’ — 18m? n 125 - 20a?

o 200x? — 18y? p 98m?— 8n?
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Challenge 7:03 | The difference of two cubes (Extensmn)

* The large cube has a volume of a®> cubic units
It is made up of four smaller parts
(a cube and three rectangular prisms).
Our aim is to find an expression for the
difference of two cubes (a®> — b?).

1 Complete the table below.

2 Write an expression for the volume of the large
cube (a?) in terms of the volumes of the four
smaller parts.
ie a’ = V®+ V@+ V@+ V@

3 Use your answer to question 2 to write an
expression for a — b3.

a

/ [

/ ® a}b

(1)

ol 4

,’Fbi’&;a _ b—»{«/

Volume of part(I) | Volume of part(2) | Volume of part(3) | Volume of part(¥)

bxbxb

Express each volume as a product of its factors.

Note: a®> — b> = (a — b)(a® + ab + b?)

Applying this to algebraic expressions, we could factorise a difference of two cubes:

egx>—8=x>-23
=(x—-2)(*+2x+4)

Exercises
Factorise these expressions using the formula above.
1 m>—nd 2 X°>—y3
3 a>-8 4 m?—27
5 x> — 1000 6 y>-125
7 64—n? 8 27—
9 8m3-27 10 64x3 — 125y3
1 125x3 — 8y3 12 27m? — 343n°
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7-04 | Factorising Quadratic Trinomials

X quiz Expand: 1 (x+2)(x+3) 2 (a-—1D(a+3) 3 (m-7)(m-2)
9 4 (x+5)2 5 (a-—2)2
Find two numbers a and b where:
e 6 a+b=5andab=06 7 a+b=9andab=20
8 a+b=-2and ab=-15 9 a+b=3andab=-4

10 a+b=7andab=-18

* An expression with three terms is called a trinomial.
 Expressions like x> + 3x — 4 are called quadratic trinomials.
The highest power of the variable is 2.
» Factorising is the reverse of expanding.
(x+a)(x+b) =x?+ax+Dbx+ab

=20 (@ b and 3 add to give
Using this result, to factorise x> + 5x + 6 5 and multiply to
we look for two values a and b, where give 6.

a+b=>5andab=6.

(x+a)(x+Db) x2+ (a+Db)x+ab

These numbers are 2 and 3, so:
x*+5x+6=(x+2)(x+3)

worked examples

Factorise:
1 X2+7x+10 2 m>—6m+8 3 y*+y—-12 4 x2-9x—-36 5 3y2+15y-72

Ex2+7x+10=(x+a)(x+Db) thena+b=7and ab = 10.

Solutions

'l24s5=7 2 1)+ (4 =-6 3 3 +4=1
2x5=10 (=2) x (-4) =8 (-3)x4=-12
sox2+ 7x+ 10 som?—6m+8 Lyi+y—12
=(x+2)(x+5) =(m-2)(m-4) =(y-3)y+4

2 —

413+ (-12)=-9 5 Wby -2
3% (=12) =-36 =3(y*+ 5y — 24)
sox?—9x - 36 (-3)+8=5
=(x+3)(x-12) (=3) x8=-24 Step 1-

Take out any
common factor.

S 302+ 5y —24)
=3(y-3)(y+8)
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Foundation Worksheet 7:04

Factorising trinomials
1 Which two integers:

Exercise 7:04

Il Factorise each of these trinomials. aadd to b multiply to
a xX2+4x+3 b x*+3x+2 2 Fagc‘:;;; e st
c xX2+6x+5 d 2+7x+6 am2+8m+9 bn>—3n+2
e x2+9x+20 f x2+10x+ 25
g x>+ 12x+ 36 h x2+10x+ 21 i x>+9x+18
j x*+ 14x+40 k x?+ 15x + 54 I x>+ 13x+36
m x2—4x + 4 n x*>—12x+ 36 o x*—-7x+12
p x*—9x+20 q x>+2x-3 rox*>+x-—12
s xX2+4x-12 t x?+7x-30 u x>-—x-2
v x?—10x-24 w x?—7x-30 X x*-x-56
] Factorise:
a a’+6a+38 b m>+9m+18 c y+13y+42
d p>+7p+12 e x2+12x+20 f n?+17n+42
g $2+2ls+54 h a®+ 18a + 56 i x*-3x—-4
j a2—2a-8 k p*-5p-24 I y>+y-6
m x>+ 7x—8 n q*+5q-24 o m?*+12m—45
p a*+ 18a—63 q y*+6y—55 r o x2—2x+1
s k*-5k+6 t x?—13x+36 u a’?-—22a+72
v p2+22p+96 w q>—-12q-45 x m?—4m-77
[EF] Factorise by first taking out a common factor (see example 5).
a 2x*+6x+4 b 3x?-6x-9 c 5x2—10x-40
d 2x?+ 16x+ 32 e 3x2-30x-33 f 3x2+21x+36
g 4a’-12a-40 h 2n2+8n+6 i 5x2—30x+40
j 3x*—=21x+ 36 k 3a>-15a-108 I 5x% + 15x — 350

Fun Spot 7:04 | How much logic do you have?
See if you can solve the three problems below.

1 What is the next letter in this sequence?
O, T, T,EF,S,S,?

2 A man passing a beggar in the street exclaimed,
‘T am that beggar’s father!” But the beggar was
not the man’s son. How can this be?

3 Two guards are guarding two sacks.
One guard always tells the truth, but the
other guard always lies, but you do not
know which guard is which. One of the
sacks is full of gold; the other is full of
peanuts. You are permitted to take one
of the sacks but you are not sure which one contains the gold.
You are also allowed to ask one of the guards just one question.

What question should you ask to ensure you get the sack of gold?
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705 | Factorising Further Quadratic

Trinomials

e In all quadratic trinomials factorised so far, the coefficient of
x? has been 1. We will now consider cases where the coefficient
of x? is not 1.
e To expand (5x — 1)(x + 3) we can use a cross diagram.
5x? is the product of the two left terms.
-3 is the product of the two right terms.
14x is the sum of the products along
the cross, ie 15x + (—x).

S GBx=Dx+3)=5x2+14x -3
¢ One method used to factorise trinomials like 5x? + 14x — 3

3x2+ 7x+9

L coefficient of x2

Remember
5x2% -3

is called the cross method. —X
+15x
=5x2+15x—x—-3
Cross method =5x2+ 14x -3
To factorise 5x* + 14x — 3, we need to reverse the expanding process.
We need to choose two factors of 5x and two factors of —3 to write on the cross.
o o If (5x —3) and (x + 1) are the factors of 5x? + 14x — 3, then the products

Ty
{Sx and {_3
X +1

* When we add the cross products here, we get:

(5x) + (=3x) = 2x

so (5x —3) and (x + 1) are not factors.

Bx +1 e Vary the terms on the cross.

Try: {5; and {t;

Cross product = (=15x) + (x) = —14x

o Try: {SXX and {;;

Cross product = (15x) + (—=x) = 14x
.. This must be the correct combination.
S5x2 4+ 14x—-3=0Bx—-1D(x+3)

Examine the examples below. Make sure you understand the method.
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This does not give the correct middle term of 14x,

of numbers on the ends of each arm will have a sum of +14x.

keep
trying.




worked examples

Find the factors of:

1 3x2-19x+6 2 4x?-x-3 3 2x2+25x+12
Solutions
LI 3 3y This cross product gives the correct

middle term of —19x, so:
><» 3% — 19x + 6 = Bx — 1)(x — 6)

X (o4 oy Note: The factors of +6 had to be
both negative to give a negative
middle term.

Z 2 3 2
>< =) A —-x-3
o N, =M“x+3)x-1)
(—4x) (+4x)
3 In practice, we would not draw a separate 2x % %R B AR 1

cross for each new set of factors. We simply X2+ 25x+ 12

cross out the factors that don’t work and try =2x+ D(x+12)

a new set. X \4\ ‘&S\‘g\\\m

To factorise a quadratic trinomial, ax? + bx + c,
when a (the coefficient of x2) is not 1, use the
cross method.

Note: Another method for factorising these trinomials is shown in Challenge 7:05 on page 187.

Exercise 7:05

Il 2 Which diagram will give the factors of 2x? + 13x + 62
i 2x +3 i 2x +2 i 2x +1 iv 2 +6

<, X

b +2 X +3 X +6 b +1

b Which diagram will give the factors of 9x* — 9x — 4?
i ox —4 il ox —1 iii 3x —2 iv 3x —4
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¢ Which diagram will give the factors of 5x? — 19x + 12?
i 5x -3 i 5x —4 iii 5x -2 iV 5x -6

P

X -4 X -3 X -6 X -2

d Which diagram will give the factors of 12x? + 7x — 10?
i 6x +10 i 12x ~10 il 3x +5 iV 4x +5

2x =i x a7 4x =2 3x =

[P} Factorise these expressions.

a 2xX*+7x+3 b 3x2+8x+4 c 2x*+7x+6
d 2x*+11x+5 e 3x2+5x+2 f 2x*+11x+15
g 42+ 13x+3 h 5x2+17x+6 i 2?4+ 13x+15
j 2 —5x+2 k 3x2-11x+6 I 5x*-17x+6
m 4x? - 11x+ 6 n 10x*-21x+9 o 5x*—22x+21
p 2x*+x-10 q 3x2+4x-15 ro4x?+ 11x—3
s 2xX-x-6 t 2x2-5x-3 u 3x*—-x-30
v 6x2—5x-21 w 2x2—5x—12 X 4x?-x-18
[EF] Find the factors of the following:
a 122 +7x+1 b 6a>+5a+1 c 6p>+7p+2
d 10y2-9y+2 e 12x2—7x+1 f 9a?—-2la+ 10
g 8m2+18m-—>5 h 6n2—7n-3 i 21¢%—20q + 4
j 20x2-x-1 k 8m?-2m-15 I 18y?-3y-10
m 6a*+ 5d — 6 n 15k>+ 26k + 8 o 8x2+18x+9
p 4—3a-ad? q 2+m—10m? r 6+ 7x— 3x?
s 6—7x—3x? t 15-—x-—28x2 u 2+9n-35n2
v 3x2 + 10xy + 8y? w 2x2 — 5xy + 2y? X 5m?—2mn — 7n?
] Factorise by first taking out the common factor.
a 6x*+10x—4 b 6a>—-2a-4 c 6a*+9a-27
d 8x*+12x-36 e 6x2+28x+16 f 12p>+12p-9
g 30q*+55q—-35 h 10m? — 46m + 24 i 50a%+15a-5
j 4—6x—10x2 k 36 — 3t —3t? I 9+ 24x + 12x2

B Complete each in as many ways as possible by writing positive whole numbers in the boxes
and inserting operation signs.

a (... [ pe...[p=x...[]x...15
b (x...[ Dix...[D=x...[Jx-12

c ... [ Ppe...[ D=x2...5x+[]

d Gx...[ Pe...[ p=5x...[Jx...2
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('\\a”e,)
Challenge 7:05 | Another factorising method for harder trinomials \ \y

Example
Factorise 3x% + 14x — 5.

7:05
Follow this

e Put 3x’ in both sets of carefully

Gx  )Bx ) parentheses and divide
3 by 3.

X -15 e Multiply 3 x (=5) and ~¢€P
Now: 3XVL14L_'5 write the answer above —5.
e Then find the two numbers that multiply to give —15

and add to give +14 (ie +15 and —-1).

e Now place these numbers in the parentheses.
(Bx+15)(3x-1)
3

e Then divide the 3’ into the product above.
(B'x+15°)(3x—1)
21

e The solution is: (x+ 5)(3x—1)

Example
Factorise 10x2 — 19x + 6.

Now check out
this second
factorisation.

(10x )(10x )
)

(~15) X (—4) = 60 }

60y |
/ ) (-15) + (4) = -19
=10x2-19x + 6

~ (10x—15)(10x — 4)
a 10
(MZX—%3)(,}OSX _ %2)
X0y

1

The solution is: (2x — 3)(5x — 2).

Note: the ‘10’ in the
denominator cancelled
partly with each set of

Try the method with these trinomials.
1 2> +7x+6 2 4x2—19x-5 3 3x2—13x+12
4 6X>+ 7x+2 5 5x?+9x—2 6 12x*>—25x+ 12
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7:06 | Factorising: Miscellaneous Types

First:
0O \Tlheb“ ?'qc‘l‘o:gmg.qml Always take out any common factor.
algebraic expressions, Then.
N remember this o

If there are two terms, is it a difference of two
squares, a* — b??

If there are three terms, is it a quadratic trinomial,
ax? + bx + ?

If there are four terms, can it be factorised by
grouping the terms into pairs?

checklist . . .

worked examples

1 4x?-36 2 15x%y — 20xy + 10xy?
= 4(x? — 9) common factor = 5xy(3x — 4 + 2y) common factor
=4(x = 3)(x + 3) diff. of 2 squares

3 8x2—40x+ 32 4 12—a- 6a?
= 8(x? — 5x + 4) common factor = (3 + 2a)(4 — 3a) quadratic trinomial
=8(x — 4)(x — 1) quadratic trinomial 36 Bg W -3¢ 2da

5 ap—aq—3p+3q
=a(p — q¢) — 3(p — q@) grouping terms into pairs
=(p-q9a-3) 47 n —Ba 2 3a

Exercise 7:06

[ Factorise each of these expressions:

a x2—-6x+5 b x*-9 cC xy+2y+9x+18 d a*-9a
e a?—6a+9 f 4x2-1 g 12x2-x-35 h a’>-13a+40
i 5a’b—10ab> i PP-q k pq—3p+10q—-30 | 7x*+11x—-6
m a’+ 3a—ab n 16 — 25a? o 1-2a-24a? p 4m+4n—am—an
q S5ay—10y+15xy r 15x*—x-—28 s xyr-1 t x2—x-56
u 2mn+3np + 4m + 6p v 100a? — 49x?
w 2 - 5x— 3x? x k?+2k-—48
[} Factorise completely:
a 2-8x? b 5x*—10x — 5xy + 10y c 2a’>—22a+48
d 3m?-18m+ 27 e x*-1 f pPP-4p2-p+4
g 4x?-36 h a®-a i 3a>-—3%a+ 120
j 9-9p? k 3k>+3k-18 I 24a>-42a+9
m ax? + axy + 3ax + 3ay n (x+y)?2+3x+y) o 5xy?—20xz?
p 6ax*+ 5ax — 6a q x*—y2+5x—5y ro3x?—12x+ 12
s 63x* — 28y? t at-16 u (a—2?%-4
v 1+p+p*+p’ w 8t> — 28t — 60 X 8—8x—6x?
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Fun Spot 7:06 | What did the caterpillar say when it saw the butterfly?

Answer each question and put the letter

YA
for that question in the box above the
correct answer.
For the number plane on the right, find:
E the equation of the x-axis
E the distance BC
E the midpoint of AB >
E the equation of AB X
F the gradient of DF
H the intersection of DF and EF Y v
I the distance of F from the origin
G the equation of the y-axis E the y-intercept of DF
E the distance AB H the equation of DF
G the gradient of AB I the intersection of AB and BC
Simplify: W
| 102+ L 102-x L 100 x 22 ‘7%
M 10x2 + x2 N 1 of 8x* N 5% of 40x «« <
N (2x2)3 N 242

A playing card is chosen at random from a
standard pack. Find the probability that it is:

O the Ace of spades P a heart

R aKing S a picture card
T ared card greater than 3 but less than 9

Expand and simplify:

O (x+1)(x+7) O (a-Db)(a+Db) Al40
S (a+Db)? T (a-Db)?
On this number plane, what is the length of:
T OC? U OA? U AC? B C
V BC? W OB? Y AB? =90 Ol 30°x
O What is the area of AABC?
L o o No% % S o o o M o ~
o PIQ ¥ 3 \% & 8 g < :1 -2y rlR = A 7T
- - ) S
S
Y3 L AT OB PR TR A ST
— =t N = > = o0 &
; ~in O = = - q
= -+ N S N
F & ! +
o\ [a\] [a\]
S S

N 520,

7:06
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707 | Simplifying Algebraic Fractions:
Multiplication and Division

& Quiz | simplify the following:
“a , Sa , 1202 3 20 g L
10a 8x2y 3 x 3 9
7:07 Factorise:
5 6x2+ 9x 6 x>+ 7x+12 7 x*—49 8 3x2+6x+3
9 3x+3y+ax+ay 10 2x*+9x-5

Just as numerical fractions can be simplified by cancelling common factors in the numerator and
the denominator, so algebraic fractions can often be simplified in the same way after first factorising
where possible. Look at the examples below.

worked examples

2x-2  2(x—1)!
3x-3  3(x—1),

2
=3
(o]
, XATx+12  (x+4)(x+3)! %°
X2-0 (x=3)(x+3) :')' )
_x+d '
T x-3

6 —6a? _6(l-a)(d+a)!

3 3 3a+x+ax G +x)(1A+a)!
_6(l-a)
T 34x
3x2-9x  Bx(x—37"
4 3027 T B30, (x+3)
X
T x+3

Algebraic fractions should also be factorised before completing a multiplication or a division since
the cancelling of common factors often simplifies these processes. Consider the following examples.
worked examples

5x + 15X2x+2 ~ 51(x+3)X2M1
x+1 5 (x4, 3,

=2(x+3)
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1 1 1
X2-9  3x+6 _ (x3J(x+3)  3(x+2)
X2+5x+6 x2-2x-3 (x4+2)(x4+3) (x—3)(x+1)
1 1 1

.3
Tx+1
1 1
6x-14  3x-7 _ZMXSM
3x-9 " 5x-15  3(x=3) "~ (3x=7)
1 1

10

3

1 1
a*-16  a*-2a-38 _M(a+4)xj,a;}-’5/)(a+5)
a>-25 a?2+10a+25 (a-5)(a+5)" (a—4)(a+?2)
1 1

B (a+4)(a+5)
T (a=-5)(a+2)

possible, and then cancel.

@ To simplify algebraic fractions, factorise both numerator and denominator, where >

Exercise 7:07

[} Factorise and simplify:

5x+ 10 b 4 c 12
5 2x+ 6 3x-9
2x—10 x+7 5a-5
f
d == ¢ 3x721 8a—8
3a+9 h 7m—28 i X2+ x
& Ga+18 3m—12 ¥ _x
.ox2—4 K o+l | 4y2-9
] az-1 4y +6
m a’—4a N 2x2-2 o x2-36
3a-a? 2x—2 3x-18
a’?-3a—-4 x2—-6x+9 ; x2 -4
P a+1 9 x—3 x2+3x+2
x2+3x+2 m2+5m-24 2+ 7t+12
g === n === u ————=
xX2+5x+6 m2—7m+ 12 t2-9
a2 —x2 2x2—x-1 18a%-8
v w =~ — X —
a’+3a+ax+3x 4x2 -1 6a’+a-2
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] Simplify the following:
2x+4 % 6x

3 x+2
2x—4 % 5x—15
3x-9 Tx-14
7y + 28 y 6

21 6y +24
yi+y 3y +6
2y+8 3y+3

x+3 x-3
x2-9 x+1

K a2+5a+6xa2—a—2
a’-+4 a’-1
xX2+6x+5_ x*+7x+12
x2+5x+4 x%*+12x+35
a*-4 a’-16
a’+3a-4 a*+2a-8
3x2+5x+ 2 xX2+x-6
x2—-x-2 3x2+11x+6
>c2—yz+x—y>< 10x — 10y
x2-2xy+y2 5x+5y+5

E] Simplify:
3a+6 a+2

S

2 4
Sm—lO;3m—6
m+1 3m+3

3x | x*+x
5x+15  x+3
5m-20  5m-20
4m+6  2m2+3m
n2-9 n+3
2n+4 2
a’*+5a+4 a*-9
a?-16 a?-a-12

x2-4  x2-x-6
x2—7x+10 x2-3x-10
n2—49;n2+14n+49
n2-9  n2-6n+9
3x2-48 | x*+4x
x2-3x-4 x3-x

x+y+xt-y? l+x-y
x2+2xy+y2  2x+2y

TO2  INTERNATIONAL MATHEMATICS 4

5y—15xy+4
2y+8 10
5n+10x6n+18

n+3 4n+8

1+ 2a ><6+18a
10+30a 1-2a
x2—3x><2x2+5x

x2 Ox — 27
3x+15 x2-49
x2-25 3x-21
y2+3y+2xy2+7y+12
y2+5y+6 yr+5y+4

m2—1 m2—10m + 25
m2—6m+5 m?—25
2x2+4x+2 _ x*+3x-+4

x2-1 4x+4
5a2+ 16a+3 5a2—a

25a2 -1 2a%2+5a-3

(a+b)2-c? a?+ab—ac—bc
a’+ab+ac+ bc a+b+c

x+2  Ix+4

5x 10x
6m+9  2m+3
2m—-8 3m-—12
24y-16  3y-2
4y+6 8y+12
25k +15 5k+3

3k-3 3k
y+7  y*-49
y=7 y*-Ty

x2+6x+9 . x2+5x+6
x2+8x+15 x2+7x+10

p>+7p+10 p*+2p-15
pr-2p-8  pr+p-12
2x2—8x—-42 x2-9x+14
X2+6x+9  x2+x—6
2a’°—a-1_6a*+a-1
al-1 3a’+2a-1

pP-(q+n)? __ p-q-r
p*+pq—pr—qr p*—-pq-pr+qr




7:08 | Addition and Subtraction of
Algebraic Fractions

Simplify:
1.3 s 2.3 9.3 13
375 i3 3 1075 4 572
5 7 2 1 2 3 1 1
2 d %o L o 2 8 - __—
5 x+x 6 a+2a 7 3a+2a x 4x
° 2x X 2n  3n

The Prep Quiz above should have reminded you that, when adding or subtracting fractions, the
lowest common denominator needs to be found. If the denominators involve two or more terms,
factorising first may help in finding the lowest common denominator. For example:

2 + 5 _ 2 + 5
x2-9 x2+5x4+6 (x=3)(x+3) (x+3)(x+2)

Here the LCD = (x — 3)(x + 3)(x + 2).

LCD .
sl Note that the factors of each denominator
T are present without repeating any factor
TT common to both. Each numerator is then

denominator. multiplied by each factor not present in its
original denominator.

_2(x+2)+5(x-3)
T (x=3)(x+3)(x+2)
_ 2x+4+5x-15

T (x=3)(x+3)(x+2)

_ 7x—11
T (x=3)(x+3)(x+2)

When adding or subtracting fractions:

¢ factorise the denominator of each fraction

e find the lowest common denominator

e rewrite each fraction with this common denominator and simplify.

7:08
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] 2 1 2(x+3)+1(x+2)
x+2 x+3  (x+2)(x+3)
_2x+6+x+2
C(x+2)(x+3)
_ 3x+8
(x+2)(x+3)
1 . 2
3 x2+5x+6 x+3
_ 1 N 2
(x+2)(x+3) (x+3)
1+ 2(x+2)
_(x+2)(x+3)
1+ 2x+4
o (x+2)(x+3)
_ 2x+5
_(x+2)(x+3)
x+3 x—1
5

C42x+1 xP-x-2

_ x+3 B x—1

T (x+D(x+1) (x+1)(x-2)
C(x+3)(x=2)—(x=1D)(x+1)
B (x+1)(x+1)(x=2)

X2+ x-6-(x2-1)

T (x+ D(x+1)(x-2)

_ xX—-5

C(x+ 1)2(x-2)

Exercise 7:08

Il Simplify each of the following. (Note: No factorising is needed.)

1 1 1
e b —
x+1 x-— a+>5
d 2+ 3 a2
Xx+3 x+5 m+1
1 3 9
g + — h =
2x—-1 x-1 3x+ 2
._3_+_....5..._ k 9 _
) 2x x+7 2x+5
X X a
m — + — n
x+3 x+1 2a+1
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worked examples

3 4  33x-1)-4Q2x+1)
2x+1 3x-1  (2x+1)(3x-1)
_ 9x-3-8x-4
No factorising T (2x+1)(3x-1)
was needed in these
first two examples. SR Sull S
2x+1)(3x-1)

1

a+3

3

m-—2

7
2x+5

4a-1

Factorise

4 3

x2+x x2-1

_ 4 3
Cox(x+1) (x=1)(x+1)
_ 4(x-1)-3x
Cox(x+D(x-1)

_ 4x—-4-3x
Cox(x+1D(x-1)

_ x—4
Cox(x+1D)(x-1)

Foundation Worksheet 7:08

Addition and subtraction
of algebraic fractions

1 Simplify:
alid  p3_ L
c 1 _ 1 X X x x+1
y_7 y+ 1 2 Simplify:
6 3 6 3 p_1 . 2
f 2 a Py R
(+10 t+2 ba e sl et
. 8 7
1 +
5x—1 3x+1
g L3
2a 2a+1
o x+1 x+2
x+2 x+1



] Simplify. (Note: The denominators are already factorised.)

a 1 N 1
(x+1)(x+2) x+1
c L __ 1
x+3 x(x+3)
e g + o
(x+2)(x+3) x+2
1 N 1
E GeDx+2) x+2)(x+3)
; 3 + 5
(x+7)(x-1) (x+7)(x+1)
k 1 3
Rx+1)(x+5) (x+5)(x+2)
m x—1 + x+1
(x+3)(x+1) (x+3)(x-1)

b

_ 1 1
x(x+2) x+2
I 1
x=5 (x=5)(x+2)
5 3
x+4 (x+1)(x+4)

2 + 4
(x=3)(x+3) (x+3)(x+1)
9 3 7
(x+9)(x+3) (x+3)(x-1)

5 3 6
2x-1)3x+2) x(2x-1)

X+ 2 B x—1
x(x+3) x(x+2)

E] Simplify, by first factorising each denominator where possible.

a

1 1
—_— b
x2+x x+1
2 3
+
2x+3 4x+6
1 1
e b
x2—-9 2x-6
1 1
x2+2x+1 x2-1
2 4
x2+6x+8 xZ+5x+6
3 B 4
x2-x-2 x2-2x-3
5.3
x?—3x-4 x2-x-2
2 4
+
x2-49 x?2-4x-21
x+1 x—1

x2+5x+6 x2-9

2x x+1
+
5x2-20 x2+4x+4

b

1 1
3x+9 x+3
5 3
+_........_
x2-1 x-1
11
x24+x x2-1
1 1
x2+7x+12 x2+8x+16
2,4
xX2+7x+12 x?+5x+4
3.2
x2—-x-6 x2-2x-3
3 B 4
2x2+7x—-4 3x%2+14x+8
4 1

2x2+x-1 x2-1
x+3 B X+2
x2-16 x%-—4x
5x+2 3x-1
+
2x2-5x-3 4x?-1
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Mathematical Terms 7

binomial

7 e An algebraic expression consisting of
two terms.

eg 2x+4,3x— 2y

coefficient

e The number that multiplies a pronumeral

in an algebraic expression.
eg In 3x — 5y,
— the coefficient of x is 3
— the coefficient of y is =5

expand
e To remove grouping symbols by
multiplying each term inside grouping
symbols by the term or terms outside.
ot g
Mathematical terms 7

%25 and 0

q aef q
;;;‘;.";:h?:z 1 Factorising using common factors
2 Grouping in pairs
. 3 Factorising trinomials 1
o"".q &= o® 0-a . .
4 Factorising trinomials 2

5 Mixed factorisations

factorise

e To write an expression as a product of
its factors.

e The reverse of expanding.

product

e The result of multiplying terms or
expressions together.

quadratic trinomial

» Expressions such as x* + 4x + 3, which can
be factorised as (x + 3)(x + 1).

e The highest power of the variable is 2.

trinomial
e An algebraic expression consisting of
three terms.

« This spiral or helix is a mathematical shape.
« Discover how it can be drawn.
« Investigate its links to the golden rectangle.
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Diagnostic Test 7: | Factorising Algebraic Expressions

e Each part of this test has similar items that test a particular skill.

* Errors made will indicate areas of weakness. 7
» Each weakness should be treated by going back to the section listed.

Section
1 Factorise by taking out a common factor. 7:01
a 3x—12 b ax+ ay c 2x-6 d ax+bx —cx
2 Factorise by grouping the terms into pairs. 7:02
a ax+bx+2a+2b b 6m+6n+am+ an
c xy—x+y—1 d ab+4c+4a+ bc
3 Factorise these ‘differences of two squares’. 7:03
a x2-125 b a?-x? c 4-m? d ox*-1
4 Factorise these trinomials. 7:04
ax>+7x+12 b x¥2-5x+6 ¢ x*-3x—-10 d x*+x-20
5 Factorise: 7:05
a 2x>+11x+5 b 3x2-11x+6
c 4x2—-x-18 d 6x2+5x+1
6 Simplify, by first factorising where possible. 7:07
, 0x+12 12a-18 . X%+ 5x d x%2+3x-10
6 14a-21 ax+5a x2—4
7 Simplify: 7:07
3x+6, 8 b a’+5a+6 a’-1
4 x+2 a*-9 a’+3a+2
3m-6 5m-10 d x2=3x-10  x*-7x+10
m+3  3m+9 x2-x-6 = x2-4
8 Simplify: 7:08
a = +-L_ b —— L
x+3 x-1 x(x+2) (x+2)(x+1)
5 " d X o x+2
x2-9 2x-06 X2+ 7x+12 x*+2x-3
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1 Factorise the following expressions: 3 Simplify each of the following:
a a’>+9a+20 x?+9x—36
b 2p—4q ? x2-9
c m?>—4m-45
d 5%+ 10x* +x + 2 b e
e 42— 1 2x%*+5x-3
f xty—xy 3 2
g 6a2—13a+5 ¢ x¥27x+3
h x*+x-30 >
i 3a2-4a-15 d =--==
- x—-1 x-2
j xy+xz+py+pz
k 2x2+x-1 e x2-1, _ x2+x
| PP 55 x?+2+1
m —5ab — 10a’b? x—1 x2—4x+3
n x2—y2+2x—2y f 24 2-x-6
o 2-3x-9x?

x+1 x+2

2 Factorise fully: g x+2 x+1
a 2y2-18
b 3r’+9r-84 h 2 _, 1
¢ 43 +6x+42+6 3x-1" (B3x-1)2
d 2-18x? ; 4 3
e a*+a*-72a ' 337 2x 2x+3

2

‘; ?j :L}}B)?a++x3_ay j ®+5x-14 x*+4x+4
b -2 4 5x%-20 x?—49

r o
s :ee‘,,@‘L

Question® « In Chess, a Knight can 8
move 3 squares from 7
its starting position to
its finishing position. 6
The squares must S
form an ‘L’ shape in 4
any direction. Some 3
possible moves are 2
shown below. 1
ABCDEFGH
Finish Start
Finish
" Start
« Which squares can the Knight in the photo move to?

If the Knight was standing on the square C1 what

squares could it move to? Give a sequence of Start Start

squares showing how the Knight could move

from A1to B1to C1to ... H1. Finish

« Chess is played on an 8 by 8 square grid. Each .
. . Finish
square is named using a letter and a number.

The Knight pictured is standing on the square A1.
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1

Use ID Card 5 on page xvii to identify:
a5 b 12 ¢ 14 d 16 e 17 f 20 g 21 h 22 i 23 | 24 7B

Use ID Card 6 on page xviii to identify:
a 4 b 12 ¢ 13 d 14 e 15 f 17 g 21 h 22 i 23 j 24

If the exterior angles x°, y° and z° of a triangle are in the ratio 4:5:6,
what is the ratio of the interior angles a°, b° and ¢*?

The average of five numbers is 11. A sixth number is added and the new average is 12.
What is the sixth number?

This sector graph shows the method of travelling to work for Traoin

all persons. Bus &

a What percentage of the workforce caught a train to work? By 40,

b What percentage of the workforce was driven to work? (driver) Other

¢ What is the size of the sector angle for ‘other’ means of 180° Walked
transport? Do not use a protractor. 36°

d What percentage of the workforce used a car to get to work? Car

a From the data in the graph below, who has the greater chance El%%ssengers)

of having heart disease:
a 60-year-old woman or a 60-year-old man?
Who has the greater chance of having cancer: a 50-year-old woman or a 50-year-old man?
Which of the three diseases reveals the greatest gender difference for the 20-to-50-year-old
range?

d Would the number of 80-year-old men suffering from heart disease be greater or less than
the number of 80-year-old women suffering from heart disease? Give a reason for your
answer.

Health risks

MALE Per cent FEMALE

12

Heart disea7
Heart
disease
9
/ /C%er /
6

0
// Diabetes \ |.|" f/% '

___7 S e
0 ——

[ I [ | I I I [ I [ |

I I I I I [
0 10 20 30 40 50 60 70 80 Ageo 10 20 30 40 50 60 70 80

Source: Australian Institute of Health and Welfare
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The midpoint of an interval

The gradient of a line
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The gradient—intercept form of a straight
line:y=mx+c

Investigation: What does y = mx + c tell us?
The equation of a straight line, given point
and gradient

Learning Outcomes

Students will be able to:
Find the distance between two points.
Find the midpoint of an interval.
Find the gradient of an interval.

Graph straight lines on the Cartesian plane.
Use the gradient-intercept form of a straight line.

8:08
8:09

Positive gradients:
m>Q0

The equation of a straight line, given

two points

Parallel and perpendicular lines

Graphing inequalities on the number plane
Fun Spot: Why did the banana go out with
a fig?
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Find the equation of a straight line given a point and the gradient, or two points on the line.

Identify parallel and perpendicular lines.

Graph linear inequalities on the Cartesian plane.
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Logical Thinking, IT Skills, Reflection), Human Ingenuity




The French mathematician René Descartes first introduced the number plane. He realised that
using two sets of lines to form a square grid allowed the position of a point in the plane to be
recorded using a pair of numbers or coordinates.

Coordinate geometry is a powerful mathematical technique that allows algebraic methods to
be used in the solution of geometrical problems.

In this chapter, we will look at the basic ideas of:

¢ the distance between two points on the number plane

¢ the midpoint of an interval

e gradient (or slope)

e the relationship between a straight line and its equation.

We shall then see how these can be used to solve problems.

8101 | The Distance Between Two Points

The number plane is the basis of coordinate geometry, an important branch of mathematics.
In this chapter, we will look at some of the basic ideas of coordinate geometry and how they
can be used to solve problems.

1 Which of the following is the correct statement of L

Pythagoras’ theorem for the triangle shown? \

€
b
A a?=Db*+c? B b2=a%+ c? C 2=a*+h?
8:
For questions 2 to 4, use Pythagoras’ theorem to find the value of d. 7 .
= 3 12 cm 4
dcm a
3cm 5cm 2m
dcm
4.cm 4m
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5 A B 6 Distance AB 7 Distance AB = ... units.
1 1 1 'y 1 1 1 'y 1 1 | — . y
10123456787 218 =... units. 4
o 3[A B
Distance AB = ... units. —14¢A 2
2l 1
-3F
10[ 1 23 4 5x
=1
8 y 9 Find the distance AB. 10 Find the distance AB.
1 y
0 123 45 o
-1 3 A_A\.; 4 O X A 3+
2 >
3 -
4 B 1 1 1 1 B 1
—1 3 x
Distance AB = ... units.

Pythagoras’ theorem can be used to find the distance between two points on the number plane.

worked examples

1 Find the distance between the points (1, 2) and (4, 6).
2 IfAis (=2, 2) and B is (4, 5) find the length of AB.

[“5isa
surd. We

Solutions
1 y 2 y simplify surds,
7 A4, 6) 7 if they are
6 6 A4, 5) perfect
5 5
4 7 4 3
> 3. Ce b e
1 B(1,2) 1 (6
—19 123 456 7x —3—2—19 123 4 5x
=1 =1
c2=a?+b? ¢z =a*+b?
ABZ=AC?+BC? ABZ=AC?+BC?
=42+32 =32+6°
=16+9 =9+36
=25 =45
- AB= .25 - AB= /45
.. the length of AB is 5 units. . the length of AB is ,\/4_5 unit.

By drawing a right-angled triangle we can use Pythagoras’ theorem to find the
distance between any two points on the number plane.
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Distance formula

A formula for finding the distance between two points,
A(x, y;) and B(x,, y,), can be found using Pythagoras’
theorem. We wish to find the length of interval AB.

Now LM =x, —x; (since LM =MO —1O)

(ACML is a rectangle)

and RS=y,—-y, (since RS=RO —SO)
(BCSR is a rectangle)
Now AB? = AC?+ BC? (Pythagoras’ theorem)
=0 —x)%+ (y —y1)?
s AB= J(x,=x)2+ (- y1)?

The distance AB between A(x,, y;) and B(x,, y,) is given by:
d = J(x,-x)*+ 02 —y)?

worked examples

1 Find the distance between the 2 Find the distance between the
points (3, 8) and (5, 4). points (=2, 0) and (8, —5)
Solutions
1 Distance = ,/(x, —x,)2 + (¥, - y,)? 2 Distance = /(x5 — ;) + (y5 - ¥1)>
(m, 8) and (3@, 4) (x@l, 0) and (x@, -5)
~— N ~_ —
sod=J(5-3)2+(4-8)2 sd=J(8--2)2+(-5-0)2

= @)+ (=47 = J(10)+ (=5)?
= J4+16 /100 + 25
=420 J125

*. Distance = 4-47 (using a calculator .. Distance = 11-18 (using a calculator
to answer to 2 decimal places). to answer to 2 decimal places).

* You should check that the formula will still give the same answer if the coordinates
are named in the reverse way. Hence, in example 1, if we call (x,, y,) = (5, 4) and
(x5, y5) = (3, 8), we would produce the same answer.
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Exercise 8:01

Distance between points
1 Use Pythagoras’ theorem to find the length

Bl Use Pythagoras’ theorem to find the length of each of the of the hypotenuse in ez:)ch of the following.
following. (Leave your answer as a surd, where necessary.) X ’_‘ 5 3L y
a b
y y 12 7
10 10 2 Find the distance AB in each of the following.
9 B(7,19) 9 a y b y A
8 8
7 7 A(3,/6)
6 6
5 8 5
3
4 4 - 3 Find the length of AB in each of the following.
3 3
2 > €33 |4 | B(73
1 6 I 1
AL 1) 1)
0 12345678 x 012345678«
e ‘ . ¢ !
. B(4, 3) ” A(-B, 2) >
i B3 P * 2
= 9 T
1 ol ol | A1) ™~
5) ul LY —6-5-4-3-2-T8.1 23 45 6x
-100 1 23 456X v 5" e t ]
[ 3l -4-3-2-10[ 1 2 3« - IS ~
ol A(1,-2) |~ L C 2], B(6. -3
=9 N = i

] Find the lengths BC and AC and use these to find the lengths of AB. (Leave your answers in

surd form.)
a
y B(5,4) b y B(4,4) c B(L7)4) y
N - ~ N
ol ~15
1 1 Do © A(=1,2)1
(0,0)| | C AL @
—10[ 1 23 4 5x —10[ 1 23 4 5x 76543210 {x
I I
d y e y f y
= A N
9 A4, 4) B(-2,3)“ 2
4 3 o IE:
5 > ~4-3-2-101 { 2 3
: : N A@, +1)
1 3
_3—2-_? {1 2 3 4x Ml
8210 1 2 3 4x 5 B(-4, -4) . C
=1 a ’—| =z A(z., _3) =9
B(-3,-2)° C cl T°
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[F] Use Pythagoras’ theorem to find the length of interval AB in each of the following.
(Leave answers in surd form.)

a y b y c y
6r A, 6) 5- A(4,5) 5|
ol ol AT AGY)
4+ 3+ 3
3t 21 s 02—
2t 10 T
1_B(1,2) L L L L L L L L L L L L
o IR —1_9_1/2345x 2-10[ 1 23 4 5%
-101 123 45 ol 4 B{,-2) ol
d y e f
5 3|
A(1,3)
A2, 3)41 2}
3 1_ A(811)
?- .?-1| | 1 1 5 |6 1 |x
L 1 I 1 Il B|(3’| 1) | L _2 (2, —1)
2510 _olL
2100123 4x 1_1?&2x =l
—2F

B} Use the formula d = A/(x2 —x,)?+ (y,—y;)? to find the distance between the points:

a (4,2) and (7, 6) b (0,1)and (8, 7) c (-6,4) and (-2, 1)
d (-2,—4) and 4, 4) e (-6,2) and (6, 7) f (4,9) and (-1, -3)
g (3,0) and (5,-4) h (8,2)and (7,0) i (6,-1)and (-2, 4)
j (=3,2)and (-7, 3) k (6,2)and (1,1) I (4,4)and (3, 3)

[H 2 Find the distance from the point (4, 2) to the origin. :
b Which of the points (-1, 2) or (3, 5) is closer to the point (3, 0)? N\qk[rn"g{ :e]skefch
¢ Find the distance from the point (=2, 4) to the point (3, —=5). M ]o
d Which of the points (7, 2) or (=4, —4) is further from (0, 0)?

A -

The vertices of a triangle are A(0, 0), B(3, 4) and C(—4, 5). ’
Find the length of each side. |
b ABCD is a parallelogram where A is the point (2, 3), B is (5, 5), A\V’
Cis (4, 3) and D is (1, 1). Show that the opposite sides of the
parallelogram are equal.
¢ Find the length of the two diagonals of the parallelogram in part b.
d EFGH is a quadrilateral, where E is the point (0, 1), Fis (3, 2), G is (2, —1) and
His (-1, —2). Prove that EFGH is a rhombus. (The sides of a rhombus are equal.)
e (3, 2) is the centre of a circle. (6, 6) is a point on the circumference. What is the radius
of the circle?
f Prove that the triangle ABC is isosceles if A is (-2, —1), Bis (4, 1) and C is (2, —5).
(Isosceles triangles have two sides equal.)
g A is the point (=13, 7) and B is (11, —3). M is halfway between A and B. How far is
M from B?
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8:02 | The Midpoint of an Interval

auiz 4+10 s
&
9 ! 2 2 5
3 What is the average of 4 and 10? 4 What is the average of —2 and 4?
8:02 5 What number is halfway Lo n a0 nnsn q
between 4 and 10? 12345678 9101112 X

6 What number is halfway s 10123456 '7 >
between —2 and 4? e

7 What number is 9 What number is

y y
halfway between 6 halfway between 4t
1 and 5? 5¢ —1 and 3? 37
1+5 3l 1+3 Al
+ 3+ -1+ 1}
=== =
8 5 . o 10 5 ? ol
1¢ —1¢
of 2t

e The midpoint of an interval is the halfway position.
If M is the midpoint of AB then it will be halfway
between A and B.

I$ M\ is the midpoint
of AB then AM = MB.

A(4,3)

—NDW AN ®<
A
<

y

1234567 89107%

o

Consider the x-coordinates.

Note: 7 is halfway The average of 4 | 4+10 _| Formula:
between 4 and 10. “land 10 is 7. 1T T 7 g p = X, + %,
===

Consider the y-coordinates.

Note: 5 is halfway The average of 3 3+7 _| Formula:
between 3 and 7. “| and 7 is 5. 1T T 5 ity
==
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Midpoint formula

y

yn B(xgv y2)
M(p. q)
Could you pledase
H Axss| y4) say that in Engligh,
Miss?
0 4 Xy X

The midpoint, M, of interval AB, where

Ais (x;, y;) and B is (x;, y,), is given by:
(X1t X% 1tYs

M = ( Mz RL )

worked examples

1 Find the midpoint of the interval 2 Find the midpoint of interval AB, if A is
joining (2, 6) and (8, 10). the point (=3, 5) and B is (4, —2).
Solutions
o (Xt it , L (xtxX ity
1 Midpoint = ( SRR ) 2 Midpoint = ( R )
_(2+8 6+10) _(—3+4 5+—z)
L2 2 U272
— _(1 3 1 1
=(5,8) —(5,2)01‘(2715)
Exercise 8:02
Midpoint

1 Read the midpoint of the interval
AB from the graph
2 Find the midpoint of the interval

Bl Use the graph to find the midpoint of each interval.

a 1y b y that joins:
5 - 2 a (3,4 to (10, 8) b...
4 (1.4 3. 1 3 Find the midpoint of the interval
" that joins:
g BB [ 123« a(-4,6)t0(-3,-5 b...
= I
1 (5]2) !
L]
1 2345% (1] -3)
=1
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€ (-2,4)y d y € Y
. {1 23x 5 @2
3 1 2
() (_ ’_1) > 1
1 B
M 21 ] 23 4x
21, \ 2 3x N P4
B > 1,-2)
5 A (3, =5) =1lL =2)
y l@/-2) [ ’
F] Use the graph to find the midpoints nl (2 C
of the intervals: ° I~
a AB b CD c GH / 5 ~_[p
d EF e LM f PQ u
g RS h TU iV / " B
B
2
/1T
A
-/|-4 |20 2 4] 6 |
2 F
L Rl [ S
L [ dwl [/
O
M =
g P
v+ i

[EF] Find the midpoint of each interval AB if:
a Ais (2,4),Bis (6, 10) b Ais(1,8),Bis (5,6) c Ais (4,1),Bis (8, 7)
d Ais (0,0),Bis (-4, 2) e Ais(-1,0),Bis (5,4) f Ais(-2,-6),Bis (4, 2)
g Ais(-8,-6),Bis (0,-10) h Ais (-2,4),Bis (-4, —06) Ais (=2,-4), Bis (-6, -7)

] Find the midpoint of the interval joining:

a (=3,-3)and (2, -3) b (8,-1)and (7,-1) c (5,5) and (5, -5)
d (6,-7) and (-7, 6) e (0,—4) and (-4, 0) f (6,-6) and (5, -5)
g (111, 98) and (63, 42) h (68,-23) and (72,-29) i (400, 52) and (124, 100)

[H 2 i Find the midpoint of AC.

y
ii Find the midpoint of BD. 41A(1,3) B@4,3)
iii Are the answers for i and ii the same? Srm =
iv. What property of a rectangle does this result demonstrate? ? u| ]
DL 1), C 1)
001 2345%
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b If (4, 6) and (2, 10) are points at opposite ends of a diameter y
of a circle, what are the coordinates of the centre? Z :
c¢ i Find the midpoint of AC. 2 i
ii Find the midpoint of BD. sl
iii Are the answers for i and ii the same? ol
iv. What property of a parallelogram does this result 1}
demonstrate? o
—1r

A a If the midpoint of (3, k) and (13, 6) is (8, 3), find the value of k.
b The midpoint of AB is (7, —3). Find the value of d and e if A is the point (d, 0) and
Bis (-1, e).
¢ The midpoint of AB is (=6, 2). If A is the point (4, 4), what are the coordinates of B?
d A circle with centre (3, 4) has a diameter of AB. If A is the
point (=1, 6) what are the coordinates of B?

a If A is the point (1, 4) and B is the point (15, 10), E
what are the coordinates of the points C, D and E?
b 1f A is the point (1, 4) and D is the point (15, 10), D
what are the coordinates of the points B, C and E? C

E] 2 Use coordinate geometry to show that the points A
A(-12, 10), B(8, 0), C(4, —6) and D(-16, 4) form a parallelogram.
b Use coordinate geometry to show that the points (-3, 2), (5, -2), (4, —4) and (-4, 0)
form a rectangle.

Roger has 4 different pizza
toppings. How many different
pizzas could be made using:
- 1 topping?

. 2 toppings?

« any number of toppings?
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X quiz

8:03

210

8:03 | The Gradient of a Line

. (13,1) (7. 1)
1 2 3 4 5 6 8 9 10 11 12 13 14 15 16 17X

o ~NWhOIO <

1 Which is steepest, AB or EF?

2 3 and 4 IfI travel from left to right, between which 3 pairs of letters am I travelling
upwards?

5 6 and 7 Between which 3 pairs of letters am I travelling downwards?

Say whether the hill is sloping up, down, or not at all, at the points
8 A 9 G 10 F

The gradient or slope of a line is a measure of how steep it is.

Negative gradient Positive gradient A higher positive gradient

 If we move from left to right the line going down is said to have a negative gradient (or slope).
The line going up is said to have a positive gradient (or slope).

e If the line is horizontal (not going up or down) its gradient is zero.

e We find the gradient of a line by comparing its rise (change in y) with its run (change in x).

Gradient = B¢ = chian ol
run  change in x

e So a gradient of % means that for every run of 2 there is a rise of 1

(or for every 2 that you go across you go up 1).

.

ErO S

LAl

\S)
4
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Finding the gradient of a line

1 Select any two points on the line.
B
2 Join the points and form a right-angled triangle by drawing a
vertical line from the higher point and a horizontal side from i
the lower point. i rise
3 Find the change in the y-coordinates (rise) and the change A Fi
in the x-coordinates (run). T run T
4 Use the formula above to find the gradient.
worked examples
Use the points A and B to find the gradient of the line AB in each case.
1 y 2 y 3 y
6 6 6
- - - |B(1,5
J J J
4 4 DA \
. B(4, 4) . B4 ) A
> 8 > —1 1o 65
1 41 ALY o 1
A@, 1) 5
00 12345% -100 1 2345%X 0 12 345X
! ! '3 NA2[-)
Solutions N , N ,
1 Gradient 2 m= X2Ngemy 3 m= changein y m is used
) change in x change in x for ‘gradient
_ changein y
== _up2 _ down 6
change in x =—0—_ =2 —
across 5 across 3 Gradient is
__up3 D) 6 generally left as an
across 2 =z =-3 improper fraction
5 3 : .
3 instead of a mixed
) =-2 numeral. So we write
% instead of 1% :

« Architectural design often
requires an understanding
of gradients (slopes).
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Gradient formula

We wish to find a formula for the gradient of a line AB where A is (x, y;) and B is (x;, y,).

Gradient of AB= fse
run

_ changein y m is used
B chamngx for ‘gradient’
_BC

AC

Y2—Y1 (opposite sides of a

X, —x, rectangle are equal)

The gradient of the line that passes through the points A(x,, y;) and B(x,, y,) is
given by the formula: “y

Xy —X)

worked examples

Find the gradient of the straight line passing through the following points.

1 (1,3)and 4, 7) 2 (6,-2)and (2,-1) It doesn't matter
Solutions which point is
1 Let (x, yp) be (1, 3) 2 Let (x;, y,) be (6, -2) called (x,, ¥,.
and (x,, y,) be (4, 7). and (x,, y,) be (2, -1).
Gradient = u m= u
X=X X=X
_7-3 ~1-(=-2)
C4-1 - 2-6
_4 1 —r—
3 -4
.. The gradient is 1% . .. The gradient is —‘—1}.
Exercise 8-03
* Gradients
1 Find the gradient of the line from the graph.
Bl For each of the following, state if the line has a positive 2 Y b Y
or negative gradient. 2 2
a y b y a | x | 1 X

2 Find the lengths of the missing sides on each
triangle and then find the gradient.
b
/ * /
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\ d
\N; \x / 3

F] Using Gradient = o find the gradient of AB in each of the following:

? 2 AB(2,l6) b 2HA(, 6) ¢ AL
4 / 4 4
al |/ 15 3P al 1\
ol 1 - B(3, 2) > 6
“TA(,[1) - =
1 1 1
I 1 I 3 \ 1 \
-0 2345x -10, 1 23 4 5% -10/ { 28 4 5%
— 2 NA(S, 1)
d A(2,9),B(-1,0) e A(0,5),B(5,0) f A(=3,-8),B(1, 8)
EF 2 Calculate the gradients of the four lines. y
o ) E B, D
b Which lines have the same gradients? 5
¢ Which lines are parallel? 4
G"; F
B 2/ 3 4 ESHx
C
On th ber pl draw:

A On € ezime M b plame, desv If two lines have
a a line through (0, 0) with a gradient of —2 the same oradient
b aline through (1, 1) which is parallel to the line in a. they are pgarall el
¢ Do the lines in a and b have the same gradient?

B Use the formula m = Y2700 4 find the gradient of the straight line passing through
the points: 275
a (2,6)and (5,7) b (4, 2)and (5, 6)

c 3,1 and (7,3) d (0,0)and (5,2) % aline has no
e (0,5) and (6, 6) f (3,0) and (5, 6) slope m = O.
g (6,2)and (2, 1) h (7,7) and (5, 6) X

i (9,12)and (3, 7) j (=4,3)and (1,4) '

k (=3,-2)and (0, 6) I (4,-1) and (3, 3)

m (2,3) and (-4, 9) n (-4, 1) and (-2, —4)

o (5,2)and (7,-6) p (=3,-1) and (-6, -7)

q (4,-2)and (-4, -2) r (-6, 3)and (1, 3)
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A a2 Find the gradient of the line that passes through

A3, 1) and B(5, 11).

b Find the slope of the line that passes through
0(0, 0) and B(-1, —2).

¢ On the graph shown, all of the points A, B, C and D
lie on the same straight line, x + 2y = 6.
Find the gradient of the line using the points:

i Aand B ii Cand D

iii Aand D iv Band C
Conclusion: Any two points on a straight line
can be used to find the gradient of that line.
A straight line has only one gradient.

d Use the gradient of an interval to show that the
points (-2, 5), (2, 13) and (6, 21) are collinear
(ie, lie on the same straight line).

A0, 3)

Jos]
—
N
N
N
~

= N W s <

)
(6,
4 5 6 Fux

o

=

(@]
—_
N
N
w
w

a i Find the gradient of BC and of AD. Y4 B@G,7) C(7, 8)
ii Find the gradient of AB and of DC.
iii What kind of quadrilateral is ABCD?
Give a reason for your answer.
b Prove that a quadrilateral that has vertices A(2, 3), A(1, 2) D(5, 3)
B(9, 5), C(4, 0) and D(-3, —2) is a parallelogram. X
(It will be necessary to prove that opposite sides
are parallel.)

] Use the fact that a rhombus is a parallelogram with a pair of adjacent sides equal to prove that the
points A(-1, 1), B(11, 4), C(8, —8) and D(—4, —11) form the vertices of a rhombus.
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8:04 | Graphing Straight Lines

A straight line is made up of a set of points, each with its own pair of coordinates.

¢ Coordinate geometry uses an equation to describe the relationship between the x- and
y-coordinates of any point on the line.

In the diagram, the equation of the line is x + y = 3. From the points shown, it is clear that the
relationship is that the sum of each point’s coordinates is 3.

¢ A point can only lie on a line if its coordinates satisfy the equation of the line. For the points
(=3, 2) and (2, 3), it is clear that the sum of the coordinates is not equal to 3. So they do not
lie on the line.

y A The x and y in the
=2,5) 5 equadtion dre the
i point’s coordinates.
A
(_ 14) u
3 (0, 3) 2. 8)
(-3.2) 2—wx
1 1, 2 J-\\(?
TN
<4 B 2 4, 2 34 5 »
! A
- (5,-2)
=3
4
Y

To graph a straight line we need:

e an equation to allow us to calculate the
x- and y-coordinates for each point on (o (
the line

e a table to store at least two sets of coordinates

¢ a number plane on which to plot the points.

ls THAT all?
Hey, ho problem)
| can do that!

. . . x-intercept
Two important points on a line are:

e the x-intercept (where the line crosses the x-axis)
This is found by substituting y = 0 into the line’s y-intercept
equation and then solving for x.

e the y-intercept (where the line crosses the y-axis)

This is found by substituting x = 0 into the line’s
equation and then solving for y.
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Horizontal and vertical lines

The line shown on the graph on the right is vertical.

* Below, we have put the points on the line into a table. é ‘x _ 9
x[2(2|2)2]2]2 !
y|—2[-1lol1]2]3 SEETEEEE

2
e There seems to be no connection between x and y. 3 N

However, x is always 2. So the equation is x = 2.

Vertical lines have This line is

7 equations of the This|line is “2}3 ? xl= 3.
form x = a x=-1. 5 ' x—axis af
where a is where the 1

line cuts the x-axis.

K A Y

The line on the right is horizontal.

DN RO

* Below, we have put the points on the line, into a table. - é R
< > >
x [-2|-1]0| 1|23 1
yl2]2]2]2]2]2 PPAd 1 Py
* There seems to be no connection between x and y. g

However, y is always 2. So the equation is y = 2.

Horizontal lines have ¥ This lite I
(o) L= g
74 equations of the form L2k They cut the y—axis
y=b P AHMINER at -3 and 1.
where b is where the b ' ~
line cuts the y-axis. —3-2— ? 123
2
< 3 >
)
This line is

.
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worked examples

Draw the graph of each straight line.

1 y=3x-5
Solutions
1 y=3x-5
x| 0| 1]2
y |-5[-2|1
2 3x+y=5
x| 0] 1]2
y[5]2|-1
3 2x+3y=6
x| 0| 1]2
1|2
y | 2 1§ 5

2 3x+y=5 3 2x+3y=6 4 3x—4y+12=0
whenx=0, y=3x0-5 AL,
y=-5 <
whenx=1, y=3x1-5 I [ |
- -2-10 1/2 34 5 6x
=1
whenx=2, y=3x2-5 —‘:’)3
y=1 al/
v
whenx=0, 3x0+y=5 g
O+y=5 3
y=5 4
whenx=1, 3Xx1+y=5 3\
3+y=5 2
4
y=2 TN
when x=2, 3Xx2+y=5 —2—1? 1% 34x
6+y=5 2
y:—l \
when x=0, 2XxX0+3y=06 p
0+3y=6 2
y=2 4
whenx=1, 2x1+3y=6 W
2+3y=6 2
3y=4 1
y=11 2-10] 1 2 34<
3 =1 \
when x=2, 2x2+4+3y=6 2
44+3y=06
3y=2 Since it is difficult to plot
y = % fractions, an intercept method

would be better here:

At the x axis, y=0

S 2x+3%X0=6
2x=06
x=3

At the y axis, x=0

S 2X0+3y=6
3y=6
y=2

continued =»=>=
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4 3x—4y+12=0

It can be seen that if a table of values is used here R
fractions will result. The intercept method is better again. bt
Rewrite the equation as 3x — 4y = —12 1
At the x axis, y =0 —3-2-1-10] 1x
s 2x—4x0=-12 i
2x=-12 5
x=-6 4
At the y axis, x=0 °
S 2X0+4y=-12
4y=-12
y=-3
Exercise 8-04
° Graphing lines
1 Complete the tables for the equations:
Bl Using separate axes labelled from —4 to 6, draw the graph s bysEed  GEsys2
of the following lines using any of the above methods. the x- and 1 B
a y=2x-3 b y=4-3x {)’fiﬁferfept : A
c 2x+y=5 d y+3x=3 aA _ bB s o
] Graph the lines represented by these equations using an K
appropriate method.
a x+2y=4 b y=5-x c y=3x+2 d 2y—-5x=10
e x+3y+9=0 f 3-2x=y g 3y=2x+6 h y-2=4x
B On which of the following lines does the point (=2, 3) lie?
a y=2x+1 b 2x+y+1=0 c x=2y-8 d y—-2x=-1
e 3x—2y=0 f 2y-3x=0
B} The line 2x — 5y + 6 = 0 passes through which of the following points?
a (2,2 b (7,4 c (2,2 d (3,0 e (8,2) f 3,0
[ For each number plane, write down the equations of the lines @ to @
a2 ® @ C b A B C

A 4

>

A A A A

)
-®

A

A

A

\
@

A

= N WD K<
Y
©

= N W K<

S SOOI e

(6110 AN e

A

Y
@

A

\4
@

<
<
<
<
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A Using values from —5 to 5 on each axis, draw the graphs of the following straight lines.
Use a new diagram for each part.

a y=4, x=5 y=-1, x=0 b x=1, y=0, x=2, y=3
Cc y:4’ xX=2, y:—z’ x=—-4 d x=5, y:—S’ xX=2, y:2
e y=-2, y=0, x=0, x=3
Which of these encloses a square region?
Match each of the graphs A to F with one of the following equations:
yZZX y:x—z 2X+y=0
y=x x+y=3 2x+y=2
y y y
4 4 4
3l A 3 3
2 2 2
1 1 1
823 1 2 8% —3-2-1. 1/2 8% 321/ 1 2 8%
2 2 2
3 B3 S/ g
° ¥
WP/ B/ Y
5 5
2 = [
4 '1' q
' D
B2 12 B2 | N2 38x B2-1.\1 2 8%
2 2 2
3 T TNE N
E] Which of the lines A, B, C or D could be described A y{
by the following equation. 4
a x—y=2 b x+y=4 3
c 2x+y+2=0 d x—2y+2=0 2
4
-4 —3-2 — (1) 1,2 3 4\'3(
! |9
B
C
Bl Use the intercept method to graph the following lines.
a 2x+y=2 b 3x+y=6 c 2x+y=4
d 2x-y=4 e 3x-y=3 f 4x—-y=2
[f] Draw the graph of each equation.
= = 2x b = x+1 C = x-1
) ] )
d 3x+2y=7 e 5x—2y—6=0 f 2x-3y-5=0
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8:05 | The Gradient—Intercept Form
of a Straight Line: y=mx+c

& Quiz | 1f x = 0, what is the value of:
9 1 2x 2 mx+c

If x =0, what is the value of y when:
8:05

3 y=3x+2 4 y=4x-1
What is the gradient of: AR
5 line A 6 line B o
What are the coordinates of the y-intercept of: 2/ B)
7 line A 8 line B =
9 Does every point on the y-axis have an x-coordinate of 0? B-2/1,| 472 8%
)
10 Can the y-intercept of a line be found by putting x = 0. B -
4
As you learnt in Book 3:
e The equation of a line can be written in several ways. For instance,
x—y—-4=0,y=x—-4andx-y=4
are different ways of writing the same equation.
* When the equation is written in the form x —y —4 =0, it is said to be in general form.
* The form y = x — 4 is a particularly useful way of writing the equation of a line. It allows us to get
information about the line directly from the equation.
Aég\gatio,,
H igation 8: hat d = Il us?
Investigation 8:05 | What does y = mx + c tell us?
Please use the Assessment Grid on the page 222 to help you understand what is required for
8:05 this Investigation.

For each of the following equations complete the table by:

1 graphing each line on a Cartesian grid

2 calculating the gradient of each line (use any two points that the line passes through), and
3 noting where the graph crosses the y axis (y-intercept).

Line Equation Gradient y-intercept E
is the
1 y=3x—4 coefficient
> P of x.
_1
3 y=35x+1
4 y=x
5 y=3-2x
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Are there any patterns you can find connecting the gradients and the y-intercepts and the
numbers in the equations of the lines? Explain these patterns or connections.

Try to write a rule that will help you write down the gradient and y-intercept for a line without
drawing the line.

4 Using your rule, write down the equations of the lines shown in the Cartesian grid below.

Yy
L A
T Q /
=N /
AN 6 Y 7/\

DT

/ro o \pzﬁ »

/
/

N
£

[oc )]

5 By making a table of values for your equations, check that your equations represent the
lines given.

6 Do you notice anything special about the lines that have the same colour?

7 Can you discuss some possible real life applications of straight lines and their equations?

e When an equation of a line is written in the form y = mx + c,
m gives the gradient of the line and
c gives the y-intercept of the line.
e Clearly, lines with the same gradient are parallel.
e When an equation of a line is written in the form ax + by + ¢ = 0,
where a, b and c are integers and a > 0, it is said to be in general
form.
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'
Assessment Grid for Investigation 8:05 | What does y = mx + c tell us?

The following is a sample assessment grid for this investigation. You should carefully read the
criteria before beginning the investigation so that you know what is required.

Assessment Criteria (B, C, D) for this investigation Achieved v

a | None of the following descriptors has been achieved.

b Some help was needed to complete the table and identify
the simple patterns in questions 2 and 3.

WIiIN|[+—=]| O

Mathematical problem-solving techniques have been

selected and applied to accurately graph the lines required
and complete the table, with some suggestion of emerging | 4
patterns.

The student has graphed the required lines and used the 5
d | patterns evident in the table to find a connecting rule to

Criterion B
Investigating Patterns

give the equations of the lines in question 4. 6
The patterns evident between the equations and their 7
graphs have been explained and summarised as a

€ | mathematical rule. The patterns for the lines in part 6 8

have been explained.

8 | a | None of the following descriptors has been achieved. 0
—
<
g b There is a basic use of mathematical language and 1
= representation. Lines of reasoning are insufficient. 2
<
©=
£ o There is satisfactory use of mathematical language and 3
£ ‘= | ¢ | representation. Graphs, tables and explanations are clear
S 3 but not always logical or complete. 4
-
©8 5
= A good use of mathematical language and representation.
E d | Graphs are accurate, to scale and fully labelled.
5 xplanations and answers are complete and concise.
Explanat d plete and 6
)
a | None of the following descriptors has been achieved. 0
An attempt has been made to explain whether the results 1
b | make sense, with connection to possible real-life
applications. 2

There is a correct but brief explanation of whether results | 3
make sense and how they were found. A description of

Criterion D
Reflection in Mathematics

€| the important aspects of the graphs is given and the 4
relation to their equations.
There is a critical explanation of the graphs obtained and | 5
d their related equations. All results are fully explained and

justified, and specific reference to real-life applications of | ¢
lines is given.
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worked examples

1 Write down the gradient and y-intercepts of these lines.

a y=+4x-2
/=4 b
Gradient = 4

y-intercept = -2

b y=3-5x c 2x+3y=12
3y==-2x+12
A=
b=3 m=-5 / x
Gradient = -5 m=—§ h=4
y-intercept = 3 Gradient = _;
y-intercept = 4

2 From the graph of the line shown, write down the gradient

and y-intercept of the line and hence its equation.

From the graph:
-1
=2

The y-intercept (¢) =
4
2
.. the equation y =mx + ¢
becomes y =2x—1

The gradient (m) =

3 Use the y-intercept and the gradient to graph the following lines:

a y=4x-3

= N Wk OO

|
N

|
[T=
-

A
iS]

3 4 X

R O
=~

W
—_

o
Ut
=
+

&

I
o)

—“ N Wpe
/
(V)

|
N

|
=

[
ONOO O HWN 2O

This line is

Yy
5 ‘rising’, so,The
4 gradient is
3 e,
> positive.
1
210/1 2 3 4%

4

¥7‘

Start at the y-intercept of (¢) =-3.
Rise 4

G d = = = -

radien Ran 4 1

1 unit across there is a rise of 4 units.

and is positive so for every

Remember! A negative
gradient always slopes
dowh o the right.

First, rearrange the equation
in the form y =mx + c.

5x+2y=06
2y ==5x+6

y:—§x+3.

Start at the y-intercept (¢) =3

Rise 5
G d [ — e
radien Run 2

and is negative so for every 2 units
across there is a fall of 5 units.
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Exercise 8:05

Gradient—intercept form
1 For each line find from the graph its:

Bl Write the gradient and y-intercept of the following lines: a y-intercept b gradient
2 What is y = mx + b when:
a y=4X—5 b y=3X+2 c y:9_x am=4andb=3 bm=-3andb=-1
_ 5 _ _ 3 Find the equation of a line with:
d y= 3+ 7X = zy =3x-5 a a gradient of 2 and y-intercept of 2

] By first rearranging the equation in the form y = mx + ¢
write the gradient and y-intercept of the following lines:

a 2y=6x+8 b y-5=3x c 3x+4y=10 d 2x=6-3y
e 3—-2y=x f 2y+4x-10=0 g 5x—-3y=-1 h 3y—4=06x
i x—y-1=0 j 6-5x=y
[F} Use the graph to find the gradient and YA D
y-intercept of each line and hence A /
write the equation of each line in the
general form. (The general form of a / /
line is ax + by + ¢ = 0, where a, b and ¢ C
are whole numbers and a is positive.) N / /
] Draw the graphs of the following using - / /
only the gradient and y-intercept [
(follow example 3). 7\\ ] 5
a y=x-6 / e
b y=3-2x / X
c 2y=3x—6 N
d 3x—4y=38
e x+2y—4=0 vl |/
f 2x+y+4=0 > y %
g y+6=0 < 7 x >
h 3x-2y=-12 s
foririig
\./ 8:05 Equation grapher ‘Slope’ is aeiiEIT

for ‘gradient’.
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8:06 | The Equation of a Straight Line,
Given Point and Gradient

A line has the equation y = 3x + 5. Find: Qrep 97%
1 its gradient 2 its y-intercept 5

3 the value of y when x =2 4 the value of x when y = 5.

If y = mx + ¢, find the value of c if: 8:06

5 m=2,x=0,y=4 6 m=-2,x=1,y=3 7 m=3,x=-1,y=-2

8 m=-2,x=-4,y=10 9 m=0,x=2,y=3 10 m=1,x=2,y=2

Through a given point, any number of lines can be drawn. Each of these lines has a different
gradient, so the equation of a straight line can be found if we know its gradient and a point through
which it passes.

The equation of a line through (1, 2) having a gradient of 3
can be found by beginning with the formula y = mx + b.
We know that m = 3, but we must also find the value of b.
To do this, we substitute the coordinates of (1, 2) into the
equation, as a point on the line must satisfy its equation.
Working: y=mx+c (formula)
SLy=3x+c¢ (m =3 is given)
2=3(1)+c¢ [(1,2) lies on the line]
2=3+c
sc=-1
.. The equation of the line is y = 3x — 1.

To find the equation of a straight line that has a gradient of 2 and passes through (7, 5):
(1) Substitute m =2, x =7 and y = 5 into the formula y = mx + c to find the value of c.
(2) Rewrite y = mx + c replacing m and ¢ with their numerical values.

We can use the method above to discover a formula that could be used instead.

Question: What is the equation of a line that has a gradient m
and passes through the point (x;, y;)?

Working: y=mx+c (formula; gradient is m) 1, y1)

“y,=mx;+c  [(x],y,) lies on the line]

L C=y, —mxg pd Lgradient =m

". The equation of the line is

‘<

0 X
y=mx+ (y, — mx,)
iey —y, = mx—mx
Sy =y =mx(x — x)
This last form of the answer is the easiest to remember as it could be written as YN =m
X=X,
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The equation of a line with gradient m, that passes through the point (x,, y,) is given by:
y—y; =m(x — x;) or D m
X — X

worked examples

1 Find the equation of the line that passes through (1, 4) and has

gradient 2. You canh uge

2 A straight line has gradient —% and passes through the point (1, 3). {&ither fornula.
Find the equation of this line.

y—y;=mkx—x))

or
y=mx+c
Solutions
1 Let the equation of the line be: or 1 y—y, =mx—xp)
y=mx+c (Xl,y1)15(174)7m=2
SLy=2x+¢ (m =2 is given) Ly—4=2(x-1)
4=2(1)+c [(1,4) lies on the line] y—4=2x-2
4=2+c Sy =2x+2is the
Le=2 equation of the line.
". The equation is y = 2x + 2.
2 Let the equation be: or 2 y—-y, =mx—xp)
. _ 1
y=mx+c G,y is (1, 3), m=—3
.'.y=—%x+c (m:—% is given) .'.y—3=—%(x—1)
3=—%(1)+c [(1, 3) is on the line] y—3=—%x %
=1 y=—1 1y
3=—3 +c Y 2x+321sthe
L= 3% equation of the line.
". The equation is y = —%x + 3% .
Exercise 8:06

Point—gradient form
Use y —y, = m(x — x,)
[ For each part, find c if the given point lies on the given line. o Sl eprison o
a line whnen:

a (1,3),y=2x+c¢c c (2,10),y=4x+c c (-1,3),y=2x+c 1m=2, (x, y) = (1, 4)
d (5,5, y=2x+c e 3,1),y=x+c f (-1,-9),y=-2x+c¢ 2m=-20Cyn=CL3)

[} Find the equation of the straight line (giving answers in the form y = mx + ¢) if it has:
a gradient 2 and passes through the point (1, 3)
b gradient 5 and passes through the point (0, 0)
¢ gradient 3 and passes through the point (2, 2)
d slope 4 and passes through the point (-1, 6)
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e gradient —1 and passes through
the point (-2, 8)

f gradient —2 and passes through
the point (0, 7)

g slope —5 and passes through
the point (1, 0)

‘Slope” is another hame
for ‘gradient.

h gradient % and passes through
the point (4, 5)

i gradient }} and passes through
the point (6, 3%)

j slope —% and passes through
the point (—4, -1)

EFl 2 A straight line has a gradient of 2 and passes through the point (3, 2). Find the equation of

the line.

b A straight line has a gradient of —1. If the line passes through the point (2, 1), find the
equation of the line.

¢ What is the equation of a straight line that passes through the point (-2, 0) and has a
gradient of 3?

d A straight line that passes through the point (1, —2) has a gradient of —3. What is the
equation of this line?

e A straight line that has a gradient of 3 passes through the origin. What is the equation of
this line?

f Find the equation of the straight line that has a gradient of 4 and passes through the point
(-1, =2).

g (2, 8) is on a line that has a gradient of 4. Find the equation of this line.

h The point (-6, 4) lies on a straight line that has a gradient of —2. What is the equation of
this line?

i Find the equation of the straight line that has a gradient of 2 and passes through the
midpoint of the interval joining (1, 3) and (5, 5).

j A straight line passes through the midpoint of the interval joining (0, 0) and (-6, 4).
Find the equation of the line if its gradient is % :

8:07 | The Equation of a Straight Line,
Given Two Points

Only one straight line can be drawn through two points. Given two points on a straight line, we can
always find the equation of that line.

Consider the line passing through (1, 1) and (2, 4). Let the equation of the line be:

y =mx + ¢ (formula)
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First find the gradient using the two points. y

mz}’z_)’l 4+ (2, 4)
Xy =X ((x1,y1)=(1,1) 3l
_ u (X2: )’2) =(2,4)
2-1 \
=3 2r
SLy=3x+c¢ (since m = 3)
4=32+c¢) [(2,4) lies on the line] 1r (1, 1)
L c=-2
". The equation of the line is y = 3x 2. — / ] 5 3
_1 -

@ To find the equation of a straight line that passes through the two points (1, 2) \
74 and (3, 6):

1 Find the value of the gradient m, using the given points.

2 Fory=mx + c, find the value of c by substituting the value of m and the
coordinates of one of the given points.

3 Rewrite y = mx + c replacing m and ¢ with their numerical values.

Another method is to use the formula:

Y2=Y;
y=-»n = xz_xl(x_XI)
K where (x;, y;) and (x,, y,) are points on the line. /

worked example

Find the equation of the line that passes through the points (-1, 2) and (2, 8).

Solution
Let the equation of the line be: or y=—y, = 1—2 :Zl(x -X1)
y=mx-+c 2
Y2y (¢, yp) is (=1, 2), (xy, y,) is (2, 8)
Now m= xj—xl ((x1,y1)=(_1’2) 8_2
8 ) ‘(Xz,y2)=(2, 8) --y—2—§-_-(-_-1-)[x—(—1)]
S 2-(-1) y=2=+1)
6 3
-3 y—-2=2(x+1)
T m=2 y_2_2X+2

y=2x+c (sincem=2) 2.y =2x+ 4 is the equation of the line.

(2, 8) lies on the line.
L8=212)+¢
=4

. The equation is y = 2x + 4.
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Exercise 8:07

[} Find the gradient of the line that passes through
the points:
a (2,0)and (3,4)
c (3,1)and (1, 5)
e (=2,1)and (2,2) (5, 2) and (4, 3)
g (0,0)and (1, 3) (1, 1) and (4, 4)
i (=1,8)and (1, -2) j (0,0)and (1,-3)

] Use your answers for question 1 to find the equations
of the lines passing through the pairs of points in
question 1.

(-1, 3) and (2, 6)
(=2,-1) and (0, 9)

o tha o

[Fl 2 Find the equation of the line that passes through the points (-2, =2) and (1, 4).
b The points A(4, 3) and B(5, 0) lie on the line AB. What is the equation of AB?
¢ What is the equation of the line AB if A is the point (-2, —4) and B is (2, 12)?
d Find the equation of the line that passes through the points (1, 6) and (2, 8).
By substitution in this equation, show that (3, 10) also lies on this line.
e What is the equation of the line CD if C is the point (2, 3) and D is the point (4, 5)?

B} Ais the point (-2, 1), B is the point (1, 4) and

C is the point (3, =2). 2 \
a Find the gradient of each side of AABC. 4 7
b Find the equation of each of the lines n
AB, BC and AC. 11\
¢ Find the y-intercept of each of the lines A f
AB, BC and AC. '
d Find the equation of the line passing through 5 b 4 o4 ‘3\3 4 X
point A and the midpoint of interval BC. 1 .
e Find the gradient and y-intercept of the line passing 2
through point A and the midpoint of interval BC. 3

[H 2 Find the equation of the line joining
A(1, 2) and B(5, —6). Hence show that
C(3, —2) also lies on this line.

b A(-2,2),B(1,-4) and C(3, —8) are points
on the number plane. Show that they are
collinear.

¢ Show that the points (-2, -11), (3, 4)
and (4, 7) are collinear.

Recipe for
question 5a
1. Find the

equation of AB

2. Substitute
C into this
equation.

A Find the equation of the lines in general form Collipear
that pass through the points: points lie on
a (3,-2)and (-4, 1) the same
b (-2,-4) and (3, 2) straight line.

c (1.3,-2-6) and (4, -7-3)

1 2 1 1
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3:08 | Parallel and Perpendicular Lines

>
- [SST NI I
O

1 1 1
-3 -2 00 1 2 3 4
1+

@

1 What is the gradient of each line?
Are the lines parallel?

3 If EF was drawn parallel to AB,
what would its gradient be?

4 Is it possible for two lines with
with different gradients to be
parallel?

Questions 1 to 4 in the Prep Quiz remind us that:

In the diagram, AB is perpendicular to BC,

\—hl\:cfy-('cnf’%

|
—
4o

and DE is perpendicular to EF.

5
6

Find the gradient of AB. Call this m,.
Find the gradient of BC. Call this m,.

Using your answers to § and 6, find
the product of the gradients, m;m,.

Find the gradient of DE. Call this ms.
Find the gradient of EF. Call this m,.

Using your answers to 8 and 9, find
the product of the gradients, mym,.

* two straight lines are parallel if their gradients are equal
e the gradients of two lines are equal if the lines are parallel.
Questions 5 to 10 of the Prep Quiz suggest that a condition for two lines to be perpendicular might

be that the product of their gradients is equal to —

1.

We do not intend to prove this here, but let us look at several pairs of lines where the product of

the gradient is —1 to see if the angle between the lines is 90°.

A Line r has gradient —1. m; =-1
Line s has gradient 1. m, =1
Note that m;ym, = —1.

B Line t has gradient % . my %
Line u has gradient —2. Lmy=-2
Note that m;ym, = —1.

C Line v has gradient —% . m; = —%
Line w has gradient g . m, = g

Note that m;m, = —1.

e By measurement, or use of Pythagoras’ theorem, we can
show that the angle between each pair of lines is 90°.

Al
AN
/
A /: Y
[e)
Z
A ‘ ™~
' I~
-3 ‘/_-E.) 2 3 4 7|\X
S
AR

e If two lines are perpendicular, then the product of their gradients is —1.

e m;m, = —1 (where neither gradient is zero).
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e If the product of the gradients of two lines is —1, then the lines are perpendicular.

Two lines with gradients of m; and m, are:
e parallel if m; = m,
e perpendicular if m;m, = -1

-1 .
(or m; = —) where neither m, nor m, can equal zero.
m
2%

worked examples

1 Which of the lines y =4x, y = 3x + 2 and y = x is perpendicular to x + 4y + 2 = 0?
2 Find the equation of the line that passes through the point (2, 4) and is perpendicular to
y=3x-2.
3 Find the equation of the line that passes through the point (1, 4) and is parallel to
y=3x-2.
Solutions
1 Step 1: Find the gradient of x + 4y + 2 = 0.
Writing this in gradient form gives:
y= —% x—2
.. The gradient of this line is — }} .
Step 2: Find the gradients of the other lines.
The gradient of y = 4x is 4.
The gradient of y = 3x + 2 is 3.
The gradient of y = x is 1.

Step 3: Find which gradient in step 2 will

multiply — }} to give —1.

Conclusion: —}} X4=-1

o x+4y +2=0is perpendicular to y = 4x.

2 Let the equation of the line be y =mx+b. 3 Let the equation of the line be y = mx + c.
Now the gradient of y = 3x — 2 is 3. y = 3x — 2 has gradient 3

1 . 1 . m=23 (Parallel lines have equal
= —_ —= X 3 = —1
3 (since 3 ) gradients.)
.'.y=—%x+c SLy=3x+c
4=3(1)+¢, [(1,4) lies on the line]
4 = —% (2) + ¢ [since (2, 4) lies on line] ~c=1
4=_2 4, ". The equation of the line is y = 3x + 1.
73
42
c= 43

*. The equation of the line is y = —%x + 4% .
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Exercise 8:08

Parallel and
perpendicular lines

[l Are the following pairs of lines parallel or not? 1 Usey =mx+cto find the
slope of the lines in columns

y=3x+2andy=3x-1 P
y=5x—2andy=2x—-5 2 Which lines in columns
y=x+ 7 anjy =x+1 {:;:rilllae??r&b perpendicular?
y=x—-3andy=1x+2

y=3x+2and 2y =6x-3

y=2x+land2x-y+3=0

3x+y-5=0and3x+y+1=0

x+y=6andx+y=38

>0 o o N oo

F] Are the following pairs of lines perpendicular or not?

a y=%x+3,y=—5x+l b y=3x—2,y=—%x+7
c y=2x—1,y:—%x+3 d y:§x+4,y=—%x—5
e y=4x,y=%}x—3 f y:%x—l’y:_gx

g y=3x-1,x+3y+4=0 h x+y=6,x—-y-3=0

E] 2 Which of the following lines are parallel to y = 2x + 3?
y=3x+2 2x—-y+6=0 2y=x+3 y=2x-3
b Two of the following lines are parallel. Which are they?
y=x-3 x+y=3 y =3x 3y=x y=-x+8
¢ Ais the point (1, 3), Bis (3, 4), Cis (6, 7) and D is (8, 8).
Which of the lines AB, BC, CD and DA are parallel?

] 2 Which of the following lines are perpendicular to y = 2x?

y =3x y=2x-3 x+2y=4 y=-05x+5
b Two of the following lines are perpendicular. Which are they?
y=—1%x+2 y=%x—1 y=§x

c¢ A is the point (2, —1), B is the point (3, —2) and C is (4, —1). Prove that AB L BC.

Find the equation of the line that has y-intercept 3 and is parallel to y = 5x — 1.
Line AB is parallel to y = 3x — 4. Find the equation of AB if its y-intercept is —1.
Line EF is parallel to y = x + 5. Its y-intercept is 3. What is the equation of EF?

o N o o

A line has a y-intercept of 10 and is parallel to the line x + y = 4. What is the equation
of this line?

Find the equation of the line that has y-intercept 5 and is perpendicular to y = —% x+ 1.
The line AB is perpendicular to y = —x + 4. Its y-intercept is 3. What is the equation of AB?
Find the equation of CD if CD is perpendicular to the line y = —% x and has a y-intercept of 0.

o N o o

A line has a y-intercept of 1-5 and is perpendicular to the line y = —2x + 1. Find the
equation of the line.
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a ABis aline which passes through the point (2, 3). What is the equation of AB if it is parallel
toy=>5x+2?

b Find the equation of the line that passes through (1, 0) and is parallel to y = —3x — 1.

¢ A is the point (0, 0) and B is the point (1, 3). Find the equation of the line that has
y-intercept 5 and is parallel to AB.

d Find the equation of the line that has y-intercept —3 and is parallel to the x-axis.

e What is the equation of the line that is parallel to the x-axis and passes through the
point (=2, =3)?

a If AB passes through the point (2, 3) and is perpendicular to y = 2x — 7, find the equation
of AB in general form.

b Find the equation of the line that passes through (1, 0) and is perpendicular to y = -3x — 1.
Write your answer in general form.

c A is the point (0, 0) and B is the point (1, 3). Find the equation of the line that has
y-intercept 5 and is perpendicular to AB. Give the answer in general form.

d Find the equation of the line that has y-intercept —3 and is perpendicular to the y-axis.

e What is the equation of a line that is perpendicular to the x-axis and passes through (3, -2)?

a Find the equation of the line that is parallel to the line 2x — 3y + 6 = 0 and passes through
the point (3, —4). Give the answer in general form.

b A line is drawn through (-1, 2), perpendicular to the line 4x + 3y — 6 = 0. Find its equation
in general form.

¢ A line is drawn through the point (=1, —1), parallel to the line 2x — 3y + 9 = 0. Where will
it cross the x-axis?

d A line is drawn parallel to 4x — 3y + 1 = 0, through the points (1, 3) and (6, a). What is the
value of a?

In the diagram, the line 5x + 2y + 5 = 0 cuts

y
the x-axis and y-axis at E and C respectively.
BD is the line x = 2, AB is parallel to the x-axis \ A B
and BE and CD are perpendicular to AC. Find the
coordinates of the points A, B, C, D and E.

E TR B
D/
C
A
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quiz
Q
1 Qa

8:09

8:09 | Graphing Inequalities on the
Number Plane

For each number line graph, write down the appropriate equation or inequation.

' 01234567 2 0123456 3 0123456F"
4 2101234~ 5 21012347 6 > 10123 a4x
7 5432-101% 8 543010 1X 9 5432101F%
10 On a number line, draw the graph of x < —2 where x is a real number.
In Prep Quiz 8:09 questions 1, 2 and 3, we see that, once x = 3 is graphed on the number line,
all points satisfying the inequation x > 3 lie on one side of the point and all points satisfying the
inequation x < 3 lie on the other side.
On the number plane, all points satisfying the equation y = 2x + 1 lie on one straight line.
All points satisfying the inequation y < 2x + 1 will lie on one side of the line.
All points satisfying the inequation y > 2x + 1 will lie on the other side of the line.
A y=2x+1 B y<2x+1 Note: * Inequations B, C and D are often
¥ E A called ‘half planes’.
3+ 3 e In D, the line is part of the solution
2 21 set. In B and C, the line acts as a
1 1 boundary only, and so is shown as
13 1o /g > 3 X 132 110 2 3Xx a broken line.
N A * Choose points at random in each
_g _; of the half planes in B, C and D
¥ to confirm that all points in each
half plane satisfy the appropriate
Cy>2x+1 D y=<2x+1 inequation.
Y§ A y
3 3
2 2
1 1

3 X

» N —o

I
N
I

Points that lie on
broken lines are
not part of the
solution.

|
¢
|

worked examples

1 Graph the region 3x + 2y > 6 on the
number plane.

2 Graph a the union and b the intersection
of the half planes representing the solutions

ofx+2y=2andy<3x-1.
continued =»=»=>»
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Solutions
1 Graph the boundary line 3x + 2y =6
as a broken line since it is not part of

Points that lie on
broken lines are not

3x+2y>6. part of the solution.
3x+2y=6
¥
x [ 0] 1] 2 N 5
y | 3|15] 0 N b
3t
Discover which half plane satisfies the 5 ’Lx\_>
inequation 3x + 2y > 6 by substituting dOX
! o

a point from each side of the boundary
into 3x + 2y > 6. -

=
4 o
!
¢
N
(S
=

(0, 0) is obviously to the left of 3x + 2y = 6. @O

*. substitute (0, 0) into 3x + 2y > 6.

3(0) + 2(0) > 6, which is false. \‘ Y
. (0, 0) does not lie in the half plane. 5
(3, 3) is obviously to the right of 3x + 2y = 6. :
.. substitute (3, 3) into 3x + 2y > 6. T 3x+2y>6
3(3) + 2(3) > 6, which is true. <
o (3, 3) lies in the half plane 3x + 2y > 6. 1
Shade in the half plane on the (3, 3) side. oo 53 4 & %
b
2 Graph the two half planes using the method above.

xX+2y=6 y=3x-1

x| 0| 1|2 x| 0| 1|2

y | 1]05] 0 y |-1| 2|5
Points above the boundary line satisfy Points to the right of the boundary satisfy
X+ 2y = 2. y<3x-1.

¥ Y F
: X+H2y =2 : 3 y<3x—1
0] 1 238_4 5 X S0/ 1 2 8 4 5%
n

continued =»=»=»
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a The union of the two half planes b The intersection is the region that

is the region that is part of one or belongs to both half planes. It is the
the other or both graphs. part that the graphs have in common.
y 4 Y 4

i I

[¢)]
a

&
£

w
w

N
N

-

1ol 1 \?\3\ 4 5 x o/ 1 2~3 4 5 X
—4 B e —1 \
y' AP y’ T
The union is written: The intersection is written:
{6, y):x+2y=20Uy<3x-1} (G, y):x+2y=2nNny<3x—1})

Note: e Initially draw the boundary lines as broken lines.
¢ Part of each region has a part of the boundary broken and a part unbroken.

Exercise 8:09

Graphing inequalities
1 Write down the inequality that

[l By testing a point from each side of the line, write down describes each region.
. . . a
the inequation for each solution set graphed below. ’
e y b Y 1 X
a3 oly=3
9 J
|
T 2 2 Graph the inequalities:
® . ay<2 by=x-2
1 1
-3 210 1 2 38 «x -3 2 -1 0 2 8 x
il 1

|
N

|
N

n
=3 9
C y\ d y e 4
/
5 S 5 7
p
4 4 4 -
2 s
3 \ 3 Lo} -\/ll
\ ’
& © & -+ AL
= - = X =
X ’
4 [e), 4 N 4 1’
1 1 3% LN
/
-1 0 2 1 5 x —1 0 2 4 5 X —1 Q| 2 8 4 5
1 1 1
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] On separate number plane diagrams, draw the graph of:
a x=1 b y>x c y<2 d x+y<4
e y<-x+5 f y=2x-2 g 2x+3y—-6<0 h y>0

[F] Draw a separate diagram to show the part of the number plane where:
a x=0andy=0,ie{(x,y):x=0ny =0}
b x=0andy=<0,ie{(x,y):x=0ny=<0)}
¢ x<O0and/ory=0,ie{(x,y):x<=0uUy=0}
d x<Oand/ory <0,ie{(x,y): x<0uUy=<0]}

‘" medns intergection;
‘U’ means uhioh.

E] Use question 1 of this exercise to sketch the region
described by the intersection of:
a x<-landy=<3 b y<3andy<2x
c ys-2x+6andy =<3 d x+y<3andy<2x
e y<S-2x+6andx+y<3f y<-2x+6andy<2

{(x, y):...} means:
‘the set of points such that...’

[ Use question 1 of this exercise to sketch the region
described by the union of:

a x<-landy=<3 b x+y=<3andy<2x
c x+ys3andy=<3 d y=<=-2x+6andy<2x
A Describe, in terms of the union or intersection of inequations, the regions drawn below.
a v b ’ y c y
3 5 3
) A A ) +
2 4 N < 4
1 o NP 3
= 1 T 9 ; 1
ot
3210 2 8% | -3 2 -1 0 > 3 X
+ s h
—i=1 1 PF. =]
I n 0
e -1of 1 2 3.4 5« -
=3 = R =3
RN

Sketch the regions described below.
a the intersection of y = 2xand x+y < 3
b theunionofy<landy<x-2
c the intersection of y < 2x + 1 and 5x + 4y < 20
d the unionof y =2 and y < x

Fill in only that part
of the boundary which is
part of the answer.

E] Graph the regions which satisfy all of the following inequalities:
a x=lxs4,y=0y<+4 b y=0,y<2x,x+y=<6
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E] Write down the inequalities that describe each region.
a ¥ b y c

-

n,

no,

B

\\)(\SPQI
:‘i Fun Spot 8:09 | Why did the banana go out with a fig?

Answer each question and put the letter for that question in the box above the correct answer.

8:09

For the points A(2, 5), B(-1, 3), C(4, 2), D(0, 6), find:

E distance AC E distance CD E distance BD

A slope of AB A slope of AD T slope of BC

T midpoint of DC N midpoint of AC I midpoint of AB

What is the gradient of the following lines:

C y=2x-1 U2y=x-5 G 2x+y+1=0

What is the y-intercept of the following lines.

D y=2x-1 T 2y=x-5 L 2x+y-1=0

Find the equation of the line with:

C gradient of 2 and a y-intercept of —1 O slope of 3 and a y-intercept of 5

T y-intercept of 4 and a slope of —2 S y-intercept of —2 and a slope of 4

Write in the form y = mx + b: y B4 5

B 2x-y-5=0 E 2x—y+5=0 A x=1ly-2 4, 9)

In the diagram find: c

D slope of AB U coordinates of C A(1, 1)

X

UP U_: ™ r—lll('\I-—HN(\ll \g %?h ? '—l‘ ? 8 — '—I' '_‘;’:Nv—illlﬁ(\ll Er—i(l\l‘r\lr\llmﬂ'lmi- (lﬁ @
R g 2and g o8 = Ao
Il Il Il Il n >~ ~ Il Il
> = > >~ = >~ =
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Mathematical Terms 8

coordinates

e A pair of numbers that gives the position
of a point in a number plane relative to
the origin.

e The first of the coordinates is the
x-coordinate. It tells how far right
(or left) the point is from the origin.

e The second of the coordinates is called
the y-coordinate. It tells how far the
point is above (or below) the origin.

distance formula
e Gives the distance between the points
(¢, y1) and (x;, y,).

d = ’\/(xl_xl)z +(y2-y1)?
general form
* A way of writing the equation of a line.
e The equation is written in the form
ax+ by +c=0.
where a, b, c are integers and a > 0.

gradient
e The slope of a line or interval. It can be
measured using the formula:

g y
. rise
Gradient = —
eyl Rise
< | /Run
/ )

gradient formula
e Gives the gradient of the interval joining
(1, y1) 0 (3, 5).
Ya=h

R
gradient—intercept form
e A way of writing the equation of a line.
eg y=2x-5,y= %x+2
When an equation is rearranged and

written in the form y = mx + ¢ then m is
the gradient and c is the y-intercept.

chnol
:;P\'lcm‘,?f,‘;

Mathematical terms 8
e, &
'9 and ©*

graph (a line)
e All the points on a line.
e To plot the points that lie on a line.
interval
e The part of a line between two points.
midpoint
e Point marking the middle of an interval.
midpoint formula
e Gives the midpoint of the interval joining
(x1, ¥1) to (x5, y)-
X1+X Nty 2)
272

Midpoint = (

number plane

e A rectangular
grid that
allows the C(-3,2)
position of
points in a
plane to be
identified by
an ordered
pair of
numbers.

w
N

2 =

/-a N ow A<
e—_

|
)

|
N

|
—
o
N
W
=

W NN =
m
—~

=N

5
|

=

D(-2,13)

origin

e The point where the x-axis and y-axis
intersect, (0, 0). See @ under number
plane.

plot

e To mark the position of a point on the
number plane.

X-axis

e The horizontal number line in a number
plane. See @ under number plane.

Xx-intercept

e The point where a line crosses the x-axis.

y-axis

e The vertical number line in a number
plane. See @ under number plane.

y-intercept

e The point where a line crosses the y-axis.
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sctes -
& Diagnostic Test 8: | Coordinate Geometry
s

e These questions reflect the important skills introduced in this chapter.
8 * Errors made will indicate areas of weakness.
e Each weakness should be treated by going back to the section listed.

Section
1 Find the length of the interval AB in each of the following. 8:01
(Leave answers in surd form.)
R P [al 15 ‘13
2 2 21 1 2 8%
1 =1
2/ 1 2 8% R EALNEE A -
A 2I 2 B _:,
2 Use the distance formula to find the distance between the points: 8:01
a (1,2)and (7,10) b (3,0) and (5, 3) ¢ (=3,-2)and (1, -3)
3 Find the midpoint of the interval joining: 8:02
a (1,2) and (7, 10) b (3,0) and (5, 3) c (=3,-2) and (1, =3)
4 What is the gradient of each line? 8:03
a y b y c y
1 1 1 L
221 [ 1 2 8% 21 \23> ] 2 3%
2 2 2
5 Find the gradient of the line that passes through: 8:03
a (1,3),2,7) b (-2,8),4,5) c (0,3),3,5)
6 a Does the point (3, 2) lie on the line x + y = 52 8:04
b Does the point (-1, 3) lie on the line y = x + 22
¢ Does the point (2, —2) lie on the line y = x — 42
7 Graph the lines: 8:04
a y=2x+1 b 2x—y=3 c 3x+2y=6
8 State the x- and y-intercepts of the lines: 8:04
a 2x—y=3 b x+3y=6 c x+2y=4
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10

11

12

13

14

15

16

17

Graph the lines:

a x=2 b y=-1 c

Write down the equation of the line which has:
a a gradient of 3 and a y-intercept of 2

b a gradient of % and a y-intercept of —3

c a y-intercept of 3 and a gradient of —1

Write each of the answers to question 10 in general form.

What is the gradient and y-intercept of the lines:

a y=2x+3? b y=3-2x? c y=—x+4?

Rearrange these equations into gradient—intercept form.
a 4x-y+6=0 b 2x+3y-3=0

Find the equation of the line that:

a passes through (1, 4) and has a gradient of 2
b has a gradient of —3 and passes through (1, 3)
¢ has a gradient of % and passes through (-2, 0)

Find the equation of the line that:

a passes through the points (1, 1) and (2, 3)

b passes through the points (-1, 2) and (1, —4)

c passes through the origin and (3, 4)

Find the equation of the line that:

a has a y-intercept of 2 and is parallel to y =4x — 1

b passes through (1, 7) and is parallel to y = —3x + 4
c is perpendicular to y = % x + 1 and passes through (-1, 4)

d is perpendicular to y = 1 — 2x and passes through (-1, 4)

Write down the inequation for each region.

€ 5x+2y+1=0

a

y
3.
2
1

b

y
3.
2
|

8:04

8:05

8:05
8:05

8:06

8:07

8:08

8:09

3 -2-0

18 Graph a the union and b the intersection of the half planes representing
the solutions of x + 2y = 2 and y < 3x — 1.

=1l r
—2F
=3r

-3 -2-10

-t
_ot
—3f

8:09
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Chapter 8 |

‘@
1 Find:

y b A line has a slope of—% and a
8A a the length i’ AJB, y-intercept of 6. What is its equation?
AB as a surd > What is its x-intercept?
b the slope ; ¢ A line has an x-intercept of 3 and a
of AB 2 / y-intercept of 6. What is its equation?
c gﬁrgldpomt ! / The points X(2, 2), Y(=2, 4) and Z(~4, 0)
' 1, 128456%X form a triangle. Show that the triangle is
_2I N both isosceles and right-angled.
B(2, -2)

2 Ais the point (2, 5) and B is the point
(7, 17).
a  What is the length AB (as a surd)?
b What is the slope of AB?

A line is drawn perpendicular to the line
2x — 3y + 4 = 0 through its y-intercept.
What is the equation of the line? Give the
answer in general form.

A median of a triangle is a line drawn from

¢ What is the midpoint of AB? a vertex to the midpoint of the opposite

3 A is the point (6, 5) and B is the point side. Find the equation of the median

2, -2). through A of the triangle formed by the
a What is the equation of the line AB? points A(3, 4), B(=2, —4) and C(-6, 8).
b The line AB passes through the point 8 What inequalities y

(100, b). What is the value of b? describe the region .

¢ AC is perpendicular to AB. Find its
equation in general form.

shown?

4 a A line has an x-intercept of 3 and a
gradient of 1. Find where the line
crosses the y-axis and hence write down
its equation.

technolog,, 1 x and y intercept and graphs
”p\'\calio" . .
2 Using y = mx + c to find the gradient

@

3 General form of a line
)

"o < : .
9and®"" 4 Parallel and perpendicular lines

5 Inequalities and regions

fechnolog,,
Wp‘l‘ahoh‘

Linear graphs and equations

®

Animario®”

The coordinate system for
locating points on the earth
is based on circles.
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Chapter 8 |

1 The diagram shows a

4-minute timer.

a If this timer was started
with the pointer on
zero, what number
would it be pointing
to after 17 minutes?

b At what time between 30 minutes and
1 hour will the pointer be pointing at
number 3?

2 The faces of a cube are
divided into 4 squares.
If each square on
each face is to be painted,
what is the minimum
number of colours
needed if no squares that
share an edge can be the same colour?

3 Brendan and Warwick wish to use a
photocopier to reduce drawings.

a Brendan’s drawing is 15 cm high but
must be reduced to 8 cm to fit into the
space he has left in his project. What
percentage setting must he choose on

the photocopier to achieve the required

reduction?

b Warwick thinks the machine is
malfunctioning so he decides to check
it by reducing his drawing, which is
20 cm long. He chooses the 60%
setting. If the machine is functioning
properly, what would you expect the
length of his picture to be?

¢ The setting button jams on 68%. What
sized copies are possible by repeated
use of this button? (Give all answers
above 20%.)

4 Four friends decide to play tennis.
Find out how many different:
a singles matches can be played.
(A singles match is one player against
another player.)

stig,,o}

w

b doubles matches can be played.
(A doubles match is two players
against two players.)

What is the smallest whole number that, if
you multiply by 7, will give you an answer
consisting entirely of 8s?

A 4 x 4 grid is drawn

and the numbers 1, 2, 3

and 4 are placed in the 4 2

grid so that every number | 4

occurs only once in each

row and only once in

each column.

a Find the missing numbers in the grid
shown.

b Now place the numbers in a 4 X 4 grid,
following the rules above, so that the
sums of the diagonals are 16 and 4.
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Simultaneous

1 x+5y=14... (1)
‘ Ix -2y =19 ..

Chapter Contents
Investigation: Solving problems by
‘guess and check’

9:01 The graphical method of solution
Investigation: Solving simultaneous
equations using a graphics calculator
Fun Spot: What did the book say to
the librarian?

Learning Outcomes
Students will be able to:

Equations

The algebraic method of solution

A Substitution method

B Elimination method
9:03 Using simultaneous equations to

solve problems

Reading Mathematics: Breakfast time
Mathematical Terms, Diagnostic Test, Revision
Assignment, Working Mathematically

« Solve linear simultaneous equations using graphs.
« Solve linear simultaneous equations using algebraic methods.
« Use simultaneous equations to solve problems.

Areas of Interaction

Approaches to Learning (Knowledge Acquisition, Problem Solving, Communication,
Logical Thinking, IT Skills, Reflection), Human Ingenuity
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Investigation 9:01A | Solving problems by ‘guess and check’

Consider the following problem.

9:01A

A zoo enclosure contains wombats and emus. If there are 50 eyes and 80 legs, find the
number of each type of animal.

Knowing that each animal has two eyes but a wombat has 4 legs and an emu has two legs, we
could try to solve this problem by guessing a solution and then checking it.

Solution
If each animal has two eyes, then, because there are
50 eyes, I know there must be 25 animals.

If my first guess is 13 wombats and 12 emus, then
the number of legs would be 13 x 4 + 12 x 2 = 76.

Since there are more legs than 76, I need to increase
the number of wombats to increase the number of
legs to 80.

I would eventually arrive at the correct solution of
15 wombats and 10 emus, which gives the correct
number of legs (15 x 4 + 10 X 2 = 80).

Try solving these problems by guessing and then
checking various solutions.

1 Two numbers add to give 86 and subtract to
give 18. What are the numbers?

2 At the school disco, there were 52 more girls
than boys. If the total attendance was 420,
how many boys and how many girls attended?

3 In scoring 200 runs, Max hit a total of 128 runs as boundaries. (A boundary is either 4 runs
or 6 runs.) If he scored 29 boundaries in total, how many boundaries of each type did he
score?

4 Sharon spent $5158 buying either BHP shares or ICI shares. These were valued at $10.50
and $6.80 respectively. If she bought 641 shares in total, how many of each did she buy?

In this chapter, you will learn how to solve problems like those in Investigation 9:01A more
systematically. Problems like these have two pieces of information that can be represented by
two equations. These can then be solved to find the common or ‘simultaneous’ solution.
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O:01 | The Graphical Method of Solution

&8 Quiz | 1fy=2x— 1, find y when: 1 x=1 2 x=0
Q 3 =1 4 x=-5
If x — 2y = 5, find y when: 5 x=0 6 x=1
g1 7 x=2 8 x=-4
9 If 3x —y =2, complete the table below. 10 Copy this number plane and

graph the line 3x — y = 2.
x 0] 1] 2

y

There are many real-life situations in which we wish to find when or where two conditions come or
occur together. The following example illustrates this.

worked example

A runner set off from a point and maintained a speed of 9 km/h. Another runner left the same
point 10 minutes later, followed the same course, and maintained a speed of 12 km/h. When,
and after what distance travelled, would the second runner have caught up to the first runner?

We have chosen to solve this question graphically. d
First runner 12 g
t | 0]30]40]60 20
X
8
d1 0 la5] 6 | 9 From these tables £
we can see that g6
Second runner the runners meet é . 7
after 6 km and a
t [10[30]40 |70 | 40 minutes. 2
d 0 4 6 12 0 10 20 30 40 50 60 70 ¢

Time (in min)

t = time in minutes after the first runner begins
d = distance travelled in kilometres

e From the graph, we can see that the lines cross
at (40, 6).

¢ The simultaneous solution is t = 40, d = 6.

After the second
runner has run
for 30 minutes,
t = 40.

e The second runner caught the first runner
40 minutes after the first runner had started
and when both runners had travelled
6 kilometres.
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Often, in questions, the information has to be written in the
form of equations. The equations are thep graphed using a Simultaneous’ means
table of values (as shown above). The point of intersection ‘at the same time’.
of the graphs tells us when and where the two conditions
occur together.

worked example

Solve the following equations simultaneously.

x+y=5
2x—y=+4
Solution

You will remember from your earlier work on coordinate geometry that, when the solutions to
an equation such as x + y = 5 are graphed on a number plane, they form a straight line.

Hence, to solve the equations x +y=5and 2x —y =4 ¥
simultaneously, we could simply graph each line and 6
find the point of intersection. Since this point lies on *J
both lines, its coordinates give the solution. RS,
x+y=5 2x—y=4 2 3-2)
x | 0| 1|2 x [ 0|1 ]2 =2 (0] |24 [N6 x
NS
y | 5|42 y |—4|-2]|0 il W/IN
1 /
e The lines x + y = 5 and 2x — y = 4 intersect at (3, 2). ¥ i
Therefore the solution is:
x=3
y=2

@ To solve a pair of simultaneous equations graphically, we graph each line. The solutioD

is given by the coordinates of the point of intersection of the lines.

It is sometimes difficult to graph accurately either or both lines, and it is often difficult to read
accurately the coordinates of the point of intersection.

Despite these problems, the graphical method remains an extremely useful technique for solving
simultaneous equations.
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Exercise 9:01

Graphical method
of solution

Il Use the graph to write down the solutions to the 1 Graph these lines on the
following pairs of simultaneous equations. o ie“&f;ei;[‘;i:i:“d find
a y=x+1 b y=x+1 ay=x+2andx+y=2
X+y=3 X+2y=_4 by=2xandy=x+1
c y=x+3 d y=x+3
3x+5y=7 x+y=3 2
e x+y=3 f 3x-2y=9 N
3x+5y=7 x+ty=3 a
g y=x+3 h y=x+1
y=x+1 2y =2x+2

"

Expldin why
(g) and (h)

dbove dre
uhusual.

[} Use the graph in question 1 to estimate, correct to one decimal place, the solutions of the
following simultaneous equations.
a y=x+1 b y=x+3 c 3x—-2y=9 d 3x-2y=9
3x+5y=7 x+2y=—4 x+2y=—4 3x+5y=7

[F] Solve each of the following pairs of equations by graphical means. All solutions are integral
(ie they are whole numbers).

a x+y=1 b 2x+y=3 c x—-y=3 d 3x-y-2=0
2x—y=5 x+y=1 2x+y=0 x—-y+2=0
e 3a-2b=1 f p+2q=2 g 3a+2b=5 h p=06
a-b=1 p—q=—4% a=1 p—q=+4

1 Solve each pair of simultaneous equations by the graphical

method. (Use a scale of 1 cm to 1 unit on each axis.) The graphical method

a y =4x b 3x-y=1 c x =4y doesn’t dlways give exact
x+y=3 xX—y=2 x+y=1 answers.

[ Estimate the solution to each of the following pairs of
simultaneous equations by graphing each, using a scale
of 1 cm to 1 unit on each axis. Give the answers correct
to 1 decimal place.
a 4x+3y=3 b x—y=2 c 4a-6b=1
x—2y=1 8x+4y=7 4a+3b=4
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A A car passed a point on a course at exactly 12 noon and maintained a speed of 60 km/h.
A second car passed the same point 1 hour later, followed the same course, and maintained
a speed of 100 km/h. When, and after what distance from this point, would the second car
have caught up to the first car? (Hint: Use the method shown in the worked example on
page 438 but leave the time in hours.)

Mary’s salary consisted of a retainer of $480 a week plus $100 for each machine sold in that
week. Bob worked for the same company, had no retainer, but was paid $180 for each machine
sold. Study the tables below, graph the lines, and use them to find the number, N, of machines
Bob would have to sell to have a wage equal to Mary (assuming they both sell the same number
of machines). What salary, S, would each receive for this number of sales?

Mary

S | 480 | 880 |1280

N 0 4 8
S 0 | 720 | 1440

N = number of machines
S = salary

E] No Frills Car Rental offers new cars for rent at
€38 per day and 50c for every 10 km travelled
in excess of 100 km per day. Prestige Car Rental
offers the same type of car for €30 per day plus
€1 for every 10 km travelled in excess of
100 km per day.

R

)]
o

Rental in dollars
N
o

Draw a graph of each case on axes like those
shown, and determine what distance would
need to be travelled in a day so that the rentals
charged by each company would be the same.

w
o

V100 180 260 340 D
Distance in kilometres

E] Star Car Rental offers new cars for rent at $38 per day and $1 for every 10 km travelled in
excess of 100 km per day. Safety Car Rental offers the same type of car for $30 per day plus 50c
for every 10 km travelled in excess of 100 km per day.

Draw a graph of each on axes like those in question 8, and discuss the results.
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Investigation 9:01B | Solving simultaneous equations using

a graphics calculator

Using the graphing program on a graphics calculator
complete the following tasks.

e Enter the equations of the two lines y = x + 1 and
y =3 — x. The screen should look like the one shown.

e Draw these graphs and you should have two straight
lines intersecting at (1, 2).

» Using the G-Solv key, find the point of intersection
by pressing the F5 key labelled ISCT.

¢ At the bottom of the screen, it should show x =1,
y=2.

Now press EXIT and go back to enter other pairs of
equations of straight lines and find their point of
intersection.

Graph Func :y =
Yy =x+1

Y, =3-—x

Y3+

Va-

Vs *

Yo+

yy=x+1
Yo =9 —X

x=1  y=2 ISECT

Note: You can change the scale
on the axes using the V-Window
option.

Fun Spot g:01 | What did the book say to the librarian?

Work out the answer to each part and
put the letter for that part in the box
that is above the correct answer.

Write the equation of:

A line AB C line OB
U line BF A line EB
I the y-axis O line AF
U line OF K line AE
E line CB T the x-axis
T line EF N line OD Y Y
Y line CD O line OA <A " B,
«C _ D,
= — = (@] la} (sa) <t (sa) = (sa} — = (en} -
N R AT S,
> <t->|<m - - = v—<>|<m - Il . ¢>Fm A oe [=5 U 9 4 X
I I > ' 2
> > I E Fl,
) Sy , Yy [T
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Q.02 | The Algebraic Method of Solution

We found in the last section that the graphical method of solution lacked accuracy for many
questions. Because of this, we need a method that gives the exact solution. There are two such
algebraic methods — the substitution method and the elimination method.

9:02A Substitution method

worked examples
Solve the simultaneous equations:

1 2x+y=12 and y=5x-2
2 3a+2b=7,4a-3b=2

In this method one
pronumeral is replaced
by an equivalent
expression involving the R
other pronumeral.

Solutions
When solving simultaneous equations,
first ‘number’ the equations involved.

1 2x+y=12 ... D

Now from (2) we can see that 5x — 2 is equal to y. If we substitute this for y in equation (1),

we have:
2x+ (bx—-2)=12
Ix—2=12
x =14

x=2

So the value of x is 2. This value for x can now be substituted into either equation (1) or
equation (2) to find the value for y:

In (1): In (2):

2Q)+y=12 y=52)-2
4+y=12 =10-2
y=28 =8

So, the total solution is:
x=2,y=8.

To check this answer
substitute into equations

@ and @

continued =»=»=»
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4a-3b=2 e, @
Making a the subject of (2) gives:
q = 2+3b

4

If we substitute this expression
for a into equation (1), we get:

3(2+3b

Multiply both
sides by 4.

)+2b =7

3(2+3b) +8b=28
6+ 9b+8b=28

17b = 22 { g
22 B
=%

Substituting this value for b into, say, equation (2) gives:

4a—3(2—2) =2

S —

o

17
a9 34
17 17
100
ta=37
) To check your
5 :
a==— answer, substitute
17 25 22 .
a= 1—7 5 b = 1—7 m
So the total solution is: ;
equations (1) and (2).
25 b = 22
a = 1770 T 17 Check each step!
Exercise 9:02A

The substitution method
1 Solve these equations:

I Solve the following pairs of equations using the Jaar bt j/)==x6+ zbfji‘y‘ig‘;l D=

substitution method. equation x +y = 10.

Check all solutions.

a x+y=3 and y=4
x+y=-3 andy=x+1
2x+y=9 and y=x-3
2x—y=10 and y=10-3x
2x+y=14 and x=6

x+y=7 and y=x+3
x—y=5 and y=1-x
2x+y=8 and y=x-4
x+2y=9 and y=2x-3
2x+y=7 and x=y-—4

-'qun
— > oo
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[} Use one of each pair of equations to express y in terms of x. Then use the method of
substitution to solve the equations. Check all solutions.

a x+2y=4 b 2x-3y=4 c x+2y=38
x—y=7 2x+y=06 xX+y=-2

d x—y=2 e 2x—y=-8 f x+y=5
x+2y=11 2x+y=0 2x+y=7

g x+2y=11 h 3x+y=13 i 3x+2y=2
2x—y=2 x+2y=1 2x —y=-8

[} Solve the following simultaneous equations using
the substitution method.

a 2x—y=1 b 3a+b=6 Questions 3 and
4x+2y=5 9a+2b=1 4 involve harder
c m—2n=3 d 4x-2y=1 substitutions and
5m+2n =2 x+3y=-1 arithmetic.
B} Solve the following pairs of simultaneous equations.
a 2a-3b=1 b 7x-2y=2
4a+2b=5 3x+4y=8
c 3m—-4n=1 d 2x-3y=10
2m+3n=4 5x =3y =3

9:02B Elimination method

worked examples

Solve each pair of simultaneous equations:

! ix ; ;y i ig z X t 2}’ i é4 In this method, one of the pronumerals
XTAy= XT= is eliminated by adding or subtracting the
3 2x+3y=21 equations.
5x+2y=3
Solutions

First, number each equation. You add or subtract the equations,

1 5x=3y=20 ccovvrr.nn. © depending upon which operation will

eliminate one of the pronumerals.

243y =15 oo @

Now if these equations are ‘added’, the y terms will be eliminated, giving:
7x=35

ie x=5

Substituting this value into equation (1) we get:

5(5) -3y =20

25 -3y =20

3y=5
yzg orl%.

continued =»=»=%
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So the total solution is:

x=5y= 1%.
: . _ 2N _

Check in (1): 5(5) 3(1§) =20 (true).
. . 2y _

Check in (2): 2(5) + 3(13) =15 (true).

Now if equation (2) is ‘subtracted’ from
equation (1), the x terms are eliminated
and we get:

8y =38
ie y=1
Substituting this value into (1) gives:

x+5(1) =14
x+5=14
x=9

.. The solution is:

x=9,y=1.

Check in (1): 9 + 5(1) = 14 (true).
Check in (2): 9 = 3(1) = 6 (true).

Multiply equation (1) by 2
and equation (2) by 3.

This gives:
4X+ 0y =42 oo O
15+ 6y =9, @*

Now if (2)* is subtracted from (1)* the

y terms are eliminated and we get:
-11x=33

So x=-3

25/ INTERNATIONAL MATHEMATICS 4

Check that the
vdlues satisty
both original
equations.

Take one step at a time.

Notice
To eliminate a pronumeral, the size of the
coefficients in each equation must be made
the same by multiplying one or both
equations by a constant.




Substituting this value into (1) gives:

2(-3) +3y =21
-6 +3y=21
3y =27

y=9

So the solutionis x=-3,y=9

Check in (1): 2(=3) + 3(9) = 21 (true).
Check in (2): 5(=3) + 2(9) =3 (true).

Exercise 9:02B

Note: In example 3,
x could have been
eliminated instead

of y, by multiplying

@bySand@byZ.

Il Use the elimination method to solve simultaneously each pair of equations by first adding the

equations together.

c 2x+y=7
xX—y=2

f 5x-2y=1
3x+2y=7

i 3x+y=11
—3x+ 2y =10

Il 7x+5y=-3
2x -5y =21

c 10x+2y=2
Ix+2y=-1
f x—3y=1
2x—3y=5
i 5x—y=16
5x -3y =38
I 7x-2y=1
4x -2y =4

c x—y=12
2x+y=3

f 3x+4y=-1
3x -2y =-10

i 8x—2y=34
8x+4y =4

a x+y=9 b x+y=14
x—y=1 2x—y=1
d x+2y=3 e 3x-2y=5
x—=2y=7 x+2y=7
g x+3y=10 h —x+2y=12
X+y=06 X+2y=—4
j 2x+7y=5 k 5x-2y=0
x—T7y=16 4x+2y=9

[} By first subtracting to eliminate a pronumeral, solve each pair of equations.
a 2x+y=>5 b 5x+y=7
x+y=3 3x+y=1
d 3x-2y=0 e 5x—y=14
x—2y=4 2x—y=2
g 2x+y=10 h 2x+5y=7
x+y=7 2x+y=5
j 6x+y=13 k 2x+5y=20
6x—y=11 3x+ 5y =17
[} Solve these simultaneous equations by the elimination method.
a 2x+y=7 b x+y=5
x—y=-4 2x—-y=1
d 3x+2y=2 e 2x+3y=13
x—=2y=-10 4x — 3y =-1
g Sx+2y=1 h 7x-3y=31
3x—=2y=7 Tx+y=-1
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] After multiplying either, or both of the equations by a constant, use the elimination method to
solve each pair of equations.

a x+y=7 b 2x+y=7 c Sx+y=12
2x + 3y =17 x+2y=11 3x+2y=10

d 4x-y=10 e 4x—y=6 f 5x—-2y=-16
x+3y=9 3x+2y=-1 x+3y=7

g 12x-3y=18

4x+2y=0
h 3x- Ty =2 Use the same setting out
9x + 5y = 32 as in the examples.

i 2x+3y=8
3x+2y=7 V \/

j 5x+2y=10 /
4x +3y =15 '
k 5x+2y=28
3x+ 5y =51
| 2x42y=-2 SO
3x — 5y =-19 -
m 7x+ 3y =4 *
5x+2y=3
n 2x—4y=-2
3x + 5y =45

9:03 | Using Simultaneous Equations
to Solve Problems

In Chapter 6, we saw how equations could be used to solve
problems. Simultaneous equations can also be used to solve
problems, often in a much easier way than with only one equation.
The same techniques that were met in Chapter 6 also apply here.

Thege clues will help
you golve the problem!

Remember:

* Read the question carefully.

* Work out what the problem wants you to find.
(These things will be represented by pronumerals.)

e Translate the words of the question into mathematical
expressions.

e Form equations by showing how different mathematical
expressions are related.

e Solve the equations.

 Finish off with a sentence stating the value of the
quantity or quantities that were found.
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worked example

Adam is 6 years older than his sister, Bronwyn.
If the sum of their ages is 56 years, find their ages.

This is a fairly eagy

problem, but you must set
it out just like the

harder ohes.

Solution

Let Adam’s age be x years.

Let Bronwyn’s age be y years.

Now, Adam is 6 years older than Bronwyn

CXZY A6 e, @

X+ Y =560, ®)

Solving these simultaneously gives:
x =31 and y = 25.
. Adam is 31 years old and Bronwyn is 25 years old.

Exercise 9:03

Using simultaneous equations
to solve problems

H . £ 1 . d 1 h 1 If two numbers are x and y, write
n orm pairs of simultaneous equations and solve the TS

following problems. Let the numbers be x and y. a the sum of two numbers equals 7
a The sum of two numbers is 25 and their difference is 11. b ;V:lﬁ):: Z;‘;ﬁble;mmus another
Find the numbers. 2 Write equations for:
b The sum of two numbers is 97 and their difference is 33. : Z;ig?ssz;plus e
Find the numbers.
¢ The sum of two numbers is 12, and one of the numbers
is three times the other. Find the numbers.
d The difference between two numbers is 9 and the smaller 0
number plus twice the larger number is equal to 24.
Find the numbers.
e The larger of two numbers is equal to 3 times the smaller /‘O
number plus 7. Also, twice the larger number plus 3
5 times the smaller is equal to 69. Find the numbers.

1 n each problem below there are two unknown quantities,
and two pieces of information. Form two simultaneous
equations and solve each problem.

—<—

a The length of a rectangle is 5 cm more than the width.
If the perimeter of the rectangle is 22 cm, find the length
and the width.

b One pen and one pencil cost 57c. Two pens and three pencils cost $1.36.

Find the cost of each.

¢ If a student’s maths mark exceeded her science mark by 15, and the total marks for both

tests was 129, find each mark.
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d Six chocolates and three drinks cost $2.85 while three chocolates and two drinks cost
$1.65. Find the price of each.

e Bill has twice as much money as Jim. If I give Jim $2.50, he will have three times as much
as Bill. How much did Bill and Jim have originally?

] Form two equations from the information on each figure to find values for x and y.

2 2x+y b 5x — 2y €
[T ] M [N
7 X + 2y
X+Yy 7 O ] O 3x°  (x+y)7
ul Ol 1
12
d e f 2x +3
uj 0
X+ 2y Ee— 2y 3x+y 3y +16
ul 0
11 9=y

1 2 A rectangle is 4 cm longer than it is wide. If both the length and breadth are increased by

1 cm, the area would be increased by 18 cm?. Find the length and breadth of the rectangle.

b A truck is loaded with two .
different types of boxes. If 150
of box A and 115 of box B are
loaded onto the truck, its
capacity of 10 tonnes is reached.
If 300 of box A are loaded, then
the truck can only take 30 of
box B before the capacity of
10 tonnes is reached. Find the
weight of each box.

¢ A theatre has 2100 seats. All of the rows of seats in the theatre have either 45 seats or
40 seats. If there are three times as many rows with 45 seats than those with 40 seats,
how many rows are there?

d A firm has five times as many junior workers as it does senior workers. If the weekly wage
for a senior is $620 and for a junior is $460, find how many of each are employed if the
total weekly wage bill is $43 800.

[ Use graphical methods to solve these.
a Esther can buy aprons for €6 each. She bought a roll of material for €20 and gave it to a
dressmaker, who then charged €3.50 for each apron purchased. How many aprons would
Esther need to purchase for the cost to be the same as buying them for €6 each.
b Star Bicycles had produced 3000 bicycles and were producing 200 more per week. Prince
Bicycles had produced 2500 bicycles and were producing 300 more each week. After how
many weeks would they have produced the same number of bicycles?

JociFig
9:03 Break-even analysis Challenge worksheet 9:03 Simultaneous equations with 3 variables

Activirie®
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Reading mathematics 9:03 | Breakfast time =Y
A certain breakfast cereal has ) 4 \sgm
printed on the box the information 30 g alone  With 5 cup 9,52;'
shown here. Examine the figures contains WhOI? milk '
and answer the questions below. approx. ComiEne
approx.
Kilojoules 477 837
1 How many grams of this cereal Calories 114 200
contains 477 kilojoules? Protein 60g 102 g
Fat 0lg 50¢g
Starch and related
2 How many kilojoules is equivalent carbohydrates 172 g 172 g
to 200 calories? Sucrose and other
sugars 47¢g 106 g
3 How much milk must be added Total carbohydrate 219¢ 27-8¢g

to give 27-8 g of carbohydrate
with 30 g of cereal?

60 g alone contains With 1 cup whole milk
contains
by weight | % of daily | by weight | % of daily
allowance allowance
Protein 120 g 17 204 g 29
Thiamine 0-55 mg 50 0-65 mg 59
Riboflavin 0-8 mg 50 1.2 mg 75
Niacin 5-5 mg 50 5-7 mg 52 -
Iron 5-0 mg 50 5-1 mg 51
Calcium 38 mg 5 334 mg 48
Phosphorus | 94 mg 9 340 mg 34

4 What must be the fat content of % cup of milk?
How many milligrams of niacin are contained in 60 g of cereal?

6 When 60 g of cereal is added to 1 cup of milk, which mineral has 48% of a person’s daily
allowance provided?

7 How many milligrams is the total daily allowance of
a riboflavin? b calcium?

8 How many grams of cereal alone would be needed to provide 30 g of protein?
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Mathematical Terms g

elimination method simultaneous equations
9 e Solving simultaneous equations by e When two (or more) pieces of information

adding or subtracting the equations about a problem can be represented by two
together to ‘eliminate’ one pronumeral. (or more) equations.

graphical solution e These are then solved to find the common

¢ The solution obtained by graphing two or simultaneous solution
equations in the number plane and eg The equations x +y =10 and x -y =6
observing the point of intersection. have many solutions but the only

e 1f the point of intersection is (3, —2), simultaneous solution is x=8 and y = 2.
then the solution is x =3 and y = —2. substitution method

guess and check * Solving simultaneous equations by

* A method of solving problems by substituting an equivalent expression
guessing a solution and then checking for one pronumeral in terms of another,
to see if it works. Solutions are obtained from another equation.
modified until the correct solution eg lf y=x+3and x +y =7, then the
iSifound. second equation could be written as

X + (x + 3) = 7 by substituting for
y using the first equation.

; |
6\\(‘. tesy

Diagnostic Test g: | Simultaneous Equations

e These questions reflect the important skills introduced in this chapter.
9 e Errors made will indicate areas of weakness.
e Each weakness should be treated by going back to the section listed.

dvagng

Section
1 Use the graph to solve the following 4 o 9:01
simultaneous equations. SEEUEDE .l
a xt+y=-3 LA "f !
y=x+1 1
B\ 0l 3 re
b y=x+1 -
3y—x=7 2
2
c 3y—x=7 N\
x+y=-3 + 5
2 Solve the following simultaneous equations by the substitution method. 9:02A
a y=x—2 b x-y=5 ¢ 4a-b=3
x+y=7 2x+3y =2 2a+3b=11
3 Solve the following simultaneous equations by the elimination method. 9:02B
a 2x—-y=3 b 4x-3y=11 c 2a-3b=4
3x+y=7 2x+y=5 3a-2b=06
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1 Solve the following simultaneous equations
by the most suitable method.

a x+y=3 b 4x-y=3
2x—y=6 2x+y=>5
c 4a+b=6 d 6a-3b=4
5a—-7b=9 4a—-3b=38
e a-3b=5 f 2x-3y=6
5a+b=06 3x—-2y=5
g p=29q—-7 h 4x-y=3
4p+3q=5 x—=3y=7
i Tm—4n-6=0
3m+n=4

2 A man is three times as old as his daughter.
If the difference in their ages is 36 years,
find the age of father and daughter.

3 A theatre can hold 200 people. If the price
of admission was $5 per adult and $2 per
child, find the number of each present if
the theatre was full and the takings were
$577.

2SS igfl,b

R

4 A man has 100 shares of stock A and

200 shares of stock B. The total value of oA
the stock is $420. If he sells 50 shares of

stock A and buys 60 shares of stock B,

the value of his stock is $402. Find the

price of each share.

5 Rectangle A is 3 times longer than

rectangle B and twice as wide. If the
perimeters of the two are 50 cm and 20 cm
respectively, find the dimensions of the
larger rectangle.

6 A rectangle has a perimeter of 40 cm. If the

length is reduced by 5 cm and 5 cm is
added to the width, it becomes a square.
Find the dimensions of the rectangle.

7 A canoeist paddles at 16 km/h with the

current and 8 km/h against the current.
Find the velocity of the current.
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g m Chapter g |
1 You need to replace 5 How many different ways are there of

oB

ter R, .
¢I“°p= e"'@,b

Questio™®

the wire in your

clothes-line. Discuss

how you would
estimate the length
of wire required.

a On what
measurements
would you base your estimate?

b Is it better to overestimate or
underestimate?

¢ What level of accuracy do you feel is
necessary? The diagram shows the
arrangement of the wire.

What is the last digit of the number 320042

Two smaller isosceles A
triangles are joined to

form a larger isosceles

triangle as shown in the

diagram. What is the

value of x? '

B c
AB=AC

In a round-robin competition each team
plays every other team. How many games
would be played in a round-robin
competition that had:

a three teams? b four teams?

c five teams? d eight teams?

« What is the fastest medley relay?
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selecting three chocolates from five?

6 A school swimming coach has to pick a
medley relay team. The team must have
4 swimmers, each of whom must swim one
of the four strokes. From the information
in the table choose the fastest combination
of swimmers.

Name | Back | Breast Fly Free

Dixon 37-.00 | 4491 | 34-66 | 30-18

Wynn 37-17 | 41.98 | 36-59 | 31-10

Goad 38-88

Nguyen | 41.-15 | 49-05 | 39-07 | 34-13

McCully 43.01 32.70
Grover 43.17
Harris 37-34 | 34-44
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Graphs of
Physical
Phenomena

MIKE'S CAR You redlly ought to get
your car serviced.

ACCELERATION
Start/Stop

Chapter Contents
10:01 Distance/time graphs 10:02 Relating graphs to physical phenomena
A Review of linear graphs Investigation: Spreadsheet graphs
Investigation: Graphing coins Fun Spot: Make words with your calculator
B Non-linear graphs Challenge: Curves and stopping distances
Challenge: Rolling down an inclined plane Mathematical Terms, Diagnostic Test, Revision
Assignment, Working Mathematically

Learning Outcomes

Students will be able to:

« Interpret and construct both linear and non-linear distance/time graphs.
« Relate and interpret graphs of physical phenomena.

Areas of Interaction

Approaches to Learning (Knowledge Acquisition, Problem Solving, Communication,
Logical Thinking, Reflection), Human Ingenuity, Environments




10:01 | Distance/Time Graphs

10:01A Review of linear graphs
As covered in Book 3:

e A distance—time graph (or travel graph) can be a type of line graph used to describe one or more
trips or journeys.

* The vertical axis represents distance from a certain point, while the horizontal axis
represents time.

e The formulae that connect distance travelled (D), time taken (T) and average speed (S) are
given below.

_ = L
(Yo-sr 52 1-2)

worked examples

Example 1
The travel graph shows the journey made by
50 a cyclist.
40 a How many hours was the journey?

)
\

How far did the cyclist travel?

\

What was the cyclist’s average speed?

Between what times did the cyclist stop to rest?

o o n o

Distance (km
N
o

Between what times was the cyclist travelling
fastest?

-
o

0
8 10 12 2 4 6 8
am am noon pm pm pm pm

Time of day

Solution 1
a The cyclist began at 8 am and finished at 7 pm. That is a total of 11 hours.
b He travelled a total of 45 km.
¢ Average speed = Total distance travelled + the time taken

=45+11

_ 41

=43 km/h
d Between 12 am and 1:30 pm the line is flat which means no distance was travelled during

that time. This must have been the rest period.

e When the graph is at its steepest, more distance is being covered per unit of time. So this
is when the cyclist is travelling fastest. This would be from 6 pm to 7 pm.
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Example 2

The graph shows the journeys of two friends,
Mike and Mal.

They each leave their own house at 8 am and

N
&)

20 walk to the other’s house to see who can walk
151 | T the fastest.
a Which graph shows Mike’s journey?
10 When do the two friends pass one another?
5 Who has the longest rest?

What is the speed of each friend?

Distance from Mike’s house (km)

o o N o

Who walks the fastest at any time in their
journey?

0
8§ 10 12 2 4 6 8
am am noon pm pm pm pm

Time of day

Solution 2

a Because the graph shows the distance from Mike’s house, the person who starts 0 km from
there must be Mike. Therefore the blue graph is Mike and the red graph is Mal.

b They pass one another when they are the same distance from Mike’s house. So they pass one
another where the graphs cross — at 2:15 pm.

c Mike rests for 1 hour, Mal rests for 2 hours (where the graphs are flat) so Mal has the
longest rest.

d Mike’s speed = —1-—7?2 Mal’s speed = .1..%2
= 2.5 km/h =2.1875 km/h

e Mal walks the fastest from 5 pm to 8 pm as the gradient is the steepest of all.

. 4 o . .
Gradient = 3 At no other time is the gradient steeper than this.

Exercise 10:01A

n Tamara Louise Two women, Tamara and Louise, are travelling
along the same road. Their progress is shown on
<l the graph.
T 100 N a  Who started first?
< b Who stopped for a rest?
E 300 ¢ Who had the fastest average speed?
2 d When did they meet on the road?
E 200 / e What was the fastest speed for either of them?
IS
g 100
0

0 2 4 6 8 10
Time taken
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] The graph shows the journey taken by Max

as he went for a training run on his bicycle. 100

a  When was Max travelling fastest?
What was the speed at this time? 80 \

E
°
b Did he stop? If so, for how long? _§ /
¢ How many kilometres did Max cycle? g o0 /
d What was his average speed for the entire trip? £ \
e Max’s brother Thilo did the same trip, but § 40
cycled at a constant speed all the way and did g 20
not stop. Show his journey on the same graph. & \
0

0 2 4 6 8 10
Time taken

] A family left Hamburg by car at 9 am. They drove 200 km in the first 2 hours then stopped
for half an hour for lunch. Then they drove 150 km along the autobahn in the next hour.
They then left the autobahn in the next hour. They then left the autobahn and drove at
an average speed of 50 km/h for the last 1.5 hours of their journey.

a Draw a graph showing their journey.
b What was their average speed for the whole trip?

B} The graph shows the progress of a group of

bushwalkers hiking in bush over a number 25

of days. It shows their distance from the start

of the hike which is at the ranger’s station. 20

a How far did they hike?

15 \

b Did they hike every day? If not, on which

day did they rest?

10 \

¢ On which day did they hike the least distance?

[« 1

On average, how far did they hike per day?

e How much more than the average did they

hike on the last day?

Distance from Ranger Station (km)
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The graph shows the journey taken by two motorists
. i — one represented in blue and the other in red.
§, P 7 a If the speed limit on all the roads travelled is
o 80 km/h, did either motorist break the speed
T 300 limit? If so which one?
g b Apart from when they stopped, what was the
S 200 slowest speed for each motorist?
9 ¢ Which motorist drove most consistently?
§ 100 d What can be said about the average speed
= of the two motorists?

e If both motorists were in the same make of car,

0
0123456 738910

and the fuel consumption is 8 1/100 km under

Time (hours) 70 km/h and 10 1/100 km over 70 km/h, which
motorists will use the least fuel?

Investigation 10:01 | Graphing coins

By rolling a coin along a wooden ruler it is possible to
graph the position of a coloured mark as the coin moves.
The mark on the coin is highest when it is at the top.
The mark is actually touching the ground when it is

at the bottom.

e The greatest height is equal to the diameter of the coin.

e The smallest height is zero, which occurs when the
mark is on the ground. Because the coin is rolling,
the height of the mark will oscillate between these
two positions as the distance rolled increases.

qwest,
\ 5

10:01

rd

~{ T

17 1
1 —HT X
L AnAAE 3= 1 -

LA | ‘1

Height of mark

Distance rolled

1 Choose three coins of different sizes. Produce a separate graph for each, similar to the

one above.

2 Superimpose the three graphs onto one, using a different colour for each graph.
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10:01B Non-linear graphs

The distance-time graphs in 10:01A were all composed of straight line segments. In reality, these
might only be an average representation of the motion.

Consider this simple graph which shows a car’s
journey from A to B.

The straight red line shows the car arriving at B, 8 W
5 km away, in 5 minutes. The average speed of )“
1 km/min is shown by this line. ;

N

However, the curved green line would more
accurately represent the motion of the car
during its journey.

Distance (km)
w

N

At A and B, the curve is flat, or horizontal,
showing that its speed is zero, since the car

has stopped at these points. 1 /

%

1 2 3 4 S,
Time (minutes)

At point C, the car would be going fastest as
the curve is steepest at this point.

A
0

An indication of the speed at any point on the
curve can be worked out by noting the slope of the tangent to the curve at this point. Three
tangents have been drawn in blue at points X, Y and C. Since the slope of the tangents at X and
Y is the same as the red line, the speed of the car at X and Y would be 1 km/min.

Can you see that the speed of the car between X and Y would be greater than 1 km/min since
the curve is steeper in this section?

Can you see that from A to X and from Y to B the car’s speed would be less than 1 km/min?

worked examples

Example 1

1 A ball is thrown from ground level and

lands on a roof.

a To what height did the ball rise and /
how high was the roof?

b What was the average speed of the ball
until it reached its maximum height?

¢ What was the speed of the ball at its
maximum height?

d When was the ball travelling at its fastest
speed?

e When was the height decreasing? 0 1 2 3 4 5 6

N
~

-
(o]

-
N

Height (metres)

D

Time (seconds)

2 68 INTERNATIONAL MATHEMATICS 4




Solution 1

a

b

The maximum height (H) is 24 m.
The height of the roof (R) is 18 m.
The average speed from the ground

G to H is indicated by the straight

red line. The ball travelled 24 m in

4 seconds, so the average speed

was 0 m/s.

The speed of the ball at H is zero
because the graph is flat at this point.
That is, the slope of the tangent to the
curve is zero.

The fastest speed was at G, when

the ball was first thrown. After that,
the ball was slowing down. Its height
was increasing, but at a decreasing
rate. (It goes up, but the same increase
will take a longer time.)

The height was obviously decreasing
after 4 seconds. This is shown on the
graph by the line going down or
decreasing. The slope of the tangent at
any point between H and R would be
negative.

Example 2

N
=

—_
[e¢]

—_
\*]

Height (metres)

[22)

(@)

2 3 4
Time (seconds)

o
—_

The height of the
ball ‘increases’ at a
decredsing rate!

and
‘decred

incredging rate!

then it
seg’ af an

o
AY

40

~
)

Height (m)
N
o

B
124

=
O

6

1 2

3

Time (minutes)
This graph shows the height of a particular seat on a ferris wheel as it rotates to a height of 40 m.
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At what point is the rate of change in the height zero?

When is the seat rising at its fastest speed?

When is the seat falling at its fastest speed?

d Describe the rate of change in height of the seat from O to A.

N oo

Solution 2

a At the top and bottom of each rotation, the rate of change in height is zero; ie at points
O, A, B, C, D on the graph.

b The seat is rising its fastest when the graph is increasing at the greatest rate. This is at
points P and R, where the slope of the curve is steepest; ie at a height of 20 metres.

¢ The seat is also falling at its fastest rate when the height is 20 m, but at points Q and S,
where the slope of the curve is negative.

d The height of the seat increases from zero at O at an increasing rate until it reaches
point P. The height continues to increase, but at a decreasing rate, until it reaches its
maximum height at point A, where the rate of change is zero.

Exercise 10:01B

Il Amanda cycled from her home (H) to 30 Y .
her friend’s house (F), 30 km away. ]
The black curved line shows her actual 25 /
distance from H at any time. = P
a  What is her average speed for the £ 20
whole ride? 2
b What is the average speed from g 15
H to point P? ‘o
¢ What is the average speed from % e X
P to F? 2 5
d If the blue line XY is the tangent
to the curve at point P, what is H
Amanda’s actual speed at point P? 9am 1.3::21 11am
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[} Jono drove from O to S as shown by this 120
graph, in 3% hours. His speed varied due
to traffic and road conditions. R

a What was Jono’s average speed from
O to Q?

b Was Jono driving faster at point P or
point Q?

¢ Was Jono driving faster at point Q or
point R?

d Use the blue tangent drawn through
point P to determine the speed at which
Jono was travelling at this time. 10 am 11am 12 noon 1pm

e Similarly calculate Jono’s speed at Time
point R.

=
o
o

Distance (km)

)]
o

[} This graph shows Benny’s journey in 70 B
blue and Robyn’s journey in red as -
they made their way from A to B via /
different routes. They both arrived
at the same time.

a1
o

N
o

a What was their average speed for
the journey?

b At 2 pm they were both 40 km
from A, but who was travelling at
the greater speed at this point?

¢ When they were each 10 km
from B, who was travelling at the
greater speed?

d At approximately what two times
during their journeys was Benny’s
and Robyn’s speed the same?

N
o

Distance from home (km)
w
o

="
(=]

>

1 pm 2 pm 2.45 pm
Time

How did she
pass me?
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] Briony drove from home to a friend’s house \

100 km away. After staying a short while, c D

she then drove home. 100 / N\

a  What was Briony’s average speed from ;é 80 a - N =
home to her friend’s house? 2 60 i A

b Is Briony’s speed greater or less than this % J B \\F
average speed at: g 40 ) / 8
i point A? ii point B? 20 / a\,

¢ After point D, the slope of the graph is g & A s
negative, indicating that Briony is travelling Mam 12 1pm 2pm
in the opposite direction, ie towards home. noonTime

At what point on the journey home does
Briony’s speed appear the greatest?

d Between which two points on the journey
to Briony’s friend’s house was Briony’s
distance from home increasing at a
decreasing rate?

'"Wow! | was ihcredsing
at a decreaging rate.’

B A projectile was fired 90 metres into the air and returned
90 H to the ground after 6 seconds.
80 P a What was the average speed of the projectile from the
\ start to its maximum height H?
70 / \\ b Determine the speed of the projectile at point P, when
£ 60 the height was 80 m.
= Q ¢ Determine the speed at point Q, when the projectile
%’ 50 was at a height of 50 m on its return journey.
T 40 / \ d The projectile’s height increased for the first
30 3 seconds. Did it do so at an increasing or decreasing
20 / \\ rate?
\ e The height then decreased until the projectile reached
10 the ground. Did it do so at an increasing or decreasing
0 > rate?

1 2 3 4 5 6
Time (seconds)
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A Grain is poured into a conical-shaped silo. The graph shows
the height of grain as the grain is poured in after ¢ minutes.

The equation for this graph is
h =1-56%/100 t (thatis, 1.56 x /100 t)

a Determine the height of grain in the silo when the elapsed
time is:
i 10 min ii 2 min

b Describe the rate of change of the height as the silo is filled.

¢ By drawing tangents to the curve, estimate the rate of
change in the height of the grain in metres/min when:
it=1 i t=2

15 &

=
o

Height (m)

5 10 t
Time (minutes)

echnolog),
e \\Who,,‘

10:01 World record times

Activitie®
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1 / Challenge 10:01 | Rolling down an inclined plane

* When an object is dropped, the force of gravity causes
10:01 it to increase its speed by about 9-8 m/s every second;
ie acceleration due to gravity = 9-8 m/s per second.
* When a ball rolls down an inclined plane the
acceleration will be much less.

inclined plane

angle of inclination

This investigation involves finding the acceleration of a ball (shot put or marble) as it rolls
down an inclined plane of your choice.

If the ball starts from rest (ie speed = 0), then the formula s = %at2 describes the motion.

Here: s is distance travelled,
t is time taken,
a is acceleration
Steps

1 Make a long inclined plane (over 2 m long) with an angle of inclination of about 10°.

2 Use a stop watch to time the ball as it s
rolls 0-5, 1, 1-5 and 2 m down the
inclined plane. Complete the table below 2
as you go.
s |05 1 | 15| 2
t 1
t2
3 Plot s against t and draw the curve of best fit. 0 ;
4 Plot s against t? (ie the value of s on the s
vertical axis and the value of t? on the
horizontal axis). 2

5 Draw the line of best fit. The gradient of
this line (rise divided by run) will be an
approximation to %a. Double the gradient 1
to find a. (If friction were not present,
9.8 sin O would be the acceleration of the
ball, where 6 is the angle of inclination
of the inclined plane.) 0 12
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10:02 | Relating Graphs to Physical
Phenomena

Much of a mathematician’s work is concerned with finding a relationship between two quantities
that can change or vary their values.

For example, we could study a person’s height at different times of their life. As one quantity
changes (eg time), the other changes or varies (eg height). The features that change, and the
pronumerals used to represent them, are called variables.

Graphs provide an excellent means of exploring the relationship between variables.

They give an immediate ‘picture’ of the relationship, from which we can see such things as:
e whether a variable is increasing or decreasing with respect to the other variable

e when a variable has its highest or lowest value

e whether a variable is increasing quickly or slowly with respect to the other variable.

Graphs can be used to show relationships between data such as:

e temperature and time of day (or year) e distance and speed
e height and weight e light brightness and proximity
e water level before, during and after a bath e tidal movements over time, and many more.
In the graphs on the right, M M M Q'R 94%-
in which graph does:
1 M increase as t increases? —
2 M decrease as t increases? TGP
3 M stay unchanged?
t t t
Graph A Graph B Graph C
4 5 In each diagram on the left,
@ | @ for which line is the mass
(0] (0]
< S increasing more quickly,
L I Lor II?
Time Time
In which part of this graph does:
6 the height increase slowly? =
7 the height increase quickly? § I I
Time
In which of the graphs does: M M M
8 M increase slowly at
first and then quickly?
9 M increase quickly at
first, then slowly?
10 M increase at the same rate? Graph X N Graph Y N Graph Z N
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worked examples

Example 1
A person is driving a car at a certain speed and then increases that speed.
Which graph represents this?

A B C

[0] (0] [0
o o o
C C C
8 S/ 8
e} e e
—
Time Time Time
Solution 1

Since two speeds are involved, the second one greater than the first, the graph must have two
sections, one for each speed. Graph A is unsuitable because it consists of only one section.
Graph B is unsuitable because the first section is a horizontal section, which indicates that the
car was not moving. But the question indicates that the car was moving and then changed its
speed. Graph C best illustrates the information given.

Example 2
Water is added to the tank shown at a steady rate. Which graph best represents the increase
in the water level h?

t t u‘t
Solution 2
Looking at the tank we notice that the middle part is skinnier than
the other parts. Therefore, if water is poured in at a steady rate it
will fill up faster in the middle part than in the other two sections.
Hence in our graph the water level, h, will increase more quickly
for this section of the tank than for the others. Hence the correct

graph must consist of three sections, with the steepest section in
the middle. Hence graph A is the best representation.

The skinny one will
fill up faster than
the wide one.

Example 3

A point A is on the circumference of a wheel. If this wheel
is rolled, make a graph to show the height of this point
above the ground.

Once dround
is cdlled a
'revolution'.

Solution 3

The highest point on the wheel above the ground

is when it is at the top of the wheel. Therefore the greatest
height above the ground is the diameter of the wheel.

The smallest height above the ground is zero, which occurs
when the point is actually on the ground.
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Because the wheel is rolling,
the height of point A will oscillate
between these positions.

Example 4

Height of point A

Distance rolled

An automatic pump is used to fill a cylindrical tank. The tank, which is empty to start with,

is filled at a steady rate.

The tank remains full for a period before it is emptied at a steady rate. If it is emptied faster
than it is filled, make a sketch which shows the variation in water level in the tank for one

complete pumping cycle.

Solution 4

At the start of the cycle the tank is empty
and so the water level is zero.

The tank is then filled at a steady rate,
which means that the water level will
rise at a steady rate.

After it is filled, the tank remains full for
a period. For this period, the water level
remains the same.

The tank is then emptied at a steady rate
but one which is faster than the rate at
which it was filled. This means that the
line in this section of the graph must be
steeper than the line in the first section.

Water level

Tank full.
Water level constant.

l

S~~~ Tank —
fills and
empties at a steady
rate. Empties faster
than it fills.

™S

Time /

Tank is empty at start

and end of cycle.

It is also important to be able to describe and interpret information presented in graphs.

Example 5
Describe what this graph is showing.

Solution 5

A flat basketball was inflated, probably with a
motorised pump. It was then used for a while

before a puncture developed.

Pressure

Pressure in a basketball

Time
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Exercise 10:02

1] \\A/ B c

>

t t t

Choose the graph above that best represents each situation below.

a Population growth as time passes.

b The number of people waiting for a train on a station as time passes.

¢ The maximum daily temperature in Sydney throughout a year.

d The depth of water in a bath as time passes as it is filled, a person gets in, has a bath, the
person gets out and then the water is let out.

The height of a ball as time passes as it is dropped from a window and continues to bounce.
f The height of a stone as time passes if the stone is thrown into the air.

(]

F] Alady in a car drives for three hours
averaging 80 km/h, 60 km/h and 90 km/h
respectively in each hour. Which graph
best represents her trip?

Distance
Distance
Distance

E] A boy rode his bike down the road.

9 A g B 9 C
He said he rode quickly at the start = = =
and then slowed down. Which graph @ 7] @
.. () (@] (@]
best represents his journey? - s L
Time Time Time
] The diagram on the right shows R Water level in a tank
the water level of a tank which is 3 3}
filled and emptied periodically. g
Give an interpretation of this § 2
graph by describing what happens 2 nl
in the first 120 minutes. 2
= 0

100 120 140
Tlme (min)
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[ Give a reasonable story or explanation for the information shown in each graph below.

a Jill's pulse rate b Air in a balloon
= =
- S
Time Time
¢ A car's journey d Pizza in selfish Sam's
stomach
=
=
o
€
© <
5
L
Time

Distance

A Xis a point on the circumference of
a roller, as shown in the diagram. \
The roller can be moved in either a X
clockwise or an anticlockwise direction.

Heom ... will X move
up or down firgt?

The graphs below give the height of
X above the ground. Which graph
represents the clockwise rotation?

grohnd

Height of X
Height of X

Distance rolle Distance

rolled
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Shock absorbers in a car are designed to reduce the bouncing up and down that is caused when
the car hits a bump in the road.

The following three graphs show the vertical distance moved by a point on the front bonnet of
the car, after hitting a bump.

Which graph best represents a well-designed shock absorber?

(ol

Time Time Time

Vertical distance
Vertical distance
Vertical distance

B} Each of the four containers pictured is filled with water at a steady rate. When the level of
water in each container was plotted, the graphs I to IV were obtained. Match each container
to its graph.

Water level
Water level

Time Time

Water level
Water level

Time Time

D

El The following is known about the solubility of four chemical salts.
Salt A: As the temperature increases the solubility increases, slowly at first and then at a much
faster rate.
Salt B: Shows very little increase in solubility as the temperature increases.
Salt C: Increases its solubility at a steady rate as the temperature increases.
Salt D: As the temperature increases the solubility decreases and then increases.
Match each salt to the graphs I to IV.

| Il 1] v
= 2 z =
a o) o) a
= = = =
[e} [e] (e} [e}
%) %) \_/ | — %)
Temperature Temperature Temperature Temperature
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] A point A is on the circumference of a wheel. The wheel

)1
completes one revolution where the starting position of A
can be at any of the points 1, 2, 3 or 4 marked on the

diagram on the right. 4

Which one of the graphs below best represents the
height of A above the ground when A starts at: \
a position 1? b position 3? Cc position 2?

R S5

You will need to know that the wheel is rolled from left to right.

Height of A
Height of A
Height of A
Height of A

Distance rolled Distance rolled Distance rolled Distance rolled

M Two boys are riding on a see-saw. Make a sketch representing the height of a boy above the
ground as time passes if he starts on the ground and goes up and down twice.

[l When boiling water is allowed to cool,
it is known that it loses heat quickly at
the start and, as time goes on, it loses
heat at a slower rate.

Make a sketch to show the shape of a
graph which would support this
information. Show water temperature
on the vertical axis and time on the
horizontal axis.

[E A mass of 1kg is hanging from a vertical spring as
shown in the diagram. If this mass is pulled downwards
and then released, the mass will move.

Make a sketch to show how the position of the mass

will vary from its equilibrium position as time passes. Equilibrium

position

Pulled down
and released
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B Sketch a line graph to represent each of the following situations. Choose axis labels wisely.
Time, when mentioned, should always appear on the horizontal axis.
a how water level varies in a bath as it is being filled
b the relationship between speed and time when a car travels at a constant speed
c the relationship between speed and time when a car travelling at a constant speed brakes
slowly before coming to a halt
a similar relationship as in part c, but the car brakes quickly
how the brightness of a red traffic light varies against time
how the water level in a bath varies against time when you take a bath
how the water level in a leaking tank varies against time just after the leak starts
how the temperature of boiled water varies against time as it cools
how the fluid level in a cup of tea varies against time as it is consumed
how the level of fuel in a fuel tank varies against the number of kilometres travelled by a car
how the water level in a glass containing water and floating ice changes as the ice melts
how your excitement level changes as you work through this exercise

=S ho Qo

—_— e

[B A parachutist jumps from a plane. Before she opens her chute, her speed increases at a constant
rate. On opening her chute her speed falls rapidly, approaching a constant terminal value.
Make a sketch showing how her speed varies with time.

I A car is approaching a set of traffic lights at a constant speed when the driver sees the lights
change and immediately applies the brakes. The car comes to a stop. After waiting for the lights
to change the car accelerates away until it reaches the same constant speed at which it had
approached the lights. Make a sketch showing;:

a how the car’s speed relates to time

b how the distance travelled by the car relates to time
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A person walking in the desert attempts to walk in a straight
line. However, her legs are not exactly the same length and so
she walks in a circle.

The table below shows the relationship between the difference
(d) between the right and left leg in regards to length of step
and the radius (r) of the circle in which the person walks.

Difference in 1 2 3 4 5
millimetres, d

Radius of circle | 180 | 90 60 | 45 36
in metres, r

a If her left leg is longer than her right leg, would she
turn to the left or to the right?

b As the difference between the lengths of steps
increases, what happens to the radius of the circle?

¢ Plot the information in the table onto the number
plane to the right. Draw a curve joining these points.

d Write a formula to describe this relationship.

e If the difference in steps is 1-5 mm, what would
be the radius of the circle in which she walked?

f  What happens when there is no difference in steps?

B} Gary discovered that, when draining his pool, the volume
of water (V litres) remaining in the pool is related to the
time (¢ minutes) that the water has been draining.

The formula relating V and ¢ is:

V =2030 - t)2.
a When t =0 (initially), the pool was full.

What volume of water can the pool hold?
b Copy and complete this table using the formula.

t 0 5 10 | 20 | 25 | 30
\% 18 000

¢ Graph the relationship using the axes shown.
How long does it take to drain 9000 L from the pool?

o

200

Metres

1 1
0 1 2 3 4 5 d
Millimetres

20000

15000

10000

5000

0 10 20 30t

e Does the water drain from the pool at a steady rate? Explain your answer.

fechnolog),
ppP hcuho,,‘

10:02 Filling tanks

Activitie®
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10:02

Investigation 10:02 | Spreadsheet graphs

The data contained in
a spreadsheet can be
presented in the form
of a graph or chart.

A baby’s weight in grams
was recorded every two
weeks. The results for the
first ten weeks were
entered on a spreadsheet
as shown.

This data was then
displayed as a graph by
‘inserting a chart’ on
the spreadsheet. Three
different samples are
shown here.
* Which graph do you
think shows the data
most clearly?

e Investigate the ‘chart’
option in a spreadsheet
program such as Excel
by using this data or
other data of your own.
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un Spo,
Fun Spot 10:02 | Make words with your calculator

Use the sums and the clues below to complete the crossword. You read the answers to

the sums by turning your calculator around and looking at the numbers upside down.

(Ignore any decimal points.)
Across

1 A light worker (4231 x 9)

5 Santa sound (2 + 5)

6 Dirty stuff (45 x 1269)

8 Not the stinging type

(9-5x4)

Water tube (12 x 4 X 73)

Some people open theirs too

much
(1970 — 43 x 27)

m

10:02

12 A fowl animal
(210 x 165 + 359)
13 One of these is always right
(11.62 — 2.25)
14 Not profitable
(92:1 - 37.03) Down
19 Peas or the sea 1 Yukky muck (0-3%) 15 Slippery stuff
(2782 + 61) 2 Give it the O.K. (7-1 x 25 x 4)
21 Good to duck (27689 x 20) 16 Cry, etc (35 x 23)
(/5329 + 4:18) 3 Don't stand around! 17 A manly title (/1296 —2)
%) Spois O1X 5 AL) (2:37 = 1:47) 18 ‘Well?” — ‘Not exactly.’
24 Don’t buy! 4 Exists (800 — 29)
(7103 + 829 — 197) (473 -28:6+32:3) 20 Was it an adder?
25 Grain store (0-5 X 1-43) 6 Come in pairs (10609 X 5) (6325 + 1607 — 2418)
26 Top person 7 This word is slack 22 Ice house (0-6903 — 0-6112)
s — A1) (190% - 1093) 23 Opposite to 17 down
28 More of 12 across 8 A shocking sound (15 x 23)
(HOOL0 =661 (1.7-1.62) 24 Only one of these
9 What a pig! (8 x 113) (2470 x 1-5)
10 A bit fishy 27 Therefore

12

(100-6 — 93-27)

Set substance

(752 - J/169)
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d=v+0-073v

while the approximate stopping
distance of a truck is given by the

formula:
d=v+ 0-146v

e For both formulae, d is measured in
metres and v is measured in metres per

second.

* This table relates stopping distance

2

2

and the speed of a car for various speeds.

Challenge 10:02 | Curves and stopping distances

The approximate stopping distance
of a car is given by the formula:

d=v+0-073v2

v 0 km/h 30 km/h 60 km/h 80 km/h 100 km/h
(0 m/s) (83 m/s) | (16-7 m/s) | (22-2 m/s) | (27-8 m/s)

d 0m 13-4 m 36-9 m 583 m 84-1 m

1 Complete the table below, which relates stopping distance and the speed of a truck for

various speeds.

d=v + 0-146v2

v 0 km/h 30 km/h 60 km/h 80 km/h 100 km/h
(0 m/s) (83 m/s) | (16-7m/s) | (22-2 m/s) | (27-8 m/s)

d

brake at the same instant.

e The right axes and graph refer to the car coming from the right. The left axes and graph

refer to the car coming from the left.

* In the first table above, the reading on the vertical axis (speed) is mentioned first.

The graph below is a model of the distance between cars after stopping. The cars are
100 m apart, heading towards one another, when the drivers sense danger. The drivers

30 L AHT00KM/h(27:8-mi/s) L 30
Q tl stoppin istan rlapi—~ N Q
£  CCCCEEEEErEEs o £

o )

T 20 ; 20 &
o P km/h (3 m/s ]
S / Q0 km/h(1e-/m/s) o
© N ! ©
° 1Bi<= ! gl
o) m T 10}
3 10 I I 10 &
n T ! wn

O 0

0 20 40 60 80 100

100 80 60 40 20 0

2 8 6 INTERNATIONAL MATHEMATICS 4

Distance (m)



Examples

e If both cars are travelling at 60 km/h (16-7 m/s), the interval A gives the distance apart
when they stop.
From the graph, this is 26 m.

e If the stopping distances of the cars have overlapped, then a collision has occurred.
At 100 km/h (27-8 m/s) the readings on the distance axis have overlapped, indicating
a collision.

o If the red car is travelling at 60 km/h (16-7 m/s) and the green car at 80 km/h
(22-2 m/s), the interval B gives the distance apart when they stop.
From the graph, this is about 4 m.

1 a Do the cars collide if they are both travelling at 80 km/h?

At what speed (in m/s) would a collision just be avoided if the cars are travelling at
the same speed?

b What would be the distance between the cars after stopping, if they had both been
travelling at:
i 10 m/s? i 20 m/s?

¢ At what speed would both cars be travelling if they stop:
i 20 m apart? ii 60 m apart?

d What would be the distance between the cars after stopping, if the speeds of the
cars were:
i red, 10 m/s; green, 27 m/s?
i red, 23 m/s; green, 12 m/s?

2 Draw a graph, similar to the one above, to model the distance between vehicles after
stopping if the vehicles are the car and the truck referred to in the tables on page 521.
e Use the questions in 1 above as a guide to list similar findings using your new graph.

Mathematical Terms 10 | Graphs of physical phenomena

axis (pl. axes) scale
e Each graph has two axes, a horizontal e Set of marks at measured distances on 10
axis and a vertical axis, which show the an axis.
two quantities that are being compared e Used in measuring or making proportional
on the graph. reductions or enlargements.
graph speed
e A representation of numerical data in the * Relative rate Qf motion or action.
form of a diagram. e Defined as: distance

time
e Measuring in units such as km/h or m/s.
travel graph

e A graph provides a quick way of
analysing patterns in numerical data.

phenomenon (pl. phenomena) * A line graph where distance travelled is

e An object or occurrence that is observed. plotted against time taken.

e A physical phenomenon is one that can e The gradient (or slope) of the line is an
be measured. indication of the speed of the motion.
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Diagnostic Test 10: | Graphs of physical phenomena

e Each part of this test has similar items that test a certain question type.
10 e Errors made will indicate areas of weakness.

dagn,

e Each weakness should be treated by going back to the section listed.

Section
1 e a At what time is Ms Jonas 5 km 10:01A
< 40 / from home?
2 / b How far from home is Ms Jonas
o 30
< at 1:30 pm?
S 20 / ¢ What is the furthest distance
@ / from home?
% 10 d At what time did she rest?
+ 25
2 3o For how long?
0 e How far has she travelled on
9 10 11 noon 1 2 h .o
Time er trip?
2 This graph shows the distance of two 10:01A
80 brothers, Joe and Jacky, from home.
A 60 Joe \ a How f?tr does Joe start from home?
= \ b What is Jacky’s average speed from:
(0] .
2 40 i 10 am to 12 noon?
£ ii 12 noon to 1:30 pm?
S20f \\ iii 2 pm to 3 pm?
Y& ¢ What is Joe’s average speed for the
0 entire journey from 10 am to 3 pm?
10 11 12 1 2 8 d What i s d and
am am noon pm pm pm at is Joe’s greatest speed an
between which times is it recorded?
3 This graph shows the journey of 10:01B
a car from A to B, 200 km away. 200 B
a What is the average speed 1
from A to B? ;5:1 50 )
b Is the car driving faster at o i
o
point P or point Q? 5100 /o
¢ Use the red tangent line Z 50
drawn at R to determine the
speed of the car at this point. AL—TP
9 10 11 12 1 2 !
am am am noon pm pm
Time
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Section
4 A tennis ball was hit 75 m into the air H 10:01B
and landed back on the ground after

4 seconds.

a Was the speed increasing or €
decreasing for the first 2 seconds? =
What tells you this? 2

b What was the average speed of the T 20 / \
ball over the first 2 seconds? / \

¢ Use a tangent to find the speed 0
at point H. What does this point T2 3 4
represent? Time (s)

d Determine the speed at point R, when the ball is at 40 m on the
way down.

5 a How long does it take the water ] Temperature of bdiled 10:02
00

to reach a temperature of 80°C? vater left to cool

b What is the temperature 90 F\
of the water after 10 min? \

¢ What is the temperature 80

of the water after 20 min? \ AN

d From the graph it can be 0 N

seen that the water doesn’t 60

cool at a constant rate. \ )
The dotted line represents 50 ‘\

a constant cooling rate. \u\ N

If the water had cooled at 40 .

a constant rate, what would 30 'Y A

its temperature have been

after 10 min? 20 P~

2

Temperature C

10
0 5 10 15 20 25 30

Time in minutes

6 The graph shows the variation in Solubility curves 10:02
solubility of three salts in water with . 100
change in temperature. 2 ! /
a How much of salt 1T will dissolve at >, 80
40°C? 3 m
b What temperature is needed to c %
dissolve 40 g of salt III? S 40
¢ Which salt would have the greatest 3 I
solubility at 40°C? £ 20
d Will 50 g of salt II dissolve at 30°C? 5 o =1
_ 0° 20° 40° 60° 80° 100°
7 Draw a line graph to represent: Temperature °C 10:02

a how the water level in a tank varies
against time as it is being constantly filled

b how the intensity of light changes as the sun rises and falls during
the day

c the average temperature each month for a year in Sydney
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gj?m Chapter 10 |
1 The graph shows the trips of Ms Chew and Ms Travers

10A and gives their distance from town A at different times. & 80 "

a At 10 am how far is Ms Chew from A? i’ a0 i
b At 10 am how far is Ms Travers from A? c
¢ At what time are they the same distance from A? £ 40
d Who completes the trip by returning to A? § !
e How far is Ms Chew from A when Ms Travers is g 20 Sy 5

20 km from A? (Note: There are two possible answers.) O S

0
2 Draw a travel graph which shows the information given. A8 9 10 11 noon f

T
Briony left home at 9 am, walking at 5 km/h until me

11 am when she accepted a lift from a friend. The car travelled at an average speed of
40 km/h for 2 hours. Briony then stopped for lunch until 1:30 pm. She then caught a train
and arrived home at 3 pm.

The horizontal axis should show the time and the vertical axis the distance from home.

3 Choose the heading from the list to the right that would best fit each graph.

a b
A The hook of
= = a fishing line
= 2 while fishing.
T ac B An arrow fired
into the air.
C Flying a kite.
Time Time D Position of
C d my head while
pole vaulting.
/\ E A parachute
€ £ jump.
E — § F Position of my
%/Tlme foot as T kick
a ball.

Time

4 Describe what is happening on each graph in question 3 as time passes, using the heading
most appropriate for that graph.

5 Give a reasonable story or explanation for the information shown on this graph.

Andrew and Helen go bungy jumping

Height above
ground

Andrew

Time
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Chapter 10 | S
1 Use ID Card 7 on page xix to identify:

a5 b 8 c 9 d 10 e 11 108

f 12 g 18 h 22 i 23 | 24

2 Naomi bought a computer system for Luke. The marked price was $2300.
She paid a deposit of $1200 and 12 monthly payments of $115.
a How much did she pay?
b How much more than the marked price did she pay?
¢ What percentage was the extra money paid of the amount owing after the deposit was
paid? (Give the percentage correct to 1 decimal place.)

15 cm
3 For this cylinder find:

a the area of the base
b the curved surface area
c the total surface area

4 A salesman’s wages are $230 per week plus a commission of 41 % on his sales. How much
will he earn in a week when he sells $7000 worth of goods?

What month has the lowest rainfall?

¢ Which month recorded a rainfall of
260
180 mm? T
d  What rainfall was recorded in May? 200 L |
e How much rain fell in the year? ]
f  How much rain fell during winter —~ 180

(June, July, August)? E -
g How much less rain fell in autumn = 140 |
than in spring? f‘g — —1
& 100 [ — [
60
20

JFMAMJJASOND
Months
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6 Weight (kg) by age. Girls 0-3 years

18
17 97
4
16 o= :/ 920
15 CEET T T
L L
14 /// L1 all ////// 50
e 9 L /// /////
D12 S =10
=1 e ] = el {3
= A AT L ////////’ |
8 gdpiansn
A LA
- =
6 L
5
4
3
2 1 1 3
01 3 6 9 12 15 18 21 2 27 2f 23 3
{----------- Age in months ----------- } {--- Age in years ----}

The graph above shows the ‘normal’ weight for girls aged O to 3 years. The numbers on
the right side of the graph are percentages. (Only 3% of girls 3 years old have a weight
less than 11-3 kg.)
a Why are there two 3s on the horizontal axis?
b What is the median weight for girls of age:
i 3 months? i 1year? iii 19 months?

iv 2 years 3 months? v 1 year 2 months?
¢ What percentage of 3-year-old girls have a weight between 13-9 kg and 16 kg?
d  What weights would be considered ‘normal’ for a girl of age 2 months?
e What weights would be considered ‘normal’ at birth for a girl?

e | swim 400 min
6 min 42 s.
What is my average
time per lap?
(A lap is 50 m.)
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Deductive Geometry

Chapter Contents

11:01 Deductive reasoning in
numerical exercises
A Exercises using parallel lines
B Exercises using triangles
C Exercises using quadrilaterals
Review of polygons
Investigation A: Regular polygons and
tessellations
Investigation B: Spreadsheet
Fun Spot: The game of Hex

11:03 Deductive reasoning in
non-numerical exercises

11:04 Congruent triangles

Learning Outcomes
Students will be able to:

11:09

Proving two triangles congruent

Using congruent triangles to

find unknown sides and angles
Deductive geometry and triangles
Deductive geometry and quadrilaterals
Investigation: Theorems and their
converses

Fun Spot: What do you call a man with
a shovel?

Pythagoras’ theorem and its converse
Investigation: Proving Pythagoras’ theorem

Mathematical Terms, Diagnostic Test, Revision
Assignment, Working Mathematically

Solve problems related to the angles sum of interior and exterior angles of polygons.
Solve numerical problems related to angles created when families of parallel lines are cut

by a transversal.

Use deductive geometry to solve problems involving congruent triangles and quadrilaterals.
Solve problems using Pythagoras’ theorem and its converse.
Relate and interpret graphs of physical phenomena.

Areas of Interaction

Approaches to Learning (Knowledge Acquisition, Problem Solving, Communication,
Logical Thinking, Reflection), Human Ingenuity, Environments




11:01 | Deductive Reasoning in
Numerical Exercises

X quiz | Use ID Card 6 on page xviii to identify:
9 115 2 14 3 13 4 16
5 18 6 19 7 20

11:01

Use ID Card 5 on page xvii to identify:
8 15 9 17 10 18

11:01A Exercises using parallel lines

worked examples

1 A 2 A c 3
E B/76 F 81& \\

EF//GH. Find the size AB//CD. Find the size EF//GH. Find the size
of ZGCD. Give reasons. of ZCGH. Give reasons. of x. Give reasons.
Solutions
1 ZEBC =76° 2 /ZFGC =28]1° 3 ZBCG =60°
(vert. opp. £s) (corresp. Zs, AB//CD) (alt. Zs, EF//GH
ZGCD =76° ZCGH = 99° x + 60 =90 (comp. Zs)
(corresp. Zs, EF//GH) (adj. supp. Zs) x=30

Exercise 11:01A

Bl Find the size of ZABC in each diagram. Give reasons.

a b C
D G A A\Y\
E/ F H B T
A B 125°
74°
C H. = D\ G
E
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F] Find the value of x in each diagram. Give reasons.

a H b E & c
A x°
B\ ¢ A_B ik
88°
D 39 F { {
E
G F H
d p E @ e
309
A° 88°
A B

] Find the value of x in each diagram. Give reasons.
a A b A c B

g% z

«4BDF = ZFDE
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11:01B  Exercises using triangles
worked examples

1 A 2 A
50° B
F 82°
XO
55° 55°\ 125°
C D E B C D E
AB//CE. Find the size of x. Give reasons Find the size of ZBCA. Give reasons.
Solution 1 Solution 2
ZFDC = 50° (alt. Zs, AB//CE) ZADC = 55° (adj. supp. £s)
x+ 55+ 50 =180 (Lsum of A) Z/BCA = 82° + 55° (ext. Z of A)
Sox=75 . ZBCA = 137°
3 A Solution 3

ZACB = 70° (adj. supp. £s)
. ZABC = 70° (base Zs of isos. A)
y+ 70 + 70 = 180 (angle sum of A)
S y=40
110° / ‘ Base angles
B C D 7 are equal.

Find the value of y.
Give reasons.

Exercise 11:01B

Il Find the size of ZABC in each diagram. Give reasons.

@ E 402 b D<o ¢ c D
z 5 75°
100°
40°
E
A
[} Find the value of x in each diagram. Give reasons.
a E b a
D
92°-
108° ©
A B
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[F] Find the size of ZABC in each diagram. Give reasons.

a p b B 5 A c A
oloo° ' B
>B
A 810
C D
68°
C D
Bl Find the value of x in each diagram. Give reasons.
a F G b »p E c £ F
XO
E
_ 40°\\110°
1209 125° A . B C
A B c D

140°
CcC D
e Copy the
a A B ¢ b B c diagram.
A * Write down
60 the sizes of as
AL48°
many angles
as you can.
D e Look for a
E connection.
c d A
XO
42° , 122°
B G ' D E
e A f A
: /o
B
C D \
E @
AB =AC = AD O is the centre.
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11:01C  Exercises using quadrilaterals

b
a® 50°

Find the value of: Find the value of: Find the value of:
1 x 2y 3 m 4 n 5 a 6 b

For the parallelogram shown, find the value of: 0 X
7 a 8 b 9 ¢ / /
70° c®

10 Complete: The angle sum of a quadrilateral is

1m:01C

A
/ 60°

worked examples

1 A B
XO
8| Opposite angles
I of a
D c parallelogram
c /1 05°
F

ABDC is a parallelogram. Find the size of x.
Give reasons.

Solution 1
ZBDC = x° (opp. Zs of a parm)
ZBDC = 105° (vert. opp. £s)

Sox=105
2 3 A B
E 70°
xO
D C
AF = BF. Find the size of x. Give reasons. ABCD is a rectangle. Find the value of x.
Give reasons.
Solution 2 Solution 3
ZEAC =360° — (70° + 132° + 110°) EB = EC (diagonals of a rectangle bisect
(£ sum of quad.) each other and are equal)
=48° o x =70 (base Zs of isos. ABEC)

o x =48 (base s of isos. A)
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Exercise 11:01C

I Find the value of x in each diagram. Give reasons.

a F b D c F
80°\ B c A B/x°C 110°/B C
A & 60
xO
E D F E
f
c
D
80° o
115°
95°
E B A
f B
C
A
o D
£ 80
[Fl ABCD is a rectangle. Find the value of x. Give reasons.
a 4 B b4 B c A B
30° x> =
40°
E 5 2 o E
x° 32°
D C D C
B} Find the value of x. Give reasons.
A B
a b c E
A
A D
G
70° x°
D C F E B C
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11:02 | Review of Polygons

« The Pentagon — the most famous polygonal building in the world.

In Book 3 you learnt that:

* A polygon is a plane figure with straight sides.

e A polygon is said to be regular if all of its sides and angles are equal.
(If they are not, it is said to be irregular.)

* Some polygons are named according to the number of sides they have.

O ([0

A regular hexagon  An irregular hexagon A concave hexagon

| ceel
Two convex
and
ohe concave.

* A polygon can be concave or convex.
* In a convex polygon all the angles are acute or obtuse.
If a polygon has any reflex angles it is said to be concave.

The exterior angle sum of a convex polygon

e An exterior angle of a polygon

is an angle that forms a straight An exterior angle
line with one of the interior angles.
e If the interior angle is a reflex angle An interior angle

then no exterior angle exists.

The angle sum of the interior
angles of a polygon = (n — 2) x 180°

The sum of the exterior angles of
a polygon is 360°.

No exterior
angle at this
vertex

30O, INTERNATIONAL MATHEMATICS 4.



worked examples

1 A regular polygon has 12 sides (a dodecahedron).
a What is the size of each interior angle?
b What is the size of each exterior angle?

2 A regular polygon has an interior angle of 140°. How many sides does it have?

Solutions
1 a Sum of interior angles = (n —2) x 180° b Sum of exterior angles = 360°
for this polygon, n = 12. the number exterior angles =
Sum of interior angles = (12 — 2) x 180° the number of sides
.. size of an interior angle = =—
o . 12
If it is a regular polygon, all sides and 500

angles are equal.

. . 1800
", size of an interior angle = EE
=150°
2 Interior angle = 140°
*. exterior angle = 40°
. 360
*. number of exterior angles = w0 - 9

. number of sides =9

Exercise 11:02

n Find the size of each (i) interior angle and
(ii) exterior angle of the following
equilateral triangle

square

regular pentagon

regular hexagon

regular octagon

regular 10-sided polygon (decagon)

=D O N T v

F] Find the number of sides in a regular polygon with an exterior angle of:
a 30° b 15° c 24° d 20° e 10°

EJ] Find the number of sides in a regular polygon with an interior angle of:
a 168° b 160° c 170° d 175° e 90°

] A tessellation is made when polygons are put together to make a pattern
as shown in the diagram. Here regular hexagons form a tessellation on
their own.

a What other regular polygons will tessellate on their own?

b Try to list combinations of regular polygons that will tessellate.
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£ Investigation 11:02A | Regular polygons and tessellations

Please use the Assessment Grid on the following page to help you understand what is required
moz2a | for this Investigation.

A tessellation is a tiling pattern. If a shape can form a tile pattern on its own, it is said to tessellate.

The diagram below is part of a tessellation based on a regular hexagon.

.
“0@‘

1 What is the size of an interior angle in a regular hexagon?
2 How many hexagons meet at the vertex, A?

3 If a shape tessellates, what must be the angle sum at

each vertex? M
4 Use the diagram on the right to explain why a regular V@

pentagon will not tessellate?
5 What are the other two regular polygons that will tessellate?

6 Can you find and discuss any possible real life uses of
tessellations?
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'
Assessment Grid for Investigation 11:02A | Regular polygons and
tessellations

The following is a sample assessment grid for this investigation. You should carefully read the
criteria before beginning the investigation so that you know what is required.

Assessment Criteria (B, C, D) for this investigation Achieved v
a | None of the following descriptors has been achieved. 0
o | b Some help was ngeded to apply mathematical techniques 1
£ and answer questions 1-3. )
Q)
/M E Mathematical techniques have been selected and applied to | 3
§ w0 | ¢ | usethe properties of polygons and tessellations to effectively
g g answer questions 1-3, and attempt questions 4 and 5. 4
=T
= B0
Oz q | Questions 1-3 are correctly answered with a reasonable >
o explanation for questions 4 and 5. 6
=
¢ | The student has completely answered all questions, !
explained all patterns evident and justified their results. 8
a | None of the following descriptors has been achieved. 0
There is a basic use of mathematical language and 1
b | representation. Working out and explanations are
insufficient. 2
There is satisfactory use of mathematical language and 3

representation. Working and explanations are clear and
the student has been able to use the properties of polygons | 4
well to explain results.

There is good use of mathematical language and >
d | representation. Answers are correct and explanations are
complete and concise. 6

Criterion C
Communication in Mathematics

a | None of the following descriptors has been achieved. 0

[a—

An attempt has been made to explain whether the results
b | make sense. An attempt has been made to make connection
to the real-life applications.

There is a correct but brief explanation of whether results
¢ | make sense and how they were found. A description of the
important aspects of polygons and tessellations is given.

Criterion D
Reflection in Mathematics

V| W

There is a critical explanation of the results obtained and

their relation to real life. The answers to questions 4 and 5
d | are fully explained with consideration of the accuracy of the
results obtained and possible further applications of 6
tessellations.
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11:02B

Investigation 11:02B | Spreadsheet

The spreadsheet below is used to calculate:
e the angle sum of a polygon
e the size of an interior angle in a regular polygon.

File Edit View Insert Format Tools Data Window Help
C8 [« = =B8/A8
B ¢} D E F
1 | Number of Sides | Interior Angle Sum |Size of Interior Angle
2 3 180 60
3 4 360 920
4 5 540 108
5 6 720 120
6 7 900 128.5714286
7 8 1080 135
8 9 1260 140
9 10 1440 144
10 11 1620 147.2727273
11 12 1800 150
12 13 1980 152.3076923
13| 14 2160 154.2857143
14 15 2340 156
15] 16 2520 157.5
6 17 2700 158.8235294
17| 18 2880 160
18| 19 3060 161.0526316
19| 20 3240 162
20

The following steps show how the spreadsheet was reproduced.

1 Entering text
Open the Microsoft Excel program, move the cursor to cell A1 and type Number of Sides then
press ENTER. Move the cursor to cells B1 and C1 and add the other headings.

2 Adjusting the column width

The width of the columns can be adjusted by selecting FORMAT from the top menu bar
followed by COLUMN and then WIDTH. The number shown is the present width. Typing a
larger or smaller number in the box followed by clicking the OK will increase or decrease the
column width.

The column width can also be adjusted in other ways.

3 Using a formula

Move the cursor to cell A2 and press 3 followed by ENTER. The cursor will move to A3. Enter
a formula by typing =A2+1 followed by ENTER. The number 4 will now appear in cell A3.

In cells B2 and C2 enter the formulae =(A2-2)*180 and =B2/A2 respectively. The numbers
180 and 60 should appear in cells B2 and C2 respectively.

4 Copying a formula

Move the cursor to cell A3. Now select EDIT on the top menu bar and then choose COPY.
Highlight the cells A3 to A19 by holding down SHIFT and then pressing the down arrow []].
Cells A4 to A19 should be blackened. Choose EDIT from the menu followed by PASTE. The
numbers in cells A3 to A19 will now appear as shown. (To remove the flashing cursor from cell
A3 move the cursor to A3 and press ENTER.)
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Move the cursor to cell B2 and then select EDIT followed by COPY. Highlight cells B2 to B19
using the SHIFT and down arrow key as before. Select EDIT followed by PASTE and the
numbers in cells B2 to B19 will appear.

Move the cursor to cell C2 and select EDIT followed by COPY. Then highlight cells C2 to C19.
Select EDIT followed by PASTE and the numbers in cells C2 to C19 will appear.

QUESTIONS

1 Move the cursor to cell A2 and type the number 10 followed by ENTER. What are the
numbers in cells A16, B16 and C16 and what do they represent?

2 By changing the number in cell A2 find the angle sum and size of an interior angle in a
regular polygon with 90 sides.

3 Move to cell A2 and type 3 followed by ENTER. Now extend the table to row 49 using the
copying and highlighting skills used above.

From the numbers you have produced read off:

a How many sides has the first polygon with an angle sum greater than 5000°?

b How many sides has the first polygon with an angle sum greater than 6000°?

¢ How many sides must a regular polygon have for its interior angle to be larger than 172°?

technolog,,
P \|:nn°,':

11:02 Spreadsheet

Activitie®

Challenge worksheet 11:02 Regular polygons and tessellations @

fun s"’o,
Fun Spot 11:02 | The game of Hex \
Hex is played on a board of hexagons like the
one shown. This board has 7 hexagons along 11:02

each edge, but bigger boards may be used.

The game is played between two players,
one having a supply of white counters, the
other a supply of black counters. Each takes
it in turn to place a counter anywhere on
the board, with the object being to form a
continuous chain of one’s own counters
from one side of the board to the other.
The player with the white counters must
form a chain connecting the two ‘white’
edges of the board before black can join
the two ‘black’ edges.

(This game was invented by a Dane named
Piet Hein. He introduced the game in 1942
under the name of ‘Polygon’.)
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11:03 | Deductive Reasoning in
Non-Numerical Exercises

& quiz A D Copy the diagram.
°“ 1 Mark ZABC with X, 2 Mark ZBAC with ‘s’
In the diagram, which angle is equal to:
1:03 3 ZABC? 4 ZBAC?
B C E

5 Which angle is adjacent to ZDCE?
6 Which two adjacent angles make ZACE?

7 Ifa+b=180, then 180 —a=....? 8 Ifa+c=180,thenc=....?
9 Ifb=180—-aand c =180 —a, 10 If a=band b = c, what can we say
thenb=....2 about a and ¢?

Many problems in geometry are non-numerical. In these problems, the reasoning process becomes
more involved. As there are no numbers involved, pronumerals are used to represent unknown
quantities. With the use of pronumerals, the reasoning will involve algebraic skills learned in other
parts of the course.

Because exercises do not involve specific numbers, the results we obtain will be true irrespective
of the numbers used. The results obtained are called generalisations or, more commonly, proofs.

worked examples

1 In the diagram, prove that x =y. 2 In the diagram, prove that ZABD = ZCEF.

B D
Solutions
1 ZCFE = x° (vert. opp. £s) 2 ZABD = /BDE (alt. Zs, AC//DF)
ZCFE = y° (corresp. s, AB//CD) ZCEF = ZBDE (corresp. £s DB//EC)
- x =y (both equal to ZCFE) ~. ZABD = ZCEF (both equal to ZBDE)

I’ll have to be
wide awake for
this work!
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3 In the diagram, prove that: 4 AABC is isosceles with AB = BC. AB is

a ZABD = ZDAC produced to D and BE is drawn through
b ZBAD = ZACD B parallel to the base AC. Prove that
A BE bisects ZCBD.
B D C
Solutions

Let LABD = x°, ZBAD = y°, Let ZBAC =a°
ZDAC = w°® and LACD = 2°. - ZBCA = a° (base Zs of isos. A)
a x+y =90 (comp. Ls in AABD) Now ZEBC = a° (alt. Zs, BE//AC)
w+y =90 (comp. £s) ZDBE = a° (corresp. £s, BE//AC)
SLX=w .. ZDBE = ZEBC
.. ZABD = ZDAC .. BE bisects ZCBD
b x+y =90 (comp. Ls in AABD)
x+ z=90 (comp. Zs in AABC)
Ly=g2
.. £LBAD = ZACD
Exercise 11:03

Non-numerical proofs
1 Prove ZABC = 2 x ZBDC.

[} Prove that x = y in each of the following. A B D
a b
A Ex, g

(9]
F 2 Prove ZFAB = ZECD.
C 5 D
y E B p
F
G
C
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2 . D 3 B
WF A
A B @ A C

ZABC is a straight angle. BE
and BF bisect ZABD and
ZDBC respectively. Prove that
EB is perpendicular to BF.

4] B

<

A C

A line drawn parallel to the
base AC of an isosceles AABC
cuts the equal sides at D and

E. Prove that ADBE is isosceles. AB and BC respectively. Prove

A D Cc

D is a point on the side AC
of AABC. D is equidistant
from the three vertices of the
triangle. Prove that ZABC is
a right angle.

A m

DN\ E

C
A

In AABC, AE and CD are
perpendicular to BC and AB
respectively. Prove that
ZBAE = ZBCD.

308 INTERNATIONAL MATHEMATICS 4

AABC and AADC are isosceles.

AC is the base of both
triangles. Prove that ZBAD
= /BCD.

A D C

AABC has AB and BC equal.
D is any point on AC, and DE
and DF are perpendicular to

that ZEDA = ZFDC.

A, B and C are collinear.
AD = AB, BC = EC and
AD//EC. Prove that ZDBE
is a right angle.

LN
"

AB is the diameter of a circle
centred at O. Prove that
ZACB = 90°.

B

Hint!
Join CO.

The word ‘respectively’
means ‘in the order given’.

AABC and ABDC are
isosceles. AB = BC and

BD = DC. BC is a common
side, while A and D lie on
opposite sides of BC. Prove
that ZBCD = 2 X £ZBCA.

AB is a diameter and CD is a
chord of a circle which has
centre O. CD produced meets
AB produced at E and

DE = OD. Prove that

ZAOC =3 X ZDOB.

m @
A ;
O is the centre of the

circle. Prove that
ZAOB =2 x ZACB.



11:04

In Years 7 and 8, congruent figures would have been studied.

e Congruent figures are the same shape and size. When one is superimposed on the other, they
coincide exactly.

¢ Congruent figures are produced by translations, reflections and rotations.

¢ When congruent figures are placed on top of each other so that they coincide exactly, the
matching sides and angles are obviously equal. The word corresponding is often used instead
of matching.

Congruent Triangles

Qvep %'/

A B C D 11:04

Which figure is congruent to figure A?

-

2 Which figure is congruent to figure B?
A F L Q The figures are congruent.
3 Name the angle that matches ZA.
E D P O .
4 Name the side that matches FE.
B C M N
p = o) The figures are congruent.
5 Name the angle that matches ZB.
b s ON 6 Name the side that matches AB.
7 Name the angle that matches ZN.
B c L M

Are the following pairs of triangles congruent?
8 9 . 10
L0
x o /\
Congruent triangles
¢ In geometry, we are often asked to show that two sides or two angles are equal. A common way
of doing this is by showing that they are the matching sides or angles of congruent triangles.
e To check that two triangles are congruent, we would normally need to compare six pieces of
information (three sides and three angles).
¢ In the next exercise we will investigate the minimum conditions for congruent triangles.

A minimum condition is the smallest amount of information that we need to know about
two triangles before we can say they are congruent.
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Exercise 11:04

Il Sketch two possible triangles with:
a aside of 5cm b an angle of 60°
¢ sides of 4cm and 5cm d angles of 50° and 60°
e a5cm side and a 60° angle.

] Are two triangles congruent if they:
a have only one side equal? b have only one angle equal?
¢ have only two sides equal? d have two angles equal?
e have one side and one angle equal?

EF] Can two triangles be congruent if we can compare
only two pieces of information on each one?

To compare three pieces of information
we could compare:

e 3 sides

e 2 sides and 1 angle

e 1 side and 2 angles

e 3 angles.

Same dngles—
Difterent sizes...

Bl 2 When a photograph is enlarged, are:
i the angles in the photo and the
enlargement the same?
ii the photo and the enlargement
congruent?
b If two triangles have their three angles
equal, does it mean they are congruent?

[H In Years 7 and 8 you would have been shown how to construct a triangle given its three sides
(eg 3cm, 4cm and 5 cm). The diagrams show the four possible shapes, starting with a side AB.

C C
4 cm 3cm 3cm 4cm
I 111
A 5cm B A 5cm B
11 v
4 cm 3 cm 3 cm 4 cm
D D

a Is triangle I a reflection of triangle II?
b Is triangle II a reflection of triangle IV?
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d

=0 a n

o QN o v

Are the four triangles congruent?

When you construct a triangle given the lengths of its three sides, can you obtain solutions
that are not congruent?

If two triangles have all their sides equal, are they congruent?

60°
3cm
3cm
60°
4 cm
4 cm

Do the triangles above have two sides and one angle equal?
Are the triangles congruent? (Check by measuring the third side.)

3cm 3cm
60° 60°

4cm 4cm
Do the triangles above have two sides and one angle equal?
Are the triangles congruent? (Check the length of the third side.)
Where is the angle in relation to the sides?
Explain why placing the angle between the two sides
automatically fixes the length of the third side and the
sizes of the other angles.

4cm

40°

5cm

If a triangle has angles of 60° and 70°, what is the size of the third angle?

If you are given two angles of a triangle, do you also know the size of the third angle?
In any triangle, is the largest side opposite the largest angle?

In any triangle, where is the smallest side in relation to the angles?

The two triangles drawn below have a 50° angle, 60° angle and a 4 cm side. Are they
congruent?

70° 70°
4cm
60° 50°
4 cm
60° 50°
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f The two triangles below also have a 50° angle, a 60° angle and a 4 cm side. Are they

congruent?
70°
60° 50° 60° 50°
4 cm 4 cm

g You are told that two triangles have two angles (and, hence, the third angle) and one side
equal. Where must the side be placed in relation to the angles if the triangles are to be
congruent?

E] Right-angled triangles have a special set of minimum conditions.

5cm 5cm

0 ul
4cm 4 cm

a If two triangles have all their sides equal, are they congruent?

b Which theorem allows us to calculate the third side of a right-angled triangle given the
other two?

¢ If two right-angled triangles have their hypotenuses and one other pair of sides equal, are
they congruent?

The results from questions § to 8 are summarised below.

Summary

e Two triangles are congruent if three sides of one
triangle are equal to three sides of the other. (SSS)

e Two triangles are congruent if two sides and the

included angle of one triangle are equal to two sides ° 555 means i
and the included angle of the other. (SAS) side, side, side’.
e T q 1 q . * SAS means
wo triangles are congruent if two angles and a side e
of one triangle are equal to two angles and the stae, GNELE, side-
o o o AAS means
matching side of the other. (AAS) . .
. . . angle, angle, side’.
e Two right-angled tnal.lgles are congruent if the « RHS means
hypotenuse and one side of one triangle are equal to ‘right angle,
K the hypotenuse and one side of the other triangle. hypotenuse, side’.
(RHS)

312 | INTERNATIONAL MATHEMATICS 4.



11:05 | Proving Two Triangles Congruent

D Name the side that corresponds to: QreR A
A 5 1 AC 2 AB 3 BC
51 j 3 6 E
B 6 C v Name the angle that corresponds to: B
= 4 ZA 5 ZB 6 £C
L P .
A A Name the side that corresponds to:
/\\ /\\ 7 LM 8 MN
M N Q R
9 Find the value of x. ‘Corresponding’
10 Are the 2 cm sides can be used
A corresponding? ‘m(;;;:;g \(/)vfhen
50° 60° describing position. ‘

Y 20m 2cm

The minimum conditions deduced in the last section are used to prove that two triangles are
congruent. Special care must be taken in exercises that involve overlapping triangles.

worked examples

Examples
1 Prove that AABC = ADFE and list the 2 Show that AABC = ADCB.

pairs of matching sides and angles. c D

E H
A
8cm
6cm 5cm 5cm

B 8cm C F 6cm D A H B
Solutions ‘=" means
1 AABC and ADFE have all their 2 In AABC and ADCB ‘is congruent to’.

sides equal. i ZABC = ZDCB

. AABC = ADFE (SSS) (alt. angles, DC//BA)

The pairs of matching angles are: ii AB=CD

ZA and 4D, £ZB and £F, ZC and ZE. iii BC=BC

The pairs of matching sides are: . AABC = ADCB (SAS)

AB and DF, AC and ED, BC and EF.

If AABC is
congruent
to ADEE,

we write

AABC = ADEF

When working with congruent figures, the term
‘corresponding’ is often used instead of the term ‘matching’
to refer to angles or sides in the same position.

continued =»=»=%
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Examples

3 Are these two triangles congruent? 4 Prove that AABC = AEDC.
A z A B
4 cm 7o 4 cm
C
60° 50° 60° 70°
(o X Y
Solutions b E
3 Because we are only given the length 4 In As ABC and EDC:
of one side we cannot use SSS, SAS 1 ZLABC = ZECD (vert. opp. £s)
or RHS conditions. 2 /CAB = ZCED (alt. Zs AB//DE)
e Hence we can only look at the AAS AB = DE (given)
condition. 3 .. AABC = AEDC (AAS)
* We can see that both triangles have
the same angles, as the missing angle
in AXYZ must be 50° because the When writing congruent
angle sum of a triangle is 180°. triangle proofs, write the
e Now, the 4 cm side is opposite the vertices in matching order
50° angle in AABC and opposite the as shown in the examples.
60° angle in AXYZ.
e Hence the sides are not corresponding.
e Therefore the triangles are not congruent.
Exercise 11 :0§

Congruent triangles
1 Why is each pair of triangles congruent?

congruence condition used to establish the congruence.

Bl The following pairs of triangles are congruent. State the : L 0 0 ’_‘
60° 60
All side lengths are in the same units.

2 Is each pair of triangles congruent?

a
70°
60°_50°
8
/\ |

. /O\
60°
H 10
k
80° 40°

8
609

~

X 2
X
A
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] State whether the triangles in the following pairs are congruent. For those that are, state the
congruence condition used.

a b
8 6 10
10
10 5 6
6
10 8
8
8
C d
60° 60 70
8 8 10
5 0,
70° 50° o
5 10
E] [n each of the following, prove that the two triangles are congruent.
a g Q [P
3cm
N
A > C 3cm
L M
D
d
p—>0Q /\
S ‘ T w
O is the centre O is the centre
of the circle. of both circles.
Bl a Prove that b Prove that
AABC = ADEC. AABD = ABAC. You will have to find
A B A C 3 facts about each

H pair of triangles.
Put reasons in
C parentheses.
E
D B
D

Setting Out Proofs
In As ABC and DEF:
1 AB = DE (Given)

2 . = oo oo ) §/
3 ..... = coooo v, )
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¢ Prove that
AABD = AACD.
A

D

O is the centre of the
circle. Prove that

AAOB = ACOD.

H- A

/DBC = ZACB, and
BD = CA. Prove that
AABC = ADCB.

d Prove that

e Prove that
AABC = AADC. AABD = AACD.
B A

B F Cc

ABCD is a square.
ZAFB = ZCED.
Prove that AABF = ACDE.

A

They’re not tricky.
Just follow
these hints!

B ©
ZABC = ZACB. Hints
Prove that 1 Write down the three

sides of each triangle.
2 Match up the ones
that are equal.
3 Repeat the above for
the angles.

ADBC = AECB.
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11:06 | Using Congruent Triangles to
Find Unknown Sides and Angles

If two triangles can be shown to be congruent, then, of course, all matching sides and angles are

equal.
Using congruent triangles to find the values of unknown angles and sides or to prove relationships

is very important in geometry.

worked examples

2 AC=CD, ZACB = ZBCD. Prove that

1 Show that AABC = ADFE and hence
AACB = ADCB, and hence that BD = 15 cm.

find the length of DE.

A D R A
c
8 cm M
110°
B
5 8 om 8 om 110°C
7 cm
C E 7cm F D
Solutions
1 AABC = ADFE (SAS) 2 In As ABC and DBC:
.. DE=AC 1 AC = DC (given)

2 /ACB = ZDCB (given)

3 BC is common to both As.

.. AABC = ADBC (SAS)

. AB = DB (corresp. sides of cong’t As)
s.BD=15cm

(matching sides of cong’t As)
- DE=8cm

Exercise 11:06

Note that in questions involving circles, O is the centre of the circle.
B In each of the following, state why AABC = ADEF and hence find the value of DE.

a b
Cc F A_2tm  C
3o o 2
) < §
) (] 3 (5\ C?
A 10cm B D E 60°
B F 31m E
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[} Find the value of the pronumeral in each of the following, giving reasons for your answers.
a b c

= xcm X L A

xO
D D } 5
B 30cm & 22 c
Y 122cm Z M bcecm N 50°
E

[EF] By proving two triangles are congruent, find the value of the pronumeral in each of the
following.

A
=
o
3

D

A c

120° : :
//\\

007 C
B 70

\'\a/

c B

D

B4cm D xem C

ZEAB = ZDBA =70°, AE = BD

A X
~

Prove that ZBAC = ZDAC. Prove that LABC = ZCBD. Prove that ZBAX = ZCDX,
and hence that AB//CD.

d e B f
D
VAN &
NP _“

Prove that AD = DB. Prove that Prove that
Z0OCA = ZOCB = 90°. AC = DB and AC//DB.

D

N

)>w
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11:07 | Deductive Geometry and Triangles

« lIsosceles triangles are often found in architecture.

If you were asked to define an equilateral triangle, you could say:

Hmm...don’t gay more

‘it is a triangle with all its sides equal’ e

or
‘it is a triangle with all its angles equal’

or
it is a triangle with all its sides equal and all its angles equal’.

Geometrical figures have many properties and it is not practicable
to mention them all when defining the figure.

A definition is the minimum amount of information needed to identify
a particular figure.

In deductive geometry, the definitions serve as starting points. The properties of the figures can
then be proved using basic geometrical facts.

The proved result is known as a theorem and this can then be used to produce other theorems.

Definitions Obgervation qn

e A scalene triangle is a triangle with Z‘i;;f::;e:ﬂ: q?gfequ
no two sides equal in length. 2 sides equdl.

e An isosceles triangle is a triangle Conclugion
with at least two sides equal in A triangle that is
length.

equilateral must
e An equilateral triangle is a triangle diso be isosceles. )
with all sides equal in length.

The definitions imply that an equilateral triangle
must also be an isosceles triangle. Hence, any
property of an isosceles triangle must also be

a property of an equilateral triangle.
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worked examples

1 Use congruent triangles to prove that the angles opposite equal sides in an isosceles triangle
are equal.

Solution
A Data: AABC is isosceles with AB = AC.

Aim: To prove that ZABC = ZACB.
Construction: Draw AD perpendicular to BC,

meeting BC in D.
Proof: In As ABD and ACD:

1 AB=AC (data)

2 AD is common.

3 ZABD = ZADC (AD 1 BO)
L .. AABD = AACD (RHS)

s ZABD = ZACD (corresponding Zs
of congruent As)

- LABC = ZACB

2 Prove that the sum of the interior angles of a triangle is 180°.

Solution

B E Data: AABC is any triangle with angles

f) /! o, Band v.

J Aim: To prove that o+ B+ y= 180°
J (ie the angle sum is 180°).
B /, Construction: Extend AC to D. Draw CE parallel to AB.
a YN Proof: /BCE=[ (alternate to ZABC, AB//CE)

A c D ZECD = o0 (corresponding to ZBAC, AB//CE)

ZBCA =y (given)
s ¥+ B+ a=180° (LACD is a straight angle)
.. the angle sum of a triangle is 180°. Q.E.D.

3 Use isosceles triangles to prove that any triangle drawn in a semicircle is right-angled.

Solution
Data: AABC is any triangle drawn on the
diameter AB. O is the centre of the circle.
Aim: To prove that ZACB = 90°.

Construction: Join CO.
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Proof: Now AO = BO = CO (radii of a circle)
.. As OBC and OAC are isosceles.
Let ZOBC = x° and ZOAC = y°
.. ZOCB =x° (base Zs of isos. AOBC)
ZOCA =y° (base Zs of isos. AOAC)
S x+x+y+y=180 (angle sum of AABC)
so2x+ 2y =180
Sox+y=90
But ZACB = Z0CB + LOCA
=x°+y°
=90°
.. AABC is right-angled.

Exercise 11:07

Il [tis a well-known result that ‘the exterior angle of a triangle is equal to the sum of the interior
opposite angles’.

Complete the proof started below.
B E Aim: To prove that the exterior angle ZBCD is equal to the
ft / sum of the interior opposite angles (ie ZBCD = ot + f).
/ Construction: Draw CE parallel to AB.
A Proof: ZBCE=f (......... )
ZECD=0 (... )
! / o ZBCD = ..........

A C D

] Use the result above to prove that the sum of the
exterior angles of a triangle is 360°.

[EF] Use isosceles triangles and the exterior
angle theorem to prove that the reflex
angle AOB = 2 x ZACB.

B

N

(o}
O is the centre of the circle.

B} Use the fact that an equilateral triangle is also an isosceles triangle to prove that each angle
of an equilateral triangle is equal to 60°.
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[H 2 Use congruent triangles to prove that if two angles A
of a triangle are equal then the sides opposite those
angles are equal.

b Use the result in a to prove that a triangle that is
equiangular must be equilateral.

A Use congruent triangles to prove the following
properties of isosceles triangles. A

In isosceles Ag
the base is the
unequal side.

a A line drawn at right angles to the base of
an isosceles triangle through the third
vertex bisects the base.

B D C
b A line drawn from the midpoint of the base A
of an isosceles triangle to the third vertex is
perpendicular to the base.
base
B D C

Regular polygons can be inscribed in circles,

as shown on the right. / \
a

Find the size of x.
b For which regular polygon would the side length equal the
radius of the circle? Why is there only one regular polygon ‘

for which this can occur?

=
E] A well-known property of triangles is that the
perpendicular bisectors of the sides are concurrent.
The ‘Data’, ‘Aim’ and ‘Construction’ for the A
congruence proof of the above result are given
below. Answering the questions will give an
i E F
outline of the proof.
Data: AABC is any triangle. E, F, G are the
midpoints of AB, AC and BC respectively. B S c
Perpendiculars drawn from E and F meet G
at S.
Aim:  To show that SG L BC (ie that the
perpendicular drawn from G passes through S).
Construction: Join SA, SB, SC.
a  Why is AAES = ABES? b Why does AS = BS?
¢ Why is AAFS = ACFS? d Why does AS = CS?
e Why does BS = CS? f  What type of triangle is AASC?
g What result proved in question 6 can be used to justify that SG L BC?
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11:08 | Deductive Geometry and
Quadrilaterals

As we have seen with triangles, the definitions of the quadrilaterals are minimum definitions.

Definitions
e A trapezium is a quadrilateral with at least one pair of opposite sides parallel.
e A parallelogram is a quadrilateral with both pairs of opposite sides parallel.
e A rhombus is a parallelogram with two adjacent sides equal in length.
e A rectangle is a parallelogram with one angle a right angle.
e A square is a rectangle with two adjacent sides equal
OR
A square is a rhombus with one angle a right angle.

Many people find the definitions above a little unusual at first.

e They start from the simplest shape and by adding more and more constraints end up at the most
complex shape.

e The definitions are hierarchical. Each new shape is defined in terms of a simpler shape which has
already been defined.
eg a rhombus is a parallelogram . . .

This saves repetition and states that a rhombus is in fact a special type of parallelogram.
It has all the properties of a parallelogram and
some extra properties as well.

e They are minimum definitions. Not every a right angle,
property of the shape is given. By using the they dll must be.
definition and other geometrical techniques
the other properties can be deduced.
eg a rectangle is a parallelogram with a right angle.
There is no need to say that it has four right angles
as this can be derived using the fact that it is a
parallelogram and our knowledge of co-interior
angles and parallel lines.

If one angle is

worked examples

1 Prove that the sum of the interior angles of a quadrilateral is 360°.

Solution

Data: ABCD is a quadrilateral.
Aim: To prove that the angle sum of a quadrilateral is 360°.
Construction: Draw in the diagonal DB.
Proof: Let a, b, ¢, d, e, f be the sizes of angles on the figure.
Now a+ b+ c=180° (angle sum of AABD)
and d + e + f = 180° (angle sum of ABCD)
LA+ B+ ZC+4D=b+ (c+d)+e+ (a+f)
=(a+b+o)+d+e+f)
= 180° + 180°
=360° Q.E.D. continued =»=»=»
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2 Prove that a quadrilateral is a parallelogram if its opposite angles are equal.

Solution
Data: ABCD is a quadrilateral with ZA = ZC and ZB = £D.
Aim: To prove that AB//DC and AD//BC.
Proof: Let ZA=/ZC=D°and £B = 4D =a°.
2(a+b) =360 (£ sum of quad.)
sa+b=180
s ZADC + ZDAB = 180°
.~ AB//DC  (co-int. Zs are supp.)
Also, ZADC + £DCB = 180°
- AD//BC (co-int. Zs are supp.)
.. ABCD has opposite sides parallel.
.. ABCD is a parallelogram.

Exercise 11:08

n Follow the flowchart below and choose the correct names from the list, to be inserted into the

boxes @ to @

SQUARE
RECTANGLE
RHOMBUS
PARALLELOGRAM
TRAPEZIUM
QUADRILATERAL

Does it
have 2 pairs of parallel
sides?

Readinhg the definitions
again will help.
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] ABCD is a parallelogram.

A B a Why does ZBAC equal £DCA?
b Why does ZBCA equal £ZDAC?
¢ Does ZBAD equal ZBCD?
d Prove that AABC = ACDA. Hence prove that:
i ZABC = ZCDA
Z © i AB=DC and BC = AD
You have proved that the opposite sides and opposite A B
angles of a parallelogram are equal.
[F} Using the fact that the opposite sides of a parallelogram £
are equal, prove that AABE = ACDE and hence that
AE = EC and EB = ED. 5 c

This question proves that the diagonals of a parallelogram bisect each other.

B} A rhombus is a parallelogram with a pair of adjacent sides equal. Using this definition and the
properties of the parallelogram already proven, answer the following.
A B a Why does AB = DC?
b Why does BC = AD?
¢ Show that all the sides of the rhombus are equal.
d Using your answer to c, what type of triangle is:

i AABD?
D [0} ii ACBD?
e Why does ZABD = ZADB? f Why does ZCBD = ZCDB?
g Why does ZABD = ZCDB? h Which angles are equal to ZABD?
i Prove that the diagonal AC bisects the angles DAB and DCB.
5| A B a Why does AE = EC?

b Prove that AABE = ACBE and hence that
ZAEB = ZCEB = 90°.

D C

The last two questions have proved that the diagonals of a rhombus bisect each other at right
angles, and that they bisect the angles through which they pass.

6 | A B A rectangle is a parallelogram with a right angle.

a Prove that all the angles must be right angles.

b Assuming the answer to a and the properties of a
parallelogram, prove that AABD = ADCA and hence
AC = DB.

This question proves that all the angles of a rectangle are right angles and that its diagonals are
equal in length.
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To show that a quadrilateral is a parallelogram, we could of course show that both pairs of opposite
sides are parallel (ie use the definition).

There are other tests which can be used to show that a given quadrilateral is a parallelogram.
These are very useful and are given below.

Tests for parallelograms

A quadrilateral is a parallelogram if any one of the following is true.
Both pairs of opposite sides are equal.

2 Both pairs of opposite angles are equal.

3 One pair of sides is both equal and parallel.

4 The diagonals bisect each other.

[

ABCD is a quadrilateral that has opposite sides equal. B
Prove that it is a parallelogram (ie that its opposite
sides are parallel).

E] The Data’ and ‘Aim’ for the congruence
proof of Test 4 above are given below.
Answering the questions will give an
outline of the proof.

I¥ dlternate angles
dre equal, then the
lines dre pardllel.

Data: ABCD is any quadrilateral where
diagonals AC and BD bisect each
other at E.

Aim: To show that ABCD is a parallelogram
(ie AD//BC and AB//CD).

Why does ZAED equal ZCEB?

Why is AAED congruent to ACEB?

¢ Which angle in ACBE is equal to A D

ZADE? Why? S X
d How does your answer to ¢ prove that
ADIBC: PN

e Why is AAEB congruent to ACED? B Cc
f Why is ZBAE equal to ZDCE?
g Why is AB parallel to CD?

o o

Bl Use congruent triangles to prove that if
one pair of sides in a quadrilateral is
both equal and parallel, then the quadrilateral
is a parallelogram.
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Use the tests for parallelograms and the properties of parallelograms to do questions 10 and 11.

[} In the diagram, ABCD and ABEF are parallelograms. D C

Prove that DCEF is a parallelogram. '

A
F E

M ABCD is a parallelogram with diagonals produced E F

so that EA = CG and DH = BF. Prove that EFGH A

is a parallelogram. )(

. : C
¥ H G

« Builders often use the properties
of quadrilaterals in building.

Tests for a thombus
All sides are equal. OR

% 1
2 Diagonals bisect each other at right angles.
%

Tests for a rectangle
J 1 All angles are equal. OR
2 Diagonals are equal and bisect each other.

[B] Show how Test 1 for a rhombus could be proved using Test 1 for a parallelogram.

[E] Prove Test 1 for rectangles.

Does a square have all the properties of a rectangle?

Is a square a special rectangle?

Is a rectangle a square? Give a reason for your answer.
Does a square have all the properties of a rhombus?

Is a square a special rhombus?

Is a thombus a square? Give a reason for your answer.

“h0O O nNn o

[l Carol and Sharon thought that a good test for a square would be ‘equal diagonals that bisect
each other at right angles’. Do you agree with their test?

hnolo,
Te Necan”

11:08 Quadrilaterals
Q CHAPTER 11 DEDUCTIVE GEOMETRY 327

Activitie®



11:08

0 SPos

11:08

Investigation 11:08 | Theorems and their converses

A theorem usually connects two pieces of information and can be written in the form
‘If A then B'.

A is usually called the ‘supposition’ or ‘assumption’ while B is called the ‘conclusion’.

If A and B are interchanged then we have the statement ‘If B then A’. This is called the converse
of the theorem.

Even if a theorem is true, its converse may not be, as shown by the following example.

Theorem: If (two angles are vertically opposite) then (the angles are equal). This is true.
Converse: If (two angles are equal) then (they are vertically opposite). This is false.

For the following theorems, state their converse

and whether the converse is true.

1 If a triangle has all its sides equal then it has
all its angles equal.

2 If a quadrilateral is a square then its diagonals
are equal.

3 If a quadrilateral is a parallelogram then its
opposite angles are equal.

I¥ | have giveh good service
then | get a fip or convergely...
I | get a tip then [ have
given good gervice.

Fun Spot 11:08 | What do you call a man with a shovel?
Work out the answer to each part and put the letter for that part in the box above the correct
answer.

Which congruence test can be used to state why the triangles in each pair are congruent?

D ) (0) G
30|30

SSS
RHS
SAS
AAS
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11:09 | Pythagoras’ Theorem and
its Converse

During your Stage 4 studies, you would have encountered the most famous of all geometric
theorems — Pythagoras’ theorem. Both the theorem and its converse are true.

The theorem states that:

If a triangle is right-angled

74 then the square on the longest
side is equal to the sum of
the squares on the two
smaller sides.

For the triangle shown,
this means that ¢* = a* + b*.

« Pythagoras’ theorem is still used to check that buildings are square.

Furthermore, the converse states that:

@ If the square on the longest side is equal to the sum of the squares on the two smallen)

sides then the triangle is right-angled.

.\“\lest/é,ez'
Investigation 11:09 | Proving Pythagoras’ theorem 3
D a b © H b L a G
! LU O u| ° T 11:09
@ ©
b y° b
== == 3 M
T O t o)
a T b a
1 " [] H ] | []
A a b B E a N b F

1 How could the two squares above be used to prove Pythagoras’ theorem?
2 Investigate other proofs of Pythagoras’ theorem.
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1 Calculate the perpendicular height of an
equilateral triangle if its sides are 6 cm

long.

Solutions
1

B 3cm D3cm C

BD =3cm (D is midpoint of BC)
62 =h?+3%> (Pythag. Thm)

36 =h2+9

h? =27
h= .27
=3.3

> 15 cm

D C B
Find the value of DC.

Solutions

In AABD,
252 =152 + BD?
625 =225 + BD?
BD? = 400
BD = 20

In AABC,
20% =152 + BC?
400 = 225 + BC?

BC2=175
BC = /175
Now DC = BD — BC
=20-./175
= (ZO—Sﬁ) cm
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worked examples

2 A rhombus has diagonals 8 cm and 4 cm

in length. What is the side length of the
rhombus?

AE=2 BE=4
(Diagonals bisect at rt. Zs)
x?=22+42 (Pythag. Thm)

=20
x= 20
=2./5
A
xcm
B 3cm D 6.cm c

Find the value of x.

In AABD,
AB2=x?+9
In AADC,
AC2=x2+36
In AABC,
BC? = AB? + AC?
92=(x*+9) + (x> + 36)
81 =2x2+45
2x2 =36
x2=18
x= /18
=32



Foundation Worksheet 11:09

Pythagoras’ theorem
1 Find the value of the pronumerals in the following.

Exercise 11:09

Find the value of the pronumerals in each

a

. X
of the following. ¥l z 5 3
a b 10— W
| 2 Find the value of the pronumerals in the following.
a b
& : 3cm 6
% 12m £ 1075 \& , T 7
A o x| /10
[ o o < [
1-6m ) x y ]
12

Use the converse of Pythagoras’ theorem to find which of the following are rectangles.

a : b | c H
9
+ )\Q/ T75 1 8:_ GP = T q}v -2
’ : b
10 5 1-2

a 4 b c :
1 3 X
> At - \6
10 A
y 1 |
J 10 ' y
36 4-8
X
b c 2
17
8m m
A O 5 B B 6m C D
Find the length of AB. Find x Find CD.
B - B b 4 c C
<0
X
= %
A o) E B
N
AL T C
10m =
What must x be if Find AB. O is the centre of a

ZABC =90°?

semicircle of radius 6-5 cm.
EB = 3 cm. Find AC.
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Mathematical Terms 11

adjacent angles
e Share a common arm and vertex.
* Lie on opposite sides of the common arm.

D
Z4DAC and ZBAC
A C  are adjacent angles.
B

alternate angles

e A pair of angles on
opposite sides of the /4 B
transversal between 2/3 D
the other two lines.

e In the diagram, the alternate
angles are 1 and 3, 2 and 4.

e Are equal when AB//CD.

co-interior angles

e A pair of angles on

the same side of the A : B
transversal and between L
the other two lines. 2/4 D

e In the diagram the
co-interior angles are
1 and 2, 3 and 4.
e Are supplementary when AB//CD.
complementary angles
e Angles that add up to give 90°.
congruent triangles
e Triangles that are identical in shape
and size.
converse (of a theorem)
o If a theorem is stated in the form
‘If A then B’, the converse is the statement
‘If B then A’.
corresponding angles
* Angles that are in A
corresponding positions
at each intersection. 5
 In the diagram, the ¢ 8
corresponding angles
are: 1 and 5, 2 and 6, 3 and 7, 4 and 8.
e Are equal when AB//CD.
deductive
e A system in which results called
theorems are produced from a set of basic
facts that are accepted to be true.

4]3 B

6 D
7

332 INTERNATIONAL MATHEMATICS 4

definition
e A statement that describes the essential
properties of something.

exterior angle
e An angle formed when the side of a convex
polygon is produced.

matching angles (or sides)

e Sides (or angles) that are in the same
(or corresponding) positions in congruent
figures.

polygon

e A plane figure with straight sides.

e Regular polygons have all sides and angles
equal.

e Convex polygon has all its angles either
acute or obtuse.

e Some polygons have special names.
(See Investigation 11:02A.)

proof
e A series of steps that establishes the truth
of a result.

quadrilateral

e A polygon with 4 sides.

e There are six special quadrilaterals.
(See 11:08 or ID Card 4.)

supplementary angles
e angles that add up to give 180°.

theorem

e The statement of a result that has been
proved by reasoning.

e Usually stated in an ‘If A then B’ form.

triangle

e A polygon with 3 sides.

e Equilateral, isosceles and scalene triangles
have 3 sides, 2 sides and no sides equal
in length respectively.

e Acute-angled triangle has three acute angles.

e Right-angled triangle has one right angle.

e Obtuse-angled triangle has one obtuse angle.

vertically opposite angles

e Two pairs of equal angles .
formed when two straight DG
lines cross.

technolog,,
N,p\mur,o s

Mathematical terms 11

o, <
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Diagnostic Test 11: | Deductive Geometry

e Each part of this test has similar items that test a certain type of question.

Errors made will indicate areas of weakness.
Each weakness should be treated by going back to the section listed.

Section
1 For each figure find the value of x, giving reasons. 11:01
a b
A DB Cc
X
. 40°
D " E
2 a Find the angle sum of a polygon with 15 sides. ez
What is the size of the interior angle in a regular octagon?
¢ A regular polygon has an exterior angle of 20°. How many sides does
it have?
3 a 11:03
E
C
Prove that x = y. Prove AB = AD. Given AB = AC,
prove ZABC = ZFTD.
11:04

State why the two trlangles are congruent

aA ¢ B A
E .
D
C
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5 a Prove that b Prove that ¢ Prove that 11:05
ZABD = ZACD. ZAOB = ZCOD. AX =AY.

L (%

B
x c
D
6 Use congruent triangles to find the value of the pronumerals. 11:06
4 10 cm b 14 cm ¢ - v
acm a
9cm a
8cm
14 cm
ZABC = ZDCB = 65°
7 a Prove that b Use congruent ¢ Use congruent 11:07
ZACD =3 x ZLCAD. triangles to prove triangles to prove
that AD 1 BC. that ZCAB = ZCAD.
C
A # —D
x X
B B 5 c
(o
8 Prove the following. 11:08
a If all the angles of a quadrilateral are equal, then it is a rectangle.
b If the diagonals of a quadrilateral are equal in D
length and bisect each other at right angles,
then it is a square. &

¢ What test for parallelograms can be used to A
prove that ABCD is a parallelogram?
B

9 Find the value of the pronumeral in each of the following. 11:09
a ((\ ba D ¢ < om -
0° x cm cn
) b‘c’@ . 9cm /@\
] 15 cm 17 cm
18cm 7cm B C

ABCD is a square.
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Chapter 11 |

1

In each of the following, find the value of x.
Give reasons for your answer.

a F

A B0 B

XO

@ - D

b E D
70° ,

A g O
(o}

D N

A c

d

a A special hexagon is
made with four of its
angles equal and the
remaining two angles
are both half the size
of the others. This
is shown in the
diagram. Find the
size of the angles.

b Sharon makes a
regular pentagon
from three isosceles
triangles as shown.
Find the sizes of
the angles in the
triangles.

q,ssig,,@

R

B

L\,\ 1A
A D F
C

E

AABC is any triangle. D is the midpoint
of BC, and BE and CF are perpendiculars
drawn to AD, produced if necessary. Prove
that BE = CF.

E
K
A=\ b
F

From a point D on the base AC produced
of the isosceles triangle ABC, a straight line
is drawn perpendicular to the base cutting
AB produced at E and BC produced at F.
Prove that ABEF is isosceles.

E

10 cm
C

B

A D 14 cm
AC=DE =50cm, EC =10cm, DB = 14 cm.
Find AD.

C
& i
= B
/CAB = ZCBA and ZCBD = ZCDB.
Prove that ZCAD = ZCDA.
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. o\Men.

,{é’\m Chapter 11 |
1 Describe mathematically the shape of the 2 The ISCF group has 20 members. The

1B lamp-shade in the photograph. school choir has 16 members. Only Sue
and Graham are members of both groups.
How many different people belong to these
two groups altogether?
3 The petrol tank of my car holds 45 litres.
I drove into a petrol station and filled the
tank. It cost me $9.90. If the petrol cost
82-5 cents per litre, how many litres did
I buy? How much was in the tank before
it was filled?
4 In the card game of cribbage, two points are scored when any combination of cards totals 15.
An Ace counts as 1 and the Jack, Queen and King each counts as 10. For example, for the
hand below, the score is 6.
el 2+3+K=15 What would the score be for these hands?
5+K=15 a J],K Q.,5,5 b 4,5,6,5,6
* 2 3+5+7=15
5 A block of land (as shown in the diagram) 6 The graph shows the height of an object
is to be enclosed with a fence of the type fired into the air.
shown. a How high is the object above ground
a Calculate the amount of wire needed level after 1 second?
to complete the fence. b At what times is the object 10 m above
b If posts are to be placed at 3 m intervals ground level?
(as a maximum), calculate the number ¢ What is the greatest height reached by
of posts needed for the fence. the object?
¢ Calculate the cost of the fence if the d How long does it take for the object to
posts are $8.50 each and the wire is fall from its maximum height to ground
95 cents a metre. level?
RIS e For how long is the object above
} I I a height of 17-5 m?
wire g = Height of object above ground level
” S
I ¥ ) 20
\% D
posts 2 75 T AT T
: 15
;:;\;,‘::l'?ghy‘ 1 Angles and parallel lines C Q
2 Triangles g
, 3 Quadrilaterals =
%9 ang o 4 Angle sum of polygons % 10
5 Pythagoras’ theorem T
ot ’?e»,-%
5
] \
Question®
// \\
0 1 2 3 4
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Measurement

Ah, the excitement of it dll. Perimeter, area, surface

Chapter Contents

12:01 Review — area and perimeter
Challenge: Staggered starts
Investigation: Skirting board and perimeter
Investigation: Conversions
Investigation: Covering floors

12:02 Review of surface area of prisms

12:03 Volume of prisms and cylinders
Investigation: Tank sizes

Learning Outcomes

Students will be able to:

ared ... it's all herel

12:04 Volume of prisms, cylinders and
composite solids
Investigation: Perimeter, area and volume
12:05 Practical applications of measurement
Investigation: Wallpapering rooms
Mathematical Terms, Diagnostic Test, Revision
Assignment, Working Mathematically

Use formulae and Pythagoras’ theorem to calculate the perimeter and area of figures
composed of rectangles, triangles and parts of circles.

Calculate the volume and surface area of right prisms including cylinders.

Apply formulae to find the volume and surface areas of pyramids, cones and spheres.
Calculate the capacity of a solid using fluid measure.

Areas of Interaction

Approaches to Learning (Knowledge Acquisition, Problem Solving, Communication,
Logical Thinking, Reflection), Human Ingenuity, Environments




12:.01 | Review — Area and Perimeter

The perimeter of a plane figure is the length of its boundary.

To calculate the perimeter:
e find the lengths of all the sides
* add the lengths together.

The geometrical properties of some figures allow the perimeter to be calculated using a
simple formula.

Square Rectangle
] 1l
T T
L
4 S s B+
Remember] The
| (]l .
T 1 perimeter of a
P=4s P=2L +2B

circle is cadlled the
‘circumference’.

Rhombus
Parallelogram

B
P=2A+2B P=4s

Circle

C =nd or 21tr
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e To find the arc length of a sector, I, first find what fraction
the sector is of the circle by dividing the sector angle 6 by 360°. Gee, | feel like a
Then find this fraction of the circumference. secfor of pizza.

360° > ﬁ r

e Composite figures are formed by putting simple figures together or by
removing parts of a figure. The calculation of the perimeter of composite
figures is shown in the examples below.

c\\alle,&o
Challenge 12:01 | Staggered starts \{ \
When athletes run around a track with circular ends, they have a ‘staggered start’, since the
perimeter of the outer lanes is greater. 12:01

If the width of a lane is 1 metre, how much start should a runner in lane 1 give to the runner
in lane 2, if the runner in lane 1 is to complete exactly one lap of the field?

Try different values for d.
Does it make any difference
to the answer?
d d+2

Can you find out how much start the inside runner appears to give the outside runner on an
official Olympic track for a 400 m event?

=~

Assume the athletes run
dlong the ingide edge of
their,lanes.
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- Investigation 12:01A | Skirting board and perimeter

Please use the Assessment Grid on the following page to help you understand what is required
122004 ! for this Investigation.

. 3200 600 1800 1600 700
I T T T T 1
1800
Doors T
FLOOR PLAN
(RUMPUS ROOM) 4200
Scale 1:100 (1 cm to 1 m)
1 400
Door 900
Door 4
1 300

T I
400 900 6600

e The diagram is a scale drawing of a rumpus room in a house. All measurements are in
millimetres. Rob Young, a local builder, has been asked to fit skirting board to the room.
(Skirting board is used to cover the gap between the wall and the floor of a building.)

e The skirting board is to be placed around the perimeter of the room except for the doorways.
It can be ordered in lengths from 300 mm to 6-6 m at increments of 300 mm (ie 300 mm,
600 mm, 900 mm, 1-2m and so on, up to 6-6m).

Exercises
1 Rob has been asked to do the job without any joins (except at corners). Is this possible?
Give reasons for your answer.

2 What is the total length of skirting board required?

3 Rob has nine 3-3 m lengths of skirting left from earlier jobs. Show how he could use these
to do the job. What is the smallest number of joins he could have?

4 If Rob has no skirting board, what would he need to order to complete the job with the
smallest number of joins and the smallest amount of waste?
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'
Assessment Grid for Investigation 12:01A | Skirting board and perimeter

The following is a sample assessment grid for this investigation. You should carefully read the
criteria before beginning the investigation so that you know what is required.

Assessment Criteria (C, D) for this investigation Achieved v/
& | a | None of the following descriptors has been achieved. 0
—
= : . :
g There is basic use of mathematical language and 1
,E: b | representation. Working out and explanations are
@) § insufficient. 2
= . . .
S 8 There is satisfactory use of mathematical language and 3
Ll . . .
S § | c | representation. Working and explanations are clear
— e
S § though not always complete. 4
s . .
g There is good use of mathematical language and >
£ | d | representation. Answers are correct and explanations
S are complete and concise. 6
a | None of the following descriptors has been achieved. 0
* An attempt has been made to explain whether the results | 1
o
= b | make sense. An attempt has been made to make
'QE) connection to the real-life applications. 2
.Q': "g' There is a correct but brief explanation of whether results | 3
2 = make sense and how they were found. A description of
2 E | €| the relevance of perimeter in the context of the problem 4
- o . .
O g is given.
(%]
= There is a critical explanation of the results obtained and | 5
& d their relation to real life. The answers to questions 3 and 4

are fully explained with consideration of the accuracy of 6
the results.
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Measurement of area
e The area of a plane figure is the amount of space it occupies.

e Area is measured by calculating how many squares it would take to cover the figure.
Small squares are used to measure small areas and large squares are used to measure large
areas. It should not be surprising then that the units for measuring area are called square units.

e 1cm? is the area within a square with 1 cm sides.
1 m? is the area within a square with 1 m sides.
1 ha is the area within a square with 100 m sides.
1 km? is the area within a square with 1 km sides.

My square is 1 m?%,

im

* Area is calculated using a formula. one

square
metre
(1 m?)

Area formulae

Square Rectangle Triangle
M t L] | H (N i
o, 0 n y n C
Ll T b
A=¢? A=LB
1 _ bh
A=3 bhor A = >
Trapezium Parallelogram Rhombus and kite
a
b
b
A=3h(a+b) A=bh A=3xy
Circle
There is no formula. The area is found
by joining opposite corners to form
two triangles.
The area of each triangle is calculated
and the two areas added to give the
A= - area of the quadrilateral.
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e To find the area of a sector, first find what fraction the sector is of the circle by dividing the
sector angle O by 360°. Then find this fraction of the area of the circle.

S
r

e The area of composite figures can be calculated by either of the two methods.

Method | (by addition of parts)

We imagine that smaller figures have been
joined to form the figure, as in Figures 1 and 2.
1 Copy the figure.
2 Divide the figure up into simpler parts. Each part ~ [-==-------
is a shape whose area can be calculated directly,
eg square or rectangle. T ]
3 Calculate the area of the parts separately.
4 Add the area of the parts to give the area of the figure.

Figure 1 Figure 2

Method Il (by subtraction)

We imagine the figure is formed by cutting away simple shapes
from a larger complete figure, as shown.

1 Copy the figure and mark in the original larger figure from
which it has been cut.

Calculate the area of the larger original figure.

Calculate the area of the parts that have been removed.

4 Area of figure = (area of original figure) — (area of parts that have been removed).

Gome questions can
be done either way.
Think carefully before deciding which method to use.
1 ADDITION or B 2 SUBTRACTION

w N

1 % X 10-6 x 4-8 Evaluate: Complete the following: Ly, .
5§ IBifL=4andB=5 9 lm=...cm \
2 &212 6 %bhiszSandth 10 lcm=... mm
bh 12:01
3 %x4-6><(10~7+3-5) 7 5 ifb=5andh=8
4 S

implify L X B
tmphily L x 8 ab?ifa=3andb=4
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worked examples

Find the (a) perimeter and (b) area of the following plane shapes (use the ® button on your
calculator where necessary). Answer correct to three significant figures.

1 2 mm 2 mm
5 mm
7 mm 7 mm
4 mm
1 ]
3 A
8 mm
Y
4
6 mm
Y
Solutions
1 3 mm
2 mm/ \2 mm
5 mm
7 mm 7 mm
4 mm
1 l ]
9 mm

2 10 mm

10 mm

10 mm
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10 mm
10 mm
10 mm
18 mm 60°

—
I

12 mm

Perimeter — find the distance around the
border. Work out the missing lengths
(in blue) and add all the sides:
P=7+74+9+9+3+3

=38 mm

Area — Make one whole rectangle and
subtract the small rectangle:
A=7X9-5x%X3

= 48 mm?

Perimeter — find the distance around the
border. Work out the circumference of
the semi-circle and add the straight edges:

n><210+ 10+ 10 + 10
=45.7 mm

Area — Make one whole rectangle and
subtract the semi-circle:

2
A=10x 10— &X3

= 60-7 mm?

P=

Remember that the radius
is half the diameter.




d \ Perimeter — find the distance around the
\8 mm border. Work out the circumference of the
* semi-circle and add the straight edges (d).
6 mm To find d use Pythagoras’ theorem:
\ d= .6%+82 Remember that the radius

=10 mm is half the diameter.

p="X12 10410
= 38-8 mm

Area — Find the area of the semi-circle and

add the area of the triangle:

2
A= X6 + 12 x8
2 2
=105 mm?
6mm 18 mm 60° Perimeter — find the distance around the
T i = border. Work out the length of the arc (I)
8 mm : ' and add the straight edges. To find d use
| 9N l Pythagoras’ theorem:
N
12mm - 60 Remember that
=360 "% 16 the radius is half
the diameter.

d= \62+8?

=10 mm
60
P=— Xntx16+ 18+ 10+ 12
360 < ©

=484 mm

Area — Find the area of the sector, rectangle
and triangle and add them together:

_ 60 5 6x8
A_36O><1t><8 + 12X 8+ 5
= 154 mm?
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Q:;\‘\gatloi7
S I 2 g . .
= nvestigation 12:01B | Conversions

Please use the Assessment Grid on the following page to help you understand what is required
120B | for this Investigation.

Complete the table using the shapes given — the first one has been started for you.

| [ | [ | [
1m| A C——> 100cm| A > ?2mm| A
1 [] 1 [] 1 [
im 100 cm ? mm
H . Shape | Area in km? | Areainm? | Areain cm®> | Area in mm?
1cm B
A
1 []
1cm
m O B
1 km C
1 [] ¢
1 km

e What is the pattern in the answers?

e Try the same thing with some more shapes and see if the pattern continues (eg: rectangles,
triangles and circles).

* Write a rule that would help you convert between units? given the basic conversions below:

1 km=1000m, 1 m=100cm, 1 cm =10 mm
e What is the connection between the unit of area called a hectare (ha) and a square?

You will need the rules you found in Investigation 12:01B to answer some of the questions
in Exercise 12:01.

Can you find common uses for each of these different measurements, including hectares?
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Assessment Grid for Investigation 12:01B | Conversions

The following is a sample assessment grid for this investigation. You should carefully read the
criteria before beginning the investigation so that you know what is required.

Assessment Criteria (B, C, D) for this investigation Achieved v/
a | None of the following descriptors has been achieved. 0
L | Some help was needed to complete the table and identify 1
P the simple patterns. )
=
g Measurement techniques have been selected and applied 3
2 £ | ¢ | to complete the table with some suggestion of patterns
S e and conversion rules. 4
= =1
g §o The student has used the patterns evident in the table to 5
Oz |d calculate similar areas of other shapes and find appropriate
g conversion rules. 6
=
- The patterns evident between the different measurements 7
. have been explained, shown to be consistent for different
shapes, summarised as mathematical rules and justified using | g
all working.
g | a | None of the following descriptors has been achieved. 0
-
<
% b There is a basic use of mathematical language and 1
= representation. Lines of reasoning are insufficient. 2
<
O
o E There is satisfactory use of mathematical language and 3
£ = | ¢ | representation. Tables and explanations are clear but not
I .5 always complete. 4
= =
O g 5
g There is a good use of mathematical language and
£ | d | representation. Tables are complete. Explanations and rules
é are logical and concise. 6
)
a | None of the following descriptors has been achieved. 0
)]
= An attempt has been made to explain whether the results 1
g b | make sense, with connection to possible real-life
a2 applications. 2
< . . .
_§ s There is a correct but brief explanation of whether results 3
S £ | c | make sense and how they were found. A description of the
5 g possible uses of the different measurements is given. 4
g There is a complete explanation of the rules obtained and 5
= d their related equations. All results are fully explained with
22 appropriate accuracy considered and specific examples of 6
real-life applications are given.
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Exercise 12:01

Area
1 Find the area of:

Bl Complete the following conversions a D b Q
a 25mm= cm b 40m= cm 5om

6 cm = mm d 6cm= m }
2 Find the area of:

250 m = km f 25cm?= mm? . b
5m?= cm? h 5m2= mm? 8 G-y L)
200 mm? = cm? j 250 mm?= m? y 5 8T s

F] Find the perimeter of the following shapes
(correct to two decimal places where necessary).

=*gQ o N

Note: you might need to use Pythagoras’ theorem in some questions to work out missing sides.

a b A 5 mm
7m
€ 4cm d
5 3cm

5cm 8 cm
€ 6mm 8 mm f 20 cm

. [ [N

4 mm [
8cm
12 mm 11 cm
u ] 5cm 5cm
18 mm 12 cm

g Segment of circle centre O h 6 mm

3 mm

j 2 semi-circles make this shape

10m 5cm
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15cm

. 2 90°
1907
< B
A C
AC=14cm D
BD=8cm

Find the area of the shapes in question 2 — find the shaded area where indicated.
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12:01C

Investigation 12:01C | Covering floors

When covering a floor with tiles or carpet it is not just a matter of calculating the area of the
floor. Other practical considerations alter the problem.

The following examples illustrate some of the factors that need to be considered.

Laying tiles

When laying tiles, an exact number may not cover an area, or a whole number may not lie
along each edge. Look at this diagram.

If the tiles are 10 cm by 10 cm, we can
see that 15 tiles are needed, presuming
that the pieces of tile cut off are not
good enough to be used elsewhere.

(This is true even though the area is

28 cm X 45 cm, ie 1260 cm?. Divide this
by 100 cm? (the tile area) and this would
suggest that only 12-6 or 13 tiles might
be needed.)

1 How many tiles 10 cm X 10 cm would
be needed to cover an area 3-25m
by 2-17 m?

2 How many tiles 300 mm by 300 mm
would be needed to cover an area
2-5m by 3-8 m?

45 cm

28 cm

I’ve found an
edgy way to
do thegel

Laying carpet

Carpet comes in rolls, approximately 3-6 m wide. So when we buy a ‘metre of carpet’ we are
getting a rectangular piece 3-6 m wide by 1 m long. The diagram represents a room 2-9 m wide
and 4-25m long.

When laying carpet, a carpetlayer can ‘run’ it along the room or
across the room. The aim is to avoid joins in the carpet and 4-25m
reduce waste. The way the carpet is run will determine how many
‘metres of carpet’ must be bought.

29m

1 How many metres of carpet must be bought if it is run lengthways?
How much waste would there be? Would there be any joins?
2 Repeat question 1 for the carpet if it is run across the room.
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12:02 | Review of Surface Area of Prisms

1 9.cm 2 3 QP g, .
xom %
‘4 cm 6cm
3cm
12:02
15cm 4 cm

Area=. .. Area =

ce X=...
4 What is the circumference of a
circle of radius 6 cm?
5 How many faces does a pentagonal Em &
prism have? ! cm[ 9cm
6 Draw the net of a rectangular

prism. 7 Radius=. .. 9 Radius=. ..
8 Height=. .. 10 Height=. ..

If we look at solid shapes such as those pictured below, we can see that the faces of these solids are
plane shapes.

' '
' '
'

'

' '

H A L -
.

[P L - 4

.,

’ ,'
p

@ The surface area of a solid is the sum of the areas of its faces. >

To calculate the surface area, you must know the number of faces and the shapes of the faces of
the solid.

In all of the solids encountered so far, the faces have been plane figures, such as squares, rectangles,
triangles and trapeziums.

With the cylinder, this is no longer the case. The cylinder’s surface area is made up of a curved
surface and two circles.

Cylinders are like
‘circular prisms’.

To calculate the area of the curved surface, imagine that the cylinder is hollow. If we cut the curved
surface along the dotted line and flattened it out, it would form a rectangle.
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The area of this rectangle would be the same as the area of the curved surface.

S e
i =]

From the series of diagrams above, we see that the curved surface area is equivalent to a rectangle
that has a length equal to the circumference of the circle and a width equal to the height of the
cylinder. Using the formula for the area of a rectangle, we obtain:

@ Curved surface area = 21h >

To find the surface area of the cylinder we add
the area of the two circular ends.

\V
Surface area = curved surface area + area of circles :
= 2mrh + 21r? :

worked examples

Net of a
cylinder? Or
ad divigion

Find the surface area of each of the following solids.

1 8cm 2

1 8cm 2

xcm

Area of trapezoidal faces First calculate x.
=2 X % h(a+b) Now x? = 62 + 8% (Pythagoras’ theorem)
=23 X4x(16:8+8) =100
=99.2 cm? sox=10

Area of rectangular faces
=(T7+8+5+16-8) x9

Surface area = area of triangular faces +

area of rectangular faces

=331.2 cm? =2><%><6><8+(6+8+10)><7
.. Surface area =331-2 + 99-2c¢m? =216cm?
= 4304 cm?
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worked examples

1 Find the surface area of a cylinder that has a radius of 8 cm and a height of 9-5 cm.

Give your answer correct to 2 decimal places.

2 For cylinder A, find:
a the curved surface area
b the area of the circular ends
c the surface area
Give the answers correct to 3 significant figures.
3 Find the curved surface area of cylinder B,
correct to 1 decimal place.

Solutions

1 Surface area = 27?2 + 27nrh
=2XTX8+2XTX8X95
=879-65 cm? (correct to 2 decimal places)

2 a Curved surface area b Area of circular ends
=2mrh = 2mr?
=21 x 435X 6-8 =21 X (4-35)2
=59.16m =37-845m
=186 m? (correct to =119 m? (correct to
3 significant figures) 3 significant figures)

3 Curved surface area
=2nrh
=2xX7mx10-6 x 252
= 1678-4 cm? (correct to 1 decimal place)

Exercise 12:02

[} Find the surface area of each of the following,
giving answers correct to one decimal place.

1.6 m

T6m

—e7n

6-

o]

m

[

25.2 (y

¢ Surface area
=59.16m + 37-845m
=305 m? (correct to
3 significant figures)

Foundation Worksheet 12:02

Surface area of prisms B
1 a Match each solid to its net.
b Find the area of the net 4L A
of the prism. C 8
2 Complete the table F ElY
shown for the > A A
rectangular prism 12

shown. -—16 —(/
D

a| Face |A|B|C|D|E|F

Area

3 Find the surface area of each triangular prism.

6-7m
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] Calculate the surface area of the following triangular prisms.
a

25 cm
e f
15 m 7-5cm 3-2¢cm

1044 m

[F] For each of the following cylinders find:

i the curved surface area

ii the area of the circular ends
iii the total surface area
a

Give answers correct to 2 decimal places.

] Find the surface area of the following cylinders, giving your answers correct to 1 decimal place.
radius = 4-8 m, height = 1.8 m

diameter = 10 m, height = 11-4m

diameter = 1.6 m, height =4-2m

diameter = 2-4 m, height = 750 mm

a radius = 6 cm, height =9 cm

¢ radius = 2-1m, height = 10-1m

e diameter = 14-6 cm, height = 21-5cm
g radius = 50 cm, height =1-5m

>SS tho o

Remember: All measurements must be in the same units.
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B Calculate the volume of the following closed cylinders. Give answers correct to one decimal

place.
a b c
T N
12.8 cm
58m o — T
_l_ 4 /10‘6m |<—25«6 cm —>|
7-6 m—>|

A Calculate the volume of the following closed cylinders. Give answers correct to three
significant figures.

a B b e

T 7-4m

4.6 m /
| .

86 cm

Remember)
keep dll units
the same.
Don’t mix them.

2
25cm

T
|<—6'5 m—>|

Each of the following prisms can be formed from rectangular prisms. Calculate the volume of

Keep all units the same.

each prism.
a b c om
cm 3cm
2m
7 cm cm 3 cm 4cm gm -
12cm 9cm 10 cm 8 cm 8m
14 cm

B} Each of the following prisms has been made by joining rectangular and triangular prisms.
Find the volume of each prism.
a b

K
6m

5 m .
°m 70 m
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El The following solids have been formed from a cylinder. Calculate the surface area of each,
correct to 3 significant figures.

a 12 cm b ¢ 2cm 2cm
f&c’& A’\
U
AB is a diameter. AOB is a quadrant. O is the centre of both
semicircles.

[} Investigate prisms or other solids that have a uniform cross-sectional area. How is the surface
area of the solid related to the cross-sectional area? Can you write a formula to express the
relationship?

m Calculate the surface area of each of these solids.

a b
Q
¢
L M P Q A 50 cm B
AB=BC =CD =DE =5cm Arc AC is drawn from B.
LM =PQ =5cm Arc BC is drawn from A.

[Fl Calculate the surface area of the following solids. Give the answer correct to 1 decimal place.
(Measurements are in metres.)

a b c
1.5 0-6 1-2
1.2 e—
vz
1-6
1 3
3 0-8 2.8 IO'B
32

e—24—>1

[El Calculate the surface area of the following solids. Give the answer correct to 1 decimal place.
(Measurements are in metres.)

a b C
Q 3
0-2
2 03 4/ >
1.2 2-8 24
9 1.8

w
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12:03 | Volume of Prisms and Cylinders
Previously, you would have calculated the volume of simple prisms and cylinders. You should
remember that:
¢ volume is the amount of space occupied by a three-dimensional figure
¢ volume is measured using cubic units; that is, cubic centimetres (cm?) or cubic metres (m?).

A prism is a solid with a uniform cross-sectional area. This means it can be ‘sliced’ parallel to one
of its faces so that you always get the same shape.

When you cut d loaf of bread,
you dre cutting pardllel fo the
crogg—gection, but not when you
cut a piece of cake.

0
le—no
N
]
l«—n—>|
[e———>|
~

PXEN
The cross-section is shaded blue.

Use the prisms above to check the following relationships.

1 The number of cubic units in each layer is the same as the cross-sectional area, A.

2 The number of layers is the same as the height of the prism, h.

3 The volume of the prism obtained by counting the cubic units is the same as the product Ah.

The above relationships give rise to the following formula.

The volume of all prisms is given by the formula V = Ah, where V = volume,
A = cross-sectional area and h = height of the prism.
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If we think of a cylinder as a circular prism, the same formula can be
applied as for prisms.

Since the cross-section is a circle, the cross-sectional area A is the area
of a circle. Hence, for a cylinder, the formula V = Ah becomes V = mr?h.

The volume of a cylinder is given by the formula:
V =nr’h, where r = radius of the cylinder
h = height of the cylinder

worked examples

Find the volume of the following solids. Give answers correct to one decimal place.

1 ! 2 3
E 2:6 cm
S 12.3 cm
3
3-2cm 6-7 cm
- 12-7 cm k—22.6 cm—>]
6:-5cm 9.4 cm
Solutions
1 V =Ah 2 V=Ah 3 V=mnrh
A=65x%32cm? A:6-7><9-4 r=226+2
h=26cm 2 =113 cm
wV=65%x32x%x26 =31-49 cm? h=123 cm
=54.1 cm3 h=12-7 cm L V=rmx(11-3)2x 123
wV=3149 x12.7 =4934.1 cm?
=399.9 cm?
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Investigation 12:03 | Tank sizes

1 Use the fact that a tank with a volume of 1 m? has a capacity of 1 kL (or 1000 L) to calculate
the capacity in litres of the three tanks shown.
a b c

12:03

Sl 1.8m

0-3m im

im

50 cm 200 mm
50 cm 800 mm

2 A tank is to hold 1000 L.
Give the dimensions of
three tanks with this capacity.
Assume that all the tanks are
rectangular prisms.

Convert dll meagurements
to metres before
calculating volumes.
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12.04 | Volume of Prisms, Cylinders
and Composite Solids

& Quiz | The prism shown has been made
9 from layers of cubes. Each cube
e 3
has a volume of 1 cm’. 3
12:04 1 How many cubes are there in each layer?
2 How many layers are there?
3 Calculate the volume of the prism by /
counting cubes. 5

4 How could the answers to 1 and 2,
be used to calculate the volume?

5 The cross-sectional area, A, has been
shaded. What is the value of A?

6 What is the height, h, of the prism?
What is the value of Ah?

8 Are the answers to questions 1 and §
the same?

Thig loaf of bread is like a
prism. [T can be thought of
ds d series of identical
layers of equal volume.

~N

9 Are the answers to questions 2 and 6
the same?

10 Are the answers to questions 3 and 7
the same?

The Prep Quiz should have reminded you that for solids with a uniform cross-section, such as
prisms and cylinders, the following relationships are true.

e The number of cubic units in each layer is the same as the cross-sectional area, A.

e The number of layers is the same as the height of the prism, h.

e The volume of the prism obtained by counting the cubic units is the same as the product Ah.
The exercise above suggests two ways in which the volume could be calculated.

Volume = (number of cubic units in each layer) X (number of layers)
or
Volume = (area of cross-section, A) x (height of prism, h)

It is the second of these methods that is the most widely applicable.

The volume of all prisms, cylinders and

prism-like solids is given by the formula A
V =Ah

where:
V = volume h /
A = cross-sectional area

h = height of the prism.
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For a cylinder, the cross-section is a circle and A = nr?.

The formula is then rewritten as

V = nir’h

worked examples

Find the volumes of the following solids.

1

g AS ;:rm
© X
8-:5cm
Solutions
1 V=Ah
A area of  areaof

rectangle  triangle

=30.1 — 4.2
=34.9cm?
h=32cm
S V=349x3.2
=111-68 cm3

{\
\,

(8-5% 4-6) —(

2-8%3
2

In questions that involve T,
it’s best to leave your
answer in terms of .

)

6 cm

2
N
T2 o
i

‘.
Dt

2 The solid consists of
three cylinders, two of

which are identical.

Volume of top
cylinder, V,

= nr’h

=T X6%X2
=721

Volume of middle
cylinder, V,

= ntrh
=TX42X6
=96m

.. Volume of solid
=2V, +V,

=2 X721+ 961

= 240m

=754 cm3

(to nearest cm?)

2cm

3cm

4 cm 10 cm

The solid consis