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The continuous random variable X has a probability density function given by 

𝑓(𝑥) = {
k ∙ 𝑎𝑟𝑐𝑜𝑠(𝑥)

0
       

-1 ≤ 𝑥 < 1
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

a) Draw a sketch of f 

b) State the mode of X 

c) Find ∫ 𝑎𝑟𝑐𝑜𝑠(𝑥)𝑑𝑥 

d) Hence find 𝑘 

e) Find E(x) 

f) Find Var(X) 

 

a)  
𝑘 ∙ 𝑎𝑟𝑐𝑜𝑠(0) =

k𝜋

2
 

 

b)  Mode = -1 

c)  We can use our graphical calculators for parts d) and e) , but we must work out this 

integral by hand.  

We need to use integration by parts ∫ 𝑢 ∙
𝑑𝑣

𝑑𝑥
 𝑑𝑥  =     𝑢𝑣  −   ∫ 𝑣 ∙

𝑑𝑢

𝑑𝑥
 𝑑𝑥 

∫ 1 ∙ 𝑎𝑟𝑐𝑜𝑠(𝑥)𝑑𝑥 

∫ 1 ∙ 𝑎𝑟𝑐𝑜𝑠(𝑥)𝑑𝑥 

=  𝑎𝑟𝑐𝑐𝑜𝑠𝑥 + ∫
𝑥

√1 − 𝑥2
𝑑𝑥 

=  𝑎𝑟𝑐𝑐𝑜𝑠𝑥 −
1

2
∫

-2𝑥

√1 − 𝑥2
𝑑𝑥 

=  𝑎𝑟𝑐𝑐𝑜𝑠𝑥 −
1

2
ln√1 − 𝑥2 + C 

𝑢 = 𝑎𝑟𝑐cos𝑥           
 
𝑑𝑢

𝑑𝑥
= −

1

√1 − 𝑥2
 

𝑑𝑣

𝑑𝑥
= 1 

𝑣 = 𝑥 

d)  For continuous random variables, the total area under the function = 1 

∫ 𝑓(𝑥)𝑑𝑥 = 1
∞

−∞
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∫ 𝑘 ∙ 𝑎𝑟𝑐𝑜𝑠(𝑥)𝑑𝑥 = 1
1

−1

 

k [𝑎𝑟𝑐𝑐𝑜𝑠𝑥 −
1

2
ln√1 − 𝑥2]

-1

1

= 1 

𝑘 ([𝑎𝑟𝑐𝑐𝑜𝑠(1) −
1

2
𝑙𝑛√1 − 12] − [𝑎𝑟𝑐𝑐𝑜𝑠(−1) −

1

2
𝑙𝑛√1 − (−1)2]) = 1 

𝑘 ([0 −
1

2
𝑙𝑛0] − [π −

1

2
𝑙𝑛0]) = 1 

𝑘𝜋 = 1 

𝑘 =
1

𝜋
 

e)  
𝑓(𝑥) = {

1

𝜋
∙ 𝑎𝑟𝑐𝑜𝑠(𝑥)

0

       
-1 ≤ 𝑥 < 1
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

For continuous random variables, 

E(𝑋) = ∫ 𝑥𝑓(𝑥)𝑑𝑥
∞

−∞

 

E(𝑋) = ∫
1

𝜋
𝑥 ∙ 𝑎𝑟𝑐𝑜𝑠(𝑥)𝑑𝑥

1

−1

 

Use GDC 

E(𝑋) = -0.25 

g)  𝑉𝑎𝑟(𝑋) = 𝐸(𝑋2) − [𝐸(𝑋)]2 

𝐸(𝑋2) = ∫
1

𝜋
𝑥² ∙ 𝑎𝑟𝑐𝑜𝑠(𝑥)𝑑𝑥 =

1

3

1

−1

 

𝑉𝑎𝑟(𝑋) =
1

3
− (−0.25)2 

Either of the following answers is acceptable: 

𝑉𝑎𝑟(𝑋) =
13

48
 

𝑉𝑎𝑟(𝑋) ≈ 0.271 

 


