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IB Maths DP
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4.1 Statistics Toolkit

4.1.1Sampling

Types of Data

What are the different types of data?

¢ Qualitative datais data thatis usually givenin words not numbers to describe something
o Forexample: the colourof ateacher's car

Quantitative datais data thatis given using numbers which counts or measures

something
o Forexample: the number of pets thata studenthas

Discrete datais quantitative data that needs to be counted

o Discrete data can only take specific values from a set of (usually finite) values
o Forexample: the numberof times a coinis flipped until a ‘tails’ is obtained

¢ Continuous datais quantitative data that needs to be measured
o Continuous data can take any value within arange of infinite values

o}

o

o

Forexample: the height of a student

Age can be discrete or continuous depending on the context orhowitis defined

If you mean how many years old a person is then this is discrete
If youmean how long a person has been alive then this is continuous

What is the difference between a population and a sample?
¢ The populationrefers to the whole set of things which you are interestedin

o}

Forexample: if avetwantedto know how long a typical French bulldog slept forin a
day then the population would be all the French bulldogs in the world

* Asamplerefers to a subset of the population which is usedto collect data from

o

Forexample: the vet might take a sample of French bulldogs from different cities and
record how long they sleepinaday

¢ Asamplingframeis alist of allmembers of the population

o

Forexample: alist of employees’ names within a company

¢ Usingasampleinstead of a population:

e}

o}

[e]

o

Is quickerand cheaper

Leads toless data needing to be analysed
Might not fully represent the population
Mightintroduce bias
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Sampling Techniques
Whatis arandom sample and a biased sample?

* Arandomsampleis where every member of the population has an equal chance of being
includedin the sample
¢ Abiased sampleis one from which misleading conclusions could be drawn about the
population
o Randomsamplingis an attempt to minimise bias

What sampling techniques do | need to know?
Simplerandom sampling

¢ Simplerandom samplingis where every group of members from the population has an
equal probability of being selected for the sample
¢ Tocarry this outyou would...
o uniquely numberevery member of a population
o randomly select n different numbers using arandom number generator or a form of
lottery (where numbers are selected randomly)
o Effectiveness:
o Usefulwhenyou have a small population orwanta smallsample (such as childrenina
class)
o Itcanbetime-consumingif the sample orpopulationis large
o Thiscannotbeusedifitis not possible to number orlist allthe members of the
population (such as fishin a lake)

Systematic sampling

+ Systematic samplingis where a sampleis formed by choosing members of a population at
regularintervals using a list
¢ Tocarry this outyouwould...
size of population (N)

o calculatethesize of theinterval k = ;
size of sample (n)

o choosearandom starting pointbetweenTandk
o selectevery kthmemberafterthe firstone
o Effectiveness:
o Usefulwhenthereis anatural order(such as alist of names ora conveyorbelt of items)
o Quickandeasytouse
o Thiscannotbeusedifitis not possible to number orlist allthe members of the
population (such as penguins in Antarctica)

Stratified sampling

o Stratified samplingis where the population is dividedinto disjoint groups andthen a
random sampleis taken from each group

¢ Theproportion of a group thatis sampledis equal to the proportion of the population that
belongtothat group
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e Tocarry this outyou would...

o Calculate the numberof members sampled from each stratum
size of sample (n)

size of population (N)
o Take arandom sample from each group

o Effectiveness:

Usefulwhen there are very different groups of members within a population

The sample willbe representative of the population structure

The members selected from each stratum are chosenrandomly

This can not be usedif the population can not be splitinto groups orif the groups

overlap

X number of members in the group

o

o

(e}

(e}

Quota sampling

¢ Quotasamplingis where the populationis splitinto groups (like stratified sampling) and
members of the population are selected untileach quotaiis filled
e Tocarry this outyouwould...
o Calculate how many people you need from each group
o Selectmembers from each group untilthat quotaiis filled
= The members donot have to be selected randomly

o Effectiveness:
o Usefulwhen collecting data by asking people who walk past you in a public place or
when a sampling frame s not available
o This canintroduce bias as some members of the population might choose notto be
includedin the sample

Convenience sampling

e Convenience samplingis where a sampleis formedusing available members of the
population who fit the criteria
e Tocarry this outyou would...
o Selectmembers that are easiesttoreach
o Effectiveness:
o Usefulwhenalist of the populationis not possible
o Thisis unlikely to berepresentative of the population structure
o Thisis likely to produce biasedresults

What are the main criticisms of sampling techniques?

¢ Mostsampling techniques can beimproved by taking a larger sample

e Sampling canintroduce bias - so you want to minimise the bias within a sample
o Tominimise bias the sample should be as closetorandom as possible

¢ Asampleonly gives information about those members
o Different samples may lead to different conclusions about the population
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*9 Worked Example

Mikeis a biologist studying micein an open enclosure. He has access to
approximately 540 field mice and 260 harvest mice. Mike wants to sample 10 mice
andhe wants the proportions of the two types of mice in his sample to reflect their
respective proportions of the population.

a)
Calculate the number of field mice and harvest mice that Mike should includein his
sample.

Tofa\ number of mice

540 +260 - 800
~— Fraction of field mice

Feld mice 340 x10- 635

Sample size

~— Fraction of harvest mice

Harvest mice %g x10=3.25

Include ¥ Field mice and 3 harvest mice

b)
Given that Mike does not have alist of allmicein the enclosure, state the name of
this sampling method.

No list of population 50 can not be a random sample
Quota  sampling

c)
Suggest one way in which Mike could improve his sampling method.

Mark (ould improve his sampling method
\33 inureasing his somple Size
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Reliability of Data YOURNOTES

How canl decideif datais reliable? l
e Datafromasampleis reliableif similarresults would be obtained from a different sample
from the same population
¢ The sample should be representative of the population
¢ The sample should be bigenough
o Sampling a small proportion of a population is unlikely to be reliable

What can cause data to be unreliable?

¢ Ifthesampleis biased
o |tisnotrandom
 |f errors are made when collecting data
o Numbers could berecordedincorrectly, duplicated ormissed out
¢ |ftheperson collectingthe data favours some members over others
o Theymight seek out members who willlead to a desired outcome
o They might exclude members if they would cause the sample to oppose the desired
outcome
¢ |fasignificant proportion of datais missing
o Somedatamay be unavailable
o Some members might decide notto be part of the sample
= This willmean theresults are not necessarily representative of the population
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4.1.2 Data Collection

Methods of Data Collection

How dol choose variables toinvestigate?

* Keep the number of variables you investigate to a minimum
o Toomany variables at once can be overwhelming
o It canbetime-consumingto process unnecessary data
¢ Youshould choosevariables that are linked to what you are investigating
o Ifyou areinvestigating the ability of adults to solve puzzles you might use the timeiit
takes them as avariable
o Considerwhichvariables are likely to have an effect on what you areinvestigating
= Anadult’s reading speedwill affect their time to solve a puzzle
= Anadult’s heightis unlikely to affect theirtime to solve a puzzle

What makes a good survey?

¢ Asurveyis amethod of collecting data
¢ Considerwhetherthe survey needs to bein-person
o Apersonmightbeless likely to answer questions truthfully in person
o You can quickly survey more people remotely orelectronically
= Suchas postal surveys, phone surveys, internet surveys
¢ Considerwhethertheinterviewer could unintentionally influence participants’ responses
o If aheadteacheris asking students whetherthey enjoy school then they are more likely
to sayyes as they think thatis what the headteacherwants to hear
o This willintroduce bias

What makes a good questionnaire?

¢ Aquestionnaireis alist of questions
¢ The questions should be unbiased
o Questions should notbeleading
= Forexample: “You enjoy school, don’tyou?”
o If options are given forthe participant to choose from then they should coverall
possibleresponses
¢ The questions should not be personal
o This means you should not ask forunnecessary personal information
= Suchas date of birth, address, etc
o The questions should not reflect your personal opinions
= Forexample: “Doyou enjoy watching the boring news on TV?”
o People can findit difficult torate personal feeling/qualities
= Forexample: “How smart do you thinkyou are?”
¢ Questions can be structured or unstructured
o Structured questions usually ask the participants to choose from options, give a
rating orrank options
= Thesecanbe quicktoanalyse
= The answerchoices shouldbe consistent where appropriate
o Unstructured questions let the participants to express their views in their own words
= Thesetendtobe more open-ended questions
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= Thesecantakelongertoanalyse butcan give morein-depth views YOURNOTES
¢ Questions should be precise and unambiguous 1
o Theyshouldbephrasedin awayin which the participants understand exactly what
youmean

o Forexample: “Doyou study French or Spanish at school” is not precise
= Some people mightreply with “Yes” or “No”
= Some people mightreply with “French” or “Spanish”
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Reliability & Validity
What s reliability & validity of a data collection method?

¢ Reliability measures how consistent a process is at measuring a variable
o Aprocessisreliableif youwould get the same results by repeating the process with
the same sample using the same conditions
¢ Validity measures how accurate a process is at measuring a variable
o Aprocessisvalidifitis accurately measuring the variable you wantit to measure
e Ifyourprocessis foundnotto bereliable orvalid then:
o Adjustthe data collection process
o Changethe samplingtechnique
o Usealargersample

What are tests to checkreliability?

¢ Test-retest
o Thisis whereyou use a data collection process with a sample and then repeat the
same process with the same sample at alater time
= Theresults should show positive correlation if the process is reliable
= Theresults might not perfectly match due to external factors during the gap
between the data collection
= Oncethesample has been through the process once they will be familiar so this
couldleadto different results from the second process
¢ Parallel forms
o Thisis whereyou give the same sample a second set of questions (orsecond set of
experiments) which are similar to the first set
= Theresults should show positive correlation if the process is reliable
= |tcan bedifficult to make the two processes similarto each other

What are tests to check validity?

¢ Content-related validity checks
o Thisis whereyou checkhow well the process measures all aspects of the variable
= |fthe processisvalidthenitshould coverallaspects of the variable
= These checks require knowledge of the variable so experts are often used
= Anexample of a process thatis valid:
Ateacherwants to assess how well students understand calculus so they set
questions covering differentiation, integration and applications
= Anexample of a process thatis not valid:
Arestaurant managerwants to assess how good a chefis at cooking steaks so
asks the chef to make 10 medium steaks
¢ Criterion-related validity checks
o Thisis whereyou check how well one variable predicts the outcome for another
variable (called the criterion variable)
= |fthe processis validthen the variable should be a good predictor
= Anexample of a process thatis valid:
Results from a mock exam beingused to predict the results in the actual exam
= Anexample of a process thatis not valid:
Results from measuring the heights of meerkats being usedto predict the heights
of squirrels

Page 10 of 176

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers

YOURNOTES
i


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

YOURNOTES

*9 Worked Example !
[

Tomas is a dogtrainer. Before he agrees to train a doghe assesses the dog’s
obedience. To do this, he firstvisits the dog, asks it to perform 10 basic commands
andrecords how many the dog successfully carries out. Two days later, Tomas
visits the doga secondtime and asks it to do the same 10 commands. Tomas
assesses 8 dogs using this process and the table below shows the number of
commands performed successfully by each dog on each visit.

Dog | 1 2 3 4 5 6 7 8
Firstvisit] 3 5 2 3 6 2 0 5
Second| 4 5 2 4 5 2 1 5

VISt

a)
State thereliability test that Tomas is using.
Tomas i using exad"ld the same process with the same samp|e

Test - refest

b)
Comment on the reliability of Tomas' process.

The number of ommands that each dos suuesswcullﬁ
perf'ormed on the second visit was either the same as
the bicst visit or very similar Therem‘ore the process is

relmble
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4.1.3 Statistical Measures

Mean, Mode, Median

What are the mean, mode and median?

¢ Mean, median and mode are measures of central tendency
o Theydescribe where the centre of the dataiis
e Theyarealltypes of averages
¢ |nstatisticsitisimportant to be specific about which average you arereferring to
¢ Theunits forthe mean, mode and median are the same as the units forthe data

How are the mean, mode, and median calculated for ungrouped data?

e Themodeis thevalue thatoccurs most oftenin a data set
o ltis possible forthere to be more than one mode
o ltis possible fortheretobe no mode
= |nthis casedonot say the modeis zero
¢ Themedianis the middle value when the datais in order of size
o |fthere aretwovalues in the middle then the medianis the midpoint of the two values
¢ Themeanis the sum of allthe values divided by the number of values

_ 1 Z
X=—2.X.
n;= 1

n
o Where Z X =X + X, +...+ X is the sum of the n pieces of data
i=1
o Themean can berepresented by the symbol u
¢ YourGDC can calculate these statistical measures if you input the data using the statistics

mode
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YOURNOTES

*9 Worked Example !

Find the mode, median and mode for the data set given below.

43 29 70 51 64 43

MOO‘E’, is ﬂf\e most ommon

Mode = 43
Median is the middle when in order
9 43 43T5l bk 30

43+81
y 4t

Median = &1

X
Mean = o

Ix =300 and n=b 320 = 50
/"\ean = 50
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Quartiles & Range YOURNOTES
What are quartiles? l

¢ Quartiles are measures of location
¢ Quartiles divide a population or data setinto four equal sections
o Thelower quartile, @ splits the lowest 25% from the highest 75%
o Themedian, Q, splits the lowest 50% from the highest 50%
o Theupperquartile, Q3 splits the lowest 75% from the highest 25%
e There are different methods for finding quartiles
o Values obtained by hand and using technology may differ
¢ You willbe expectedtouseyour GDC to calculate the quartiles

What are therange and interquartile range?

* Therange andinterquartilerange are both measures of dispersion

o Theydescribe how spread outthe datais
¢ Therangeis thelargestvalue of the data minus the smallest value of the data
¢ Theinterquartilerangeis therange of the central 50% of data

o ltistheupperquartile minus the lower quartile

IQR=Q,- Q,

= Thisis givenin the formula booklet
e Theunits fortherange andinterquartilerange are the same as the units for the data
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YOURNOTES

*> Worked Example !

Findtherange andinterquartile range forthe data set given below.
43 29 70 51 64 43
Ran%e = Maiimum - M‘\mmum
10 - 29
Range = 4|

Fid upper and lower quartiles using 4DC

le 43 and Qs:bq‘
lQR = Q3 - Q\

b - &3
QR - 21
Bt\ hand
. Range. :
9 Lr‘3 L»3‘5l 611- 10
QR
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Standard Deviation & Variance

What are the standard deviation and variance?

¢ Thestandard deviation andvariance are both measures of dispersion
o They describe how spread out the datais inrelation to the mean
¢ Thevarianceis the mean of the squares of the differences between the values and the
mean
o Varianceis denoted 2
¢ Thestandard deviationis the square-root of the variance
o Standarddeviationis denotedo
¢ Theunits forthe standard deviation are the same as the units forthe data
¢ Theunits forthe variance are the square of the units forthe data

How are the standard deviation and variance calculated for ungrouped
data?

¢ Inthe examyou will be expectedto use the statistics function on your GDC to calculate the

standard deviation and the variance
e Calculating the standard deviation and the variance by hand may deepen your

understanding

1 n
e Theformula forvarianceis 02 = ; Z (XI. - )_()2
i=1
o This canberewritten as

1 n
o2=— inz_xz

=1
1 n
¢ Theformula forstandard deviationis o= P Z(XI.—)_()Z
i=1
o This canberewritten as
1 &
o=, — 2. x? -x2
n; ;=

¢ Youdonotneedtolearnthese formulae as you willuse your GDC to calculate these
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YOURNOTES

*9 Worked Example !

Findthevariance and standard deviation for the data set given below.

43 29 70 51 64 43

Find variane and standard deviation using GaDC
o < 189.333. and oy = 13359

Var"m\nce = 189 (sz)
Standard devigtion = 13.8 (3sF)

33 hand
- Z_z B 2
. :‘ X

Lx*= 16136 X =90 n:=b

ot “"63" - 50% - 189.333.

o- V18433, =13.359.
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4.1.4Frequency Tables

Ungrouped Data
How are frequency tables used for ungrouped data?

e Frequency tables can be used forungrouped data whenyou havelots of the samevalues
within a data set
o Theycanbeusedtocollectand present data easily
e Ifthevalue 4 has a frequency of 3this means that there are three 4’s in the data set

How are measures of central tendency calculated from frequency tables
withungrouped data?

« Themodeis thevalue thathas the highest frequency
¢ Themedianis the middlevalue
o Usecumulative frequencies (running totals) to find the median
e Themean can be calculated by
o Multiplying each value x;by its frequency f;
o Summingto get Zfix;
Dividing by the total frequency n = Xf;
This is given in the formula booklet

o

(e}

X =

(e}

Your GDC can calculate these statistical measures if you input the values and their
frequencies using the statistics mode

How are measures of dispersion calculated from frequency tables with
ungrouped data?

¢ Therangeis thelargestvalue of the data minus the smallest value of the data
¢ Theinterquartilerangeis calculated by

IQR=0Q,-Q,

o The quartiles can be found by usingyour GDC andinputting the values and their
frequencies
¢ Thestandard deviation and variance can be calculated by hand using the formulae
o Variance

o Standard deviation
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1 k -
o=,—¥ Fx2?—x
n;j=111

2

o Youdonot need tolearn these formulae as you will be expectedto useyour GDC to
find the standard deviation and variance
= You may wantto see these formulae to deepen yourunderstanding

") ExamTip

¢ Always check whetheryouranswers make sense when usingyour GDC
o Thevalue fora measure of central tendency should be within the range of
data

)
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*> Worked Example

The frequency table below gives information number of pets owned by 30 students

inacl

Find

a)
the

b)
th

ass.
Numberofpets | O 2
Frequency n 5 8 6
mode.
Mode = value with higMé’r frequencg
Mode = 0
emedian.
Median = middle value
n=30 50 median is mdpoint of 15" and 16"
Numher oF peb 0 \ 2 3
Cumulative Frequen(ﬁ [ 6 24 30
Median = |
c)
the mean.
Formula ] $ ,
BOOklef ean. %, of o set of data | ¥=-=L- n:;f,
o Zfx 11xD + 5 + 842 4 623 39
n l+5+%+ b 30
Mean = 1.3

d)
the standard deviation.
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Use GDC o = 1159.. YOURlNOTES
Standard deviation = 1. 16 (3sF)
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GroupedData

How are frequency tables used for grouped data?

e Frequency tables can be used for grouped data whenyou havelots of the samevalues
within the sameinterval
o Classintervals willbe written using inequalities and without gaps
= 10<x<20and20<x<30
o Iftheclassinterval 10 £ x <20 has a frequency of 3 this means there are three values in
thatinterval
= You donotknow the exact data values when you are given grouped data

How are measures of central tendency calculated from frequency tables
with grouped data?

¢ Themodal classis the class that has the highest frequency
o Thisis forequalclassintervals only
¢ Themedianis the middlevalue
o Theexactvalue cannotbe calculated butit can be estimated by usinga cumulative
frequency graph
* Theexact meancannotbe calculatedas you donothavetheraw data
¢ Themean can be estimated by
o |dentifying the mid-interval value (midpoint) x;for each class
o Multiplying each value by the class frequency f;
o Summingto get2fix;
Dividing by the total frequency n = Xf;
This is given in the formula booklet

(e}

o]

X =

Your GDC can estimate the mean if you input the mid-interval values and the class
frequencies using the statistics mode

[e]

How are measures of dispersion calculated from frequency tables with
grouped data?

¢ Theexactrange cannotbe calculated as thelargest and smallest values are unknown
¢ Theinterquartilerange can be estimated by

IQR=0Q,-Q,

o Estimates of the quartiles can be found by using a cumulative frequency graph
¢ Thestandard deviation andvariance can be estimated using the mid-interval values xjin
the formulae
o Variance

1 & —
o2=—2 fx?-%x°
n.— 1 1
i=1
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o Standard deviation YOURNOTES
l
1 k -

o=,— Y fx2*—-x
n;=111

2

o Youdonot need tolearnthese formulae as you will be expectedto use your GDC to
estimate the standard deviation andvariance using the mid-interval values
= You may wantto see these formulae to deepen yourunderstanding

(') Exam Tip
w
¢ Asyoucanonly estimate statistical measures from a grouped frequency table it
is good practice toindicate that the values are not exact
o You can do this by rounding values rather than leaving as surds and
fractions

o (3sf) ratherthan
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> Worked Example YOURTOTES
The table below shows the heights in cm of a group of 25 students.
Height, h Frequency
150<h <155 3
155<h <160 5
160<h <165 9
165<h <170 7
170 <h <175 1

a)
Write down the modal class.

Modal class = class with h‘.shm frequencﬂ
Modal class = 160 < h <65

b)
Write down the mid-interval value of the modal class.

Upper boundary + [ower boundary

Mid-isterval value

160 + 165
2

Mid-intervol value = 162.5 (m

c)
Calculate an estimate forthe mean height.

Use mid-imterval values to estimate the mean

Formula S .
Mean, ¥, of a set of data | ¥ ==L ”:Z i
Book et - -
_3x152.5 +5x15%5 +9x 2.5+ Fxlb35+ xRS 40525
X : 3+ 5+8+F+| 25

Estimgted mean = 1621 (m
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4.1.5 Linear Transformations of Data

Linear Transformations of Data
Why are linear transformations of data used?

¢ Sometimes data might be verylarge orvery small
e Youcan apply alinear transformation to the data to make the values more manageable
o Youmay have heardthis referredto as:
= Effects of constantchanges
= |inearcoding
¢ Lineartransformations of data can affect the statistical measures

How is the mean affected by alinear transformation of data?

* Letx bethe mean of somedata
« |fyou multiply eachvalue by a constant k then you will need to multiply the mean by k
o Meanis kx

o |fyouadd orsubtract a constantafrom allthe values then you willneed to add or subtract
the constantatothemean

o Meanisxta

How is the variance and standard deviation affected by a linear
transformation of data?
* Let 62 bethevariance of some data
o oisthestandard deviation
« |fyou multiply each value by a constant k then you willneed to multiply the variance by k2
o Varianceis k2?02
o You willneedto multiply the standard deviation by the absolute value of k
= Standarddeviationis |k|o

o Ifyouadd orsubtract a constanta from all the values then the variance and the
standard deviation stay the same
= Varianceis 62
= Standard deviationis o

(’) Exam Tip
* ¢ |fyouforgettheseresultsin an exam then you canlookin the HL section of the

formula booklet to see them written in a more algebraic way
o Lineartransformation of a single variable

o where E(...) means the mean and Var(...) means the variance
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YOURNOTES
l

Ateachermarks his students’ tests. Theraw mean scoreis 31 marks and the
standard deviationis 5 marks. The teacherstandardises the score by doubling the
raw score and then adding10.

a)
Calculate the mean standardised score.

IF data is multiplied by k then mean is maltiplied by k
If k is added to data then k is added fo the mean
Ax2 +10

Mean of standardised swres = 2

b)
Calculate the standard deviation of the standardised scores.

IF data is multiplied by k then standard deviation
is multiplied bylk|

It k is added fo data then standard deviation is
unchansed

52
Standard deviation of standardised scores = 1D
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4.1.6 Outliers

Outliers

What are outliers?

¢ Outliers are extreme data values that do not fit with therest of the data
o They are eithera lot biggerora lot smallerthan therest of the data

¢ Outliers are defined as values that are more than 1.5 x IQR from the nearest quartile
o xisanoutlierifx<@;-1.5xIQRorx> Q3 +1.5xIQR

¢ Qutliers can have a big effect on some statistical measures

Should I remove outliers?

e Thedecisiontoremove outliers willdepend on the context
¢ Qutliers should beremoved if they are found to be errors
o Thedatamay have beenrecordedincorrectly
o Forexample: The number17 may have beenrecorded as 71 by mistake
¢ Outliers should not be removed if they are a valid part of the sample
o Thedatamayneedtobecheckedtoverify thatitisnotanerror
o Forexample: The annual salaries of employees of a business might appeartohavean
outlier but this could be the director’s salary
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*9 Worked Example

The ages, inyears, of anumber of children attending a birthday party are given
below.

2,7,5 4,8,4,6,5 5,29 25,13

a)
Identify any outliers within the data set.

x is on outlier if  x<Q-1551QR or x> Q+1541QR
Us‘ung (AD(

Q=4 ad Q=15 -~ 1QR:=35

Q,- 1551QR = 4-1.5x35 = -1.25

O, 15 51QR =35¢1.5:35 = 235

Outliers are 13 and 29

b)
Suggestwhichvalue(s) should be removed. Justify youranswer.

13 should not be removed as t s a valid ai\eof
o dhld

A should be removed os this is onage of an
adult,
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4.1.7 Univariate Data

Whatis a box plot (box and whisker diagram)?

BoxPlots

Univariate datais data thatis in one variable.

¢ Aboxplotis a graph thatclearly shows key statistics from a data set
o |tshows the median, quartiles, minimum and maximum values and outliers

o |tdoesnotshow any otherindividual dataitems
The middle 50% of the data will be represented by the box section of the graph and the

lowerandupper25% of the data will be represented by each of the whiskers
e Any outliers arerepresented with a cross on the outside of the whiskers
o Ifthereis anoutlierthen the whiskerwillend at the value before the outlier
¢ Onlyone axis is used when graphing a box plot

LOWER QUART|@\

/m?PER QUARTILE

THE BOX CAN
BE ANY DEPTH. |

Itis stillimportantto make sure the axis has a clear, even scale andis labelled with units

MINIMUM VALUE %]

THE WHISKERS

What are box plots useful for?

¢ Boxplots can clearly show the shape of the distribution

MEDIAN

"~ T

(WITH OUTLIERS REMOVED)

[ MAXIMUM VALUE \

o Ifaboxplotis symmetrical about the median then the data could be normally

distributed

e Boxplots are often used forcomparing two sets of data

o Two boxplots willbe drawn next to each otherusing the same axis
o They areuseful forcomparing databecauseitis easy to see the main shape of the
distribution of the data from a box plot
= You can easily compare the medians andinterquartile ranges

(") Exam Tip

e Inanexamyou canuseyour GDC todraw a box plotif you have theraw data
o You calculator's box plot can alsoinclude outliers so this is a good way to

check
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YOURNOTES

*> Worked Example !

Thedistances, in metres, travelled by 15 snails in a one-minute period are recorded
and shown below:

05,07, 10,11, 12,12, 12, 13,14, 14, 1.4, 1.4, 15,15, 15
a)
i)
Find the values of Ql, 02 and Q3.
ii)
Findtheinterquartilerange.
iii)
Identify any outliers.

Usma C\DC
Q,=|-\m QI:LS m 03-'Ul-m

0R= Q- Q, < Lb- 1

QR = 0.3 m

Q,-15%10R = 111503 = 0,65
Q‘s+ lSKlQK s L+1.5x(03 = |$5

05 m 15 an outlier

b)
Draw a box plot for the data.

e e

i
0] 06] 05 O 12 & Ib
Distance (m)

>

Label outher Use next smallest
with o cross after outlier
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Cumulative Frequency Graphs YOURNOTES
What is cumulative frequency? l

e The cumulative frequency of xis the running total of the frequencies for the values that are
less than orequaltox

e Forgroupeddatayouusetheupperboundary of a class intervalto find the cumulative
frequency of thatclass

What is a cumulative frequency graph?

¢ Acumulative frequency graphis used with data that has been organisedinto a grouped
frequency table

¢ Some coordinates are plotted
o Thex-coordinates are the upper bboundaries of the class intervals
o They-coordinates are the cumulative frequencies of that class interval
e Thecoordinates are then joined together by hand using a smoothincreasing curve

What are cumulative frequency graphs useful for?

e Theycanbeusedtoestimate statistical measures
o Draw a horizontal line from the y-axis to the curve
= Forthemedian: draw theline at 50% of the total frequency
= Forthelowerquartile: draw theline at 25% of the total frequency
= Fortheupperquartile: draw theline at 75% of the total frequency
= Forthep!"percentile: draw the line at p% of the total frequency
o Draw avertical line down from the curve to the x-axis
o This x-valueis therelevant statistical measure
¢ Theycanusedto estimate the numberof values that are bigger/smallthan a given value
o Draw averticalline from the given value on the x-axis to the curve
o Draw a horizontal line from the curve to the y-axis
o Thisvalueis an estimate forhow many values areless than orequal to the given value
= Toestimatethenumberthatis greaterthan the value subtract this numberfrom
the total frequency
o They canbeusedto estimate theinterquartilerange IQR = Q3 - Q1

o Theycanbeusedtoconstruct a boxplot forgrouped data
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Worked Example
The cumulative frequency graph below shows the lengths incm, I, of 30 puppies in
a training group.

30

25

20

Cumulative
frequency 15

v 35 40 45 50 55 60
Length of puppy [cm)

a)
Giventhattheinterval 40 < /<45 was used when collecting data, find the
frequency of this class.

i lo- 8
. Freque oty * )

4 35 4 4 50 55 60
Length of puppy (cm)

s)sethegraphtoﬁndanestimatefortheinterquartilerangeofthelengths.
: 4$730° 15 Q345
. 5130225 Q514
. 1R - 0, -0, 514 -345
Ll [leR=1Am
c)

Estimate the percentage of puppies with length more than 51cm.

Page 32 of 176

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers

YOURNOTES
i


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

YOURNOTES
30-22 =% puppies i

g lonaer than 5l m

frequency 15|

[ 9 . o
: B So0% - 2666 7,
M [3% G

Length of puppy (cm)
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Histograms YOURNOTES
Whatis a (frequency) histogram? l

¢ Afrequency histogram clearly shows the frequency of class intervals
o Theclasses willhave equal classintervals
o Thefrequency willbe on the y-axis
o Thebarfora classinterval willbegin atthe lowerboundary and end at the upper
boundary
¢ Afrequency histogramis similar toabar chart
o Abarchartis usedforqualitative or discrete data and has gaps between the bars
o Afrequency histogramis used for continuous data and has no gaps between bars

What are (frequency) histograms useful for?

e They show the modal class clearly

¢ They show the shape of the distribution
o Itisimportantthe classintervals are of equal width

¢ They canshow whetherthe variable can be modelled by a normal distribution
o Iftheshapeis symmetricalandbell-shaped
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YOURNOTES

*> Worked Example !

The table below andits corresponding histogram show the mass, in kg, of some
new born bottlenose dolphins.

Mass, mkg Frequency
4<m<8 4
8§<m<12 15
12<m<16 19
16<m<20 10
20<m<24 6

a)
Draw a frequency histogram to represent the data.

A

20
E’:'Ib
TN
$ s
Yoy

0 &/% 12 b 0% ™

Mags (k)
No qaps

b)
Write down the modal class.

Moda\ class = class with Imﬁhes’r Frequencﬂ
Modal class = 12 ¢ mclb
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Interpreting Data

How dolinterpret statistical measures?

The modeis useful for qualitative data

o Itis notas useful forquantitative data as thereis not always a unique mode
The meanincludes all values

o ltis affected by outliers

o Asmaller/largermeanis preferable depending on the scenario

= Asmallermean time forcompleting a puzzle is better
= Abiggermeanscoreonatestis better

The medianis not affected by outliers

o Itdoesnotuseallthevalues
Therange gives the full spread of the all of the data

o Itis affected by outliers
Theinterquartilerange gives the spread of the middle 50% about the median andis not
affected by outliers

o |tdoesnotuseallthevalues

o AbiggerlQR means the data is more spread out about the median

o AsmallerlQR means the datais more centred about the median
The standard deviation and variance use all the values to give a measure of the average
spread of the data about the mean

o They are affected by outliers

o Abiggerstandard deviation means the datais more spread out about the mean

o Asmallerstandard deviation means the data is more centred about the mean

How dol choose which diagram to use to represent data?

Boxplots
o Canbeusedwith ungroupedunivariate data
o Shows therange, interquartilerange and quartiles clearly
o Very useful forcomparing data patterns quickly
Cumulative frequency graphs
o Canbeusedwith continuous groupedunivariate data
o Shows therunningtotal of the frequencies that fall below the upperbound of each
class
Histograms
o Canbeusedwith continuous groupedunivariate data
o Usedwith equalclassintervals
o Shows the frequencies of the group
Scatterdiagrams
o Canbeusedwithungroupedbivariate data
o Shows the graphicalrelationship between the variables

How do | compare two or more data sets?

Compare a measure of central tendency
o Ifthe data contains outliers - use the median
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o Ifthe data is roughly symmetrical — use themean

Compare a measure of dispersion

o Ifthe data contains outliers - use theinterquartilerange
o Ifthedatais roughly symmetrical - use the standard deviation

Considerwhetheritis betterto have a smaller orbiggeraverage

o This willdepend on the context
= Asmalleraverage time forcompleting a puzzle is better
= Abiggeraverage scoreon atestis better

Considerwhetheritis betterto have a smaller orbigger spread

o Usually asmallerspread means itis more consistent

Always relate the comparisons to the context and considerreasons

o Considerthe sampling technique and the data collection method

The box plots below show the waiting times for the two doctor surgeries, HealthHut

andFitFirst.

HealthHut ’_ __[

FitFirst

—{TH -

10 20 30 40 a0 60
Waiting time (minutes)

Compare the two distributions of waiting times in context.

(,Ompare :

0 measure of (entral Jrendenct\

o measure of dispersion

HealthHuts median waiting time is smaller thaa
Fit Firsts (20414), On average patients ge*

seen quicker ot HealthHut .

Fit First 5 interquartile range is smaller than
HealthHut$ (13 <19) There is less variability
of waiting times ot Fit Fiest
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4.2 Correlation & Regression YOUR TOTES

4.2.1Bivariate Data

Scatter Diagrams
What does bivariate data mean?

» Bivariatedatais datawhichis collected on two variables andlooks athow one of the
factors affects the other
o Eachdatavalue fromonevariable will be paired with a data value from the other
variable
o Thetwovariables are oftenrelated, butdonothavetobe

Whatis a scatter diagram?

e Ascatterdiagramis a way of graphing bivariate data
o Onevariable willbe on the x-axis and the otherwill be on the y-axis
o Thevariable that can be controlled in the data collectionis known as theindependent
orexplanatory variable andis plotted on the x-axis
o Thevariable thatis measured ordiscoveredin the data collection is known as the
dependent orresponse variable andis plotted on the y-axis
e Scatterdiagrams can contain outliers that do not follow the trend of the data

(’) Exam Tip
* ¢ |fyouusescatterdiagramsinyourinternal Assessment then be aware that
finding outliers for bivariate data is different to finding outliers for univariate
data
o (x,y)couldbe an outlierfor the bivariate data even if xand y are not outliers
fortheirseparate univariate data
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Correlation YOURNOTES

What is correlation? l

e Correlationis how the two variables changeinrelation to each other
o Correlation could be theresult of a causal relationship but this is not always the case
¢ Linear correlationis when the changes are proportional to each other
¢ Perfectlinear correlation means that the bivariate data will alllie on a straightlineon a
scatterdiagram
¢ When describing correlation mention
o Thetype of the correlation
= Positive correlationis when anincreasein onevariable results in the other
variableincreasing
= Negative correlationis when anincreasein one variableresults in the other
variable decreasing
= Nolinearcorrelationis when the data points don’t appear to follow a trend
o Thestrength of the correlation
= Stronglinear correlationis when the data points lie close to a straight line
= Weak linear correlationis when the data points are not close to a straight line
o Ifthereis stronglinear correlation you can draw a line of best fit (by eye)
o Theline of best fit will pass through the mean point (X, )
o Ifyouareaskedtodraw aline of best fit
= Plotthe mean point
= Draw aline going throughit that follows the trend of the data

STRONG WEAK NO
POSITIVE POSITIVE CORRELATION
CORRELATION CORRELATION

x X
X
WEAK STRONG
NEGATIVE NEGATIVE
CORRELATION CORRELATION

What is the difference between correlation and causation?

e |tisimportanttobe aware thatjustbecause correlation exists, it does not mean that the
changein one of the variables is causing the change in the othervariable
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o Correlation does notimply causation! YOURNOTES
¢ Ifachangeinonevariable causes a changein the otherthen the twovariables are said to 1
have a causal relationship
o Observing correlation between two variables does not always mean that thereis a
causalrelationship
= There couldbe underlying factors which is causing the correlation
o Lookatthetwovariables in question and consider the context of the question to
decideif there could be a causalrelationship
= [fthetwo variables are temperature and number of ice creams sold at a park then
itis likely to be a causalrelationship
= Correlation may exist between global temperatures and the number of monkeys
keptas petsinthe UKbut they are unlikely to have a causalrelationship
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YOURNOTES
*> Worked Example !
[

Ateacherisinterestedin therelationship between the number of hours her
students spendon a phone perday and the number of hours they spendon a
computer. She takes a sample of nine students andrecords theresults in the table

below.
Hoursspentonal , | 156130130 752113 |58
phone perday
Hours spentona
computerper | 1.7|11]0.7/58/52|17|69|71|3.3
day
a)

Draw a scatterdiagram for the data.

8

- o

Hours spent on a computer per day

~

Hours spent on a phone per day

b)
Describe the correlation.

5’rron3 ne%ohve l‘mear rrelation

c)
Draw a line of best fit.
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YOURNOTES

Mean pot (%,3) = (5.133.., 3322.) 1

8

o

Plot the mean pownt
/\me it 53 eye

0 2 4 6 8 10
Hours spent on a phone per day

IS

~

Hours spent on a computer per day
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4.2.2 Correlation Coefficients

PMCC
What is Pearson’s product-moment correlation coefficient?

e Pearson’s product-moment correlation coefficient (PMCC) is a way of giving a numerical
value to alinearrelationship of bivariate data
e ThePMCC of asampleis denoted by theletterr
o rcantakeanyvaluesuchthat—1<r<1
o Apositive value of rdescribes positive correlation
o Anegative value of rdescribes negative correlation
o r=0means thereis nolinear correlation
o r=1means perfect positivelinear correlation
o r=-1means perfect negativelinear correlation
o Theclosertolor-Tthestrongerthe correlation

\ /
——— G ——— ——
r=1 r=1 r=1
A
L — 3
r=-1 F=—1 r=-1
/
8 x
x X
X X
X X X
X X X
——

r=0.7 r=0 r~ —0.4

How do | calculate Pearson’s product-moment correlation coefficient
(PMCC)?

¢ You willbe expectedtouse the statistics mode on your GDC to calculate the PMCC
e Theformula canbeusefulto deepenyourunderstanding

Xy
S S

Xy

I‘=
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Z Xy.~ ;(lg XI)(IZ;}/ ) is linked to the covariance

\/ZXZ—_(ZX andS \/Zy2——\2y1 arelinkedtothe

i=1
variances
o Youdo not need tolearn this as using your GDC will be expected

When does the PMCC suggest thereis a linear relationship?

¢ Critical values of rindicate when the PMCC would suggest thereis a linearrelationship
o Inyourexam you will be given critical values where appropriate
o Criticalvalues willdepend on the size of the sample
¢ |fthe absolute value of the PMCC s bigger than the critical value then this suggests a
linearmodelis appropriate

Spearman’s Rank
What is Spearman’s rank correlation coefficient?

e Eachdataisrankedfrom biggestto smallest
o Forndatavalues they arerankedfroml1ton
o 1forthebiggestx-value and1forthe biggesty-value
e Spearman’srank correlation coefficientis a way to measure linear correlation between the
rankings of the data
e Spearman’srankofa sampleisdenotedbyrs

o rscantakeanyvaluesuchthat—1 Sr.< 1

o Apositive value of rydescribes a degree of agreement between the rankings
o Anegative value of rsdescribes a degree of disagreement between therankings
o rg=0means thereis no correlation between therankings
o rg=1means therankings arein complete agreement

= Anincreaseinonevariable means anincreasein the other
o rg=-1means therankings arein complete disagreement

= Anincreasein onevariable means a decreasein the other
o Ifrg=1orrs=-1thenthe datais said to have a monotonic relationship

= This means eitherthe points are always increasing or always decreasing

The closerto1or-1the strongerthe correlation of therankings

o]

How do| calculate Spearman’s rank correlation coefficient (PMCC)?

¢ Rankeachsetof dataindependently
o Ttonforthex-values
o 1tonforthey-values
o |f somevalues are equal then give each the average of theranks they would occupy
o Forexample:ifthe 39, 4th and 5™ highest values are equal then give each theranking
of4
3+4+5 _
3 =
e Calculatethe PMCC of therankings usingyour GDC
o Thisvalueis Spearman's rank correlation coefficient
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Appropriateness & Limitations YOURNOTES
Which correlation coefficient should | use? l

e Pearson’s PMCC tests foralinearrelationship between two variables
o ltwillnot tellyou if the variables have a non-linearrelationship
= Such as exponential growth
o Usethisifyouareinterestedin alinearrelationship
e Spearman’srank tests fora monotonic relationship (always increasing oralways
decreasing) between two variables
o ltwillnot tellyou what function can be used to model the relationship
= Bothlinearrelationships and exponential relationships can be monotonic
o Usethisif you think thereis a non-linear monotonic relationship

How are Pearson’s and Spearman’s correlation coefficients connected?

o |fthereislinear correlation then therelationshipis also monotonic

or=l=r=1

N
or=-1=r=-1
S

o Howeverthe converseis not true

¢ |tis possible for Spearman’sranktobe1(or-1) but forthe PMCC to be different

o Forexample: data that follows an exponential growth model
"= 1 as the points are always increasing

= <1 asthepoints donotlie ona straightline
Are Pearson’s and Spearman’s correlation coefficients affected by

outliers?

e Pearson’s PMCC is affected by outliers

o asitusesthenumericalvalue of each data point
e Spearman’srankis not usually affected by outliers

o asitonlyusestheranks of each data point

(') Exam Tip

* e YoucanuseyourGDC to plotthe scatterdiagram to help you visualise the data
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*> Worked Example

The table below shows the scores of eight students fora maths testand an English
test.

Maths(x) | 7 |18 | 37 | 52| 61 | 68 | 75 | 82

English(y) 5 | 3 | 9 |12 |17 | 41|49 97

a)
Write down the value of Pearson’s product-moment correlation coefficient, r.

Enter data into GDC.
r= 039433
r:= 0.39% (3sf)

b)
Findthevalue of Spearman’s rank correlation coefficient, r.

Rank the data
xrmnk 4 F 6 S & 3 2 |
yrook 38 4 5 & 3 2 |

Find PMCC of ranks
r: 041619..

t:=0.936 (3P

c)
Comment on thevalues of the two correlation coefficients.

The value of r suggests there is strong  pesitive
lmear corre | ation, “r\e value of A Suﬁgesﬂ
that the relationship is almost monotonic
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4.2.3 Linear Regression

Linear Regression

Whatislinear regression?

» |fstronglinear correlation exists on a scatter diagram then the data can be modelled by a
linear model
o Drawinglines of best fitby eyeis notthe best method as it can be difficult tojudge the
best position fortheline
¢ Theleast squaresregressionlineis theline of best fit that minimises the sum of the
squares of the gap between thelineandeach datavalue
o Thisisusually calledtheregressionline of y on x
o Itcanbe calculated by looking at the vertical distances between the line and the data
values
» Theregressionline of y onxis writteninthe form y=ax+ b
e aisthegradient of theline
o ltrepresents the changeinyforeachindividual unitchangein x
= |[fais positive this means yincreases by a fora unitincreaseinx
= |fais negative this means y decreases by |a| fora unitincreasein x
e bisthey-intercept
o Itshows thevalue of ywhen xis zero
¢ You are expectedtouseyour GDC to find the equation of theregressionline
o Enterthebivariate data and choose the model “ax + b”
o Rememberthe mean point (X, }) willlie on the regression line

How doluse aregressionline?

¢ The equation of theregressionline can be used to decide what type of correlation there s if
thereis no scatterdiagram
o Ifais positivethenthe data sethas positive correlation
o If ais negative then the data set has negative correlation
e Theequation of theregression line can also be usedto predict the value of a dependent
variable (y) from anindependent variable (x)
o Theequation should only be used to make predictions fory
= Usingayonxlinetopredict xis not always reliable
o Making a prediction within the range of the given data is calledinterpolation
= Thisis usually reliable
= Thestrongerthe correlation the morereliable the prediction
o Making a prediction outside of therange of the given datais called extrapolation
= Thisis much less reliable
o The prediction willbe more reliable if the number of data values in the original sample
setis bigger
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O Exam Tip YOURlNOTES

e Onceyou calculate the values of a and b store then in your GDC
o This means you canuse the full display values rather than the rounded
values when using the linearregression equation to predict values
o This avoids rounding errors
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YOURNOTES

*> Worked Example !
[ J

Barry is a music teacher. For7 students, he records the time they spend practising
perweek (x hours) andtheirscorein a test(y %).

Time(x) 2|5 6|7 [10[11]12

Score (y)1149/557563/68/82

a)
Write down the equation of the regression line of y on x, givingyouranswerin the
form y = ax + b where a and b are constants to be found.

Enter data into GDC
a is the aeficet of x  a:9.5680.
b is th constad fem b= 15.4136..

y: 55%x +15.4

b)
Give aninterpretation of the value of a.

a:9.51 means that the model Suggests that
the score increases by 551 % for eveny extrm
hour of practice.

c)

Anotherof Barry’s students practises for 15 hours a week, estimate theirscore.
Comment on the validity of this prediction.

Substitate = 15
y+5.5680.)x 15 + (15 4136.) = 96.93.

The model predids a swre of 939% but
ths 1s unrelioble a5 x=15 is outside the

range of data. T"lerefort extra po|a+|‘on is being used.
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YOURNOTES
l

4.3 Further Correlation & Regression

4.3.1Non-linear Regression

Non-linear Regression
What is non-linear regression?
¢ Youhave already seen thatlinear regressionis when you can use a straightline to fit

bivariate data
¢ Non-linearregressionis whenyou canuse a curve (ratherthan a straightline) to fit
bivariate data
¢ Inyourexam theregression could be:
o Linear: y=ax+b
o Quadratic: y=ax2+bx+c¢
o Cubic: y=ax3+bx2+cx+d
o Exponential: y = ab* or y = aebx
o Power: y=ax?
o Sine: y=asin(bx+c)+d

How do find the equation of the non-linear regression model?
e UsingyourGDC:
o Typethetwo sets of the dataintoyourGDC
o Selecttherelevant model
= The exam question will tell you which model to use
o Your GDC will calculate the constants
¢ You canuselogarithms tolinearise exponential and power relationships
o Power: y=ax’thenIny=Ina+ blnx
= Iny and Inx willhave a linearrelationship
o Exponential: y = abX then Iny =1na+ xInb
= Iny and x willhave alinearrelationship

(’7 Exam Tip
et e Youcanuseyour GDC toplot the scatterdiagram andinclude the graph of a

regression model
o This willallow you to get a sense of how well the model fits the data
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*> Worked Example

Scarlettand Violet collect data on the length of a film (x minutes) and the audience
rating (y %).

x 75 93 | 101 | 107 | N5 | 124 | 132 | 140 | 7

y 83 75 51 38 47 56 76 91 70

a)
Scarlett claims that thereis a cubic relationship. Find the equation of a cubic
regression model of the form y = ax3 + bx2 + cx + d.

Tupe the data inlo (DC and chome the cubic regression model
a--0000529.. b- 02030.. ¢ -2&8%. 410331

y: -00005295 + 0.2032¢ - 2t.4x + 1040

b)
Violet claims that thereis a sinerelationship. Find the equation of a sineregression
model of the form y = asin(bx + ¢) + d.

Tgpe the data ino GDC and chowe the sine regression model
a:2bt.  b-003030. (:2086. d -6IL9.

y: 23 sin (00803 +2.09) +64.5

c)
Whose model predicts a higher audience rating for a film whichis 100 minutes long?

y=a sin(bxre) +d

\3=a13 tht+ex+d

100

Us‘ma the cubic model y: b1.640.
Us‘ma the sine model y: 53.690..

Violets model predicts a hi%her rating.
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Least Squares Regression Curves

Whatis aresidual?
¢ Givenasetof npairs of data and aregressionmodel y = f(x)
o Aresidualis the actual y-value (from the data) minus the predicted y-value (using the
regression model)
° y,~flx))
e Thesumof the squareresiduals is denoted by SSm

n

= - 2
° SSres ié (y i f(XI))
¢ |Ifyou havetworegression models using the same data then the one with the smaller SSreS

fits the data better

What is aleast squares regression curve?
e Theleast squaresregressioncurve canbethoughtofasa “curve of best fit” y = f(x)
e Foragiventypeof model theleast squares regression curve minimises the sum of the

squareresiduals
o YourGDC calculates the constants fortheleast squares regression curves

Why is the sum of the square residuals not always a good measure of fit?

¢ |ftwomodels are formed using the same number of pairs of data then the sum of the
squareresiduals is a good measure of fit
¢ |ftwo models use different number of pairs of data then SSreS is not always a good

measure of fit
o The sumwillincrease with more pairs of data and so can nolongerbe compared
against a data set with a different number of pairs
o Comparethetwo scenarios
= 10 pairs of data and the absolute value of each residualis 15 then
SSm =10x152=2250

= 2250 pairs of data and the absolute value of eachresidualis 1then
SSreS =2250%12=2250

o Theyhavethe samevalue of SSwS but theresiduals in the second scenario are much
smaller
e Your GDC may give you the mean squared error
1 12
=— =— - 2
o MSe n SSres n i§ (y i f(XI))

o Thisis abetter measure of fit
o Youdo not need to know this foryourexam butit might help with yourunderstanding
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*> Worked Example

Jetis the ownerof agym andheis testing different prices options. The table below
shows the number of new members per month (M) and the price of a monthly
membership (£ p).

p 10 20 30
M 97 68 55
2700
Jetbelieves that he can fit the data with either the model M1 (p) = p+20 orthe
| ( )_ 2100
mode sz _p+10'

Jetwants to choose the model with the smallest value forthe sum of square
residuals.

Determine which model Jet should choose.

(alculate the predicted values

P M m| Ml
0 4% 90 105
20 b3 615 10
30 | 55| 9% 525

For M, & S = (4% -90) + (68-63.5)" + (55 -54)° = 50.25
For M, : 3 = (43 -105) + (68-30)" + (55 -525)" = F4.25

Se* should choose modd M,
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The Coefficient of Determination
What is the coefficient of determination?

¢ The coefficient of determinationis a measure of fit fora model
o Ifthe coefficient of determinationis 0.57 this means 57% of the variation of the y-
variable can be explained by the variation in the x-variable
o Theother43% can be explained by otherfactors
o Thehigherthis proportion the more the model fits the data
e Thecoefficient of determinationis denoted by R?
o R2<]
o R2=1means the modelis a perfect fit forthe data
The closerto1the betterthe fit
R2is usually greaterthan orequaltozero
= R2canbenegative but thisis outside the scope of this course
¢ Iftheregression modelis linearthen the coefficient of determination is equal to square of
thePMCC
o R2=r?forlinearmodels
o Some GDCs will simply denote R2as r2due to its connection to the PMCC forlinear
models

[e]

o

How dol calculate the coefficient of determination?

¢ When finding the constants forregression models your GDC might give you the value of
R2
o Youwillonly be asked to calculate the coefficient of determination formodels for
which GDCs give the value of R?

¢ Thecoefficient of determination can be calculated by
SS

res

SS

tot

o R2=1-

n

= Where SS, = 1;1 (y,=¥¢

o Youdo not need to know this formula but it might help with yourunderstanding

Does the coefficient of determination determine the validity of a model?

¢ IfR2is closeto1thenthe modelfits the data well
o Howeverthis alone does not guarantee thatitis a good model for the relationship
between the two variables
¢ Considerthe scenario where there are big gaps between data points and a model which
fits the data well
o Themodelonly fits the data at the data points
o Asthere are gaps between the data points the model might not be a good fit for these
areas
o Different types of models have different number of parameters
o Therefore using different types of models to fit the same data willhave different levels
of accuracy
o Linearmodels need atleast two pairs of data
o Quadratic models need atleast three pairs of data
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o Cubic models need atleast four pairs of data

= Usingfour pairs of data willmean the cubic model willhave R2 =1
This is because the cubic graph will go through all four pieces of data - the valueis
likely to decrease as extra pairs of data areincluded

= However this does not meanitis a betterfit than the quadratic model

= The quadratic model could be more accurate as ithas one more pair of data than
is needed

> Worked Example

Datais collected on the lengths of cheetahs (x metres) and theiraverage running
speeds (y ms™).

a)

x 121 133 1 112 | 145 | 1.42 | 1.39 | 1.24 | 119 | 1.32

y 2431251222351 351|334 271 | 231|248

Find the equation of the least squares regression curve using:

(i)

aquadratic model y=ax?+ bx + c.

(ii)

an exponentialmodel y = ab*.

b)

Tupe the dota inlo (DC and chonse the :

uadratic rearession model exoonertial rearession model
9 3 p 9

a=140.9.. a: 4193

= 20135...

y: Ml -323x 4 208 |y=h.4x425"

Basedsolely on the coefficients of determination, suggest which modelis better fit
forthe data.

Fid the cocfficients of defermination using GDC
Quadr(ﬂ’ic Rl s 0%‘7‘&2‘1
Exponential  R* = 0.8015%..

Based on the wefficieats of determination , the quadratic

regression model as ifs R' value is bi%er.
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4.4 Probability

4.4.1Probability & Types of Events

Probability Basics
What key words and terminology are used with probability ?

¢ Anexperimentis arepeatable activity thathas aresultthat can be observed orrecorded
o Trials are what we callthe repeats of the experiment
¢ Anoutcomeis a possibleresult of a trial
Aneventis an outcome ora collection of outcomes
o Events areusually denoted with capitalletters: A, B, etc
o n(A)is the numberof outcomes thatareincludedin eventA
o Aneventcanhaveoneormorethan oneoutcome
Asamplespaceis the set of all possible outcomes of an experiment
o Thisis denotedby U
o n(U)is the totalnumber of outcomes
o ltcanberepresentedas alistoratable

How do calculate basic probabilities?

» |falloutcomes are equally likely then probability foreach outcomeis the same
1
o Probability foreach outcomeis m

* Theoretical probability of an event can be calculated without using an experiment by
dividing the number of outcomes of that event by the total number of outcomes

n(A)
n(U)

P(A) =

o Thisis giveninthe formulabooklet
o |dentifying all possible outcomes eitheras alist oratable can help
¢ Experimental probability (also known as relative frequency) of an outcome can be
calculatedusingresults from an experiment by dividing its frequency by the number of trials
Frequency of that outcome from the trials

Relative fr n f t i ;
° Relatlveirequency of anoutcomels Total number of trials (n)

How do| calculate the expected humber of occurrences of an outcome?

¢ Theoretical probability can be usedto calculate the expected number of occurrences of
anoutcome fromn trials
 |f the probability of an outcomeis p and there are n trials then:
o The expected numberof occurrences is np
o This does not mean that there will exactly np occurrences
o Ifthe experimentis repeated multiple times then we expect the number of occurrences
toaverageouttobenp

What is the complement of an event?

¢ The probabilities of allthe outcomes addup to1
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e Complementary events are when there are two events and exactly one of them will occur
o Oneeventhastooccurbutboth events cannot occuratthe sametime

¢ Thecomplement of event Ais the event where event Adoes not happen
o This canbethought of asnot A
o Thisisdenoted A’

P(A)+P(A") =1

= Thisisintheformulabooklet
= Itis commonlywrittenas P(A") =1 —P(A)

What are different types of combined events?

¢ Theintersection of two events (A and B) is the eventwhereboth Aand B occur
o ThiscanbethoughtofasAandB
o Thisisdenotedas AN B
¢ Theunion of two events (A and B) is the event where A or B or both occur
o ThiscanbethoughtofasAorB
o Thisis denoted AU B
* Theeventwhere A occurs given thatevent B has occurredis called conditional probability
o This canbethoughtas AgivenB
o Thisisdenoted A|B

How do| find the probability of combined events?
¢ Theprobability of Aor B (orboth) occurring can be found using the formula

P(AUB)=P(A) +P(B)-P(ANB)

= Thisis givenin the formula booklet
= You subtract the probability of Aand B both occurring becauseithas been
included twice (oncein P(A) andoncein P(B))
e Theprobability of Aand B occurring can be foundusing the formula

P(ANB)=P(A)P(B|A)

= Arearrangedversionis givenin the formula booklet
= Basically you multiply the probability of A by the probability of B then happening

(") Exam Tip

* ¢ Inanexam drawinga Venn diagram or tree diagram can help even if the
question does notask you to
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YOURNOTE
9 Worked Example OURNOTES

H l
Davehas two fairspinners, Aand B. Spinner A has three sides numbered1, 4, 9 and
spinner B has four sides numbered 2, 3,5, 7. Dave spins both spinners and forms a

two-digit number by using the spinner A for the first digit and spinner B for the
seconddigit.

T is the event that the two-digit numberis a multiple of 3.

a)
Listallthe possible two-digit numbers.

A fmo-wag table would be a systematic way

to list all the outcomes

12 3 5 %
{12 13 15 1#
ka2 43 45 4%
9192 93 45 97
b)
Find P(T).
P(T): 0(T) “— Number of multiples of 3
n(U)<—Total number of outcomes
{12,15,62,4593} are the multiples of 3
. 5
P(M - &
c)
FindP(T").
P(TY+ P(T')=] = P(T') = |- P(T)
N 5
P(T)= |- 2
N
AT) - 12
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Independent & Mutually Exclusive Events YOURNOTES
What are mutually exclusive events? l
¢ Two events are mutually exclusive if they cannot both occur
o Forexample: whenrolling a dice the events "getting a prime number" and "gettinga 6"
are mutually exclusive

e IfAandBaremutually exclusive events then:
o P(ANB)=0

What areindependent events?
e Twoevents areindependent if one occurring does not affect the probability of the other
occurring
o Forexample: when flipping a coin twice the events “getting a tails on the first flip” and
“getting a tails onthe secondflip” areindependent
e IfAandBareindependent events then:
o P(A|B)=P(A)andP(B|A)=P(B)
¢ |[fAandBareindependent events then:
o P(ANB)=P(A)P(B)
= Thisis givenin the formulabooklet
= Thisis auseful formula totest whethertwo events are statistically independent

How do| find the probability of combined mutually exclusive events?
¢ |f Aand B are mutually exclusive events then

P(AUB)=P(A) +P(B)

= Thisis givenin the formula booklet
= This occurs because P(A N B) =0
 Foranytwoevents AandBtheevents AN Band A N B' are mutually exclusiveandAis
theunion of these two events
o P(A)=P(ANB)+P(ANB')
= This works forany two events Aand B
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*9 Worked Example

a)
Astudentis chosen atrandom from a class. The probability that they have a dogis

0.8, the probability they have a catis 0.6 and the probability that they have a cat or
adogis 0.9.

Find the probability that the student has both a doganda cat.
Le’r D be event ' has Qa dogu and ( be “]'Ias a ¢t '

P(D uc):P(D) +P(¢) -P(DNC)
09 0% +06 -P(DnC)
P(Dn¢)= 05

b)
Two events, Qand R, aresuchthat P(Q) =0.8 and P(QN R) =0.1.
Giventhat Q and R areindependent, find P(R).

Q and R independent = P(QnR) = P(Q)P(R)
01:08+P(R) =+ P(R): Oy

P(R)- 0125 or ;—

c)
Twoevents, S and T, are such that P(S) =2P(T).

Giventhat S and T are mutually exclusive and that P(SU T) =0.6 find P(S) and
P(7).

S and T maually exclusne = P(SvT) = P(s)+P(7)
0.6 P(S) + P(T)

0.6 2p(Y+pm) )M

06 = 3P(7) \

P(M:=02 and P(S): 04
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Conditional Probability
What is conditional probability ?

+ Conditional probability is where the probability of an event happening canvary
depending on the outcome of a priorevent
» TheeventAhappening giventhat event B has happenedis denoted A|B
« Acommon example of conditional probability involves selecting multiple objects from a
bag without replacement
o The probability of selecting a certain item changes depending on whatwas selected
before
= Thisis because thetotal number of items willchange as they are notreplaced
once they have been selected

How do | calculate conditional probabilities?

» Some conditional probabilities can be calculated by using counting outcomes
o Probabilities without replacement can be calculated like this
o Forexample: Thereare10 ballsin abag, 6 of them arered, two of them are selected
without replacement
= Tofindthe probability that the secondball selectedis red given that the first oneis
red counthow many balls are left:
= Aredonehas already been selected so there are 9 balls leftand 5 arered so the

5
probability is 5

¢ Youcanusesample space diagrams to find the probability of A given B:
o reduceyoursample spacetojustinclude outcomes forevent B
o findthe proportion thatalso contains outcomes forevent A
¢ Thereis aformula for conditional probability that you can use
P(ANB)
P(B)
o Thisis giveninthe formulabooklet
o This canberearrangedto give P(ANB)=P(B)P(A | B)

o P(A|B)=
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*> Worked Example

Inaclass of 30 students: 19 students have a dog, 17 students have a catand 1l have
bothadogandacat. One studentis selected atrandom.

a)
Find the probability that the student has a dog.

let D be evest “has o dog’ and C be "has a cat’

: (D) <= Number who have dogs
Fo) 0 (U) + Total number of students

PO = 35

b)
Find the probability that the student has a dog given that they have a cat.

I} hae o cat of which |l also hae a dog

POIC) = 15| (ld ko we prpjcy - PORO

c)
Find the probability that the student has a cat given that they have a dog.

19 hae o dog of which |l also hae a cat

P((‘D) - % COu\d olso ude P(( ’D) N P(;T{;)D)
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4.4.3 Sample Space Diagrams

Venn Diagrams

Whatis a Venndiagram?

e AVenndiagramis away toillustrate events from an experiment and are particularly useful
when thereis an overlap between possible outcomes
¢ AVenn diagram consists of
o arectanglerepresentingthe sample space (U)
= Therectangleislabelled U
= SomemathematiciansinsteaduseSoré
o acircleforeachevent
= Circles may ormay not overlap depending on which outcomes are shared
between events
e Thenumbersin the circles represent either the frequency of that event or the probability
of thatevent
o Ifthe frequencies are used then they should add up to the total frequency
o Ifthe probabilities are used then they shouldaddup to1

What do the different regions mean on a Venn diagram?

o A'isrepresentedby theregions thatarenotinthe Acircle
* AN Bisrepresented by the region where the A and B circles overlap
o AU Bisrepresentedby theregions thatarein A or Borboth
e Venndiagrams show ‘AND’ and ‘OR’ statements easily
¢ Venndiagrams alsoinstantly show mutually exclusive events as these circles will not
overlap
¢ Independent events cannotbeinstantly seen
o You needtouse probabilities to deduceif two events are independent

A } Z B
A u B (UNION)
‘A OR B OR BOTH"

A } [ B

A’ (COMPLEMENT)
‘NOT A"

An B (INTERSECTION)
"A AND B"
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A s THE BUBBLE FOR EVENT B LIES YOUR NOTES
ENTIRELY IN THE BUBBLE FOR EVENT A l
IF EVENT B OCCURS, SO DOES EVENT A

(BUT NOT NECESSARILY VICE VERSA)

A B C THE BUBBLES FOR EVENTS
A AND C DO NOT OVERLAP:

THEY ARE MUTUALLY EXCLUSIVE

How dol solve probability problems involving Venn diagrams?
e Draw, oraddtoagiven Venndiagram, fillingin as many values as possible from the
information providedin the question
¢ |tisusually helpfultowork from the centre outwards
o Fillinintersections (overlaps) first
¢ Iftwoevents areindependentyou canuse the formula
o P(ANB)=P(A)P(B)
« Tofindthe conditional probability P(A | B)
o Addtogetherthe frequencies/probabilities in the B circle
= Thisis yourdenominator

o QOutofthose frequencies/probabilities add togetherthe ones thatarealsointhe A
circle
= Thisis yournumerator
o Evaluatethefraction

Event AlB
"A given B"

Al P(ANB) é,/E: Shade second ‘
- P(B) o Shade first

"double shading"
"single shading"

P(AIB) =
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YOURNOTES

(’) Exam Tip .

e IfyoustruggletofillinaVenndiagramin an exam:
o Labelthe missing parts using algebra
o Formequations using known facts such as:
= the sum of the probabilities shouldbe 1
= P(ANB)=P(A)P(B)if Aand B are independent events
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YOURNOTES
*9 Worked Example !
[ J

40 people are asked if they have sugarand/or milkin their coffee. 21 people have
sugar, 25 people have milkand7 people have neither.

a)
Draw a Venn diagram to represent the information.

Find the entre first
e& “' Total should be 40
| (A-x) ta+ (25-x) +3 =40

83-a:40 . x=13

b)

One of the 40 people arerandomly selected, find the probability that they have
sugarbut not milk with their coffee.

S ond ot M is the part of S circle that does
not incdude M

P(Snm)= %0 Remember fo write as a frachion
IV\_/OF the total
P(S(\M') g

c)

Given thatapersonwho has sugaris selected atrandom, find the probability that
they have milk with their coffee.

(iven that Sugor has been selected we 0“‘3 wont the
S drle as our total,

Ot of the S qrde 13 also hae milk
P(MIS) = 3
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Tree Diagrams

Whatis a treediagram?

e Atreediagramis anotherway to show the outcomes of combined events
o They areveryuseful forintersections of events
¢ Theevents on the branches must be mutually exclusive
o Usually they are an eventandits complement
¢ Theprobabilities on the second sets of branches can depend on the outcome of the first
event
o These are conditional probabilities
¢ When selecting theitems from a bag:
o The secondsetof branches will be the same as the firstif the items arereplaced
o The secondset of branches will be the different to the firstif theitems are not
replaced

How are probabilities calculated using a tree diagram?

¢ Tofindthe probability thattwo events happen togetheryou multiply the corresponding
probabilities on theirbranches
o ltis helpful to find the probability of all combined outcomes once you have drawn the
tree
¢ Tofindthe probability of an eventyou can:
o add together the probabilities of the combined outcomes that are part of that event
= Forexample:P(AUB)=P(ANB)+P(ANB')+P(A'NB)
o subtract the probabilities of the combined outcomes that are not part of that event
from 1
= Forexample:P(AUB)=1-P(A'NB')

1t EXPERIMENT | | 2™ EXPERIMENT |
P (B|A) :B P(A B
A By P (A n B’
S P (8’| A
RUAS - P (B|A"

i B P (A’ B)
P(B’|AY ™S B P (A’ n B
Dol havetouseatree diagram?

o |fthere are multiple events or trials then a tree diagram can get big

e You can break down the problem by using the words AND/OR/NOT to help you find
probabilities without a tree

¢ You canspeedup the process by only drawing parts of the tree that you areinterestedin
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Which events do | put on the first branch? YOURNOTES

« |ftheevents Aand B areindependent then the order does not matter l
« |ftheevents AandB are notindependent then the order does matter

o Ifyouhave the probability of A given B then put B on the first set of branches

o Ifyouhave the probability of B given Athen put A on the first set of branches

(') Exam Tip

- . : . . .
¢ |Inanexamdo notwaste time drawing a full tree diagram for scenarios with lots
of events unless the question asks you to
o Only draw the parts that you are interestedin
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YOURNOTES

*9 Worked Example !

20% of peoplein a company wear glasses. 40% of peoplein the company who
wearglasses areright-handed. 50% of people in the company who don’t wear
glasses areright-handed.

a)
Draw a tree diagram to represent the information.

let G be the event toeass slassas" and R be "is nghf-handed"
2R 1\

. 407, of people who wear
zﬁ YNNPY glasses are right -handed

Branches 0.4 C 0'5‘/&\5070 of Peaple who dont wear
odd fol " 05 ¢! glasses are right -handed

b)
One of the peoplein the company are randomly selected, find the probability that
they areright-handed.

Fnd options that conoin R

ob2R  P(GNR)=0.2xD.4 = 0.08

Multi
%Q 054 dng
oy o2 R P(G'NR): 0.8% 0.5 =04
05 R'
P(R) = 0.4%

c)
Given thata personwhois right-handedis selected at random, find the probability
thatthey wearglasses.

_ PlenR) 0.0
RGIR) = PR) = 0.4

PGIRY:
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4.5 Probability Distributions YOURlNOTES

4.5.1Discrete Probability Distributions

Discrete Probability Distributions
Whatis a discrete random variable?

* Arandomyvariableis a variable whose value depends on the outcome of arandom event
o Thevalue of therandom variable is not known until the event is carried out (this is what
is meant by 'random’'in this case)
e Randomyvariables are denoted usingupper caseletters (X, Y, etc)
¢ Particular outcomes of the event are denoted using lower case letters (x, y, etc)
« P(X=x) means "the probability of the random variable X taking the value x"
¢ Adiscreterandom variable (often abbreviated to DRV) can only take certain values within a
set
o Discreterandom variables usually count something
o Discreterandom variables usually can only take a finite number of values butitis
possible thatit can take an infinite number of values (see the examples below)
¢ Examples of discreterandom variables include:
o Thenumber of times a coin lands on heads when flipped 20 times
= this has a finite number of outcomes:{0,1,2,...,20}
o Thenumber of emails a managerreceives within an hour
= this has aninfinite number of outcomes:{1,2,3,..}
o Thenumberof times a diceis rolleduntilitlandsona 6
= this has aninfinite number of outcomes:{1,2,3,...}
o Thenumberthata dicelands on whenrolled once
= this has a finite number of outcomes:{1,2,3,4,5,6}

What is a probability distribution of a discrete random variable?

¢ Adiscrete probability distribution fully describes all the values that a discreterandom
variable can take along with theirassociated probabilities
o Thiscanbegiveninatable
o Oritcanbegiven as afunction (called a discrete probability distribution function or
"paf”)
o They canberepresentedby vertical line graphs (the possible values foralong the
horizontal axis and the probability on the vertical axis)
+ The sum of the probabilities of all the values of a discreterandom variableis 1
o Thisis usually written ZP(X= x)=1
¢ Adiscreteuniformdistributionis one where therandom variable takes a finite number of

values each with an equal probability

1
o Ifthere are nvalues then the probability of each oneis P
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LET X BE THE NUMBER THAT THE SPINNER LANDS ON

1 -0 1
)(—O,3

W]

P(X=x) =

00|
[N]EN

8
1
4
1
2
0

OTHERWISE

How do calculate probabilities using a discrete probability
distribution?

Firstdraw a table to represent the probability distribution
o Ifitis given as a function then find each probability
o If any probabilities are unknown then use algebra to represent them
Forman equation using ZP(X= x)=1
o Addtogetherallthe probabilities and make the sumequalto
Tofind P(X=k)
o If kis apossible value of the random variable X then P(X = k) will be given in the table
o If kisnotapossiblevaluethen P(X=k)=0
Tofind P(X < k)
o |ldentify all possible values, X, that X can take which satisfy X, <k

o Addtogetheralltheir corresponding probabilities
o P(X<k)= 2. P(X=x)

x.<k
o Some mathematicians use the notation F(X) torepresent the cumulative distribution
» F(x)=P(X<x)
Using a similarmethod you can find P(X < k), P(X > k) and P(X > k)

As allthe probabilities add up to Tyou can form the following equivalent equations:

o P(X<k)+P(X=k)+P(X>k)=1
o P(X>k)=1-P(X<k)
o P(X>k)=1-P(X<k)

How do | know which inequality touse?
« P(X < k) wouldbe used forphrases such as:

o Atmost,nogreaterthan,etc

« P(X < k) wouldbe usedforphrases such as:
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o Fewerthan
« P(X > k) would be used forphrases such as:

o Atleast,nofewerthan,etc
« P(X > k) would be used forphrases such as:

o Greaterthan,etc

> Worked Example
)
The probability distribution of the discrete random variable X'is given by the

function
kx? x=-3,-1,2,4

P(X=1x)= { 0 otherwise.

a)

Showthatk = % )

Construct o table
X [-3]a] 2[4
Substitute in the values of x

PO Ak | k| &k | Ik eq PX=) K 4k

The probabilitis add up to 1
 +k+ bk+lbl = |

30k =)
<
k 30
b)
Calculate P(X £3).
Subkitte k. inko the probabilities
x =3|- 2 4
3 | 2 %
X¢3: X=-3,-,2
P(X £3) = P(X=-3) 4 P(x=-1) + P(X=2)
- 3 | 2
TR
k.
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4.5.2 Expected Values

Expected Values E(X)

What does E(X) mean and how do | calculate E(X)?

¢ E(X) means the expected value or the mean of arandomvariable X
o Theexpectedvalue does not need to be an obtainable value of X
o Forexample: the expectedvalue number of times a coin willland on tails when flipped
5timesis 2.5
e Foradiscreterandomvariable,itis calculatedby:
o Multiplying eachvalue of X withits corresponding probability
o Addingallthese terms together

E(X) =2 xP(X=x)

= Thisis givenin the formula booklet
¢ Lookout forsymmetrical distributions (where the values of X are symmetrical and their
probabilities are symmetrical) as the mean of theseis the same as the median
o Forexample:if Xcantake thevalues1, 5, 9 with probabilities 0.3, 0.4, 0.3 respectively
then by symmetry the mean wouldbe 5

How canl decide if a gameis fair?

e LetXbetherandom variable thatrepresents the gain/loss of a playerina game

o Xwillbe negativeif thereis aloss
Normally the expected gain orloss is calculated by subtracting the cost to play the game
from the expected value of the prize
If E(X) is positive then it means the player can expect to make a gain
If E(X) is negative then it means the player can expect to make aloss
¢ The gameis called fairif the expected gainis O

o E(X)=0
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YOURNOTES

*9 Worked Example !
[ J

Daphne pays $5 to play a game where she wins a prize of $1, $5, $10 or $100. The
random variable W represents the amount she wins and has the probability
distribution shown in the following table:

W 1 5 10| 100
P(W=w) 0.35 | 0.5 | 0.05| 0.0

a)
Calculate the expectedvalue of Daphne's prize.

Expected value of a

Formu\a 500k|d discrete random E(X)=Y xP(X =x)

variable X

E(W): ZwP(N= w\
= [x0.35 + 5x05 +10x 0.0§ +100x0.01

Expeded value = $4.35

b)
Determine whetherthe gameis fair.

A qome s fair s expected Q‘am/loas is 0

Pr'uze - (ost
L35 -5 =-065

Expeded loss is .f>0.65 S0 game is not foir
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4.6 Random Variables YOURlNOTES

4.6.1Linear Combinations of Random Variables

Transformation of a Single Variable
Whatis Var(X)?

¢ Var(X) represents the variance of therandom variable X
¢ Var(X) can be calculated by the formula
o Var(X) =E(X2) - [E(X)]?
= where E(X2) = 2_x2P(X =x)

o You willnot berequired to use this formulain the exam

What are the formulae for E(aX £ b) and Var(aX +b)?

e |faandbareconstants then the following formulae are true:
o E(aXtb)=aE(X)tb
o Var(aX#b)=a2Var(X)
= Thesearegivenin the formula booklet
e Thisisthesameaslineartransformations of data
o Themeanis affected by multiplication and addition/subtraction
o Thevarianceis affected by multiplication but not addition/subtraction

e Rememberdivision can be written as a multiplication
X 1

o —=—

a a

*> Worked Example
®  Xisarandomvariable such that E(X) =5and Var(X) =4.
Find the value of:
(i)
E(3X+5)
(ii)
Var(3X +5)
(iii)
Var(2 - X).

Formu\a bookle{' Linear transformation of E(aX +b)=aE(X)+b
single random variable Var(aX +b) — @ Var(X)

F(3%+5) = 3E(X) +5 = 3(5) +5 |E(3X +5)= 20
Var (3%+5) = 3*Var () = Q(4) Var(3X+5)=3b
Var(l—X):(‘l)IVar(X\ = l(‘*) Var(2-X)= &
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Transformation of Multiple Variables YOURNOTES

What is the mean and varianceofaX+bY? l

e LetXandYbetworandomvariables andletaandb betwo constants
E(aX+bY) =aE(X) + bE(Y)
o Thisis true forany randomvariables XandY
Var(aX+bY) =a2Var(X) + b2 Var(Y)
o Thisistrueif XandY areindependent
E(aX-bY)=aE(X) - bE(Y)
Var(aX - bY) =a2Var(X) + b2 Var(Y)
o Noticethatyou stilladd the two terms togetheron theright hand side
= Thisisbecause b2is positive evenif bis negative
o Thereforethevariances of aX+bYandaX-bY arethesame

What is the mean and variance of alinear combination of nrandom
variables?

e LetX; Xy, ..., X,benrandomvariables and a;, ay, ..., a,be n constants

E(ale + azX2 +..x 3an) = alE(Xl) + 32E(Xz) . - anE(Xn)

o Thisis givenin the formulabooklet
o This canbewritten as E(Z aIXI.) =2 aiE(XI.)

o Thisis true forany randomvariable

Var(ale ta, Xt .t aHXH) = alear(Xl) + aszar(Xz) + ..+ aHZVar(XH)

o Thisis givenin the formula booklet
o This can be written as Var(z aIXI.) = a?Var(XI.)

o Thisis trueif therandom variables areindependent
= Noticethatthe constants get squared so the terms on theright-hand side will
always be positive

For a givenrandom variable X, what is the difference between 2X and X; +
X2?
e 2Xmeans one observation of Xis taken and then doubled
¢ Xj+X2means two observations of X are taken and then added together
e 2XandXj+ Xzhave the same expected values
o E(2X) = 2E(X)
o E(Xy+X2) = E(X7) + E(X2) = 2E(X)
¢ 2XandXj+ Xz2havedifferent variances
o Var(2X) = 22Var(X) = 4Var(X)
o Var(Xj+ X2) = Var(X;) + Var(X2) = 2Var(X)
To seethedistinction:
o Suppose X could take thevalues O and1
= 2Xcouldthentakethevalues O and?2
= X;+Xocouldthentakethevalues O,1Tand?2
¢ Questions arelikely to describe the variables in content
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o Forexample: The mass of a carton containing 6 eggs is the mass of the carton plus the YOURNOTES
mass of the 6 individual eggs 1
o ThiscanbemodelledbyM=C +E;+E,+Ez+E4+Es+Egwhere
= Cisthemassofacarton
= FEisthemassofanegg
o ltisnot C + 6Ebecause the masses of the 6 eggs could be different

(’) ExamTip

* ¢ Inanexam when dealing with multiple variables ask yourself which of the two
casesistrue
o You are adding together different observations using the same variable:
X1+ X0+ ...+ X,
o You are taking a single observation of a variable and multiplyingit by a
constant: nX

%) Worked Example

°
X and Yareindependentrandom variables such that

E(X) =5 & Var(X) =3,
E(Y)= -2 & Var(Y) =4.
Findthevalue of:

(i)
EQX+5Y),
(ii)
VarX +5Y),
(iii)
Var(4X-Y).
Linear combinations of | E(q, X, £a,X, +..ta,X,)=aE(X,)£aE(X,)+..2aE(X,

& b kl ‘_ independent random
rmula 00 Kle'! Variables, X, X, ..., x, | Var(aXi£aX, £ xa,X,)

=a’ Var(X,)+a,’ Var(X,)+..+a,’ Var(X,)

E(2x45Y) = 2E(x) +3E(Y) =:2(5) +5(-)) |E(X+5Y) = D

Var(2X+57) = ZZVar(X)+5zVar(‘l) ‘4(3)“25(4) Var(lx-}SY):“Z
Var (6X-Y) = 4 Varlx) + VarlY) < 1663) + & |Var(4x =Y )=52
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4.6.2Unbiased Estimates

Unbiased Estimates

What is anunbiased estimator of a population parameter?

¢ Anestimatoris arandomvariable thatis usedto estimate a population parameter
o Anestimateis the value produced by the estimatorwhen a sampleis used
¢ Anestimatoris calledunbiasedif its expectedvalueis equal to the population parameter
o Anestimate from anunbiased estimatoris called an unbiased estimate
o This means thatthe mean of the unbiased estimates will get closer to the population
parameter as more samples are taken

+ Thesamplemeanis anunbiased estimate for the population mean
* Thesamplevarianceis not anunbiased estimate forthe populationvariance
o Onaverage the sample variance willunderestimate the population variance
o Asthe sample sizeincreases the sample variance gets closer to theunbiased
estimate

What are the formulae for unbiased estimates of the mean and variance
of a population?
e Asample of ndatavalues (x;, X, ... etc) can be used to find unbiased estimates forthe mean
andvariance of the population
¢ Anunbiasedestimate forthe mean pof a population can be calculated using

2x

n

o X=

¢ Anunbiasedestimate forthe variance o2 of a population can be calculated using
n

2 = 2
o & = S
n-1 n—1n

o Thisis givenin the formulabooklet
° 5121 is thevariance of the sample data

_Ze-v T

n n

- (}—()2

LI

« Different calculators can use different notations for s2 )
-

° oi _p 2,32 are notations you might see

o Youmay also seethe squareroots of these

Is sh.1anunbiased estimate for the standard deviation?

¢ Unfortunately s,_jis notan unbiased estimate forthe standard deviation of the population
e |tis bettertowork with the unbiasedvarianceratherthan standard deviation
e Thereis notaformula foranunbiased estimate forthe standard deviation that works forall
populations
o Thereforeyou willnotbe askedtofindoneinyourexam

How dol show the sample meanis anunbiased estimate for the
population mean?
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You do not need tolearn this proof
o |tis simply here to help with yourunderstanding
¢ Supposethe population of Xhas mean uandvariance ¢2
¢ Takeasample of n observations
o X]]XQJ...,Xn
o EX)=n
¢ Usingtheformula foralinear combination of nindependent variables:

X +X + ..+X )
1 2 n

E(X)= E( ~

E(Y)FE(Y) (Y,

n
Htput+ t+u
B n
nu
" n
=H
e As E()_() = 1 this shows the formula will produce an unbiased estimate for the population
mean

Why is there a divisor of n-1in the unbiased estimate for the variance?

¢ You donot need tolearn this proof

o |tis simply here to help with yourunderstanding
e Supposethe population of Xhas mean uandvariance ¢2
e Take asample of n observations

o X]szy...,Xn
o E(X)=p
o Var(X) = 62

¢ Usingtheformula fora linearcombination of nindependentvariables:
X +X + ..+X
Var()_() = Var{ 1 2 = 1
\ n Y

B Var(Xl) + Var(Xz) + ..+ Var(Xn)

2
2+ o2+ ..+ 02

2
no?

ra

o2

n
_ o2
« Iltcanbeshownthat E(X?) = 12 + o

o This comes fromrearranging Var()_() = E()_(z) - [E()_()]2
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e Itcanbeshownthat E(X2) = E(Xiz) =2+ 0?2

o This comes fromrearranging Var(X) = E(X2) - [E(X)]?
¢ Usingtheformula fora linearcombination of nindependentvariables:

_ (2
=———-B(X’)
2.(12 + 0?) 2
B (.2
) ()
n \ n
2
=,UZ+62_(‘[12+%)
2
a2
n
_ no’—o?
" n
n—1
= .
n

e As E(Si) # o2 this shows that the sample varianceis not unbiased

n
o You needtomultiply by ——

n—1
° E(S]_)=0
(’) Exam Tip

e Checkthe wording of the exam question carefully to determine which of the
followingyou are given:
o The populationvariance:
o The sample variance:

o Anunbiased estimate forthe population variance:

Page 80 of 176

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers

YOURNOTES
i


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

YOURNOTES
*> Worked Example !
[

Thetimes, X minutes, spent on daily revision of arandom sample of 50 IB students
from the UK are summarised as follows.

n=50 2 x=6174 si=1384.3

Calculate unbiased estimates of the population mean andvariance of the times
spent on daily revision by IB students in the UK.

Unblased es+\ma’re 01( PoPu‘(ﬂ'ion mean X = Z—:\‘
N A
X = 123 minutes (3sf)

Unbiased estimate of N n o,

FDmH\Q bookl€+ population variance s>, [ S =7 %

@+ 50 -
Sov o2 +|384 3 = 141255

5., 2 1l minufes® (3sF)
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4.7 Binomial Distribution YOURlNOTES

4.7.1The Binomial Distribution

Properties of Binomial Distribution
What is a binomial distribution?

¢ Abinomial distribution is a discrete probability distribution
» Adiscreterandomvariable X follows a binomial distribution if it counts the number of
successes when an experiment satisfies the following conditions:
o There are a fixed finite number of trials (n)
o The outcome of each trialis independent of the outcomes of the other trials
o There are exactly two outcomes of each trial (success or failure)
o The probability of success is constant (p)
If X follows a binomial distribution thenitis denoted X ~B(n, p)
o nisthenumber of trials
o pistheprobability of success
The probability of failureis1- p whichis sometimes denotedas q
The formula for the probability of r successful trials is given by:
o P(X=r)=2C.xp(1=p)n~rforr=0,1,2,..,n
n!
. HCr—mwheren!=nX(n—l)X(n—2)X...X3X2X1
o You will be expectedto use the distribution function on your GDC to calculate
probabilities with the binomial distribution

What are the important properties of a binomial distribution?
¢ The expected number (mean) of successful trials is

E(X) = np

o You are given this in the formula booklet
¢ Thevariance of the number of successful trials is

Var(X) =np(1 - p)

o You are given this in the formula booklet
o Squarerootto get the standard deviation

e Thedistribution can berepresented visually using a verticalline graph
o Ifpiscloseto 0 thenthe graphhas a tail to theright

If pis closeto1then the graph has a tail to the left

If pis closeto 0.5 then the graph is roughly symmetrical

If p = 0.5then the graphis symmetrical

o]

(e}

(e}
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YOURNOTES

X ~ B(10, 0.2) | .

P(X=X)

0.30 A
0.25 A
0.20 A
015 ~
0.10 A
0.05 - |

0.00 l

I 1 T 1 x

1.
0 2 4 6 8 10

| x ~ 810, 0.5 |

P(X=x)
0.25 A
0.20 -
0.15 -
0.10 -
0.05 -

0.00 4

| X ~ B(10, 0.8 |

P(X=x)

0.30 -
0.25 -
0.20 -
0.15 -
0.10 -
0.05 -
0.00 | L1 |
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Modelling with Binomial Distribution
How do| set up a binomial model?

¢ Identify whatatrialis in the scenario
o Forexample:rollingadice, flipping a coin, checking hair colour
« ldentify whatthe successful outcomeis in the scenario
o Forexample:rollinga 6, landing on tails, having black hair
¢ |dentify the parameters
o nisthenumberoftrials and pis the probability of success in each trial
e Makesureyou clearly state what yourrandomvariable is
o Forexample, let X be the number of students in a class of 30 with black hair

What can be modelled using a binomial distribution?

¢ Anythingthat satisfies the four conditions
o Forexample:let T be the number of times a fair coin lands on tails when flipped 20 times:
o Atrialis flipping a coin: There are 20 trials son =20
o We canassume each coin flip does not affect subsequent coin flips: they are
independent
o Asuccessis whenthe coinlands on tails: Two outcomes - tails or not tails (heads)
o Thecoinis fair: The probability of tails is constant withp = 0.5
¢ Sometimes it might seemlike there are more than two outcomes
o Forexample:let Y bethenumber of yellow cars that arein a carpark fullof 100 cars
= Although there are more than two possible colours of cars, here the trial is whether
acaris yellow so there are two outcomes (yellow or not yellow)
= Y wouldstillneedto fulfilthe other conditions in order to follow a binomial
distribution
¢ Sometimes a sample may be taken from a population
o Forexample: 30% of peoplein a city have blue eyes, a sample of 30 people from the
cityis taken and X is the number of them with blue eyes
= Aslongasthepopulationis large and the sampleis random thenit can be
assumedthat each personhas a 30% chance of having blue eyes

What can not be modelled using a binomial distribution?

¢ Anythingwhere the number of trials is not fixed oris infinite
o Thenumber of emails receivedin an hour
o Thenumber of times a coinis flipped until it lands on heads
¢ Anythingwhere the outcome of one trial affects the outcome of the other trials
o Thenumberof caramels that a person eats when they eat 5 sweets fromabag
containing 6 caramels and 4 marshmallows
= [fyoueatacaramelforyourfirst sweetthen there areless caramels leftin thebag
whenyou choose your second sweet
o Anything where there are more than two outcomes of a trial
= Aperson's shoe size
= Thenumbera dicelands on whenrolled
o Anythingwhere the probability of success changes
= Thenumber of times that a person can swim a length of a swimming poolin under
aminute when swimming 50 lengths
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= The probability of swimmingalap in undera minute willdecrease as the YOURNOTES
person gets tired l
= The probability is not constant

(") Exam Tip

* e Anexam question mightinvolve different types of distributions so makeit clear
which distribution is being used for each variable
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*9 Worked Example

Itis known that 8% of alarge population areimmune to a particularvirus. Mark takes
asample of 50 people from this population. Mark uses a binomial model for the
number of peoplein his sample that areimmune to the virus.

a)
State the distribution that Mark uses.

A trial is d\eckina if a person s immune o the wirus

R suwess 1s if the person is immuae.

ket X be the number of pesple in the sample immune to the virus

X~ B(50,0.08)

Number oi/‘ t/ Pmbobilihd of

pecple in sample being immune o the viruy

b)

Statetwo assumptions that Mark must make in orderto use a binomial model.

Mark needs to assume that :
*each person in the population has an B% chance

of Being immune

‘the somple is random and the pecple are independent
a person being immune does not affect the

immm\ﬂ’a o# others

For examele:

If oll 50 came from the same family then
‘H\r.a would not be 'mdepg\dm{»

c)

Calculated the expected number of people in the sample that areimmune to the

virus.

Bi ial distributi
Formula booklet S U

E(X)=np

E(X) - 505008 e

L people
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4.7.2 Calculating Binomial Probabilities

Calculating Binomial Probabilities

Throughout this section we will use the random variable X ~ B(n, p) .Forbinomial, the
probability of X taking a non-integer or negative value is always zero. Therefore any values of X
mentionedin this section willbe assumedto be non-negative integers.

How dol calculate P(X = x): the probability of a single value for a binomial
distribution?

¢ Youshouldhave a GDC that can calculate binomial probabilities

¢ Youwanttouse the "Binomial Probability Distribution" function

o Thisis sometimes shortened to BPD, Binomial PD or Binomial Pdf
You willneed to enter:

o The 'x'value - the value of x for which you want to find P(X=x)

o The'n'value - the number of trials

o The'p'value - the probability of success
Some calculators will give you the option of listing the probabilities for multiple values
of xatonce
Thereis a formula that you can use but you are expected to be able to use the distribution
function onyourGDC

o P(X=x) =nC, XpX(l —p)” X

n!

7 n-n)!

IHC

How do | calculate P(a = X = b): the cumulative probabilities for a binomial
distribution?
¢ Youshouldhave a GDCthat can calculate cumulative binomial probabilities
o Mostcalculators willind P(a< X < b)
o Some calculators can only ind P(X < b)
= Theidentities below will helpin this case
¢ Youshoulduse the "Binomial Cumulative Distribution" function
o Thisis sometimes shortened to BCD, Binomial CD or Binomial Cdf
e Youwillneedtoenter:
o Thelowervalue - thisis thevaluea
= This canbezerointhe case P(X < b)
o Theuppervalue - thisis thevalueb
= Thiscanbeninthecase P(X > a)
o The'n'value - the number of trials
o The'p'value - the probability of success

How do | find probabilities if my GDC only calculates P(X = x)?

¢ Tocalculate P(X =x) justenterxinto the cumulative distribution function

e Tocalculate P(X <x) use:
o P(X <x)=P(X <x—1)which works when Xis a binomial random variable
= P(X<5)=P(X<4)
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e Tocalculate P(X> x) use:
o P(X>x)=1-P(X < x) whichworks forany random variable X
= P(X>5)=1-P(X<5)

e Tocalculate P(X = x) use:
o P(X>x)=1-P(X<x—1)whichworks when Xis a binomial random variable
= P(X25)=1-P(X<4)

e TocalculateP(a <X <b)use:
o P(a<X<b)=P(X<b)—-P(X<a-1)whichworks when Xis a binomial random
variable
= P(5<X=<9)=P(X=<9)-P(X<4)

What if aninequality does not have the equals sign (strictinequality)?

¢ Forabinomial distribution (as it is discrete) you could rewrite all strictinequalities (<and >)
as weak inequalities (= and =) by using the identities for a binomial distribution
o P(X<x)=P(X<x—-1)andP(X>x)=P(X2x+1)
o Forexample:P(X<5)=P(X<4)andP(X>5)=P(X= 6)
It helps to think about the range of integers you want
o |ldentify the smallest and biggestintegersintherange
¢ |fyourrange has no minimum ormaximumthenuse O orn
o P(X<b)=P(0<X<b)
o P(X>a)=P(a<X<n)

P(a<X<b)=Pla+1<X<b)
o P(5<X<9)=P(6=<X=<9)

PlasX<b)=PlasX<b-1)
o P(5<X<9)=P(5<X<8)

Pla<X<b)=Pla+1<X<b-1)
o P(5<X<9)=P(6=<X<8)

(’) Exam Tip
* * |fthe questionisin context then write down the inequality as well as the final
answer

o This means you stillmight gain a mark even if you accidentally type the
wrong numbers into your GDC
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9 Worked Example

Therandomvariable X ~ B(40, 0.35). Find:

i)

P(X=10).
Heﬁ‘ﬁ\c\s nod p n:=k0 p=035
Use binomial probabilh‘t:) distribution on GDC
P(X=10) = 0.05%056...

P(X=10) = 0.053 (3sf)
i
P(X<10).
dentify upper and lower values
P(X<10) = P(D ¢ X< 10)
Use binomial cumulative distribution on GDC
P(X<10) = 0.12491..

P(X<10) = 0.121 (3sf)
iii)
P(8 < X< 15).

\denhﬂ upper and lower values
P(8< X<\5) = P(q ¢ X ¢ )

Use binomial cumulative distribution on GDC
P(4 ¢ X¢ W) = 0.54I182%. .

P(8<X<15): 0.542 (3sf)
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4.8 Normal Distribution

4.8.1The Normal Distribution

Properties of Normal Distribution

The binomial distribution is an example of a discrete probability distribution. The normal
distribution is an example of a continuous probability distribution.

What is a continuous random variable?

¢ Acontinuous random variable (often abbreviated to CRV) is arandom variable that can
take any value within a range of infinite values
o Continuous random variables usually measure something
o Forexample, height, weight, time, etc

What is a continuous probability distribution?

¢ Acontinuous probability distribution is a probability distribution in which the random
variable X is continuous
The probability of X being a particular value is always zero

o P(X=k)=0foranyvaluek

o Instead we define the probability density function f(x) fora specificvalue

= Thisis afunctionthat describes therelativelikelihood that the random variable
would be closetothatvalue
o Wetalkabout the probability of X beingwithin a certainrange

¢ Acontinuous probability distribution can be represented by a continuous graph (the values
for X along the horizontal axis and probability density on the vertical axis)
The areaunder the graph between the points x = g and x = b is equal to P(a <X< b)
o Thetotal areaunder the graphequals1
AsP(X=k)= Oforany valuek, it does not matterif we use strict orweak inequalities
o P(X <k)=P(X < k)foranyvalue kwhen Xis a continuous random variable

What is a normal distribution?

¢ Anormaldistribution is a continuous probability distribution
» The continuous random variable X can follow a normal distribution if:
o Thedistributionis symmetrical
o Thedistributionis bell-shaped
If X follows a normal distribution thenitis denotedX~N(,u, 0'2)
o uisthemean
o o?is thevariance
o oisthe standard deviation
If the mean changes then the graph is translated horizontally
If the variance increases then the graph is widened horizontally and made taller vertically
tomaintainthe samearea
o Asmall varianceleads to a tall curve with a narrow centre
o Alargevarianceleads to a short curve with a wide centre
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SAME VARIANCES
DIFFERENT MEANS

SAME MEANS
DIFFERENT VARIANCES

What are the important properties of a normal distribution?

e Themeanis u
« Thevarianceis ¢?

o Ifyouneedthe standard deviation rememberto squareroot this

e Thenormaldistributionis symmetrical about

o Mean=Median=Mode=u
e Therearetheresults:

o Approximately two-thirds (68%) of the data lies within one standard deviation of the

mean (1% o)

o Approximately 95% of the data lies within two standard deviations of the mean (u+

20)

o Nearly all of the data (99.7%) lies within three standard deviations of the mean (u+

30)

952

99.7%

1

D

H-30 p-20 p-O

s

M+O  p+20 p+30
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Modelling with Normal Distribution
What can be modelled using a normal distribution?

* Alotof real-life continuous variables can be modelled by a normal distribution provided
that the populationis large enough and that the variable is symmetrical with one mode
e Foranormaldistribution X cantake anyrealvalue, howevervalues farfrom the mean (more
than 4 standard deviations away from the mean) have a probability density of practically
zero
o This factallows us to modelvariables that are not defined forallreal values such as
height and weight

What can not be modelled using a normal distribution?

¢ Variables which have more than one mode orno mode

o Forexample: the number given by arandom number generator
¢ Variables which are not symmetrical

o Forexample:howlongahuman lives for

(") Exam Tip

et e Anexam question mightinvolve different types of distributions so makeit clear
which distribution is being used for each variable

) Worked Example

®
Therandom variable S represents the speeds (mph) of a certain species of

cheetahs when they run. The variable is modelled using N(40, 100).

a)
Write down the mean and standard deviation of the running speeds of cheetahs.
F:‘l‘o Oﬂd 0’1 :")O

!

Scluare root to ﬁd standard deviation

Mean F:‘\-D
Standord deviation o = 1D

b)
State two assumptions that have been made in orderto use this model.

We assume thot the distribution of the speeds is
- s:smmd'r‘um\

* bell-shaped
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Calculating Normal Probabilities

Throughout this section we willuse the random variabIeX~N(y, 02). For X distributed
normally, X can take any real number. Therefore any values mentionedin this section willbe
assumedto berealnumbers.

How do | find probabilities using a normal distribution?

e Theareaunder anormal curve between the points x = a and x = b is equal to the
probability P(a < X < b)
o Rememberforanormal distribution you do not need to worry about whetherthe
inequality is strict (< or>) orweak (s orz)
» Pla<X<b)=Pla<X<bh)
¢ You willbe expected to use distribution functions on your GDC to find the probabilities
when working with a normal distribution

How dol calculate P(X = x): the probability of a single value for a normal
distribution?

¢ The probability of a single value is always zero for a normal distribution
o You can picture this as the area of a singlelineis zero
« P(X=x)=0
e YourGDC is likely to have a "Normal Probability Density" function
o Thisis sometimes shortenedto NPD, Normal PD or Normal Pdf
o IGNORETHIS FUNCTION for this course!
o This calculates the probability density function at a point NOT the probability

How dol calculate P(a < X < b): the probability of arange of values for a
normal distribution?

¢ Youneeda GDCthat can calculate cumulative normal probabilities
e Youwanttousethe "Normal Cumulative Distribution" function
o Thisis sometimes shortenedto NCD, Normal CD or Normal Cdf
¢ Youwillneedtoenter:
o The'lowerbound'-thisisthevaluea
o The'upperbound' - thisis thevalueb
o The'y' value - thisis themean
o The'd value - thisis the standard deviation
Check the order carefully as some calculators ask for standard deviation before mean
o Rememberitis the standard deviation
= soifyouhavethevariancethen squarerootit
¢ Always sketch a quick diagram to visualise which area you are looking for

How dol calculate P(X > a) or P(X < b) for a normal distribution?
¢ Youwillstilluse the "Normal Cumulative Distribution" function
« P(X > a) canbeestimated using anupper bound that is sufficiently bigger than the mean
o Usingavaluethatis morethan 4 standard deviations bigger than the meanis quite
accurate
o Oraneasieroptionisjusttoinputlots of 9's forthe upper bound (99999999... or10%?)
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o+ P(X < b) canbe estimated using a lower bound that is sufficiently smaller than the mean
o Usingavaluethatis morethan 4 standard deviations smaller than the meanis quite
accurate
o Oraneasieroptionisjusttoinputlots of 9's forthe lowerboundwith a negative sign
(-99999999... or -10%9)

Are there any useful identities?

o P(X<y)=P(X>y)=O.5

e« AsP(X=2a)=0 you canuse:
o P(X<a)+P(X>a)=1
o P(X>a)=1-P(X<a)
o P(a<X<b)=P(X<b)-P(X<a)

e Theseareusefulwhen:
o Themean and/orstandard deviation are unknown
o Youonlyhaveadiagram
o You are workingwith theinverse distribution

(’) Exam Tip
* e Check carefully whetheryou have entered the standard deviation orvariance
intoyourGDC
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YOURNOTES

*9 Worked Example !

°
The randomvariable Y ~N(20,52). Calculate:

i)

P(Y'=20).
ld{l\‘h‘& M and o
'4:20 0'1=51 0 o:=9
Skerth!
P(¥=20):0
20 4
i)
P(18< Y <27).
Skeetth! US‘!\Q GdL
Lower =18 "
UPPer"y & s :“ﬂ_ .
B2 2 y PO18<Y<23)= 0.534665..
0.535 (3sf)
iii)
P(Y>29)
Sketth! \XS\N& GdL
Lower = 29

Upper - 49999
oM ) P(¥>29):0.035430..
No upper bound 0 0.0359 (3s¢)
doose o big Aumber
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Inverse Normal Distribution YOURNOTES

Given the value of P(X < a) how do | find the value of a? l

e YourGDC willhave a function called "Inverse Normal Distribution”
o Some calculators call this InvN
 GiventhatP(X < a) = pyouwillneedtoenter:
o The'area'-thisisthevaluep
= Some calculators might ask forthe 'tail' - this is the left tail as you know the area to
theleftofa
o The'y' value - thisis the mean
o The'd value - thisis the standard deviation

Given the value of P(X > a) how do | find the value of a?

« Ifyourcalculatordoes have the tail option (left, right or centre) then you can use the
"Inverse Normal Distribution” function straightaway by:
o Selecting 'right’ forthe tail
o Enteringtheareaas'p’
e Ifyourcalculatordoes not have the tail option (left, right or centre) then:
o GivenP(X>a) =p
o UseP(X<a)=1-P(X> a)torewrite this as
= P(X<a)=1-p
o Thenusethemethod forP(X<a)tofinda

O Exam Tip

* ¢ Always check youranswer makes sense
o IfP(X<a)islessthan0.5then ashouldbe smallerthanthe mean
o |fP(X <a)is morethan 0.5then a should be bigger than the mean
o Asketch willhelpyou see this
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YOURNOTES
*9 Worked Example !
The random variable W~N(50, 36).

Findthe value of w such that P(W > w) =0.175.

ldentify g and o

,4:50 o3 s o:6

Skerch!
P(Wcw)=)-P>w)

=\-0.\3%
DH5*

P(W>w) = 0.115

L P(Wow) is less than 0.5

50 Wis biwr thoa the mean

Aren rom lef 15 0.825

Use \aere Nomal Distribution fuadiion on GDC
w: 59.60%5...

w=55.6 (3sf)
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YOURNOTES
l

4.9 Further Normal Distribution (inc Central Limit Theorem)

4.9.1Sample Mean Distribution

Combinations of Normal Variables
What is alinear combination of normal random variables?

* Supposeyou have nindependent normal random variables X ~N(,uj, 0'?) fori=1,2,3,...n

e Alinearcombinationis of the form X = ale + a2X2 + ...+ aHXH + b whereajandbare

constants
¢ Themean andvariance can be calculated usingresults fromrandom variables
o E(X)= ap taput+..taup+b
o Var(X)=a202 + 8202+ ...+ a2 o>
11 22 n n
= Thevariables need to beindependent for this result to be true
¢ Alinear combination of nindependent normal random variables is also a normal random
variableitself

~ 252 + 22 52 2 52
o X N(al,u1+az,u +..tap +baloltaiol+ ...+aH0'n)

2
o This canbeusedto find probabilities when combining normal random variables

What is meant by the sample mean distribution?

e Supposeyou have a population with distribution Xand you take arandom sample with n
observations Xj, Xo, ..., Xn

¢ The sample mean distribution is the distribution of the values of the sample mean
)(1 +X2+ ...+XH

o X=
n
 Foranindividual sample the sample mean x can be calculated
o Thisisalso called a point estimate

o X s thedistribution of the point estimates

What does the sample mean distribution look like when Xis normally
distributed?

¢ |fthe populationis normally distributed then the sample mean distributionis also normally
distributed

= E(X1+X2+ '"+Xn) E(X1)+E(X)+ '"+E(Xn) _ptpt tp nu

2
: E(X)_ n n n T_'u

v (X1+X2+ ...+Xn) Var(X )+ Var(X )+ .+ Var(X ) i o4 402 per o
= aI’ = = =

o VarlX
( n? n? n? n

¢ Thereforeyou divide the variance of the population by the size of the sample to get the
variance of the sample mean distribution

_ o2
o X~N(u,0?)=X~N =
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YOURNOTES

*9 Worked Example !
[ J

Ambermakes a cup of tea using a hotdrink vending machine. When the hot water
buttonis pressed the machine dispenses Wmlof hot waterand when the milk
buttonis pressed the machine dispenses M ml of milk. Itis known that

W ~N(100, 152) and M ~N(10, 22).

Tomake a cup of tea Amber presses the hot water button three times and the milk
button twice. The total amount of liquid in Amber’s cup is modelled by C ml.

a)
Write down the distribution of C.

C=WaWor W M+ My
E(Q)= E(w) Q)+ E(W,) + E(m) + E(1)
=100 +100 +100 + 10 +10 -320
Var(€) = Var(Wh) * Vor(uh) + Var (W) + Var (M) + Var (M,)
grc I5% + 18Y + ISP v 28 v 2 = BB3
A |ineor (omBma’rion 01( norma| variaUes N OISO(J normal Vanable

C~ N(320, 633)

b)
Find the probability that the totalamount of liquid in Amber's cup exceeds 360 ml.

Use normal distribution on GDC
M: 30 o- \E{i
Lower =360 Upper = 9999...

320 360
P(¢ > 360) = 0.062934..

P(C >360) = 0.0629 (3sf)

c)
Ambermakes 15 cups of tea and calculates the mean C. Write down the
distribution of C.

C-N(g, 7)
C ~N(320.4%)
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Central Limit Theorem YOURNOTES
What is the Central Limit Theorem? l

e The CentralLimit Theorem says thatif a sufficiently large random sample is taken from any

distribution X then the sample mean distribution X can be approximated by a normal
distribution

o Inyourexamn> 30 will be considered sufficiently large forthe sample size
2
— o
* Therefore X canbe modelled by N\y, 7)

o uisthemeanof X
o o2isthevariance of X
o nisthesize of the sample

Dol always need to use the Central Limit Theorem when working with the
sample mean distribution?
¢ No - the Central Limit Theoremis not needed when the populationis normally distributed
e |f Xis normally distributed then Xis normally distributed
o Thisis trueregardless of the size of the sample
o The Central Limit Theoremis not needed
¢ |f Xis not normally distributed then Xis approximately normally distributed
o Providedthe sample sizeis large enough
o The Central Limit Theoremis needed
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YOURNOTES

*9 Worked Example !

Theintegers 1to 29 are written on counters and placedin a bag. The expectedvalue
when oneis picked atrandomis 15 andthevarianceis 70. Susie randomly picks 40
integers, returning the counter aftereach selection.

a)
Find the probability that the mean of Susie's 40 numbers is less than 13.

let X be the mean of 40 numbers
n\arse > X"N(/u, %1) X"N(IS, %{)))

Use normal distribution on GDC

wis o[

LDWCI' =‘qqq Upper: |3

13 15

P(X <13) = 0.0652%5. .
P(X < 13) = 0.0653 (3sF)

b)
Explain whetheritwas necessary to use the Central Limit Theorem in your
calculation.

The (entral Limit Theorem was necessary s the
random variable for the aumber picked out of the bag
is not normo“g digtributed.
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4.9.2 Confidence Interval for the Mean

Confidence Interval for p

What is a confidenceinterval?

e |tisimpossible to find the exact value of the population meanwhen takinga sample
o Themean of asampleis called a point estimate
o Thebestwecandois find aninterval forwhich the exact valueis likely tolie
o Thisis called the confidenceinterval for the mean
¢ The confidencelevel of a confidenceintervalis the probability that the interval contains
the population mean
o Becarefulwith the wording - the population meanis a fixed value so it does not make
sense to talk about the probability that it lies within an interval
= |Insteadwe talk about the probability of aninterval containing the mean
o Suppose samples were collected and a 95% confidence interval forthe population
mean was constructed foreach sample then forevery 100 intervals we would expect
on average 95 of them to containthe mean
= 95 outof100is not guaranteed - itis possible that all of them could contain the
mean
= |tis alsopossible (though very unlikely) that none of them contains the mean

How dol find a confidence interval for the population mean (u)?

¢ You willbe given data using a sample froma population
o The population willbe normally distributed
= |fnotthenthe sample size should belarge enough soyou canuse the Central
Limit Theorem
¢ Youwilluse theinterval functions on your calculator
e Useaz-intervalif the population varianceis known ¢2
o OnyourGDC enter:
= thestandarddeviation candthe confidencelevel a%
= EITHERtheraw data
» ORthesample mean X andthe sample sizen

* Useat-intervalif the population variance is unknown

o Inthis casethetestuses theunbiased estimate for the variance sﬁ .

o OnyourGDC enter:

= theconfidencelevel 0%
= EITHER theraw data
= ORthesamplemean X, thevalue of s,_;and the sample sizen
Your GDC will give you the lowerand upper bounds of the interval
o Itcanbewrittenasa<u<b

What affects the width of a confidence interval?

e Thewidth of a confidenceintervalis the range of the values in the interval
¢ The confidencelevel affects the width

o Increasing the confidence level willincrease the width

o Decreasing the confidence level with decrease the width
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¢ Thesize of the sample affects the width
o Increasing the sample size willdecrease the width
o Decreasing the sample size willincrease the width

How canlinterpret a confidenceinterval?
e Afteryouhave founda confidenceinterval for uyou might be expected to comment on the
claim foravalue of u

¢ |ftheclaimedvalueis within the confidence interval then thereis not enough evidence to
reject the claim

o Therefore the claimis supported

¢ Iftheclaimedvalueis outside theinterval then thereis sufficient evidence toreject the
claim

o Thevalueis unlikely tobe correct

Page 104 of 176

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers

YOURNOTES
i


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

YOURNOTES
*> Worked Example !
[ J

Carawants to check the mean weight of burgers sold by a butcher. The weights of
the burgers are assumedto be normally distributed. Cara takes arandom sample
of 12 burgers and finds that the mean weightis 293 grams and the standard
deviation of the sampleis 5.5 grams.

a)
Find a 95% confidence interval for the population mean, givingyouranswerto 4
significant figures.

‘ﬂ\e Popu‘a’rion variaae is unknown so use a t- inferval
Unbiased esti f N N
Formula booklet [ pmmerssesmoresr, [

N %xss‘ - 33

N\

Ener data into GDC

(onfidence level =095 5 =293 5]3_3 sl
Lower: 289.35..

Upper: 296.6L .

2394 <p<2b  (bsF)

b)
The butcher claims the burgers weigh 300 grams. Comment on this claim with
reference to the confidenceinterval.

300 is above the confidene interval which
Su%es’rs that the butchers daim is not True
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4.3 Further Correlation & Regression YOUR TOTES

4.3.2 Logarithmic Scales

Logarithmic Scales
What are logarithmic scales?

¢ Logarithmic scales are scales where intervals increase exponentially
o Anormalscalemightgol,2,3,4,...
o Alogarithmic scalemightgo1,10,100,1000, ...
e Sometimes we can keep the scales with constant intervals by changing the variables
o Ifthevalues of xincrease exponentially:1,10,100,1000, ...
o Thenyou canusethevariablelog xinstead which willhave thescale: 1,2, 3,4, ...
o This willchange the shape of the graph
= |fthe graphtransforms to a straightlinethenitis easierto analyse
¢ Anybase canbeusedforlogarithmic scales
o ThemostcommonbasesarelOande

Why do we use logarithmic scales?
e Forvariables thathave alargerangeit can be difficult to plot on one graph
o Especially when alot of thevalues are clustered in oneregion
o Forexample: populations of countries
= Thiscanrangefrom800t01450 000 000
e Ifweareinterestedin therate of growth of a variableratherthan the actualvalues then a
logarithmic scaleis useful
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log-log & semi-log Graphs
Whatis alog-log graph?
¢ Alog-loggraphis used whenbothscales of the original graph are logarithmic
o You transform both variables by takinglogarithms of the values

¢ logy &logxwillbeusedinstead of y & x
» Powergraphs ( y = ax?) looklike straightlines on log-log graphs

What s a semi-log graph?

* Asemi-loggraphis usedwhen only one scale (the y-axis) of the original graph are
logarithmic
o You transform only the y-variable by taking logarithms of those values
¢ logy willbeusedinstead of y
» Exponential graphs ( y = ab*) look like straight lines on semi-log graphs

How can| estimate values using log-log and semi-log graphs?

¢ |dentify whetherone orboth of the scales are logarithmic
¢ |dentify thevariable so that the scales have equal intervals
o x:1,10,100,1000,...uselogx
o Forx:1l,e,e2e3 .. uselnx
¢ |fyouareaskedtoestimateavalue:
o Firstfindthevalue of any logarithms
= Forexample:logy, Inx, etc
o Usethegraphtoreadoffthevalue
o Ifitis avalueforalogarithm findthe actualvalue using:
= logx=k=x=10k
» Inx=k=>x=¢k

(') Exam Tip

¢ Pay close attention towhich baseis beingused(logorin)
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YOURNOTES

*> Worked Example !

The function y = KX) is drawn below using alog-log graph.

logy.

0

1 2 3 log x
Show thatwhen x = 56 thevalue of y is approximately 24.

Fiad log e
x5 = log5b:1 3l 2
Use graph +o find log g 1
log y = 1.3%5 K R

F‘nd “ |Exponents & logarithms | a*=b & x=log, b

y: 1037 :23.3. = 2%
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4.3.3 Linearising using Logarithms

Exponential Relationships
How dol uselogarithms tolinearise exponential relationships?
¢ Graphs of exponential functions appear as straight lines on semi-log graphs
e Suppose y = ab*
o You cantakelogarithms of both sides
= Iny = In(ab*)
o You cansplittherighthandsideinto the sum of two logarithms
= Iny=Ina+ In(b)
o You canbring down the powerin the finalterm
» Iny=Ina+ xInb
e Iny=Ina+ xInbisinlinearform Y=mX+ ¢
o Y=Iny
o X=xXx
o m=Inb
o c=lna

How canl use linearised data to find the values of the parametersinan
exponentialmodel y = ab*?
« STEP1:Linearisethedatausing Y=Inyand X=x
e STEP 2:Findthe equation of theregressionlineof YonX: Y=mX+ ¢
 STEP 3: Equate coefficients between Y= mX + cand Iny = Ina + xInb
o m=Inb
o c=Ina
e STEP 4:Solvetofindaandb
o a=¢gf
o b=em
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*> Worked Example

Hatterhas noticedthat overthe past 50 years there seems to be fewerhatmakers
in London. He also knows that global temperatures have beenrising overthe same
time period. He decides to seeif there could be any correlation, so he collects data
onthe number of hatmakers and the global mean temperatures from the past 50
years andrecords the informationin the graph below.

-

Number of hatmakers

Global temperature ,°C ¢

Hatter suggests that the equation for A in terms of
h= ab!

t can be writtenin the form

.Helinearises the datausing x =t and y = Inh and calculates the regression line of

yonxtobey=4.382-1.005x.

Findthevalues of aand b.

Write h=alf.1t n |ineariSeo| form

(ompare  coefficients

y=h382-1.005x > Inh =438 L00SE
lna 43 » a=et"m : 19991
lnb = -1005 = b=e"" =0 36604

a:800 (3sf)

b: 0.366 (3sf)
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Power Relationships
How dol uselogarithms tolinearise power relationships?
e Graphs of power functions appear as straightlines onlog-log graphs
 Suppose y = ax?
o You can takelogarithms of both sides
= Iny=In(ax?)
o You cansplittherighthandsideinto the sum of two logarithms
= Iny=Ina+ In(x?)
o You canbring down the powerin the finalterm
* Iny=Ina+ blnx
e Iny=Ina+ blnxisinlinearform Y=mX+ c
o Y=Iny
o X=Inx
o m=b
o c=Ina

How canluselinearised data to find the values of the parametersinan

power model y = axP?

e STEP1:Linearisethedatausing Y=Iny and X =Inx
o STEP 2:Findthe equation of theregressionlineof YonX: Y=mX+ ¢
» STEP 3: Equate coefficients between Y= mX+ cand Iny = Ina + blnx
o m=b
o c=Ina
e STEP 4:Solvetofindaandb
o a=¢°
o b=m
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Worked Example

The graph below shows the heights, h metres, and the amount of time spent

sleeping, thours, of a group of young giraffes. Itis believed the data can be
modelled using ¢t = ah?

h

The data are coded using the changes of variables x = Inh and y = Int. The
regressionlineof y on x isfoundtobe y=0.3 —1.2x.

Findthevalues of aand b.

b
Nrﬂe t=ah n |ineariseo| lcorm

(ompare  oelficients

y: 03 -l.2x

lna <03 > q-e® 13438, [4:135 (3sF)

b:-1.2
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4.10 Poisson Distribution YOUR TOTES

4.10.1Poisson Distribution

Properties of Poisson Distribution
What is a Poisson distribution?

¢ APoissondistributionis a discrete probability distribution
o Adiscreterandomvariable X follows a Poisson distributionif it counts the number of
occurrences in a fixed time period given the following conditions:
o Occurrences areindependent
o Occurrences occur at a uniform average rate for the time period (m)
« If X follows a Poisson distribution then it is denoted X ~Po(m)
o mistheaveragerate of occurrences for the time period

¢ Theformula forthe probability of roccurrences is given by:
- I

o P(X=1)= forr=0,1,2,...

r!
= eisEuler'sconstant2.718...
s fl=rx(r=1)X..x2x1and0!=1
= Thereis noupperbound forthe number of occurrences
o You willbe expectedto use the distribution function on your GDC to calculate
probabilities with the Poisson distribution

What are the important properties of a Poisson distribution?

¢ The expected number (mean) of occurrencesis m
o You are given this in the formula booklet

The variance of the number of occurrencesis m
o You are given this in the formula booklet
o Squarerootto get the standard deviation

* Themean and variance fora Poisson distribution are equal

The distribution can berepresentedvisually using a vertical line graph
o The graphs have tails to theright forall values of m
o Asmgetslargerthe graph gets more symmetrical

If X ~Po(m) and Y ~Po(1) areindependent then X+ Y ~Po(m+ 1)
o This extends to nindependent Poisson distributions XI. ~Po(mi)

= X+ X, + L+ X ~Po(m1+m2+ ...+mn)
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Modelling with Poisson Distribution YOURNOTES
How do | set up a Poisson model? l

¢ Identify whatan occurrenceisin the scenario
o Forexample: a carpassingacamera, a machine producing a faulty item
¢ Useproportionto find the mean number of occurrences for the given time period
o Forexample: 10 carsin 5 minutes would be 120 cars in an hourif the Poisson model
works forboth time periods
e Makesureyou clearly state whatyourrandomvariable is
o Forexample:letXbethe numberof cars passinga camerain 10 minutes

What can be modelled using a Poisson distribution?

¢ Anythingthat satisfies the two conditions
e Forexample, Let C be the number of calls that a helpline receives within a 15-minute period:
C~Po(m)
o Anoccurrenceis the helplinereceivinga calland can be considered independent
o Thehelplinereceives calls atan averagerate of m calls during a 15-minute period
¢ Sometimes a measure of space willbe used instead of a time period
o Forexample, the number of daisies that exist on a square metre of grass
« |fthemeanandvariance of a discrete variable are equal then it might be possible touse a
Poisson model

(') Exam Tip

et ¢ Anexam question mightinvolve different types of distributions so make it clear
which distribution is being used for each variable
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YOURNOTES
*> Worked Example !
Jackuses Po(6.25) to model the number of emails he receives during his hourlunch
break.
a)

Write down two assumptions that Jackhas made.
Jack hac assumed that :
*the emals that he receives are independent

“he receives emails at a uniform average rate of

625 emails per hour durina his |unch breaks

b)
Calculate the standard deviation for the number of emails that Jack receives during
his hourlunch breaks.

Poisson distribution

Fo\-mula bopklet ~ [¥~remm

Mean E(X)=m

Variance Var(X)=m

= 625
g = 4625

Standard deviation = 2.5 emails
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4.10.2 Calculating Poisson Probabilities

Calculating Poisson Probabilities

Throughout this section we will use the random variable X ~Po(m).Fora Poisson distribution
X, the probability of X taking a non-integer or negative value is always zero. Therefore, any values
mentionedin this section for Xwillbe assumed to be non-negativeintegers. The value of mcan
be any real positive value.

How dol calculate P(X = x): the probability of a single value for a Poisson
distribution?
¢ Youshouldhave a GDC that can calculate Poisson probabilities
¢ Youwanttousethe "Poisson Probability Distribution” function
o Thisis sometimes shortened to PPD, Poisson PD or Poisson Pdf
e Youwillneedtoenter:
o The 'x'value - the value of x for which you want to find P(X=x)
o The'A'value - the mean number of occurrences (m)
e Some calculators will give you the option of listing the probabilities for multiple values
of xatonce
e Thereis aformulathatyou canusebutyou are expected to be able to use the distribution
function onyourGDC
e~ MmmX
x!

o P(X=x)=

= whereeis Euler's constant
s x!=xX(x—1)x..x2X1and0!=1

How do| calculate P(a = X = b): the cumulative probabilities for a Poisson
distribution?
¢ Youshouldhave a GDC that can calculate cumulative Poisson probabilities
o Mostcalculators willind P(a< X < b)
o Some calculators canonly find P(X < b)
= Theidentities below will helpin this case
¢ Youshouldusethe "Poisson Cumulative Distribution" function
o Thisis sometimes shortened to PCD, Poisson CD orPoisson Cdf
¢ Youwillneedtoenter:
o Thelowervalue - thisis thevaluea
= This canbezerointhe case P(X < b)
o Theuppervalue - thisis thevalue b
= This canbeavery large number(9999...) inthe case P(X > a)
o The''value - the mean number of occurrences (m)

How do| find probabilities if my GDC only calculates P(X = x)?

¢ Tocalculate P(X =x)justenterxinto the cumulative distribution function

e Tocalculate P(X <x) use:
o P(X <x)=P(X <x— 1) which works when Xis a Poisson random variable
= P(X<5)=P(X<4)
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e Tocalculate P(X> x) use:
o P(X>x)=1-P(X < x) whichworks forany random variable X
= P(X>5)=1-P(X<5)

e Tocalculate P(X = x) use:
o P(X>x)=1-P(X<x—1)whichworks when Xis a Poisson random variable
= P(X25)=1-P(X<4)

e TocalculateP(a <X <b)use:
o P(a<X<b)=P(X<b)—-P(X<a-1)whichworks when Xis a Poisson random
variable
= P(5=X<9)=P(X<9)-P(X=<4)

What if aninequality does not have the equals sign (strictinequality)?

e ForaPoissondistribution (as itis discrete) you could rewrite all strict inequalities (<and >)
as weak inequalities (= and =) by using the identities fora Poisson distribution

o P(X<x)=P(X<x-1)andP(X>x)=P(X2x+1)

o Forexample:P(X<5)=P(X<4)andP(X>5)=P(X= 6)
It helps to think about the range of integers you want

o |ldentify the smallest and biggestintegersintherange
e Ifyourrange has nominimumthenuse O

o P(X<b)=P(0<X<b)

Pla<X<b)=Pla+1<X<b)
o P(5<X<9)=P(6<X<9)

PlacsX<b)=PlasX<b-1)
o P(5=X<9)=P(5=<X<8)

Pla<X<b)=Pla+1<X<b-1)
o P(6<X<9)=P(6=X<8)
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YOURNOTES

*9 Worked Example !

° The random variables X ~Po(6.25) and Y ~Po(4) are independent. Find:

)
P(X=5),

Use Poisson probab‘-li’r“ distribution on GD(
m=625 (N x5

P(X=9) = 0.153%.

P(X=5) < 0.153 (3s¥)

ii)

P(Y<5),
\deatify upper and lower bounds
P(Y<8) = P(DsY «H)
Use Poisson cumulative distribution on GDC m=4& ()
P(Y<5) =0.38513..
P(¥¢5) - 0385 (3s)
iii)
P(X+Y>7).

Form the distribution m= 6.25 +4 =10.25
X+ ~ P (10.25)

|deaty lower bound =0 upper bound 0 use a large number 919.
P(X+Y >3) = P(8<X+Y )

Use Poisson cumulative distribution on GDC
P(B<X+Y)=0.901kb...

P(X+Y>3): 0301 (3sf)

Page 119 of 176

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukfor more awesomeresources

4.11Hypothesis Testing YOUR TOTES

4.11.1Hypothesis Testing

Language of Hypothesis Testing

Whatis a hypothesis test?

¢ Ahypothesis test uses a sample of datain an experiment to test a statement made about

the population
o Thestatementis eitherabout a population parameter or the distribution of the
population

e Thehypothesis test willlook at the probability of observed outcomes happening under set
conditions

¢ The probability found will be compared against a given significance level to determine
whetherthereis evidence to support the statement being made

What are the key terms used in statistical hypothesis testing?

¢ Every hypothesis test must begin with a clear null hypothesis (what we believe to already
be true) and alternative hypothesis (how we believe the data pattern or probability
distribution might have changed)
¢ Ahypothesisis an assumption thatis made about a particular population parameter or
the distribution of the population
o Apopulation parameteris a numerical characteristic which helps define a population
= Such as themeanvalue of the population
o Thenullhypothesisis denoted H0 andsets out the assumed population parameter or

distribution given that no change has happened
o Thealternative hypothesisis denoted H1 andsets out how we think the population

parameter or distribution could have changed
o When ahypothesis testis carried out, the nullhypothesis is assumed to be true and
this assumption will eitherbe accepted orrejected
= When a nullhypothesis is accepted orrejected a statistical inferenceis made
¢ Ahypothesis test will always be carried out at an appropriate significance level
o Thesignificance level sets the smallest probability that an event could have occurred
by chance
= Any probability smallerthan the significancelevel would suggest that the eventis
unlikely to have happened by chance
o Thesignificancelevel must be setbefore the hypothesis testis carried out
o Thesignificancelevel willusually be 1%, 5% or10%, howeverit may vary
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One-tailed Tests YOURNOTES

What are one-tailed tests? l

* Aone-tailedtestis usedfortesting:
o Whether a distribution can be usedto model the population
o Whetherthe population parameterhas increased
o Whetherthe population parameterhas decreased
¢ One-tailed tests can beusedwith:
o Chi-squaredtest forindependence
o Chi-squared goodness of fittest
Test for proportion of a binomial distribution
Test for population mean of a Poisson distribution
Test for population mean of a normal distribution
Test to compare population means of two distributions

Le]

o

o

o]

Two-tailed Tests
What are two-tailed tests?
¢ Atwo-tailed testis usedfortesting:
o Whetherthe population parameterhas changed
* Two-tailed tests canbeusedwith:

o Test forpopulation mean of a normal distribution
o Testtocompare population means of two distributions

Page 121 of 176

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

Conclusions of Hypothesis Testing

How do | decide whether toreject or accept the null hypothesis?

* Asample of the populationis taken and the test statisticis calculated using the
observations from the sample
o YourGDC can calculate the test statistic foryou (if required)
¢ Todecidewhetherornottoreject the nullhypothesis you first need either the p-value or
the critical region
e Thep -valueis the probability of a value being atleast as extreme as the test statistic,
assuming that the nullhypothesisis true
o Your GDC will give you the p-value (if required)
o Ifthe p-valueisless thanthe significancelevel then the null hypothesis would be
rejected
¢ Thecriticalregionis therange of values of the test statistic which willlead to the null
hypothesis beingrejected
o Ifthetest statistic falls within the critical region then the null hypothesis would be
rejected
e Thecritical valueis the boundary of the critical region
o ltis theleastextremevalue that wouldleadto therejection of the nullhypothesis
o Thecritical valueis determined by the significance level

How should a conclusion be written for a hypothesis test?

¢ Yourconclusion must be written in the context of the question
¢ Usethewordinginthe questionto help you write your conclusion
o Ifrejecting the null hypothesis yourconclusion should state that there is sufficient
evidence to suggest the nullhypothesis is unlikely true
o If accepting the null hypothesis your conclusion should state that there is not enough
evidence to suggest nullhypothesis is unlikely true
¢ Yourconclusion must not be definitive
o Thereis achancethatthetesthasledtoanincorrect conclusion
o Theoutcomeis dependent onthe sample
= adifferent sample mightleadto a different outcome
e Theconclusion of a two-tailed test can stateif thereis evidence of a change
o Youshouldnot state whether this changeis anincrease ordecrease
o Ifyou are testing the difference between the means of two populations then you can
only conclude that the means are not equal
= You cannotsay which population mean is bigger
= You'dneedtouseaone-tailed test for this

(") Exam Tip

* e Acceptingthe nullhypothesis does not mean that you are sayingitis true
o You are simply saying there is not enough evidence toreject it
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Chi-Squared Test for Independence
Whatis a chi-squared test forindependence?

 Achi-squared(y?) test forindependenceis a hypothesis test used to test whether two
variables areindependent of each other

o Thisis sometimes called a y? two-way test
e Thisis an example of a goodness of fit test

o We aretestingwhetherthe data fits the model that the variables are independent
e Thechi-squared (;(2) distribution is used for this test
¢ Youwilluse a contingency table

o Thisis atwo-way table that shows the observed frequencies for the different

combinations of the two variables
= Forexample:if the two variables are hair colourand eye colour then the
contingency table will show the frequencies of the different combinations

Why might | have to combine rows or columns?

e Theobservedvalues are usedto calculate expected values
o Theseare the expected frequencies foreach combination assuming that the
variables areindependent
= Your GDC can calculate these foryou afteryou input the observed frequencies
¢ Theexpected values must allbe biggerthan5
o |f one of the expectedvaluesisless than 5 thenyou willhave to combine the
corresponding row or column in the matrix of observed values with the adjacent row or
column
o Thedecision between row or column will be based on which seems the most
appropriate
= Forexample:if thetwo variables are age and favourite TV genre thenitis more
appropriate to combine age groups than types of genre

What s the degree of freedom?
e The degree of freedomrefers to the minimum number of expected values you needto
know in orderto be able to calculate themall
¢ The degree of freedomis denoted v
¢ Foratestforindependence with an m x n contingency table (after combining
rows/columns where appropriate)
o v=(m-1)x(n-1)
o Forexample:If there are 5 rows and 3 columns then you only need to know 2 of the
values in 4 of therows as therest can be calculated using the totals

What are the steps for a chi-squared test forindependence?

e STEP1: Write the hypotheses
o Hg: Variable Xis independent of variable Y
o Hj:Variable Xis notindependent of variable Y
= Make sureyou clearly write what the variables are and don’tjust callthem Xand Y
e STEP 2: Calculate the degree of freedom for the test
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o Foranm xncontingency table
o Degree of freedomis v= (m-1)x(n-1)
e STEP 3: Enteryourobserved frequencies into your GDC using the option fora 2-way test
o Entertheseas a matrix
o Your GDC will give you a matrix of the expected values (assuming the variables are
independent)
= |fanyvalues are5 orless then combinerows/columns andrepeat step 2
o Your GDC willalso give you the y2 statistic andits p-value
o The 2 statisticis denoted as ;(ialc

e STEP 4:Decide whetherthereis evidence toreject the nullhypothesis
o EITHER compare the 22 statistic with the given critical value
= |f 2 statistic > critical value thenreject Hg
= |f )2 statistic < critical value then accept Hg
o ORcompare the p-value with the given significancelevel
= |f p-value < significancelevelthenreject Hg
= [fp-value > significancelevelthenacceptHg
e STEP 5: Write your conclusion
o IfyourejectHg
= Thereis sufficient evidence to suggest that variable Xis notindependent of
variable Y
= Therefore this suggests they are associated
o IfyouacceptHg
= Thereisinsufficientevidenceto suggest thatvariable Xis notindependent of
variable Y
= Therefore this suggests they areindependent

How do calculate the chi-squared statistic?

e You are expected to be abletouseyour GDC to calculate the 2 statistic by inputting the
matrix of the observed frequencies
e Seeinghow itis done by hand might deepen yourunderstandingbutyou are not expected
to use this method
e STEP1:Foreachobserved frequency O;calculateits expected frequency E;
o Assumingthevariables areindependent
= £ =P(X=x)xP(Y=y)xTotal
Row Total X Column Total
Overall Total
e STEP 2: Calculate the 2 statistic using the formula
(0,-E)?
o B2 = ZT

calc i
1

= Which simplifies to E,=

o Youdonotneedtolearnthis formula as your GDC calculates it foryou
¢ Tocalculate the p-value you would find the probability of a value being biggerthan your 42
statistic using a 42 distribution with v degrees of freedom
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O Exam Tip YOURlNOTES

e Ifyouusea p2testinyourlAthenbeware that the outcome maynotbeaccurate
if thereis only 1degree of freedom
o This meansitis a2 x 2 contingency table
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*> Worked Example

Ataschoolin Paris, itis believed that favourite film genreis related to favourite
subject. 500 students were asked to indicate their favourite film genre and

favourite subject from a selection and theresults areindicatedin the table below.

Comedy Action|Romance|Thriller

Maths 51 52 37 55
Sports 59 63 4] 33
Geography| 35 31 28 15

Itis decided to test this hypothesis by using a y2 test forindependence atthe 1%
significancelevel.

Thecritical valueis 16.812.

a)
State the nulland alternative hypotheses for this test.

H,: Favourte subject is independent of favourte film Qenre
H'- Favourite subject is gt independent of favourite film genre

b)
Write down the number of degrees of freedom for this table.

y= (rows V) x (columag =1) = (3-1)x (k)

y:b

c)
Calculate the y2 test statistic for this data.

Tldpe matrix ito GDC
X" datistic = .81%..
X:alc =123 (3 ‘S“

d)
Write down the conclusion to the test. Give areason foryouranswer.
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12.% <16.812 YOURNOTES
l

Acegt H, as X" statistic < critical value.
There is insufficient evidence fo s uggest that
fovousite Sub)ed is not mo\ependen’r of fovourite
film genre. Therefpre. this suggests ﬂ\e\d are
independent.
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Chi-Squared GOF: Uniform
What s a chi-squared goodness of fit test for a given distribution?

« Achi-squared (¥?) goodness of fit test is used to test data from a sample which suggests
that the population has a given distribution
e This couldbe that:
o theproportions of the population for different categories follows a givenratio
o thepopulation follows a uniformdistribution
= This means alloutcomes are equally likely

What are the steps for a chi-squared goodness of fit test for a given
distribution?
e STEP1: Write the hypotheses
o Hg: Variable X can be modelled by the given distribution
o Hy:Variable Xcannot be modelled by the given distribution
= Make sureyou clearly write what the variable is and don’tjust call it X
STEP 2: Calculate the degree of freedom for the test
o Forkoutcomes
o Degree of freedomis v=k—1
STEP 3: Calculate the expected frequencies
o Splitthe total frequency using the givenratio
o Forauniform distribution: divide the total frequency N by the number of outcomes k
e STEP 4:Enterthefrequencies and the degree of freedominto your GDC
o Enterthe observedandexpected frequencies as two separatelists
o Your GDC willthen give you the 32 statistic andits p-value
o The g2 statisticis denoted as )(ialc

STEP 5: Decide whether thereis evidence to reject the null hypothesis
o EITHER compare the 22 statistic with the given critical value
= |f y2statistic > criticalvalue thenreject Ho
= |f y2 statistic < critical value then accept Ho
o ORcompare the p-value with the given significancelevel
= |f p-value < significancelevel thenreject Hg
= |f p-value > significancelevel then acceptHg
STEP 6: Write your conclusion
o IfyourejectHg
= Thereis sufficient evidence to suggest that variable X does not follow the given
distribution
= Therefore this suggests that the datais not distributed as claimed
o IfyouacceptHp
= Thereisinsufficientevidence to suggest that variable Xdoes not follow the given
distribution
= Therefore this suggests that the datais distributed as claimed
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*> Worked Example

Acarsalesmanis interestedin how his sales are distributed and records his sales
results overa period of sixweeks. The datais shownin the table.

Week 1 2 3 4 5 6
Numberof | 17 n|l 21| 2
sales

A % goodness of fit test is to be performed on the data at the 5% significance level
to find out whether the data fits a uniform distribution.

a)
Find the expected frequency of sales for each week if the data were uniformly
distributed.

i uniformly distributed all expected frequencies are equal

ExpedeA \crequenus: 15 £ 13+ 0l Z,ZH W+ 12

Expected frequ ency =15

b)
Write down the nulland alternative hypotheses.

Hy: Number of sales can be modelled by a

uniFDFfY\ digribution
H, : Number of sales can not be modelled 53 a
uniform dishibution
c)
Write down the number of degrees of freedom for this test.
y:b6-l
v=5
d)

Calculate the p-value.
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Tye fwo liss ifo GDC YOURNOTES
Dbeered 15 F 10 2 Ik 12 !
Expeed 15 15 15 15 15 15

p= 0.k433..

p = 0.443 (3sF)

e)

State the conclusion of the test. Give areason foryouranswer.

0.493 > 0.05

Auegt Hy as  p-value > signifianie lew)
There is insuficient evidence to su%es’r that
number of sales @n not be modelled by
a unform distibution. Therefore  this sugyests
it is uaformly distributed.

Page 130 of 176

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

Chi-Squared GOF: Binomial
What is a chi-squared goodness of fit test for a binomial distribution?

« Achi-squared (¥?) goodness of fit test is used to test data from a sample suggesting that
the population has a binomial distribution
o You will either be given a precise binomial distribution to test B(n, p) withan
assumedvalueforp
o Oryouwillbe asked to test whethera binomial distribution is suitable without being
givenan assumed value forp
= |nthis caseyou willhaveto calculate an estimate for the value of p for the binomial
distribution
= Tocalculateit divide the mean by thevalue ofn

_X_1 Xfx
Ip—H—

n Zf

What are the steps for a chi-squared goodness of fit test for a binomial
distribution?
e STEP1: Write the hypotheses
o Hg: Variable X can be modelled by a binomial distribution
o Hy:Variable Xcannotbe modelled by a binomial distribution
= Make sureyou clearly write what the variable is and don’tjust call it X
= [fyou are given the assumedyvalue of p then state the precise distribution B(n, p)
STEP 2: Calculate the expected frequencies
o Ifyouwerenot giventhe assumed value of p then you will first have to estimateit using
the observed data
o Findthe probability of the outcome using the binomial distribution P(X= X)
o Multiply the probability by the total frequency P(X = x) X N
o You willhave to combinerows/columns if any expectedvalues are 5 orless
STEP 3: Calculate the degrees of freedom for the test
o Forkoutcomes (aftercombining expectedvalues if needed)
o Degree of freedomis
= yv=k—1ifyouweregiventheassumedvalueofp
= y=k—2ifyouhadtoestimatethevalueof p
e STEP 4:Enterthe frequencies and the degree of freedominto your GDC
o Enterthe observed and expected frequencies as two separatelists
o Your GDC willthen giveyou the 42 statistic andits p-value
o The 2 statisticis denoted as Z%:alc

STEP 5: Decide whetherthereis evidence to reject the null hypothesis
o EITHER compare the 22 statistic with the given critical value
= |f 2 statistic > critical value thenreject Hg
= |f )2 statistic < critical value then accept Hg
o ORcompare the p-value with the given significance level
= |f p-value < significancelevelthenreject Hg
= |f p-value > significancelevel then acceptHg
STEP 6: Write your conclusion
o IfyourejectHg
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= Thereis sufficient evidence to suggest that variable X does not follow the binomial YOURNOTES
distribution B(n, p) 1
= Therefore this suggests that the data does notfollowB(n,p)
o IfyouacceptHg
= Thereisinsufficient evidence to suggest thatvariable X does not follow the
binomial distribution B(n,p)
= Therefore this suggests that the data follows B(n, p)
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*> Worked Example

Astagein avideo gamehas three boss battles. 1000 people try this stage of the
video game and the number of bosses defeated by each playeris recorded.

Number of bosses
0] 1 2 3
defeated
Frequency 490 1384 | 111 | 15

A ¥* goodness of fit test at the 5% significance level is used to decide whether the
number of bosses defeated can be modelled by a binomial distribution with a 20%
probability of success.

a)
Statethenulland alternative hypotheses.

Ho: Number of bosses defested can be
modelled B:\ the biwmial disbution B(3,0.2)
H, : Number of bosses defested @an not be
modelled Bﬂ the binomial digribution 3(3,0-1)
b)

Assuming the binomial distribution holds, find the expected number of people that
would defeat exactly one boss.

ket X ~B(302)

Usmg GDC  P(X=1)= (.384
Expected 1000 x 0.38k = 38k
Expected frequeaus of | =38k

c)
Calculate the p-value forthe test.
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Find the other expected ﬂquendes

For O: 1000xP(X<0)=1000 x0.512 = 512
For  2: 1000x P(x=2) = 1000 « 0.096 = 4b
For  3: 1000x P(X =3)< 1000 x 0.00% = 8

Ty two liss inb  GDC

Observed 4 38 Wl 15
Expected 52 3%k 46 %
y = k-1:3

p: 0.02k ...

p = 0.0243 (3sf)

d)
State the conclusion of the test. Give areason foryouranswer.

0.0243< 0.05
Réjed Ho as p-mlue 14 .Siﬁniﬁcante level
There is  sufficient evidence to su%es‘f that

the  number of bosses defeated can not be

mode led 53 the binomial distrbution B(3,0.2)
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Chi-Squared GOF: Normal

What s a chi-squared goodness of fit test for a normal distribution?
« Achi-squared (¥?) goodness of fit test is used to test data from a sample suggesting that

the population has a normal distribution
o You will eitherbe given a precise normal distribution to test N(y, 62) with assumed
values forpand o
o Oryouwillbe asked to testwhethera normal distribution is suitable without being
given assumed values for yand/or o
= |nthis caseyou willhaveto calculate an estimate forthe value of pand/or oforthe
normal distribution
= EitheruseyourGDC oruse the formulae

2. fx
2.f
What are the steps for a chi-squared goodness of fit test for a normal

distribution?
- STEP 1: Write the hypotheses

— n
= x= ands? _ = s?

1 n—1n

o Hg: Variable X can be modelled by a normal distribution
o H;:Variable X cannot be modelled by a normal distribution
= Make sureyou clearly write what the variable is and don’tjust call it X
= |fyou are giventheassumedvalues of uand othen state the precise distribution

N(y, 0?)

STEP 2: Calculate the expected frequencies
o If youwerenot given the assumedvalues of uor othenyou willfirsthave to estimate
them
o Findthe probability of the outcome using the normal distribution P(a <X< b)
o Multiply the probability by the total frequency P(a < X < b) X N
o Youwillhave to combinerows/columns if any expectedvalues are 5 orless
STEP 3: Calculate the degrees of freedom for the test
o Forkclassintervals (aftercombining expectedvalues if needed)
o Degree of freedomis
= y=k—1ifyouweregiventhe assumedvalues forboth zand o

s v=k—2ifyouhadto estimate either uor cbut not both
= y=k—3ifyouhadtoestimatebothuandc
e STEP 4:Enterthe frequencies and the degree of freedominto your GDC
o Enterthe observed andexpected frequencies as two separatelists
o Your GDC willthen give you the y2 statistic andits p-value
o The j2statisticis denoted as Zialo

STEP 5: Decide whetherthereis evidence toreject the null hypothesis
o EITHER compare the 22 statistic with the given critical value
= |f 2 statistic > critical value thenreject Hg
= |f )2 statistic < critical value then accept Hg
o ORcompare the p-value with the given significancelevel
= |f p-value < significance level thenreject Hg
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= |f p-value > significancelevel then accept Hg YOURNOTES
e STEP 6: Write your conclusion 1
o IfyourejectHg
= Thereis sufficient evidence to suggest that variable X does not follow the normal
distribution N(u, 62)
= Therefore this suggests that the data does notfoIIowN(,u, 0?)
o IfyouacceptHop
= Thereisinsufficient evidence to suggest thatvariable X does not follow the
normal distribution N(u, ¢2)
= Therefore this suggests thatthe data foIIowsN(,u, 0'2)
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*> Worked Example

300 marbled ducks in Quacktown are weighed and theresults are shownin the

table below.

A ¥* goodness of fit test at the 10% significance levelis used to decide whether the
mass of a marbled duck can be modelled by a normal distribution with mean 520 g

1, SaveMyExams
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Mass (9) Frequency
m<450 1

450 < m <470 ?

470 < m<520 158

520<m<570 123
m>570 ?

andstandard deviation 30 g.

a)

Explain why itis necessary to combine the groups m <450 and450 < m <470 to
create the group m <470 with frequency 10.

b)

Calculate the expected frequencies, giving your answers correct to 2 decimal

places.

c)

(omhme (o‘regories if expeded frequenaes are O or less
300  P(X < ¥50| X~N(520,30%) =300% 0.0098I.. *2.9ut..

The expeced frequency i less than 5 0 combine with

the next cofegoni.

let X~ N(520,30
300 x proboh‘uli’gp

Nass (9)
m< 410

Probability
0.043390...

430¢m¢ 520 | 0.452209 ..
H20 ¢ m< 530 | 0.452209 ..

m>,57r0
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0.043390...

Expected frequency

.34
135 .66

135 .66
(.34

Page 137 of 176

YOURNOTES
i


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukfor more awesomeresources

Write down the nulland alternative hypotheses. YOURNOTES
Hy: Mos of the morbled ducks can be {

modelled 53 the normol digribution N(520,30)
H, : Mas of the mocbled ducks can not be
modelled 53 the normal digimbution N(520,30)

d)
Calculate the y? statistic.

Errer the observed and expected frequencies 1o
GdC  y= ko =3
A sabshic = 8062 ..

l -

(AT z‘b (35{\'\

e)
Given that the critical valueis 6.251, state the conclusion of the test. Give areason
foryouranswer.

$1b > 6.25)
Reject Hy as X stotistic > critical value.

There is  sufficient evidence fo su%e;’r that the
mass  of the marbled ducks can not be

modelled 53 the. normal distribution N(520,30%)
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Chi-squared GOF: Poisson YOURNOTES
What is a chi-squared goodness of fit test for a Poisson distribution? l

e Achi-squared(y2) goodness of fit testis usedto test data from a sample suggesting that
the population has a Poisson distribution
o You will eitherbe given a precise Poisson distribution to test Po(m) withanassumed
value form
o Oryouwillbe asked to testwhethera Poisson distribution is suitable without being
givenan assumed value form
= |nthis caseyou willhaveto calculate an estimate for the value of m for the
Poisson distribution
= Tocalculateitjust calculatethe mean

_ 2. fx
= >

What are the steps for a chi-squared goodness of fit test for a Poisson
distribution?
e STEP1: Write the hypotheses
o Hg: Variable X can be modelled by a Poisson distribution
o Hy:Variable Xcannot be modelled by a Poisson distribution
= Make sureyou clearly write what the variable is and don’tjust call it X
= |[fyou are given the assumedyvalue of m then state the precise distribution Po(m)
e STEP 2: Calculate the expected frequencies
o Ifyouwerenot giventhe assumedvalue of mthen you will first have to estimate it
usingthe observed data
o Findthe probability of the outcome using the Poisson distribution P(X= X)
o Multiply the probability by the total frequency P(X = x) X N
= Ifaisthe smallest observedvalue then calculate P(X < a)
= |fbisthelargestobservedvaluethen calculate P(XZ b)
o You willhave to combinerows/columns if any expectedvalues are 5 orless
e STEP 3. Calculate the degrees of freedom for the test
o Forkoutcomes (after combining expectedvalues if needed)
o Degree of freedomis
= v=k—1ifyouweregiventhe assumedvalue of m
= y=k—2ifyouhadtoestimatethevalueof m
e STEP 4:Enterthefrequencies and the degree of freedominto your GDC
o Enterthe observedandexpected frequencies as two separatelists
o Your GDC willthen give you the 42 statistic andits p-value
o The j2statisticis denoted as Zialc

= m

e STEP 5: Decide whetherthere is evidence toreject the null hypothesis
o EITHER compare the 22 statistic with the given critical value
= |f )2 statistic > critical value thenreject Hg
= |f 2 statistic < critical value then accept Hg
o ORcompare the p-value with the given significance level
= |f p-value < significancelevelthenreject Hg
= |f p-value > significancelevel then acceptHg
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e STEP 6: Write your conclusion YOURNOTES
o IfyourejectHg 1
= Thereis sufficient evidence to suggest that variable X does not follow the Poisson
distribution Po(m)

= Therefore this suggests that the data does not follow Po(m)
o IfyouacceptHg
= Thereisinsufficient evidence to suggest thatvariable X does not follow the
Poisson distribution Po(m)
= Therefore this suggests that the data follows Po(m)
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YOURNOTES
i

Aparent claims the number of messages they receive from theirteenage child
within an hour can be modelled by a Poisson distribution. The parent collects data
from 100 one hour periods and records the observed frequencies of the messages
received from the child. The parent calculates the mean number of messages
received from the sample and uses this to calculate the expected frequenciesiif a
Poisson modelis used.

Number of Observed Expected
messages frequency frequency

0 9 7.28

1 16 a

2 23 24.99

3 22 21.82

4 16 14.29

5 14 7.49
6ormore 0 b

A y2goodness of fit test at the 10% significance levelis used to test the parent’s
claim.

a)
Write down nulland alternative hypotheses to test the parent’s claim.

We are not given a Spemci(, Poisson disteibution

H,: Number of messages received con be modelled by a
Pisson distribution

H,: Number of messages received on not be modelled by a
Poison distribution

b)
Show that the mean number of messages received perhour forthe sampleis 2.62.

The . 0%+ Inlb+2x23+3x22 +4xlb+ Sxlk 2
"I 9+ b+ 23+ 2+ boly -

c)
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Calculate the values of aand b, giving your answers to 2 decimal places. YOURNOTES
et X~Po(262) |

a = 100x P(X=1) = 100x 0.190%.. = 19.0% |q=19.0% (24p)

b =100 »P(x26) =100 0.05052..:5.05  |b=13.05 (2dp)

d)
Perform the hypothesis test.

(.0\(ulajl€ desree of freedom v=k-2/\m was estimated

y:F-2 9
Enter observed and expedeo‘ Frequencies in GD(
p= 003515 < O

Reyect Hy as p-value < sigaficance level
“\ere is sufficient evidence to Su%esf that a Poisson
disfr‘nbuhon (on ngl model the number of messages received.
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4.12 Further Hypothesis Testing YOURlNOTES

4.12.1Hypothesis Testing forMean (One Sample)

One-Sample z-tests

What is a one-sample z-test?

¢ Aone-samplez-testis usedto test the mean (u) of a normally distributed population

o Youuseaz-testwhen the populationvariance (¢2) is known
« Themeanof asample of size nis calculated X and a normal distribution is used to test the
test statistic
e X canbeusedastheteststatistic
2
— o

o Inthis caseyouwoulduse the distribution X~N(,u, 7)

o]
= Rememberwhen using this distribution that the standard deviationis ——

Ja

X -

o 7= can beusedas the test statistic

Jn
o Inthis caseyouwoulduse the distribution Z~N(O, 12)
= Thisis a more old-fashioned approach but your GDC still might tell you the z-value
when you do the test
= You willnot needto use this methodin the exam as your GDC should be capable
of doing the othermethod

What are the steps for performing a one-sample z-test onmy GDC?
e STEP1: Write the hypotheses
o Hoiu=po
= Clearly state that urepresents the population mean
= 45 is the assumed population mean

o Foraone-tailedtestHy: u<pugorHy: u> ug
o Foratwo-tailedtest:H: u= ug
= Thealternative hypothesis willdepend on whatis beingtested

e STEP 2: Enterthedatainto your GDC and choose the one-sample z-test
o Ifyouhavetheraw data
= Enterthedataasalist
= Enterthevalueofo
o Ifyouhave summary statistics
» Enterthevalues of X, candn
o Your GDC will give you the p-value
e STEP 3. Decide whetherthereis evidence toreject the null hypothesis
o Ifthep-value <significancelevelthenreject Hg
e STEP 4: Write your conclusion
o Ifyoureject Hg then thereis evidence to suggest that...
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= Themean has decreased (forH;: u < up) YOURNOTES
= Themean hasincreased (forH;: u> up) 1
= Themean has changed (forHy: u# ug)

o Ifyouaccept Hgthen thereisinsufficient evidence toreject the nullhypothesis

which suggests that...

= Themeanhas notdecreased (forH: u < up)
= Themeanhas notincreased (forHj: u> ug)
= Themean has notchanged (forHy: u# ug)

How do| find the p-value for a one-sample z-test using a normal
distribution?
» Thep-valueis determined by the test statistic x
o ForHi:u<upthep-valueis P()_(< x|pu= ,uo)
o ForHy: u> upthep-valueis P()_(> X|u= ,uo)
o ForHy:u#ugthep-valueis P(|)_(—y0| > |X—,u0||,u =,u0)
o Ifx <y, thenthis can be calculated easierby 2 X P()_(<)_(|,u = ,uo)

o Ifx> 14, then this can be calculated easierby 2 X P(;(>)_(|,u = yo)

How doll find the critical value and critical region for a one-sample z-
test?
e Thecriticalregionis determined by the significancelevel a%
o ForHy: u<ugthecriticalregion is X < c where P()_(< clu= ,uo) =a%

o ForHy: u> ugthecriticalregion is X > c where P()_(> clu= ,uo) =a%

o ForHy: u# ugthecriticalregions are X < c and X > c, where
P(X<cll,u=/¢0)=P(X>czl,u=,u0)=%a%
¢ Thecritical value(s) can be foundusing theinverse normal distribution function
o When rounding the critical value(s) you should choose:
= Thelowerbound forthe inequalities)_(< c
= Theupperbound fortheinequalities X> c
o Thisis sothat the probability does not exceed the significancelevel

(’) Exam Tip

* e Exam questions might specify a method foryou to use so practise allmethods
(using GDC, p-values, critical regions)
¢ |fthe exam question does not specify a method then use whichever method
you want
o Makeit clear which methodyou are using
o You can always use a second method as a way of checking youranswer
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YOURNOTES
*> Worked Example !
[ J

The mass of a Burmese cat, C, follows a normal distribution with mean 4.2 kganda
standard deviation 1.3kg. Kamala, a cat breeder, claims that Burmese cats weigh
more than the averageif they livein a household which contains young children. To
testherclaim, Kamala takes arandom sample of 25 cats thatlive in households
containing young children.

a)
Statethenulland alternative hypotheses to test Kamala’s claim.

let  be the population mean for the mag of
Burmee  cats

Ho pus b2
H‘:" :)ﬁ\]—eshng for On increase

?sing a 5% level of significance, find the critical region for this test.
The population vanane is known Soue a z-test
Find the distribution of the sample means N(,u, %2)
C ~N (/“' %‘)/—\ Square the standard deviation

“—The cample size
(tical region is C>c  where P(C>L|M=Lr.2)=0.05

Use inverse  normal

Mmeb2
o-[1 . 0.6
0 ¢ P(C <¢) = 0.95

= 46236,
Criﬁ(a‘ region E >4 63

c)

Kamala calculates the mean of the 25 catsincludedin hersample to be 4.65 kg.
Determine the conclusion of the test.

465>k b2F6.. so 465 isin (ritical region

Rejed Hy o8 fest statistic 1s in @ritical region.
Ther is sufficiet evidene % suggest that
Burmese cats weigh more if they lve in a

househdd which containg young children.
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One-Sample t-tests
Whatis aone-sample t-test?

e Aone-samplet-testis usedtotestthe mean (u) of a normally distributed population
o Youusea t-test when the populationvariance (¢2) is unknown

o Youneedtousetheunbiasedestimate forthe population variance (sﬁ _ 1)

o Themean of asample of size nis calculated x and a t-distribution is used to testiit
o t-distributions are similarto normal distributions
= Asthesamplesize gets largerthe t-distribution tends towards the standard
normal distribution
e Youwon'tbe expectedto find the critical value
o Thep-value canbefoundusingthetestfunction onyourGDC

What are the steps for performing a one-sample t-teston my GDC?
e STEP1: Write the hypotheses
° Hoiu=po
= Clearly state that urepresents the population mean
= 4pistheassumed population mean

o Foraone-tailedtestHy: u<ugorHy: u> uo
o Foratwo-tailedtest: Hy:u# o
= Thealternative hypothesis willdepend on what is being tested

e STEP 2:Enterthedataintoyour GDC and choose the one-sample t-test
o Ifyouhavetheraw data
= Enterthedataasalist
o Ifyouhave summary statistics
= Enterthevalues of X, s,_;(sometimes written as s,ona GDC) andn
o Your GDC will give you the p-value
o STEP 3. Decide whetherthereis evidence toreject the null hypothesis
o Ifthep-value <significancelevelthenreject Hop
e STEP 4: Write your conclusion
o IfyourejectHgthenthereis evidence to suggest that...
= Themean has decreased (forHi: u < uo)
= Themean hasincreased (forHi: u> o)
= Themean has changed (forHy: u# o)
o Ifyouaccept Hgthen thereis insufficient evidence toreject the nullhypothesis
which suggests that...
= Themean has notdecreased (forHi: u < up)
= Themeanhas notincreased (forHy: u> up)
= Themean has not changed (forHy: u# up)
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YOURNOTES
*> Worked Example !
[

ThelQ of a student at Calculus High can be modelled as a normal distribution with
mean 126. The headteacher decides to play classical music during lunchtimes and
suspects that this has causeda changeinthe average IQ of the students.

a)
Statethenulland alternative hypotheses to test the headteacher’s suspicion.

let w be the population mean for the 1@ of a ctudent
at Coleulue High

Ho: m:126
Hye it | T b o dung

b)
The headteacherselects 15 students and asks them to complete anIQ test. The
mean score forthe sampleis 127.1and the samplevarianceis 14.7. Calculate the

unbiased estimate for the population variance si _r

Unbiased estimate of 3 no o,
FO\'mu\a boo\dd’ population variance s?, | -1 = 1%

n-1

S,,l_\ = ||L5\. x 3
5., = 15.35

c)
Calculate the p-value forthe test.

The population vanane is unknown souwse a t-test
Enter summory statishics i WDC  ysing one-sample -test

X =127 5 :[5#1  o:15

p: 0.3012...
P 0.301 (3sf)

d)

State whether the headteacher’s suspicionis supported by the test.
0.302.. >0)

Auegt H, as p-value > siguificance level
There 15 insufficent evidence to support the
headteachers suspicion.
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4.12.2 Hypothesis Testing forMean (Two Sample)

Two-Sample Tests
Whatis atwo-sample test?

¢ Atwo-sampletestis usedto compare the means (14 & u,) of two normally distributed
populations
o Youuse az-test when the population variances (o% & a%) are known

o Youusea t-test when the populationvariances are unknown
= |nthis courseyou willassume the variances are equal and use a pooled sample
forat-test
= |napooledsamplethe data fromboth samples are usedto estimate the
populationvariance

What are the steps for performing a two-sample test on my GDC?

e STEP1: Write the hypotheses
o Ho: =2
= Clearly statethat 11 & up represent the population means
= Make sureyou make it clearwhich mean corresponds to which population
= |nwords this means that the two population means are equal

o Foraone-tailed testHy: yj<uo orHy: > o
o Foratwo-tailed test:Hy: = 1o
= Thealternative hypothesis willdepend on what s being tested
e STEP 2:Decideifitis az-test orat-test
o |fthe populations variances are known then use a z-test
o Ifthe populations variances are unknown then use a t-test
= Assumethevariances are equalanduse apooledsample
e STEP 3: Enter thedatainto your GDC and choose two-sample z-test or two-sample t-
test
o Ifyouhavetherawdata
= Enterthedataasalist
= Enterthevalues of g1 & oy if a z-test
= Choosethepooledoptionif a t-test
o Ifyouhave summary statistics (only fora z-test)
= Enterthevalues of)_(1 , )_(2 , 07, 09, N1& N>

o Your GDC willgive you the p-value
e STEP 4:Decide whetherthereis evidence toreject the null hypothesis
o Ifthep-value <significancelevelthenreject Hg
e STEP 5: Write your conclusion
o IfyourejectHgthenthereis evidencetosuggestthat...
= Themean of the 15 populationis smaller (for Hy: u7 < i)
= Themean of the 18! population is bigger (for Hy: 1> 1)
= The means of the two populations are different (for Hy: ;£ uo)
o IfyouacceptHgthen thereis insufficient evidence to reject the nullhypothesis
which suggests that...
= The mean of the 13t population is not smaller (for Hy: ;< 110)
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= Themean of the 15t population is not bigger (for Hy: > 1) YOURNOTES
= Themeans of the two populations are not different (for Hy: w2 wo) 1
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*> Worked Example

The times (in minutes) for children and adults to complete a puzzle are recorded
below.

Children|3.1[2.7]3.5|3.1]2.93.2[3.0]2.9

Adults [3.1]3.6]3.5]3.6]2.9]3.6|3.4]3.6}3.7|3.0

The creator of the puzzle claims children are generally faster at solving the puzzle
than adults. At-testis to be performed at a 1% significancelevel.

a)
Write down the nulland alternative hypotheses.

Let M be the population mean for children’s times
and Ma be the popu\qﬂon mean for adults’ times

Ho: M © Ma
N cf s claimed that children are quicker

b)
Findthe p-value forthis test.

Enter the data as two liss in GIX
Use 2‘50«\)\e poo|ed t-test
p= 0.003254..

p= 0.00%26 (3sP)

c)
State whetherthe creator’s claimis supported by the test. Give areason foryour
answer.

0.00326 < 0.0

Reedt Hy a5  p-vaue < significance level
Ther is sufficiet evidene fo suggest ot
children are %enerollﬂ foster at sohving the
puzzle than odubls. Ts suppors the  Cretor’s
dowm.
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Paired t-tests
Whatis a paired t-test?

e Apairedtestis whereyou take two samples but each data point fromone samplecanbe
paired with a data point from the other sample
o Theseareusedwhen one group of members are used twice and the two results for
each member are paired
= |tcouldbetocompare the sample before and afterintroducing a new factor
= |t couldbe tocompare the sample undertwo different conditions
e Forthistestyou use the differences between the pairs and treat them as one sample
o Asthevariance of the differences is unlikely to be known you willuse a t-test
o Forapairedtestyouneedtoassume the differences are normally distributed
= You don’tneedtoassume the populations are normally distributed

What are the steps for performing a paired t-testonmy GDC?

e STEP1: Write the hypotheses
o Ho:up=0
= Clearly state that uprepresents the population mean of the differences
= |Inwords this means the population mean has not changed

o Foraone-tailed testHy: uyp<OorH;: yp>0
o Foratwo-tailedtest:H;: upz0
= Thealternative hypothesis willdepend on what is being tested
e STEP 2:Enterthedataintoyour GDC and choose the one-sample t-test
o Enterthedifferences as alist
= Beconsistentwith the orderin which you subtract paired values
o Your GDC will give you the p-value
e STEP 3: Decide whetherthereis evidence toreject the null hypothesis
o Ifthep-value <significancelevelthenreject Hg
e STEP 4: Write your conclusion
o Ifyoureject Hgthenthereis evidencetosuggest that...
= Themean has decreased (forH;: up<0)
= Themean hasincreased (forH;: up> 0)
= Themean has changed (forHy: up#= 0)
o Ifyouaccept Hgthen thereis insufficient evidence toreject the nullwhich suggests
that...
= Themeanhas notdecreased (forH;: up<0)
= Themean has notincreased (forHy: up> 0)
= Themeanhas notchanged (forHy: upz O)

(’) Exam Tip
* ¢ |fan exam question has two samples with the same number of members then
consider carefully whetherit makes sense to do a paired test ora two sample
test
e The examiner might makeitlook likeitis a pairedtest to trick you!
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YOURNOTES

*> Worked Example !
[

Inaschoolall students must study French and Spanish. 9 students are selected
and complete atestin both subjects, the standardised scores are shown below

Student 1 2 3 4 5 6 7 8 9
Frenchscore 61182 |77 180 || 9916975 |7 81
Spanishscore 74179 183 66 | 95179 ]| 821 81| 85

The headteacherwants toinvestigate whether there is a differencein the students’
scores between the two subjects. A paired t-testis to be performedat a 10%
significancelevel.

a)
Write down the nulland alternative hypotheses.

let D be the Frndh sore minus the Spanish sore for
the shudents. Let Mo be the meun diﬁerenw, For the whole
population of students.

TR
H(:" :D*AO/\ Te.shns for a d‘l#eren(e_ in Stores

b)
Findthe p-value for this test.

Calculate the difference for each student d=French - Spanih

Student |V |23 &5 6| F %1
d 133 -6 1% & -0 - -10-4

Enter the differences into the GO and use a t-test
P:O. 245%....

c)
Write down the conclusion to the test. Give areason foryouranswer.
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0.245%..> 0. YOURll\lOTES

AUA’-("’r Ho as p-\Ia|ue > s\sn‘»ﬁmn(e |eve|
“\ere is insufficent evidence o Su%e.si that

there is o difference in scores.
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4.12.3 Binomial Hypothesis Testing

Binomial Hypothesis Testing
What is a hypothesis test using a binomial distribution?

¢ You canuseabinomial distribution to test whether the proportion of a population with a
specified characteristic has increased ordecreased
o Thesetests willalways be one-tailed
o You willnotbe expectedto perform a two-tailed hypothesis test with the binomial
distribution
o Asample willbe taken andthe test statistic x willbe the number of members with the
characteristic which will be tested using the distribution X ~ B(n, p)
o This canbethought of as the number of successes

What are the steps for a hypothesis test of a binomial proportion?
e STEP1: Write the hypotheses
° Ho:p=po
= Clearly state that prepresents the population proportion
= poisthe assumed population proportion
° Hi:p<poorHi:p>po

e STEP 2: Calculate the p-value orfind the critical region
o Seebelow
e STEP 3. Decide whetherthereis evidence toreject the null hypothesis
o Ifthep-value <significancelevelthenreject Ho
o Iftheteststatisticisin the critical region thenreject Ho
e STEP 4: Write your conclusion
o Ifyoureject Ho thenthereis evidence to suggest that...
= The population proportion has decreased (forH;: p <po)
= The population proportion has increased (forHy: p> po)
o Ifyouaccept Hgthen thereisinsufficient evidence toreject the nullhypothesis
which suggests that...
= The population proportion has not decreased (forHy: p <po)
= The population proportion has notincreased (forHy: p > po)

How do calculate the p-value?

e Thep-valueis determined by the test statistic x
¢ Thep-valueis the probability that ‘a value being at least as extreme as the test statistic’
would occurif null hypothesis were true
o ForHj:p <pothep-valueis P(XS x|p =p0)

o ForHi:p> pothe p-valueis P(X > x|p =p0)

How do| find the critical value and critical region?

e Thecritical value and critical region are determined by the significance level «%
¢ Yourcalculatormighthave aninverse binomial function that works justlike theinverse
normal function
o Youneedtousethisvalueto findthe critical value
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o Thevalue given by theinverse binomial function is normally one away from the actual YOURNOTES
critical value 1l

e ForH;:p <pgthecriticalregionis X < ¢ where cis the critical value
o cisthelargestintegersuchthatP(X < c|p =p0) <a%

= CheckthatP(X<c+1|p=p )>a%

e ForH;:p>pothecriticalregionis X > ¢ where cis the critical value
o cisthe smallestintegersuchthat P(X > c|p =p0) <a%

= CheckthatP(X2c—1|p=p )>a%

*> Worked Example

The existing treatment for a diseaseis known to be effective in 85% of cases. Dr
Sabirdevelops a new treatment which she claims is more effective than the existing
one. Totestherclaim sheuses the new treatment on arandom sample of 60
patients with the disease and finds that the treatment was effective for 57 of them.

a)
Statenullandalternative hypotheses to test Dr Sabir’s claim.

Lt p be the proportion of the populaﬁon for which the new
treatment is effective.

H,: p:-085 ;
H‘-' P’ﬁ?-ksﬁna of Qn increase

b)
Perform the testusing a 1% significancelevel. Clearly state the conclusionin
context.

Let X~B(60,p) be the number of people i the sqmple
for which the new freatment 15 effective

Find the p-va|ue and (ompare to the 5|3nhcmance level
p= P(X>5%(p-085) - 0.01k33.. > 0.0|

Auwegt H, as p-value > siguficance level.
“\ere i9 inSu“iden’r evidence o Su%e.d that
the new treatment is more effective than the

existing treatmert.
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4.12.4 Poisson Hypothesis Testing

Poisson Hypothesis Testing
What is a hypothesis test using a Poisson distribution?

e YoucanuseaPoissondistribution to test whether the mean number of occurrences fora
given time period within a population has increased or decreased
o Thesetests willalways be one-tailed
o You willnotbe expectedto perform a two-tailed hypothesis test with the Poisson
distribution
* Asamplewillbe taken and the test statistic x will be the number of occurrences which will
be tested using the distribution X ~Po(m)

What are the steps for a hypothesis test of a Poisson proportion?

e STEP1: Write the hypotheses
o Ho .mM=mo
= Clearly state that mrepresents the mean number of occurrences for the given
time period
= mopis the assumed mean number of occurrences
= You might havetouseproportion to findmo
o Hi:m<mgporHy:m>mg

e STEP 2. Calculate the p-value orfind the critical region
o Seebelow
e STEP 3. Decide whetherthereis evidence toreject the null hypothesis
o Ifthep-value <significancelevelthenreject Ho
o Iftheteststatisticisin the critical region thenreject Hg
e STEP 4: Write your conclusion
o Ifyoureject Ho then thereis evidence to suggest that...
= Themean number of occurrences has decreased (forHy: m <mq)
= Themean numberof occurrences has increased (forHi;:m> mg)
o Ifyouaccept Hgthen thereisinsufficient evidence toreject the nullhypothesis
which suggests that...
= The mean numberof occurrences has not decreased (forHy;:m <mo)
= The mean number of occurrences has notincreased (forHy;:m > mg)

How do | calculate the p-value?

e Thep-valueis determined by the test statistic x
¢ Thep-valueis the probability that ‘a value being at least as extreme as the test statistic’
would occurif null hypothesis were true
o ForH;:m<mothep-valueis P(X < x| m= mO)

o ForHi:m>mothep-valueis P(X > x| m= mo)

How dol find the critical value and critical region?

e Thecritical value and critical region are determined by the significance level %
e Yourcalculator might have aninverse Poisson function that works justlike theinverse
normal function
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o You needtousethis value to find the critical value YOURNOTES
o Thevalue given by theinverse Poisson function is normally one away from the actual 1
criticalvalue
e ForH;:m <mgthecriticalregionis X < c where cis thecritical value
o cisthelargestintegersuchthatP(X < c|m= mo) <a%
= CheckthatP(X<c+1|m= mo) > a%
e ForH;:m>mgthecriticalregionis X > c where cis the critical value
o cisthesmallestinteger such that P(X > clm= mo) <a%

= CheckthatP(X>c— 1|m=m0) > a%

(’) Exam Tip

w
¢ Inanexamitis very important to state the time period foryour variable
* Make surethe mean usedin the nullhypothesis is for the stated time period
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YOURNOTES
*9 Worked Example !
[ J

The owner of a website claims that his website receives an average of 120 hits per
hour. Aninterested purchaserbelieves the website receives on average fewer hits
than they claim. The ownerchooses a 10-minute period and observes that the
websitereceives 1Thits. Itis assumedthat the number of hits the website receives
in any given time period follows a Poisson Distribution.

a)
Statenulland alternative hypotheses to test the purchaser’s claim.

Le’r m be the mean number 01( h‘n’rs in a |0-minute period
120 hits in an hour = 20 hits in o [0-minute period

H,: m=20
H.‘ mﬁ\-"es’ﬂna for Fewer hits

b)
Find the critical region for a hypothesis test at the 5% significance level.

let X~ Po(m) be the number of hits in o ID-minute period
The aritical valie ¢ is the largest value such that

P(X ¢c | m=20) ¢ 0.05

You an use the inverse Poisson function on the GDC 1o

deiide which value o check first

P(X <13 |m=20) = 0.066).. >0.05 Too big s redute the region
P(X<12|m=20) = 0.0390.. < 0.05

(ritical region X¢12

c)
Perform the test using a 5% significance level. Clearly state the conclusionin
context.

N<12 so | is inthe aitical region
Rejed Ho o8 fest statistic 1s in @ritical regjion.
There is sufficient evidene o swﬁcs’r that

the website receives on average fewer hits than

H\B& cdaim.
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4.12.5 Hypothesis Testing for Correlation YOUR TOTES

Hypothesis Testing for Correlation
What is a hypothesis test for correlation?

e Youcanuseat-testtotestwhetherthereislinear correlation between two normally
distributedvariables
o If specifically testing for positive (ornegative) linear correlation then a one-tailed test
isused
o Iftestingforanylinearcorrelation then a two-tailed testis used
e Asamplewillbe taken andtheraw data will be given
o Youmightbe askedto calculate the PMCC (Pearson's product-moment correlation
coefficient)

What are the steps for a hypothesis test for correlation?

e STEP1: Write the hypotheses
o Ho p= 0
= Clearly state that prepresents population correlation coefficient between the
two variables
= |nwords this means thereis no correlation
o Hy:p<O,Hy:p>0o0rH;: pz0

STEP 2: Calculate the p-value orthe PMCC
o Choosea t-test forlinearregression
o Enterthedataastwolistsinto GDC
e STEP 3. Decide whetherthereis evidence toreject the null hypothesis
o Ifthep-value <significancelevelthenreject Hg
o Iftheabsolutevalue of the PMCC is biggerthan the absolute value of the critical value
thenrejectHg
= |fyou are expectedtousethe PMCC you willbe given the critical valuein the
exam
e STEP 4: Write your conclusion
o Ifyoureject Hgthen thereis evidence to suggest that...
= Thereis anegativelinear correlation between the two variables (forH;: p < 0)
= Thereis a positive linear correlation between the two variables (forH;: p> 0)
= Thereis alinear correlation between the two variables (forHy: p= O)
o Ifyouaccept Hgthen thereisinsufficient evidence toreject the nullhypothesis
which suggests that...
= Thereis notanegativelinear correlation between the two variables (forH;: p< O)
= Thereis not a positive linear correlation between the two variables (forH;: p> O)
= Thereis notalinearcorrelation between the two variables (forHy: p= 0)
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YOURNOTES

*> Worked Example !
[ J

Jessicawants totest whetherthereis any linear correlation between the distance
sherunsinaday, d km, andthe amount of sleep she has the night afterherrun, t
hours. Over the period of a month she takes arandom sample of 9 days, the results
arerecordedin the table.

Distance (d 12123115113 l25 181191201 1
km)

Steep(t- 155 181]76]7.3[81]8.4|7.8]7.9 |68
hours)

a)
Write down nulland alternative hypotheses that Jessica can use forhertest.

et P be the (omelation coefficient between Jessica

distances and the hours of sleep she geks.
R s 0
T
H :p#0 Teshns for any linear correlation
b)

Perform the hypothesis test forlinear correlation using a 5% significance level.
Clearly state yourconclusion.

Tgpe the data in GDC ad seled o t-tegt for linear regression
p=0.03833. < 0.05

ered Hy, as p-value < s‘ssn\;‘l(an(c level
There 15 sufficent evidence to suggest  that
there is a linear omelation between the distance
‘r'\o'r Xessim runs ond the hours she s'eeps.
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412.6 Type | & TypellErrors

Typel & Typell Errors
What are Typel & Typell errors?

e There are four possible outcomes of a hypothesis test:
o HpisfalseandHgis rejected
o HgistrueandHgis notrejected
= Thetestis accurate forthese two outcomes
o HgistrueandHgis rejected
o Hgis falseandHgis notrejected
= Thetesthasledtoan errorforthese two outcomes
e ATypelerroroccurs when a hypothesis test gives sufficient evidence to reject Ho despite
it being true
o Thisis sometimes called a “false positive”
o Inacourtcase this would be when the defendant is found guilty despite being
innocent
* ATypellerroris when a hypothesis test gives insufficient evidence toreject Ho despite it
beingfalse
o Thisis sometimes called a “false negative”
o Inacourtcase this would be when the defendant is foundinnocent despite being

guilty

Reject Ho AcceptHo

Ho True | Typel No error

Ho False | Noerror Type |l

How dol find the probabilities of a Typel or Typell error occurring?

¢ You should calculate the probability of errors occurring before a sample s taken
¢ The probabilities are determined by the critical region
o Equallyitis determined by the significancelevel 0%
o Criticalregions are determined such that:
= They keep the probability of a Typelerrorless than or equal to the significance
level
= They maximise the probability of a Typelerror
e The probability of a Typel error occurring is equal to the probability of beingin the critical
regionif Howere true
o P(Typelerror) = P(being in the critical region | Hg is true)
o Foracontinuous distribution (normal, t, y2)
= P(Typelerror) = a%
o Foradiscrete distribution (binomial, Poisson)
= P(Typelerror) = a%
¢ The probability of a Typell error occurring is equal to the probability of not beinginthe
critical region given the actual value of the population parameter
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o P(Typellerror) = P(not being in critical region | actual population parameter) YOURNOTES
o You needtoknow the actual population parameterin orderto find the probability of a 1
Typell error

¢ Onceasample has been takenyou can determine which error could have occurred
o Ifyourejected Hpthenyou couldhave made a Typelerror
o Ifyouaccepted Hgthenyou couldhave made a Typell error

Canlreduce the probabilities of making a Typel or Typell error?

¢ You canreduce the probability of a Typel error by reducing the significance level
o Howeverthis willincrease the probability of a Typell error

¢ Youcanreduce the probability of a Type Il error by increasing the significancelevel
o Howeverthis willincrease the probability of a Typel error

¢ Theonly way toreduceboth probabilities is by increasing the size of the sample

(’) Exam Tip

* * |f anexam question asks you to find the probability of a Typel orll error then
double checkthat the test has not been carried out yet
¢ The examiner could test yourunderstanding of errors by asking you to state
which error could not have occurred once the test has been carried out
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YOURNOTES
*9 Worked Example !
[ J

Lucy can hitthe target 70% of the time when she throws an axe with herright hand.
She claims that the proportion, p, of herthrows that hit the targetis higherthan
70% when she uses herleft hand. Lucy uses the hypotheses H0 : p=0.7and

Ho : p>0.7 totestherclaim. Lucy makes 100 throws and will reject the null

hypothesis if the axe hits the target more than 77 times.

a)
find the probability of a Typel error.

Let X~ B(100,p) be the number of Fimes L“‘S hits the
torget when using her left hand.
P(Ttgpe L crror)= P(Bema in crifical region | H, is Jrrue)

P(Tgpe I error)’P(x>ﬂ P=0.:f)
- P(38.<X<100/p-03)
= 0.0436..

P(Tyee L error) < 0.0439 (3sF)

b)
Given that Lucy actually hits the target 80% of the time with herlefthand, find the
probability of a Typell error.

P(T\jpe H error)=P(no¥ being in ritical region true popu\ajrion pOFQMder)

P(Tgpe 1I ermor)  P(X< 13 [p=08)
=P(0¢ X¢H p=0.7$)
= 0.2610..

P(Type IT emr) = 0.26 (3sf)
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4.13 Transition Matrices & Markov Chains

4.13.1Markov Chains

Markov Chains
Whatis meant by a “state”?

o Statesreferto mutually exclusive events with the current event able to change over time
¢ Examples of statesinclude:

o Daily weatherconditions
= Thestates couldbe: “sunny” and “notsunny”
o Countries visited by aninspectoreach day
= Thestates couldbe: “France”, “Spain” and “Germany”
o Store chosen forweekly grocery shop:
= Thestates couldbe: “Foods-U-Like”, “Smiley Shoppers” and “Better Buys”

What is a Markov chain?

¢ AMarkov chainis a modelthat describes a sequence of states over a period of time
o Timeis measuredin discrete steps
= Suchas days, months, years, etc
e The conditions fora Markov chain are:
o The probability of a state being the next statein the sequence only depends on the
current state
= Forexample
The 1™ state only depends on the 10" state
The first 9 states do not affect the 11" state
= This probability is called a transition probability
o Thetransition probabilities do not change overtime
= Forexample
The probability that the 11 stateis A given that the 10™ stateis B is equal to the
probability that the 12t state is A given that the 11" stateis B

¢ AMarkov chainis said to beregularifit possible to reach any state after a finite period of
timeregardless of theinitial state

What s a transition state diagram?
* Atransitiondiagramis a directed graph
o Thevertices are the states

o The edges represent the transition probabilities between the states
e Thegraphcancontain
o Loops
= Thesewillbe the transition probabilities of the next state being the same as the
current state
o Two edges between each pair of vertices
= The edges willbe in opposite directions

= Each edge willshow the transition probability of the state changingin the given
direction

e Theprobabilities on the edges coming out of avertexaddup to1
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ExamTip

¢ Drawinga transition state diagram (even when the question does not ask for
one) can helpyou visualise the problem

Worked Example

Fleur travels towork by car, bike orbus. Each day she chooses her mode of
transport based on the transport she chose the previous day.

e IfFleurtravels by carthenthereis a 40% chance that she will travel by carthe
following day anda10% chance that she will travel by bike.

o |fFleurtravels by bike then thereis a 60% chance that she will travel by bike the
following day and a 25% chance that she will travel by bus.

¢ IfFleurtravels by bus then thereis an 80% chance that she will travel by bike
the following day anda 20% chance that she will travel by car.

Represent this information as a transition state diagram.

ﬂ\e prohal)\li’fies on ’fhe Qrfous  (oming ouf o{‘ a state add o |

0.25
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4.13.2 Transition Matrices

Transition Matrices
What is a transition matrix?

¢ Atransition matrix T shows the transition probabilities between the current state and the
next state
o The columns represent the current states
o Therows represent the next states

¢ Theelement of Tin the i row and " column gives the transition probability tjof:

o thenext state beingthe state correspondingtorowi
o giventhat the current stateis the state corresponding to columnj
The probabilities in each column mustaddup to1
e Thetransition matrix depends on how you assign the states to the columns
o Each transition matrix fora Markov chain will contain the same elements
= Therows and columns may be in different orders though
= E.g.Sunny(S) & Cloudy (C) couldbeinthe orderSthenCorCthenS

What is aninitial state probability matrix?

¢ Aninitial state probability matrix sgis a column vector which contains the probabilities of
each state beingchosen as theinitial state
o Ifyouknow which state was chosen as theinitial state then thatentry willbe 1and the
others will allbe zero
¢ You canfindthe state probability matrix s;which contains the probabilities of each state
being chosen afteroneinterval of time
o S]:TSQ

How do | find expected values after oneinterval of time?

e Supposethe Markov changerepresents a population moving between states
o Examplesinclude:
= Peopleinatown switching gyms eachyear
= Children choosing a type of sandwich for theirlunch each day
e Supposethetotal populationis fixed and equals N
¢ You can multiply the state probability matrix s; by N to find the expected number of
members of the population at each state

(’) ExamTip
et o |fyou are askedto find a transition matrix, check that all the probabilities within

acolumnadduptol
* Drawing a transition state diagram can help you to visualise the problem
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YOURNQOTES
Worked Example !
EachyearJamie donates to one of three charities: A, Bor C. At the start of each year,
the probabilities of Jamie continuing donate to the same charity orchanging
charities arerepresented by the following transition state diagram:

a)
Write down a transition matrix T for this system of probabilities.

(urre{\‘r stote
A B

2 A0S 02 0.6 05 02 06
;_; 202 03 Ok T-102 0% O
= \o3 o1 0 03 01 0

b)

Thereis a10% chance that charity Ais the first charity that Jamie chooses, a10%
chance forcharity Bandan 80% chance for charity C. Find the charity which has
the highest probability of being picked as the second charity after the firstyear.
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0.\ YOURNOTES
Write down the infial state vector $,=| 0.1 !
0.8

05 02 0L\ /0. 0.55
5015, 5,001 0% OkJfod] =f Ot
03 o1 0/\08/ \0.04

O\arﬁa A hos the h‘\%\r\es’f proboh]lﬁa of bein3
the gecond c\r\ari’rg picked.
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Powers of Transition Matrices
How do | find powers of a transition matrix?

e You cansimply use your GDC to find given powers of a matrix
e Thepowercouldbeleftin terms of an unknown n
o Inthis caseitwouldbe more helpful to write the transition matrixin diagonalised form
(see section1.8.2 Applications of Matrices) T= PDP'where
= Dis adiagonal matrix of the eigenvalues
= Pisamatrix of corresponding eigenvectors
o ThenT"=PD"P"
= Thisis givenin the formula booklet
o Every transition matrix always has an eigenvalue equal to1

What is represented by the powers of a transition matrix?
* Thepowers of a transition matrix also represent probabilities

o Theelementof T"in the i!"row and " column gives the probability t"of :

o thefuture state afternintervals of time being the state corresponding torowi
o giventhat the current stateis the state corresponding to columnj

e Forexample: Let Tbe a transition matrix with the element t, srepresenting the probability
that tomorrow is sunny given thatitis raining today

o Theelement t52,3 of the matrix T° represents the probability thatitis sunnyin 5 days’
time given thatitis raining today
e Theprobabilities in each column must stilladdup to1

How do | find the column state matrices?

e Thecolumn state matrix s,is a column vectorwhich contains the probabilities of each
state being chosen afternintervals of time given the current state
o spdependsonsg
¢ Tocalculatethe column state matrix you raise the transition matrix to the powern and
multiply by the initial state matrix
° T“so =s
= You are given this in the formula booklet
¢ You canmultiply s, by the fixed population size to find the expected number of members of
the population at each state afternintervals of time
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YOURNOTES

*> Worked Example !
[ J

Atacatsanctuary thereare1000 cats. If a catis brushed on a given day, then the
probability itis brushed the following day is 0.2. If a catis not brushed on a given
day, then the probability that is will be brushed the following day is 0.9.

The transition matrix T'is usedto model this information with T'= (g; g? )
a)
On Monday Hippo the catis brushed. Find the probability that Hippo will be brushed
on Friday.
\denﬂfg the states with the roms/(olumfu
( urrent
B &
. B ( 02 09
3
=g \0% o0l
Fr'nd% s b do%s ofter Mondaﬁ
L 04\ 4023\ B
T* 2 01 oq) < @ OL‘.O ) ) u‘l‘ur&
08 01/ {0353 0.59%1/8
\—w
( Cument = 8
urrent Fture = B
0.bk24
b)

OnMonday 700 cats were brushed. Find the expected number of cats that willbe
brushed on the following Monday.

On Mond% 100 brushed % ¢ (g:

Expedeo\ numbers after # d“ﬁ-‘
Totol 255 = Tokl x Ts,

oo« (G5 S(63) = (65 &2 (302) = (B i) &

515 (als
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Steady State & Long-term Probabilities

What s the steady state of a regular Markov chain?

e Thevectorsis saidtobe a steady state vectorifit does not change when multiplied by the
transition matrix
o Ts=s
¢ Regular Markov chains have steady states
o AMarkov chainis saidto beregularif there exists a positive integer k such that none of
the entries are equal to 0 in the matrix T¥
= Forthis course allMarkov chains willbe regular
e Thetransition matrix for a regular Markov chain willhave exactly one eigenvalue equalto
andtherestwill allbeless than1
e Asngets bigger T" tends to a matrix where each columnis identical
o The column matrix formed by using one of these columns is called the steady state
columnmatrix s
o This means thatthelong-term probabilities tend to fixed probabilities
= s, tendstos

How do | use long-term probabilities to find the steady state?

¢ As T"tends to a matrixwhose columns equal the steady state vector
o Calculate T"foralarge value of nusingyour GDC
o Ifthe columns areidentical whenrounded to a required degree of accuracy then the
columnis the steady state vector
o Ifthecolumns are notidentical then choose a higherpowerandrepeat

How dol find the exact steady state probabilities?

* AsTs=sthesteady statevectorsis the eigenvectorof Tcorresponding to the eigenvalue
equaltolwhose elements sumtol:
Let s haveentries x;, xo, ..., X,
Use Ts =s toform a system of linearequations
There willbe an infinite number of solutions so choose a value for one of the unknowns
= Forexample:letx,=1
Ignoring thelast equation solve the system of linearequations to find x;, X, ..., X7
Divide each value x;by the sum of the values
= This makes thevalues addupto]
¢ You might be asked to show this result using diagonalisation
o Write T=PDP-'where D is the diagonal matrix of eigenvalues and P is the matrix of
eigenvectors
o UseT"=PD"P"
o Asngetslarge D" tends to a matrixwhere all entries are O apart from one entry of 1due
totheeigenvalue of 1
o Calculate thelimit of T"which willhave identical columns
= You can calculate this by multiplying the three matrices (P, D, P-) together

o

]

o]

(e}

o
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O Exam Tip YOURlNOTES
* e |fyoucalculate by handthen a quick checkis to seeif the columns are
identical

o |tshouldlooklike
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*9 Worked Example !

If a catis brushed on a given day, then the probability it is brushed the following day
is 0.2.Ifacatis notbrushed on a given day, then the probability that is will be
brushed the following dayis O.9.

0.2 0.9
The transition matrix T'is used to model this information with T= (0 8 0.1 )

a)
Find an eigenvectorof T correspondingto the eigenvalue.

vV ois on eiaenvedor of T with eise/wa|ue | Tg:y

Let v (2)

Te=(65 00E) Ciaiois)

Tvev 02x ¢ 04y, x, = 09x,:0.8x, = 984
082, + 0.1, =2, » 08x, =09, » Ba, =94,

Find a solution 2,9 and x,:8

(g) or 003 3(a|ar mu“’ip\e

b)
Hencefindthe steady state vector.

Scale the elements so that they add to | 3

The eiqenvechor Grresponding o the eigenvalue | | whose
elements add o |, is the steady  stafe vector

9
E;
)

\1
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