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4.1 Statistics Toolkit

4.1.1 Sampling & Data Collection

Types of Data

What are the different types of data?

¢ Qualitative datais data thatis usually givenin words not numbers to describe something
o Forexample: the colourof ateacher's car

Quantitative datais data thatis given using numbers which counts or measures

something
o Forexample: the number of pets thata studenthas

Discrete datais quantitative data that needs to be counted

o Discrete data can only take specific values from a set of (usually finite) values
o Forexample: the numberof times a coinis flipped until a ‘tails’ is obtained

¢ Continuous datais quantitative data that needs to be measured
o Continuous data can take any value within arange of infinite values

e}

o

o

Forexample: the height of a student

Age can be discrete or continuous depending on the context orhowitis defined

If you mean how many years old a person is then this is discrete
If youmean how long a person has been alive then this is continuous

What is the difference between a population and a sample?
¢ The populationrefers to the whole set of things which you are interestedin

o}

Forexample: if avetwantedto know how long a typical French bulldog slept forin a
day then the population would be all the French bulldogs in the world

* Asamplerefers to a subset of the population whichis used to collect data from

o

Forexample: the vet might take a sample of French bulldogs from different cities and
record how long they sleepinaday

¢ Asamplingframeis alist of allmembers of the population

o

Forexample: alist of employees’ names within a company

¢ Usingasampleinstead of a population:

o}

o}

[e]

o

Is quickerand cheaper

Leads toless data needing to be analysed
Might not fully represent the population
Mightintroduce bias
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Sampling Techniques

What is arandom sample and a biased sample?
+ Arandomsampleis where every member of the population has an equal chance of being

includedin the sample
¢ Abiased sampleis where the sampleis notrandom

What sampling techniques do | need to know?

Simple random sampling

¢ Simplerandom samplingis where every group of members from the population has an
equal probability of being selected forthe sample
e Tocarry this outyouwould...
o uniquely numberevery member of a population
o randomly select n different numbers using arandom number generator or a form of
lottery (where numbers are selected randomly)
o Effectiveness:
o Usefulwhenyou have a smallpopulation orwanta smallsample (such as childrenina
class)
o Itcanbetime-consumingif the sample or populationis large
o Thiscannotbeusedifitis notpossible to numberorlist allthe members of the
population (such as fishin a lake)

Systematic sampling

¢ Systematic samplingis where a sampleis formed by choosing members of a population at
regularintervals using alist

e Tocarry this outyouwould...
size of population (V)

o calculatethesize of theinterval k = -
size of sample (n)

o choosearandom starting point betweenTandk
o selectevery kthmemberafterthe firstone

o Effectiveness:
o Usefulwhenthereis a natural order(such as alist of names ora conveyorbelt of items)

o Quickandeasytouse
o Thiscannotbeusedifitis not possible to number orlist allthe members of the

population (such as penguins in Antarctica)

Stratified sampling

o Stratified samplingis where the populationis dividedinto disjoint groups (called strata)
andthen arandom sampleis taken from each group (stratum)
e Theproportion of a stratum thatis sampledis equal to the proportion of the population that
belongtothatstratum
e Tocarry this outyouwould...
o Calculate the number of members sampled from each stratum
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size of sample (n)
size of population (N) %
o Takearandom sample fromeach stratum
o Effectiveness:
Usefulwhen there are very different groups of members within a population
The sample will be representative of the population structure
The members selected from each stratum are chosen randomly
This can not be usedif the population can not be splitinto groups orif the groups
overlap

number of members in the stratum

o

o]

o

(e}

Quota sampling

¢ Quotasamplingis where the populationis splitinto groups (like stratified sampling) and
members of the population are selected untileach quotaiis filled
¢ Tocarry this outyou would...
o Calculate how many people you need from each group
o Selectmembers from each group untilthat quotaiis filled
= The members donothave to be selectedrandomly

o Effectiveness:
o Usefulwhen collecting data by asking people who walk past you in a public place or
when a sampling frameis not available
o This canintroduce bias as some members of the population might choose notto be
includedin the sample

Convenience sampling

¢ Convenience samplingis where a sampleis formedusing available members of the
population who fit the criteria
e Tocarry this outyouwould...
o Selectmembers that are easiest toreach
o Effectiveness:
o Usefulwhen alist of the populationis not possible
o Thisis unlikely to be representative of the population structure
o Thisis likely to produce biasedresults

What are the main criticisms of sampling techniques?

e Mostsampling techniques canbeimproved by taking alarger sample

e Sampling canintroduce bias - so you want to minimise the bias within a sample
o Tominimise bias the sample should be as close torandom as possible

¢ Asampleonly gives information about those members
o Different samples may lead to different conclusions about the population
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*9 Worked Example

Mikeis a biologist studying micein an open enclosure. He has access to
approximately 540 field mice and 260 harvest mice. Mike wants to sample 10 mice
andhe wants the proportions of the two types of mice in his sample to reflect their
respective proportions of the population.

a)
Calculate the number of field mice and harvest mice that Mike should include in his
sample.

Tofa\ number of mice

540 +260 - 800
~— Fraction of field mice

Feld mice 340 x10= 635

Sample size

— Fraction of harvest mice

Harvest mice %g x10=3.25

Include ¥ Field mie and 3 harvest mice

b)
Given that Mike does not have a list of allmicein the enclosure, state the name of
this sampling method.

No list of population 50 can not be a random sample
Quota  sampling

c)
Suggest one way in which Mike could improve his sampling method.

Mark (ould improve his sampling method
5\3 inureasing his somple Size
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Reliability of Data YOURNOTES

How canl decideif datais reliable? l
e Datafromasampleisreliableif similarresults would be obtained from a different sample
from the same population
¢ The sample should be representative of the population
¢ The sample should be bigenough
o Samplinga small proportion of a population is unlikely to be reliable

What can cause data to be unreliable?

¢ Ifthesampleis biased
o |tisnotrandom
 |f errors are made when collecting data
o Numbers could berecordedincorrectly, duplicated ormissed out
¢ |ftheperson collecting the data favours some members over others
o Theymight seek out members who willlead to a desired outcome
o They might exclude members if they would cause the sample to oppose the desired
outcome
« |fasignificant proportion of datais missing
o Somedatamay be unavailable
o Some members might decide notto be part of the sample
= This willmean theresults are not necessarily representative of the population
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4.1.2 Statistical Measures

Mean, Mode, Median

What are the mean, mode and median?

¢ Mean, median and mode are measures of central tendency
o Theydescribe where the centre of the dataiis
e Theyarealltypes of averages
¢ |nstatisticsitisimportant to be specific about which average you arereferring to
¢ Theunits forthe mean, mode and median are the same as the units forthe data

How are the mean, mode, and median calculated forungrouped data?

« Themodeis thevalue thatoccurs most oftenin a data set
o ltis possible forthere to be more than one mode
o ltis possible fortheretobe no mode
= |nthis casedonot say the modeis zero
¢ Themedianis the middle value when the datais in order of size
o |ftherearetwovalues in the middle then the medianis the midpoint of the two values
¢ Themeanis the sum of allthe values divided by the number of values

_ 1 Z
X=—2.X.
n;= 1

n
o Where Z X =X + X, +...+ X is the sum of the n pieces of data
i=1
o Themean can berepresented by the symbol u
¢ YourGDC can calculate these statistical measures if you input the data using the statistics

mode
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*9 Worked Example !

Find the mode, median and mode for the data set given below.

43 29 70 51 64 43

MOO‘E’, is ’f'f\e most ommon

Mode = 43
Median is the middle when in order
9 43 43T5l bk 30

43+81
y 4t

Median = &1

2
Mean = 5

Ix =300 and n=b 3?70 =50
/"\ean = 50
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Quartiles & Range YOURNOTES
What are quartiles? l

¢ Quartiles are measures of location
¢ Quartiles divide a population or data setinto four equal sections
o Thelower quartile, @ splits the lowest 25% from the highest 75%
o Themedian, Q, splits the lowest 50% from the highest 50%
o Theupperquartile, Q3 splits the lowest 75% from the highest 25%
e There are different methods for finding quartiles
o Values obtained by hand and using technology may differ
¢ You willbe expectedtouseyour GDC to calculate the quartiles

What are therange and interquartile range?

* Therange andinterquartilerange are both measures of dispersion

o Theydescribe how spread outthe datais
¢ Therangeis thelargestvalue of the data minus the smallest value of the data
¢ Theinterquartilerangeis therange of the central 50% of data

o ltistheupperquartile minus the lower quartile

IQR=Q,- Q,

= Thisis givenin the formula booklet
e Theunits fortherange andinterquartilerange are the same as the units for the data
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*> Worked Example !

Findtherange andinterquartile range forthe data set given below.
43 29 70 51 64 43
Ran%e = Maiimum - M‘\mmum
10 - 29
Range = 4|

Fid upper and lower quartiles using 4DC

le 43 and Qs:bq‘
lQR = Q3 - Q\

b - &3
QR - 21
Bt\ hand
. Range. :
9 Lr% L»3‘5l 611- 10
QR

Page 10 of 100

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

Standard Deviation & Variance

What are the standard deviation and variance?

¢ Thestandard deviation andvariance are both measures of dispersion
o They describe how spread out the datais inrelation to the mean
¢ Thevarianceis the mean of the squares of the differences between the values and the
mean
o Varianceis denoted 2
¢ Thestandard deviationis the square-root of the variance
o Standarddeviationis denotedo
¢ Theunits forthe standard deviation are the same as the units forthe data
¢ Theunits forthe variance are the square of the units forthe data

How are the standard deviation and variance calculated for ungrouped
data?

¢ Inthe examyou will be expectedto use the statistics function on your GDC to calculate the

standard deviation and the variance
¢ Calculating the standard deviation and the variance by hand may deepen your

understanding

1 n
e Theformula forvarianceis 02 = ; Z (XI. - )_()2
i=1
o This canberewritten as

1 n
o2=— inz_xz

=1
1 n
¢ Theformula forstandard deviationis o= P Z(XI.—)_()Z
i=1
o This canberewritten as
1 &
o=, — 2. x? -x2
n; ;=

e Youdonotneedtolearnthese formulae as you willuse your GDC to calculate these
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YOURNOTES

*9 Worked Example !

Findthevariance and standard deviation for the data set given below.

43 29 70 51 64 43

Find variane and standard deviation using GDC
o < 189.333. and oy = 13359

Var"m\nce = 189 (sz)
Standard devigtion = 13.8 (3sF)

33 hand
- Z_z B 2
. :‘ X

Lx*= 16136 X =90 n:b

ot “"63" - 50% - 189.333.

o= 18433, = 13.359.
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4.1.3 Frequency Tables

Ungrouped Data
How are frequency tables used for ungrouped data?

e Frequency tables canbe used forungrouped data whenyou havelots of the samevalues
within a data set
o Theycanbeusedtocollectand present data easily
e Ifthevalue 4 has a frequency of 3this means that there are three 4’s in the data set

How are measures of central tendency calculated from frequency tables
withungrouped data?

e Themodeis thevalue thathas the highest frequency
¢ Themedianis the middlevalue
o Usecumulative frequencies (running totals) to find the median
¢ Themean can be calculated by
o Multiplying each value x;by its frequency f;
o Summingto get Zfix;
Dividing by the total frequency n = Xf;
This is given in the formula booklet

(e}

(e}

X =

(e}

Your GDC can calculate these statistical measures if you input the values and their
frequencies using the statistics mode

How are measures of dispersion calculated from frequency tables with
ungrouped data?

¢ Therangeis thelargestvalue of the data minus the smallest value of the data
¢ Theinterquartilerangeis calculated by

IQR=0Q,-Q,

o The quartiles can be found by usingyour GDC and inputting the values and their
frequencies
e Thestandard deviation and variance can be calculated by hand using the formulae
o Variance

o Standard deviation
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1 k -
o=,—¥ Fx2?—x
nj=111

2

o Youdonot need tolearn these formulae as you will be expectedto useyour GDC to
find the standard deviation and variance
= You may wantto see these formulae to deepen yourunderstanding

") ExamTip

¢ Always check whetheryouranswers make sense when usingyour GDC
o Thevalue fora measure of central tendency should be within the range of
data

)
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*> Worked Example

The frequency table below gives information number of pets owned by 30 students

inacl

Find

a)
the

b)
th

ass.
Numberofpets | O 2
Frequency n 5 8 6
mode.
Mode : value with hi(\:}hes’r freriuencg
Mode = 0
emedian.
Median = middle value
n=30 50 median is mdpoint of 15" and 16"
Numher oF pe+$ 0 \ 2 3
Cumulative Frequemﬁ [ 6 24 30
Median = |
c)
the mean.
Formqla ] $m k
BOOklet_ ean, ¥, of a set of data | ¥ = = n:;f,
5 - Z‘:x: Ix0 + 5x| + 5x2 4 6x3 39
n l+5+%+ b 30
Mean = 1.3

d)
the standard deviation.
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Use GDC o = 1159.. YOURlNOTES
Standard deviation = 1. 16 (3sf)
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GroupedData

How are frequency tables used for grouped data?

e Frequency tables can be used for grouped data when you havelots of the samevalues
within the sameinterval
o Classintervals willbe written using inequalities and without gaps
= 10<x<20and20<x<30
o Iftheclassinterval 10 £ x <20 has a frequency of 3 this means there are three values in
thatinterval
= You donotknow the exact data values when you are given grouped data

How are measures of central tendency calculated from frequency tables
with grouped data?

¢ Themodal classis the class that has the highest frequency
o Thisis forequalclassintervals only
¢ Themedianis the middlevalue
o Theexactvalue cannotbe calculated butit can be estimated by usinga cumulative
frequency graph
* Theexact meancannotbe calculatedas you donothave theraw data
¢ Themean can be estimated by
o |dentifying the mid-interval value (midpoint) x;for each class
o Multiplying each value by the class frequency f;
o Summingto get2fix;
Dividing by the total frequency n = Xf;
This is given in the formula booklet

(e}

o]

X =

Your GDC can estimate the mean if you input the mid-interval values and the class
frequencies using the statistics mode

o

How are measures of dispersion calculated from frequency tables with
grouped data?

¢ Theexactrange cannotbe calculated as thelargest and smallest values are unknown
¢ Theinterquartilerange can be estimated by

IQR=0Q,-Q,

o Estimates of the quartiles can be found by using a cumulative frequency graph
¢ Thestandard deviation andvariance can be estimated using the mid-interval values xjin
the formulae
o Variance

1 & —
o2=—2 fx?-%x°
n.— 1 1
i=1
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o Standard deviation YOURNOTES
l
1 k -

o=,— Y fx2*—-x
n;=111

2

o Youdonot need tolearnthese formulae as you will be expectedto use your GDC to
estimate the standard deviation andvariance using the mid-interval values
= You may wantto see these formulae to deepen yourunderstanding

(') Exam Tip
w
e Asyoucan only estimate statistical measures from a grouped frequency table it
is good practice toindicate that the values are not exact
o You can do this by rounding values rather than leaving as surds and
fractions

o (3sf) ratherthan
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> Worked Example YOURTOTES
The table below shows the heights in cm of a group of 25 students.
Height, h Frequency
150<h <155 3
155<h <160 5
160<h <165 9
165<h <170 7
170 <h <175 1

a)
Write down the modal class.

Modal class = class with |m3|ne5+ frequencﬂ
Modal class = 160 < h <65

b)
Write down the mid-interval value of the modal class.

Upper boundary + [ower boundary

M -isterval value

160 + 165
2

Mid-intervol value = 162.5 (m

c)
Calculate an estimate forthe mean height.

Use mid-iterval values to estimate the mean

Formula S .
Mean, ¥, of a set of data [ ¥ =+ n:Z, :
Book et - i
o 3x152.5+5x153.5 +94x162.5 + Fx 635+ 1x1R5 . 40525
X : 3+ 5+8+F+| 25

Estimgted wean = 1621 (m
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4.1.4Linear Transformations of Data

Linear Transformations of Data
Why are linear transformations of data used?

e Sometimes data might beverylarge orvery small
e Youcan apply alinear transformation to the data to make the values more manageable
o Youmay have heardthis referredto as:
= Effects of constantchanges
= |inearcoding
¢ Lineartransformations of data can affect the statistical measures

How is the mean affected by alinear transformation of data?

* Letx bethe mean of somedata
« |fyou multiply eachvalue by a constant k then you will need to multiply the mean by k
o Meanis kx

o |fyouadd orsubtract a constantafrom allthe values then you willneed to add or subtract
the constantatothemean

o Meanisxta

How is the variance and standard deviation affected by a linear
transformation of data?
* Let 62 bethevariance of some data
o oisthestandard deviation
« |fyoumultiply each value by a constant k then you willneed to multiply the variance by k2
o Varianceis k202
o You willneed to multiply the standard deviation by the absolute value of k
= Standarddeviationis |k|o

o |fyouadd orsubtractaconstantafromallthe values then the variance and the
standard deviation stay the same
= Varianceis 62
= Standard deviationis o

¢) ExamTip
* ¢ |fyouforgettheseresultsin an exam then you canlookin the HL section of the

formula booklet to see them written in a more algebraic way
o Lineartransformation of a single variable

o where E(...) means the mean and Var(...) means the variance
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YOURNOTES
l

Ateachermarks his students’ tests. Theraw mean scoreis 31 marks and the
standard deviationis 5 marks. The teacherstandardises the score by doubling the
raw score and then adding10.

a)
Calculate the mean standardised score.

IF data is multiplied by k then mean is maltiplied by k
If k is added to data then k is added fo the mean
Ax2 +10

Mean of standardised scwres = 2

b)
Calculate the standard deviation of the standardised scores.

IF data is multiplied by k then standard deviation
is multiplied bylk|

It k is added fo data then standard deviation is
unchansed

52
Standard deviation of standardised scores = 1D
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4.1.5 Outliers

Outliers

What are outliers?

¢ Outliers are extreme data values that do not fit with therest of the data
o They are eithera lot biggerora lot smallerthan therest of the data

e QOutliers are defined as values that are more than 1.5 x IQR from the nearest quartile
o xisanoutlierifx<@;-1.5xIQRorx> Q3 +1.5xIQR

¢ Qutliers canhave a big effect on some statistical measures

Should I remove outliers?

e Thedecisiontoremove outliers willdepend on the context
e Qutliers should beremoved if they are found to be errors
o Thedatamay have beenrecordedincorrectly
o Forexample: The number17 may have beenrecorded as 71 by mistake
¢ Outliers should not be removed if they are a valid part of the sample
o Thedatamayneedtobecheckedtoverifythatitisnotanerror
o Forexample: Theannual salaries of employees of a business might appeartohavean
outlier but this could be the director’s salary
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*9 Worked Example

The ages, inyears, of anumber of children attending a birthday party are given
below.

2,7,5 4,8,4,6,5 5,29 25,13

a)
Identify any outliers within the data set.

x is an outlier if  x<Q-1551QR or x> Q+1541QR
Us‘ung (AD(

Q:4 ad Q=15 - 1QR=35

Q,- 1551QR = 4-1.5x35 = -1.25

O,+1551QR -35¢1.5:35 - 12.35

Outliers are 13 and 29

b)
Suggestwhichvalue(s) should be removed. Justify youranswer.

13 should not be removed as it s a valid ai\eof
o dhld

A should be removed os this is onage of an
adult,
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4.1.6 Univariate Data

Whatis a box plot (box and whisker diagram)?

BoxPlots

Univariate datais data thatis in one variable.

e Aboxplotis a graph thatclearly shows key statistics from a data set
o |tshows the median, quartiles, minimum and maximum values and outliers

o |tdoesnotshow any otherindividual dataitems
The middle 50% of the data will be represented by the box section of the graph and the

lowerandupper 25% of the data will be represented by each of the whiskers
e Any outliers arerepresented with a cross on the outside of the whiskers
o Ifthereis anoutlierthen the whiskerwillend at the value before the outlier
¢ Onlyoneaxis is used when graphing a box plot

LOWER QUARTI@\

/m?PER QUARTILE

THE BOX CAN
BE ANY DEPTH. |

Itis stillimportant to make sure the axis has a clear, even scale andis labelled with units

MINIMUM VALUE %]

THE WHISKERS

What are box plots useful for?

¢ Boxplots can clearly show the shape of the distribution

MEDIAN

"~ T

(WITH OUTLIERS REMOVED)

[ MAXIMUM VALUE \

o Ifaboxplotis symmetrical about the median then the data could be normally

distributed

¢ Boxplots are often used forcomparing two sets of data

o Two boxplots willbe drawn next to each otherusing the same axis
o They areuseful forcomparing databecauseitis easy to see the main shape of the
distribution of the data from a box plot
= You can easily compare the medians andinterquartile ranges

(") Exam Tip

e Inanexamyou canuseyour GDC todraw a box plotif you have theraw data
o You calculator's box plot can alsoinclude outliers so this is a good way to

check
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YOURNOTES

*> Worked Example !

Thedistances, in metres, travelled by 15 snails in a one-minute period are recorded
and shown below:

05,607, 10,11,12,12, 12,13, 14,14, 1.4, 1.4, 15,15, 15
a)
i)
Find the values of Ql, 02 and Q3.
ii)
Findtheinterquartilerange.
iii)
Identify any outliers.

Usma C\DC
Q,=|-\m QI:LS m 03-'Ul-m

0R= Q- Q, < Lb- 1

QR = 0.3 m

Q,-15%10R = 111503 = 0,65
Q‘s+ lSKlQK s L+1.5x(03 = |$5

05 m 15 an outlier

b)
Draw a box plot for the data.

e e

i
04| 06] 05 O 12 & Ib
Distance (m)

Label outlier Use next smallest
with o (ross after  outlier

>
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Cumulative Frequency Graphs YOURNOTES
What is cumulative frequency? l

e The cumulative frequency of xis the running total of the frequencies for the values that are
less than orequaltox

e Forgroupeddatayouusetheupperboundary of a class interval to find the cumulative
frequency of thatclass

What is a cumulative frequency graph?

¢ Acumulative frequency graphis used with data thathas been organisedinto a grouped
frequency table

¢ Some coordinates are plotted
o Thex-coordinates are the upper boundaries of the class intervals
o They-coordinates are the cumulative frequencies of that class interval
e Thecoordinates are then joined together by hand using a smoothincreasing curve

What are cumulative frequency graphs useful for?

¢ Theycanbeusedto estimate statisticalmeasures
o Draw a horizontal line from the y-axis to the curve
= Forthemedian: draw theline at 50% of the total frequency
= Forthelowerquartile: draw theline at 25% of the total frequency
= Fortheupperquartile: draw theline at 75% of the total frequency
= Forthep™"percentile: draw the line at p% of the total frequency
o Draw avertical line down from the curve to the x-axis
o This x-valueis therelevant statistical measure
¢ Theycanusedto estimate the numberof values that are bigger/smallthan a given value
o Draw averticalline from the given value on the x-axis to the curve
o Draw a horizontalline from the curve to the y-axis
o Thisvalueis an estimate forhow many values are less than orequal to the given value
= Toestimatethenumberthatis greaterthan the value subtract this numberfrom
the total frequency
o They canbeusedto estimate theinterquartilerange IQR = Q3 - Q1

o Theycanbeusedtoconstruct a boxplot forgrouped data
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Worked Example
The cumulative frequency graph below shows the lengths incm, I, of 30 puppies in
a training group.

30

25

20

Cumulative
frequency 15

v 35 40 45 50 55 60
Length of puppy (cm)

a)
Giventhattheinterval 40 < /<45 was used when collecting data, find the
frequency of this class.

i lo- 8
. Freque oty * )

4 35 4 4 50 55 60
Length of puppy (cm)

s)sethegraphtoﬁndanestimatefortheinterquartilerangeofthelengths.
: 4$730° 15 Q345
. 5130225 Q514
. 1R - 0, -0, 514 -345
Ll [leR=1Am
c)

Estimate the percentage of puppies with length more than 51cm.
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30-22 =% puppies
2 lonaer thon 5l tm

3 o D
i 20 x100% = 26.66b. 7,

ST 1263 % (3s)

Length of puppy (cm)
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Histograms YOURNOTES
Whatis a (frequency) histogram? l

¢ Afrequency histogram clearly shows the frequency of class intervals
o Theclasses willhave equal classintervals
o Thefrequency willbe on the y-axis
o Thebarfora classinterval willbegin atthe lowerboundary and end at the upper
boundary
e Afrequency histogramis similar toabar chart
o Abarchartis usedforqualitative or discrete data and has gaps between the bars
o Afrequency histogramis used for continuous data and has no gaps between bars

What are (frequency) histograms useful for?

e They show the modal class clearly

¢ They show the shape of the distribution
o Itisimportant the classintervals are of equal width

¢ They canshow whetherthe variable can be modelled by a normal distribution
o Iftheshapeis symmetricalandbell-shaped
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YOURNOTES
*> Worked Example !

The table below andits corresponding histogram show the mass, in kg, of some
new born bottlenose dolphins.

Mass, mkg Frequency
4<m<8 4
8§<m<12 15
12<m<16 19
16<m<20 10
20<m<24 6

a)
Draw a frequency histogram to represent the data.

A

20
g:‘w
g0
S s
Wy

0 &/% 12 b 0% ™

Mags (k)
No qaps

b)
Write down the modal class.

Moda\ class = class with Imﬁhes’r Frequencﬂ
Modal class = 12 ¢ mclb
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Interpreting Data

How dolinterpret statistical measures?

The modeis useful for qualitative data

o Itis notas useful forquantitative data as thereis not always a unique mode
The meanincludes all values

o ltis affected by outliers

o Asmaller/largermeanis preferable depending on the scenario

= Asmallermean time forcompleting a puzzle is better
= Abiggermeanscoreonatestis better

The medianis not affected by outliers

o Itdoesnotuseallthevalues
Therange gives the full spread of the all of the data

o ltis affected by outliers
Theinterquartilerange gives the spread of the middle 50% about the median andis not
affected by outliers

o Itdoesnotuseallthevalues

o AbiggerlQR means the datais more spread out about the median

o AsmallerlQR means the datais more centred about the median
The standard deviation and variance use all the values to give a measure of the average
spread of the data about the mean

o They are affected by outliers

o Abiggerstandard deviation means the datais more spread out about the mean

o Asmallerstandard deviation means the data is more centred about the mean

How dol choose which diagram to use to represent data?

Boxplots
o Canbeusedwith ungroupedunivariate data
o Shows therange, interquartilerange and quartiles clearly
o Very useful forcomparing data patterns quickly
Cumulative frequency graphs
o Canbeusedwith continuous groupedunivariate data
o Shows therunningtotal of the frequencies that fall below the upperbound of each
class
Histograms
o Canbeusedwith continuous groupedunivariate data
o Usedwith equalclassintervals
o Shows the frequencies of the group
Scatterdiagrams
o Canbeusedwithungroupedbivariate data
o Shows the graphicalrelationship between the variables

How do | compare two or more data sets?

Compare a measure of central tendency
o Ifthe data contains outliers - use the median
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o If the datais roughly symmetrical - use the mean YOURNOTES

Compare a measure of dispersion 1

o Ifthe data contains outliers - use theinterquartilerange
o Ifthedatais roughly symmetrical - use the standard deviation

Considerwhetheritis betterto have a smaller orbiggeraverage

o This willdepend on the context
= Asmalleraverage time forcompleting a puzzle is better
= Abiggeraveragescoreon atestis better

Considerwhetheritis betterto have a smaller orbigger spread

o Usually a smallerspread means itis more consistent

¢ Alwaysrelate the comparisons to the context and considerreasons

o Considerthe sampling technique and the data collection method

*> Worked Example

The box plots below show the waiting times for the two doctor surgeries, HealthHut
andFitFirst.

HealthHut ’_ —-[
FitFirst ]7 ——I X

0 10 20 30 40 a0 60
Waiting time (minutes)

Compare the two distributions of waiting times in context.
(,Ompare :
0 measure of (entral Jrendenct\

o measure of dispersion

HealthHuts median waiting time is smaller than
Fit Firsts (20‘14). On average patients ﬂef
seen quicker ot HealthHut .

Fit First 5 interquartile range is smaller than
HealthHut$ (13 <19) There is less variability
of waiting times ot Fit Fiest
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4.2 Correlation & Regression YOUR TOTES

4.2.1Bivariate data

Scatter Diagrams
What does bivariate data mean?

o Bivariatedatais datawhichis collected on two variables andlooks athow one of the
factors affects the other
o Eachdatavalue fromonevariable will be paired with a data value from the other
variable
o Thetwovariables are oftenrelated, butdonothavetobe

Whatis a scatter diagram?

e Ascatterdiagramis a way of graphing bivariate data
o Onevariable willbe on the x-axis and the other will be on the y-axis
o Thevariable that can be controlled in the data collectionis known as theindependent
orexplanatory variable andis plotted on the x-axis
o Thevariable thatis measured ordiscoveredin the data collection is known as the
dependent orresponse variable andis plotted on the y-axis
e Scatterdiagrams can contain outliers that do not follow the trend of the data

(’) Exam Tip
* ¢ |fyouusescatterdiagramsinyourinternal Assessment then be aware that
finding outliers for bivariate data is different to finding outliers for univariate
data
o (x,y)couldbe an outlierfor the bivariate data even if xand y are not outliers
fortheirseparate univariate data
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Correlation YOURNOTES

What is correlation? l

e Correlationis how the two variables changeinrelation to each other
o Correlation could be theresult of a causal relationship but this is not always the case
¢ Linear correlationis when the changes are proportional to each other
¢ Perfectlinear correlation means that the bivariate data will alllie on a straightlineon a
scatterdiagram
¢ When describing correlation mention
o Thetype of the correlation
= Positive correlationis when anincreasein onevariable results in the other
variableincreasing
= Negative correlationis when anincreasein onevariable results in the other
variable decreasing
= Nolinearcorrelationis when the data points don’t appear to follow a trend
o Thestrength of the correlation
= Stronglinear correlationis when the data points lie close to a straight line
= Weak linear correlationis when the data points are not close to a straight line
o Ifthereis stronglinear correlation you can draw a line of best fit (by eye)
o Theline of best fit will pass through the mean point (X, )
o Ifyouareaskedtodraw aline of best fit
= Plotthe mean point
= Draw aline going throughit that follows the trend of the data

STRONG WEAK NO
POSITIVE POSITIVE CORRELATION
CORRELATION CORRELATION

x X
X
WEAK STRONG
NEGATIVE NEGATIVE
CORRELATION CORRELATION

What is the difference between correlation and causation?

e |tisimportantto be aware thatjustbecause correlation exists, it does not mean that the
changein one of the variables is causing the change in the othervariable
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o Correlation does notimply causation! YOURNOTES
¢ |fachangeinonevariable causes a changein the otherthen the two variables are said to 1
have a causal relationship
o Observing correlation between two variables does not always mean that thereis a
causalrelationship
= There couldbe underlying factors which is causing the correlation
o Lookatthetwovariables in question and consider the context of the question to
decideif there could be a causalrelationship
= [fthetwo variables are temperature and number of ice creams sold at a park then
itis likely to be a causalrelationship
= Correlation may exist between global temperatures and the number of monkeys
keptas petsinthe UKbut they are unlikely to have a causalrelationship
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YOURNOTES
*> Worked Example !
[

Ateacherisinterestedin therelationship between the number of hours her
students spend on a phone perday and the number of hours they spendon a
computer. She takes a sample of nine students andrecords theresults in the table

below.
Hoursspentonal , |, 156130130 752113 |58
phone perday
Hours spentona
computerper | 1.7|11]0.7/58/52|17|69|71|3.3
day
a)

Draw a scatterdiagram for the data.

8

- o

Hours spent on a computer per day

~

Hours spent on a phone per day

b)
Describe the correlation.

5’rron3 ne%ohve |‘mear rrelation

c)
Draw a line of best fit.
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YOURNOTES

Mean pot (%,3) = (5.133.., 3322.) 1

8

o

Plot the mean pownt
/\me it 53 eye

0 2 4 6 8 10
Hours spent on a phone per day

IS

~

Hours spent on a computer per day
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4.2.2 Correlation Coefficients

PMCC
What is Pearson’s product-moment correlation coefficient?

e Pearson’s product-moment correlation coefficient (PMCC) is a way of giving a numerical
value to alinearrelationship of bivariate data
e ThePMCC of asampleis denoted by theletterr
o rcantakeanyvaluesuchthat—1<r<1
o Apositive value of rdescribes positive correlation
o Anegative value of rdescribes negative correlation
o r=0means thereis nolinear correlation
o r=1means perfect positivelinear correlation
o r=-1means perfect negativelinear correlation
o Theclosertolor-Tthestrongerthe correlation

\ /
——— G ——— ——
r=1 r=1 r=1
A
L — 3
r=-1 F=—1 r=-1
/
8 x
x X
X X
X X X
X X X
——

r=0.7 r=0 r~ —0.4

How do | calculate Pearson’s product-moment correlation coefficient
(PMCC)?

¢ You willbe expectedtouse the statistics mode on your GDC to calculate the PMCC
e Theformula canbeusefulto deepenyourunderstanding

Xy
S S

Xy

I‘=
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Z Xy.~ ;(lg XI)(IZ;}/ ) is linked to the covariance

\/ZXZ—_(ZX andS \/Zy2——\2y1 arelinkedtothe

i=1
variances
o Youdo not need tolearn this as using your GDC will be expected

When does the PMCC suggest thereis a linear relationship?

e Critical values of rindicate when the PMCC would suggest thereis a linearrelationship
o Inyourexam you will be given critical values where appropriate
o Criticalvalues willdepend on the size of the sample
¢ |fthe absolute value of the PMCC s bigger than the critical value then this suggests a
linearmodelis appropriate

Spearman’s Rank
What is Spearman’s rank correlation coefficient?

e Eachdataisrankedfrom biggestto smallest
o Forndatavalues they arerankedfromlton
o 1forthebiggestx-value and1forthe biggesty-value
e Spearman’srank correlation coefficientis a way to measure linear correlation between the
rankings of the data
e Spearman’srankofa sampleisdenotedbyrs

o rscantakeanyvaluesuchthat—1 Sr.< 1

o Apositive value of rydescribes a degree of agreement between the rankings
o Anegative value of rsdescribes a degree of disagreement between therankings
o rs=0means thereis no correlation between therankings
o rg=1means therankings arein complete agreement

= Anincreaseinonevariable means anincreasein the other
o r¢=-1means therankings arein complete disagreement

= Anincreasein onevariable means a decreasein the other
o Ifrg=1orrs=-1thenthe datais said to have a monotonic relationship

= This means eitherthe points are always increasing or always decreasing

The closerto1or-1the strongerthe correlation of therankings

o]

How do| calculate Spearman’s rank correlation coefficient (PMCC)?

¢ Rankeachsetof dataindependently
o Ttonforthex-values
o 1tonforthey-values
o |f somevalues are equalthen give each the average of theranks they would occupy
o Forexample:ifthe 39, 4th and 5™ highest values are equal then give each theranking
of4
3+4+5 _
3 =
e Calculate the PMCC of therankings usingyour GDC
o Thisvalueis Spearman's rank correlation coefficient
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Appropriateness & Limitations YOURNOTES
Which correlation coefficient should | use? l

e Pearson’s PMCC tests foralinearrelationship between two variables
o ltwillnot tellyou if the variables have a non-linearrelationship
= Such as exponential growth
o Usethisifyouareinterestedinalinearrelationship
¢ Spearman’srank tests fora monotonic relationship (always increasing oralways
decreasing) between two variables
o ltwillnot tellyou what function can be used to model the relationship
= Bothlinearrelationships and exponential relationships can be monotonic
o Usethisif you think thereis a non-linear monotonic relationship

How are Pearson’s and Spearman’s correlation coefficients connected?

o |fthereislinear correlation then therelationshipis also monotonic

or=1l=r=1

N
or=-1=r=-1
S

o Howeverthe converseis not true

e |tis possible for Spearman’sranktobe1(or-1) but forthe PMCC to be different

o Forexample: data that follows an exponential growth model
"= 1 as the points are always increasing

= <1 asthepoints donotlie ona straightline
Are Pearson’s and Spearman’s correlation coefficients affected by

outliers?

e Pearson’s PMCC is affected by outliers

o asitusesthenumerical value of each data point
e Spearman’srankis not usually affected by outliers

o asitonlyusestheranks of each data point

(') Exam Tip

* e YoucanuseyourGDC to plotthe scatterdiagram to help you visualise the data
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*> Worked Example

The table below shows the scores of eight students fora maths testand an English
test.

Maths(x) | 7 | 18 | 37 | 52| 61 | 68 | 75 | 82

English(y) 5 | 3 | 9 |12 |17 | 41| 49 97

a)
Write down the value of Pearson’s product-moment correlation coefficient, r.

Enter data into GDC.
r= 039433
r:= 0.39% (3sf)

b)
Findthe value of Spearman’s rank correlation coefficient, r.

Rank the data
xrmnk 4 F 6 S & 3 2 |
Y rank T | 3 L 5 &4 /3 12

Find PMCC of ranks
r: 041619..

t:=0.936 (3P

c)
Comment on the values of the two correlation coefficients.

The value of r suggests there is strong  pesitive
lmear corre | ation, “r\e value of ] Suﬁgesﬂ
that the relationship is almost monotonic
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4.2.3 Linear Regression

Linear Regression

Whatislinear regression?

» |fstronglinear correlation exists on a scatter diagram then the data can be modelled by a
linear model
o Drawinglines of best fitby eyeis notthe best method as it can be difficult tojudge the
best position fortheline
¢ Theleast squaresregressionlineis theline of best fit that minimises the sum of the
squares of the gap between thelineandeach datavalue
o Thisisusually calledtheregressionline of y on x
o Itcanbe calculated by looking at the vertical distances between the line and the data
values
» Theregressionline of y onxis writteninthe form y=ax+ b
e aisthegradient of theline
o ltrepresents the changeinyforeachindividualunitchangein x
= |[fais positive this means yincreases by a fora unitincreaseinx
= |fais negative this means y decreases by |a| fora unitincreasein x
e bisthey-intercept
o Itshows thevalue of ywhen xis zero
¢ You are expectedtouseyour GDC to find the equation of theregressionline
o Enterthebivariate data and choose the model “ax +b”
o Rememberthe mean point (X, }) willlie on the regression line

How doluse aregressionline?

¢ The equation of theregressionline can be used to decide what type of correlation there s if
thereis no scatterdiagram
o Ifais positivethenthe data sethas positive correlation
o If ais negative then the data set has negative correlation
e Theequation of theregression line can also be usedto predict the value of a dependent
variable (y) from anindependent variable (x)
o Theequation should only be used to make predictions fory
= Usingayonxlinetopredict xis not always reliable
o Making a prediction within the range of the given data is calledinterpolation
= Thisis usually reliable
= Thestrongerthe correlation the morereliable the prediction
o Making a prediction outside of therange of the given datais called extrapolation
= Thisis much less reliable
o The prediction willbe more reliable if the number of data values in the original sample
setis bigger
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O Exam Tip YOURlNOTES

e Onceyou calculate the values of a and b store then in your GDC
o This means you canuse the full display values rather than the rounded
values when using the linearregression equation to predict values
o This avoids rounding errors
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YOURNOTES

*9 Worked Example !
[ J

Barryis a music teacher. For7 students, he records the time they spend practising
perweek (x hours) andtheirscorein a test(y %).

Time(x) 2|5 6|7 101112

Score (y)1149/557563/68/82

a)
Write down the equation of the regression line of y on x, givingyouranswerin the
form y = ax + b where a and b are constants to be found.

Enter data into GDC
a is the aeficet of x  a:9.5680.
b is th constad fem b= 15.4136..

y: 55%x +15.4

b)
Give aninterpretation of the value of a.

a: 9.5 means that the model Sugqests that
the sore inreases by 5.51% for every extra
hour of practice.

c)

Anotherof Barry’s students practises for 15 hours a week, estimate theirscore.
Comment on the validity of this prediction.

Substitate  x= 15
y5.5680.)x 15 + (15 4136.) = 96.93.

The model predids a swre of 939% but
ths 1s unrelioble a5 x=15 is outside the

range of data. T"lerefore ex+rapo|a+|‘on is beinﬂ usel.
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4.3 Probability

4.3.1Probability & Types of Events

Probability Basics
What key words and terminology are used with probability?

¢ Anexperimentis arepeatable activity thathas aresultthat can be observed orrecorded
o Trials are what we calltherepeats of the experiment
¢ Anoutcomeis a possibleresult of a trial
Aneventis an outcome ora collection of outcomes
o Events areusually denoted with capitalletters: A, B, etc
o n(A)is the numberof outcomes thatareincludedin eventA
o Aneventcanhaveoneormorethanoneoutcome
Asamplespaceis the set of all possible outcomes of an experiment
o Thisis denotedby U
o n(U)is the totalnumber of outcomes
o |tcanberepresentedasalist oratable

How do calculate basic probabilities?

» |falloutcomes are equally likely then probability foreach outcomeis the same
1
o Probability foreach outcomeis m

* Theoretical probability of an event can be calculated without using an experiment by
dividing the number of outcomes of that event by the total number of outcomes

n(A)
n(U)

P(A) =

o Thisis giveninthe formulabooklet
o |dentifying all possible outcomes eitheras alist oratable can help
¢ Experimental probability (also known as relative frequency) of an outcome canbe
calculatedusingresults from an experiment by dividingits frequency by the number of trials
Frequency of that outcome from the trials

Relative fr n f t i ;
° Relatlveirequency ot anoutcomels Total number of trials (n)

How do| calculate the expected humber of occurrences of an outcome?

¢ Theoretical probability can be usedto calculate the expected number of occurrences of
an outcome fromn trials
 |f the probability of an outcomeis p and there are n trials then:
o The expected numberof occurrences is np
o This does not mean that there will exactly np occurrences
o Ifthe experimentis repeated multiple times then we expect the number of occurrences
toaverageouttobenp

What is the complement of an event?

¢ The probabilities of allthe outcomes addup to1
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e Complementary events are when there are two events and exactly one of them will occur
o Oneeventhastooccurbutboth events cannot occuratthe sametime

¢ Thecomplement of event Ais the event where event Adoes not happen
o This canbethought of as not A
o Thisisdenoted A’

P(A)+P(A") =1

= Thisisintheformulabooklet
= Itis commonlywrittenas P(A") =1 —P(A)

What are different types of combined events?

¢ Theintersection of two events (A and B) is the eventwhereboth Aand B occur
o This canbethoughtofasAandB
o Thisisdenotedas AN B
¢ Theunion of two events (A andB) is the event where A or B or both occur
o ThiscanbethoughtofasAorB
o Thisis denoted AU B
e Theeventwhere A occurs given thatevent B has occurredis called conditional probability
o This canbethoughtas AgivenB
o Thisisdenoted A|B

How do| find the probability of combined events?
¢ Theprobability of Aor B (orboth) occurring can be found using the formula

P(AUB)=P(A) +P(B)-P(ANB)

= Thisis givenin the formula booklet
= You subtract the probability of Aand B both occurring becauseithas been
included twice (oncein P(A) andoncein P(B))
e Theprobability of Aand B occurring can be foundusing the formula

P(ANB)=P(A)P(B|A)

= Arearrangedversionis givenin the formula booklet
= Basically you multiply the probability of A by the probability of B then happening

(") Exam Tip

* * |Inanexam drawinga Venn diagram or tree diagram can help eveniif the
question does notask you to
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YOURNOTE
) Worked Example OURNOTES

H l
Davehas two fairspinners, Aand B. Spinner A has three sides numbered1, 4,9 and
spinner B has four sides numbered 2, 3,5, 7. Dave spins both spinners and forms a

two-digit number by using the spinner A for the first digit and spinner B for the
seconddigit.

T is the event that the two-digit numberis a multiple of 3.

a)
Listallthe possible two-digit numbers.

A fmo-wag table would be a systematiC way
to list all the outcomes

12 3 5 %
{12 13 15 1#
kb2 43 45 4%
9192 93 45 97
b)
Find P(T).
P(T): 0(T) “— Number of multiples of 3
n(U)<—Total number of outcomes
{12,15,62,4593} are the multiples of 3
. 5
P(M - &
c)
FindP(T").
P(MY+ P(T")=] = P(T') =1- P(T)
N 5
P(T)= |- 2
N
AT) - 12
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Independent & Mutually Exclusive Events YOURNOTES
What are mutually exclusive events? l

* Two events are mutually exclusive if they cannot bothhappen at once

o Forexample: whenrolling a dice the events “getting a prime number” and “gettinga 6”

are mutually exclusive

¢ IfAandBaremutually exclusive events then:

o P(ANB)=0
¢ Complementary events are mutually exclusive

What areindependent events?
* Two events areindependent if one occurring does not affect the probability of the other
occurring
o Forexample: when flipping a coin twice the events “getting a tails on the first flip” and
“getting a tails onthe secondflip” areindependent
¢ |[fAandBareindependent events then:
o P(A|B)=P(A) and P(B|A) =P(B)
e If AandBareindependent events then:
o P(ANB)=P(A)P(B)
= Thisis givenin the formula booklet
= Thisis auseful formula totest whethertwo events are statistically independent

How do | find the probability of combined mutually exclusive events?

o |f Aand B are mutually exclusive events then
P(AUB)=P(A)+P(B)

= Thisis givenin the formula booklet
= This occurs because P(A N B) =0
» Foranytwoevents AandBtheevents AN Band A N B' are mutually exclusiveandAis
theunion of these two events
o P(A)=P(ANB)+P(ANB")
= This works forany two events Aand B
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*> Worked Example

a)
Astudentis chosen atrandom from a class. The probability that they have a dogis

0.8, the probability they have a catis 0.6 and the probability that they have a cat or
adogis 0.9.

Find the probability that the student has both a doganda cat.
Le’r D be event ' has Qa dogu and ( be “has a ¢t '

P(D uc):P(D) +P(¢) -P(DNC)
09 0% +06 -P(DnC)
P(Dn¢)=0.5

b)
Two events, Qand R, aresuch that P(Q) =0.8 andP(QN R) =0.1.
Giventhat Q and R areindependent, find P(R).

Q and R independent > P(QnR) = P(Q)P(R)
01:08+P(R) =+ P(R): Oy

P(R)- 0.125 or ;—

c)
Twoevents, S and T, are such that P(S) =2P(T).

Giventhat S and T are mutually exclusive and that P(SU T) =0.6 find P(S) and
P(7).

S and T maually exclusne = P(SvT) = P(s)+P(7)
0.6 P(S) + P(T)

0.6 2p(Y+pm) )M

06 = 3P(7) \

P(M:=02 and P(S): 04
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Conditional Probability
What is conditional probability ?

+ Conditional probability is where the probability of an event happening canvary
depending on the outcome of a priorevent
» TheeventAhappening giventhat event B has happenedis denoted A|B
 Acommon example of conditional probability involves selecting multiple objects from a
bag without replacement
o The probability of selecting a certain item changes depending on whatwas selected
before
= Thisis because thetotal number of items willchange as they are notreplaced
once they have been selected

How do | calculate conditional probabilities?

* Some conditional probabilities can be calculated by using counting outcomes
o Probabilities without replacement can be calculated like this
o Forexample: Thereare10 ballsin abag, 6 of them arered, two of them are selected
without replacement
= Tofindthe probability that the secondball selectedis red given that the first oneis
red counthow many balls are left:
= Aredonehas already been selected so there are 9 balls leftand 5 arered so the

5
probability is 3

* Youcanusesample space diagrams to find the probability of A given B:
o reduceyoursample spacetojustinclude outcomes forevent B
o findthe proportion thatalso contains outcomes forevent A
¢ Thereis aformula for conditional probability that you can use
P(ANB)
P(B)
o Thisis giveninthe formulabooklet
o This canberearrangedto give P(AN B)=P(B)P(A | B)

o P(A|B)=
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*> Worked Example

Inaclass of 30 students: 19 students have a dog, 17 students have a catand 1T have
bothadoganda cat. One studentis selected atrandom.

a)
Find the probability that the studenthas a dog.

let D be evest “has o dog’ and C be "has a aat’

: (D) <= Number who have d035
Fo) 0 (U) < Total number of students

PO = 35

b)
Find the probability that the student has a dog given that they have a cat.

I} hae o cat of which |l also hae a dog

POIC) = 15| (ld ko we prpjcy - PORO

c)
Find the probability that the student has a cat given that they have a dog.

19 hae o dog of which |l also hae a cat

P((‘D) - % COu\d olso ude P(( ’D) N P(;T{;)D)
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4.3.3 Sample Space Diagrams

Venn Diagrams

Whatis a Venndiagram?

e AVenndiagramis away toillustrate events from an experiment and are particularly useful
when thereis an overlap between possible outcomes
¢ AVenn diagram consists of
o arectanglerepresentingthe sample space (U)
= Therectangleislabelled U
= SomemathematiciansinsteaduseSoré
o acircleforeachevent
= Circles may ormay not overlap depending on which outcomes are shared
between events
e Thenumbersin the circles represent either the frequency of that event or the probability
of thatevent
o Ifthefrequencies are used then they should add up to the total frequency
o Ifthe probabilities are used then they shouldadd up to1

What do the different regions mean on a Venn diagram?

« A'isrepresentedby theregions thatarenotinthe A circle
* AN Bisrepresented by the region where the A and B circles overlap
o AU Bisrepresentedby theregions thatarein A or Borboth
e Venndiagrams show ‘AND’ and ‘OR’ statements easily
¢ Venndiagrams alsoinstantly show mutually exclusive events as these circles will not
overlap
¢ Independent events cannotbeinstantly seen
o You needtouse probabilities to deduceif two events are independent

A } Z B
A u B (UNION)
‘A OR B OR BOTH"

A } [ B

A’ (COMPLEMENT)
‘NOT A"

An B (INTERSECTION)
"A AND B"
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A S THE BUBBLE FOR EVENT B LIES YOUR NOTES
ENTIRELY IN THE BUBBLE FOR EVENT A l
IF EVENT B OCCURS, SO DOES EVENT A

(BUT NOT NECESSARILY VICE VERSA)

A B C THE BUBBLES FOR EVENTS
A AND C DO NOT OVERLAP:

THEY ARE MUTUALLY EXCLUSIVE

How dol solve probability problems involving Venn diagrams?
e Draw, oraddtoagiven Venndiagram, fillingin as many values as possible from the
information providedin the question
e |tisusually helpfultowork from the centre outwards
o Fillinintersections (overlaps) first
¢ Iftwoevents areindependentyou canuse the formula
o P(ANB)=P(A)P(B)
« Tofind the conditional probability P(A | B)
o Addtogetherthe frequencies/probabilities in the B circle
= Thisis yourdenominator

o Outofthose frequencies/probabilities add togetherthe ones thatare alsointhe A
circle
= Thisis yournumerator
o Evaluatethefraction

Event AlB
"A given B"

Al P(ANB) é,/E Shade second ‘
- P(B) o Shade first

"double shading"
"single shading"

P(AIB) =
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YOURNOTES

(’) Exam Tip .

e IfyoustruggletofillinaVenndiagramin an exam:
o Labelthe missing parts using algebra
o Formequations using known facts such as:
= the sum of the probabilities shouldbe 1
= P(ANB)=P(A)P(B)if Aand B are independent events
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YOURNOTES
*9 Worked Example !
[ J

40 people are asked if they have sugarand/or milkin their coffee. 21 people have
sugar, 25 people have milkand7 people have neither.

a)
Draw a Venn diagram to represent the information.

Find the entre first
e& “" Total should be 40
| (Q-x) o+ (25-x) +3 =40

83-a:40 . x=13

b)

One of the 40 people arerandomly selected, find the probability that they have
sugarbut not milk with their coffee.

S ond act M is the part of S cicle that does
not indude M

P(Snm)- %0 Remember fo write as a frachion
IV\_/OF the total
P(S(\M') g

c)

Given thatapersonwho has sugaris selected atrandom, find the probability that
they have milk with their coffee.

Given that Sugor has been selected we onlg wont the
S dnle as our total,

Out of th § ¢re 13 also hae milk
P(MIS) = 3
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Tree Diagrams

Whatis a treediagram?

e Atreediagramis anotherway to show the outcomes of combined events
o They arevery useful forintersections of events
e Theevents onthebranches mustbe mutually exclusive
o Usually they are an eventandits complement
¢ Theprobabilities on the second sets of branches can depend on the outcome of the first
event
o These are conditional probabilities
¢ When selecting theitems from a bag:
o The secondsetof branches willbe the same as the firstif the items arereplaced
o The secondset of branches will be the different to the firstif theitems are not
replaced

How are probabilities calculated using a tree diagram?

¢ Tofindthe probability thattwo events happen togetheryou multiply the corresponding
probabilities on theirbranches
o ltis helpful to find the probability of all combined outcomes once you have drawn the
tree
o Tofindthe probability of an eventyou can:
o add together the probabilities of the combined outcomes that are part of that event
= Forexample:P(AUB)=P(ANB)+P(ANB')+P(A'NB)
o subtract the probabilities of the combined outcomes that are not part of that event
from 1
= Forexample:P(AUB)=1-P(A'NB')

1t EXPERIMENT | | 2™ EXPERIMENT |
P (B|A) :B P(A B
A By P (A n B’
S P (8’| A
RUAS - P (B|A"

i B P (A’ B)
P(B’|AY ™S B P (A’ n B
Dol havetouseatree diagram?

o |fthere are multiple events or trials then a tree diagram can get big

e You can break down the problem by using the words AND/OR/NOT to help you find
probabilities without a tree

¢ You canspeedup the process by only drawing parts of the tree that you areinterestedin
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Which events do | put on the first branch? YOURNOTES

« |ftheevents Aand B areindependent then the order does not matter l
+ |ftheevents AandB are notindependent then the order does matter

o Ifyouhave the probability of A given B then put B on the first set of branches

o Ifyouhave the probability of B given Athen put A on the first set of branches

(') Exam Tip

- . . . . .
¢ |Inanexamdo notwaste time drawing a full tree diagram for scenarios with lots
of events unless the question asks you to
o Only draw the parts that you are interestedin
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YOURNOTES
*9 Worked Example !

20% of peoplein a company wear glasses. 40% of peoplein the company who
wearglasses areright-handed. 50% of people in the company who don’t wear
glasses areright-handed.

a)
Draw a tree diagram to represent the information.

Let G be the event toears glasses“ and R be "is r.ghf-handed"
2R 1\

£ 407, of people who wear
%G dbg glasses are right-handed

Branches 0.8, 0'5‘/2\507,, of people who don't wear
odd fol " 05 ¢! glasses are right-handed

b)
One of the peoplein the company are randomly selected, find the probability that
they areright-handed.

Fnd options that conoin R

ob2R  P(GNR)=0.2xD.4 = 0.08

Multi
%Q 054 dng
oy o2 R P(G'NR): 0.8% 0.5 =04
05 R'
P(R) = 0.4%

c)
Given thata personwhois right-handedis selected at random, find the probability
thatthey wearglasses.

_ PlenR) 0.0
RGIR) = PRy = 0.4

PGIRY:
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4.4 Probability Distributions YOURlNOTES

4.4.1Discrete Probability Distributions

Discrete Probability Distributions
Whatis a discrete random variable?

* Arandomyvariableis a variable whose value depends on the outcome of arandom event
o Thevalue of therandom variable is not known until the eventis carried out (this is what
is meant by 'random’'in this case)
¢ Randomyvariables are denoted usingupper caseletters (X, Y, etc)
¢ Particular outcomes of the event are denoted using lower case letters (x, y, etc)
« P(X=x) means "the probability of the random variable X taking the value x"
¢ Adiscreterandom variable (often abbreviated to DRV) can only take certain values within a
set
o Discreterandom variables usually count something
o Discreterandom variables usually can only take a finite number of values butitis
possible thatit can take an infinite number of values (see the examples below)
¢ Examples of discreterandom variables include:
o Thenumber of times a coin lands on heads when flipped 20 times
= this has a finite number of outcomes:{0,1,2,...,20}
o Thenumber of emails a managerreceives within an hour
= this has aninfinite number of outcomes:{1,2,3,..}
o Thenumberof times a diceis rolleduntilitlandsona 6
= this has aninfinite numberof outcomes:{1,2,3,...}
o Thenumberthatadicelands on whenrolled once
= this has a finite number of outcomes:{1,2,3,4,5,6}

What is a probability distribution of a discrete random variable?

¢ Adiscrete probability distribution fully describes all the values that a discreterandom
variable can take along with theirassociated probabilities
o Thiscanbegiveninatable
o Oritcanbegiven as afunction (called a discrete probability distribution function or
"paf”)
o They canberepresentedby vertical line graphs (the possible values foralong the
horizontal axis and the probability on the vertical axis)
+ The sum of the probabilities of all the values of a discreterandom variableis 1
o Thisis usually written ZP(X= x)=1
¢ Adiscreteuniformdistributionis one where therandom variable takes a finite number of

values each with an equal probability

1
o Ifthere arenvalues then the probability of each oneis P
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LET X BE THE NUMBER THAT THE SPINNER LANDS ON

1 -0 1
)(—O,3

W]

P(X=x) =

00|
[N]EN

8
1
4
1
2
0

OTHERWISE

How do calculate probabilities using a discrete probability
distribution?

Firstdraw a table to represent the probability distribution
o Ifitis given as a function then find each probability
o If any probabilities are unknown then use algebra to represent them
Forman equation using ZP(X= x)=1
o Addtogetherallthe probabilities and make the sum equalto
Tofind P(X=k)
o If kis apossible value of the random variable X then P(X = k) will be given in the table
o If kisnotapossiblevaluethen P(X=k)=0
Tofind P(X < k)
o |dentify all possible values, X, that X can take which satisfy X, <k

o Addtogetheralltheir corresponding probabilities
o P(X<k)= 2. P(X=x)

x.<k
o Some mathematicians use the notation F(X) torepresent the cumulative distribution
» F(x)=P(X<x)
Using a similarmethod you can find P(X < k), P(X > k) and P(X > k)

As allthe probabilities add up to Tyou can form the following equivalent equations:

o P(X<k)+P(X=k)+P(X>k)=1
o P(X>k)=1-P(X<k)
o P(X>k)=1-P(X<k)

How do | know which inequality to use?
« P(X < k) wouldbe used forphrases such as:

o Atmost,nogreaterthan,etc

« P(X < k) wouldbe usedforphrases such as:
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o Fewerthan
« P(X > k) wouldbe used forphrases such as:

o Atleast,nofewerthan,etc
« P(X > k) would be used forphrases such as:

o Greaterthan,etc

) Worked Example
°
The probability distribution of the discrete random variable X'is given by the

function
kx? x=-3,-1,2,4

P(X=1x)= { 0 otherwise.

a)

Showthatk= % )

Construct o table
X [-3]a] 2[4
Substitute in the values of x

PO Ak | k| &k | Ik eq PX=) K 4k

The probabilitis add up to 1
 +k+ bk+lbl = |

30k =)
<
k 30
b)
Calculate P(X £3).
Subkitte k. inko the probabilities
x =3|- 2 4
3 | 2 %
X¢3: X=-3,-,2
P(X £3) = P(X=-3) 4 P(x=-1) + P(X=2)
- 3 | 2
TR
k.
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4.4.2 Expected Values

Expected Values E(X)

What does E(X) mean and how do | calculate E(X)?

¢ E(X) means the expected value or the mean of arandomvariable X
o Theexpectedvalue does not need to be an obtainable value of X
o Forexample: the expectedvalue number of times a coin willland on tails when flipped
5timesis 2.5
e Foradiscreterandomvariable,itis calculatedby:
o Multiplying eachvalue of X withits corresponding probability
o Addingallthese terms together

E(X) =2 xP(X=x)

= Thisis givenin the formula booklet
¢ Lookout forsymmetrical distributions (where the values of X are symmetrical and their
probabilities are symmetrical) as the mean of theseis the same as the median
o Forexample:if Xcantakethevalues1, 5,9 with probabilities 0.3,0.4, 0.3 respectively
then by symmetry the mean wouldbe 5

How canl decide if a gameis fair?

e LetXbetherandom variable thatrepresents the gain/loss of a playerina game

o Xwillbe negativeif thereis aloss
Normally the expected gain orloss is calculated by subtracting the cost to play the game
from the expected value of the prize
If E(X) is positive then it means the player can expect to make a gain
If E(X) is negative then it means the player can expect to make aloss
¢ The gameis called fairif the expected gainis O

o E(X)=0
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YOURNOTES

*9 Worked Example !
[ J

Daphne pays $5 to play a game where she wins a prize of $1, $5, $10 or $100. The
random variable W represents the amount she wins and has the probability
distribution shownin the following table:

W 1 5 10| 100
P(W=w) 0.35 | 0.5 | 0.05| 0.0

a)
Calculate the expectedvalue of Daphne's prize.

Expected value of a

Formu\a 500k|d discrete random E(X)=Y xP(X =x)

variable X

E(W): ZwP(N= w\
= [x0.35 + 5x05 +10x 0.0§ +100x0.01

Expeded Va|ue = $4- 35

b)
Determine whetherthe gameis fair.

A qome s fair s expected Q‘um/loas is 0

Pl"nze - (06+
L35 -5 =-065

Expeded loss is $05 so gome is not foir
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4.5 Binomial Distribution YOURlNOTES

4.5.1The Binomial Distribution

Properties of Binomial Distribution
What is a binomial distribution?

¢ Abinomial distribution is a discrete probability distribution
» Adiscreterandomvariable X follows a binomial distributionif it counts the number of
successes when an experiment satisfies the following conditions:
o There are a fixed finite number of trials (n)
o The outcome of each trialis independent of the outcomes of the other trials
o There are exactly two outcomes of each trial (success or failure)
o The probability of success is constant (p)
If X follows a binomial distribution thenitis denoted X ~B(n, p)
o nisthenumber of trials
o pistheprobability of success
The probability of failureis 1- p whichis sometimes denotedas q
The formula for the probability of r successful trials is given by:
o P(X=r)=2C.xp(1=-p)r~rforr=0,1,2,..,n
n!
. HCr—mwheren!=nX(n—l)X(n—2)X...X3X2X1
o You will be expectedto use the distribution function on your GDC to calculate
probabilities with the binomial distribution

What are the important properties of a binomial distribution?
¢ The expected number (mean) of successful trials is

E(X) = np

o You are given this in the formula booklet
¢ Thevariance of the number of successful trials is

Var(X) =np(1 - p)

o You are given this in the formula booklet
o Squarerootto get the standard deviation

e Thedistribution can berepresentedvisually using a vertical line graph
o Ifpiscloseto 0 thenthe graphhas a tail to theright

If pis closeto1then the graph has a tail to the left

If pis closeto 0.5 then the graph is roughly symmetrical

If p = 0.5then the graphis symmetrical

o]

o

o
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X ~ B(10, 0.2) | .

P(X=X)

0.30 A
0.25 4
0.20 A
015 ~
0.10 A
0.05 - |

I

0.00 U ———
0 2 4 6 8 10

| x ~ 810, 0.5 |

P(X=x)
0.25 A
0.20 -
0.15 -
0.10 -
0.05 -

0.00 4

| X ~ B10, 0.8 |

P(X=X)

0.30 -
0.25 -
0.20 -
0.15 -
0.10 -
0.05 -
0.00 | L1 |
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Modelling with Binomial Distribution
How do| set up a binomial model?

¢ Identify whatatrialis in the scenario
o Forexample:rollingadice, flipping a coin, checking hair colour
« |dentify what the successful outcomeis in the scenario
o Forexample:rollinga 6, landing on tails, having black hair
¢ |dentify the parameters
o nisthenumberoftrials and pis the probability of success in each trial
e Makesureyou clearly state what yourrandomvariable is
o Forexample, letbe the number of studentsin a class of 30 with black hair

What can be modelled using a binomial distribution?

¢ Anythingthat satisfies the four conditions
o Forexample:let T be the number of times a fair coin lands on tails when flipped 20 times:
o Atrialis flipping a coin: There are 20 trials son =20
o We canassume each coin flip does not affect subsequent coin flips: they are
independent
o Asuccessis when the coinlands on tails: Two outcomes - tails ornot tails (heads)
o Thecoinis fair: The probability of tails is constant withp = 0.5
¢ Sometimes it might seemlike there are more than two outcomes
o Forexample:let Y bethenumber of yellow cars that arein a carpark fullof 100 cars
= Although there are more than two possible colours of cars, here the trial is whether
acaris yellow so there are two outcomes (yellow or not yellow)
= Y wouldstillneedto fulfilthe other conditions in order to follow a binomial
distribution
¢ Sometimes a sample may be taken from a population
o Forexample: 30% of peoplein a city have blue eyes, a sample of 30 people from the
city is taken and X is the number of them with blue eyes
= Aslongasthepopulationislarge and the sampleis random thenit can be
assumedthat each personhas a 30% chance of having blue eyes

What can not be modelled using a binomial distribution?

¢ Anythingwhere the number of trials is not fixed oris infinite
o Thenumberof emails receivedin an hour
o Thenumber of times a coinis flipped untilit lands on heads
¢ Anythingwhere the outcome of one trial affects the outcome of the other trials
o Thenumberof caramels that a person eats when they eat 5 sweets fromabag
containing 6 caramels and 4 marshmallows
= |fyoueatacaramelforyourfirst sweet then there are less caramels leftin the bag
whenyou choose your second sweet
o Anything where there are more than two outcomes of a trial
= Aperson's shoesize
= Thenumbera dicelands on whenrolled
o Anythingwhere the probability of success changes
= Thenumber of times that a person can swim a length of a swimming poolin under
aminute when swimming 50 lengths

Page 66 of 100

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers

YOURNOTES
i


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

= The probability of swimmingalap in undera minute willdecrease as the YOURNOTES
person gets tired l
= The probability is not constant

(") Exam Tip

* e Anexam question mightinvolve different types of distributions so makeit clear
which distribution is being used for each variable
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*9 Worked Example

Itis known that 8% of alarge population areimmune to a particularvirus. Mark takes
asample of 50 people from this population. Mark uses a binomial model for the
number of peoplein his sample that areimmune to the virus.

a)
State the distribution that Mark uses.

A +r'm\ 5 d\eckina if O person 1S immung to the wirus

A suess is if the person is immuae.

ket X be the number of pesple in the sample immune to the virus

X~ B(50,0.08)

Number oi/‘ t/ Probobilihd of

pecple in sample being immune o the viruy

b)

Statetwo assumptions that Mark must make in orderto use a binomial model.

Moark needs o assume that :
*each person in the population has an B7 chance

of Being immune

‘the sample is random and the pecple are independent
a person be‘ms immune does not affect the

immm\ﬂ’a o# others

For example:

If oll 50 came from the same family then
‘H\f.a would not be 'lndepy\den}

c)

Calculated the expected number of people in the sample that areimmune to the

virus.

Bi ial distributi
Formula booklet S U

E(X)=np

E(X) =505 003 ki

L people
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4.5.2 Calculating Binomial Probabilities

Calculating Binomial Probabilities

Throughout this section we will use the random variable X ~ B(n, p) .Forbinomial, the
probability of X taking a non-integer or negative value is always zero. Therefore any values of X
mentionedin this section willbe assumedto be non-negative integers.

How dol calculate P(X = x): the probability of a single value for a binomial
distribution?
¢ Youshouldhave a GDC that can calculate binomial probabilities
¢ Youwanttouse the "Binomial Probability Distribution" function
o Thisis sometimes shortened to BPD, Binomial PD or Binomial Pdf
¢ Youwillneedtoenter:
o The 'x'value - the value of x for which you want to find P(X=x)
o The'n'value - the number of trials
o The'p'value - the probability of success
e Some calculators will give you the option of listing the probabilities for multiple values
of xatonce
e Thereis aformulathatyoucanusebutyou are expectedto be able touse the distribution
function onyourGDC
o P(X=x) =nC, XpX(l —p)” X
n!

m N -
C rl(n—r1)!

How do | calculate P(a = X = b): the cumulative probabilities for a binomial
distribution?
¢ Youshouldhave a GDCthat can calculate cumulative binomial probabilities
o Mostcalculators willind P(a< X < b)
o Some calculators can only ind P(X < b)
= Theidentities below will helpin this case
¢ Youshoulduse the "Binomial Cumulative Distribution" function
o Thisis sometimes shortened to BCD, Binomial CD or Binomial Cdf
e Youwillneedtoenter:
o Thelowervalue - thisis thevaluea
= This canbezerointhe case P(X < b)
o Theuppervalue - thisis thevalueb
= Thiscanbeninthecase P(X > a)
o The'n'value - the number of trials
o The'p'value - the probability of success

How do | find probabilities if my GDC only calculates P(X = x)?

e Tocalculate P(X =x) justenterxinto the cumulative distribution function

e Tocalculate P(X <x) use:
o P(X <x)=P(X <x—1)which works when Xis a binomial random variable
= P(X<5)=P(X<4)
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e Tocalculate P(X> x)use:
o P(X>x)=1-P(X < x) whichworks forany random variable X
= P(X>5)=1-P(X<5)

e Tocalculate P(X = x) use:
o P(X>x)=1-P(X<x—1)whichworks when Xis a binomial random variable
= P(X25)=1-P(X<4)

e TocalculateP(a <X <b)use:
o P(a<X<b)=P(X<b)-P(X<a-1)whichworks when Xis a binomial random
variable
= P(5<X=<9)=P(X=<9)-P(X<4)

What if aninequality does not have the equals sign (strictinequality)?

¢ Forabinomial distribution (as it is discrete) you could rewrite all strictinequalities (<and >)
as weak inequalities (= and =) by using the identities for a binomial distribution
o P(X<x)=P(X<x-1)andP(X>x)=P(X2x+1)
o Forexample:P(X<5)=P(X<4)andP(X>5)=P(X= 6)
It helps to think about the range of integers you want
o |ldentify the smallest and biggestintegersintherange
¢ |fyourrange has no minimum or maximumthenuse O orn
o P(X<b)=P(0<X<b)
o P(X>a)=P(a<X<n)

P(a<X<b)=Pla+1<X<b)
o P(5<X<9)=P(6=<X=<9)

PlasX<b)=PlasX<b-1)
o P(5<X<9)=P(5<X<8)

Pla<X<b)=Pla+1<X<b-1)
o P(5<X<9)=P(6=<X<8)

(’) Exam Tip
* * |fthe questionisin context then write down the inequality as well as the final
answer

o This means you stillmight gain a mark even if you accidentally type the
wrong numbers into your GDC
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*9 Worked Example

Therandomvariable X ~ B(40, 0.35). Find:

i)

P(X=10).
|d€n‘r\\c\3 nod p n=k0 p=035
Use binomial probabilh‘t:) distribution on GDC
P(X=10) = 0.05%056...

P(X=10) = 0.053 (3sf)
i
P(X<10).
\denhpg upper ond  lower values
P(X<10) = P(D ¢ X< 10)
Use binomial cumulative distribution on GDC
P(X<10) = 0.12491..

P(X<10) = 0.1210 (3sf)
iii)
P(8< X< 15).

\denhfg upper and lower values
P(8< X<15) = P(q ¢ X ¢ )

Use binomial cumulative distribution on GDC
P(q ¢ X< W) = 054827

P(8<X<15): 0.542 (3sf)
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4.6 Normal Distribution

4.6.1The Normal Distribution

Properties of Normal Distribution

The binomial distribution is an example of a discrete probability distribution. The normal
distribution is an example of a continuous probability distribution.

What is a continuous random variable?

e Acontinuous random variable (often abbreviated to CRV) is arandom variable that can
take any value within a range of infinite values
o Continuous random variables usually measure something
o Forexample, height, weight, time, etc

What is a continuous probability distribution?

¢ Acontinuous probability distribution is a probability distribution in which the random
variable X is continuous

The probability of X being a particular value is always zero

o P(X=k)=0foranyvaluek

o Instead we define the probability density function f(x) fora specificvalue

= Thisis afunctionthat describes therelativelikelihood that the random variable
would be closetothatvalue

o Wetalkabout the probability of X beingwithin a certainrange
¢ Acontinuous probability distribution can be represented by a continuous graph (the values
for X along the horizontal axis and probability density on the vertical axis)
The areaunder the graph between the points x = a2 and x = b is equal to P(a <X< b)

o Thetotal areaunder the graphequals1
As P(X= k) =0forany valuek, it does not matterif we use strict orweak inequalities

o P(X <k)=P(X < k)foranyvalue kwhen Xis a continuous random variable

What is a normal distribution?

¢ Anormaldistribution is a continuous probability distribution

e The continuous random variable X can follow a normal distribution if:
o Thedistributionis symmetrical
o Thedistributionis bell-shaped

If X follows a normal distribution thenitis denotedX~N(,u, 0'2)
o uisthemean
o o?isthevariance
o cisthestandard deviation

If the mean changes then the graph is translated horizontally

If the variance changes then the graph is stretched horizontally
o Asmall variance leads to a tall curve with a narrow centre
o Alargevarianceleads to a short curve with awide centre
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SAME VARIANCES
DIFFERENT MEANS

1, SaveMyExams

SAME MEANS
DIFFERENT VARIANCES

What are the important properties of a normal distribution?

e Themeanis u
« Thevarianceis ¢?

o Ifyouneedthe standard deviation rememberto squareroot this

e Thenormaldistributionis symmetrical about

o Mean=Median=Mode=u
e Therearetheresults:

o Approximately two-thirds (68%) of the data lies within one standard deviation of the

mean (1% o)

o Approximately 95% of the data lies within two standard deviations of the mean (u+

20)

o Nearly all of the data (99.7%) lies within three standard deviations of the mean (u+

30)

I 687 I
| 957 |
I 1
| / 99.7% \ |
| |
F-30 p—20 p-O H  p+0  p+20 p+30
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Modelling with Normal Distribution
What can be modelled using a normal distribution?

» Alotof real-life continuous variables can be modelled by a normal distribution provided
that the populationis large enough and that the variable is symmetrical with one mode
e Foranormaldistribution X cantake anyrealvalue, howevervalues farfrom the mean (more
than 4 standard deviations away from the mean) have a probability density of practically
zero
o This factallows us to modelvariables that are not defined forallreal values such as
height and weight

What can not be modelled using a normal distribution?

¢ Variables which have more than one mode orno mode

o Forexample:the number given by arandom number generator
¢ Variables which are not symmetrical

o Forexample:howlongahuman lives for

(") Exam Tip

et e Anexam question mightinvolve different types of distributions so makeit clear
which distribution is being used for each variable

) Worked Example

®
Therandom variable S represents the speeds (mph) of a certain species of

cheetahs when they run. The variable is modelled using N(40, 100).

a)
Write down the mean and standard deviation of the running speeds of cheetahs.
F:‘l‘o Oﬂd 0’1 :")O

!

Scluare root to ﬁd standard deviation

Mean F:‘\-D
Standord deviation o = 1D

b)
State two assumptions that have been made in orderto use this model.

We assume thot the distribution of the speeds is
- s:smmd'r‘nm\

* bell-shaped
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Calculating Normal Probabilities

Throughout this section we willuse the random variabIeX~N(y, 02). For X distributed
normally, X can take any real number. Therefore any values mentionedin this section willbe
assumedto berealnumbers.

How do | find probabilities using a normal distribution?

e Theareaunder anormal curve between the points x = a and x = b is equal to the
probability P(a < X < b)
o Rememberforanormal distribution you do not need to worry about whetherthe
inequality is strict (< or>) orweak (s orz)
» Pla<X<b)=Pla<X<bh)
¢ You willbe expected to use distribution functions on your GDC to find the probabilities
when working with a normal distribution

How do| calculate P(X = x): the probability of a single value for a normal
distribution?

¢ The probability of a single value is always zero for a normal distribution
o You can picture this as the area of a singlelineis zero
« P(X=x)=0
e YourGDC is likely to have a "Normal Probability Density" function
o Thisis sometimes shortenedto NPD, Normal PD or Normal Pdf
o IGNORETHIS FUNCTION for this course!
o This calculates the probability density function at a point NOT the probability

How dol calculate P(a < X < b): the probability of arange of values for a
normal distribution?

¢ Youneeda GDCthat can calculate cumulative normal probabilities
¢ Youwanttousethe "Normal Cumulative Distribution" function
o Thisis sometimes shortenedto NCD, Normal CD or Normal Cdf
¢ Youwillneedtoenter:
o The'lowerbound'-thisisthevaluea
o The'upperbound' - thisis thevalueb
o The'y'value - thisis themean
o The'cd value - thisis the standard deviation
Check the order carefully as some calculators ask for standard deviation before mean
o Rememberitis the standard deviation
= soifyouhavethevariancethen squarerootit
¢ Always sketch a quick diagram to visualise which area you are looking for

How dol calculate P(X > a) or P(X < b) for a normal distribution?
¢ Youwillstilluse the "Normal Cumulative Distribution" function
« P(X > a) canbeestimated using anupper bound that is sufficiently bigger than the mean
o Usingavaluethatis morethan 4 standard deviations bigger than the meanis quite
accurate
o Oraneasieroptionisjusttoinputlots of 9's forthe upper bound (99999999... or10%9)
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o+ P(X < b) canbe estimated using alower bound that is sufficiently smaller than the mean
o Usingavaluethatis morethan 4 standard deviations smaller than the meanis quite
accurate
o Oraneasieroptionisjusttoinputlots of 9's forthe lowerbound with a negative sign
(-99999999... or -10%9)

Are there any useful identities?

o P(X<y)=P(X>y)=O.5

e« AsP(X=2a)=0 you canuse:
o P(X<a)+P(X>a)=1
o P(X>a)=1-P(X<a)
o P(a<X<b)=P(X<b)-P(X<a)

e Theseareusefulwhen:
o Themean and/orstandard deviation are unknown
o Youonlyhaveadiagram
o You are workingwith theinverse distribution

(’) Exam Tip
* e Check carefully whetheryou have entered the standard deviation orvariance
intoyourGDC
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YOURNOTES

*9 Worked Example !

°
The randomvariable Y ~N(20,52). Calculate:

i)

P(Y'=20).
lA{l\‘h‘& M and o
'4:20 0'1=51 0 o:=9
Skerth!
P(¥=20):0
20 4
i)
P(18< Y <27).
Skeetth! US‘!\Q GdL
Lower =18 "
UPPer"y 5 (on :mor .
%0 2 y PO18<Y<23)= 0.534465..
0.535 (3sf)
iii)
P(Y>29)
Sketth! \XS\N& GdL
Lower = 29

Upper - 49999
YR ) P(¥>29):0.035430..
Mo upper bound 0 0.0359 (3s6)
dwoe @ bis aumber
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Inverse Normal Distribution YOURNOTES

Given the value of P(X < a) how do | find the value of a? l

e YourGDC willhave a function called "Inverse Normal Distribution”
o Some calculators call this InvN
 GiventhatP(X < a) = pyouwillneedtoenter:
o The'area'-thisisthevaluep
= Some calculators might ask forthe 'tail' - this is the left tailas you know the area to
theleftofa
o The'y' value - thisis the mean
o The'd' value - thisis the standard deviation

Given the value of P(X > a) how do | find the value of a?
« GivenP(X>a)=p
« UseP(X<a)=1-P(X> a)torewritethis as
o P(X<a)=1-p
¢ Thenusethemethod forP(X<a)tofinda
« Ifyourcalculator does have the tail option (left, right or centre) then you canuse the
"Inverse Normal Distribution” function straightaway by:
o Selecting 'right’ forthe tail
o Enteringtheareaas 'p’

(") Exam Tip

* ¢ Always check youranswer makes sense
o IfP(X<a)islessthan 0.5 then a should be smaller than the mean
o |fP(X <a)is morethan 0.5then a should be bigger than the mean
o Asketch willhelpyou see this
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YOURNOTES
*9 Worked Example !
The random variable W~N(50, 36).

Findthe value of w such that P(W > w) =0.175.

ldentify g and o

,4:50 oc*3b 0 o:6

Skerch!
P(Wcw)=)-P>w)

=\-0.\3%
DHs*

P(W>w) = 0.115

L P(W>w) is less than 0.5

50 Wis biwr thoa the mean

Aren rom lef 15 0.825

Use \aere Nomal Distribution fuadion on GDC
w: 59.60%5...

w=55.6 (36
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YOURNOTES

4.7 Hypothesis Testing !

4.7.1Hypothesis Testing

Language of Hypothesis Testing

Whatis a hypothesis test?

¢ Ahypothesis test uses a sample of datain an experiment to test a statement made about

the population
o Thestatementis eitherabout a population parameter or the distribution of the
population

e Thehypothesis test willlook at the probability of observed outcomes happening under set
conditions

¢ The probability found will be compared against a given significance level to determine
whetherthereis evidence to support the statement being made

What are the key terms used in statistical hypothesis testing?

¢ Everyhypothesis test must begin with a clear null hypothesis (what we believe to already
be true) and alternative hypothesis (how we believe the data pattern or probability
distribution mighthave changed)
¢ Ahypothesisis an assumption thatis made about a particular population parameter or
the distribution of the population
o Apopulation parameteris a numerical characteristic which helps define a population
= Such as themeanvalue of the population
o Thenullhypothesisis denoted H0 andsets out the assumed population parameter or

distribution given that no change has happened
o Thealternative hypothesisis denoted H1 andsets out how we think the population

parameter or distribution could have changed
= Aone-tailed testis usedfortesting the distribution ortestingwhetherthe
parameterhasincreased (or decreased)
= Atwo-tailed testis used fortestingwhetherthe parameterhas changed (either
increased or decreased)
o When a hypothesis testis carried out, the nullhypothesis is assumed to be true and
this assumption will either be accepted orrejected
= When a nullhypothesis is accepted orrejected a statistical inferenceis made
¢ Ahypothesis test will always be carried out at an appropriate significance level
o Thesignificancelevel sets the smallest probability that an event could have occurred
by chance
= Any probability smallerthan the significance level would suggest that the eventis
unlikely to have happened by chance
o Thesignificancelevel must be set before the hypothesis testis carried out
o Thesignificancelevel willusually be 1%, 5% or10%, howeverit may vary
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Conclusions of Hypothesis Testing
How do | decide whether toreject or accept the null hypothesis?

* Asample of the populationis taken and the test statisticis calculated using the
observations from the sample
o Your GDC will calculate the test statistic foryou
¢ Todecidewhetherornottoreject the nullhypothesis you first need either the p-value or
the critical region
e Thep -valueis the probability of a value being atleast as extreme as the test statistic,
assuming that the nullhypothesisis true
o Your GDC will give you the p-value
o Ifthe p-valueisless thanthe significancelevel then the null hypothesis would be
rejected
¢ Thecriticalregionis therange of values of the test statistic which willlead to the null
hypothesis beingrejected
o Ifthetest statistic falls within the critical region then the null hypothesis would be
rejected
e Thecritical valueis the boundary of the critical region
o Itis theleast extremevalue that wouldleadto therejection of the nullhypothesis
o Thecritical valueis determined by the significancelevel
= [nyourexamyou willbe given the critical value if itis needed

How should a conclusion be written for a hypothesis test?

¢ Yourconclusion must be written in the context of the question
¢ Usethewordinginthe questionto help you write your conclusion
o Ifrejecting the null hypothesis your conclusion should state that there is sufficient
evidence to suggest the nullhypothesis is unlikely true
o If acceptingthe null hypothesis your conclusion should state that there is not enough
evidence to suggest nullhypothesis is unlikely true
e Yourconclusion must not be definitive
o Thereis achancethatthetesthasledtoanincorrect conclusion
o Theoutcomeis dependent onthe sample
= adifferent sample mightleadto a different outcome
e Theconclusion of a two-tailedtest can stateif thereis evidence of achange
o You shouldnot state whetherthis changeis anincrease ordecrease

O Exam Tip

- . . N
e Acceptingthe nullhypothesis does not mean that you are sayingitis true
o You are simply saying thereis not enough evidence torejectit
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YOURNOTES
i

4.7.2 Chi-squared Test forIndependence

Chi-Squared Test for Independence
Whatis a chi-squared test forindependence?

« Achi-squared (y?) test forindependenceis a hypothesis test used to test whether two
variables areindependent of each other

o Thisis sometimes called a y2 two-way test
e Thisis an example of a goodness of fit test

o We aretestingwhetherthe data fits the model that the variables are independent
e Thechi-squared (;(2) distribution is used forthis test
¢ Youwilluse a contingency table

o Thisis atwo-way table that shows the observed frequencies for the different

combinations of the two variables
= Forexample:if the two variables are haircolourand eye colour then the
contingency table will show the frequencies of the different combinations

What is the degree of freedom?

* The degree of freedomrefers to the minimum number of expected values you needto
know in orderto be able to calculate them all
¢ The degree of freedomis denoted v
¢ Foratestforindependence withanm x n contingency table
o v=(m-1)x(n-1)
o Forexample:If there are 5 rows and 3 columns then you only need to know 2 of the
values in 4 of therows as therest can be calculated using the totals

What are the steps for a chi-squared test forindependence?

e STEP1: Write the hypotheses

o Hg: Variable Xis independent of variable Y

o Hj:Variable Xis notindependent of variable Y

= Make sureyou clearly write what the variables are and don’tjust callthem Xand Y

e STEP 2: Calculate the degree of freedom for the test

o Foranm xncontingency table

o Degree of freedomis v=(m—1) x(n—1)
e STEP 3: Enteryourobserved frequencies into your GDC using the option fora 2-way test

o Entertheseas a matrix

o Your GDC will give you a matrix of the expected values (assuming the variables are

independent)
o Your GDC willalso give you the 42 statistic andits p-value
o The 2 statisticis denoted as Zia]c

e STEP 4:Decide whetherthereis evidence toreject the null hypothesis
o EITHER compare the 22 statistic with the given critical value
= |f )2 statistic > critical value thenreject Hg
= |f )2 statistic < critical value thenaccept Hg
o ORcompare the p-value with the given significancelevel
= |f p-value < significancelevelthenreject Hg
= |[fp-value > significancelevelthenacceptHg
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e STEP 5: Write your conclusion
o IfyourejectHg
= Thereis sufficient evidence to suggest that variable Xis notindependent of
variable Y
= Therefore this suggests they are associated
o IfyouacceptHg
= Thereisinsufficient evidence to suggest thatvariable Xis notindependent of
variable Y
= Therefore this suggests they areindependent

How do | calculate the chi-squared statistic?

¢ You are expected to be abletouseyour GDC to calculate the 2 statistic by inputting the
matrix of the observed frequencies
e Seeinghow itis done by hand might deepen yourunderstandingbutyou are not expected
touse this method
e STEP1:Foreachobserved frequency O, calculateits expected frequency E;
o Assumingthevariables areindependent
s E£=P(X=x)xP(Y=y)xTotal
Row Total X Column Total
Overall Total
e STEP 2: Calculate the y2 statistic using the formula
(0,-E)
o B2 = ZT

calc .
i

= Which simplifies to E.=

o Youdonotneedtolearnthis formula as your GDC calculates it foryou
¢ Tocalculate the p-value you would find the probability of a value being bigger than your 42
statistic using a 2 distribution with v degrees of freedom

(f) Exam Tip

e |[fyouusea y2testinyourlAthenbeware thatthe outcome may notbeaccurate
if:
o Any of the expected values areless than 5
o Thereis only 1degree of freedom
= Thismeansitis a2 x 2 contingency table
¢ Notethat none of these cases will occurin the exam
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*> Worked Example

Ataschoolin Paris, itis believed that favourite film genreis related to favourite
subject. 500 students were asked to indicate their favourite film genre and

favourite subject from a selection and theresults areindicatedin the table below.

Comedy Action|Romance|Thriller

Maths 51 52 37 55
Sports 59 63 4] 33
Geography| 35 31 28 15

Itis decided to test this hypothesis by using a y? test forindependence atthe 1%
significancelevel.

Thecritical valueis 16.812.

a)
State the nulland alternative hypotheses for this test.

H,: Favourite subject is independent of favourite film genre
H,  Favourite subject is ngt independent of favourite film genre

b)
Write down the number of degrees of freedom for this table.

y= (rows 1) x (columag =1) = (3-1)x (k)

y:b

c)
Calculate the y?2 test statistic for this data.

Ttg,pe matrix ito GDC
X' gatistc = 12817
X:alc. =123 (3 ‘S“

d)
Write down the conclusion to the test. Give areason foryouranswer.
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12.% <16.812 YOURNOTES
l

Aegt H, as X" statistic < critical value.
There is insuficient evidence fo s uggest that
fovourite Subjed is not mo\ependen’r of fovourite
film genre. Therefore this Sugaesb ﬂ\et\ are
independent.
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Chi-Squared GOF: Uniform
What s a chi-squared goodness of fit test for a given distribution?

« Achi-squared (¥?) goodness of fit test is used to test data from a sample which suggests
that the population has a given distribution
¢ This couldbe that:
o theproportions of the population for different categories follows a givenratio
o the population follows a uniform distribution
= This means alloutcomes are equally likely

What are the steps for a chi-squared goodness of fit test for a given
distribution?
e STEP1: Write the hypotheses
o Hg: Variable X can be modelled by the given distribution
o Hy:Variable Xcannot be modelled by the given distribution
= Make sureyou clearly write what the variable is and don’tjust call it X
STEP 2: Calculate the degree of freedom for the test
o Forkoutcomes
o Degreeof freedomis v=k—1
STEP 3: Calculate the expected frequencies
o Splitthe total frequency using the givenratio
o Forauniform distribution: divide the total frequency N by the number of outcomes k
e STEP 4:Enterthefrequencies and the degree of freedominto your GDC
o Enterthe observed andexpected frequencies as two separatelists
o Your GDC willthen give you the 32 statistic andits p-value
o The g2 statisticis denoted as )(ialc

STEP 5: Decide whether thereis evidence to reject the null hypothesis
o EITHER compare the g2 statistic with the given critical value
= |f y2statistic > criticalvalue thenreject Ho
= |f )2 statistic < critical value then accept Ho
o ORcompare the p-value with the given significancelevel
= |f p-value < significancelevel thenreject Hg
= |f p-value > significancelevel then accept Ho
STEP 6: Write your conclusion
o IfyourejectHg
= Thereis sufficient evidence to suggest that variable X does not follow the given
distribution
= Therefore this suggests that the datais not distributed as claimed
o IfyouacceptHp
= Thereisinsufficientevidence to suggest thatvariable Xdoes not follow the given
distribution
= Therefore this suggests that the datais distributed as claimed

Page 86 of 100

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

*> Worked Example

Acarsalesmanis interestedin how his sales are distributed and records his sales
results overa period of sixweeks. The datais shownin the table.

Week 1 2 3 4 5 6
Numberof | 17 n|l 21| 2
sales

A % goodness of fit test is to be performed on the data at the 5% significance level
to find out whether the data fits a uniform distribution.

a)
Find the expected frequency of sales for each week if the data were uniformly
distributed.

i uniformly distributed all expected frequencies are equal

ExpedeA \crequenu:s: 15 £+ 13+ 0l L).H W+ 12

Expected frequ ency =15

b)
Write down the nulland alternative hypotheses.

Hof Number of sales @n be mode“ed 53 a

uniform disiribution
H, : Number of sales can not be modelled 53 Qa
uniform disibution
c)
Write down the number of degrees of freedom for this test.
y:b6-l
v=5
d)

Calculate the p-value.
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Tye fwo liss ino GDC YOURNOTES
Dbeenved 15 1 10 2 Ik 12 !
Expeed 15 15 15 15 15 15

p= 0.4433..

p = 0.443 (3sF)

e)

State the conclusion of the test. Give areason foryouranswer.

0.493 > 0.05

Auegt Hy as  p-value > signifianie lew)
There is insufficient evidence to swﬁes’r that
number of sales @n not be modelled by
a unform distibution. Therefore this sugests
it is uaiformly distribated.
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Chi-Squared GOF: Binomial
What is a chi-squared goodness of fit test for a binomial distribution?

« Achi-squared (¥?) goodness of fit test is used to test data from a sample suggesting that
the population has a binomial distribution
o Youwillbe given the value of p for the binomial distribution

What are the steps for a chi-squared goodness of fit test for a binomial
distribution?
e STEP1: Write the hypotheses
o Hg: Variable X can be modelled by the binomial distribution B(n, p)
o Hj:Variable X cannot be modelled by the binomial distribution B(n, p)
= Make sureyou clearly write what the variable is and don’tjust call it X
= Statethevalues of nandpclearly
STEP 2: Calculate the degrees of freedom for the test
o Forkoutcomes
o Degreeof freedomis v=k—1
STEP 3: Calculate the expected frequencies
o Findthe probability of the outcome using the binomial distribution P(X = x)
o Multiply the probability by the total frequency P(X = x) X N
e STEP 4:Enterthefrequencies and the degree of freedominto your GDC
o Enterthe observedandexpected frequencies as two separatelists
o Your GDC willthen give you the 42 statistic andits p-value
o The g2 statisticis denoted as ;(20310

¢ STEP 5: Decide whetherthereis evidence to reject the null hypothesis
o EITHER compare the 22 statistic with the given critical value
= |f 2 statistic > critical value thenreject Ho
= |f )2 statistic < critical value then accept Ho
o ORcompare the p-value with the given significance level
= |f p-value < significancelevel thenreject Hg
= |f p-value > significancelevel then acceptHg
e STEP 6: Write your conclusion
o IfyourejectHg
= Thereis sufficient evidence to suggest that variable X does not follow the binomial
distribution B(n, p)
= Therefore this suggests that the data does not follow B(n, p)
o IfyouacceptHop
= Thereisinsufficient evidence to suggest thatvariable X does not follow the
binomial distribution B(n, p)
= Therefore this suggests that the data follows B(n, p)
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*9 Worked Example

Astageinavideo gamehas three boss battles. 1000 people try this stage of the
video game and the number of bosses defeated by each playeris recorded.

Number of bosses
0] 1 2 3
defeated
Frequency 490 1384 | 111 | 15

A ¥* goodness of fit test at the 5% significance level is used to decide whether the
number of bosses defeated can be modelled by a binomial distribution with a 20%
probability of success.

a)
Statethenulland alternative hypotheses.

Ho: Number of bosses defested can be
modelled 53 the biwmial disrbution  B(3,0.2)
H, : Number of bosses defested can not be
modelled Bﬂ the binomial digmibution  B(3,0.2)
b)

Assuming the binomial distribution holds, find the expected number of people that
would defeat exactly one boss.

ket X ~B(302)

Using GDC  P(X=1)< 0.3
Expected 1000 x 038k = 38k
Expected freq'uef\% of | =38k

c)
Calculate the p-value forthe test.
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Find the other expected ﬂquencjes

For O: 1000xP(X<0) =000 «0.512 = 512
For  2: 1000x P(x=2) = 1000 « 0.096 = 4b
For  3: 1000x P(X =3)< 1000 x 0.00% = 8

Tye oo lists io GDC

Observed 4 38 Wl IS
Expected 52 3%k 46 %
y = k-1:3

p: 0.02k2 ...

p = 0.0243 (3sf)

d)
State the conclusion of the test. Give areason foryouranswer.

0.0243< 0.05
Réjed Ho as p—value 14 .Sianiﬁcance lewel
There is sufficient evidence to su%esi that

the  number of bosses defeated can not be

mode led L!‘) the binomial distrbution B(3,0.2).
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Chi-Squared GOF: Normal
What s a chi-squared goodness of fit test for a normal distribution?

« Achi-squared (¥?) goodness of fit test is used to test data from a sample suggesting that
the population has a normal distribution
o Youwillbe given the value of pand ¢ forthe normal distribution

What are the steps for a chi-squared goodness of fit test for a normal
distribution?

- STEP 1: Write the hypotheses

o Hg: Variable X can be modelled by the normal distribution N(y, 02)

o Hy:Variable Xcannotbe modelled by the normaldistributionN(,u, 02)
= Make sureyou clearly write what the variable is and don’tjust call it X
= Statethevalues of pand oclearly

STEP 2: Calculate the degrees of freedom for the test
o Forkoutcomes
o Degreeof freedomis v=k—1

STEP 3: Calculate the expected frequencies
o Findthe probability of the outcome using the normal distribution Pla<X<b)
= Beware of unbounded inequalities P(X < b) or P(X > a)
o Multiply the probability by the total frequency P(a < X < b) X N
e STEP 4:Enterthefrequencies and the degree of freedominto your GDC
o Enterthe observed and expected frequencies as two separate lists
o Your GDC willthen giveyou the 42 statistic andits p-value
o The 2 statisticis denoted as Zialc

e STEP 5: Decide whetherthereis evidence toreject the null hypothesis
o EITHER compare the 22 statistic with the given critical value
= |f y2statistic > critical value thenreject Hg
= |f )2 statistic < critical value then accept Ho
o ORcompare the p-value with the given significancelevel
= [fp-value <significancelevelthenreject Ho
= |[fp-value > significancelevelthenacceptHg
e STEP 6: Write your conclusion
o IfyourejectHgp
= Thereis sufficient evidence to suggest that variable X does not follow the normal
distribution N(z, 62)
= Therefore this suggests that the data does not follow N(u, ¢2)
o IfyouacceptHg
= Thereisinsufficient evidence to suggest thatvariable X does not follow the
normal distribution N(u, 62)
= Therefore this suggests thatthe data foIIowsN(,u, o?)
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YOURNOTES

*> Worked Example !

300 marbled ducks in Quacktown are weighed and theresults are shownin the
table below.

Mass (9) Frequency

m<470 10

470 < m<520 158

520<m<570 123

m>570 9

A ¥* goodness of fit test at the 10% significance levelis used to decide whether the
mass of a marbled duck can be modelled by a normal distribution with mean 520 g
and standard deviation 30 g.

a)
Calculate the expected frequencies, giving your answers correct to 2 decimal
places.
let X~ N(520 30
300 x probahilittb
Mass () | Probability | Expected frequency
m< &30 | 0.061190.. | &34
430¢me D20 0.451204.. | |35 b6
B0 m<§3D 0452204, | |35 4t
m > 510 0.063¥%0.. | 434
b)

Write down the null and alternative hypotheses.
H,: Mas of the marbled ducks can be
modelled 53 the normal digribution N(5%0,37)
H, : Mas of the marbled ducks can not be
modelled 53 the normal digribution N(520,37)

c)
Calculate the y? statistic.
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Erter the observed and expected FreaLuencies o YOURNOTES
GDC v & =3 {
A davshic = 9062

l

cle ~ $‘b (33“

d)

Given that the critical valueis 6.251, state the conclusion of the test. Give areason
foryouranswer.

$1b > 6.25)
RE:)Qd‘ Ho Qs Xl statistic > critical Vo|ue.

.n\ere is  sufficient evidence 1o swﬂes’r that the
mass  of the marbled ducks can not be

medelled by the norma| distribution N(520, 30%),
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4.7.4The t-test

Two-Sample Tests

Whatis a t-test?

¢ At-testis usedto compare the means of two normally distributed populations
¢ Inthe exam the population variance will always be unknown

What assumptions are needed for the t-test?

¢ Theunderlying distribution for each variable must be normal
¢ Inthe examyou willneedto assume the variance for the two groups are equal
o Youwillneedtousethe pooled two-sample t-test

What are the steps for a pooled two-sample t-test?
e STEP1: Write the hypotheses
° Hotp= Hy
= Where u,and py are the population means
= Make sure you makeit clearwhich mean corresponds to each population
= |nwords this means the two population means are equal
o Hylpy< iy O Hy > iy, Or Hyt e # 1y
= Thealternative hypothesis willdepend onwhat is being tested (see sections for
one-tailed and two-tailed tests)
e STEP 2:Enterthe dataintoyourGDC
o Entertwolists of data - oneforeach sample
o Choose the pooled option
o Your GDC willthen give you the p-value
e STEP 3: Decide whetherthereis evidence toreject the null hypothesis
o Compare the p-value with the given significance level
= |f p-value < significancelevelthenreject Hg
= |[f p-value > significancelevelthenacceptHg
e STEP 4: \Write your conclusion
o IfyourejectHg
= Thereis sufficient evidence to suggest that the population mean of Xis bigger
than/smaller than/different to the population mean of Y
= This willdepend on the alternative hypothesis
o IfyouacceptHg
= Thereisinsufficient evidence to suggest thatthe population mean of Xis bigger
than/small than/different to the population mean of Y
= Therefore this suggests that the population means are equal
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One-tailed Tests YOURNOTES
How do | perform a one-tailed t-test? l

¢ Aone-tailedtestis usedtotestone of the two following cases:
o Thepopulation mean of Xis bigger than the population mean of Y
= Thealternative hypothesis willbe: Hy: py >
= | ook outforwords such asincrease, bigger, higher, etc
o Thepopulation mean of Xis smaller than the population mean of Y
= Thealternative hypothesis willbe: Hy: uy < 1,
= Lookoutforwords such as decrease, smaller, lower, etc
¢ Ifyoureject the null hypothesis then
o This suggests that the population mean of Xis bigger than the population mean of Y
= Ifthealternative hypothesisis Hy: > 1,
o This suggests that the population mean of Xis smaller than the population mean of Y
= Ifthealternative hypothesisis Hy: i < g1y,
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*9 Worked Example

The times (in minutes) for children and adults to complete a puzzle are recorded
below.

Children|3.1[2.7]3.5]3.1]2.93.2[3.0]2.9

Adults [3.1]3.6]3.5]3.6]2.9]3.6|3.4]3.6}3.7|3.0

The creator of the puzzle claims children are generally faster at solving the puzzle
than adults. At-testis to be performed at a 1% significancelevel.

a)
Write down the nulland alternative hypotheses.

Let u, be the population mean for children's times
and Ma be the popu\cﬁion mean for adults’ times

Ho: M = Ma
H,: p ",“f‘ s claimed that children are quicker

b)
Findthe p-value forthis test.

Enter the data as 4wo lists in OD(
Uge 2‘50«\9\2 poo|ed t-test
p= 0.003254..

p=0.00%26 (3sP)

c)
State whetherthe creator’s claimis supported by the test. Give areason foryour
answer.

0.00326 < 0.0

Reedt Hy a5 p-vaue < significance level
There is sufficiet evidene o sugyest that
children are generolly foster at sobving the
puzzk +than aduMs. TWs  supporks the  trentors
dowm.
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Two-tailed Tests YOURNOTES
How do | perform a two-tailed t-test? l

* Atwo-tailed testis usedtotestthe followingcase:
o Thepopulation mean of Xis different to the population mean of Y
= Thealternative hypothesis willbe: Hy: py # 1,
= | ook out forwords such as change, different, notthe same, etc
¢ Ifyoureject the null hypothesis then
o This suggests that the population mean of Xis different to the population mean of Y
o Youcannotstate which oneis biggeras you were not testing for that
= Allyou canconcludeis that thereis evidence thatthe means are notequal
= Totest whethera specific oneis biggeryou would need to use a one-tailed test
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*9 Worked Example
[

Ina schoolall students must study either French or Spanish as wellas maths. 18
studentsin a maths class complete a test and theirscores are recorded along with

whichlanguage they study.

Studies [l ao| 77180 99|60 |75 | 71 | &1
French
Studies | /2o 1 g3 | 66| 95| 79 | 82| &1 | 85
Spanish

Themaths teacherwants toinvestigate whether the scores are different between

the students studying each language. A t-testis to be performedata10%

significancelevel.

a)
Write down the nulland alternative hypotheses.

Let e be the population mean for swres of students of French
and M be the population mean for swres of students of Spaish

Ho: Me P
He o f;ﬁ/\Teshn\c) for o difference

b)
Find the p-value for this test.

Enter the data as two lists in GD(
USQ 2‘50«\9\2 poo|ed t-test
e 0.4339)...

p= 0.3k (3sP

C)

Write down the conclusion to the test. Give areason foryouranswer.

0.4 > 0.1

A(.Le.pf Ho as p—\la|ue > s.smﬁmme |eve‘.

There is insubficent evidence o suggest that ther

is o difference between the scores
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