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5.1 Differentiation

5.1.1Introduction to Differentiation

Introduction to Derivatives

¢ Beforeintroducing a derivative, an understanding of a limit is helpful
Whatis alimit?

¢ Thelimit of a functionis the value a function (of x) approaches as x approaches a
particularvalue from either side
o Limits are of interest when the functionis undefined at a particularvalue

o Forexample, the function f(x) = ﬁ willapproach alimitas x approaches 1from
both below and above butis undefinedat x =1 as this wouldinvolve dividing by zero

What might | be asked about limits?

¢ You may be askedto predict orestimate limits from a table of function values orfrom the
graphof y = f(X)
¢ Youmay be askedtouseyour GDC to plotthe graph and usevalues fromit to estimate a
limit
Whatis a derivative?

e Calculusis aboutrates of change
o thewaya car’s position on aroad changesisits speed (velocity)
o thewaythecar's speedchangesisits acceleration
¢ Thegradient (rate of change) of a (non-linear) function varies with x
e Thederivative of a functionis a function thatrelates the gradient to the value of x
e Thederivativeis also called the gradient function

How are limits and derivatives linked?

e Considerthepoint Ponthe graph of y = f(x) as shown below
o [PQI.] is a series of chords
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y = f(x)

CHORDS BETWEEN -

P AND POINTS Q, ./,
TANGENT AT P

e Thegradient of the function f(x) atthe point Pis equal to the gradient of the tangent at
point P

» Thegradient of the tangent at point Pis the limit of the gradient of the chords [PQi] as
point Q ‘slides’ down the curve and gets ever closer to point P

¢ Thegradient of the function changes as x changes

e Thederivativeis the function that calculates the gradient from the value x

What is the notation for derivatives?

e Forthefunctiony = f(x) the derivative, with respect to x, would be written as

dy _
dx ~

f'(x)

o Differentvariables may be used

dv
o e.g.If V=1£(s) then i f'(s)

What might | be asked about derivatives?

¢ Youmay be askedtousethe graphing features of your GDC to find the gradients of a
function at differentvalues of x

e From aseries of gradient values, you may be askedto suggest an expression for the
derivative (gradient function) of a function
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YOURNOTES
*9 Worked Example !

Thegraphof y = f(x) where f(x) = x3 — 2 passes through the points
P(2,6), A(2.3,10.167), B(2.1, 7.261) and C(2.05, 6.615125).

a)
Find the gradient of the chords [ PA], [ PB] and [ PC].

Gradieny o? o line Lc\\o\‘e!) e “Yaan

=3¢,
[PAl: lolei-€ = 138
2:3-2,
[Pg} T-26\-6 = \26\
2\=-2
[Pd 6-6\S\25-€ = |q.3

2:05-2

GdienY & chorde ose: PA] 138
frel 12-er
{*c) 12-3cas

b)
Estimate the gradient of the tangent to the curve at the point P.

There will be ol the %\'bA'\en'\' & Yhe chord reaches
ce the difference in the x-coordindies appaches zere.

Ectivrake of Sf’od\en'\' oy ’\’an@n“c & x=2ie I

c)
Useyour GDC to find the gradient of the tangent at the pont P.

Usina GOC, be w x?'l,
draw o‘\'onsen\" o =2
6DC can tell you either|beth of the equction of
¥he fangedt ond %c

GOC avo:\ien‘\' e\
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Differentiating Powers of x

What is differentiation?

» Differentiationis the process of finding an expression of the derivative (gradient
function) from the expression of a function

How do | differentiate powers of x?

¢ Powers of x are differentiated according to the following formula:
o If fAlx)=x"then f'(x)=nx""!wheren €Q
o Thisis givenin the formulabooklet
» |fthe power of x is multiplied by a constant then the derivative is also multiplied by that
constant
o If f(x) = ax then f(X) = anx"~! where n € Q and ais a constant

d

. . . Yy
¢ Thealternative notation (to f(x)) istouse E

dy
If y=ax" then — = n-1
o Ify ix anx
1 1 1

> d
" eg |fy=—4x2thené=—4x3><x2 =-2x 2

e Don'tforgetthesetwo special cases:
o If flx)=axthen f(x)=a
_ dy _
= eg. Ify=6xthen ax =6
o If f{x)=athen f'(x)=0
_ dy _
= eg. Ify=5then dx =0
o These allow you to differentiate linear terms in x and constants

¢ Functionsinvolvingroots willneed to be rewritten as fractional powers of x first
1

o eg.If f(x)=2./x thenrewriteas f(x)=2x2 anddifferentiate
¢ Functionsinvolving fractions with denominators in terms of x willneed to be rewritten as
negative powers of x first

4
o eg. If lx)= < thenrewriteas f(x) =4x~! and differentiate

How do | differentiate sums and differences of powers of x?

e Theformulae for differentiating powers of x apply to all rational powers soitis possible to

differentiate any expression that is a sum or difference of powers of x
2

o e.q. If flx)=5x4 —3x3 +4then
2

2
Id(X)=5X4X4_1—3X§X3 +0
1
f(x)=20x3-2x 3
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¢ Products and quotients cannot be differentiatedin this way so would need YOURNOTES
expanding/simplifying first 1
o eg. If flx)=(2x-3)(x2—4) thenexpandto f(x) =2x3—3x2—8x+ 12whichisa
sum/difference of powers of x and can be differentiated

What might | be asked to do once I’ve found the derivative (gradient
function)?

e Thederivative canbe usedto find the gradient of a function at any point
o The gradient of a function at a pointis equal to the gradient of the tangent to the curve
atthat point
o Aquestion may referto the gradient of the tangent
o AGDC canbeusedto help find gradients or verify answers
¢ Take extra care when differentiating negative and fractional powers of x

1 1 1 2
o 5—1= —Ebut§—1= -3
O Exam Tip
* ¢ Acommon mistake is not simplifying expressions before differentiating
o The derivative of can not be found by multiplying the
derivatives of and
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YOURNOTES
*9 Worked Example !
The function f(x) is given by
4
f(X) =2x3+ ﬁ
where x >0.
a)
Find the derivative of f(x).

Rewrite §lx) o every Yerwn i o pocser & =
flc= 2+

Differectice \)3 OPP\S“Q the Joromda
%‘(’x\ = 6’ - ¢ %,

N
7 ol core st noplives

onxe -i_\g-i

?‘\xbg G - Qx-alz

b)
Findthe gradient of thetangenttothecurve y = f(X) atthepointwherex =4,
Fl)=6ly- 2 =06-_2 =09-1 =957T5
3, 3
Ly (a) ¥

» The oppdient & the fonceY tothe core
v $le) when x=4 ¢ 95-75
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5.1.2 Applications of Differentiation

Increasing & Decreasing Functions
What are increasing and decreasing functions?

¢ Afunction, f(x) isincreasing if f’(x) >0

o This means the value of the function (‘output’) increases as x increases
« Afunction, f(x),is decreasingif f'(x) <0

o This means the value of the function (‘output’) decreases as x increases
« Afunction, f(x), is stationaryif f'(x) =0

y y = f(x)
GRADIENT =0
INCREASING INCREASING
(POSITIVE (POSITIVE
GRADIENT) GRADIENT)
0 %
DECREASING
(NEGATIVE
GRADIENT)
GRADIENT =0

How do | find where functions are increasing, decreasing or stationary?
¢ Toidentify theintervals on which a functionis increasing ordecreasing

STEP1
Find the derivative f'(x)

STEP 2

Solve theinequalities

f’(x) > 0 (forincreasingintervals) and/or
£'(x) < 0 (for decreasingintervals)

e Mostfunctions are acombination of increasing, decreasing and stationary
o arange of values of x (interval) is given where a function satisfies each condition
o e.g. Thefunction f(x) = x2 has derivative £ (x)=2xso
= z‘(x) is decreasing for x <0
= f(x)isstationaryatx=0
= f(x)isincreasingforx >0
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YOURNOTES

*9 Worked Example !
®

f(x)= x2-x-2

a)

Determine whether f(X) is increasing or decreasing at the points where x =0 and

x=3.

Differestisie

£()= 20c-)
At =0, §'(0)= 2x0-1=-1 <0 = decresting

At =3 §'3): 2x3-1=6>0 = \ncreoSing

» At =0, () ic decrecting
At x=3, Tl i increcding

b)
Find the values of x forwhich f(x) is an increasing function.

g—\x) iS increcsing whea ¥‘bc)>0
P> 0
2x-\ >0

x"/g

o ﬂx) IS increoSing ‘i’or x? f
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Tangents & Normals
Whatis a tangent?

e Atanypointonacurve (the graph of a (non-linear) function), the tangent is the straightline
that passes through that pointandhas the same gradient as the curve at that point

y = f(x)

TANGENT

= :

How do| find the equation of a tangent?
 The equation of the tangent to the function y = f(x) at the point (Xl, yl) is

Y=y, =f'(x1)(x—x1)

Whatis a normal?

e Atanypointona curve (the graph of a (non-linear) function), the normal is the straightline
that passes through that pointandis perpendicular to the tangent at that point

y = f(x)
NORMAL

TANGENT

= :

How do | find the equation of a normal?

 The equation of the normal to the function y = f(x) at the point (Xl, yl) is
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YOURNOTES

(’) Exam Tip .

¢ Theequations of atangentandanormal are notin the formula booklet
o Howeverboth can be derived from the equation of a straightline

o Thisis giveninthe formula booklet
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*9 Worked Example
¢ The function f(x) is defined by

3
fx)=2x4+— x=0
x2

a)
Find an equation forthetangentto thecurve y = f(x) atthepointwhere x =1,
givingyouranswerinthe form y = mx + c.

Firsk $ind §'(x) by dfferekiatiog
Fle) = 2™ +3x72 Rewrite 08 powere & x
¥'lo): x> - 63
For atoogent. "y-g,- “0“""")"
At x-=, 4 2(\)\'-\-% =5
)
FO=8()’ - _€_ =2

O

- 3-5 = 2xen)

'\T:maere\'d\' x=, is g dx +3

b)
Findan equation forthe normaltothe curve y = f(x) atthe pointwherex =1,
givingyouranswerin the form ax + by + d=0, where a, b and d areintegers.
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YOURNOTES

for anormal, 99 -\ \x-x,\" |
Te)
UQirg recotte %\’om pov\: Q)
3-5 = =\ (x- \)
P

Ll w
Y= "ax *z
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Local Minimum & Maximum Points
What are local minimum and maximum points?

¢ | ocalminimum and maximum points are two types of stationary point
o The gradient function (derivative) at such points equals zero

ie. '(x)=0
¢ Alocal minimum point, (X, t(x)) willbe the lowest value of f(x) in thelocal vicinity of the
value of x

o Thefunction mayreach alowervalue furtherafield
¢ Similarly, alocal maximum point, (X, f(x)) willbe the greatest value of f(x) inthelocal
vicinity of the value of x
o Thefunction mayreach a greater value furtherafield
¢ The graphs of many functions tendtoinfinity forlarge values of x
(and/orminus infinity forlarge negative values of x)

e Thenature of a stationary point refers to whetheritis a local minimum orlocal maximum
point

How do| find the coordinates and nature of stationary points?

¢ Theinstructions below describe how to find local minimum and maximum points using a
GDC on the graph of the function y = f(x)

STEP1
Plot the graph of y = f(x)
Sketch the graph as part of the solution

STEP 2

Usethe options from the graphing screen to “solve for minimum”

The GDC willdisplay the x and y coordinates of the first minimum point
Scrollonwards to see there are anymore minimum points

Note down the coordinates and the type of stationary point

STEP 3
Repeat STEP 2 but use “solve for maximum” on your GDC

¢ In STEP 2 the nature of the stationary point should be easy to tell from the graph
o alocalminimum changes the function from decreasing toincreasing
= the gradient changes from negative to positive
o alocalmaximum changes the function fromincreasing to decreasing
= the gradientchanges from positive to negative
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y y=fx) YOURNOTES
LOCAL l
MAXIMUM
GRADIENT = 0
INCREASING INCREASING
(POSITIVE (POSITIVE
GRADIENT) GRADIENT)
O X
DECREASING
(NEGATIVE
GRADIENT)
GRADIENT =0
LOCAL
MINIMUM

> Worked Example
Find the stationary points of f(x) = x(x2—27), and state theirnature.

Plo¥ the graph o y: 2(x*-27) o0 GOC and Skech here.

locol
MOoXi\aUm

loco
minitom

& S¥ahicnary Poin‘\'s ose

(3,-54) LocAn mwimum PONT
(-3, 5%) LocAL mAaximum POt
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Modelling with Differentiation
What can be modelled with differentiation?

¢ Recallthatdifferentiationis about therate of change of a function and provides a way of
finding minimum and maximum values of a function
¢ Anythingthatinvolves maximising or minimising a quantity can be modelled using
differentiation; forexample
o minimising the cost of raw materials in manufacturing a product
o themaximum height a football could reach when kicked
¢ These are called optimisation problems

What modelling assumptions are used in optimisation problems?

¢ The quantity being optimised needs to be dependent on a single variable
o If othervariables areinitially involved, constraints orassumptions about them will
needto be made; forexample
= minimising the cost of the mainraw material - timberin manufacturing furniture
say - the cost of screws, glue, varnish, etc can be fixed or considered negligible
o Othermodelling assumptions may have to be made too; forexample
= ignoringairresistance and wind when modelling the path of a kicked football

How do | solve optimisation problems?

In optimisation problems, letters otherthan x, y and f are often usedincluding capital
letters
o Visoftenusedforvolume, S forsurfacearea
o rforradiusifacircle, cylinderorsphereisinvolved
o Derivatives can stillbe found but be clear about which variable is independent (x) and
which is dependent(y)
o aGDC mayalwaysuse x and y butensureyou use the correct variable throughout
yourworking andfinalanswer
e Problems often start by linking two connected quantities together - forexample volume
andsurfacearea
o where more than onevariableis involved, constraints will be given such that the
quantity of interest can be rewritten in terms of a single variable
¢ Oncethequantity of interestis written as a function of a single variable, differentiation can
be used to maximise or minimise the quantity as required

STEP1
Rewrite the quantity to be optimised as a single variable, using any constraints givenin the

question

STEP 2

Useyour GDC to find the (local) maximum or minimum points as required

Plotthe graph of the function and use the graphing features of the GDC to “solve for
minimum/maximum” as required
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STEP 3 YOURNOTES
Note down the solution from your GDC and interpret the answer(s) in the context of the 1
question
(') ExamTip
w

e Thefirstpart of rewriting a quantity as a single variable is often a “show that”
question - this means you may still be able to access later parts of the question
evenif you can’t do this bit

Page 17 of 138

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

YOURNOTES
*> Worked Example !
[

Alarge allotment bedis being designed as a rectangle with a semicircle on each
end, as shownin the diagram below.

The total area of the bedis to be 100 77 m?2.

a)
Show that the perimeter of the bed s given by the formula

( 100)
P=mlr+ —
r
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The width & the dfonge & 2r = ord ¥8 length L o YOURNOTES
The ARER ¢ the bed, 1007 " e guen by !

3T+ 2rk + 37" = 100
7 0 N\ okl orea
Semi-cide  ecfande  Semi-cide ¥his icthe condireicr)

s 7T+ 2rL = \ 00T

2r\.= \OOmr - T Wete L inYorve &
L=50m -7~
C 2

The PERMETER of the bed ie
P=1r+7 + 21
2 f \‘\'\NO S“'as\'i\'
Ser-ovev\or osts \ng“@

Oge & §rom the area. contiroiat Yo wite P

in‘\'eﬁnQO? ron\x__‘
P= 21Tr‘+ a Si.ﬂ"-lr)
r 2
P= 7 + |00
\n

o P= n'(r-r\O%O)

L
b) Find ar
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YOURNOTES

Rewrite P oo power & r |
P= r(r+100r)

aP _ -
d—‘_—TI'(\‘\OOrz)

ar .

6_9311’(1- \ig)
L}

c)
Find the value of r that minimises the perimeter.

Use GOC Yo plot \/=7T\ac+@) ond
X

cketoh Yhe reco\e
3 /N

(o) |6 73

GOC indicares the ONLY
locel minimomn po'm‘\‘ 6 oF x=10

& The volue of ¢ Yhat minimices
*he perimeter is r=10

d)
Hence find the minimum perimeter.
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) YOURNOTES
The Mininom peﬁmé\'er‘ will be the y-coord'moﬂ'e !

o} the locol minimum poick Jound in park )
frewm GDC, y=62-831853..  (when x=10)

‘o Minmom perimeler is

€2-8m (3sf)
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5.2 Further Differentiation

5.2.1Differentiating Special Functions

1

Differentiating Trig Functions
How do | differentiate sin, cos and tan?

d
e Thederivative of y=sin xis d_i = CcoS X
d
The derivative of y = cos xis ax sin x
1
The derivativeof y=tan xis dy =

dx cos?x
o Thisresult can be derived using quotient rule

Allthree of these derivatives are givenin the formula booklet
Forthelinearfunction ax + b, where @ and b are constants,

o thederivative of y=sin(ax+b)is

LA acos(ax +b)
dx
o thederivative of y= cos(ax+b)is

- — asin(ax +b)
dx
d
o thederivativeof y = tan(ax +b)is d_-;’ -— (:X+b)
Forthe general function £(x),

o thederivative of y = sin(f(x))is % = ' (x) cos (£(x))

o thederivative of y= cos(f(x))is % = - f'(x)sin (£(x))

f'
o thederivative of y = tan(f(x)) is dy _ ()

dx  cos? (f(x))
Theselast threeresults can be derived using the chainrule

For calculus with trigonometric functions angles must be measuredinradians
o Ensureyouknow how to change the angle mode onyour GDC

¢) ExamTip
-

¢ Assoon asyou see a question involving differentiation and trigonometry put
your GDC intoradians mode
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YOURNOTES
*9 Worked Example !

([ ] a)

Find f'(x) forthe functions

i. f(x)=sinx
i. f(x)=cos(5x+1)

\.

§ )= eee

fle)® -58in(5x 1) kLmear SfL)rwc\iOn oo +\3)

b) Acurvehasequation y =tan (6X2 - %) :
Vn
5

Find the gradient of thetangent to the curve at the point where x =

Giveyouransweras an exactvalue.

ﬂis ] o?— e ?’orm (3= ‘\'an k?‘(ﬂ)
So dy = %lb’)
de o o)

Y—&T_)= Gwa-%'_
- ?Lx): 12

"oy N
o ot led-E)
Pec=gr, & . '2(E)
T wdEf
: Gr
wga\g&')
(—ii = INT oy x=¥E
Adoc 2
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Differentiating e”*x & Inx YOURNOTES
How do | differentiate exponentials and logarithms? !

d
e Thederivativeof y=eXis d—:: =eXwherex €ER

o Thederivativeof y=In Xxis dy _1 where x>0
dx x

Forthelinear function ax + b, where a and b are constants,

d
o thederivative of y=e(“+b) is d_i, = gelax+b)

o _ _dy a
o thederivativeof y=In(ax+b)is ax = (ax+0)

ﬂ=l (a'scancel)
dx x

= inthespecialcase b=0,
« Forthe general function f(x),

d
o thederivativeof y= of(®) d_fr’ = f'(x)ef(x)

o thederivativeof y=m(f(x))is % = f'(x)n(f(x))

Thelast two sets of results can be derived using the chainrule

(f) ExamTip
* ¢ Rememberto avoid the common mistakes:
o thederivative of withrespectto is ,NOT
o thederivative of withrespectto is ,NOT
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YOURNOTES
*9 Worked Example !

°
Acurve has the equation y=e~3X* L4+ 21n 5x.

Find the gradient of the curve at the point where x =2 gvingyouranswerin the form
y=a+ be,where a, b and c areintegers to be found.

4z €7+ 20 5a)

“dy . L3 3xN g (_ﬁ,)

dx
" & " 5=\n@x+\:), specio)
- +b5 Yo' - "
5: eax , iz aeﬁx co%e b=0. ;%' = Lx

At =2, .3l 2 - 20
x ;%_ 32D 4 Y 3e”+\

mﬂoor GDC way beddle
- GrOA’leﬂt & =2 i |-3e:5 ‘\_0 %WA g—OA'\eﬁ\g ‘30\:
Pfé\x}\o\b net in the
GXOC\_%"N‘» requ'\r ed.
\tie o\ \\dp%u\ Yo check
appaxinaie orfwers

thoudh.

ie as\, b=-3 ¢=-5
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5.2.2Techniques of Differentiation

ChainRule

What is the chainrule?

e Thechainrulestatesif yisafunctionof wand uisafunctionof xthen

y = flu(x))
dy _dy du
dx  du = dx

o Thisis givenin the formula booklet

¢ |nfunctionnotation this couldbe written

y=1flg(x))
2 (gl

How do | know when to use the chainrule?
¢ Thechainruleis usedwhen we are trying to differentiate composite functions
o “function of a function”
o thesecanbeidentified as the variable (usually x) does not ‘appearalone’
= sin x - nota composite function, x ‘appears alone’
] sin(3x + 2) is a composite function; x is tripled and has 2 added to it before the
sine functionis applied

How dol use the chainrule?

STEP1

Identify the two functions
Rewrite y as afunctionof u; y= (u)
Write u as afunctionof x; u= g(x)

STEP2
. . . Y
Differentiate y with respect to uto get du
du
Differentiate u with respect to x to get a
STEP 3
Ob'dyb lying the f |dydy><dudb' backin for g(x)
tain /— 1 - =5 X7 titut
ain "~ by applyingtheformula ~°~ = 4 - X ~1~~ andsubstitute ubackin or glx

¢ Intrickier problems chainrule may have to be applied more thanonce

Are there any standard results for using chain rule?
e Therearefive generalresults that can be useful
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o

If = (F(x))" then % =t ()R — 1 YOURNOTES
l

o

dy
if y=ef () then d—i = £'(x)ef®)

If y = In((x)) then % = ()

If y = sin(£(x)) then % - £ (x)eos((x))

(e}

(e}

If y=cos(£(x)) then % - £ (Wsin(F(x)

(e}

(’) Exam Tip

* * You should aim to be able to spot and carry out the chain rule mentally (rather

than use substitution)
o everytimeyouuseit, sayittoyourselfinyourhead
“differentiate the first function ignoring the second, then multiply by the
derivative of the secondfunction”
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YOURNOTES
*9 Worked Example !
[ J

a)
Find the derivative of y=(x2—5x+7)7.

STerP \den‘\\?sj the two ?unc\'bﬁe ond recsrite

y* o ie. flo)=o’
0= o5t \e. SL:CY -G 41
oeP2 Fed dy ond du.
av doc
%} 3 706 3;: 21—'5
ser3 Pppy chaintole, dy | dy, do
dc dvu dx

Chain role igin the %D\’mu\a bodklet
[ T
e (-5)
ond sobshote o back $or ofoe)

a 6
%x- = 7@9(;‘5)\30 -5x+7)

b)
Find the derivative of y = sin(ez") .

pTS “
y = Sin (9 ) A\ﬁeren'“d\'e gin O, igroe &

M 2o (@) AT " elbighy by derucdie § .
w A b0
,k 3= eom \a' % - Gem
or \:3 OPP\fj"“ﬂ choin \e oepia

%c ) QeszoQ ke:bc)
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ProductRule
Whatis the productrule?

e Theproductrulestatesif yis the product of two functions u(x) and V(X) then

y=uv

dy dv N du
— =g— +y—
dx dx
o Thisis givenin the formula booklet
¢ |Infunction notation this could be written as

y=f(x)g(x)

Y _ e’ () +2(0F ()

dx ~

+ ‘Dashnotation’ may be used as a shorter way of writing the rule

y=uv
I4 ! 7
y =uv +vu

¢ Finalanswers should match the notation used throughout the question

How do | know when to use the product rule?

¢ Theproductruleis usedwhen we are trying to differentiate the product of two functions
o thesecan easily be confused with composite functions (see chainrule)

= sin(cos X) is acomposite function, “sin of cos of x”
= sin xcos X is a product, “sin xtimes cos x”

How dol use the product rule?

o Makeitclearwhat u, v, u' and v' are
o arranging themin asquare canhelp
= oppositediagonals matchup

STEP1
Identify the two functions, uand v
Differentiate both u and v withrespectto x tofind u' and v'

STEP 2

_dy . dy
Obtain dx by applying the product rule formula dx udx +VdX

Simplify the answer if straightforward to do so orif the question requires a particular form

e Intrickier problems chainrule may have to be used when finding u' and v'
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YOURNOTES

") ExamTi
Q BemTie ;

o Use and fortheelements of productrule
o laythemoutina'square' (imagine a 2x2 grid)
o thosethatare paired togetherare then on opposite diagonals( and
and )
o Fortrickierfunctions chainrule may bereugiredinside product rule
o i.e. chainrule may be neededto differentiate and

9 Worked Example
* a) Findthederivative of y =eXsin x.
Y= exSin T
STEP \den\".?s Jorctions and dferecide
v=€e* V= Gia x
v':e* >< v'=Cosx
& oTanging vV, v,V in 0 copore
mokes preduct e ‘dicponol QoS

crera R Aoy T\e: 4y _ odv 4vdo’
PPE? ’ -d%:'udx+ doc

(Rsibic guen 1o Hhe Jormula, bodlet)

' J x_,
Y 2e CoSax+ e Sinc

. ﬂ R echoG < +Sio x) \tic 5\'\’0&&\\\'%\‘(;&0&'3'\3
d Yehe 0 Soder & € e

b) Findthe derivative of y = 5x2 cos 3x2.
y* Soc ot I
STEP \ v= 5:&1 V= eos 3 chain rle
0'= 10x ><v'= -8in 3¢ i bx

V'z - 6xsin 3t

STEP 2L y' : -30::,39&» 3oe: + 102 Cos 3>

:—:— = |0x kcos 3o - 3ocsin 3:3)
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Quotient Rule YOURNOTES
What s the quotient rule? l

u(x)
e Thequotientrulestatesif yisthequotient V(%) then

o Thisis givenin the formula booklet
¢ |Infunction notation this could be written

W

7 ex)
dy _ 2 (x) - £(x)g"(x)
dx [g(x)]?

¢ Aswith productrule, ‘dash notation’ may be used

u
Y 14
) )
' vu —uv
y =
V2

e Finalanswers should match the notation used throughout the question

How do | know when to use the quotient rule?
e Thequotientruleis usedwhen trying to differentiate a fraction where both the numerator
and denominator are functions of x
o ifthe numeratoris a constant, negative powers can be used
o ifthedenominatoris a constant, treatit as a factor of the expression

How do | use the quotient rule?

o Makeitclearwhat u, v, u' and v' are
o arrangingtheminasquare canhelp
= opposite diagonals match up (like they do for product rule)

STEP1
Identify the two functions, uand v
Differentiate both u and v with respectto x tofind u' and v'

STEP 2

du_ dv
de udx

V2

_dy . . d
Obtain dx by applying the quotient rule formula ix
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Be carefulusing the formula - because of the minus sign in the numerator, the order of the YOURNOTES
functionsis important 1
Simplify the answer if straightforward or if the question requires a particular form

e Intrickier problems chainrule may have to be used when finding u' and v',

O ExamTip

w
e Use and forthe elements of quotientrule

o laythemoutina'square' (imagine a 2x2 grid)

o thosethatare pairedtogetherare then on opposite diagonals( and
and )

e Lookoutforfunctions of the form

o These can be differentiated using a combination of chainrule and product
rule
(itwould be good practice to try!)

o ..butitcanalsobeseenas aquotientrule questionin disguise

o ...andviceversa!

= Aquotient could be seen as a product by rewriting the denominator as
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*9 Worked Example

cos 2x

Differentiate f(x)= 3.+, Withrespectto x.

Sreen \den‘\‘\?ﬂ vond v, A\%ﬁ'\'ﬁﬁ*&

CEP 2

vzcos 2x v= 3ot
v’z = A8 2 v'=
T
cke dioeprde
chain role o:::c\\ oo

gpp\j qoo’\"\e“*ro\e‘ ‘%: V%’c'o% '

2
v

(Reitic guen in Mhe formdla Boo\t\e\:)

oy = (B +2)leasine) - (cos2e)(3)
L3ac+2)1

# )z 22Bx2)oin e - 3ce 2
(3c+2)"

\No‘\'\\'\c\ﬂ o\:w'\oug)ecsy to Q\mp\ﬁ‘j ond ot:e&’non
decs od opecfy o poricslor o)
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5.2.3 Related Rates of Change

Related Rates of Change
What is meant by rates of change?

* Arateof changeis a measure of how a quantity is changing with respect to another
quantity
e Mathematically rates of change are derivatives
° d_‘r/ couldbe ttherate at which the volume of a sphere cahnges relative to how its
radius is changing
e Contextisimportant wheninterpreting positive and negativerates of change
o Apositiverate of change wouldindicate anincrease
= e.g.thechangeinvolume of wateras a bathtub fills
o Anegativerate of changewouldindicate a decrease
= e.g.thechangeinvolume of waterin aleaking bucket

What is meant by related rates of change?

* Relatedrates of change are connected by alinking variable or parameter
o thisis usually time, representedby ¢
o secondsis the standard unit for time but this will depend on context
¢ e.g. Waterrunninginto alarge bowl
o boththeheightand volume of waterin the bowl change with time
o timeisthelinking parameter

How dol solve problems involving related rates of change?
¢ Useofchainrule

3 dy dy du
y=glu) u=1flx) = dX_dlleX

e Chainruleis givenin the formula booklet in the format above
o Differentletters may be usedrelative to the context
= e.g. Vforvolume, Sforsurfacearea, hforheight, rforradius
¢ Problems ofteninvolve one quantity being constant
o soanotherquantity can be expressedin terms of a single variable
o this makes finding a derivative a lot easier
e Fortime problems atleast, itis more convenienttouse

dy _dx dy
dt — dr~ dx
dx dy
andifitis more convenient to find @ than athen usechainrulein the form
dy dx  dx
dt dt dy

* Neither of these alternative versions of chain rule are in the formula booklet
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STEP1 YOURNOTES
Write down therate of change given and therate of change required 1
(If unsure of therates of changeinvolved, use the units given as a clue
d/
e.g. ms~! (metres persecond) would be the rate of change of length, per time, a)

STEP 2

Usechainrule to forman equation connecting theserates of change with a thirdrate
The thirdrate of change willcome from a related quantity such as volume, surface area,
perimeter

STEP 3
Write down the formula for the related quantity (volume, etc) accounting for any fixed quantities
Find the thirdrate of change of the related quantity (derivative) using differentiation

STEP 4
Substitute the derivative and known rate of cahnge into the equation and solve it

(') ExamTip
et e |[fyoustruggle to determine whichrate tousein an exam thenyou canlook at

the units to help
o e.g. Arate of 5 cm? persecond implies volume pertime so the rate would

be
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*> Worked Example

Acuboidhas a square cross-sectional area of sidelength x cm and a fixed height
of 5cm.

The volume of the cuboidis increasing atarate of 20 cm3 s,

Findtherate at which the sidelengthis increasing at the pointwhenits side lengthiis
3cm.

sTEr1:  Weite down raYes oﬁ-d—\am“g gven and required

L 20 (Onite ose em® (Velome) 6* (per eecom\))
ot

dx is fequired

ok

cree a2 Form equoi\’nm ‘?\’OM choin fle and o third “connecting rave

OV dx, &
ak At JAx

6Ee 3+ Formola for iching quarily, 0nd iz defvalive
Nolume (6§ o coboid) ie Yhe ik
V=t 535  (Croms-cechion & oqpose, heidt 8 Ccmg‘\’an'\')
Diﬁe’eﬂ\'&oﬂ's, d_V = O«
dx
oEe w: Sobshiute ood sove

N, dx v
&t db 4«

20= =% 10(3)
d R— x, side lengthic 3

o.. d_x= i CN s‘\
dc 3
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Second Order Derivatives
What is the second order derivative of a function?

« Ifyou differentiate the derivative of a function (i.e. differentiate the function a second
time) you get the second order derivative of the function
¢ There aretwo forms of notation forthe second order derivative
o y=1x)
dy

° ax =f(x) (Firstorderderivative)
ey o
° 42 f''(x) (Secondorderderivative)

¢ Notetheposition of the superscript 2’s
o differentiating twice (so d2) with respect to x twice (so x2)
The second order derivative can be referred to simply as the second derivative
o Similarly, the first order derivative can bejust the first derivative
Afirst order derivativeis therate of change of a function
o asecond order derivativeis therate of change of therate of change of a function
= j.e.therate of change of the function’s gradient
Second order derivatives can beusedto

= testforlocal minimum and maximum points
= help determine the nature of stationary points
= help determine the concavity of a function

= graph derivatives

How dol find a second order derivative of a function?
« Bydifferentiating twice!
¢ Thismayinvolve
o rewriting fractions, roots, etc as negative and/or fractional powers
o differentiating trigonometric functions, exponentials andlogarithms
o usingchainrule
o using product or quotientrule

(') ExamTip
* ¢ Negative and/orfractional powers can cause problems when finding second
derivatives so work carefully through each term
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Worked Example

3
Giventhat f(x)=4-— \/} +—
X

a)

Jx

Find f'(x) and f'(x).

a)

b)
Evaluate £''(3).

Giveyouranswerinthe form a\/ b,where bisanintegerand ais arationalnumber.

b)

F— /—E REWRITE AS POWERS OF x
f(x) =4 — x> +3x2

4
1-1

14 .
£l ==(x* + 31
DIFFERENTIATE ONCE
5 3.3 TO FIND fx)
flx) = -3x7 - 3x7 *

4 o B
Flx) = L= 3=
3 -
" 1.3, 9.3 DIFFERENTIATE A
filx) = 7x* + Zx*
SECOND TIME
TO FIND '(x)

1 9 s .1
— 2
4x{x AKX

ix) =

oy 9
fO=0F "3

2 _ 1 3

3643 33 A3 9
3= 103 RATIONALISE
9 DENOMINATOR
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5.2.5 Further Applications of Differentiation

Stationary Points & Turning Points
What is the difference between a stationary point and a turning point?

¢ Astationary pointis a point at which the gradient functionis equal to zero
o Thetangent to the curve of the functionis horizontal
¢ Aturning point exhibits this property, but in addition the function changes fromincreasing
to decreasing, orviceversa
o Thecurve ‘turns’ from ‘goingupwards’ to ‘going downwards’ orvice versa
o Turning points will either be (local) minimum or maximum points
¢ Apoint ofinflection could also be a stationary point butis not a turning point

Howdol find stationary points and turning points?
e Forthefunctiony = l‘(x) stationary points can be foundusing the following process
STEP1
dy
Find the gradient function, i f'(x)
STEP 2
Solve the equation f'(x) =0 to find the x-coordiante(s) of any stationary points

STEP 3
If the y-coordaintes of the stationary points are also required then substitute the x-
coordinate(s) into f(x)

o AGDCwillsolve f'(x) =0 and most will find the coordinates of turning points (minimum
and maximum points) in graphing mode
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Testing for Local Minimum & Maximum Points

What are local minimum and maximum points?

¢ | ocalminimum and maximum points are two types of stationary point
o The gradient function (derivative) at such points equals zero

oie f(x)=0
¢ Alocal minimum point, (X, f(x)) willbe thelowestvalue of i(x) inthelocal vicinity of the
value of x

o Thefunction mayreach alowervalue furtherafield
e Similarly, alocal maximum point, (X, f(x)) willbe the lowestvalue of f(x) inthelocal
vicinity of the value of x
o Thefunction mayreach a greater value furtherafield
¢ The graphs of many functions tend to infinity forlarge values of x
(and/orminus infinity forlarge negative values of x)
e Thenature of a stationary point refers to whetherit is a local minimum point, a local
maximum point or a point of inflection
¢ Aglobal minimum point wouldrepresent the lowest value of f(x) forall values of x
o similarfora global maximum point

How do find the nature of a stationary point?

¢ The nature of a stationary point can be determined using the first derivative butitis
usually quickerand easierto use the second derivative
o onlyincases whenthe secondderivativeis zerois the first derivative method needed
e Forthefunction l‘(x)

STEP1
Find f'(x) andsolve f'(x) =0 to find the x-coordinates of any stationary points

STEP 2 (Second derivative)
Find £''(x) and evaluate it at each of the stationary points foundin STEP1

STEP 3 (Second derivative)
o If £'"(x) =0 then the nature of the stationary point cannot be determined:; use the first
derivative method (STEP 4)
o If f”(X) >0 then the curve of the graph of y = f(X) is concave up and the stationary
pointis alocal minimum point
o If ''(x) <0 thenthe curve of the graph of y = f(x) is concave down and the
stationary pointis alocal maximum point

STEP 4 (First derivative)
Find the sign of the first derivative just either side of the stationary point; i.e. evaluate
f'(x—h) and f(x+ h) forsmall h

o Alocal minimum point changes the function from decreasing toincreasing
= the gradient changes from negative to positive
« f(x—h)<0, f(x)=0, F(x+h)>0

o Alocal maximum point changes the function from increasing to decreasing
= the gradient changes from positive to negative
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« f(x=h)>0, f(x)=0, f(x+h)<0 YOURNOTES
y y = f(x) l
LOCAL
MAXIMUM
GRADIENT = 0
INCREASING INCREASING
(POSITIVE (POSITIVE
GRADIENT) GRADIENT)
O X
DECREASING
(NEGATIVE
GRADIENT)
GRADIENT =0
LOCAL
MINIMUM

¢ Astationary point of inflection results from the function eitherincreasing or decreasing
on both sides of the stationary point
o thegradient does not change sign
o fi(x=h)>0, f(x+h)>0 or f(x—h)<0, f'(x+h)<0
o apoint of inflection does not necessarily have f'(X) =0
= this method will only find those that do - and are often called horizontal points of
inflection

INCREASING DECREASING
(POSITIVE (NEGATIVE
GRADIENT) GRADIENT)

Y Y

GRADIENT =0 N GRADIENT =0

POINT OF POINT OF
\ INFLECTION INFLECTION /
/ " \
INCREASING DECREASING
(POSITIVE (NEGATIVE
GRADIENT) GRADIENT)

(’) ExamTip

* e Exam questions may use the phrase “classify turning points” instead of “find
the nature of turning points”

e Usingyour GDC to sketch the curveis a valid test for the nature of a stationary
pointin an examunless the question says "show that..." orasks foran algebraic
method

e Evenifrequiredto show a full algebraic solution you can stilluse your GDC to tell
you what you’re aiming forand to check your work
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YOURNOTES

*9 Worked Example !

Findthe coordinates and the nature of any stationary points on the graph of
y = f(x) where f(x)=2x3—3x2—36x+25.

At S‘\'ﬁ\‘(mary Po'\c\‘\'g, {(x)=0
§' ()= 6*- 6oc -36 = 6o~ €)
Cla-x-€)=0
(e -3) e +2) =0
x=3  y-§(3)- 23)°-3(3) - 3¢(3) *25 - - 56
=-2, ye Fla)= 22)-3(a)-3¢k2) + 26 - @
USinﬂ the cecond derivative to ddtermine their ncure
£'(a)= 12 6= €(2c 1)
7 (3)= e(2x3-1)=30>0
s =3 i a \oca) minicwm 9o'm‘\'
§'(2)= 6(2x-2-1)=-30<0
% a=-2 ie o \ocol moxienomn point

kNé\'e‘- I hie cale, \36“\ Sh:\'\'lomf'y pd\ﬁ\g O.\'E'\'U\'hmg po'\n'\'S)

Tot'n'mg points are:
(3.-56) locel minimumn poiat
-2, €1) locod maximom poink

Use o 60C o srap\'w =¥ e) and the
max)m'm Qo\v'ma gl:ed‘\'ore 5 chedk the anowere.
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5.2.6 Concavity & Points of Inflection

Concavity of a Function

Whatis concavity?

¢ Concavityis thewayinwhich a curve (orsurface) bends

e Mathematically,
o acurveis CONCAVEDOWN if f''(x) <0 forallvalues of xinaninterval
o acurveis CONCAVEUP if f”(X) >0 forallvalues of xinaninterval

« CONCAVEDOWN: s often called concave

e CONCAVEUP is often called convex

> TANGENTS
CONCAVE UP
CONCAVE
DOWN
TANGENTS
(") ExamTip

- q g
¢ Inanexaman easy way toremember the differenceis:

o Concavedownis the shape of (the mouth of) a sad smiley ®

o Concaveupis the shape of (the mouth of) a happy smiley ©
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*9 Worked Example

a)

The function f(x) is givenby f(x)=x3 —3x +2.

Determine whetherthe curve of the graph of y = f(x) is concave down or concave
up atthepointswhere x= —2 and x=2.

b)

%(‘JC) = %= 3 +2

§ be): 3*-3

Fle)= 6

i (‘2) =6x-2=-12 40 (concave down)
(@)= 6x2:1220  |concave o)

At x=-2, y=Flx) is concave down
At %= 2, y=§(ax)ic concove vp

Uce ypor 6DC o plot the gogh o 3=?(ac)
and Yo help see ¢ Yoor BNewWErS ofe sensible

Findthevalues of x forwhich the curve of the graph y = f(x) ofis concaveup.

s'“ \1) =0x from port @
Concove vp ie {"(x) >0
6x >0 when x>0

+ ye¥(x) is concove vp for %20

Use yoor 60C to check yoor onswer
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Points of Inflection

What s a point of inflection?

e Apointatwhichthe curve of thegraphof y = f(x) changes concavity is a point of
inflection
¢ Thealternative spelling, inflexion, may sometimes be used

What are the conditions for a point of inflection?
¢ Apoint of inflection requires BOTH of the following two conditions to hold

o thesecond derivativeis zero

« f'(x)=0
AND

o thegraphof y= (x) changes concavity
= f"'(x) changes sign through a point of inflection

POINT OF
e INFLECTION -
1x) =0

CONCAVE
DOWN

CONCAVE
DOWN

7(x) <0 7(x) <0

CONCAVE UP CONCAVE UP
f(x) >0 f(x)>0

e |tisimportanttounderstandthatthe first condition is not sufficientonits owntolocatea
point of inflection
o points where f''(x) = 0 could be local minimum or maximum points
= thefirstderivative testwould be needed
o However, ifitis already known f(x) has a point of inflection at x = a, say, then

'"(a)=0
What about the first derivative, like with turning points?

¢ Apoint ofinflection, unlike a turning point, does not necessarily have to have a first
derivativevalueof O ( £'(x) =0)
o Ifitdoes,itis also a stationary point andis often called a horizontal point of inflection
= thetangentto the curve at this point would be horizontal
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o The normal distributionis an example of a commonly used function thathas a graph
with two non-stationary points of inflection

Howdol find the coordinates of a point of inflection?
e Forthefunction f(X)

STEP1
Differentiate f{x) twicetofind f''(x) andsolve f''(x) =0 to find the x-coordinates of
possible points of inflection

STEP 2
Usethe second derivative to test the concavity of KX) eithersideof x=a

o If £''(x) <0then f(x)is concave down
o If £'(x) >0then f(x)is concaveup

If concavity changes, x = ais a point of inflection

STEP 3
If required, the y-coordinate of a point of inflection can be found by substituting the x-
coordinateinto f(x)

(’) Exam Tip
* ¢ You can findthe x-coordinates of the point of inflections of by
drawing the graph and finding the x-coordinates of any local
maximum or local minimum points
e Anotherway is to draw the graph andfindthe x-coordinates of the

points where the graph crosses (not just touches) the x-axis
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*9 Worked Example

°
Findthe coordinates of the point of inflection on the graph of
y=2x3—18x2+24x+5.
Fully justify that youransweris a point of inflection.

ster1: Differentidre twice, sove §"(x)=0
()= 2oc>-182c* + e 45
§'(e)z 6oc™ = 36 + 20
£ ()= 122 -36
122¢-36:0 when =3

STeP 2: Utethe Second desivativeto Yeatr concovity
i*(3)=0
§*(29)< 0 (concave down)
' (@1)20  (concove up)
COncou'\‘\'Y changes -\'\Wbua\w =3

orer3: The ‘[‘COOC'Aind\'e i¢ Fequired
$(2)= 2(3)°-18(2)* + m(3)+ 5 = -3)

Since £'(3):0 ann +he gaph o
\l='ﬂ‘x) changee Concavity through
x=3, +he poiak (3,-31) ¢ 0

point of inflection.

Uce yoor 60C Yo pet the gogh o 5=?(x)
and Yo help cee i} Yoo anSwer i sensible

Page 47 of 138

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers

YOURNOTES
l


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukfor more awesomeresources

5.3 Integration

5.3.1Trapezoid Rule: Numerical Integration

Trapezoid Rule: Numerical Integration

What is the trapezoid rule?

The trapezoidal rule is a numerical method usedto find the approximate area enclosed by
acurve, the x-axis andtwo verticallines
o itisalsoknown as ‘trapezoid rule’ and ‘trapeziumrule’

The trapezoidalrule finds an approximation of the area by summing of the areas of
trapezoids beneath the curve

o y,=fla), y =fla+h), y,=fla+2h)etc

fabf(x) dx ~ %h[(yo +yn)+2(yl +y, ¥ +yn_1)]

whereh=———
n

Note that there are n trapezoids (also called strips) but (11 + 1) functionvalues (yj)

The trapezoidalruleis given in the formula booklet

What else can be asked to do with the trapezoid rule?

Comparing the true answer with the answer from the trapezoidrule
o This mayinvolve finding the percentage errorin the approximation
o Thetrue answermay be givenin the question, found from a GDC or from work on
integration

(") ExamTip

e Ensureyou are clearabout the difference between the number of data points (
values) and the number of strips (humber of trapezoids) usedin a Trapezoid Rule
question

¢ Althoughit shouldn'tbe too much trouble to type the trapezoid rule into your
GDC inone go, it may be wise to work parts of it out separately and write these
down as part of your working out
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Using the trapezoidal rule, find an approximate value for

/‘4 6x2 q
0 x3+2 X

to 3decimalplaces,usingn=4.

a)

STEP 2: USING
WIDTH h=1,
VALUES ARE
0318233, 4

b)

Given that the area bounded by the curve , the x-axis andthelines x=0andx =4
is 6.993to three decimal places, calculate the percentage errorin the trapezoidal

rule approximation.

b)

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers

X=0 [ =0

x, =1 Y, =
x,=2 | y,=2.4
X, =3 y, =1.862
x, =4 y, = 1.454

b
gydx ~ %h(yo+ Yot 20y + Yo+ o+ y,q)

a

STEP 4: FIND h=229

b=4
USING | AND n=4

STEP 3: SETUP TABLE
AND USE EQUATION TO
CALCULATE y VALUES

STEP 4: USING
FORMULA FROM
FORMULA BOOKLET

SUBSTITUTE ALL VALUES

% x1x(0+1.454... + 2(2 + 2.4 +1.862...))

=1 (1.454... + 12,

2

524...)

=6.9893... =6.989 (3dp)

USING

% ERROR =

ESTIMATE - EXACT 100

EXACT

6.989 ~6.993 5

6.993

= -0.057200 @/\"

IGNORE MINUS, YOU COULD
DO EXACT-ESTIMATE TO
GET RID OFF THIS

=0.06% (2dp)

Page 49 of 138

YOURNOTES
i


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukfor more awesomeresources

5.3.2Introduction tolntegration

Introduction to Integration

Whatisintegration?

¢ Integrationis the opposite to differentiation
o Integrationis referred to as antidifferentiation
o Theresult of integration is referred to as the antiderivative
¢ Integrationis the process of finding the expression of a function (antiderivative) froman
expression of the derivative (gradient function)

What is the notation forintegration?

¢ Anintegralis normally written in the form
f (x) dx

o thelargeoperatorfmeans “integrate”

o “dx"indicates which variable tointegrate with respect to

° l‘(X) is the functionto beintegrated (sometimes called the integrand)
¢ Theantiderivativeis sometimes denoted by F(X)

o there’sthennoneedtokeep writingthe wholeintegral; refertoitas F(X)
« F(x) may also be called the indefinite integral of f(x)

What is the constant of integration?

¢ Recallone of the special cases from Differentiating Powers of x
o If f{x)=athen f'(x)=0

¢ This means thatintegrating O will produce a constant termin the antiderivative
o azerotermwouldn’t be written as part of a function
o every function, whenintegrated, potentially has a constant term

This is called the constant of integration andis usually denoted by theletter ¢
o itis oftenreferredtoas “plus c¢”

Without more information itis impossible to deduce the value of this constant
o there are endless antiderivatives, F(X) ,forafunction f(x)
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Integrating Powers of x
How dolintegrate powers of x?
¢ Powers of x areintegrated according to the following formulae:

n+1
o If f{x)=x"then fz‘(x) dx= i

of integration

P + cwhere n €Q, n# — 1 and cis the constant

o Thisis givenin the formulabooklet

o |fthe powerof X is multiplied by a constant then theintegralis also multiplied by that
constant

o If flx) = ax” then fl‘(x)dx= Py

and cis the constant of integration
dy

* dx notation can stillbe used with integration

* Notethatthe formulae above donotapply when x = — 1 as this wouldlead to division by

n+1

+ cwhere n €Q, n# — 1 and ais aconstant

zero
¢ Rememberthe special case:

o fadx=ax+c
= eg. f4dx=4x+c

o This allows constant terms to beintegrated

e Functionsinvolving roots willneed to be rewritten as fractional powers of x first
1

o eg.lf l‘(X) =53/x thenrewrite as f(X) =5x3 andintegrate
¢ Functionsinvolving fractions with denominators in terms of x willneedto berewritten as
negative powers of x first

4
o eg. If Alx)= 2 + x2 thenrewrite as f(x) =4x~2 + x2 andintegrate

e Theformulaeforintegrating powers of x apply to all rational numbers soitis possible to
integrate any expression thatis a sum or difference of powers of x
8X3 +1 2X1 +1

—r4_ 2
+4x+c=2xT—x*+4x+
3Tl T+1 dx+c=2xT—x*+4x+c

o eqg.lf f(x)=8x3—2x+4then ff(x) dx=

¢ Products and quotients cannot be integrated this way sowould need
expanding/simplifying first
o e.g. If flx)=8x2(2x~-3)then
16x*  24x3
fﬂx) dx=f(16x3—24x2) dx=—x- 2%

— 1.4 3
+c= - +
1 3 c=4x"-8x"+c¢

What might | be asked to do once |’ve found the anti-derivative
(integrated)?

« With moreinformation the constant of integration, ¢, can be found

e Theareaundera curve can be foundusingintegration
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(’) ExamTip YOURIl\lOTES
* ¢ You can speed up the process of integration in the exam by committing the
pattern of basic integration to memory

o Ingeneralyou can think of it as 'raising the power by one and dividing by
the new power

o Practice this lots before yourexam so thatit comes quickly and naturally
when doing more complicatedintegration questions

*> Worked Example
Given that

1
X =3x4-2x2+3-—=
dx X
findan expression for y in terms of x.

ﬁrg\;\lj rewtve ol bermns 08 povsert & =
-1 — 1 el
3?0: 3xT- A ¥ J-2 rachtond) e reagive

y* S L3x‘i-_2£+3_x'i) dx

= 32 -2 43 -x% +C
5 3 2 3 K
Specic coge 7 Co“‘;\b‘f\ o
'\n'\'eav’o.m
toke core it
Pegpines, -3 +1=3
e =3 5 9 3
lj —23xX = =2 ‘\'39(‘,'2E+c
5 3
Page 52 of 138

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukfor more awesomeresources

5.3.3 Applications of Integration

Finding the Constant of Integration
What is the constant of integration?

* When finding an anti-derivative there is a constant term to consider
o this constantterm, usually called c, is the constant of integration
¢ Interms of graphing an anti-derivative, there are endless possibilities
o collectively these may bereferred to as the family of antiderivatives or family of
curves
o theconstant of integrationis determined by the exact location of the curve
= if apoint onthe curveis known, the constant of integration can be found

How do | find the constant of integration?

e ForF(x)+c= ff(x) dx, the constant of integration, ¢ - and so the particular

antiderivative - can be foundif a pointthe graph of y = F(x)+c passes throughis known

STEP1
If need be, rewrite f(X) into anintegrable form
Eachtermneeds to be a power of x (ora constant)

STEP 2

Integrate each term of f'(x), remembering the constant of integration, “+c¢”
(Increase powerby 1and divide by new power)

STEP 3
Substitute the x and y coordinates of a given pointinto F(x) + ¢ toforman equationin ¢
Solvetheequationtofind ¢

(’) Exam Tip

- : . . . .
¢ |faconstantofintegration can be found then the question willneed to give you
some extra information

o Ifthisis given then make sureyou useitto findthevalue of c
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YOURNOTES
*9 Worked Example !

The graph of y = f(x) passes through the point (3,-4). The gradient function of
f(x)isgivenby f(x)=3x2—4x—4.

Find f(x).

el ¥ Lx) ie o\ eody in on 'm\'eam\a\e ‘?b\‘m
)= 3o~ Hoc -
STEP 2. \n‘\‘eﬁm‘\‘e_ rememoering "+’
Flo) = 3= - o’ -Mox ¢
3 P
¥loc) = - Do U + ¢
stEr 3 Sdctitole ac and y coordindres to find ¢
@)=
= (3)-2(3) - @) ve =-w
2A7-\8- 12 +c=-W
c=-\

 §loc)= - 20¢ - W -
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Area Under a Curve Basics YOURNOTES
What is meant by the area under a curve? l
y y = f(x)

L

0 x=a x=b X

| R IS THE AREA UNDER THE CURVE y = f(x)

e Thephrase “areaunderacurve” refers to the area bounded by

o thegraphof y = f(x)

o the x-axis

o theverticallinex=a

o theverticallinex=»>b
* Theexactareaundera curveis foundby evaluating a definiteintegral
e Thegraphofy= f(x) couldbea straightline

o theuseofintegration described below would stillapply

= butthe shape created would be a trapezoid

1
= soitiseasiertouse“A = Eh(a+ b)’

What is a definite integral?

[ 10x) dx=F(8) - F(a)

¢ Thisis known as the Fundamental Theorem of Calculus

e aandb arecalledlimits
o aisthelowerlimit
o bistheupperlimit

o f(x) is theintegrand

o F(X) is an antiderivative of ﬂx)

¢ Theconstant of integration (“+ ¢”) is not needed in definite integration
o "+¢” would appearalongside both F(a) and F(b)

”y

o subtractingmeansthe “+c¢”’s cancel

How do | form a definite integral to find the areaunder a curve?

e Thegraphofy= f(x) and the x-axis should be obvious boundaries for the area so the key
hereisinfinding aand b - thelower and upper limits of the integral

STEP1
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Usethe given sketch to helplocate the limits YOURNOTES
You may prefer to plot the graph on your GDC and find the limits from there 1
STEP 2

Look carefully where the ‘left’ and ‘right’ boundaries of the area lie
If the boundaries are vertical lines, the limits will come directly from theirequations
Look out forthe y-axis being one of the (vertical) boudnaries - in this case the limit (x) will
beO
One, orboth, of the limits, could be a root of the equation f(X) =0
i.e. wherethe graphof y = f(x) crosses the x-axis
In this case solve the equation l‘(x) =( to find the limit(s)
AGDC will solve this equation, either from the graphing screen orthe equation solver

STEP 3
The definiteintegral for finding the area can now be setup in the form

A= fbf(x) dx

(") Exam Tip
* e Lookoutforquestions that askyou to find anindefinite integralin one part (so
“+c” needed), thenin a later part use the sameintegral as a definite integral
(where “+¢” is not needed)
¢ Addinformation to any diagram providedin the question, as well as axes
intercepts andvalues of limits
o Markandshadethe areayou’re trying to find, and if no diagramis provided,
sketchone!
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Definite Integrals using GDC
Does my calculator/GDC do definite integrals?

¢ Modern graphic calculators (and some ‘advanced’ scientific calculators) have the
functionality to evaluate definiteintegrals
o i.e.theycancalculatetheareaunderacurve (see above)
e |facalculatorhas a button forevalutaing definite integrals it will look something like

[
O

¢ This may be a physicalbutton oraccessedvia an on-screen menu
¢ Some GDCs may have the ability to find the area under a curve from the graphing screen
e Becarefulwith any calculator/GDC, they may not produce an exact answer

How doluse my GDC to find definite integrals?
Without graphing first ...

¢ Onceyouknow the definiteintegral function your calculator will need three things in order
toevaluateit
o Thefunctiontobeintegrated(integrand) ( f(x))
o Thelowerlimit(afrom x = a)
o Theupperlimit (b from x = b)
¢ Haveaplay with the orderin which your calculatorexpects these to be entered - some do
not always work left toright as it appears on screen!

With graphing first....

e Plotthegraphofy= f(x)
o Youmay alsowish toplottheverticallines x=aandx=b
= make sureyour GDC is expectingan "x = " style equation
o Onceyou have plotted the graph you need to look foran option regarding “area” ora
physical button

= jtmay appearas theintegral symbol(e.g. fdx)

= your GDC may allow you to select the lower and upper limits by moving a cursor
alongthe curve - however this may not be very accurate
= your GDC may allow you to type the exact limits required from the keypad
= thelowerlimitwould be typedin first
= readanyinformation thatappears on screen carefully to make sure

(") Exam Tip

* * Whenrevising foryour exams always use your GDC to check any definite
integrals you have carried out by hand
o This willensure you are confident using the calculatoryou plan to take into
the exam and should also get you into the habit of usingyou GDC to check
yourwork, something you should do if possible
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YOURNOTES
*9 Worked Example !
[ J

a)

Usingyour GDC to help, or otherwise, sketch the graphs of
y=x%=2x2+5,

x=1and

X =2 onthesamediagram

Use Yhe ‘8\"0.9\'\' meou on yoor GOoc +o P\‘* 5= x‘*— 29(;2 +5
Yoo ™ay thea need o c\non&e the \inpd\'+spe' b x=

o enber =) and x=2.

Plet Yhe %rap\w o0 ypor 60C ond kelth the recolt, ensuﬁnﬁ
o include o\ the maia pﬁ:per‘\fee o eoch 3\’0.9\1.

=) x=2 Y ot 2245

b)
The area enclosed by the three graphs from part (a) and the x-axis is to be found.
Write down an integral that would find this area.

’ (x“‘— 278+5> dx
|

c)
Usingyour GDC, or otherwise, find the exact area described in part (b).

a
Giveyouranswerin the form 3 where a and b areintegers.

A
ﬂrea’-g (ac“'- 29&2'\’5) doxe = f‘ﬁ gc\uore U\‘\'\'\'Q
) IS

From the 36;}-»% Screen on our 60C the '\ﬁ'\’ea\'d\
velog wes gen e 6-53333333 - not exack!
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5.4 FurtherIntegration

5.4.1Integrating Special Functions

Integrating Trig Functions

How dolintegrate sin, cos and 1/cos??
¢ Theantiderivatives forsine and cosine are

fsinxdx= —-cos x+c¢

fcos xdx=sin x+c¢

where cis the constant of integration

o Also, fromthe derivative of tan x

1
f 5 dx=tan x+c¢
cos2 x

¢ Allthree of these standardintegrals arein the formula booklet
o Forthelinearfunction ax + b, where a and bare constants,

1

fsin (ax+b) dx= = cos (ax+b)+c
1

fcos (ax+b) dx=;s1n (ax+b)+c

f; dx=ltan(ax+b)+c
cos? (ax +b) a

 Forcalculus with trigonometric functions angles must be measured inradians
o Ensureyouknow how to change the angle mode onyour GDC

(") Exam Tip

et * Make sureyou have a copy of the formula booklet during revision but don't try
toremembereverythingin the formula booklet
o However, do be familiar with the layout of the formula booklet
= You'llbe able to quickly locate whateveryou are after
= You donotwanttobesearching everyline of every page!
o Forformulae you think you have remembered, use the booklet to double-
check
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YOURNOTES
*9 Worked Example
° l
a)
Find, in the form F(x) + ¢, an expression foreach integral

i. fcosxdx
ii. j‘ﬁ dx
cos2 \3x— ?/

i,

\L‘mear %)nci\'ion 01:4'\3)

b) Acurvehasequation y= f25in(2x + %) dx.

T
The curve passes through the point with coordinates (?, ﬁ)

Find an expressionfor y.

Y: 9\] Qink'loc*%) doc

y= 2[-;{@9 \21+%§i tc

PE x=m, y=3 B=-coe[ T+
° c= oo (T)+3
c= 43
2

& 3: _4:3_ -609(21*-%)
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Integratinge”x & 1/x
How dolintegrate exponentials and logarithms?

 Theantiderivativesinvolving eX and In x are
fe" dx=ex+c
1
f— dx=In|x| +c¢
X

where ¢ is the constant of integration

o Thesearegivenintheformulabooklet
« Forthelinearfunction (ax + b), where a and b are constants,

a

[ ax="Linjax+5| +
ax+b X—a ax c

o |tfollows fromthelastresult that

a
fax+b dx=In|ax+b| +¢

o which can be deducedusingReverse ChainRule
¢ WithlIn, itcanbeusefultowrite the constant of integration, ¢, as alogarithm
o usingthelaws of logarithms, the answer can be written as a single term

1
° f; dx=In|x| + In k=1n k|x|where kis aconstant

o This s similarto the special case of differentiating In (ax + b) when b=0

(’) Exam Tip

e Whenrevising, familiarise yourself with the layout of this section of the formula

booklet, make sure you know whatis andisn'tin there and how to find it very
quickly
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YOURNOTES
*> Worked Example !
[ J

+etx,

Acurve has the gradient function ld(X) = 3xt2

Given the exactvalue of (1) is In 10 — &3 find an expression for f(x).
(B L
oo [ (2 <) o=
[} Y-
%b,q: 3}31‘,‘\'1 dx + jc T 3

: 3[‘%\:\ \3x+2\] - e‘\--x e

$)= 10 -€> In |30} -e” ve =l 10-2
S etlal0 -l 5
C:\n k%§=\nl

& g\x\ = \n \330*1\ - e‘kx ¥ \n Py
¢ o R\3x+2\-e“_x)
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5.4.2Techniques of Integration

Integrating Composite Functions (ax+b)

What is a composite function?

¢ Acomposite functioninvolves one function being applied afteranother
¢ Acomposite function may be described as a “function of a function”
« This Revision Note focuses on one of the functions beinglinear - i.e. of theform ax + b

How dolintegratelinear (ax+b) functions?

 Alinear function (of x)is of the form ax+ b
e Thespecial cases for trigonometric functions and exponential andlogarithm functions
are

(e}

1
fsin(ax+ b)dx= - ;cos(ax+ b)+c

o

1
fcos(ax+ b) dx= ;sin(ax+ b)+c

feax+bdx=lea"+b+c
a

(e}

1 1
° -/ax+b dx=;1n|ax+b|+c

e Thereis one more special case
1
o ax+b)ndx=—F——=(ax+b)"*1+ cwhere n€Q, n= —1
J@@x+ by dx= s (ax+ ) Q
e c,inallcases,is the constant of integration
¢ Allthe above canbe deducedusingreverse chainrule
o However, spotting them can make solutions more efficient

(’) ExamTip
“ ¢ Although the specific formulaein this revision note are NOT in the formula
booklet
o almostall of theinformation you willneed to apply reverse chainruleis
provided

o make sureyou have the formula booklet open at theright page(s) and
practiceusingit
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YOURNOTES

*9 Worked Example !

Findthe followingintegrals
3
f3(7 -2x)3 dx

5
I’I 3“- 2x)5/3 dx 3}- (’2&-\-1) s dx
Using I (oac+by’ dox = — \mc&\:)““ +c

/3j_\ 5/

1 3[ ?x’ klxﬂ)

%
= TI-- —(T lac) +C

1
f 5 cos(3x—2) dx

1= j %Cog k3x-1) = '}1‘ I CoS (3:1:-2) Ax
Dsing j cos (0oe4b) doc = & 8in (0 +b)+c

I- l'z[ Smk?’x 21*0
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Reverse ChainRule

What isreverse chainrule?

e The ChainRuleis a way of differentiating two (ormore) functions
¢ Reverse ChainRule (RCR) refers to integrating by inspection
o spottingthat chainrule would be usedin the reverse (differentiating) process

How dol know when to usereverse chainrule?

¢ Reversechainruleis used whenwe have the product of a composite function and the
derivative of its second function
e Integrationis trickier than differentiation; many of the shortcuts do not work

1
Ax)
x)

o Forexample,in general /ef(x) dx #

o However, this resultis trueif z‘(x) islinear (aX + b)
¢ Formally,in function notation, reverse chainruleis used forintegrands of the form

I= fg'(x)t(g(x)) dx

o this does nothaveto be strictly true, but ‘algebraically’ it should be
= if coefficients do not match ‘adjust and compensate’ can beused
= e.g. 5x2isnotquitethe derivative of 4x3
= thealgebraic part (Xz) is 'correct’
= butthe coefficient5is ‘wrong’
= use ‘adjust and compensate’ to ‘correct’it
e Aparticularly usefulinstance of reverse chain rule torecogniseis

I= ) ) dx=In|f(x)| +¢

o i.e. thenumeratoris (almost) the derivative of the denominator
o 'adjust and compensate' may needto be used to deal with any coefficients

" eg.

x2+1 x2+1 3x2+3 1
=— =— =— 3
I= fx3+3x fx3+3x f B t3x dx 3ln|x +3x|+¢

How dolintegrate usingreverse chainrule?

¢ |fthe product canbeidentified, theintegration can be done “byinspection”
o theremay be some “adjusting and compensating” to do

* Noticealot of the "adjust and compensate method” happens mentally
o thisisindicatedin the steps below by quote marks

STEP1
Spotthe ‘main’ function

eqg. I= [x(5x2-2)6 dx

"the main functionis ( ... )® which would come from ( ... )7”
STEP 2
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‘Adjust’ and ‘compensate’ any coefficients requiredin the integral YOURNOTES
e.g."(...)7 would differentiate to 7( ... )6" 1
“chain rule says multiply by the derivative of 5x% —2, whichis 10x”

“thereisno'7' or ‘10’ in theintegrand so adjust and compensate”

1 1
_ 2 —9)6
I—7X 10Xf7X10XX(5X 2)6 dx

STEP 3
Integrate and simplify

1—1x ! x(5x2-2)7+
€9 1T T T ¢

1
I= 7O(Sx 2) +c¢

« Differentiation canbe usedas a means of checking the finalanswer
* Aftersome practice, you may find Step 2is not needed

o Douseitonmore awkward questions (negatives and fractions!)
» |fthe product cannot easily be identified, use substitution

(') ExamTip

* o Before the exam, practice this untilyou are confident with the pattern and do
not need to worry about the formula or steps anymore
o Thiswillsave timeinthe exam
e You canalways checkyourwork by differentiating, if you have time
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YOURNOTES

*9 Worked Example !
[ J

A curve has the gradient function £'(x) = 5x2sin(2x3).

Given that the curve passes through the point (0, 1), find an expression for f(x).
o) = jEx*sm (223) doc

;—(x) =5 j o Sin (2303) dx Toke Sogros o %oc‘\b\’

Thicic o produck, dmeokt iothe Jorem a‘(ac‘, 1(:(9\(1))
STEP 1+ Spot Yre “moin’ Jurckien

* the main ?uac‘\'\on i¢ Sin () which wod\d
o9 % come fow cos ()"

SverRa: 'Qc\jus\: ond Compens&'e' coéiftiesta
" o8 (..) woold ditterestidteto
22 wold differeckide o 6 < "

Compengd\'e 0‘3&’9\5
STEP 3: Infegrate 0nd Simdily

ey S con (2) v

Page 67 of 138

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

Substitution: Reverse Chain Rule
What isintegration by substitution?
e Whenreverse chain ruleis difficult to spot orawkward to use then integration by
substitution can beused

o substitution simplifies theintegral by defining an alternative variable (usually u) in
terms of the original variable (usually Xx)

o everything (including “dx” andlimits for definite integrals) is then substituted which
makes theintegration much easier

How dol integrate using substitution?

STEP1

Identify the substitution to be used - it willbe the secondary function in the composite
function

So g(X) in f(g(x)) and u =g(x)

STEP 2

Differentiate the substitution andrearrange
du

d_x can betreatedlike a fraction

(i.e. “multiply by dx” to getrid of fractions)

STEP 3

Replace all parts of the integral

All x terms should be replaced with equivalent u terms, including dx

If inding a definite integral change the limits from x-values to u-values too

STEP 4

Integrate and either

substitute x backin

or

evaluate the definteintegralusing the u limits (eitherusinga GDC or manually)

STEP5
Find ¢, the constant of integration, if needed

e Fordefiniteintegrals, a GDC should be able to process theintegral without the need fora
substitution
o beclearabout whetherworkingis required ornotin a question

(") Exam Tip

* e UseyourGDC to checkthevalue of a definiteintegral, evenin cases where

working needs to be shown
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YOURNOTES
9 Worked Example !

a)
Findtheintegral

f 6x+5
Getsx—1p &%

STEP \: \éen'\"<f3 he sdetitution
The co @&e %um‘\‘m e \330 +5- \)
The secondory fonckicn & Ahisie 3o+ 5x -\
= Lek 0=3a +5x -1
sTEP 2 Oifferediide 0 ond fearTancg

— = Gx-\—s

- odos (Gac+5) doc
oter 3: Replace ol 9or‘\'§ é; e \ﬁ\‘eera\
1- €x+5
(_3:2"-*5::.-\)

do

= f 9-3 do

STEP W \n\—e%r&\'e ord sd¥itte ¢ back o
(e 6 o aeeded ew&ud‘ficg C is odr required)
I & +c
-2

I- 2&3,%5;-;) +e

o I: -1
233+ 51y

+c

b)
Evaluate theintegral

f 6x+5 d
(3X2 +5x—1)3 X

givingyouranswer as an exact fractioninits simplest terms.
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YOURNOTES

Note thak yeu codld wee your €0C §r s post .

Cedoidhy oge ik Fo check yoor anewer!

x=)
Fom STEP 3 chowe, I=j 02 o
x=\
Chooge imite teo, 21, 0=3L1)'+S(1)-1=7
x=2, v=3()v 5@)-)1=2)
STEP W+ olegale ond evdlucie

o4y Fref o]
2Tz W

W)
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5.4.3 Further Applications of Integration

Negative Integrals

e Theareaundera curve may appear fully or partially under the x-axis

o This occurs when the function f(X) takes negative values within the boundaries of the

area

* Thedefiniteintegrals usedto find such areas

o willbe negativeif the areais fully under the x-axis

o possibly negativeif the areais partially under the y-axis

= this occurs if the negative area(s) is/are greaterthan the positive area(s), theirsum
willbe negative

How do | find the area under a curve when the curve s fully under the x-
axis?

STEP1

Write the expression for the definite integral to find the area as usual

This may involve finding the lower and upper limits from a graph sketch or GDC and f(x) may
needto berewrittenin anintegrable form

STEP 2

The answer to the definiteintegral willbe negative

Area must always be positive so take the modulus (absolute value) of it

e.g. If I= —36thentheareawouldbe 36 (square units)

How do | find the area under a curve when all, or some, of the curveis
below the x-axis?

¢ Usethemodulus function
o Themodulusis also called the absolute value (Abs)
o Essentially the modulus function makes all function values positive
o Graphically, this means any negative areas are reflectedin the x-axis
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| MODULUS

s

y = f(x)

AREA BELOW x—AXIS
"NEGATIVE AREA"

¢ AGDC willrecognise the modulus function

y=|f(x)|

'"NEGATIVE AREA"
REFLECTED IN x—AXIS
SO NOW POSITIVE

o look forakey oron-screeniconthatsays'Abs' (absolutevalue)

A= [ylas
a

o Thisis givenin the formula booklet

STEP1

If adiagramis not given, use a GDC to draw the graph of y = (x)
If notidentifiable from the question, use the graph to find the limits aand b

STEP 2

Write down the definite integral needed to find therequired area

Remember to include the modulus (| ... |) symbols around the function

Usethe GDC to evaluateit

(') Exam Tip

¢ |fnodiagramis provided, quickly sketch one so thatyou can see where the
curveis above and below the x - axis and split up yourintegrals accordingly
o Youshoulduseyour GDC to do this
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YOURNOTES
*> Worked Example !

The diagram below shows the graph of y = f(X) where f(x) = (x + 4)(X - 1)(x - 5)

y = f(x)

R\ P

Theregion R1 is boundedby the curve y = f(x), the x-axis and the y-axis.
Theregion R2 is boundedby the curve y = f(x), thex-axis andtheline x =3.

Find the total area of the shadedregions, R1 and Rz'

STer G\-op\'\ 8'\“9“1 i&n’r\% limits
6:=0 (5-@4'\@)
b=3 (line :c=3)

oTEP2: Write down Yhe isTegral fequired
ond vee a 60C Yo evoludte ik

H=j03 ‘ (ac+‘*)bc—\)[x—5) ‘ doc

A= 43-166 666 ...

< A=k3 Squose onils \3 9?)
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AreaBetween Curve & y-axis
What is meant by the area between a curve and the y-axis?

" /
b y = f(x)
R
d
\—_-_-__//
0 X
b
AREA OF REGION R =g x| dy
a

e Theareareferredtois theregionbounded by
o thegraphof y= f(x)
o the y-axis
o thehorizontalline y=a
o thehorizontalline y=b
* Theexactareacan be foundby evaluating a definiteintegral

How do find the area between a curve and the y-axis?
¢ Usetheformula

A=fb|x|dy

a

o Thisis givenin the formulabooklet
o Thefunctionis normally givenintheform y = f(x)
= sowillneedrearranginginto the form x =g(y)

o aand b may notbe given directly as couldinvolve the the x-axis (y = 0) and/or a root

of x=g(y)
= useaGDC toplotthecurve andfindroots as necessary
STEP1
If a diagramis not given, use a GDC to draw the graph of y = f(x)
(orx= g(y) if already in that form)
If notidentifiable from the question, use the graph to find the limits aand b

STEP 2
If needed, rearrange y = f(x) into the form x =g(y)
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STEP 3 YOURNOTES

Write down the definite integral needed to find the required area 1
Usea GDC toevaluateit

AGDCis likely to require the function written with ‘x’ as the variable (not ‘y’)
Remembertoinclude the modulus (| ... | ) symbols around the function
Modulus may be called ‘Absolute value (Abs)’ on some GDCs

¢ Intrickier problems some (orall) of the area may be 'negative’
o this wouldbe any area thatis to the left of the y-axis (negative x values)
o |x| makes such areas 'positive’ by reflecting them in the y-axis

= aGDC willapply |x| automatically as long as the modulus (| ... | )symbols are
included

(’) ExamTip
* e Ifnodiagramis provided, quickly sketch one so thatyou can see where the

curveis to theleft andright of they - axis and split up yourintegrals accordingly
o Youshoulduseyour GDC to do this
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%9 Worked Example YOURNOTES
[ J

i
Findthe area enclosed by the curve with equation y =2+ ./ x + 4, the y-axis and
the horizontal lines with equations y =3 and y = 6.

STEP \: GDC pof Shoust portially nead'we ok lieite given in quediion

From G’DC, 6 //3=2+m
,A—a

STerP 2: Reaﬂ'anae 5=$(ch o x=gL3)

5: 24',11‘\-\-
2= (ya) - = gletey Hiete
x= -y
STEP 3: Wk down idTeqral; uce GOC Yo evolodte
[
Q:X L- Y d 6
3 |3 ’ - (Tspe‘\'\')\gcsj |oc2-\'\~ac| c\cconaGDC)
3
A= 12333 333... 7
m'\a\\‘c\:e "Abe
oo 0.6GoC

~A=\23 Square onife (3 SS})

The exoct anauer ic 373 Lot cor GOC
was nd™ dd\e Yo recognice e, degpire
e ’ﬂsaog‘\a vee Hhe exack- pppraximae
boren (Q-D), Thie may ary berween
makes|models and will be dve Yo the
clgorthen weed 1o coleoldie it equle.
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AreaBetweena Curve andaline

¢ Areas whoseboundariesinclude a curve and a (non-vertical) straight line can be found
usingintegration
o Foranareaundera curve a definiteintegral willbe needed
o Foranareaunderalinethe shape formedwillbe a trapezium or triangle
= basicareaformulae canbeusedratherthan a definiteintegral
= usinga GDC, onemethodis not particularly trickier than the other
e Thetotal arearequired could be the sum or difference of the area under the curve and the
areaundertheline

How do | find the area between a curve and aline?

STEP1
If adiagramis not given, use a GDC to draw the graphs of the curve and line and identify the area
to be found

STEP 2
Usea GDC to findtheroot(s) of the curve, theroot of theline and the x-coordinate of any
intersections between the curve andline

STEP 3

Use the graph to determine whether areas willneed adding or subtracting

Deduce thelimits and so the definite integral(s) to find the area(s) underhte curve andline
Usea GDC tocalculate the area underthe curve

[*1vlax

Rememberto include the modulus (| ... |) symbols around the function

1
Usea GDC tocalculate the area undertheline - this could be another definite integral or 5 bh
1
foratriangle or Eb(a + b) for a trapezium

STEP 4
Addorsubtract areas accordingly to obtain a finalanswer

O Exam Tip

* ¢ Addinformation to any diagram provided

o Addaxes intercepts, as well as intercepts between lines and curves

* Markandshadethe areayou’re trying to find

¢ |fnodiagram provided, use your GDC to graph one andif you have time copy
the sketchinto yourworking
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*9 Worked Example

Theregion R is bounded by the curve with equation y = 10x — x2 — 16 and theline
with equation y =8 — x.

R lies entirely in the first quadrant.

Findthe area of theregion R.

Step1: Skeleh the 3(39\\ %am GOC plet; iAen\’i?S Ofea fequired

OTEP 2: 0“\3 icYersections ore 1 equired (UQE GDC)

Po'm\'g o‘{- iﬁ‘\‘er’SQC\'ion afe
(3,5) ana (8,0)

STEP 3 Defertaine +/-, liwitys, integrals, e

3
Area vnder wﬁe=j ||Oac—x1-|8| dc = 100
? 3

Area onder line = 3% (8-3)26 = 25
L

Ao fR: 100 - 25 = 125
3 2 6

RArencfR = 125 Sqpore oeile (20-8 3<})
€

I f’mé‘\cﬁ“ﬁ area oy R d’\rec\’\b T yoor 6oC
Yoo vy %ndr\' s\ paY Swe 00 exad onsuer
lodhic cote, on exect ancwer wos not demonded

co ether 2% or 208 (32f) is accepialle
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Volumes of Revolution Around x-axis
What is a volume of revolution around the x-axis?

e Asolid of revolutionis formed when an area bounded by a function y = f(x)
(and other boundary equations) is rotated 2 7t radians (360°) around the x-axis
¢ Thevolume of revolutionis the volume of this solid

e Becareful - the front’ and ‘back’ of this solid are flat
o they were created from straight (vertical) lines
o 3D sketches can be misleading

How do solve problems involving the volume of revolution around the x-
axis?

¢ Usetheformula
b
V= ﬂf v dx
a

o Thisis giveninthe formulabooklet
o yisafunctionof x
o x=aandx = b arethe equations of the (vertical) lines bounding the area
= If x=aandx = barenotstatedin a question, the boundaries couldinvolve the y-
axis (x=0)and/orarootof y = f(x)
= Usea GDC toplotthecurve, sketchitandhighlight the area to help
¢ Visualising the solid createdis helpful
o Try sketching some functions andtheirsolids of revolution to help

STEP1
If adiagramis not given, usea GDC to draw the graph of y = f(X)
If notidentifiable from the question, use the graph to find the limits aand b

STEP 2
Use a GDC andthe formula to evaluate the integral
Thus find the volume of revolution

(’) ExamTip
- ¢ Functionsinvolved can be quite complicated so type theminto your GDC
carefully

* Whetheradiagramis given ornot, usingyour GDC to plot the curve, limits, etc
(where possible) can help you to visualise and make progress with problems
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Worked Example YOUR TOTES

Find the volume of the solid of revolution formed by rotating the region bounded by

the graph of y =4/ 3x% + 2, the coordinate axes and the line x = 3 by 2 rradians
aroundthe x-axis. Give youransweras an exact multiple of 1.

STer 1= Use Gocto ‘)\6\' 3=$km) ; ided\?% licYo

From GDC
y: 3242
(——-'“\e\'\ne'x=3
(o) 3
boundes by the : 00 b3

coerdindie oxes

STEP 2 Use BOC ard Jormolo, %né Vdome

3 2
\-= n‘J (\/3902\-'1) dx = 337

o

2\N=337 cobiconte (10w 3¢%)

DEPer\Airﬂ o0 makefmode\ of yoor GOC you
Moy oF wmay nar ge\: o0 exo.c'\' ontuer

ﬁ' Yoo don\?, ‘\'3 e\la\odhng'“ﬁe \n‘\'ea"a\
withook 77 U:u‘\‘ Temerber 1o po\' it bock
%r ZPW writfen ongwer\)
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Volumes of Revolution Around y-axis
What is a volume of revolution around the y-axis?

» Very similarto above, this is a solid of revolution which is formed when an area bounded by
afunction y = f(x) (and other boundary equations)is rotated 2 1 radians (360°) around
the y-axis

¢ Thevolume of revolutionis the volume of this solid

How dol solve problems involving the volume of revolution around y-
axis?

e Usetheformula
b
V= th x% dy
a

o Thisis givenin the formulabooklet
o xisafunctionofy
= thefunctionisusually giveninthe form y = l‘(X)
= thiswillneedrearranginginto the form x = g(y)
o y=aandy= baretheequations of the (horizontal) lines bounding the area
» If y=aandy= b arenotstatedinthe question, the boundaries couldinvolve the
x-axis (y=0)and/orarootof x = g(y)
= Usea GDC toplotthe curve, sketchitandhighlight the area to help
¢ Visualising the solid createdis helpful
o Try sketching some functions andtheirsolids of revolution to help

STEP1

If adiagramis not given, usea GDC to draw the graph of y = f(x)

(orx = g(y) if already in that form)

If notidentifiable from the question use the graph to find the limits aand b

STEP 2
If needed, rearrange y = f(x) into the form x = g(y)

STEP 3

Usea GDC andthe formula to evaluate theintegral

AGDC willlikely require the function written with 'x" as the variable (not 'y")
Thus find the volume of revolution

(f) Exam Tip
* ¢ Functionsinvolved can be quite complicated so type theminto your GDC
carefully

* Whetheradiagramis given ornot, usingyour GDC to plot the curve, limits, etc
(where possible) can help you to visualise and make progress with problems
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*9 Worked Example

Find the volume of the solid of revolution formed by rotating the region bounded by
the graph of y = arcsin (2x + 1) andthe coordinate axes by 2 Tt radians around the

y-axis. Giveyouranswerto three significant figures.

sTEP 1+ Use 60Cto ok y=lar); dentiy limite
From G’DC /.

5N
N bounded by he

coerdindie oxes

e az=0 b2

STeP 2: Reoﬂ'anﬁe 5=$(vc) 1o >c=ng)
y= arccia (2 +)
Cin y = Qe +\

.
o= 2 \9\03 - \)
&P 3¢ Use GOC ard Jortndar, fiod Wdome

\= "'j " [& (sm y -\ )T dy (Type oo [lz (gin x-ls‘\ion 6oc)

V= 0278 75\ ..

2 \I= 0280 ¢obic onte (3 c§)
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5.5.1Kinematics Toolkit

Displacement, Velocity & Acceleration
What is kinematics?

¢ Kinematics is the branch of mathematics that models and analyses the motion of objects
¢ Commonwords such as distance, speed and acceleration are usedin kinematics but are
used accordingto their technical definition

What definitions do | need to be aware of?

 Firstly, only motion of an objectin a straight lineis considered
o this couldbe a horizontal straightline
= the positive direction would be to theright
o orthis couldbe a vertical straightline
= the positive direction would be upwards

Particle

¢ Aparticleis the generalterm foran object
o some questions may use a specific object such as a carora ball

Time fseconds

» Displacement, velocity and acceleration are all functions of time ¢
e Initially timeis zero t=0

Displacement s m

¢ Thedisplacement of a particleis its distancerelative to a fixed point
o thefixed pointis often (butnotalways) the particle’s initial position
» Displacement willbezero s =0 if the objectis at orhas returned toits initial position
¢ Displacement willbe negativeifits positionrelative to the fixed point is in the negative
direction (left ordown)

Distance dm

¢ Useof theword distance needs to be considered carefully and could refer to
o thedistancetravelled by a particle
o the(straightline) distance the particleis from a particular point
¢ Becarefulnotto confuse displacement with distance
o ifabusroutestarts andends atabus depot, when the bus has returned to the depot,
its displacement will be zero but the distance the bus has travelled will be the length of
theroute
¢ Distanceis always positive

Velocity vms"!

¢ Thevelocity of a particle is the rate of change of its displacement at time ¢
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 Velocity will be negativeif the particle is movingin the negative direction
» Avelocity of zero means the particle is stationary v=0

Speed |v|ms™!

¢ Speed is the magnitude (a.k.a. absolute value ormodulus) of velocity
o astheparticleis movingin a straightline, speed is the velocity ignoring the direction
» ifv=4,|v|=4
= ifv=—6,|v|=6

Acceleration ams2

* Theacceleration of a particleis therate of change of its velocity at time ¢
e Acceleration can be negative but this alone cannot fully describe the particle’s motion
o if velocity and accelerationhave the same sign the particle is accelerating (speeding
up)
o if velocity and acceleration have different signs then the particle is decelerating
(slowingdown)
o ifaccelerationis zero a =0 the particle is moving with constant velocity
o inallcases the direction of motionis determined by the sign of velocity

Are there any other words or phrases in kinematics | should know?

e Certain words and phrases canimply values ordirections in kinematics
o aparticle described as “atrest” means thatits velocity is zero, v=0
o aparticle describedas moving “due east” or “right” or would be movingin the positive
horizontal direction
= thisalsomeansthat v>0
o aparticle “dropped from the top of a cliff’ or “down” would be movingin the
negative vertical direction
= thisalsomeansthat v<0

What are the key features of a velocity-time graph?

e Thegradient of the graph equals the acceleration of an object

¢ Astraightline shows thatthe objectis accelerating at a constantrate

¢ Ahorizontal line shows that the objectis moving at a constant velocity

e Theareabetween graph and the x-axis tells us the change in displacement of the object
o Graph above the x-axis means the objectis moving forwards
o Graph below the x-axis means the objectis moving backwards

¢ Thetotal displacement of the object fromits starting pointis the sum of the areas above
the x-axis minus the sum of the areas below the x-axis

¢ Thetotal distance travelled by the objectis the sum of all the areas

¢ |fthe graph touches the x-axis then the objectis stationary at that time

o |fthegraphis above the x-axis then the object has positive velocity andis travelling
forwards

o Ifthe graphis below the x-axis then the object has negative velocity andis travelling
backwards
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VELOCITY 1

(v ms™1)

TIME
(t SECONDS)

SPEEDING UP BUT MOVING
BACKWARDS

[~]

(1] [INTIAL VELOCITY ]

2] | CONSTANT ACCELERATION ]

SLOWING DOWN BUT
STILL MOVING BACKWARDS

3] [ VARIABLE ACCELERATION ]

[=] [=]

DISTANCE TRAVELLED
E | coNsTANT VELOCITY ] FORWARDS

E DECELERATING (SLOWING DOWN DISTANCE TRAVELLED
BUT STILL MOVING FORWARDS) BACKWARDS

.
3

E INSTANTANEOUSLY AT REST
(STATIONARY FOR AN
INSTANT)

(") Exam Tip

- : . : . .
e Inanexamifyou are given an expression for the velocity then sketching a
velocity-time graph can help visualise the problem
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*9 Worked Example

Aparticleis projectedvertically upwards from ground level, taking 8 seconds to
return to the ground.

The velocity-time graph below illustrates the motion of the particle forthese 8
seconds.

v

(o)

IS

[y}

i)
How many seconds does the particle take to reach its maximum height?
Give areason foryouranswer.

ii)
State, with areason, whetherthe particle is accelerating ordecelerating at time
t=3.

i, Rt MOXiMOA \'eia\\’cl Ve\oc\'\'\/ 8 2evo

v=0 ok t:=%

“The por'\"\de dokes W ceconde Yo TROCH
s maxisnom height. This i becouse
e \le\od\*y e O mé' oW seconds.

i P E=3, velecity ig POSITVE
Q&e\ef'o{\’im e the 3\'06'\96\: o? ve\oc‘\\'y
At t=3, occelaation & NEGRTINE

% Pk 3 ceconds the portidle i decelering
0e 8 vélectly ard ocosleration hove

dFererr SierS.
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5.5.2 Calculus forKinematics

Differentiation for Kinematics
How is differentiation used in kinematics?

« Displacement, velocity and acceleration arerelated by calculus
¢ Interms of differentiation and derivatives
o velocity is therate of change of displacement

ds .
= V=E or V(t)=s(t)

o accelerationis therate of change of velocity

dv ,
=a=-or a())=v'(9

o soaccelerationis also the second derivative of displacement
d2s o
= F or a(t) =s (t)
o Sometimes velocity may be a function of displacement rather than time
= V(s) ratherthan V(t)

= a

dv

= insuchcircumstances, accelerationis a= Sa

= thisresultis derived from the chainrule
o Allacceleration formulae are given in the formula booklet
e Evenif amotion graphis given, if possible, use your GDC to draw one
o youcanthenuseyourGDC’s graphing features to find gradients
= velocity is the gradient on a displacement (-time) graph
= accelerationis the gradient on a velocity (-time) graph
¢ Dotnotationis often usedtoindicate time derivatives
o xissometimesusedas displacement(ratherthan s)in such circumstances

. dx s vel
o x=——,soxisvelocit
dr y
Lodx .
°© X=—">",80XIs acceleration
df
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*> Worked Example

a)

The displacement, x m, of a particle at t seconds, is modelled by the function
x()=268-27¢ + 84t.

Find expressions for X and X.

2= 2L3- 97 + 8wl

xzdx o o= 6F -Shl+8k
dt x = 6(E-Ak + )

x: 6@-“)\\77) |t is rot ctteiial 1o Jocterte orpuera

x:d & %z 12-5%

av

%= 6(2x-)

b)

Thevelocity, vms™', of a particleis given as v(s) = 6s— 552 —4,where s mis the
displacement of the particle.

Find an expression, in terms of s, for the acceleration of the particle.

v = bs- 5\
a= vdv % a= | 6s-5¢*-w)(6-105)
0 0
ds o) M
ds

a= 3\2-5e)( 6-5¢™-W)
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Integration for Kinematics
How isintegration used in kinematics?

ds
¢ Sincevelocity is the derivative of displacement (v = —) it follows that

dt
S=det

« Similarly, velocity will be an antiderivative of acceleration

V=fadt

¢ You might be given the accelerationin terms of the velocity and/or the displacement
o Inthis caseyou can solve a differential equation to find an expression for the velocity
in terms of the displacement

dv
a=v——

ds

How would | find the constant of integration in kinematics problems?

¢ Aboundary orinitial condition would needto be known
o phrasesinvolving the word “initial”, or “initially” are referring to time being zero, i.e.
t=0
o youmightalso be giveninformation about the object at some othertime (thisis called
aboundary condition)
o substituting the values in from theinitial or boundary condition would allow the
constant of integration to be found

How are definite integrals used in kinematics?

e Definiteintegrals can be usedto find the displacement of a particle between two pointsin

time
L

2
° f v(t) dt would give the displacement of the particle between the times ¢ = t, and

4

t= z‘2
= This can be foundusing a velocity-time graph by subtracting the total area
below the horizontal axis from the total area above

t
2
° f |V(t)| dt gives the distance a particle has travelled between the times ¢t = tl and

f

t=t2

= This can be foundusing a velocity velocity-time graph by adding the total area
below the horizontal axis to the total area above
= Usea GDC to plot the modulus graph y = [v({)|
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(’) Exam Tip .

e Sketchingthe velocity-time graph can help you visualise the distances
travelled using areas between the graph and the horizontal axis
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YOURNOTES
*9 Worked Example !
Aparticle movingin a straight horizontal line has velocity (v m s =2) at time ¢
seconds modelledby v(f) =8 — 12£2 - 2¢.

i. Given that theinitial position of the particle s at the origin, find an expression
forits displacement from the origin at time ¢ seconds.

ii. Find the displacement of the particle from the origin in the first five seconds of
its motion.

iii. Find the distance travelled by the particle in the first five seconds of its motion.

Use your GOC Yo ckeveh

(o Ve\ocj\‘\’y \:—'\‘\me) 3@5
0nd vee 't to check

Yo see \? o ondwess )
ose terfble. ]

i iovkal! — \:=O, “Oﬁain" —¢=0
slb)- Jv(’c\ d\::). (8EP-1ac*- ) ak

olt) = 26"-we - ¢
ok £:0, 60, *¢c=0

= elb)= 2w

where ¢ i¢ 6 congiast

i " firct $ve seconds’ — E,=0, =5
US'\rﬁa GOC thie woMd be

g: jos (8- 1222t ar
c=T725m
ii. Uginq o GOC thic weold be
a= j5 |eE-iar-2t| ek d Yer dictorce
A= 736-73»» o0...
= d=13Twm (3:%)
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5.6 Differential Equations

5.6.1Modelling with Differential Equations

Modelling with Differential Equations

Why are differential equations used to model real-world situations?

Adifferential equationis an equation that contains one or more derivatives
Derivatives deal withrates of change, and with the way that variables change with respect
tooneanother
Therefore differential equations are a natural way to model real-world situations involving
change
o Most frequently inreal-world situations we are interested in how things change over
time, so the derivatives used willusually be with respect to time t

How do | set up a differential equation to model a situation?

An exam question may require you to create a differential equation frominformation
provided
The question will provide a context from which the differential equationis to be created
Most often this willinvolve the rate of change of a variable being proportional to some
function of the variable

= Forexample, therate of change of a population of bacteria, P, at a particular time

may be proportional to the size of the population at that time

The expression ‘rate of’ (‘rate of change of...’, ‘rate of growth of...’, etc.) in a modelling
questionis a strong hint that a differential equation is needed, involving derivatives with
respecttotimet

dpP
= Sowith the bacteria example above, the equation willinvolve the derivative ar

Recallthe basic equation of proportionality
o Ifyis proportionalto x, then y = kx for some constant of proportionality k

= Soforthebacteria example above the differential equation needed would be
dpP B
T =kP
o Theprecisevalue of kwill generally not be known at the start, but willneed to be found
as part of the process of solving the differential equation
o Itcanoftenbeusefultoassumethatk> O when settingup yourequation
= |nthis case, -k willbe usedin the differential equationin situations where therate
of changeis expected to be negative
= Sointhebacteria example, if it were known that the population of bacteria was

dp
decreasing, then the equation couldinstead be written E = —kP
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*> Worked Example

a)

In a particularpond, therate of change of the area covered by algae, A, atany time t
is directly proportional to the square root of the area covered by algae at that time.
Write down a differential equation to model this situation.

-j_’;_ = kJA  (vhece k is o constant

dv ?rofor[;ono;\itT)

b)

Newton’s Law of Cooling states that therate of change of the temperature of an
object, T, atany time tis proportional to the difference between the temperature of
the object and the ambient temperature of its surroundings, T, , at that time.
Assuming that the object starts off warmer than its surroundings, write down the
differential equation implied by Newton’s Law of Cooling.

The o\uject s o~$5umo.A 1o be wormee than 'xts
S\Jrrounéiv\js‘ (Y] T‘Tm> (0]

{

'ﬂ_ -k (T-T.)

(w\ne.ce k>0 is o constant »f rrofortianq\it7)

We ex?ect the T.Emrllrb.tufe to be decreasing,

so -k n the elu@t;on sombiwed with k>0

ossutres 't‘no.t —j;{- '|s nejat'nte,
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5.6.2 Separation of Variables

Separation of Variables
What is separation of variables?

» Separation of variables can be usedto solve certain types of first order differential

equations
dy
¢ Lookout forequations of the form a =g(x)h(y)
dy
o je. dx is a function of x multiplied by a function of y

o be careful - the ‘function of x’ g(X) may justbe a constant!
dy
= Forexamplein P 6y.g(x)=6andh(y)=y
¢ |ftheequationisinthatformyou canuse separation of variables to try to solveit
¢ |ftheequationis notin that formyou willneedto use anothersolution method

How dol solve a differential equation using separation of variables?

1 \d
e STEP1:Rearrange the equationinto the form (h_(y))d_i =g(X)

o STEP 2:Taketheintegral of both sides to change the equationinto the form

f%(y)dy=/g(x) dx

o You canthink of this step as ‘multiplying the dx across andintegrating both sides’
= Mathematically that’s not quite whatis actually happening, but it will get you the
rightanswerhere!
o STEP 3: Work out theintegrals on both sides of the equation to find the general solution to
the differential equation
o Don’tforgettoinclude a constant of integration
= Although there are twointegrals, you only needtoinclude one constant of
integration
e STEP 4:Useanyboundary orinitial conditions in the question to work out the value of the
integration constant
o STEP5:If necessary, rearrange the solutioninto the form required by the question

(’7 ExamTip
* o Becarefulwith letters - the equation on anexammay notuse and asthe
variables

¢ Unless the question asks forit, you don’t have to change your solutioninto
form - sometimes it might be more convenient to leave your solutionin
anotherform
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YOURNOTES
*> Worked Example !
[

Foreach of the following differential equations, either (i) solve the equation by using
separation of variables givingyouranswerinthe form y = f(x) or (ii) statewhy the
equation may not be solved using separation of variables.

| dy eX+4x
a —_— =
dx 3y2
: ady . ¢ =" o
STEP 1: 3}’ ‘A_f-e_ + Y x 5(X)—e s 4% L\(7)—371
wer 2 $aytdy - Sl e
Don't ‘i’orjat constonl
STEP 3¢ 7/,5 = ex+ 2)(1"' c of ‘mt«zjro.tien
STEP 4: No \:\uuuAarr ToR ARl R s j;V‘?": o 5\(;? ‘dQP
. 3[ '« 2
STEPS: 7'= /e +2xt+c 7=¥(x)
Y
b) ——=4xy—2lnx.
) dx Y

"{xy~ 2lax s nol of the form S(K)\n(y),
so it may nol be so\vgcl usinj safm.ro.‘tion

of vaciables.

dy .
c) a =3y,giventhat y=2when x=0.
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d

‘lT_Alx_ =53 S(X)=3 \'\(7)=)’
1

{44, - (au

Don't ‘f’orsﬂ_ RS LioAl
ln ‘y\ = Ax + ¢ of ;nt23r>.‘tien
K7=2 when x=0
\nl'l\ =3(0)vyec =» c=1a2

For the \:yuw\iary conditicn 7=2, b > 0.
Thecefore we can Jru? the modulos sign from l)’\

Ix+la2 (eg,‘)(e\.\i)

y=e -

= |y= 2> yfo
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5.6.3 Slope Fields

Slope Fields

What are slope fields?

¢ We are considering here a differential equation involving two variables of the form

dy
a _g(X1 .Y)

d
o l.e., thederivative d—y is equalto some function of xandy
X

¢ Insomecasesitmay be possible to solve the differential equation analytically, while in
othercases thisis not possible

e Whetherornot the equation can be analytically solved, however, itis always possible to

dy
calculate the derivative dx atany point(x, y) by puttingthe xand y values intog(x, y)
o This means thatwe can calculate the gradient of the solution curve at any point that
the solution might go through

» Aslope field for a differential equationis a diagram with short tangentlines drawn ata

number of points

o The gradient of the tangentline drawn at any given point willbe equal to the value of

dy hatooi

— __ atthat 1

dx atthat poin

o Normally the tangentlines will be drawn for points that form a regularly-spaced grid of

xandyvalues
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12 YOURNOTES
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YAV VN VNN NN N —2b S S S S S S = NN\
VAN NN ANANADNNNNSNS—F -~V /2 /7 7 s — N\
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VAN AVNNANNDNNNSNSS— s S s s — NN\
e T T O e | e ey e |
VAN ANANNN NSNS —— b+ s s s s —~ NN\
VLV VNN NN~ —— 05— 0\
VAANNNSN —— — — — - b r s — ~ NN\
5 Y2550 45 1 <05 0 65 1 5 2 “25 " 3 x
VAN NANNSN— — v — — — — — ~ NN VAN
V' V' N N—— S D — — — — — NN NN
A\ AN NN——~ 7/ /S s m 4 — — — <~ ~ N NN\ VY
NN N\t A A A — e NN N )
A\ NN~~~/ / / /7 /74— =~ NN NNV
NN N — A A — N NN N
\N~N—~-/ / /7 7/ /7 4+ —=~>NNN VN VLY
s T R 3 T S
\' N~~~/ / /1 /7 /7 / /- 4+=>xNNN VLUV
\' N~/ /A A =25~ NN NNV
\'N— 7/ / /7 7 /7 7/ 4=V N V0V vy v
N\ N—2/ /A A A3~ NV v

SLOPE FIELD FOR d—i = ysinX — e ~SXcos X

How canl use slope fields to study the solutions of a differential
equation?
e Lookingatthetangentlinesin a slope field diagram will give you a general sense forwhat
the solution curves to the differential equation will look like
o Rememberthatthe solution to a given differential equation is actually a family of
solutions
o We need appropriate boundary conditions orinitial conditions to determine which of
that family of solutions is the precise solutionin a particular situation
e You can think of thetangentlines in a slope diagram as ‘flow lines’
o Froma given point the solution curve through that point will ‘flow” away from the point
inthe direction of the tangent line
e Foragiven point,you canuse a slope field to sketch the general shape of the solution curve
that goes through that point
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o

The given point here serves as a boundary condition, letting you know which of all the
possible solution curves is the one you want to sketch
The sketch should go through the given point, and follow the general ‘flow’ of the
tangentlines through therest of the slope field diagram
o Ingeneral, the sketched solution curve should not attempt to connect togethera
number of different tangentlinesin the diagram
= Thereis no guarantee that the solution curve willgo through any exact pointin the
‘grid’ of points at which tangent lines have been drawn
= Theonlytangentline thatyoursolution curve should definitely go throughis one at
the given ‘boundary condition’ point
The sketched solution curve may go along some of the tangent lines, but it should not
shouldnotcutacross any of them

o

o

y
VAN NN NN NANNNNSNBr s s = NN
VANANANANANANNANNNSAF 2/ /L L 7 S s — NN
R e . T . T . T i a1 Sy S .|
VAN NN NDNANNNNN—~F -~/ NN N
YAV VN VNN NN N —2b S S S S S S = NN\
VAN NN ANANADNNNNSNS—F -~V /2 /7 7 s — N\
R T s T N S SRSV S Ui, W Y |
VAN AVNNANNDNNNSN~S— st s s — NN
VYN NNNNN NS~ s Y~ \
VAN ANANNN NSNS ——— s o —~ N\
VLV VNN NN~ —— 08— 0N
LN AN INT T T T TR T T T T T
-3 '-25 -2 -—15 -1 -0, 05 1 415 2 25 ' 3 %
VAN NNSN— — -~ - o fm — — — — — ~ NN VAN
B e T /=5 — — — — — ~ N %\ N )
\NWNNN——+ ~7F /oy r 4 — ——~~xN N\
\ NN — A H S S S S A — — =~ N NN N
\V\NN—~~7 / / / /7 74— =~ N NN VNV )Y
NN NS A — N NN N
\N~N—=~- 2/ / /7 /77 4 —=~NN NNV Vv
e T B N o B e ST ST W |
\' N~~~/ / /1 /7 /7 / /- 4+=>xNNN VLUV
\' N~/ /A A =25~ NN NNV
\'N— 7/ / /7 7 /7 7/ 4=V N V0V vy v
N\ N—2/ /A A A3~ NV v

SOLUTION CURVE THROUGH THE ORIGIN

¢ Lookoutforplaces where the tangentlines are horizontal
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. y _ YOURNOTES
o Atsuchpoints =— =0
dx 1
o Therefore such points may indicate local minimum or maximum points for a solution
curve

dy
= Becareful - notevery pointwhere d_ =(is alocalminimum or maximum
X

- . . . Y
= Buteverylocal minimum ormaximum will be at a pointwhere —=— =0

dx
dy
o Don’tforgetthatyou canalso solve the equation a =g(X, y) =0 directly to identify

points where the gradient is zero

= Forexampleif % = sin(x —y), then the gradient will be zero anywhere where
x—y=0,xm +2m, *3m, ...

= Thisis anotherway to identify possible local minimum and maximum points for the
solution curves

= |f such a point falls between the ‘grid points’ at which the tangentlines have been
drawn, this may be the only way to identify such a point exactly
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YOURNOTES
*> Worked Example !
[

Consider the differential equation

2

. —O4(y—2)%(x— e =
dx )
a)
Using the equation, determine the set of points for which the solutions to the
differential equation willhave horizontal tangents.

The selvtion will Wave horitzees sl 'tomja«'ts
2.2,

\JLQFEVE\’ AX

The zxronen't;o.\ Purndl loa Ty wiew e,.luo.\ to zero.

4y

Ix = 0 uwhen 7-2.‘—0 or %-1=0.

The solvlions will have Lor;zonta\ tonaen‘ts
ot ony Foint whece 7=7. or x=1.

The diagram below shows the slope field for the differential equation, for
-10<x<10and-10<y<10.

TY
—— s =N NN NN S~
—_——— s S — ~ N N NN N N N~
——— s S S S — NN N NN N N S~
——— s S S =N NN N S~
—— — =SS S — NN NN N N~ —
——— s S S S S S  — NN N N N N =
_——— s S S S S S = N N N N e s~
_—— e S S S S A — = NN N Y N e = —
__________ M — ——— — — — — — —
—_—— e = S NN NNNTYY S S S - —
10 -8 -6 4 . [ F] ] K] ] 10 >x
— ===~ NANNNNNN—m S S
— — =~ ~NNNANNNY— S S S -
— — = ~~NNANANNNYN— S S S S s -
—— = ~~NANANANNNS =SS S S =
——=~NANANANNNYNN— S S s
— = ~~X\NANANNNN— S S S S S
——~~XNX\NANANNNN—=Vrr /S S S
— = =~~NANANANNNWN—F /S S S S
— = =~ NN NN NN P ARV AR SRV A A A G
— ==~ NANANNNNON— S S S S S S s—

b)
Sketch the solution curve for the solution to the differential equation that passes
through the point (0,-8).
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YOURNOTES
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YOURNOTES
l

5.6.4 Approximate Solutionsto Differential Equations

Euler’s Method: First Order

Whatis Euler’s method?

¢ Euler’s method is a numerical method for finding approximate solutions to differential
equations

¢ |ttreats the derivatives in the equation as being constant overshort ‘steps’

¢ Theaccuracy of the Euler's Method approximation can be improved by making the step
sizes smaller

How dol use Euler’s method with a first order differential equation?

d

e STEP 1: Make sure your differential equationis in d_i/ = f(x, y) form

e STEP 2: Write down the recursion equations using theformulaeyﬂ Y, +hX f(Xn, yn)

and X =X + h from the exam formula booklet

o hinthoseequationsis the step size
o theexam question willusually tellyou the correctvalue of htouse

o STEP 3:Usetherecursion feature on your GDC to calculate the Euler’s method
approximation over the correct number of steps

o thevalues forX0 and Yo willcome from the boundary conditions given in the question

¢) ExamTip

* ¢ Becarefulwithletters - in the equations in the exam, andinyour GDC'’s
recursion calculator, the variables may not be xandy
o |fan exam question asks you how toimprove an Euler's method approximation,
the answer willalmost always have to do with decreasing the step size!
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*> Worked Example

d
Consider the differential equation d_i/ + y=x+ 1 with the boundary condition
¥(0)=0.5.

a)
Apply Euler’'s method with a step size of h =0.2 to approximate the solution to the
differentialequationatx=1.

feom
Jler' - } (% 3))i Xy =X, his a constant oemula
Euler's method o =V 03 (53,3 X =3, +h filadsbupii } ‘fL"Hth
dy
STEP 11—~ = x-y« |
X
£lx,y)
STEP 20y = 4a*0.2%(x,-ya*1)  x_, =x,+0.2
) - —
\ (from
1_ves1_lan) f . 70)

STEP 23: We «eed 1. gel x feom O 1o 1, so we

will need L2225 steps.

o y(0)=0.5
n Xa Ya
0
I 0.2 0.6
2 0.4 0.172 feom GDC
3 0.6 0.856
4 0.3 l.oo43
S | 116384

y() =116 (35.4.)

b)
Explain how the accuracy of the approximation in part (a) could be improved.

Make the stzf size smaller.
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Euler's Method: Coupled Systems

How dol use Euler’s method with coupled first order differential
equations?
X
e STEP 1. Make sure your coupled differential equations arein E = fl (X,y, t) and
d
d_)t/ = fz(x,y, t) form

e STEP 2: Write down therecursion equations using the formulae

b's =Xn+th1(Xn,yn, tn),yn+1 =yn+be1(XH,yH, tu)and t . =t thfromthe

n+l
exam formula booklet
o hinthose equationsis the step size
o theexam question willusually tellyou the correctvalue of htouse
o STEP 3:Usetherecursion feature on your GDC to calculate the Euler’s method
approximation over the correct number of steps
o thevalues fOI‘XO, Yo and to willcome from the boundary conditions givenin the

gquestion
o frequently you willbe given an initial condition
= |ook outforterms like ‘initially’ or ‘at the start’
] inthisc:asetO

O Exam Tip

* e Becarefulwith letters - in the equations in the exam, andin your GDC’s
recursion calculator, the variables may notbex, yand t.
* |fan exam question asks you how toimprove an Euler's method approximation,
the answer will almost always have to do with decreasing the step size!
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YOURNQOTES
*> Worked Example !
° Consider the following system of differential equations:
& 3yt
e XY
dy 1
ETRRACANTSY

Initially x=T10 andy = 2.

Use Euler's method with a step size of 0.1to find approximations for the values of x
andywhent=0.5.

Yot = Va +BX 305, Vs 1) lEicicon=nt formula

fra=t, +h (BRI booklet

Euler's method for S =, X %0 01,) Feom
coupled systems

STEP 1: Equalions ace alceady in the proper form

Fo(%a0 ye 1)

— A
STEP 2% X, = X, +0.1x (7.)&,‘— 3\/,\ + 1)

Yoor = Yot 005 (ar yat BT)  t,, =t. 00
N~
W (from
LG TG g )

STEP 3: To gel T from O o 0.5 we meed 252225 steps.

0.

Taitially x=210 and y=2
t. Xa [ Ya

n

o} (o |0 D

| 0.1 1.5 3.3

2 0.12 12.91 4.81709 feom GDC
3 0.3 14,13 6.71323

4 0.4 15.037 8.8955

) 0.5 15.475 .36

x(0.5) = 15.5 (3 s.§.) 7(0.5): .4 (3s.4.)
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5.7 Further Differential Equations

5.7.1Coupled Differential Equations

Solving Coupled Differential Equations

How do | write a system of coupled differential equations in matrix form?
¢ The coupled differential equations consideredin this part of the course will be of the form

E— +b
ar X TYY
dy

E—Cx+dy

o a, b, ¢, d € Rareconstants whose precise value will depend on the situation being
modelled

= |nanexam question the values of the constants will generally be given to you
¢ This system of equations can also be representedin matrix form:

dx

E_abx
dy | \ed )y
dr

e [tisusually more convenient, however, touse the ‘dot notation’ forthe derivatives:

)

« This can be written even more succinctly as X = Mx

. (x] (ab) (x)
o Herex=| | M= ,and x=
y cd y

How dol find the exact solution for a system of coupled differential
equations?

« Theexactsolution of the coupled system X = Mx depends on the eigenvalues and

cd

o Theeigenvalues and/oreigenvectors may be given toyouin an exam question
o Ifthey arenotthenyou willneedto calculate themusingthe methods learnedin the
matrices section of the course
¢ Ontheexamyou willonly be asked to find exact solutions for cases where the two
eigenvalues of the matrix arereal, distinct, and non-zero
o Similarsolution methods exist fornon-real, non-distinct and/ornon-zero eigenvalues,
butyou don’tneedto know them as part of the IBAIHL course

ab
eigenvectors of the matrix of coefficients M = ( )
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» Lettheeigenvalues and corresponding eigenvectors of matrix M be /11 and /12, and p, and YOURNOTES
P, respectively 1
o Rememberfrom the definition of eigenvalues and eigenvectors that this means that
Mp1 = }Llpl and Mp2 = /12p2

e Theexactsolutionto the system of coupled differential equations is then
At Aot
x=Ae 1pl + Be 2p2

o This solution formulais in the exam formula booklet
o A, B € R areconstants (they are essentially constants of integration of the sort you
have when solving other forms of differential equation)
 Ifinitial orboundary conditions have been provided you can use these to find the precise
values of the constants A and B
o Findingthevalues of A and B willgenerally involve solving a set of simultaneous linear
equations (see the worked example below)
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YOURNOTES
*> Worked Example !
[

Therates of change of two variables, x and y, are described by the following
system of coupled differential equations:

dX_4
e XY
dy

- = +
T 2x+y

Initially x =2 and y=1.

4 —1
Given that the matrix ( )1 ) has eigenvalues of 3 and 2 with corresponding

1 1
eigenvectors ( | ) and (2 ) find the exact solution to the system of coupled

differential equations.
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YOURNOTES
Exact solution for coupled B e !
linear differential x=Ae*' p +Be*'p, T
equations ormula beokle

?dt Q;SeﬂVo-luﬂ.s o-né

% B P (:) + B (;.) SEgERTS G TS

- sa‘ut;an 'Fer‘mu‘g

At teo, x=(7)=(1)  RLULTRGT

Se Ae(1)+Be(2)= (1)

(:: SB = (7; ) S;WU‘tn'ﬂQnus qiumt;ons

= A=3, B=-|

X = 3" (:)'eu(;)
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Phase Portraits YOURNOTES
What is a phase portrait for a system of coupled differential equations? l
e Herewe are again considering systems of coupled equations that can berepresentedin
S ) P L
the matrixform x= Mx,wherex=| | M= ,and x=
y \c¢d) \Y)
e Aphaseportraitis a diagram showinghow the values of xandy change overtime
o Onaphase portrait we will usually sketch several typical solution trajectories
o Theprecise trajectory that the solution for a particular systemwill travel alongis

determined by the initial conditions for the system
e Let ),1 and 12 be the eigenvalues of the matrix M

o Theoverallnature of the phase portrait depends in large part on the values of)»1 and /12

What does the phase portrait look like when 4, and 1, arereal numbers?

* Recallthatforreal distinct eigenvalues the solution to a system of the above formis
At At .
x=Ae!' p +Be? p, where A, and A, aretheeigenvalues of Mand p, and p, arethe

corresponding eigenvectors
o AlHL only considers cases where/l1 and 22 aredistinct(i.e., )‘1 #/12) andnon-zero

¢ Aphase portrait willalways include two ‘eigenvectorlines’ through the origin, each one
parallel to one of the eigenvectors

1 —_
= Soifp. = ( \landp = ( \ forexample, then theselines through the origin will
1 2
\2) \ 4 )
haveequations y=2xandy= — ?X’ respectively

o Theselines will define two sets of solution trajectories

o Iftheeigenvalue correspondingto aline’s eigenvectoris positive, then there will be
solution trajectories along the line away from the origin in both directions as t
increases

o Iftheeigenvalue correspondingto aline’s eigenvectoris negative, then there willbe
solution trajectories along the line towards the origin in both directions as tincreases

o No solution trajectory willever cross an eigenvectorline

» |fbotheigenvalues are positive then all solution trajectories will be directed away fromthe
originas tincreases

o Inbetween the ‘eigenvectorlines’ the trajectories as they move away from the origin
willallcurve to become approximately parallel to the line whose eigenvector
corresponds to the larger eigenvalue
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BOTH EIGENVALUES REAL AND POSITIVE

Y
\\\%ﬁ

%\

A4 >A, >0, SO SOLUTION TRAJECTORIES BECOME

PARALLEL TO p, AS THEY MOVE AWAY FROM THE ORIGIN

¢ |fbotheigenvalues are negative then all solution trajectories will be directed towards the
origin as tincreases
o Inbetween the ‘eigenvectorlines’ the trajectories will all curve so that at points further
away from the origin they are approximately parallel to the line whose eigenvector
corresponds to the more negative eigenvalue
= They willthen converge on the other eigenvalue line as they move in towards the
origin
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YOURNOTES
BOTH EIGENVALUES REAL AND NEGATIVE !

0>A,>A,, SO SOLUTION TRAJECTORIES START PARALLEL TO
P, , AND CONVERGE ON p, AS THEY APPROACH THE ORIGIN

« |f one eigenvalueis positive and one eigenvalueis negative then solution trajectories will
generally start by headingin towards the origin before curving to head out away again from
the origin as tincreases

o Inbetween the ‘eigenvectorlines’ the solution trajectories will allmove in towards the
origin along the direction of the eigenvectorline that corresponds to the negative
eigenvalue, before curving away and converging on the eigenvectorline that
corresponds to the positive eigenvalue as they head away from the origin
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BOTH EIGENVALUES REAL AND POSITIVE

Y
\\\%ﬁ

%\

A4 >A, >0, SO SOLUTION TRAJECTORIES BECOME

PARALLEL TO p, AS THEY MOVE AWAY FROM THE ORIGIN

What does the phase portraitlooklike when 4, and 1, are imaginary
numbers?

e Herethe solution trajectories will all be either circles or ellipses with their centres at the
origin
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| PURELY IMAGINARY EIGENVALUES |

y

Q\

\) X

70

TRAJECTORIES ‘ORBIT’ AROUND THE ORIGIN. THEY MAY
BE ELLIPTICAL OR CIRCULAR, AND MAY BE CLOCKWISE OR
ANTICLOCKWISE (BUT ALL WILL EITHER BE ONE OR THE
OTHER FOR ANY PARTICULAR DIFFERENTIAL EQUATION).

¢ You candetermine the direction (clockwise or anticlockwise) and the shape (circular or

dx d
elliptical) of the trajectories by considering the values of E and d_)t/ forpoints on the

coordinate axes

) | )
o Forexample, considerthe system x= ( 1 -1 JX

1 -2
= Theeigenvalues of(1 _q )arei and —1, so the trajectories will be elliptical or
circular
dx d
o Whenx=1andy=0, A =1(1)-2(0)=1and d_)t/ =1(1)-1(0)=1

= This shows that from a point on the positive x-axis the solution trajectory will be
1
moving ‘to therightandup’in the direction of the vector( | )

dx d
Whenx=0andy=1,E=1(0)—2(1)= —2andd—};=1(0)—1(1)= -1

= This shows that from a point on the positive y-axis the solution trajectory will be

(e}

-1
The directions of the trajectories at those points tell us that the directions of the
trajectories will be anticlockwise
They also tellus that the trajectories will be ellipses
= Forcirculartrajectories, the direction of the trajectories when they cross a
coordinate axis will be perpendicularto that coordinate axis

-2
moving ‘to theleft and down’ in the direction of the vector( )

o

o

What does the phase portrait look like when A and A, are complex
numbers?
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 Inthiscase /11 and /12 will be complex conjugates of the form a £ bi, where a and b are non-

zerorealnumbers
o Ifa=0,b#0,thenwehavetheimaginary eigenvalues case above
e Herethesolution trajectories will all be spirals
o Ifthereal part of the eigenvalues is positive (i.e., if 2> 0), then the trajectories will spiral
away fromthe origin
o Ifthereal part of the eigenvalues is negative (i.e., if 2 <0), then the trajectories will
spiral towards the origin

COMPLEX EIGENVALUES COMPLEX EIGENVALUES
WITH POSITIVE REAL PART WITH NEGATIVE REAL PART

Y 4

(@& /7

) LY

X
TRAJECTORIES SPIRAL TRAJECTORIES SPIRAL
AWAY FROM THE ORIGIN INTO THE ORIGIN

¢ You candetermine the direction (clockwise or anticlockwise) of the trajectories by

—/

N

dx d
considering the values of FT and T}t/ forpoints on the coordinate axes

15
F le, iderth t X={ )x
o Forexample, consigertnesystem \_2 3}

1 —_
= Theeigenvalues of (2 3 Jare2 +3iand2 — 31, so the trajectories will be spirals

= Becausethereal part of the eigenvalues (2) is positive, the trajectories will spiral
away from the origin

dx dy

—_— = =+ = —_—= - + = —

T 1(1)+5(0)=1and T 2(1) +3(0) 2

= This shows that from a point on the positive x-axis the solution trajectory will be

o Whenx=1andy=0,

1
moving ‘to theright and down’ in the direction of the vector( 5 )

E—I(O)+5(l)=5andﬂ =-2(0)+3(1)=3

dr — dt
= This shows that from a point on the positive y-axis the solution trajectory willbe

o Whenx=0andy=1,

5
moving ‘to therightand up’ in the direction of the vector ( 3 )

o Thedirections of the trajectories at those points tell us that the directions of the
trajectory spirals will be clockwise
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YOURNOTES

*> Worked Example !
[

Considerthe system of coupled differential equations

dx 4D
e = T
dy
T =x-3y
-2 2
Giventhat —1 and —4 are the eigenvalues of the matrix | -3 , with

| ) draw a phase portrait for the

2
corresponding eigenvectors ( | ) and (
solutions of the system.

Bot\ E;SEnvm\ugs ace ne_joft'..:e, so ol tra:‘actor\.v_s Wi\l Lonverje
on The 0(;3;ﬂ« -4 15 more nejmt}ve Thon —\' S0 ooy {(cm
t\\g o('uj;n th, troqur_tnf(e,s -w.\” corve towo.(is t\'\E
() eigenvector line.

Xec
Y

)

cigenve

\iae for
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Equilibrium Points
What is an equilibrium point?
e Forasystem of coupled differential equations, an equilibrium point is a point (X, y) at
_ dx dy
which both e 0Oand o 0
o Because both derivatives are zero, therates of change of both x and y are zero
o This means that x and y willnot change, and therefore thatif the systemis everat the
point (x, y) thenitwillremain atthat point (X, y) forever
¢ Anequilibrium point can be stable orunstable
o An equilibrium pointis stableif forall points close to the equilibrium point the solution
trajectories move back towards the equilibrium point
= This means thatif the systemis perturbed away from the equilibrium point, it will
tendto move back towards the state of equilibrium
o If anequilibrium pointis not stable, thenitis unstable
= |fasystemis perturbed away from an unstable equilibrium point, it will tend to
continue moving further and further away from the state of equilibrium

) X
o Forasystemthatcanberepresentedinthe matrixform X= Mx, where x=| _ |,
y
(%) anax=(*)
M= d ,and X = , the origin (0,0)is always an equilibrium point
\cd) \Y)

o Considering the nature of the phase portrait for a particular system will tellus what
sort of equilibrium point the originis
o If both eigenvalues of the matrix M are real and negative, then the origin is a stable
equilibrium point
= This sort of equilibrium pointis sometimes known as a sink
o If both eigenvalues of the matrix M are real and positive, then the origin is an unstable
equilibrium point
= This sort of equilibrium pointis sometimes known as a source
o If both eigenvalues of the matrix M are real, with one positive and one negative, then
the originis an unstable equilibrium point
= This sort of equilibrium pointis known as a saddle point (you will be expected to
identify saddle points if they occurin an AIHL exam question)
o If both eigenvalues of the matrix M are imaginary, then the originis an unstable
equilibrium point
= Recallthatforall points otherthan the origin, the solution trajectories here all
‘orbit’ around the origin along circular or elliptical paths
o If both eigenvalues of the matrix M are complex with a negativereal part, then the
originis an stable equilibrium point
= Allsolution trajectories here spiralin towards the origin
o If both eigenvalues of the matrix M are complex with a positive real part, then the
originis an unstable equilibrium point
= Allsolution trajectories here spiral away from the origin
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*> Worked Example

a)

Considerthe system of coupled differential equations
I —3y+6
e X
Yy
— =x+4v—-
T x+y—-7

Show that (3, 4) is an equilibrium point for the system.

Whiew: =3 awd e B
dx

!1

p— O
‘_\-

~¢

3ry =7 =0

|

-
r+

Xl A e beth zece ot (3,4),

dt

thecefore (3. \*) 1s an 210;\;Lr;um

?o;nt 'Fof t‘r\e 5751:2'“.

b)
Consider the system of coupled differential equations
X
—=x+
T x+3y
dy
— = +
T 2x+2y

1
Giventhat4 and —1 are the eigenvalues of the matrix ( 59 ) with corresponding

1 —_
eigenvectors ( | )and ( ) ) determine the coordinates and nature of the

equilibrium point for the system.
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YOURNOTES
\IJ‘V\QV\ x =0 “"A)’:OJ—J—_’%:Oo\nA%—Z—:O. l

ThareTore Tha orij'.n (o, O) is the
eiv'\\;‘:r;u«\ fo'\nt 'For t\-\o. 5751..2“'\-

Oles o o.'\ﬁo.m/o.\ues Vs Pos'-tivo_ N R,

‘tS neﬁmt]ve_

Thecefore the Of;j'\ﬂ \s o saddle Point,
which is an unsteable e,ch'\\;Lr;um ?o'\n't_
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Sketching Solution Trajectories YOURNOTES

How dol sketch a solution trajectory for a system of coupled differential l
equations?
¢ Aphaseportrait shows typical trajectories representing all the possible solutions to a
system of coupled differential equations
e Foragivensetofinitial conditions, however, the solution will only have one specific
trajectory
« Sketching aparticular solution trajectory will generally involve the following:
o Make sureyou know what the ‘typical’ solutions forthe system look like
= You don’'tneedto sketch acomplete phase portrait unless asked, but you should
know what the phase portrait for your system would look like
= |fthe phase portraitincludes ‘eigenvectorlines’, however, itis worth including
theseinyoursketch to serve as guidelines
o Markthe starting point foryour solution trajectory
= Thecoordinates of the starting point willbe the x and y values when t=0
= Usually these are givenin the question as theinitial conditions for the system
o Determine theinitial direction of the solution trajectory
dx dy
= Todothis findthevalues of — and —— whent=0
dt dt
= This willtellyou the directions in which x and y are changinginitially

dx d
= Forexampleif FTi 2 and T)t/ =3 when t=0, then the trajectory from the

-2
starting point willinitially be ‘to the leftandup’, parallel to the vector ( 3 )

o Usetheabove considerations to create your sketch
= Thetrajectory shouldbegin at the starting point (be suretomark andlabel the
starting point on your sketch!)
= |tshould move away from the starting pointin the correct initial direction
= Asitmoves furtheraway from the starting point, the trajectory should conformto
the nature of a ‘typical solution’ for the system
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YOURNOTES
*> Worked Example !
° Considerthe system of coupled differential equations
&
e T
dy
T -3x+3y

Theinitial conditions of the system are such that the exact solution is given by

)!r=e6’(_1 1—26_%(51
\ 1)

\3)

Sketch the trajectory of the solution, showing the relationship between x and y as ¢
increases from zero.
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YOURNOTES

T\ne 2;3(nvo~ldt5 Lava é:{{trtﬂt 5;5!'\5, so t\nq tfmje.:.tory u'-“ bef.ome
i

ArPron;mth\r rat‘o.“ll to tLt rns'\t;#e Qijev\vm\ut'ﬁ E;jEﬂVﬂ-CtOf \:ne

as T moves ooy 'f”m the or‘;jlnn.
When £=20, x = (;) = (‘_2) stacling point

dx Cele). dy _ e -
T =(n)-5(5)= 1t 3,(1—-3(—u)+3(5)-18
S0 the tnilial trajzr.turr will be Tep and 1o the r:j\nt' e The

A:rect:nn n‘ t'lnﬂ. uﬂ.t.'t.of (I\“l; .

™7
e'lgﬂ.v\'lﬂ'-t“;
\iae %a( 3
N
y s *
) X
(-n,s)
g‘ﬁ&nvel-t"(f\\
. ﬁo( A}
stot‘ts ‘u? ’n% \in2
fo the cigwl L
y= X
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YOURNOTES
l

5.7.2 Second Order Differential Equations

Euler's Method: Second Order

How dol apply Euler’s method to second order differential equations?

+ Asecond order differential equationis a differential equation containingone ormore
second derivatives
¢ Inthis section of the course we consider second order differential equations of the form

$x _f dx
a2 1\t

o Youmay needtorearrange the differential equation given to getitin this form

dx
¢ Inordertoapply Euler's method, use the substitution y=Etoturnthesecondorder
differential equationinto a pair of coupled first order differential equations
‘ dx A dy d?x
=—t —_— = —
CYT e a T ae

o This changes the second order differential equation into the coupled system

¢ Approximate solutions to this coupled system can then be found using the standard Euler’s
method for coupled systems
o Seethenotes onthis methodin therevision note 5.6.4 Approximate Solutions to
Differential Equations

dx _

ar 7

dy

dt _f(X’ Y! t))
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YOURNOTES

*> Worked Example !

°
d?x

Considerthe second order differential equation Fr) + ZE + x = 50cost.

a)

Show that the equation above can berewritten as a system of coupled first order

differential equations.

5 2
AX:_Xﬁ2%+SOcost <% - f(x, 3 1)

Lel 4 = SubsTitution

)

2
TLgn %%. i‘t-L , SO 4 Y e_:.Luo.t'\on \oe.c.omQS
4y
it © —x—’Z_Y -\'SOr_osT_

T‘n‘\s 33\125 ‘t‘ne couP\O_A 575tq~vn

IR

dx
d

4y
cl't -x-7_7+50cos't

b)

dx
Initially x =2 and —— T = —1.Byapplying Euler's method with a step size of 0.1, find

dx
approximations forthe values of xand E whent=0.5.
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Euler's method for
coupled systems

X =X, +hxfl(xn’ Vs t,.)
Yot =Va tHX f(%,, ¥, 5 8,)

h is a constant

Frn-\ aAaxXom
formu h. Luok\lt

{rnm GDC

1., =t +h (step length)
Xn-u-\ = Xﬂ + O"‘Yn t,\‘_\ = T_,\*O.\
Yaen = 7“4- O.\('x“-'lxlna-SO‘_ost“)

ﬁ I«:t-,lly x:Z g..-\l 1:%:.—‘

n t. X ( v
0 (o 2 D
| 0.1 1.9 4
2 0.1 2.3 1.985
3 0.3 3.098% 11.058
4 0.4 4.2043 11,313
5 0.5 5.5356 14.835

At t

o |o-
+ X x
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Exact Solutions & Phase Portraits: Second Order

How can| find the exact solution for a second order differential
equation?

¢ Insomecases we can apply methods we already know to find the exact solutions for
second order differential equations

¢ Inthis section of the course we consider second order differential equations of the form

d2x N dx fbx=0
ae " Fae TOXT
o areconstants
dx
¢ Usethesubstitution y=Etoturn the second order differential equation into a pair of
coupled first order differential equations
" dx A dy d2x
=— t _— =
ST g4 T ae
o This changes the second order differential equation into the coupled system
dx
a7
dy
—=-bx—a
dt rTy

o

The coupled system may also berepresented in matrix form as

L)

= |nthe‘dotnotation’ here and
That can be written even more succinctly as X= Mx

= Here x= X ,X=(X1andM={_0 _1 \l
)% \y) \=b-a)

o

e Oncetheoriginalequation has beenrewritten in matrix form, the standard method for
finding exact solutions of systems of coupled differential equations may be used
o Thesolutions willdepend on the eigenvalues and eigenvectors of the matrixM
o Forthedetails of the solution method see the revision note 5.7.1 Coupled Differential
Equations
o Rememberthatexam questions will only ask for exact solutions for cases where the
eigenvalues of M arereal and distinct

How canluse phase portraits toinvestigate the solutions to second
order differential equations?

e Herewe are again considering second order differential equations of the form

d?x N dx fbx=0
— +ta— X =
ds det
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o a&barerealconstants YOURNOTES
dx
¢ Asshown above, the substitution y = ar can beusedto convert this second order {

differential equation into a system of coupled first order differential equations of the form
x=Mx

= ¥ )x=* Jonana=[ 0 1)
o Herex=| | x= and M=
y \Y) \=b -a)
¢ Oncetheequation has been rewritten in this form, you may use the standard methods to
construct a phase portrait or sketch a solution trajectory for the equation
o Forthedetails of the phase portrait and solution trajectory methods see therevision
note 5.7.1 Coupled Differential Equations
o Wheninterpreting a phase portrait or solution trajectory sketch, don’t forget that

_dx
Y=t

X
= Soif xrepresents the displacement of a particle, forexample, then y = E will

represent the particle’s velocity
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YOURNOTES
*> Worked Example
® l
d?x dx
Considerthe second order differential equation Fr) + 35 —4x=0.Initiallyx=3
dx 5
and a -

Show that the equation above can berewritten as a system of coupled first order
differential equations.

AQX -s dx Ai* = ix_
- 133 w""c(": At)
dx ,
LQ‘I: 7 = T . S\‘\nbt'lt\)tlor\
4 4’ :
TLe_ﬂ ‘E%:_ = A_t'l. so t\"‘Q Eido-t\On LQLO("’\QS
- 4x-3
gt = waT N

T\nls 3'“125 t\-\e cou?\aA systcun

dx |
it 7

d

TE = ey

b)

01
Giventhatthematrix(4 -3 has eigenvalues of Tand -4 with corresponding

1 4
differential equation.

1 —_
eigenvectors( )and( ),ﬁndtheexactsolutiontothesecondorder
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: YOURNOTES
Exact solution for coupled Feom axam
linear differential x = Ae™ p, + Be*' p, l
. {urnulm LneLllt
equations

— a—— )

= (3)=pet(t) e Be(3)

At 't=o, x=3 and 7:%:—2, 50

(2:»?3):(—1) => Az2, B=-1I

: o |
We have x = ("t ..3) A 50

c)
Sketch the trajectory of the solution to the equation on a phase diagram, showing

dx

therelationship between xand E .
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d | YOURNOTES
At t= O, H—=-7_ anl—ﬁ;=‘+(ﬁ)-3(-1)=\8. 1

Sa |nlt|o~l\7 't\no. So\ut:On tfa:)e.cter)/ ‘15 -to -t\nﬁ.
\Q'F on up. \ .
t A P ( \ ) enaenvactor

(0,0) s o
sa.clc“e Point

(3,-2)
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