IB Mathematics AA HL - Prediction Exams
May 2025 - Paper 1

12 questions 120 mins 110 marks

Section A

Question 1

NO CALCULATOR Easy e« ()

[Maximum mark: 5]

The graph of y = f(z) for —3 < z < 4 is shown in the following diagram.
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(a) Write down the value of f(2). (1]

Let g(z) = 2f(z) —1for -3 <z < 4.

(b) On the axes above, sketch the graph of g. (2]
(c) Hence determine the value of (g o f)(2). (1]

(d) Hence solve the equation (f o g)(z) = 0 when z > 0. (1]
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(a) Evaluating f(z) when z = 2 revisionvillage
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(b) The function f(z) is mapped to g(z) by two transformations.

By considering g(z) = 2f(z) — 1, we can see thereis a
vertical stretch by a scale factor of 2 and a vertical shift down 1 unit.

The vertical stretch (y = 2f(z)) is shown in blue below.

Note that the vertical distance from the y-axis of every point on the curve is doubled.
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Then the vertical shift is shown in green (y = 2f(z) — 1).

Note that every point on the blue curve is shifted vertically down 1 unit.

Correct local minimum at (—2,1) ’

Al

Correct y-intercept at (0, 5) ’
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(c) From part (a) we know that f(2) = 1.

Hence

Hence[(g o f)(2) = 3].

Here is the graph of g(z) showing that g(1) = 3.
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(d) We have the equation (f o g)(z) = 0. The L.H.S. is a composite function which can be
rewritten

(fog)(z) = f(g(2))

Here we can see that g(z) is the inner function and f(z) is the outer function, meaning
that the output of g will be the input of f.

By considering the graph of f(z) we see that when = 3 then f(z) = 0.
Y
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This means in order to have an output of 0, the input must be 3.
flg(z)) =0
f(3)=0
Therefore we need to find the value of z, where z > 0, such that g(z) = 3.

From part (c), we know that g(1) = 3, and we can see that this is the only possible
solution when = > 0.

Hence if z > 0 and (f o g)(z) = 0 then [z = 1],

Al
Question 2
NO CALCULATOR Easy e e
[Maximum mark: 5]
(a) Show that 12 log, 2 = 12 . (1]
logy
(b) Hence solve the equation log, z = 8 — 12log, 2. 4]
(a) Using the change of base formula we can write
LH.S. =12log, 2
log, 2
~12 ( &2 ) A1
log,

As log, n = 1, we can replace log, 2 with 1 and simplify

12 ( ! )
log,
’
= ...as required
log, =

= R.H.S.




(b) We can replace 12log, 2 with the R.H.S. of the identity from part (a)

logyz =8 — 12log, 2

12
log, =

log,z = 8 — (M1)

We now multiply each side by log, x and then rearrange such that the R.H.S. is equal
to 0
(log, z)? = 8log, 2 — 12

(log, x)? — 8logy & + 12 = 0 (M1)

This is a hidden quadratic equation. If we replace log, with a variable, say a, we get
a’> —8a+12=0

Let’s solve this by factorising.
(a—2)(a—6)=0

Therefore the solutions are
a—2=0 and a—6=0

a=2 a=~6

Recall a = log, z, therefore the solutions become

logyx =2 logy z = 6 Al

Converting each to exponential form, we get

z = 2° z =20



Question 3

NO CALCULATOR Easy e e

[Maximum mark: 4]
When the resulting product of 3z% + 7z — 6 multiplied by az + 1 is divided by = — 1 the remainder is —4.

Find the integer a.

Although not essential, we may notice that we can factorise the quadratic

expression

3z + 7z — 6 = (3z — 2)(x + 3)
We will let the the product of the quadratic and linear expression be p(x), hence

ple) = (3 — 2)(z + 3) 0z + 1) (1)
Now let’s consider dividing p(z) by =z — 1.
Using the remainder theorem we can form an equation

p(1) = —4 (M1)

Hence substituting # = 1 into p(z) the L.H.S. of above becomes

(3(1) —2)(1 +3)(a(1) +1) = —4 Al

We can now solve this for a
Ix4x(a+1)=—4

at+1=-1

a= Al
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Question 4

NO CALCULATOR

[Maximum mark: 7]
(a) Show that 4 — 3 cos 2z = 6sin’z + 1. [1]

(b) Hence or otherwise solve 4 — 3 cos(40 + %) — 9sin(20 + §) = —2for 0 < 6 < m. 6]

(a) In a 'show that’ question we should work from the L.H.S. to the R.H.S.

L.H.S. =4 — 3cos2zx

The cosine double angle identity that contains only sin 8 is cos 20 = 1 — 2sin’ 6.

Substituting this we obtain
=4 —3(1 - 2sin’ z) M1
=4 -3 +6sin’z

= ...as required

= R.H.S.



(b) By considering a substitution z = 26 + 7 we can write the equation in part (b) so that
contains the expression from part (a).

4 —3cos(40 + &) — 9sin(20 + §) = —2
4 —3cos2x —9sinz = —2
Hence we can substitute the R.H.S. of the equation from part (a) so that the equation
is in terms of sine.
Gsinz +1—9sinz = —2 (Ml)
6sin’z —9sinz +3 =0
2sin’z — 3sinz +1 =10
Notice that this is a quadratic equation. We can factorise it using grouping which
gives
2sin’z —3sinz+1=0
2sin’x — 2sinz —sinz +1 =0
2sinz(sinz — 1) — 1(sinz — 1) = 0

(2sinz — 1)(sinz — 1) =0

Applying the null factor theorem we get

2sinz —1=0 sinz—-1=0

sin:cz% sinzg =1 Al
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Using the unit circle, we know that sinz = 1 when z = | and sinz = % whenz = ¢

and x = %”. This is represented in the diagram below.

1

Hence the answers for z are §, 7, and %’

(A1)
Recall that we are solving for # and we used a substitution.
Hence we can find values of @ that satisfy the equation

20+ 7 =1

§=-1

—

The first value we have found is outside of the given domain (0 < @ < ) hence we
need to add (or subtract!) 27 to the value we found from the unit circle to obtain
other values that could be in the domain

20+ 3 = § +2r

— 137

=6

— 13r _ 2r
20 = = 5
g — | Lr

[y
[S-]

This value is now in the given domain.

12
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Let’s find the remaining values

2047 =1
9:% Al
T __ bmw

29+§—

6
9: Al

We have found three solutions. Although not required by the question we can view
the values on a graph.

Notice three solutions, one in red and two in blue.

The solution identified with the black dot is the value we found which was not in the

desired domain.




Question 5

NO CALCULATOR

[Maximum mark: 5]

Consider f(z) = 2cos (z — §) + 3and g(z) = 4cos (x + §) + 2.

The function f is mapped onto g by three transformations.

(a) Fully describe each of the transformations and the order in which they must be applied.
A new function is such that h(z) = g(z) + k where k € R.

(b) Find the minimum value of k such that h(z) > 0 for all .

(a) By considering the differences between the functions we can work out the

transformations needed to map f(z) to g(z).

First we notice that the inner functions are different.

T

f(z) = 2cos (w - 5) +3
g(z) = 4cos (m + g) +2
If we add 7 units to the inner function of f(z), it will equal the inner function of g(z).
Al
Hence
flz+m) ZZCOS(I*g‘Fﬂ') +3

f(sc+7r):2005(sc+g) +3

Comparing the function f(z + ) to g(z), we notice that the coefficient of cosine has
been doubled.

f(a:+7r):20css(m+g) +3

™
g(z) = 4cos (m + 5) +2



Hence, if we multiply f(z + m) by 2 we would have

Al

2f(z+ ) = 2(2cos (:c + g) + 3)

2f(z +m) = 4cos (sc+ g) +6

If we continue comparing the function 2f(z + ) to g(z), we see there is a difference of
4 units.

2f(sc+7r):4cos(m+g) + 6
71'
g(z) = 4cos (:c+§) + 2

Hence, if we apply a vertical shift of —4 to 2f(z + ), we will obtain g(z).

Al
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Summarising the 3 transformations, there is

a horizontal shift left of 7 units, followed by a vertical stretch by a scale factor of 2 ,
followed by a vertical shift of —4 units.

Note: The horizontal shift could also come after the vertical transformations, however

the two vertical transformations must be applied in the order given.

15



(b) In order to apply a vertical translation such that g(z) > 0 for all z, we need to know
the minimum value of g(z).

The minimum value of cosine is —1. Hence we can determine the minimum of g(z)

(M1)
T
g(z) = 4 cos (a: + 5) +2
=4(-1)+2
= -2
Hence, we need to translate the graph vertically upwards at least 2 units.
Therefore, the minimum value is .
Al
Question 6
NO CALCULATOR E C :
[Maximum mark: 7]
(a) (i) Consider the following equation 2(7) = (,).
Show that it can be written as 3r + 2 = n.
(ii) Now consider the following equation 7(,",) = 2(7).
Show that it can be written as 9r — 2 = 2n. [4]

Consider the expansion

I+z)"=14+az+..+ ap_12" 7 + apz® + apdt T L+ 2
Where a; € Q and k € Z.

The coefficients of three consecutive terms of the expansion are such that

7><ak_1=2><ak and 14><ak=7><ak+1

(b) Find n. 3]

16



(a) (i) Using the combinations formula (7) = #lr), we can rewrite both the
LHS and the RHS of the equation

9 At B At
rn—r)!)  (r+1)(n—(r+1))
Now we can simplify and rearrange the equation

2r+1)!  (n—17)!

r! (n—r—1))

Rewrite the numerators using the concept n! = n(n — 1)!

2(r + 1)r! _ (n—r)(n—r—1)!

r! (n—7r—1))! M1

We can cancel out the factorial terms

2+ 1)pf  (n—r)(n—r=T)"
¥ (n=p—=T)JT
2r+1)=n—vr

A1

As required.

(ii) Rewrite the equation using the combinations formula and simplify in a similar
way to part (a)

! ((rl)!(nn! (rl))t) -2 ('(nn—')')
7 2

(r—=Dl(n—r+1)!  rli(n—r)
o 2n—r+4+1)!
(r—1) (n—r)!
r(r—1" 2(n—-r+1)(p—")" M1
=it [P
Tr=2n-2r+2

A1

As required.

17
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(b) We can begin by expanding (1 + z)", using the binomial theorem, in terms of n and r.

I+a)" =1+ (T)w + (;):::2 +..
! ('r- ’ 1)‘”7 '+ (’,?) 2" + (T . 1>:r:" 't (M1)

+z"
The terms in red represent any three consecutive terms in the expansion.

We are told in the question the way in which the coefficients of three consecutive
terms are related.

1+z)"=14+az+..+a; 2P b apaf +oap 2 L+ 2

Hence we can use the information given to write the following two equations in terms
of binomial coefficients

TXar1=2Xag 14 x ar, =7 % ap
(") =20) m()- ()
r—1 T T r+1
n n
2 =
() -(7)

In part (a) we already rewrote these equations without the combination notation, lets
call them [1] and [2]. We can now solve them simultaneously and find n and r.

M1
Ir+2=n 1]
9r — 2 =2n 2]
Multiply [1] by 3 and subtract equation [2] from this result
97 = 9r 4+ 6 — (—=2) = 3n — 2n

n=2~8 Al



Question 7

NO CALCULATOR

[Maximum mark: 8]

cos(ma) — cos(nz)

Consider the function f(z) = where m,n € R.

22
The function has a maximum value of fi,,x and it is known that fi.x = lirr(lJ f(z).
T

n2—m2

2

(a) Show that frax =

It is now known that m > 0 and n = 4y/m.

(b) Hence, using these conditions find the largest possible value of fiax.

(a) To find fmax we need to evaluate f(z) as z — 0.

Hence we can write

hm (cos(m:c) —2 cos(n:c))
x—0 €T

We can begin by attempting to evaluate the limit using direct substitution of x = 0,
recall cos 0 = 1.

cos(0) — cos(0)

fume = SE0 (M1)
11
~(0)?
0
)

This is an indeterminate form. Hence we can use L’Hopital’s Rule to attempt to find
the limit.

R1

(6]



Using the standard derivative for cosine and the power rule we can differentiate the
numerator and denominator to get

fone — lim —msin(maz) — (—nsin(nz)) M1
ax z—0 2x
L —msin(ma) + n sin(nx)
a il—rfflj ( 2z )
Again we can attempt to evaluate the limit by direct substitution of z = 0
... [ —msin(0) + nsin(0))
frsx = lig ( 2(0)
0
=% Al
Again we have an indeterminate form. Let’s try L’Hopital’s Rule one more time.
. { —m?cos(mz) + n? cos(nz)
v =ty () ) n
As cos0 = 1 we get
M1
_ —m? +n?
B 2
n? — m2

=| ——- ...as required

20



(b) We can take the result from part (b) and replace n with 4,/m, this gives f.x in terms
of m

(4y/m)? — m?
fmax = f

This is a quadratic function in m.

By completing the square we can write fi.x in vertex form and find the coordinates of
the maximum point.

Note, although we are told to look for a maximum value we can also see that as the
coefficient of m? is negative then the parabola will be concave down hence the vertex
will be a maximum point.

When completing the square it is often easier to work with a positive squared term
hence we will factorise by —% which gives

1
Now we can complete the square
1 2
=3 [(m — 8)* — 64] (M1)
1 2
= —E(m —8)° + 32

Hence the largest value of f,. is

Al
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Question 8

NO CALCULATOR Medium e e e«

[Maximum mark: 8]

The graph of y = f(z) for 0 < z < 6 is shown below

y
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The odd function h(z) has the domain —6 < z < 6 and h(z) = 2f(z) for 0 < z < 6.

(a) Sketch h(z) on the axes above.

f(z) is shown again below.
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(b) Sketch the graph of y = [f(x)]? on the axes above. (3]
f(z) is shown one more time below.
y
8T 7
64 -1ttt
4 L
2 - /\ 1]
ey
0 2 1 8
(c) Sketch the graph of y = b on the axes above. (3]

f(z)

(a) Let’s start with graphing y = 2f(z).

This is a vertical stretch by a scale factor of 2.

revisionvillage

The distance of all y—coordinates from the z—axis are multiplied by two.

The key point (2,2) will become (2,4). This is shown in the graph below in red.
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The definition of an odd function is f(—z) = — f(x). This transformation represents
rotational symmetry of order 2 about the origin which is equivalent to performing two
reflections, one in each axis, in any order.

Therefore, to complete the rest of the graph of h(z), we can either take the graph of
y = 2f(z) and rotate it 180° about the origin or perform two reflections, one in each
axis. Both result in the same final position.

If we consider the reflection approach. First, we perform f(z) — f(—=z), thisis a
reflection in the y—axis. This is the dotted blue line shown in the following graph.

Then we consider f(—z) — —f(—x), this is a reflection in the x—axis.

This fully transformed part is shown in solid blue in the following graph.

\
[
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The final graph of y = h(z) is shown below

-4 4

-6 1
Correct points at (—2, —4) and (-6, 0)] Al
[Correct transformation(s)] A1l

(b) First, let’s look at the section of the graph 0 < z < 2.
We can use the properties of the transformation [f(z)]? to identify some key points.
We know that if f(z) = 0 then [f(z)]? = 0.
We also know that if f(z) = 1 then [f(z)]*> = 1.
It is important to also realise that if —1 < f(z) < 1 then [f(z)]* < f(z).
Therefore between 0 < z < 1 then [f(z)]* < f(z).
Using the end point of the first part of the curve we can see that [f(2)]* = 4.

Using the key points (0,0), (1,1) and (2, 4) we can sketch the transformed curve,
shown in red



w
8

Now, let’s look at the section of the graph 2 < x < 6.
We know the second section will start at (2,4) and finish at (6, 0).

Using the property if f(z) = 1 then [f(z)]?> = 1 we know the curve will intersect the
original function at f(z) = 1.

Which we can see is at (4, 1).

26



It is important to clearly show on the graph that [f(z)]* < f(z) when 0 < f(z) < 1.

With this in mind, using the key points (2, 4), (1,4) and (6,0) we can sketch the
second part, shown in blue

Y
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The final graph of y = [f(z)]* is shown below

..........

..........

[Correct shapel Al

(@) = [£(@))* when f(z) = 0,1] Al

| [f(x)]? is less than f(z) when 0 < f(z) < 1 ’ Al
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(c) Let’s start by drawing the vertical asymptotes.

They will occur at the z-intercepts of f(z) which are z = 0 and z = 6. Shown below as
the dotted red vertical lines

1
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Let’s consider the key point (2, 2), after the transformation this point will become
(2,3)-

Considering the asymptotes, we can see that as z — 0 and  — 6 then f(z) — 0 (from

the positive direction) therefore ﬁ — oot

Hence we get the graph below in blue.

@ L R e i
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The final graph of y = ﬁ is shown below
Y

{
4
t

6 4

m B R R

G L L] T } .’II
0 2 4 8
[Correct asymptotes] Al
[Correct shape] Al
‘Correct minimum point at (2, }) ’ Al
Question 9
NO CALCULATOR Hard eeee o

[Maximum mark: 8]

V1 — 9x2

The function f is defined by f(z) = Ty

forz > 0.

The region R is bounded by the curves y = f(z) and the lines z = 0 and y = 0 as shown in the following diagram.




The shape of a solid clay sculpture can be modeled by rotating the region R though 27 radians about the y—axis.
The top edge of the sculpture has coordinates of (é, k) .
The volume of clay used to make the sculpture is aw? units®>. Where a € Q.

Find a.

In this question we are rotating region R about the y—axis.

According to the formula booklet rotation about the y—axis requires the
following formula

b
V = ‘J'T[ 2% dy
a
This means we need to find z = f(y) hence we need to rewrite y = f(z) to make z the
subject.
M1
y = f()
V11— 92?
2z

Let’s begin by squaring both sides and then rewriting the expression

s 1927
4z

4’y = 1 — 9a?

1 = 42*y® + 92?

32



Now we can factorise the R.H.S. and make x the subject

1=2%(4y* +9)

.’172_ 1
442 +9
1
r= V d4y2 +9 Al
= f(y)

Now substitute this expression into the formula mentioned to get

b 1 2
V = — 1 d
ﬂL (V4y2+9) Y
b
1
S
ﬂ/a 4y2 + 9 4

Next let’s consider the limits.

We have been given the z—coordinate of the edge of the vase but, as we are integrating up
the y—axis, we need to find k, the y—coordinate.

Hence, we find this by evaluating f at z = %

k= f(§) M1
1-9(1)°
2(3)
1 QX%
- 1
3
=3/1—}
= 34/ 3

V3 A1l

33
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Hence our expression for the volume with the correct limits is

V3
V= 1
ﬂfo 42 + 9 4

We now have an expression, with limits in terms of y, which we are integrating with
respect to y.

Notice that the integral looks similar to the following standard integral in the formula
booklet

1 1
f—dm——arctanE—I—C’
a? + x? a a

However, there are some differences, the first one is that our integral is a function of y but,
as we are integrating with respect to y then we can ignore this difference.

The other difference is we have a composite function for . As we need to be more careful
here, we should use a substitution to make sure we perform the integral correctly.

1
v _”f 321 (2

Let u = 2y therefore 3—; =2



Ignoring the limits for now and using dy = %du we can rewrite the integral in terms of u to
get

1 1
V—ﬂ/—32+u2)(§du M1

™ 1
== [ ——d
2/32+u2 u

Using the standard integral with a = 3 we get

X

v
Q| =

u
arctan (—) +C

3
Writing our answer back in terms of y we get

= %arctan (2?3;) +C Al

Let’s now find the volume by re-introducing the limits.

T arctan 2y e
6 3 /1,

Recall, the constant of C' will cancel out and we can factorise out any common factors.

Substituting in the upper and lower limits we get

2(34/3
_T arctan (2—\/_) — arctan m M1
6 3 3
= % arctan \/5
T
= — X —
6 3
2
= ;T—S units®

Therefore |a = l
18

Al

SectionB
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Question 10

NO CALCULATOR

[Maximum mark: 23]

Consider the function f(z) = & for —n<z<m.
2+ sinzx

(a) Evaluate f(0).

(b) Find all possible values of a if f(a) = 0.

2sinz + 1

(¢c) (1) Show that f(z) = " sna?

(ii) Hence find the z—coordinates of any stationary points of f.

2 1 —si . .
cosz(1 —sin z) find the nature of any stationary points of f.

(d) Given that f"(z) = — T (@ tsinz)?

(e) Hence sketch the graph of f, clearly showing the values of the axes intercepts and the z—coordinates of any

stationary points.

The function f is positive and decreasing in the region s < z < t.
The area enclosed by f and the z—axis from = s to = t is In ¢ where c € Z.

(f) Find c.

(a) To evaluate the function we substitute in z = 0 which gives

B cos(
~ 245sin0

£(0)

Using the fact that cos 0 = 1 and sin 0 = 0 we get
1

2+0

1
2

Al
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(b) Using z = a and the function f we can form an equation

f(a)

cos a
2+ sina

=0

Only the numerator can provide solutions to the equation, hence we get

cosa =0 (M1)

Recall, the domain of f is —7m < x < 7, we can use a sketch of cos z to find all
solutions of @ in that domain

-1

We know that the principal angle of cos 3 is 0, which is shown in green, and using the
symmetries of the cosine curve we can see that — 7, shown in red, is also a solution.

Al
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(c) (i) To differentiate f we need to use the quotient rule.

(M1)

For this we need the derivative of both the numerator and the denominator

d , d oy
E(cos:c)f —sinz a(Z—I—sm:c)fcosm

Now we can use these results and the quotient rule to form an expression for f'(z)

oy (2+sinz)(—sinz) — (cosz)(cos x)
fi(z) = @+ sina)? A1A1

—2sinx —sin’z — cos’ z

(2 + sinz)?

—2sina — (sin® z + cos® )
(2 + sinz)?

Notice we can use a trigonometric identity to simplify the numerator

M1

—2sinx — 1
(2 + sinz)?

‘ 2sinz +1 .
=|— ... as required.

(2 + sinz)?




(i) To find any stationary points we must solve f'(z) = 0, hence we can form an
equation using the result from part (c)(i)

2sinz + 1

(2 +sinz)? =0 (ML)

We only need to consider the numerator, hence we get

—2sinz —1=10

sinz = % (A1)

The principal solution (this means the solution in the first quadrant) is z = .

However, if we make a sketch of sin z with the same domain as f we can see that
the solutions to sinz = —% are both negative

39



Due to the symmetries of the graph we can see that the two angles, z; and x,,
marked in red are

x T+ ul xy =0 T
b 6 776
o T
[ —— Ty = ——
6 6
. . . . o
Hence there are two stationary points with z—coordinates of |z = s and
g T
6

40
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(d) We can use the second derivative to determine the nature of the stationary points.

If f"(x) > 0 the point is a minimum and if f’(z) < 0 it is a maximum.

(M1)

Let’s first test the point @ =

T
6

B 72(:05(—;)(1 —sin (—%))
(24 sin(—5))?

To evaluate the expression above we need the exact values of sin (—§) and cos (— 7).

b=

From previous work we know that sin (—§) = —3.

We can use the symmetry of the cosine curve

to realise that cos (—§) = cos (§).
Hence cos (— %) = V3,
Now let’s substitute the two values into the earlier expression we had f”(z) to get

72><32@><(1
2+ (=

ey = 2) M1

=SE

(_
)’

[ L
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We don’t need to evaluate the expression exactly we just need to know if it is positive

or negative, let’s do a little simplification

_2x 32@(1 + 1)
(3)°

We can now see that quotient will result in a positive value. Hence, as the entire

quotient is being multiplied by —1, the result is negative.

Therefore
" ™
(=5 <0
Hence |z = — % is a maximum value ’
We can use a similar process for the other stationary point x = — %“

_2cos(—%”)(1 — sin (—57))
@+ s ()P

£1-%) =

B

From previous work we know that sin (— ) = — 1.

And using the symmetries of the cosine curve we get

cos (—27) = cos (%)

= —cos ()

£ = -

Al

M1
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We can see that the quotient will now be negative and hence the overall value will be

positive.
Therefore
f1(-%) >0
Hence ‘ r=— ‘%" is a minimum value ’
Al
(e) To help us with the sketch we can summarise our findings so far.
From parts (a) and (b) we found the axes intercepts (0, 1), (—%,0) and (3, 0).
We have also found a maximum point at z = —§ and a minimum point at z = — %’.

We should also remind ourselves that the domainis —7w < z < 7.

Let’s first sketch the domain and the axes intercepts

o | =

<

(T
(M E]




We can now add the stationary points

?

bO|—

Max
L 4
|
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|
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Min
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Finally we can use the plotted points to fit the function. Being careful to stop at the
end-points!

T o= = o - - -

[ Correct axes intercepts ] Al

[Correct position of two stationary points Al

[Correct shape and end-points] Al
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(f) We need to identity the region in which f is positive (above the z—axis) and is
decreasing (which means the gradient is negative).

This region is the highlighted red part of f shown below

o |—

_9m
6
—
-l _x _x .1 (9
| 2 G 2
1
1
1
Hence we can see that the value of s = —% and t = %

To find the area under the curve between these two values we need to evaluate the
definite integral of f from —§ to §

Area= [° f(z)dz

X

6
T
2

:f T e (M1)

% 2+sinx



This integral is a quotient. Often a good strategy to integrate a quotient is to use a
substitution for the denominator.

Hence let © = 2 + sin z.

To rewrite the integral we will need an expression for dzx in terms of du, hence

du _ cos T

dz

dx = 1 du
cos T

Let’s now replace the original integral so that it is in terms of u. We will omit the

CosS T LOST 1
" dz = X ——du
2+sinx U cosT

limits for now.

Al
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Let’s now substitute © = 2 + sin z and reintroduce the limits.
As the integral is now definite we can omit the constant.

This gives

B

Area = {ln|2+sin$|} Al

==

As 2 + sinx > 0 for all z we can remove the absolute value signs.

Substituting in the upper and lower limit we get

=In(2+sin(3)) —In(2+sin (7)) M1

Recall sin (%) = 1 and sin (—%) = —%, hence we get
=In(2+1) - In(2+ —(3))
=1In3 —ln%

=In

(TR

o]

=In

Hence

Al
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Question 11

NO CALCULATOR Hard eee e

[Maximum mark: 16]

(a) Use mathematical induction to prove that

_ sin 2"z
2" X cosT X cos 2z X cosdz X ... X cos 2" 1z =

sin
wheren € Z*.

(b) (i) Find the first two non-zero terms of the Maclaurin series for sin 8z.

.. sin 8z
(ii) Hence find the first two non-zero terms of the Maclaurin series for — .

sinT

0.1
(1) Hence find an estimate for / cos  cos 2z cos 4z dx.
0

(12]

49
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(a) We start by showing the base case is true.
This is when n = 1.
Let’s first consider the value of the L.H.S. of the proposition

2! x cos2' 'z = 2cos

And the value of the R.H.S. is

sin 21z 2sinx cosx

sin sinx

= 2cosx

= L.H.S. R1

Hence we have shown the proposition is true when n = 1.
The next step is to assume the proposition is true when n = k where k € Z+

.ok
_ sin 2"z
2% % cosz x cos2z x cosdx X ... x cos 281y = 20

sin

Next we need to use the assumption to show that the proposition is true when n =
k+ 1.

Hence we need to prove

s okl
sin 2"
2k cosx X cos 2z X cosdx X ... x cos 2Py = == M1
sin



Let’s start by rewriting the L.H.S. so it looks similar to the L.H.S. of the assumption

L.HS. =2 x 2¥ x cosz x cos 2z x cosdx X ... x cos2F 1z x cos 2z

Notice the blue part is now the same as the L.H.S. of the assumption, hence we can
replace it with the R.H.S. of the assumption

s ok
=2(Sm2 a:) x cos 2Fz Al

sinx

This is known as the inductive step.
We can rearrange the trigonometric identity sin 26 = 2 sin 6 cos # to

sinf cos @ = % sin 26

and use it to rewrite our L.H.S. giving

sin 2%z

=2 x x cos 2"z

sin

1sin (2 x 2*2)

sin x

sin (2 x 2Fz)
sinzx
sin 2kt g

=| ———| ...as required.
sin &

= R.H.S.
We have shown the proposition is true when n = 1 and we have shown it to be true

when n = k + 1, assuming n = k is true. Therefore by the principle of mathematical
induction the proposition is true for all positive integer values of n.

51



(b) (i) We begin by noting that sin 8z is a composite function.

Hence we can use the formula for the Macluarin series for sine but replace x with

8x.
L 3 xb
smwfa:—ﬁ—l—ﬁ—...
) (8z)*
sin 8z = 8z — i (M1)
We only need the first two non-zero terms hence we get
512z°
— 8z —
TG
25
= |8z — —6&:3 Al
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(ii) Let’s begin by using a general power series to represent the result of the quotient

sin 8z 9 3
= ap + a1 + asx” + azx” + ...

sin x
Where a; are real numbers we must determine.

We can use the result from part (a) and the general formula for sine to write the
numerator and denominator as a Maclaurin series up to the z* term

Qp — 2063
— 2 3
= a9+ a1 + a2x” + azz” + ...

Recall, we only need the first two non-zero terms which will mean up to and
including the z* term.

It can be challenging to attempt to use long division to rewrite the L.H.S. Often a
better strategy, when facing problems like this, is to rewrite the division as a
multiplication

3
8z — —z° = (:c— %) (ap + a1z + asz® + azz® + ...) (M1)

We can now expand the R.H.S. until we have all of the terms required to give the
x and z° terms.

256 3
80— “ga’ = ae — *M”% + age’ 7?

= apx — —— + +agx’® Al
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There is no 22 term therefore a; must be zero. Also we don’t need any power of
higher than 3. So we can cancel out another two terms.

We can now equate the coefficients of the x—terms on the left and right side
giving

8 = ag for x

—— = —— 4 ay for z* Al

256 8

0z M1
3 5 ta (M1)
__8  6ba
6 6

—512 = —8 + 6ay

6as = —504

a2:—84 Al

Therefore, referring back to the series expansion at the start of the solution, we
can see that the first two non-zero terms are

sin 8x 9 3
= ap + a1« + asx” + azx” + ...

) A1

sin x
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(iii) The integral given is a very difficult integral to perform directly.
However, notice that it is of the form of the proposition from part (a).

If we take the proposition and let n = 3 we get

i 03
sin2°x
2% % cosz X cos 2z X cosdr = -
sinx
sin 8z
cosx X cos 2z X cosdr = —, (A1)
8sinx
Hence we can rewrite the integral as
0.1 0.1 .
sin 8
/ cos x cos 2x cosda dx = / —— dz
0 o 8sinz
0.1 s
sin 8x
-1 / n8T (A1)
o sinz

The result is still a difficult integral to perform but the key word in the question is
estimate. This suggests we should use the series expansion from part (b)(ii).

Hence we get

0.1 0.1
f cos x cos 2x cos dx dx ~ % f (8 — 84932) dx
0 0

Integrating each term we get

0.1
=3 {Sa: - 28:53] A1l
0

Substituting in the limits we get
= 1 (8(0.1) — 28(0.1)*)
=0.1-3.5x0.001

= 0.1 —0.0035

= (0.0965] Al



Question 12

NO CALCULATOR Hard ee e e«

[Maximum mark: 14]
The complex number z is a root of the equation |z + 4i| = |z — 10i|.
(a) Show that the imaginary part of z is 3.
(b) Let wy and w, be two possible values of z such that |z| = 6.
(1) If wy is in the first quadrant sketch both solutions on an Argand diagram.

(ii) Hence find the arguments of w; and w,.

A different complex number, v, is defined such that

w{“w2
V= ——
—1

Where k is a real number that can take any value in the interval —10 < k£ < 10.
(c) (i) Find arg (v) in terms of k and 7.

(ii) Hence find all possible values of k such that v is a real number.

56
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(a) We are told z is a complex number, therefore z is of the form a + bi where
a,b e R.

Hence we can rewrite the equation in terms of @ and b to get

|la + bi + 4i| = |a + bi — 10i|

If we collect together the real and imaginary parts it is easier to consider the
magnitude of the number

la+i(b+4) = |a+i(b— 10)|

Recall the magnitude of a complex number |a + bi| = va? + b?

Vvar+ (b+4)? = /a? + (b — 10)?
a® + (b+4)* =a® + (b—10)° M1
-+ 8b+ 16 =.a® + 4 — 20b + 100
We can find b

28b = 84 Al

Therefore | Im ( z) = 3| as required.
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(b) (i) The red dashed circle of radius 6 represents the fact that |z| = 6. Therefore z must
lie somewhere on this circle.

The blue horizontal line shows the possible values of z when Im (z) = 3, with w;
being in the first quadrant.

z must lie on both the red circle and blue line

Im 2z

o~

- Imz=3

3 R(‘ 2z

[wl and ws both have imaginary values of 3. Al

[Correct quadrants for w;, and ws. Al
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(ii) Using trigonometric ratios we can find arg (w;)

Im z

Ed

sin [arg (w;)] = g

org )] = s (5)

arg (w1) = Al

Using the symmetries of the diagram

sin [arg (ws)] = ™ — sin [arg (w; )]

=|— Al



(c) (i) In this question we are combining complex numbers and working with their

arguments.

For questions of this nature it is most efficient to use Euler’s form of a complex
number.

Recall

Where r is the magnitude of the number of # the argument.
Hence, using our answers from part (b) we can write

w; = 6e'd

Wy = 6e''
If we raise w; to the power k, using De Moivre's theorem, we get

W = 6]‘:61%r (Ml)
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Next we need to consider how to write —¢ in Euler’s form.

Here is a sketch of —3

Im z

arg(—i) = —

» Re 2

VR
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We can see that the magnitude is 1 and the argument is — 7, angles measured in
the clockwise direction are negative.

Hence we get
—i=e "2 (A1)
Putting these results together for v we get

k
Wi w
v = 1742

—1
« forr - G
6ret x 6elt
= — M1

e’

Recall we want to find the argument of v, hence we need to simplify our

expression so that it is in standard Euler’s form — z = re'’.

We can now see the advantage of using Euler’s form. To combine the angles we
need to resolve the powers of e using basic index laws

=6 x 6 T () M1
— ghtlel TS

— 6k+lez‘ﬁj‘ 5m

= 6k+lei’%'r+8Trr

= 6k+lei%{k+8)

By looking at the exponent of e we can find the argument of v in terms of k and ,
hence

arg (v) = | = (k + 8) A1l

E
6
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(ii) v is a real number when it lies entirely on the real axis (Re z).
Therefore its argument must be a multiple of 7. Note 0 is a multiple of .

We can form an equation for the argument. We aren’t sure how many multiples of
m we’ll need so we can pick a few to get us started

% (k+8)=..-2m, -m 0, m 2m. (M1)
We can now multiply by 6 and divide by 7 to get
k+8=..—-12, -6, 0, 6, 12.. Al

Subtracting 8 from each answer we get

k=..-20, -14, -8, -2, 4..
Recall that —10 < k < 10.

Hence we reject the first two answers. We may have missed one on the positive

side.
%(k+8) = 3
k+8=18
k=10

Hence all answers in the interval for k are

k=[—8,-2,4,10 Al



