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5.1 Differentiation

5.1.1Introduction to Differentiation

Introduction to Derivatives

¢ Beforeintroducing a derivative, an understanding of a limit is helpful
Whatis alimit?

¢ Thelimit of a functionis the value a function (of x) approaches as x approaches a
particularvalue from either side

o Limits are of interest when the functionis undefined at a particularvalue
4 _

. X
o Forexample, thefunction f(x) =

1 willapproach alimitas x approaches 1from

both below and above butis undefinedat x =1 as this wouldinvolve dividing by zero

What might | be asked about limits?

¢ You may be askedto predict orestimate limits from a table of function values orfrom the
graph of y = f(x)
¢ Youmay be askedtouseyour GDC to plotthe graph and usevalues fromit to estimate a
limit
Whatis a derivative?

e Calculusis aboutrates of change
o theway acar’s position on aroad changesisits speed
o thewaythecar's speedchangesisits acceleration
¢ Thegradient (rate of change) of a (non-linear) function varies with x
* Thederivative of a functionis a function thatrelates the gradient to the value of x
e |tis alsocalledthe gradient function

How are limits and derivatives linked?

¢ ConsiderthepointPonthegraphof y = f(x) as shown below
o [PQI.] is a series of chords
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y = f(x)

CHORDS BETWEEN -

P AND POINTS Q, ./,
TANGENT AT P

e Thegradient of the function f(x) atthe point Pis equal to the gradient of the tangent at
pointP
» Thegradient of the tangent at point P is the limit of the gradient of the chords [PQI,] as

point Q ‘slides’ down the curve and gets evercloserto point P
¢ Thegradient of the function changes as x changes
e Thederivativeis the function that calculates the gradient from the value x

What is the notation for derivatives?

e Forthefunctiony = f(X) the derivative, with respect to x, would be written as

dy

dx £'(x)

o Differentvariables may be used

dVv
o e.g.If V=1(s) then i f'(s)

What might | be asked about derivatives?

¢ Youmay be askedtousethe graphing features of your GDC to find the gradients of a
function at different values of x

e Fromaseries of gradientvalues, you may be asked to suggest an expression for the
derivative (gradient function) of a function
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YOURNOTES
*9 Worked Example !
[ J

Thegraphof y = f(x) where f(x) = x3 — 2 passes through the points
P(2,6), A(2.3,10.167), B(2.1, 7.261) and C(2.05, 6.615125).

a)
Find the gradient of the chords [ PA], [ PB] and [ PC].

Gradieny o? o line Lc\\o\‘e!) e “Yaan

=3¢,
[PAl: lolei-€ = 138
2:3-2,
[Pe] _T=2e1-¢€ = \26\
2\=-2
[Pd 6-6\S\25-€ = |q.3

2:05-2

GdienY & chorde ose: PA] 138
frel 12-er
{*c) 12-3cas

b)
Estimate the gradient of the tangent to the curve at the point P.

There will be ol the %\'bA'\en'\' & Yhe chord reaches
ce the difference in the x-coordindies appaches zere.

Ectivrake of Sf’od\en'\' oy ’\’an@n“c & x=2ie I

c)
Useyour GDC to find the gradient of the tangent at the pont P.

Usina GOC, be w x?'l,
draw o‘\'onaen\' o =2
6DC can tell you either|both of the equction of
¥he fangedt ond %c

GOC aroc\ien‘\' e\
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Differentiating Powers of x

What is differentiation?

» Differentiationis the process of finding an expression of the derivative (gradient
function) from the expression of a function

How do | differentiate powers of x?

¢ Powers of x are differentiated according to the following formula:
o 1f f(x) =x7then f'(x) = nx" ~! wheren € Z
o Thisis givenin the formulabooklet
» |fthe power of x is multiplied by a constant then the derivative is also multiplied by that

constant
o 1ff(x) = ax” then f'(x) = anx” ~! wheren €Z and ais a constant

. . . Y
¢ Thealternative notation (to f'(X)) istouse a

d
o If y=ax" then o anxn -1

dx
dy
= e.g. Ify=—4x3then I —4x5x3"1=-20x*
¢ Don'tforgetthese two special cases:
o 1ff(x)=axthenf'(x)=a

dy
= eg. If y=6xthen dx =6

o 1ff(x)=athenf'(x)=0

dy
= eg. lfy=5 thend—X =0

o Theseallowyou to differentiate linear terms in x and constants
¢ Functionsinvolving fractions with denominators in terms of x willneed to be rewritten as

negative powers of x first

4
o If f(x) = ; thenrewrite as f(x) =4x~! and differentiate

How do | differentiate sums and differences of powers of x?
» Theformulae for differentiating powers of x apply to allinteger powers soitis possible to
differentiate any expression thatis a sum or difference of powers of x
o eg. Iff(x)=5x4+2x3 —3x+4 then
f'(x) =5x4x4"142x3x371=3+0
f'(x)=20x3+6x2—3
¢ Products and quotients cannot be differentiatedin this way so would need
expanding/simplifying first
o e.g. Iff(x)=(2x—3)(x2—4) then expandto f(x) =2x3 — 3x2 — 8x + 12 whichis a
sum/difference of powers of x and can be differentiated
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ExamTip
¢ Acommon mistakeis not simplifying expressions before differentiating
o Thederivative of can not be found by multiplying the
derivatives of and

Worked Example
Thefunction f(X) is given by

4
f(x)=x3-2x2+3- -
X
a)
Find the derivative of f(x).
Rewrite §lx) o every Yerwn i o powser & =
Tle)= 23- 2t +3- a3
Differetice by oppkieg the Jormda (3ie aopecidl cose)
%‘h\: 33(:,1 -V + \2’.27“.

n-\ ) T ~ foke core wsith mﬁeﬁﬁueg
Nac “xn-\

(8]
= §leo)= 3o W + 12
x\"

b)
Find the gradient of thetangentto thecurve y = f(X) atthepointswhere x= —1
andx=1.

Fh)=30py-wy+ 2 = 3+he= 1
o

£0y= 30wy + 2 = 3-ha=n
(e

» The amé'\eﬁ\’ o '\'\‘Q'\'DA\?(\'\' Yo the come
Y Tle) when x=-V it B, acd uhen 2=, is W
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5.1.2 Applications of Differentiation

Increasing & Decreasing Functions
What are increasing and decreasing functions?

¢ Afunction, f(x), is increasingif f'(x) > O

o This means the value of the function (‘output’) increases as xincreases
e Afunction, f(x), is decreasingif f'(x) <O

o This means the value of the function (‘output’) decreases as xincreases
e Afunction, f(x), is stationary if f'(x) = O

% y = f(x)
GRADIENT =0
INCREASING INCREASING
(POSITIVE (POSITIVE
GRADIENT) GRADIENT)
0 X
DECREASING
(NEGATIVE
GRADIENT)
GRADIENT =0

How do | find where functions are increasing, decreasing or stationary?
¢ Toidentify theintervals on which a functionis increasing ordecreasing

STEP1 Findthe derivative f'(x)
STEP 2 Solvetheinequalities f'(x) > O (forincreasingintervals) and/or f'(x) < O (for decreasing
intervals)

e Mostfunctions are acombination of increasing, decreasing and stationary
o arange of values of x (interval) is given where a function satisfies each condition
o e.g. Thefunction f(x) = x2 has derivativef (x) = 2x so
= f(x) is decreasing for x <0
= f(x)is stationary at x =0
= f(X) is increasing for x >0
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YOURNOTES
*> Worked Example !
f(x)=x2—x—2

a
D)etermine whether f(X) is increasing or decreasing at the points where x =0 and
x=3.
Differentiate
§loc)= 2oc-
At =0, §'(0)=2x0-1=-) <0 - decrecting

At =3, 5}‘\3): 243-1=5>0 =« incfe;:x%‘mg

= At x=0, §lx)is decrecting
At x=3, $lx) i increcSing

b)
Findthe values of x forwhich f(X) is anincreasing function.
flo) s inerecsing whea §')>0
;'&x)>0
2x-\>0

x’yg

< §loc) is increcSing for x> f
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Tangents & Normals
Whatis a tangent?

e Atanypointonthe graph of a (non-linear) function, the tangent is the straight line that
passes through that point and has the same gradient as the curve at that point

y = f(x)

TANGENT

= :

How do| find the equation of a tangent?
« Theequation of the tangent to the function y = f(x) at the point (x,, ¥, ) is

y-y,=f(x)x-x,)

What is a normal?

e Atany pointonthe graph of a (non-linear) function, the normal s the straight line that
passes through andis perpendicular to the tangent at that point

y = f(x)
NORMAL

TANGENT

= :

How do | find the equation of anormal?

« Theequation of the normal to the function y = f(x) at the point (x,, y,)is
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O ExamTip YOURlNOTES
* ¢ You arenot given the formula for the equation of a tangent and equation of a
normal

e Both can bederivedfrom the equation of a straightline

whichis given
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YOURNOTES
*9 Worked Example !

The function f(x) is defined by

3
f(x)=2x4+—2 x#0
X

a)
Find an equation forthe tangentto thecurve y = f(x) atthepointwherex =1,

givingyouranswerin the form y = mx + c.

Firsk $PA ¥ (=) \7y d‘\ﬁ‘emﬁ\iol\‘ine

Tlc) = 2™ 43 Rewrte a8 powers & x

? (x) =8> - 63

For o.‘\'a?n\:, “3-8‘ ‘-?\0“$‘xs)"

Akt x=y, Ty 2(\)"*- % =5

Y
Foy=8l)’- € =2
Oy
- 3-5 = 2\:&-\)

‘Enﬂen'\'d\' x=\, is gy 2 +3

b)
Find an equation forthe normal at the pointwhere x = 1, giving your answerin the
form ax + by + d=0,where a, b and d areintegers.

For o normal, “3':“ = 2\ \DC-I.Y
T
USirg recotte Si\' oM por\: Q)
3-5 = - (x- \)
2

U
Y= "ax v

23:—x+\\

“ Fouation 6f noredl is x+2y-W =0
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Local Minimum & Maximum Points
What are local minimum and maximum points?

¢ | ocalminimum and maximum points are two types of stationary point
o The gradient function (derivative) at such points equals zero

ie. (x)=0
¢ Alocal minimum point, (X, t(x)) willbe the lowest value of f(x) in thelocal vicinity of the
value of x

o Thefunction mayreach alowervalue furtherafield
e Similarly, alocal maximum point, (X, f(x)) willbe the greatest value of f(x) inthelocal
vicinity of the value of x
o Thefunction mayreach a greater value furtherafield
e The graphs of many functions tend toinfinity forlarge values of x
(and/orminus infinity forlarge negative values of x)

e Thenature of a stationary point refers to whetheritis a local minimum orlocal maximum
point

How do| find the coordinates and nature of stationary points?

¢ Theinstructions below describe how to find local minimum and maximum points using a
GDC onthe graph of the function y = f(x)

STEP1
Plot the graph of y = f(x)
Sketch the graph as part of the solution

STEP 2

Usethe options from the graphing screen to “solve for minimum”

The GDC willdisplay the x and y coordinates of the first minimum point
Scrollonwards to see there are anymore minimum points

Note down the coordinates and the type of stationary point

STEP 3
Repeat STEP 2 but use “solve for maximum” on your GDC

¢ In STEP 2 the nature of the stationary point should be easy to tell from the graph
o alocalminimum changes the function from decreasing to increasing
= the gradient changes from negative to positive
o alocalmaximum changes the function fromincreasing to decreasing
= the gradientchanges from positive to negative
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y y = f(x)
LOCAL
MAXIMUM
GRADIENT =0
INCREASING INCREASING
(POSITIVE (POSITIVE
GRADIENT) GRADIENT)
O X
DECREASING
(NEGATIVE -
GRADIENT)
GRADIENT =0
LOCAL
MINIMUM

*> Worked Example

Find the stationary points of f(x) = x(x2—27), and state theirnature.

Plat the groph of y= x(a-27) on GOC and Skeich here

\ocal

moxitvem

Sta¥icnary Pcin\'& ot

(3,-5%) LocAwL Mmumom PONT
(-3, 5%) LocAL mAximum PoINT
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Modelling with Differentiation
What can be modelled with differentiation?

¢ Recallthatdifferentiationis about therate of change of a function and provides a way of
finding minimum and maximum values of a function
¢ Anythingthatinvolves maximising or minimising a quantity can be modelled using
differentiation; forexample
o minimising the cost of raw materials in manufacturing a product
o themaximum height a football could reach when kicked
¢ These are called optimisation problems

What modelling assumptions are used in optimisation problems?

¢ The quantity being optimised needs to be dependent on a single variable
o If othervariables areinitially involved, constraints orassumptions about them will
needto be made; forexample
= minimising the cost of the mainraw material - timberin manufacturing furniture
say - the cost of screws, glue, varnish, etc can be fixed or considered negligible
o Othermodelling assumptions may have to be made too; forexample
= ignoringairresistance and wind when modelling the path of a kicked football

How do | solve optimisation problems?

In optimisation problems, letters otherthan x, y and f are often usedincluding capital
letters
o Visoftenusedforvolume, S forsurfacearea
o rforradiusifa circle, cylinderorsphereisinvolved
» Derivatives can stillbe found but be clear about which variable is independent (x) and
which is dependent (y)
o aGDC may always use x and y butensureyou use the correct variable throughout
yourworking andfinalanswer
¢ Problems often start by linking two connected quantities together - forexample volume
andsurfacearea
o where more than onevariableis involved, constraints will be given such that the
quantity of interest can be rewritten in terms of a single variable
¢ Oncethequantity of interestis written as a function of a single variable, differentiation can
be used to maximise or minimise the quantity as required

STEP1
Rewrite the quantity to be optimised as a single variable, using any constraints givenin the

question

STEP 2

Useyour GDC to find the (local) maximum or minimum points as required

Plotthe graph of the function and use the graphing features of the GDC to “solve for
minimum/maximum” as required
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STEP 3 YOURNOTES
Note down the solution from your GDC and interpret the answer(s) in the context of the 1
question
(') ExamTip
w

e Thefirstpart of rewriting a quantity as a single variable is often a “show that”
question - this means you may still be able to access later parts of the question
evenif you can’t do this bit
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YOURNOTES
*> Worked Example !
[

Alarge allotment bedis being designed as a rectangle with a semicircle on each
end, as shownin the diagram below.

The total area of the bedis to be 100 77 m?2.

a)
Show that the perimeter of the bed s given by the formula

( 100)
P=mlr+ —
r
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The width & the dfonge & 2r = ond ¥8 length L = YOURNOTES
The ARER ¢ the bed, 1007 " ie guen by !

FTE + 2rk + 37" = 100
7 0 N okl orea
Semi-cide  ecfande  Semi-cide ¥his icthe condireicr)

s 7T+ 2rL =\ 00T

2r\.= \OOr - T Wete L inYorve S
L=50m -7~
C 2

The PERMETER of the bed ie
P= e+ + 21
VA f \‘\'\NO G\ras\'i\'
Ser-orev\or osts \ng“@

Oge & §rom the area. contiroiat Yo wrte P

in‘\'eﬁnQO? ron\x__‘
P= 21Tr‘+ a Si.ﬂ"-lr)
- 2
P= 7 + |00
\n

o P= n'(r-r\O%O)

L
b) Find ar
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Rewrite P oo power & r |
P= r(r+100r)

aP _ -
d—‘_—TI'(\‘\OOrz)

ar .

6_9311’(1- \ig)
L}

c)
Find the value of r that minimises the perimeter.

Use GOC Yo plot \/=7T\ac+@) ond
X

cketoh Yhe reco\e
3 /N

(o) |6 73

GOC indicares the ONLY
locel minimom po'm‘\‘ 6 oF x=10

& The volue of ¢ Yhat minimices
*he perimeter s r=10

d)
Hence find the minimum perimeter.
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) YOURNOTES
The MiniMnom peﬁmé\'er‘ will be the y-coord'moﬂ'e !

o} the locol minimum poick Jound in park )
frewm GDC. y=62-831853..  (when x=10)

‘o Minmom perimeler is

€2-8m (3sf)
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5.2 Integration

5.2.1Trapezoid Rule: Numerical Integration

Trapezoid Rule: Numerical Integration

What is the trapezoid rule?

The trapezoidal rule is a numerical method usedto find the approximate area enclosed by
acurve, the x-axis andtwo verticallines
o itisalsoknown as ‘trapezoid rule’ and ‘trapeziumrule’

The trapezoidalrule finds an approximation of the area by summing of the areas of
trapezoids beneath the curve

o y,=fla), y =fla+h), y,=fa+2h)etc

fabf(x) dx ~ %h[(yo +yn)+2(yl +y, ¥ +yn_1)]

whereh=———
n

Note that there are n trapezoids (also called strips) but (11 + 1) functionvalues (yj)

The trapezoidalruleis given in the formula booklet

What else can be asked to do with the trapezoid rule?

Comparing the true answer with the answer from the trapezoidrule
o This mayinvolve finding the percentage errorin the approximation
o Thetrue answermay be givenin the question, found from a GDC or from work on
integration

(") ExamTip

e Ensureyou are clearabout the difference between the number of data points (
values) and the number of strips (hnumber of trapezoids) usedin a Trapezoid Rule
question

¢ Althoughit shouldn'tbe too much trouble to type the trapezoid rule into your
GDC inone go, it may be wise to work parts of it out separately and write these
down as part of your working out
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Using the trapezoidal rule, find an approximate value for

/‘4 6x2 q
0 x3+2 X

to 3decimalplaces,usingn=4.

a)

STEP 2: USING
WIDTH h=1,
VALUES ARE
0,1,2,3,4

b)

Given that the area bounded by the curve, the x-axis andthelines x=0andx =4
is 6.993to three decimal places, calculate the percentage errorin the trapezoidal

rule approximation.

b)

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers

STEP 4: FIND h=2=9

b=4
USING | AND n=4

STEP 3: SETUP TABLE
AND USE EQUATION TO

%=0 1% =0 CALCULATE y VALUES
x, =1 Y, =

x,=2 | y,=2.4

X, =3 | y, =1.862

x,=4 | y, =1.454

STEP 4: USING
FORMULA FROM
FORMULA BOOKLET

b
gydx ~ %h(y0+ Yo+ 20y + Yo+ o+ y,q)
a

SUBSTITUTE ALL VALUES

% x1x (0 +1.454... + 2(2 + 2.4 +1.862...))

= %(4.454... +12.524..)

=6.9893... =6.989 (3dp)

USING
ESTIMATE — EXACT .

% ERROR = EXACT

100

6.989 ~6.993 5

6.993

IGNORE MINUS, YOU COULD
=*O.b5720(‘) DO EXACT-ESTIMATE TO

GET RID OFF THIS

=0.06% (2dp)

Page 21 of 32

YOURNOTES
i


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukfor more awesomeresources

5.2.2IntroductiontoIntegration

Introduction to Integration

Whatisintegration?

¢ Integrationis the opposite to differentiation
o Integrationis referred to as antidifferentiation
o Theresult of integration is referredto as the antiderivative
¢ Integrationis the process of finding the expression of a function (antiderivative) froman
expression of the derivative (gradient function)

What is the notation forintegration?

¢ Anintegralis normally written in the form
ff(X) dx

o thelargeoperatorfmeans “integrate”

o “dx"indicates which variable tointegrate with respect to

° f(X) is the functionto beintegrated (sometimes called the integrand)
¢ Theantiderivativeis sometimes denoted by F(X)

o there’s thennoneedtokeep writingthe wholeintegral; refertoitas F(X)
« F(x) may also be called the indefinite integral of f(x)

What is the constant of integration?

¢ Recallone of the special cases from Differentiating Powers of x
o Iff(x)=athenf'(x)=0

e This means thatintegrating O will produce a constant termin the antiderivative
o azerotermwouldn’t be written as part of a function
o every function, whenintegrated, potentially has a constant term

This is called the constant of integration andis usually denoted by theletter ¢
o itis oftenreferredtoas “plus ¢”

Without more information itis impossible to deduce the value of this constant
o there are endless antiderivatives, F(X) ,forafunction f(x)
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Integrating Powers of x
How dolintegrate powers of x?

¢ Powers of x areintegrated according to the following formula:
n+1

o Iff(x)=xMthen ff(x) dx = +cwheren€Z, n# —1and cistheconstant of

n+1
integration

¢ Thisis givenin the formula booklet

¢ Ifthe powerofis x multiplied by a constantthen theintegralis also multiplied by that
constant
n+1

+1

ax . .
o 1ff(x) = ax” then ff(x) dx= +cwheren€Z, n# -1, aisaconstantand cis

the constant of integration

e Thisis alsogiveninthe formulabooklet
dy . . - .

. d_X notation can stillbe used with integration

o Notethatthe formulae above donotapply when n= —1 as this would lead to division by
zero

e Don’tforgetthe special case:
o fa dx=ax+c

= eg. f4 dx=4x+c¢
o This allows constant terms to beintegrated
¢ Functionsinvolving fractions with denominators in terms of x willneed to be rewritten as
negative powers of x first

4
o e.g. If f(x) = — thenrewriteas f(x) =4x2 andintegrate
P

How dolintegrate sums and differences of powers of x?

e Theformulaeforintegrating powers of x apply to allintegers soitis possible tointegrate
any expression that is a sum or difference of powers of x
o e.g. Iff(x)=8x3—-2x+4then
3+1 1+1
ff(x) dx= 83X+1 - 21X+1 +4x+c=2x*—-x2+4x+c
¢ Products and quotients cannotbe integratedin this way sowould need
expanding/simplifying first
o e.g.Iff(x) = 8x2(2x—3) then

ff(x) dx= f(16x3 -24x2)dx=

16x* 24x3
4 3

+c=4x*-8x3+¢
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O ExamTip YOURlNOTES

¢ You can speed up the process of integration in the exam by committing the
pattern of basic integration to memory
o Ingeneralyou can think of it as 'raising the power by one and dividing by
the new power'
o Practice this lots before yourexam so thatit comes quickly and naturally
when doing more complicatedintegration questions

*> Worked Example
Given that

dy 1
— =3x4—-2x2+3— —
ix 3x*-2x%+3 o

findan expression for y in terms of x.

Rrsbly rewitie ol berne 08 povere & =

Cd%cf 3'1;‘7- '2901 +3 'Jt:\"

- g (322 +3-*) ax

‘3: 3_:1,5-2'1_',.3 -\—39(’.—9_52 +c
° 3 72 N corshad
Speciol coe 7 Co\_ z{: 0?

\oNeogtahen
teke cose with &

nee‘I\-‘Ne‘ “4+\=-3

o = 3_5 9.3 |
= -=x +3 —
Y Sx s x+3 L te
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5.2.3 Applications of Integration

Finding the Constant of Integration
What is the constant of integration?

¢ When finding an anti-derivative there is a constant term to consider
o this constantterm, usually called c, is the constant of integration
¢ Interms of graphing an anti-derivative, there are endless possibilities
o collectively these may bereferred to as the family of antiderivatives or family of
curves
o theconstant of integrationis determined by the exact location of the curve
= if apoint onthe curveis known, the constant of integration can be found

How do | find the constant of integration?

e ForF(x)+c= ff(x) dx, the constant of integration, ¢ - and so the particular

antiderivative - can be foundif a pointthe graph of y = F(x)+c passes throughis known

STEP1
If need be, rewrite f(X) into anintegrable form
Eachtermneeds to be a power of X (ora constant)

STEP 2
Integrate each term of f'(x), remembering the constant of integration, “+c¢”
(Increase powerby 1and divide by new power)

STEP 3
Substitute the x and y coordinates of a given pointinto F(x) + ¢ toform an equationin ¢
Solvetheequationtofind ¢

(’) Exam Tip

- : . . . .
e |faconstantofintegration can be found then the question willneed to give you
some extra information

o Ifthisis given then make sureyou useitto findthevalue of c
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YOURNOTES
*9 Worked Example !

The graph of y = f(x) passes through the point (3,-4). The gradient function of
f(x)isgivenby f(x)=3x2—4x—4.

Find f(x).

CTER) Y Lx) ie o\ eou:\\/ i on 'm\'eam\a\e ‘?b\‘m
§lc)= 3o~ Hoc -
STEP 2. \n‘\‘eﬁm‘\‘e_ rememoering "+’
Flo) = 3= - o’ -Mox ¢
3 Py
¥loc) = - Do~ U + ¢
stEr 3 Sdetitole ac and y coordindtes to find ¢
@)=
= (3)-2(3) - @) ve =-w
A7-\2-12+c=-W
c=-\

* §loc)= - 20¢ - W -
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Area Under a Curve Basics YOURNOTES
What is meant by the area under a curve? l
y y = f(x)

L

0 x=a x=b X

| R IS THE AREA UNDER THE CURVE y = f(x)

e Thephrase “areaunderacurve” refers to the area bounded by

o thegraphofy= (x)

o the x-axis

o theverticallinex=a

o theverticallinex=»>b
* Theexactareaundera curveis foundby evaluating a definiteintegral
e Thegraphofy= f(x) couldbea straightline

o theuseofintegration described below would stillapply

= butthe shape created would be a trapezoid

1
= soitiseasiertouse“A = Eh(a+ b)’

What is a definite integral?

[ 1(x) dx=F(a) ~ F(p)

¢ Thisis known as the Fundamental Theorem of Calculus

e aandb arecalledlimits
o aisthelowerlimit
o bistheupperlimit

o f(x) is theintegrand

o F(X) is an antiderivative of ﬂx)

¢ Theconstant of integration (“+¢”) is not neededin definite integration
o "+¢” would appearalongside both F(a) and F(b)

”y

o subtractingmeansthe “+c¢”’s cancel

How do | form a definite integral to find the areaunder a curve?

e Thegraphofy= f(x) and the x-axis should be obvious boundaries for the area so the key
hereisinfinding aand b - thelower and upper limits of the integral

STEP1
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Usethe given sketch to helplocate the limits YOURNOTES
You may prefer to plot the graph on your GDC and find the limits from there 1
STEP 2

Look carefully where the ‘left’ and ‘right’ boundaries of the area lie
If the boundaries are vertical lines, the limits will come directly from theirequations
Look out forthe y-axis being one of the (vertical) boudnaries - in this case the limit (x) will
beO
One, orboth, of the limits, could be a root of the equation f(x) =0
i.e. wherethe graph of y = f(x) crosses the x-axis
In this case solve the equation l‘(x) =( to find the limit(s)
AGDC will solve this equation, either from the graphing screen orthe equation solver

STEP 3
The definiteintegral for finding the area can now be setupin the form

A= fbf(x) dx

(") Exam Tip
* * Lookoutforquestions that askyou to find anindefinite integralin one part (so
“+c” needed), thenin a later part use the sameintegral as a definite integral
(where “+¢” isnot needed)
¢ Addinformation to any diagram providedin the question, as well as axes
intercepts andvalues of limits
o Markandshadethe areayou’re trying to find, and if no diagramis provided,
sketchone!
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Definite Integrals using GDC
Does my calculator/GDC do definite integrals?

¢ Modern graphic calculators (and some ‘advanced’ scientific calculators) have the
functionality to evaluate definiteintegrals
o i.e.theycancalculatetheareaunderacurve (see above)
o |facalculatorhas abutton forevalutaing definite integrals it will look something like

[
O

¢ This may be a physicalbutton oraccessedvia an on-screen menu
¢ Some GDCs may have the ability to find the area under a curve from the graphing screen
e Becarefulwith any calculator/GDC, they may not produce an exact answer

How doluse my GDC to find definite integrals?
Without graphing first ...

¢ Onceyouknow the definiteintegral function your calculator willneed three things in order
toevaluateit
o Thefunctiontobeintegrated(integrand) ( f(x))
o Thelowerlimit(afrom x = a)
o Theupperlimit (b from x = b)
¢ Have aplay with the orderin which your calculatorexpects these to be entered - some do
not always work left toright as it appears on screen!

With graphing first ...

¢ Plotthegraphofy= (x)
o Youmay alsowish toplottheverticallinesx=aandx=b
= make sureyour GDC is expectingan "x = " style equation
o Onceyou have plotted the graph you need to look foran option regarding “area” ora
physical button

= jtmay appearas theintegral symbol(e.g. fdx)

= your GDC may allow you to select the lower and upper limits by moving a cursor
alongthe curve - however this may not be very accurate
= your GDC may allow you to type the exact limits required from the keypad
= thelowerlimitwould be typedin first
= readanyinformation thatappears on screen carefully to make sure

(’) Exam Tip

* * Whenrevising foryourexams always use your GDC to check any definite
integrals you have carried out by hand
o This willensure you are confident using the calculatoryou plan to take into
the exam and should also get you into the habit of usingyou GDC to check
yourwork, something you should do if possible
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YOURNOTES
*> Worked Example !
[ J

a)

Usingyour GDC to help, or otherwise, sketch the graphs of
y=x%=2x2+5,

x=1and

Xx =2 onthesamediagram

Use Yhe ‘8\"0.9\'\' meou on yoor GOoc +o P\‘* 5= x‘*— 29(;2 +5
Yoo ™ay thea need o c\non&e the \inpd\'+spe' b x=

o enber =) and x=2.

Plet Yhe %rap\w o0 ypor 60C ond kelth the recolt, ensuﬁnﬁ
o include o\ the maia pﬁ:per‘\fee o eoch 3\’0.9\1.

=) x=2 Y ot 2245

b)
The area enclosed by the three graphs from part (a) and the x-axis is to be found.
Write down an integral that would find this area.

’ (x“‘— 278+5> dx
|

c)
Usingyour GDC, or otherwise, find the exact area described in part (b).

a
Giveyouranswerin the form 3 where a and b areintegers.

2
ﬂrea’—g (acw-lx2+5) doc = ﬂﬁ Squase Uore
' IS

From the 3@:}1% Screen on our 60C the iﬁ‘\’ea\'d\
volvg wes gwen e 6-53333333 - not exack!
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